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Spin raising and lowering operators for Rarita-Schwinger fields
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Spin raising and lowering operators for massless field equations constructed from twistor spinors are
considered. Solutions of the spin—% massless Rarita-Schwinger equation from source-free Maxwell fields
and twistor spinors are constructed. It is shown that this construction requires Ricci-flat backgrounds due to
the gauge invariance of the massless Rarita-Schwinger equation. Constraints to construct spin raising and
lowering operators for Rarita-Schwinger fields are found. Symmetry operators for Rarita-Schwinger fields

via twistor spinors are obtained.
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I. INTRODUCTION

In four dimensional conformally flat spacetimes, the
solutions of the massless field equations for different spins
can be mapped to each other by spin raising and lowering
procedures [1]. A spin raising operator is an operator
constructed from a twistor spinor and gives a solution of the
spin-(s + %) massless field equation from a solution of the
spin-s massless field equation. Similarly, a spin lowering
operator maps a solution of the spin-s massless field
equation to a solution of the spin-(s —%) massless field
equation by using twistor spinors. Twistor spinors are
special spinors defined as the solutions of the twistor
equation on a spin manifold. They appear in various
problems of mathematical physics. Supersymmetry gen-
erators of both superconformal field theories in curved
backgrounds and conformal supergravity theories corre-
spond to twistor spinors [2—-5]. They are also used in the
construction of extended conformal superalgebras and are
related to the conformal hidden symmetries of a back-
ground that are conformal Killing-Yano forms [6-9].
Twistor spinors contain Killing spinors and parallel spinors
as special cases which are supersymmetry generators of
supersymmetric field theories and supergravity theories. The
classification of manifolds admitting twistor spinors in
Riemannian and Lorentzian signatures has been investigated
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in [10,11]. Especially, they exist on conformally flat mani-
folds in maximal number.

Starting with a twistor spinor, the spin raising and
lowering operators can be constructed for massless spin-
0 fields which satisfy the conformally covariant Laplace
equation, massless spin—% fields which satisfy the massless
Dirac equation, and massless spin-1 fields which satisfy the
source-free Maxwell equations [12—-14]. However, for the
case of higher spins, the construction is not straightforward
and some constraints may arise in the procedure. Massless
spin-% fields are solutions of the massless Rarita-Schwinger
equation which determines the motion of gravitino particles
in supergravity [15,16]. Rarita-Schwinger fields appear as
sources of torsion and curvature in supergravity field
equations. They correspond to spinor-valued 1-forms that
are in the kernel of the Rarita-Schwinger operator which
can be seen as the generalization of the Dirac operator to
spin-3 fields. Spin raising and lowering procedures can
allow us to find the solutions of the massless Rarita-
Schwinger equation by using spin-1 source-free Maxwell
solutions and twistor spinors.

In this paper, we focus on the construction of spin raising,
spin lowering, and symmetry operators for massless Rarita-
Schwinger fields. We start by writing Rarita-Schwinger field
equations in a modern geometrical language [17-19]. Spin
raising and lowering operators between the massless spin-1
and spin—% fields are found by using twistor spinors and the
constraints for the construction of them are obtained. Spin
raising operators are constructed for middle-form Maxwell
fields in all even dimensions besides dimension four and it is
found that the twistor spinor used in the construction of the
spin raising operator must be in the kernel of the spin-1
Maxwell field. However, since the gauge invariance of the
massless Rarita-Schwinger equation requires Ricci-flat
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backgrounds, it is shown that the spin raising operators
automatically solve the massless Rarita-Schwinger equation
in those backgrounds. Spin lowering operators are con-
structed for four dimensional fields and a constraint relating
the Rarita-Schwinger field with the curvature characteristics
of the background is found. We also construct a symmetry
operator for Rarita-Schwinger fields by using spin raising
and lowering operators which map a solution of the massless
Rarita-Schwinger equation to another solution.

The paper is organized as follows. We define the spin
raising and lowering operators for lower spin massless
fields in Sec. II. In Sec. III, we construct the spin raising
and lowering operators for massless spin—% fields. A
symmetry operator of massless Rarita-Schwinger fields
is proposed in Sec. IV. Section V concludes the paper. In an
appendix, we give the transformation rules between the
languages of Clifford calculus and gamma matrices to write
the equalities in the paper in an alternative notation.

II. SPIN CHANGING OPERATORS FOR
MASSLESS FIELD EQUATIONS

We consider massless and source-free field equations in
curved backgrounds written for particles with different
spins. For example, massless spin-0 particles satisfy the
following conformally generalized Laplace equation in n
dimensions:

Arp—%m:o (1)

where ¢ is a function, R is the scalar curvature of the
background spacetime, and the Laplace-Beltrami operator
A is defined as the square of the Hodge-de Rham operator
4, which contains the exterior derivative operator d and
coderivative operator 6 as

A=d=(d-68)?=—d5—éd.

The operator given in (1) acting on the scalar field ¢ is
called the conformally invariant Yamabe operator. For
massless spin—% particles, the field equation corresponds
to the following massless Dirac equation:

by =0 (2)

where y is a spinor field and the Dirac operator B is
defined as

B - e“.vXa

for the frame basis {X,} and coframe basis {e“} that are
related by the duality property e“(X,,) = 6% Here &7 is the
Kronecker delta, Vy is the spinor covariant derivative
with respect to the vector field X and . denotes the
Clifford multiplication. On the other hand, we also consider

source-free Maxwell equations for spin-1 particles which
are written in terms of the Hodge-de Rham operator 4 =
d — 6 as follows:

4AF =0 (3)

where F is the Maxwell 2-form field [17].

One can use twistor spinors to obtain solutions of the
massless and source-free field equations written in (1), (2),
and (3) from the solutions of each other. A twistor spinor u
is a solution of the following differential equation in n
dimensions:

Vxu = %X.Du (4)

for any vector field X and its metric dual X. By taking the
second covariant derivative of (4), one obtains the follow-
ing integrability conditions of the twistor equation [10,14]:

Vy Du = gl(a.u (5)
2 n

P = =y R (6)

Cab.l/t = 0 (7)

where the 1-form K, is defined in terms of the Ricci
1-forms P, and curvature scalar R as

K, =

-_L (ﬁ o Pa) (s)

and its components correspond to the Schouten tensor. C,,
are conformal 2-forms which are written in terms of the
curvature characteristics and defined for n > 2 as

1
Cab:Rab_m(Pa/\eb_Pb/\ea)

1

D=2

Re, N e, 9)

where R, are curvature 2-forms and A denotes the wedge
product. The components of the 2-form C,;, correspond to
the conformal (Weyl) tensor. The second integrability
condition given in (6) is the standard Weitzenbock identity.
One can see from the third integrability condition in (7) that
all conformally flat manifolds can have solutions of the
twistor equation (4).

In four dimensions, a solution y of the massless Dirac
equation given in (2) can be constructed from a solution ¢
of the massless spin-0 particle equation in (1) and a twistor
spinor u that satisfies (4) [12,14]. The so-called “spin
raising” operator from spin-0 to spin—% is given as follows:
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1
W= d(p.u+§¢.Du. (10)

It can easily be seen that by using the defining equations of
@ and u given by (1) and (4) and the integrability conditions
(5)—(7), one can find the result Py =0. A reverse
procedure of obtaining a solution ¢ of massless spin-0
equation from a solution y of the massless Dirac equation
and a twistor spinor u# can also be constructed [13,14]. To
do this, we consider the spin-invariant inner product (,)
defined on spinor fields [17]. For any two spinor fields u
and v, it has the property (u,v) = —(v,u) and for any
differential form «, we have

(u, a.v) = (af.u, v)

where af = (=1)L?/2lg with | | denoting the floor function
that takes the integer part of its argument. By using this
inner product, the so-called “spin lowering” operator from
spin—% to spin-0 is given in the following form:

¢ = (u,y). (11)

One can check by using the defining equations (2) and (4)
and the integrability conditions (5)—(7) that this function ¢
satisfies the massless spin-0 field equation given in (1). By
combining the spin lowering and spin raising operations,
one can also construct symmetry operators for massless
Dirac fields. A symmetry operator takes a solution of an
equation and gives another solution. So, by considering two
twistor spinors #; and u, and a solution y of the massless
Dirac equation, the following symmetry operator for
massless Dirac fields can be written from the spin lowering
and spin raising operations

1
L,y = d(”laW)'”Z"‘E(”l?W)'D”Z- (12)

Since the antisymmetric generalizations of conformal
Killing vector fields that are called conformal Killing-
Yano forms can be constructed from two twistor spinors
[9], it can be shown that the symmetry operator (12) is
equivalent to the symmetry operators of massless Dirac
equation written in terms of conformal Killing-Yano
forms [12,20].

Spin raising and spin lowering operators can also be
defined for obtaining solutions of spin-1 source-free
Maxwell equations from the solutions of the massless
Dirac equation and vice versa. To do this, we consider
the dual spinor # of a spinor u. The dual spinor # is defined
by the action of it on a spinor v in terms of the spinor inner
product as follows:

a(v) = (u,v).

We can consider tensor products of spinors and dual spinors
which correspond to the linear transformations on spinors

(u @ 0)w = u(v,w)
and
(u @ v)w = (w,u)v

for any spinor w [13]. Since the inner products (v, w) and
(w, v) give scalar quantities and u and v are a spinor and a
dual spinor, respectively, the quantities u(v, w) and (w, u)v
correspond to a spinor and a dual spinor, respectively. This
means that tensor products of spinors and dual spinors are
elements of the Clifford algebra and they can be Clifford
multiplied by inhomogeneous differential forms. For any
differential form a, we have the following relations for the
tensor product of spinors and dual spinors:

a(U@V)=au®7v
(u®@).a:u®%
(u® ) =-vQ i

So, from a solution y of the massless Dirac equation and a
twistor spinor u, one can write the following spin raising
operator from spin-% to spin-1 as follows [12,13]:

_ 1 .
F=e¢u® VXul//—i-EDu QW +w®DPu. (13)

It can be seen that from the properties of the tensor product
given above, the differential form F in (13) is a 2-form in
four dimensions and from the defining equations of (2)
and (4) and the integrability conditions (5)—(7), it satisfies
the source-free Maxwell equation (3) [12,13]. Similarly, we
can also construct a spin lowering operator from a solution
F of the source-free Maxwell equations and a twistor spinor
u to obtain a solution of the massless Dirac equation. The
spin lowering operator from spin-1 to spin—% is given as

v = F.u. (14)

It can be checked that y in (14) is a harmonic spinor,
namely, a solution of the massless Dirac equation. From the
spin lowering and spin raising operations between the
solutions of spin-1 and spin-} field equations, the symmetry
operators of source-free Maxwell equations can be con-
structed in the following form:

. -1
Luluzee Uy ®VXG(F.M1)+§BM2 ®F.Li1
+ F.u, @ Du, (15)

where u; and u, are two twistor spinors and F is a source-
free Maxwell solution.
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III. SPIN RAISING AND SPIN LOWERING
FOR RARITA-SCHWINGER FIELDS

In this section, we construct spin raising and spin
lowering operators for spin—% fields that satisfy the massless
Rarita-Schwinger field equations. These operators will be
used to make connections between the solutions of the
source-free Maxwell equations and the massless Rarita-
Schwinger equations via twistor spinors in all even dimen-
sions besides the special case of dimension four.

Let us first consider spinor-valued p-forms which are
constructed out of tensor products of spinor fields and
differential p-forms and describe spin-(p + %) particles. For
a spinor with indices y; and a p-form e/, the spinor-valued
p-form is defined by

le:l//I®eI

where [ is a multi-index. Note that, the tensor product of
spinor fields and p-forms defined above is different from
the tensor product of spinors and dual spinors defined in
Sec. I although we denote them with the same symbol. In a
similar way, we can also define a Clifford form-valued p-
form N p =M ® ¢4 as a tensor product of a differential
form n, on the Clifford bundle and a differential p-form e*
on the exterior bundle. The action of a Clifford form-valued
p-form N, to the spinor-valued g-form ¥, is defined by

N, ¥, =nsy; @e* nel (16)

in terms of Clifford and wedge products, the result of which
is a spinor-valued (p + g)-form. As a special case, we
consider spinor-valued 1-forms representing spin-% par-
ticles. In that case, we have a spinor field w, and the
coframe basis e? of 1-forms to construct the spin-% quantity

Y=y, e
The action of a Clifford form « on ¥ is defined by
a¥? =ay, ® . (17)

Moreover, the inner product of a spinor-valued 1-form ¥
and a spinor u in terms of the spinor inner product (,) is
given as follows

(. W) = (u.y,)e” (18)

which takes a spinor and a spinor-valued 1-form and gives a
1-form.

The Levi-Civita connection defined on differential forms
and spinor fields can also be induced on spinor-valued
1-forms with the following property:

V¥ = Vyy, ® e +y, ® Vye (19)

for any vector field X. In a similar way to the definition of
the Dirac operator on spinor fields, we can also define a
Rarita-Schwinger operator

D= e".Vy (20)

which acts on spinor-valued 1-forms. From the definitions
given above, the massless Rarita-Schwinger field equations
of spin—% fields in supergravity can be written for a spin—%
field ¥ =y, ® e* as follows:

DY =0 (21)

a

ey, =0. (22)
Equation (21) can be seen as a generalization of the
massless Dirac equation to spin-% fields and Eq. (22) is
the tracelessness condition. Moreover, these equations
imply a Lorentz-type condition Vyy, = 0. This can be
seen as follows. By taking the covariant derivative of the
Rarita-Schwinger field ¥ = v, ® e

Vi, ¥ =Vyw, ®e’ +w, ® Vy,e.

We will use Vy e? =0 for normal coordinates in the

following calculations. By Clifford multiplying with e”
from the left and using (21), we find

by, Qe =0.

Then, we have Py, = 0 for every a. Again, by Clifford
multiplying with e“ from the left and using the Clifford
algebra identity e“.e” + e”.e* = 2¢*" for the components
of the (dual) metric g*’, we obtain

e.e’ Vy,w, = 2Vyay, — e’.e* Vy v,
=2Vyay, — eh.VXb(e“.wu) =0

where we have used Vy, e“ = 0 in normal coordinates and
from (22) we obtain the following Lorentz-type condition:

vXal//a =0. (23)

A. Spin raising

Let us consider a twistor spinor # which satisfies Eq. (4)
and a middle-form Maxwell field F which satisfies Eq. (3).
For even dimensions n = 2p, the p-form Maxwell field F
is the generalization of the 2-form Maxwell field in four
dimensions to all even dimensions. We propose the
following spinor-valued 1-form that is the spin-% field as
the spin raising operator from the spin-1 Maxwell field F to
the spin-3 Rarita-Schwinger field ¥ =y, ® ¢* via the
twistor spinor u
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Y= (VXaF.u —%F.ea.Du) ® €. (24)

Here it is clear that y, = (Vx F.u —1F.e,.Pu). Now, we
have to prove that the spin—% field defined in (24) satisfies
both of the Rarita-Schwinger field equations in (21)
and (22).

Using this v, in (22) we obtain

a a 1 a
ey, =e"Vy F.u - .F.e,.Du.

For a p-foom «, we have the relation e“.a.e, =
(=1)?(n —2p)a. From this identity and the definition of
the Hodge-de Rham operator 4 acting on any differential
form a as da = e*.Vy a, we find

-2
e‘y, :dF.u—(—l)”n P

F.Du. 2
- Du (25)

Since F satisfies 4F =0 and we have n =2p, one
concludes

ey, =0.

As a consequence, ¥ defined in (24) satisfies the trace-
lessness condition of a Rarita-Schwinger field.

To see if Eq. (21) is satisfied by ¥ in (24), we apply the
Rarita-Schwinger operator defined in (20) to ¥

PY = ¢ Vy, {(VXHF.u - %F.ea.Du) ® e“}

= eb. (vavXaF.u + VXGF.vaM

1 1
——Vy, F.e,.Du—— F.ea.VXhDu) ® e (26)
n n

where we have used (19) and Vx,, e =0 in normal
coordinates. From the property (17) and the definition of
d, we obtain

1
DY = (dVXaF.u + e’ Vy FNy u——dF.e, Pu
n

1
—— e”.F.eu.VXhBu> ® e“. (27)
n

We know that F satisfies (3) and u is a twistor spinor which
satisfies (4) and (5). Then, we have

1
JZDT = <WX F.u +—eb.VX F.eb.DM
a n a
1 b
—Ee F.e,Kpu| Qe
1
= (WXGF.M—Eeb.F.ea.Kb.M) ® et (28)

where we have used ¢”.Vy F.e, = (=1)?(n—2p)Vx F=0
since Vy F is a 5-form. By direct computation, one can see
that the action of the commutator of the Hodge-de Rham
operator and the covariant derivative on a differential p-form
a can be written in terms of the curvature operator as

[, Vx Ja = —e".R(X,, X;)a. (29)

By using this identity, (28) transforms into the following
form:

JZD‘"P = (—eh.R(Xa,Xb)F.u + VXad/F.M
L)
—Ee Fe, Kyu| @ et
b L,
= —e .R(Xa,Xb)F.u—ie F.e,Kyu)® e

_ [—eb.(R(Xa,xb)F%F.ea-Kb)-u] ®e'  (30)

where we have used (3) in the second line.

The action of the curvature operator on a generally
inhomogeneous differential form a which is a section of the
Clifford bundle can be written in terms of the curvature
2-forms and Clifford bracket as [17]

R(X, Xp)a =3 Ryl G1)

where [ ] is defined as [R,.a]c; = Rup-@ — a.Ryy,.
Moreover, from the definition of conformal 2-forms C,,
in (9), we can write the curvature 2-forms as follows:

1
R, =C ——(PaNey,—Py A
ab ub+n_2( a Nep—PpAey)

1
(n-1)(n-2)
:Cab+Kb/\ea_Ka/\eb
= Cab+eb-Ka —ea.Kb (32)

Re, A e,

where we have used the definition of K, in (8) and the
expansion of the Clifford product in terms of the
wedge product and contraction iy with respect to a vector
field X as e,.K;, =e, A K;, + ix K, with the property
ix, K, = ix, K, for zero torsion. So, by substituting (31)
and (32) in (30), we find
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1 1
pY = <—§eb.[Rab, Fle.u — zeb.F.ea.Kb.u> ® e
L, L)
= —56 'Rab‘F'u+§e .F.Rab.u
1 b a
—Ee F.e,K,u| Qe
1 L, L,
= EP“'F'M—’_Ee .F.Cab.u—l—Ee F.e,.K,.u

— eb.F.ea.Kb.u> R e

1
= <2Pa.F.u - eh.F.ea.Kb.u> ® e’ (33)
where we have used the identity e’.R,, = —P, for zero

torsion, e”.F.e, = 0 and the integrability condition (7).
Then, for ¥ to satisfy (21), we obtain the condition

P, F.u=2e" F.e,K,u (34)

or from the definition (8) of K, it can also be written as

2R
e,.F.u—

Pa.F.u:m P

e’ .F.e,P,.u.

(35)

By Clifford multiplying (35) with e from the left and using
the identities e*.P, =R, e®.e, = n, e®.e? = —e?.e® + 2%
and the property e’.F.e, = 0, one obtains the following
equality:

(%) RF.u =0, (36)

So, the condition (35) for ¥ to be a massless Rarita-
Schwinger field transforms into the following condition:

Fu=0. (37)

This resembles a condition on Killing-Yano forms that can be
used in the construction of symmetry operators of a massive
Dirac equation with an electromagnetic minimal coupling
term [21]. Those symmetry operators are constructed from
the Killing-Yano forms w that satisfy the condition

[Faw]a:()

where [, |¢; is the Clifford bracket. Since a Killing spinor u,
which is a special twistor spinor that satisfies the massive
Dirac equation at the same time, can be used in the
construction of the Killing-Yano form w as w = u @ u
[9], the above condition on w reduces to the condition on
u written in (37).

On the other hand, the gauge invariance of the massless
Rarita-Schwinger equation in a curved background requires
the background to be Ricci flat, that is P, = 0. This can be
seen as follows. The Rarita-Schwinger equation given
in (21) and (22) can be written in a more compact form.
Let us consider a Clifford-valued 1-form ¢ = ¢* ® e, and
define the action of the covariant exterior derivative D on
Y=y,® e as

DY = ¢ A Vi (y), ® €?)
= anll/b ® e

where we have used aneb = 0 in normal coordinates and
e’ = e% A eb. The action of the Hodge star * on D¥ is
given by *D¥ =Vyy, ® xe‘®. From the action of
Clifford-valued forms on spinor-valued forms defined in
(16), we can write

e.x DY = e“.Vx v, @ e, A xe™
= (" Vy,w, — Py,) @ xe
=Vy, (e“w,) ® xel — Dy, @ e’
= Vy, (e“w,) ® xe’ — «DY

where we have used the identity e A xe® = g x b —

g°? x €% in the second line and the action of the Hodge
star in the last line. So, from (21) and (22), the Rarita-
Schwinger equation is equivalent to

e.x DY = 0.

This equation has to be gauge invariant under the trans-
formation ¥ — W + D¢ for a spinor ¢. We can write the
spinor ¢ as ¢ = ¢ ® 1 and

Dp=e"NVx (¢ ® 1)
= andﬁ ® e?.
By applying D once more, we have
D*p = e” A Vx, (Vy, ¢ ® e)
=V, Vy, ¢ ® ™

1
=3 (Vx,Vx, =V Vyx, )¢ ® eba

1
- ER(XIﬂXa)d) ® e

where we have used the antisymmetry of the indices in the
third line and the definition of the curvature operator in the
fourth line. Then, if we choose ¥ as a pure gauge term
Y = D¢, we obtain
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1
e.x D¢ = EeC.R(Xh,Xu)qb ® €€ A xebd
= —eb.R(X,,,Xa)(ﬁ ® xe?

1
= —Eeb.Rba.(ﬁ ® *xe

1
= —EPa.d? ® xe?

where we have used the identity e¢ A xe® = g x ¥ —
g°? x ¢* in the second line, R(X;.X,)¢ = SRp,.¢b in the
third line, and e”.R,, = P, in the last line. The gauge
invariance implies the vanishing of the pure gauge term,
namely, e.* D?¢ = 0. So, to obtain a gauge invariant
massless Rarita-Schwinger equation we must have a
Ricci-flat background, P, = 0. In that case, the right-hand
side of (33) automatically vanishes and we obtain a Rarita-

Schwinger field ¥ from a source-free Maxwell field F' and
a twistor spinor u as constructed in (24).

B. Spin lowering

By using a twistor spinor u, we can also construct a spin
lowering procedure to obtain a spin-1 Maxwell field F
from a spin—% Rarita-Schwinger field ¥ =y, ® e in four
dimensions. From the inner product definition (18) for
spinor-valued 1-forms, let us consider the following 1-form
A constructed out of a twistor spinor # and a Rarita-
Schwinger field ¥ =y, ® e satisfying (21) and (22):

A= (u,¥) = (u,p,)e". (38)

We consider the 1-form A as the potential 1-form of the
2-form Maxwell field F = dA. So, we have

F = d(u,‘l’)

= eb A be[(ua V/a)ea]

= [(Vx,u.p,) + (. Vy,w,)]e” A e

_ B(ebﬂu,y/a) + (u, Vi, wa) [e” Ae (39)
|

d/F - chVXCF

2n

where we have used normal coordinates, the definition d =
e A Vy, and the twistor equation (4). By definition, F is
an exact form and it automatically satisfies dF = 0. So the
action of Hodge-de Rham operator 4 = d — 6 on F gives

dF — 6F
- chVXCF

ar

from the definition 6 = —ix-Vy . By taking the covariant
derivative of F, we find from (39)

1
Vi F = 10wy + Vo (1. V) 2 e
n
1
= EVXC<BM7 €rYa— ea’l//b)
1
+ EVXC(M» Vy,Wa— VX,}//};)] e’ A e (40)

where we have used the identity (e,.Pu,y,) =
(Pu, e,.y,) and antisymmetrized the corresponding indi-
ces. So, we have

1
2n

1
+ % (Duv eb‘vXcl//a - ea'vX(l//b)

vX(.F = (VXL,B’L epYa— ea'Wb)

1
+ 5 (Vx u,Vy,w, = Vy y)
1
2

+=(u, Vy Vy,w, = Vx Vy yp) | e” et (41)

From the identity iy.(e” A %) = g?e® — g®®e?, we obtain
the action of 4 on F as

1 1 1
= [—(VX[DM, ey, —e, )+ E(Du, e“Vyw,—e,Vyw)+ 3 (Vy u,Vyy, —Vx y©)

1 A 1 . . 1 A :
+ ) (u, vx(,.vxcllfa - VXCVX,,V/C) - Z(VX(,D“’ ey —e‘y,) - m (Bu, ea-vx(,lllc - e‘.Vch/a)
1 1
) (Vx.u, Vg y = Vyey,) — B (u, Vx, Vx ¢ = Vy Vyey,) | e®. (42)

Since ¥ is a Rarita-Schwinger field, we have e.Vy w, = Py, = 0 and Vx w“ = 0. From the twistor equation (4), we can

write
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(vx(,u» Ve, — any/“) = —(ec.PDu, Vxey, — any/")

(Du’ BWa - EC'VXGV/C)

S II=3I-

where we have used e,.Vy y° = Vy (e..y¢) =0 from
e..w¢ = 0. Then, (42) transforms into

!
n

1
AF = |~ (Vx Pu,ey,) — ;(VX‘DM, e, we)

+ (u, Vy Vxew,) = (u, Vx Vx y) | e®. (43)

By defining the spinor Laplacian V* = Vy V. and using
the Schrodinger-Lichnerowicz-Weitzenbock formula for
spinor fields which is

1
P =V’ -R (44)

and the integrability condition (5) of twistor spinors with
Dby, =0, we obtain

1 1
AF = [5 (K,.u,e“y,) —E(Kc.u,eu.l;lc)

R
o ) = (0.9 V) e
= 3 (e Keatwr) = 5 (e Kot y)
= |5 (e Keuya) =5 (ea Kot
R c a
) = T Ve @)

We can use the equality (e,.K..u,y¢) = (u, K..e,.y°) and
calculate the term e€.K,. as

1 R
(K, =—— ¢, — P
@R n—2<2(n—1)e e )

R
2(n—1)

where we have used e€.e. = n and e°.P,. = R. Finally, the
quantity 4F is found as follows:

n—73 1
2

daF = {(u,iRy/a —=—K..e,p¢ — VXCVXaz//C)] e’.

4(n-1)
(46)
This means that, to obtain a Maxwell field defined as in

(39), y, of the Rarita-Schwinger field has to satisfy the
following condition:

1 n—-3
Vy Vyw®=—K.e,py°+——
X, Xal// 2 c-€aV +4(n _ 1)

Ry, (47)
On the other hand, from the definition of the curvature
operator, we have Vy Vy w¢ = Vy Vy y¢ + R(X., X, )y*.
By using the action of the curvature operator on a spinor as
R(X.. X,y = IR.,.w* and the property (23), one can write
the condition as follows:

-3
(Rpa + Kp-eq) " = RO
2(n—1)

Ry, (48)
which is automatically satisfied in a flat background. The
constant coefficient on the right-hand side turns out to be é in
four dimensions.

IV. SYMMETRY OPERATORS

Construction of spin raising and spin lowering operators
gives way to write down symmetry operators for massless
Rarita-Schwinger fields. A symmetry operator is an oper-
ator that acts on a solution of an equation and gives another
solution of it. By starting with a Rarita-Schwinger field ¥
and applying spin lowering and spin raising operators one
after the other, one can find another Rarita-Schwinger field
¥ via a twistor spinor u. So, one can construct the
symmetry operators of massless Rarita-Schwinger fields
in terms of twistor spinors. However, this construction
subjects to some constraints which arise in the procedures
of spin raising and lowering.

Let us consider a massless Rarita-Schwinger field ¥ =
v, ® e in four dimensions which satisfies (21) and (22)
with an extra condition

1
(Rpa + Kp-ea) " = ERII/a- (49)

By using a twistor spinor u that satisfies (4) with an extra
condition

dl(u.y,)e.u =0, (50)

we can construct the symmetry operators in the following
way. Since W satisfies (49), we have a well-defined spin
lowering procedure from spin—% to spin-1 as in Sec. III B
and can construct a source-free Maxwell field as follows:

F = d[(u,y)e]

1
— Z(ea.Bu,l//b) + (u, Vy yp)|e* Aeb. (51)

We can use this source-free Maxwell field for spin raising
to another spin-% massless Rarita-Schwinger field. So, we
can write the new spin—% field from F in (51) by the
procedure in Sec. IIT A as
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w <VXGF.u - %F.ea.Du> ® e
1
— H;an(eb.Du, we) + Vy, (u, vaWC)}
(e A ec).u} ® e

_ [l {1 (ep-Bu,yr.) + (u, Vx,,v/c)}

n\n
(e’ A ec).ea.Du] ® e (52)

and by using the twistor equation (4) and the integrability
condition (5), we obtain

1
V= H <u7 vXaval//C + EKa-eb-l//c)

1
—|—;(Du, ea.Vx,we+e,.Vx )} e’ Ae)u] @ e

L T+ (B ey )}

(e’ A e°).e,.Pu] @ e“. (53)

Since u satisfies (50), ¥ is a massless Rarita-Schwinger
field. So, we construct a symmetry operator between
massless Rarita-Schwinger fields ¥ — L, ¥ = ¥ subject
to some extra constraints. The symmetry operator L,
constructed from a twistor spinor u can be deduced from
(53). It can also be deduced from (53) that the eigen-tensor
spinors of the operator L, which are satisfying the con-
dition L,¥ = k¥ for a constant k and a Rarita-Schwinger
field ¥ =y, ® ¢“ correspond to the solutions of the
following equality:

1
[{ <u,VXaVXch +§Ka'eb'l//c>

1
+—(Pu,e,Vy,w.+e,.Vy w.) (e’ ne)u]@e”

n
1 1 )
(V) + (D ) e A ). D) = ky,

(54)

which is not a trivial equation to solve.

V. CONCLUSION

We construct a solution generating technique for mass-
less spin-3 Rarita-Schwinger fields by using source-free
Maxwell fields and twistor spinors. A spin raising operator
that maps a solution of the source-free Maxwell equations
to a solution of the massless Rarita-Schwinger equation in
terms of a twistor spinor is found for all even dimensional
Ricci-flat backgrounds which is the requirement for the

gauge invariance of the massless Rarita-Schwinger equa-
tion. A spin lowering operator that maps a solution of the
massless Rarita-Schwinger equation to the solution of the
source-free Maxwell field is also obtained in four dimen-
sions with an extra constraint depending on the curvature
characteristics of the background. From these spin raising
and lowering procedures, a symmetry operator between
massless Rarita-Schwinger fields is also constructed.

One can also investigate the construction of spin raising
and lowering operators for spin—% fields in more general
spacetimes. For example, one can search the possibilities to
construct spin changing operators via gauged twistor
spinors which are generalizations of twistor spinors to
Spin¢ spinors and can exist on more general backgrounds.
This can extend the solution generating concept discussed
in this paper to general cases. Moreover, the construction of
spin raising and lowering operators for spin-2 and higher
spin fields may also be investigated by similar procedures.
Because of the consistency problems in the interactions of
massless higher spin fields with nontrivial gravitational
backgrounds, some restrictions may appear in the con-
struction of spin raising and lowering operators for higher
spin fields. These restrictions may reduce the backgrounds
to the constant curvature spacetimes such as anti—de Sitter
and flat backgrounds.

ACKNOWLEDGMENTS

O. A. is supported by the Scientific and Technological
Research Council of Turkey (TUBITAK) Research Project
No. 118F086.

APPENDIX

Clifford algebra and spinor identities in physics literature
are extensively written in terms of gamma matrices and
abstract indices. Since the Clifford and exterior calculus
notations are used in the papers that include previous
calculations about the topic of the paper, we prefer to use
this notation in our paper to have a direct connection with
the previous results. The calculations are easier in this
notation which is also more economic and elegant.
However, it can easily be transformed into the language
of gamma matrices and abstract indices. In this appendix,
we give a summary of transformation rules between two
notations and give the basic formulas in the paper in terms
of gamma matrices.

In a flat Lorentzian spacetime, the gamma matrices
satisfy the following Clifford algebra identity:

Ayt =2 (A1)
where 7#* is the flat Lorentzian metric and y, v are flat space
indices. In a curved spacetime, the coframe basis 1-forms
e“ can be written in terms of coordinate components as
et = e,‘jdx” where e;’ are called tetrad components and éh
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are the inverse tetrad. Howeyver, for the Clifford bundle, e
corresponds to the basis of the Clifford algebra and can
be written in terms of gamma matrices as e = eyy*. The
curved space gamma matrices are defined in terms of tetrad
components as follows:

re=eur”
and they satisfy the following Clifford algebra identity:

"+t =2g" (A2)
where ¢? is the inverse metric and a, b are curved space
indices. So, the Clifford algebra basis e and the curved
space gamma matrices y“ are identical to each other.

The Dirac operator defined in (2) can be written in terms
of gamma matrices as

D =e'Vy =eiy'V, =y"V,

where we have used Vy =V, in terms of abstract indices
and omit the Clifford product notation. In this way, the
twistor equation in (4) corresponds to

1
V.,u=-y,Pu.
n

(A3)
A p-form a as an element of the Clifford bundle can be
written in terms of the Clifford algebra basis as follows:

1

o apa,...a
aa ay...a y r
p' 1642 P

a =

where y“1%--% corresponds to the antisymmetric combi-
nation of y%y%.. y%. For example, we have y* =
L(r*y" —y"y). So, the action of a p-form a on a spinor
y via the Clifford product . is given in the following form:

1
ay = ?aalaz...a,,yala2mapl//~

(A4)
Then, the integrability conditions of the twistor equation
given in (5) and (7) are written as

V. Pu= gKabybu (AS)

CabchCdu =0 (A6)
while (6) remains unchanged. Here K ,;, are the components
of the Schouten tensor and C,;,.; are the components of the
conformal (Weyl) tensor.

For any two spinor fields u and v and a p-form a, the
spinor inner product (,) has the following property given in
the equation above (11):

(1, @y, 72 0) = (=D g gy, 7, ).

So, for a massless spin-0 field ¢, we can obtain a massless
spin-% field via the spin raising operator given in (10)

1
W = () + 5 $Du (A7)
and from a massless spin-% field y, we can obtain a
massless spin-0 field via the spin lowering ¢ = (u,y).
The symmetry operators given in (12) are

1
Luluzl// = aa(u17W)7au2 +§(“1’ W)EMZ (AS)
For the case of spin raising and lowering operators between

massless spin—% and spin-1 fields, we can write (13)
and (14) as

_ 1 .
F:y“u®vaw—|—§Du®lI/+y/®Du (A9)

1
W:;F

iy y (A10)

alaz...a,,y

and the symmetry operators in (15) corresponds to

1
LuluzF = ;}’auz (03] va(Falaz...a,)yalaz“'“l’ul)

1
+ z—p,Buz ® Foay..a) ¥ ruy

1 N
+ ;Fa]az...apyalazmapul ® DuZ'

(A11)
A spin—% field ¥ =y, ® y* is a massless Rarita-
Schwinger field, if it satisfies the following equations:

BY =0 (A12)

a

where p = y*V, is the Rarita-Schwinger operator defined
in (20). The Lorentz-type condition (23) corresponds to
Véy,=0. The spin raising operator from a spin-1
Maxwell field F to obtain a massless spin—% Rarita-
Schwinger field via a twistor spinor u given in (24) is
written as

1

1
- 'Fa]az...a,,yalazma')yagu> ® 7a' (A14)
np!

The condition (37) on the twistor spinor u corresponds to
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Fa]az.”apyal‘h“'apu = 0' (AIS)
The manipulations between (24) and (37) can be done in
terms of gamma matrices in a similar manner to the
calculations done in Sec. III A. For the spin lowering from
spin-3 to spin-1, we have A = (u,'¥) given in (38) and the
condition to obtain the Maxwell solution in (48) corre-
sponds to

1 i X n—3
<_ Rbacdycd + thyCYu)l//h = —RWM (A16)

2 2(n—1)

where R;,.; are the components of the Riemann tensor.
The transformation rule between two massless Rarita-
Schwinger fields given in (53) can be written as follows:

1
V= H <M, V.V, + EKadydybl//c)
+

Bu,y Voyye + 15V +r,Vap,) }y”"u}

SI= 3|~

1
H(u, Vo, + . (Pu, wac)}ybcyaﬂu} ® re.

(A17)

With the conventions defined in this appendix, all the
derivations in the paper can be done by using gamma
matrices in an equivalent manner to the Clifford and
exterior calculus methods used in the paper.
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