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In the present work, the set of stationary solutions of the Gross-Neveu model in the 't Hooft limit is
extended. Such an extension is obtained by striving for a hidden supersymmetry associated with
disconnected sets of stationary solutions. How the supersymmetry arises from the Darboux-Miura
transformations between Lax pairs of the stationary modified Korteweg—de Vries and the stationary
Korteweg—de Vries hierarchies is shown, associating the correspondent superpotentials with self-consistent

condensates for the Gross-Neveu model.
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I. INTRODUCTION

The Gross-Neveu (GN) model [1] corresponds to a
quantum field theory for nonlinear interacting fermions
without mass. The model presents some interesting proper-
ties: dynamical mass generation, asymptotic freedom, and
spontaneous breaking of symmetry. Models with interact-
ing fermions and self-consistent condensates have been
used to describe a large variety of phenomena related to
soliton physics, kinks, and breathers, especially in particle
physics [2,3], superconductivity [4-6], and conducting
polymer models [7-9], among other areas [10,11].

In the past 40 years, nonperturbative solution methods
for this field theory in the 't Hooft limit (or large N limit)
have been studied in detail. The first analytical solutions in
this direction were obtained by applying the inverse
scattering method [12,13], which allowed one to relate
fermionic condensates to superpotentials of pairs of reflec-
tionless systems of the Schrodinger type in 1 + 1 dimen-
sion (1 + 1D), thus bringing to light a hidden nonlinear
N = 4 supersymmetry in the stationary sector of the GN
model [14-16]. The inverse scattering method has allowed
the generation of an infinite family of semiclassical con-
densates, corresponding to one-gap (massive) Dirac poten-
tials with solitary defects in its spectrum [17].

A more general method to construct analytical solutions
was found by applying the series expansion of the Gorkov
resolvent [10], obtaining as a more general condition that
the GN model semiclassical stationary condensates must
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be solutions of the inhomogeneous stationary modified
Korteweg—de Vries hierarchy (s-mKdVh). This led to the
construction of exact periodic inhomogeneous condensate
solutions known as kink crystals and kink-antikink crystals,
which have already been found as self-consistent conden-
sates through the Hartree-Fock approximation [18-20].
Such condensates correspond to two- and three-gap poten-
tials for the Dirac Hamiltonian or Bogoliubov—de Gennes
operator in 1 4 1D.

The most important results in this paper are the

following:

(i) The extension of the stationary scalar condensates
for the Gross-Neveu model to the most general form,
as finite-gap Dirac potentials with solitonic defects.
Such an extension is achieved by using the super-
symmetry hidden in the system. The supersymmet-
ric method presented below allows one to evade
the inverse scattering approach and to algebraically
construct infinite families of extended Schrodinger
Hamiltonians with central charge and nonlinear
N =4 supersymmetry starting from the exactly
solvable finite-gap Schrodinger systems. When one
pair of fermionic integrals are of order one, it is
possible to identify any of such fermionic integrals
and the central element of the respective superalgebra
with the Lax pair formulation of an equation in the
s-mKdVh. Thus, the stationary condensate solutions
of the GN model are identified with the superpoten-
tials that define the set of fermionic integrals of order
one. The nonlinear N = 4 hidden supersymmetry is
observed by using the Darboux-Miura transforma-
tions and the Lax pair formalism of the s-KdVh and
the s-mKdVh.

(i1)) From the recurrence relations in the construction of
the s-mKdVh and the algebro-geometric formalism,
the self-consistency equations that fix the occupation
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of the allowed states by the fermions of different
flavors for each condensate are written in the form
of a consistent system of equations with more
unknowns than equations; therefore, there are an
infinite number of solutions. As an example, a
special case of ground state that allows the decou-
pling of the occupations among bound states is
studied. For this example the occupation of each
bound state depends only on its energy and the
occupation of the states in the spectrum of the finite-
gap background.

This work is structured as follows: in Sec. II, by means of
the method of series expansion of the Gorkov resolvent, the
self-consistent condensates of the GN model are identified
with solutions of the s-mKdVh. In Sec. III, the s-KdVh and
one useful Lax pair formulation of it are summarized,
showing their relation to symmetries in quantum mechan-
ics. How to obtain s-mKdVh solutions starting from
s-KdVh solutions will also be shown. In Sec. IV, the
contents of the previous section are connected to Crum-
Darboux spectral transformations, and their relation to
supersymmetric quantum mechanics is introduced. In
Sec. V, algebro-geometric/finite-gap solutions of the
s-KdVh are presented in Its-Matveev form. Through
Crum-Darboux transformations, infinite families of finite-
gap potential with soliton defects are obtained. Two types
of spectral transformations are studied from finite-gap
potentials, which in Sec. VI, will be related to three types
of solutions of the GN model with different spectral
characteristics. Finally, in Sec. VII, the self-consistency
conditions of the stationary condensates of the GN model
will be studied. As an example, the condensate with
solitonic potential well defects on a two-gap background
will be detailed.

II. THE GN MODEL, SERIES EXPANSION OF THE
GORKOV RESOLVENT AND THE s-mKdVh

The GN model is described by the Lagrangian

N ) N 2
_ . g _
Loy = E wiidy; + £ ( E l//jl//j) . (20
j=1 j=1

where v, for j =1,2,...,N, correspond to N fermions of
different flavors. A bosonization is allowed for this model,
where the bosonic field corresponds to the fermionic
condensate A = —g*(3_I ;).

Through the path integral approach, an effective action
Seir for A can be obtained,

AZ
Sefr = —/Fdzx —iNlIndet[id — A].  (2.2)
g

At the ’t Hooft limit, where N — oo and ¢°N ~ 1, it is
possible to use the saddle point method to ensure the

convergence of the two-point propagator associated with
(2.1). The convergence happens for the minimums of (2.2).
The variation of such an action for the stationary case yields
the following consistency equations:

A(x) = —iNgtrp e[ "R(x: )], (2.3)
where R(x; ) = (x|(HP — £)7!|x) is a2 x 2 matrix known
as the Gorkov diagonal resolvent of the Bogoliubov—de
Gennes operator or Dirac Hamiltonian in 1 + 1D,

o= (T 4

A) if

), HPY = &9, (2.4)
Yo = 01. Thus, the solutions of (2.3) correspond to the
semiclassical solutions of the GN model. At this point, it is
possible to connect with the Hartree-Fock treatment of
the GN model, where the consistence equation for the
condensate A is related to the population of fermion flavors
in the form

(2.5)

a6 = (S ww).

occ

where .. corresponds to the sum over all occupied states
in the spectra of (2.4), taking into account the flavor
degeneration.

By exploiting the properties of the resolvent in (2.3), a
general approach to construct analytical solutions for the
model was found [10,11]. The resolvent R(x; &) satisfies
the following algebraic properties R = R', trp(Ro3) = 0,
detR = —}t and also satisfies the Dickey-Eilenberger
equation [21]

il T )
—Ro3 =1 ,Ros|.
X A =&

5 (2.6)

The power series expansion of the Gorkov resolvent on
the energy variable, R = > % r,(x)/£", can be truncated
in order to find analytic solutions for the condensate A(x).
In this case the resolvent takes the form

fz—l(x)
, 2.7
gi(x) > =7

R,(x;E) = N(E) angn-l (Jf’()(c))
=0 -1\X

under the condition

A

fn=0, (2.8)

and the latter is known as the nth equation of the s-mKdVh,

where §;(x) and f,(x) are completely defined by (2.6) in the
following recursive form:
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~

i, .
f1:—§f§—1+A91»
i :i/(fz—l — Afioy)dx + P,

f—1 =0, foZA(x)v §0:C€: 1, (2.9)

where P
Jj. L€ Ny.

The truncation condition (2.8) defines A(x) as a solution
of the s-mKdVh. The first five equations in the hierarchy
correspond to

are real integration constants, cé’j 4+ =0,

f—l (x) =0,
fo(x) = A(x).
Fix) = —gAc
Ja(x) = (A” 20°) + DA,
J3(x) = g(A”’ 6A%A") RENY

This hierarchy of equations corresponds to integrable
systems and can be solved by algebro-geometric methods.
This is because the equations in the s-mKdVh allow Lax
pair formulation, which corresponds to write (2.8) as two
commutating operators [H?, PP] = 0, where PP isa2 x 2
matrix differential operator of order n and takes the role of
the Lax-Novikov integral of the H” Dirac Hamiltonian. For
the s-mKdVh, the Lax integral P” takes the form

n A
Je(x)
=3,
=0

Jro1(x)

for which the Lax equation in the stationary case is

ft’—l(x>

o >03H0ﬂ—f, (2.10)

0 2f,

(PP H"] = ( \ / (x)> —0.  (2.11)
=2fulx) 0

This formulation relates stationary solutions A(x) of the

mKdVh to scalar potentials for one-dimensional Dirac
Hamiltonian operators that have the Lax-Novikov integral
of motion. In addition, the interpretation of those Dirac
Hamiltonians as Bogoliubov—de Gennes (2.4) operators
relates the A(x) potentials to the stationary solutions of the
GN model.

The coefficients ¢? are related to the edges of the
spectrum of Hamiltonian operator H?,

U(HD) - (—00,80] U [51,52] U
U [E2j-1, Exj] U [Ernpr, ),

52J‘_1 < 52]’ in the form

k 2n+1 (2j
(2)i)

c? = Z 22"1_[ 2]—1)

01 in=0
Jotirttin=k

(&) (2.12)

The self-consistency equation (2.3) corresponds to a
system of equations that defines the occupation of each
physical state of the spectra of H” by the different flavors.

Another important behavior of the Lax pair operators is a
Burchnall-Chaundy type relationship between matrix dif-
ferential operators, which relates powers of the Lax pair
operators in the following form:

D2 __
Pn - nBC

H(HD Er),

which defines the eigenvalues z? of H? and y” of PP over
a hyperelliptic curve

(2.13)

2n—1

6?2 = [1 " - €.

=0

(2.14)

The latter relation is in the basis of the algebro-geometric
solution method for the s-mKdVh.

The normalization constant N'(€) of the diagonal resol-
vent (2.7) is defined by the condition detR = —% as
follows:

Det(R — N(EPP, (€)= —%.

n (6 E)) (2.15)

III. THE s-KdVh, SYMMETRIES IN QUANTUM
MECHANICS, AND s-KdVh+=s-mKdVh
MIURA TRANSFORMATION

The supersymmetric method of construction of new
condensates for the GN model is based on the Miura
transformation between solutions of the mKdVh and the
KdVh. In order to introduce this transformation, first it is
necessary to summarize the s-KdVh, and then the way to
obtain solutions of the s-mKdVh from pairs of solutions of
the s-KdVh will be shown.

The s-KdVh corresponds to a set of nonlinear integrable

systems, and its equations are recursively defined as
follows:
1 1
ff.x = _fo—lxxx+”ff—1,x+§”xff—l7 (31)
fo =1, being the equations of the s-KdVh
2f, =0 (3.2)

Explicitly, one finds
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2f0,x = 07
2f1,x = l/lx,
1
2f2,x = _Z (uxxx - 6uux - 4Clux)7
1
2f3, = 3 (16U — Suptty, — Su? — Suu,,
+ lsuzux - 2Cl (uxxx - 6””):)

+8C2ux)’

where ¢, are real valued integration constants.
These equations allow Lax pair formulation in the form

2ff+1,x = i[szlvH]’ (3'3)
where [.,.] is the usual commutator;
d2

corresponds to the stationary Schrodinger operator in one
dimension, 7 = 2m = 1; the operator

Py = Py (u, 00(H(u)))

L d 1
= —iz <ff—ja_§ff—j,x>Hf (3.5)

=1
is called the Lax operator; and do(H (u)) is the border of
the physical spectrum of H(u) that defines the coefficients
C j in P 2041

The Lax equation [H, P, ;] = 0 describes an odd order
integral of motion for each Schrodinger Hamiltonian
associated with solutions u of the s-KdVh. The order of
this integral, called the Lax-Novikov integral, depends
on the number of allowed bands and bound states in the
spectrum of such a Hamiltonian.

The constants c¢; in (3.3) are defined as function of the
energies E,, € do(H(u)),

2 .
R G
. 2 . i
J0-d1+++i2g=0 i=0 (]i!) (2]1' - 1)

Joti =k

(3.6)

where k = 1,...,7 and ¢y = 1.

There exists a transformation between the mKdVh sol-
utions and the KdVh solutions, which is called the Miura
transformation. The Miura transformation is defined by

u=1v>—u,. (3.7)

If v is any s-mKdVh solution, there is a fzn-l such that

fzn—l(v) =0. (3.8)

Then due to the identity
Fra(u) = i(20 = 8,)fo1 (), (3.9)

u is a s-KdVh solution,
Snx(u) =0. (3.10)

Note that the inverse affirmation is not correct.
The s-mKdVh is invariant under the change v — —v, and
hence the transformation (3.7) allows one to define

ut =02+ o, (3.11)

and
U =v> -, (3.12)

where u* are both s-KdVh solutions dependent on ». From
another perspective: let two functions u™(x) and u™(x)
satisfy the same equation in s-KdVh and depend on a
function v(x) as in (3.11) and (3.12), respectively. In this
case, v(x) must simultaneously satisfy (3.9) for v and for
—v. By adding these two equations the following identity
is obtained: 4v f,» = 0, which implies that » must satisfy
s-mKdV equation (3.8). This frame is in the basis of the
hidden supersymmetry of the stationary sector of the GN
model. It is natural to ask, why change the problem
from the search of one solution of the mKdVh to the
search of two connected solutions of the KdVh? In the next
sections, it is shown how, by starting from an initial
Schrodinger potential ™ and its eigenstates, it is possible
to construct through the Darboux transformation a super-
symmetric pair - and a superpotential v(x). A character-
istic of the Darboux transformation is to keep the
symmetries, so if u" has a Lax-Novikov integral (i.e.,
a s-KdVh solution), then u~ also has its respective Lax-
Novikov integral (i.e., another s-KdVh solution). By
observing intertwining operators that generate such trans-
formations [A =L + v(x)], families of superpotentials
v(x) will be found, which will be solutions of the
s-mKdVh and candidates to self-consistent stationary
condensates of the Gross-Neveu model.

IV. CRUM-DARBOUX TRANSFORMATIONS AND
SUPERSYMMETRY IN 1+1D

The system of Egs. (3.11) and (3.12) hides a supersym-
metry in its structure. From the point of view of the Lax
pair formulation, u™* defines the Schrodinger Hamiltonian

H" = —;—; +u" and wu~ defines the Schrodinger
Hamiltonian H~ = —szg + u~, while v defines the Dirac

operator HP = —id%@ + vo,. To simplify, a unitary
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transformation to H” is done, which defines the operator
Q, = e~ HP i1 such that

0 A 0 L+
Ql:< . ):( . ¢ ) (4.1)
A 0 —E‘f'i} 0

and this operator Q; plays the role of the square root of

( >
—_ . =
O H

2
= —W+U2+031)x

1
ZQ%:E{Qth}- (4.2)

The operator H can be interpreted as an extended
Schrodinger operator and corresponds to the Witten
Hamiltonian of supersymmetric quantum mechanics in
1 4+ 1D. The Hamiltonian H presents two fermionic inte-
grals in the form Q; and Q, = ic;Q; for the grading
operator I' = 5. The Lie superalgebra of these integrals of
motion takes the following form:

H,9,]=0,{9Q,, 9y} =26,,(H—-E,), (4.3)
where a, b =1, 2.

Besides, it is possible to observe that W*(x) =
exp (£ f;; dx'v(x")) are eigenstates (not necessarily phys-
icals) of H, with energy E,, or equivalently

H*W=*(x) = E,¥*(x). (4.4)
Starting from the state W+ (x) of H*, u™ (x) is defined as a
Darboux transformation of u*(x) in the form
wt(x) = 0¥ (x) = ut (x) = 2(In(PE (x))". (45)
and this type of transformations plays an important role in
the theory of integrable systems, spectral analysis, and
soliton systems. In the context of such transformations, the
components of the fermionic integrals Q, defined in (4.1),
A=44 y(x) and A" = -4 4 y(x) (Hermitian conju-
gated of A), are known as intertwining operators between
H* and H™. Because of the factorizations H* — E, = AAT
and H- — E, = ATA the following intertwining relations
are fulfilled:
AH™ = HYA, ATHY = H-A", (4.6)

These identities play a fundamental role in the solution
of spectral problems of high complexity, since these allow
one to obtain the spectrum of H¥ from the spectrum of H*,
and vice versa. If Y= (x, E) is a state of H* with energy E,

then the intertwining relations (4.6) imply that AT¥* (x, E)
is a state of H~ with energy E, while A performs the reverse
mapping, and A¥~(x, E) is a state of H' with energy E.
There will be some problems with the mapping of the states
W=(x), since A can be written as

o.d 1
(X)E‘P_—(x)’

(4.7)

so it annihilates ¥~ (x) among the eigenstates of H™, i.e.,
A¥~(x) =0, while A" annihilates the state ¥ (x), of the
same energy, among the eigenstate spectrum of H+. In fact,
by definition

. d
A=V LTy

(4.8)

P (x) :ﬁ’ and ATWF(x) =0. At this point, it is
interesting to note that if ¥*(x) is a concave (convex)
state without zeros for x € R then ¥¥(x) is a bounded
eigenstate of H¥. In this case u™(x) shows a solitonic
defect in the form of a potential well, which supports such a
bound state.

Darboux transformation is generalized by the Crum-
Darboux transformation [22,23]. Such a transformation
corresponds to the application of successive Darboux
transformations and induces a formulation of nonlinear
supersymmetry in quantum mechanics. An order n Crum-

Darboux transformation to Schrodinger operator H, =

2 .
— 5+ Vo (x) results in a new operator

d2
H, = _W+ V,u(x),
2

d
Vn = VO — 2@10g Wn, (49)
where W, is the Wronskian of n formal eigenstates y; of
Hy, Hyy; = E;y;, E; # Ej,

W, = W(yy,...,w,) = det A,

di—l
RAE

ij:dxi_ i,jzl,...,l’l

(4.10)
The eigenstates Wy (x; E) # y; of Hy, Hy¥y(x: E) = E¥,
(x; E) are mapped to eigenstates ¥, (x; E) of H,, H,¥,
(x; E) = E¥,,(x; E) through the fraction of Wronskians,

W(Wh seey l//nv\P0<E))

an(.x; E) - W )

(4.11)

where W, = 1 has been chosen. It is possible to introduce
the first-order differential intertwining operators
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d
A = —
n dx+W"’

d d
W, =——IlogW, + —logW,_,.

4.12
dx dx ( )

These operators and their conjugate factorize H,_; and H,,
in the form A',};A,, =H,,-E, AnAj; =H,—-E,, and
intertwine them as follows: A,H,_; = H,A,, ALH 0=
H,_ A}

The intertwining operator A, can equivalently be repre-
sented in the form

d 1
A=A Ay, ——un
( 1 llllj) dx(AJ_l "'All//j)

d
T (Eln(Aj—l e 'Alvfj)),

where A; =y, %# and A;_; ---Ayy; is an eigenstate of

(4.13)

eigenvalue E; for H;_;, any other formal eigenstate
Y,_(E) of H;_y, H;_|¥;_,(E) = E¥,_,(E) is mapped
for A; in the eigenstate ¥;(E) = A;¥;_, (E) of H; with the
same eigenstate as H;¥;(E) = EY,(E).

In this way, it is possible to intertwine H, and H,
using the order n intertwining operator A, =A, ---A;,
AHy = H,A,, AfH, = HyA]. If W, # 0 and V() is
nonsingular, for x € R, then the extended system H =
diag(Hy, H,) is characterized by a nonlinear supersym-
metry dependent on the scattering data of the eigenstates
used in Crum-Darboux transformation. In the superalgebra
there exist two nilpotent Z,-odd antidiagonal super-
charges Q. = Ao, =}(0,+i0Q;) and Q_=A,0_= 01,
[0+, H] =0, Q% =0, where o, =1(0| +io,). These
generate a nonlinear Lie superalgebra in the form
{04, 00} =260 [} (H — Ep).

This supersymmetric representation shows a spontane-
ous breaking of symmetry, which depends on the spectral
data of the chosen y,; states. The H(u) Schrédinger
operator has an order two formal degeneration for each
energy level, so the election of the states y; is arbitrary,
and in general, it is a linear combination between the pair
of linearly independent states of the same energy. There are
states that through the Darboux transformations produce
(i) a nonlinear phase shift in the initial potential, (ii) one
defect in the initial potential with the form of a solitonic
potential well, and/or (iii) singularities. In addition to the
above, special elections of pairs of states that produce
singularities can altogether generate one or two soliton
defects, supporting bounded states in the forbidden gaps of
the spectrum of the initial potential.

It is possible to differentiate between three supersym-
metric frames: exact, broken, and partially broken super-
symmetries. Let H, and y; be defined as in (4.9), the
supersymmetry associated with H is exact if H,, (H) has a

normalizable ground state of energy E; lower than the
energy of the ground state of H, (H,). In this case, H
supports a ground state in the form ¥, = (0,A,y)’
[Wy = (w;,0)7], where y? is a state of H of energy E;
linearly independent of y;, and thus the ground state ¥, is
annihilated for all generators of supersymmetry Q;%, = 0,
j=1,2.

The supersymmetry is broken if H, and H, both
have normalizable ground states of the same energy E,,
such that H has two normalizable ground states
Do = (v/I[}=i(Eo = E¢)o,0)" and @, =(0,A,y0)",
where y, is the bound state of H,. In this case the
generators of supersymmetry do not annihilate the
ground states; rather they transform them one into
the other Q—lPO,O = 4/ H;:l (EO — Ef)qj()’n and Q+‘I’0,n =
VI (Eo — Ef) P00, Q-0 = Q¥ =0.

A third case arises if the lower energy state in Crum-
Darboux transformation y; corresponds to the lower energy
edge of bands, in this case y, = y;, and the supersymmetry
generators annihilate both states Q. ®,, =0, a =0, n.
About the latter case, it is necessary to say that the finite-
gap structure of V; expands the number of supersymmetry
generators from N =2 to N =4. There is a central
extension of the superalgebra due to the Lax-Novikov
integral present in finite-gap systems. This is called a
partially broken supersymmetry because the initial two
fermionic integrals annihilate the two bound states while
the additional two do not [24].

The central extension is also possible in the first two
cases but it is essential in the definition of the third one.

An important behavior occurs when the Crum-Darboux
transformation takes place, for it makes it possible to
preserve the symmetries of the initial system. For example,
let H be a Hamiltonian with integral of motion P,
[H, P] = 0; a Crum-Darboux transformation to H allows
one to define a Hamiltonian H’ and an intertwining
operator A between H and H', AH =H'A and
A"H' = HA', and then through Darboux dressing to P it
results that P’ = APAT is an integral of H'. In simple steps
it is proved that [H', P'] = 0, which ensures that by means
of the Crum-Darboux transformation a solution of the
s-KdVh ([H, P] = 0) yields another solution of the s-KdVh
([H', P'] = 0). The order of the equation in the hierarchy
solved by the transformed system depends on the order of
P’, and it can be equal, lower, or higher than the initial
solution order. This is possible due to an order reduction
mechanism that relies on the spectral data of H and the
states used in the Crum-Darboux transformation. In this
direction, sometimes it is possible to reduce the operator P’
to a lower order operator P’ due to an identity in the form
P' = [,(H — 2;)P’ which ensures that if P’ is an integral,
then P’ also is. On the other hand, if « is a solution of one
equation of the s-KdVh, then automatically it is a solution
of infinite equations of a higher order of the hierarchy.
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In other words, if u is a solution of any equation of the
hierarchy that defines a Lax pair H and P, [H, P] = 0, then
it is always possible to construct a new Lax pair H and
P = PITi_(H - 4)), [H, P} =0, where 2; € Rand n is a
positive integer, that corresponds to the Lax pair formu-
lation of a higher order equation in s-KdVh.

V. ALGEBRO-GEOMETRIC SOLUTIONS OF THE
s-KdVh AND THEIR CRUM-DARBOUX
TRANSFORMATIONS

In this section the Its-Matveev formula of the algebro-
geometric finite-gap solutions of the s-KdVh is presented.
Moreover, two types of spectral transformations are stud-
ied, and infinite families of finite-gap potential with
solitonic defects are obtained.

The Lax pair of KdVh H, o = H(u,,) and Py, =
Poyii(ug0, 06(H,y)) satisfy the Burchnall-Chaundy rela-
tionship [25]

2g

P%ngl = H(H - E;),

i=0

(5.1)

which relates the eigenvalues y of Py, to the eigenvalues
z of H,, through the hyperelliptic curve

I ) 52)

The algebro-geometrical method allows one to find the
finite-gap solutions in the form of second derivatives of
logarithms of Riemann theta functions. The Its-Matveev
formula [26,27] for potentials with g gaps is given by

d2
ngo(x> = —ZWIH(Q(XV+¢,T)) +A0, (53)
with v,¢p € CY.
The eigenstates for the Hamiltonian associated with (5.3)
are given in the form

_Oxv+ ¢+ a(r),7)
O+ e,7)

w(r, x) exp (=ix&(r)),  (5.4)

where 6 is the Riemann theta function of genus g which
presents a periodicity in the form 6(z + a, 7) = 0(z, 7), for
aeZ9,

0(z.7) = Y exp(2zi(n.z) + mi(n.n7)). (5.5)

nez’y

with z € CY and 7 the modular matrix. The genus g of the
Riemann theta function corresponds to the number of
band gaps in the spectrum of the associated Schrodinger
operator [27,28].

The parameters in (5.3) and (5.4) are completely defined
by the curve (5.2). The modular matrix is a g X g symmetric
matrix with a positive defined imaginary part, whose
elements, as well as the components of v and the constant
Ay, are uniquely determined by the energies of the edges of
the spectrum of H, while a(r) and &(r) also depend on a
point r = (z,y) on the hyperelliptic curve (5.2) such that
Hy (r,x) = zy(r,x) and Py, w(r,x) = yy(r,x). On the
other hand, ¢ depends on the full spectral data of H [27].

Crum-Darboux transformations to solutions in the
Its-Matveev form correspond to finite-gap systems with
bound states in their forbidden bands. An equation in
s-KdVh  2f .0, (ug(x)) =0 with parameters c,,
¢ =0,...,2g+2l, defined by the energies do(H,;) =
{Eo.....Eyy} U (Uimy._; {z(ri1).2(r;1)}), has solutions

.....

with irreducible P,,,,;,; when u,; takes the form

2
Mg,z(x) = Mg,o(x) - ZEIH(W(Wa,_I.a,,Z(”Ll’ r1,2’x)v

°"vl//a,_1.a,_2(rl,l’rl,Z’X)))’ (56)

with

Wa,a,(Fits Ti2,X) = @iy (rin, x) + aigp(rig, x) - (5.7)
real functions, where a; ; and a; , are C constants and r; ; and
r;, are elements in different charts of the Riemann surface
related to hyperelliptic curve (5.2) with z(r; ;) = z(r;,) and
y(rin) = =y(riz), zi #F zj fori# j, i, j=1,..., 1L

The s-KdVh solution u,,(x) defines a Lax pair in the
form

Hyi = H(uy,(x)),

Pogioii1 = Pogioipi(ug(x),00(Hy,)),  (5.8)

where the Darboux dressing of the integral P, yields the
ldentlty P29+2[+1 = A1P2g+1A;" Al = AlAl—l c 'A1 with A]
defined as in (4.12) but changing y; =y, 4., (7i1, 72, X).

To perform a quantum mechanical interpretation, the
operator H must fulfill the role of Hamiltonian and P, 5,4
the role of integral of motion. To ensure real valued
observables, it must be required that both H and P be
Hermitian operators without singularities in the real axis.'
It is necessary to demand that u,;(x) have no singularities
for x € R and that its spectrum be real, which implies E;,
Zj AgeR,fori=0,....,2gand j = 1,...,1. Under these
conditions the operation | corresponds to the Hermitian
conjugation.

"It is not necessary to require this interval as an Hermiticity
condition (an example of this is the infinite potential well) but,
given the nature of solitonic potentials, this is the most natural
choice for the present type of systems.
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To construct u,,(x) nonsingular, it is possible to choose
ugo(x) and u,;(x) —u,o(x) both nonsingular or both
singular but in the latter case the singularities of the first
term must cancel the singularities of the second. To obtain
u,o(x) singular, it is enough with a correct election of ¢.
Overall, this is possible when z; € 6(H)¢, where ¢ corre-
sponds to the complement; i.e., y, 4, (7; 1,72, X) must be
nonphysical states of H. It is necessary to use the zeros
theorem for the correct choice of sign of the ratio a;;/a; ,
for each energy z(r;;). Note that there are an infinite
number of solutions.

Soliton potential wells added by Crum-Darboux trans-
formations to the solution in Its-Matveev form deform the
shape of the initial finite-gap potential. It is possible to
obtain different shape types of solitonic potential wells
depending on which forbidden band supports the associ-
ated bounded states. The asymptotic behaviors of the
Crum-Darboux transformation correspond to phase shifts
in the periodic structures of the initial potential.

A. Types of Miura-Darboux transformations

Two types of Darboux transformations to u,,(x) are
interesting. Their differences produce three types of sol-
utions for the GN model.

Auto Darboux transformations: the real eigenstates
A (r,x) for Hy;, z(r) < E;, E; € 96(H,,), correspond
to nonsingular states of modulated exponential growing
(decreasing), which cannot generate bound states through
Darboux transformation. As a consequence of the Its-
Matveev formula, the Darboux transformation using
Ay (r, x) connects two shape invariant isospectral poten-
tials, u,(x) and i@ ,(x). The potential &} ,(x) differs from
u,,(x) in phase shifts of the positions of the solitons (due to
changes in the coefficients a,; ;) and of the crystal structures
that generate each band. The phase shift in crystal struc-
tures is given as follows:

Sp=¢" — ¢ =alr),

where ¢ is defined in (5.3) and a(r) comes from the
definition of y(r,x) in (5.4). ¢ and @" correspond to
vectors whose components are the phases of the crystal
structures in u,(x) and i ,(x), respectively.

The operators

(5.9)

X,(r) = Ap(r, x)j W, (5.10)
X, (r) = —W%Alw(nx} (5.11)

intertwine H :X,( r)'X)(r) +z(r) and H}, = X(r)
X;(rt+2z(r)= dxz +@"(x) in the form X,(r)H,, =
A}, X,(r) and X,(r)'H},; = H,,X,(r)", respectively. By

being the initial and the transformed potentials isospectral

by construction, these must be solutions of the same
equation of the s-KdVh with exactly the same coefficients
c¢. Thus, A" must have a Lax-Novikov integral qu 2l =

Pogiari1 (i (x), 0o(Hy,)), such that [P2J+21+1’HJ1]
—2id%fg+l+l(ﬁ’(x),aa(Hg, )). It is possible to connect
the Lax operators through the intertwining operator
(5.10) in the form

X(r)Pyg1 = Po, X (r). (5.12)

To prove this identity, it is enough to note that X(r)
Pay(X(r)Pay 1)1 = P, X(r)(P5, X (r))" and thatany
deformation of (5.12) in the form X(r)Py,., =
P51 X(r)+ D(r), with D(r) an intertwining operator
between H,,; and ", 51> s inconsistent for any order of D(r).

The simplest example of auto Darboux transformation
corresponds to choosing w(r,x) as the generator of the
Darboux transformations to u,(x). The result of such a
transformation is

2

d -
fy0(x) = 22— (O +¢".7)) + Ao, (5.13)

a shape invariant transformation of u,(x) with ¢ displaced
to d" = +a(r).

Solitonic Darboux transformations: these are Darboux
transformations constructed using real states of H,;_,
of the form W[I] = A;_ 1wy, a,(r115 712, %), Where Ay,
Wa, a1, (T115 712, X), are defined in (5.7) and the paragraphs
below it.

The intertwining operators

4 = “’Wd%%m’
= lplm ;Cly[z] (5.14)

intertwine H ;| = AITAI +z(ryy) with Hy, = AZA;—i—
z(ryy), in the form AH,,_, = H,A; and A‘;Hg,[ =
Hgil_lA;r. The Darboux dressing of the Lax-Novikov
integral Py, 5141 of H,;_; allows one to find a Lax-
Novikov integral f’29+2,+1 :A,Pngrz(,_l)JrlAlT for H,,
such that [Py, 541, Hy ] = 0. Since Py, o1y is two orders
greater than P, . 5(_1)4, it is possible to note that u; is a
solution of an equation in s-KdVh of one order higher than
the initial solution u;_;.

In [16,24] the solitonic potentials and their respective
Lax-Novikov integrals for the free background and the
Lamé periodic background have been studied in detail,
and concrete norms for the construction of solitonic
potentials have been established from the zeros theorem.
The simplest example of solitonic Darboux transformation
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is to use W, 1412(r11.712,%) as the generator of a
Darboux transformation to u,((x). The result of such a
transformation is

d2
Uy (x) = —ZWIH(WJH(XVJF‘I’ +a(ry;).7)

xexp(—ix§(ry 1)) +a 0(xv+ +a(r,).7)
xexp(—ix&(ri2))) + Ao. (5.15)

where the constants &(r; ;) and &(r;,) present an imaginary
part different from zero for z(r; ;) in the forbidden bands of
the spectrum of H  ; this is due to the exponential growth or
decrease of nonphysical states. Far from the center of the
soliton defect, the solitonic Darboux transformation looks
like an auto Darboux transformation because only nonlinear
phase shifts remain in the transformed potential. This is due
to the asymptotic dominance of one of the exponential
terms in (5.15). Both asymptotic potentials correspond
to potentials in the Its-Matveev form with phase shifts
|A@,| = |et;(r15) —e;(r1y)|, where i=1,...,g corre-
sponds to the index of each vector component.

VI. STATIONARY CONDENSATES FOR
THE GN MODEL

It is possible to differentiate between three types of
stationary solutions for the GN model in dependence of
their shapes and the spectrum of their respective Dirac
operators: (i) kink finite-gap condensates: in this case, the
condensate oscillates around zero and presents a central
allowed band [see Figs. 1(a) and 2(a)]; (ii) kink-antikink
finite-gap condensates: in this case the shape of the
condensate oscillates around a constant different from zero
and presents a central gap [see Figs. 1(b) and 2(b)]; and
(iii) kink on kink-antikink finite-gap condensates: these
condensates are associated with solitonic Darboux trans-
formations, present a domain wall that divides two different
kink-antikink finite-gap phases. Such a domain wall is
supported by a single bound state of zero energy [see
Figs. 1(c) and 2(c)]. Solitonic defects with Dirac energies
closer than zero allow one to construct pairs of domain
walls [see Fig. 3].

cr(HD)
£ A £
A(x)
son |\
(a) v (b)

FIG. 1.

()

Examples of stationary condensates of the GN model: solitonic defects on a homogeneous background. For each graphic are

shown the shape of the condensate A(x), in a blue continuous line, and its spectrum ¢(HP), in green thick lines the continuous spectrum,
in dashed red line the band gaps, and in cyan dots the bound states and the band edges. Note that —A(x) is a condensate solution of the
GN model too, with an identical spectrum. (a) Trivial zero solution, (b) homogeneous background with two kink-antikink defects, and
(c) kink on a homogeneous background with two kink-antikink defects.

FIG.2. Examples of stationary condensates of the GN model: solitonic defects on two- and three-gap scalar Dirac potentials. The same
symbology as in Fig. 1 is used but with a brown dashed thin line added to show the shape of the finite-gap background: (a) a two-gap
condensate with two modulation shape solitonic defects that support each two bound states in the external gaps, one in each forbidden
band; (b) a three-gap background with three solitonic defects, two of them as modulations and one kink-antikink defect that supports two
bound states in the central band gap; and (c) a kink version of the previous condensate, where its spectrum additionally contains a zero

energy state.
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£

A(z)

FIG. 3. Kink defects look like a domain wall that pushes away
two different phases of the condensate, while soliton defects with
energies very close to zero allow one to have two transitions
between these two phases, which is due to the spontaneous
appearance of a kink and an antikink. The width of the kink-
antikink increases while the energy of the defect approaches zero,
while in the zero limit one or both domain walls can disappear in
the spatial infinities.

N0 W
e W

(a) (b)

A. Defects on kink-antikink finite-gap
condensates

Through auto Darboux transformations

A=~ in(Aw(r)) (6.1)

are constructed. The pair of Miura transformations that
defines A in (6.1) corresponds to u,; —z, = A? =LA
and i), —z, = A* + LA

The described transformation allows one to define the
extended Schrédinger Hamiltonian H = diag(H I:I;*l),
the fermionic integrals

Q__( 0 &ﬂnﬁ)_( 0 —$+A>
X () 0 T \4dia 0 '

(6.2)

g.l>

and Qz = ioy Ql, and also a Lax-Novikov integral in the
form

. P 0
P = ( e ) (6.3)
0 Poyio
that satisfies the following superalgebra:
[H,0] =0,  {0,.0,} =26,(F~z,). (64)
[PLH] =0, [P.Q]=0. (6.5)

The identities (6.5) correspond to the Lax pair formulation
of the equations of both s-KdVh and s-mKdVh,
respectively. Remember that the equations in the mKdVh
are invariant under the change A — —A; hence A =
LIn(Aw(r,)) also corresponds to a stationary GN
condensate.

Additionally, it is possible to define P, = o5 P;, which is
another Lax-Novikov integral for 7, [P,, 7] = 0. The
integral P, together with Q,, a = 1, 2 defines a pair of new
fermionic integrals [752, Qa} that complete the N =4
fermionic integrals.

As a consequence of (6.5), the kink-antikink condensates

A described in (6.1) are solutions of f2g 12101(A) =0 [see

(2.10)], where coefficients c? are given by the energies

00(Qy),

o(Q)) = (~o0.~VEy .| U [-VE — 2. ~VE = 2| U+ U [~ VEyo — 2 =By~
U [\/Ezg — 2o/ Ergi —z*] U---u {\/Ez -z VE| - z*} U {\/EO - z*,oo>

Vi i-va =% Vi =ah

where {E, ..., Ey,} = 0o(H ) and z; = z(r;;) = 2(r;2)
the energies of the bound states supported by the solitons in
the potential of H,;. Note that for a common base of
eigenstates the eigenvalues £ of Q; and the eigenvalues E
of H are related in the form & = E — z,. This type of
solutions, as seen in Fig. 2(b), corresponds to self-con-
sistent condensates A with a central energy band gap.

B. Defects on kink finite-gap condensates

These are the limits of kink-antikink finite-gap conden-
sates in which Ay (r,) is the ground state of H,, and it
must also correspond to an edge of band, with energy E,.

(6.6)

|
In this case Py, and X ,(r, ) share Ay (r,) as a kernel,
and then there exist S such that Py, 5,.; = SX;,(r,) and
P, 511 = X14(r.)"S™. This produces an order reduction
of the Lax-Novikov central integral of the Dirac
Hamiltonian operator Ql, where 751 = QI:S 1>

. 0o St L.
a—( ) 3.0, = 0.

s (6.7)

The identity (5.12) defines S, and Q, as the Lax pair of
fagi21(A) = 0in the s-mKdVh, with coefficients ¢} given
by the boundaries of the spectrum of Ql, 86(@1).
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6(Q,) = (—oo,—,/E0 —Ezy} U [—\/E1 — Eyy.—/E; —Ezg} U---U [—\/Ezg_1 — Eyyo\/Eoyi —Ezg}

U---u [\/E2 “Eyy /B - Ezg} U [\/Eo “E, oo) Ul {=/Z = Eag /7 = By}

In this case Qa S 1 and :92 = ia35' | correspond to the four
fermionic integrals of H.

C. Soliton defects plus kink on kink-antikink
finite-gap background

Through solitonic Darboux transformations

d
A= —EIH(A1—1Wa,,1,a1_2(Vl.1v ”1,27x)) (6.9)

are constructed. In this case, the pair of satisfied Miura
transformations are u ;| —z; = A% — d%A and u,; —z; =
A+ LA

The extended Schrodinger Hamiltonian takes the form
H = diag(H,;_,, H,;) and its Lax-Novikov integral can be
written as

((Hgﬁl—l = 21)Pagia(i-1)+1 )
0 Pogiart1

[P1,H] = 0. In the definition of P; has been introduced
the term (H,;_; — z;) to have operators of the same order in
its diagonal elements, which will be necessary in the next
analysis.

In this case, it is easy to show that P, plays the role of
integral of motion for the Dirac Hamiltonian operators

7)1 - 5 (610)

(6.8)

0 A
Q1:<A, 0’) Q, =i53Q,, (6.11)

[P).Q,] = 0. (6.12)

On the other hand, in the Dirac Hamiltonian frame the kink
nature of the superpotential in Q, generates a spontaneous
order reduction of the s-mKdVh Lax-Novikov operator P,
because in this case it is possible to do the factorization

7Dl = lela

S ( 0 P2y+2(1—1)+1A1T>
| = .
APy io0-1)11 0

82 - i0'381, (613)

and from this point of view, it is allowed the order reduction
P, — &;. So taking Q; as the Dirac Hamiltonian, the
irreducible integral of motion, in the form of the s-mKdV
Lax-Novikov operator (2.10), is not P; but rather S,

A are the solutions of fzg 12/(A) = 0 with coefficients c?
given by the boundaries of the spectrum of Q;, do(Q;).

o(Q)) = (—00, -V Eo _Zl:| U [_\/El — 2. —VE, — Zz} U---u |:_\/E2n—1 - 2.~V E, —Zz}

uou [\/Ez,l — 25,V Eon_i —zl} U---U

U {-vZi = vz = a)-

The existence of a zero energy state is directly related to the
kink or antikink nature of A. 5 ~
For acommon base of states the energies Eof Q = Q;, Q,
and the energies E of T = H,H keep the relation £ =
E —Z, where Z correspond to z; or z,, respectively. The
stationary condensates A have the characteristic property that
their spectra are always symmetrical with respect to £ = 0.

VII. SOLITONIC DEFECTS AND
SELF-CONSISTENCY

The role of the consistence equations (2.7) is to define the
spectrum of fermion matter that composes each condensate.
There exist infinite possibilities to fill the fermion states in the
spectrum of a condensate A. Among them, it is possible to
differentiate between ground states and exciton solutions.
In ground state configurations, a particle (hole) occupies

{\/Ez -2 \/El —zl} U [\/EO —Z1,00>

(6.15)

|
(empties) a state only if those of smaller (greater) energy are
also occupied (emptied), while exciton configurations allow
discontinuities in the occupation of the states.

By using the identities (2.7) and (2.15), the consistency
equation (2.3) for a condensate A with n 4+ 1 gaps and 2/
defects, n, [ € N, takes the form

A gn+2[A + >

I—s =1r ,
NG f L/ —M[Li (€2 = €0
(n/2]+1

3 — Z gn+21—2jf’\2j,

(7.1)
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FIG. 4. Occupation of fermion matter. The occupation of the fermionic states by each flavor is characterized by the spectrum of the
condensate A. Such a spectrum defines the poles and the branch cuts in the argument of the trace in Eq. (7.1). Here the meaning of the
integration paths for ground state configurations is shown: (a) Examples of paths for ground states; the first path leaves holes in Dirac sea
(antiparticles) so its charge Q will be “negative.” The second case corresponds to a full Dirac sea, where there are no particles nor
antiparticles, and thus, the total charge is zero. In the third case, there are only particles, so it has a “positive” charge. Since the paths
cross the axis only once, these examples correspond to ground state type paths. (b) The path C, for the rth fermion flavor. The path C, in
(b) is identical to the path C. in (c). C, results from adding a closed integration path in the upper plane to C,, and such a closed
integration path covers the axis Im[z] = 0 with direction Re[z] = co — Re[z] = —co and whose integral, by means of the residue
theorem, is equal to zero. (d) The superposition of the integration path of all flavors construct the path C. To simplify, the scattering
zones, of particles and holes, are chosen empty. In other words, the lower allowed band is occupied by all the flavors, i.e., the path C
cover N times the respective branch cut, and the upper allowed band is empty. On the other hand, some flavors occupy the bound states,
and then the poles are turned by C a number n < N of times. Another assumption for simplicity is to choose all the states in the bands
occupied by the same number of fermions.

where ¢? is the coupling constant of the GN model,” the ~ 2|n/2] equations for the occupation of the bands
constants &, ;, for j =0,1,...,2n + 1, correspond to the e

energies of the edges of the bands of HP, and &, = 0 = tre {], (7.4)
—Epiiks 0<Epy <Eppy <--- <&y, to the energies of VA

the bound states of H”. Here trg is defined as

where j = 1, ...,2|n/2], and [ equations for the occupation
L dE 1 fdE of the bound states
tre =— —=— | —, 7.2 2| n
fe Nzlj;%t N Jc2n (72) 0=t gn2ln/2
— , = g 41_1(52 52 ) s (75)
N - &,

where the integration paths C, in (7.2) depend on the
spectrum occupied by the particles and antiparticles (holes) ~ where j =1, ..., [. The unknown variables of these equa-
of flavor r (see Fig. 4). Thus, Eq. (7.1) corresponds to @ tions are the occupation fractions v(|€|) = M
system of |n/2] + [+ 1 equations that defines the UV
cutoff and the occupation of each state in the spectrum of
HP by the different flavors.

By observing that Eq. (7.1) must be fulfilled for any
values of fzj = fQj(x), J=1,....|n/2] + 1, it is possible
to reduce those equations in the following set of consis-
tence equations: one equation for UV cutoff

-1 < u(|€]) < 1, where n(€) is the number of flavors that
occupy the eigenstate of allowed energy &.

It is interesting to note that the result of (7.5) for each
pair of defects is independent of the other pairs. The
occupation fraction vy = v/(|&,|) for the pair of bounded
states of energies |€,, ;| and —|&; ;| depends on the spectral
information of the finite-gap background and only on the

; . modulo of the energy of such a pair of defects, without
— =trg {—] , (7.3)  taking into account the existence of the other pairs. This is a
Ng? v-II characteristic already observed in the solitonic case in the
free massive background.

To avoid confusion, note that in this section ¢” is not related to The consistence equations are the same for a kink
the genus of the Riemann theta function, for here n takes this role. condensate as for an identical condensate without the kink.
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In kink condensates there are 2/ + 1 bound states, where
one of such states has zero energy. In Eq. (7.1) this change
corresponds to multiplying the numerator and denominator
by &, the consistence equations remaining unchanged. As a
consequence, the consistence equations (2.3) do not fill the
occupation of the state of zero energy, and by definition
v(0) =0.

In the following, the self-consistency of the condensates
that present solitonic defects on one- and two-gap back-
grounds will be studied. For simplicity, a ground state
occupation will be presented, in which the states of the
lower allowed band are fully occupied, the states in the
upper allowed band are completely empty, and all the states
in the allowed bands have the same occupation fraction.

The one-gap solution corresponds to massive Dirac
particle A = +M, M > 0. In this case, Dirac operator Q
[see (6.2)] connects two copies of H, = —%. The eigen-
states of Hyp correspond to y(k) = e, Hyow(k) =
Ey(k), E=K*, k€ R for physical states and k €1
for nonphysical states. Through the Miura-Darboux trans-
formation, the massive condensate rises from the state
w(im) = e™™, m = £M, being A = —-LIny(im). Note
that for m = 0 the 0-gap condensate is obtained through the
physical edge of band state y/(0) = 1 of Hy.

The one-gap condensates with defects are obtained using
nonphysical states of Hy in the form

(7.6)

d W(li/], ...,li/j,e_mx)
dx '

A=——In = =
W(Wl’ ,l//])

where iy, = sinh(kys(x + 75¢)) and ¥y, = cosh(kaysyy
(x+1720,1)), with j and £ positive integers and
|s| < |ke_i| < |m|. In this case, the spectrum of Q
corresponds to

and Eq. (7.5) defines the occupation fraction v, of the
bound states of the central band in the form

Ep)] = Msin(%), j=1,...L (7.7)

Note that for this type of condensates the occupation
fractions are related by v; <v, <--- <y, This result
allows solutions of the ground state type, in which any
particle of any flavor can exist only if there exists another of
the same flavor with the allowed energy immediately lower.

Within the solutions on the finite-gap background, the
inhomogeneous simplest case (modulo spatial displace-
ments) is the kink crystal background

A = —(Indn(Mx, k))
(Mx, k)en(Mx, k)
dn(Mx, k) ’

— Mt (7.8)

where sn(x, k), cn(x, k), and dn(x, k) are the Jacobi elliptic
functions with modular parameter k, 0 < k < 1. The
condensate (7.8) is a solution of the s-mKdVh,

0= A”(x) = 2A(x)? = 2(k* — 2)M?A(x),

and this equation is also known as the nonlinear
Schrodinger equation and corresponds to f,(A) = 0.

From now on, the following relationship between
Jacobi’s theta function and Riemann’s theta function will
be used:

@(x|k)—9<x+%,r>, T:i%, (7.9)
dn(u, k) = L%E;)K)%, (7.10)

where K(.) is the elliptic integral of the first kind, K =
K(k) is the complete elliptic integral of the first kind, and
K =K(¥), K =V1-k%

From the supersymmetric point of view, the kink
crystal condensate connects two Lamé one-gap
Schrodinger potentials displaced in half a period: u;y =
M?K*(2sn(Mx, k)?> — 1) and 122?60) = M?k*(2sn(Mx +
K(k), k)*> — 1). The Darboux transformation that generates
this superpotential is constructed using the ground state
w = dn(Mx, k) of the one-gap Schrodinger system H .
Such a Darboux transformation allows one to construct a
kink two-gap condensate, with two band gaps separating a
central band [29].

This condensate has a period of 2K(k), defined in terms
of the complete elliptic integral of first kind K (k).

The spectrum of kink crystal (7.8) is given by o(HP) =
(—o0,—M] U [-MKk',MK'| U [M,0), where the energy
band gaps correspond to —M < £ < —Mk and MK <
E<M.

The eigenstates of H, o, H; oy = E(a)y? are

H(Mx + a)

VA =g ORI MZ@]. (1)

where E(a) = M*dn?(a, k) and Z and H are the Jacobi zeta
and eta functions respectively,

Z(ulk) = d%lm(u), (7.12)

H(u) = —ig"/*exp <l%) O(u + iK'), (7.13)
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q = exp(in7). (7.14)
For more details about these functions and the spectral
properties such as quasimomentum, see [16]. The functions
W9 are parametrized in terms of the parameter a, which
lies in a rectangular domain with vertices a € {0, K, K+
iK', iK'}

By using chains of Darboux transformations, it is
possible to construct an infinite set of symmetric conden-
sates with one central allowed band in the form

_d (W), ....(2¢), dn(Mx, k))
Al = ‘alr‘( WD), .. 4(27)) )

(7.15)
$2j+1) = Copy2 (¥) + —w=" (%), (7.16)

2j+1

i 1 Ay

$2)) = Cop (1) = = (x),  (7.17)

2j
O<ay <ay <<y <K (7.18)

The spectrum of these condensates is defined by

o(HP) = (=00, —M] U¥, {—Mdn(a;, k)}
U [-MK, MK']
U¥, {Mdn(a;, k)} U [M, ).

It is possible to obtain potentials with 2(2£ — 1) bound
states, and one way to obtain these is to choose a parameter
C; and to take either the limit C; — 0 or co. With this
method, one of the solitons disappears in some of the two
spatial infinities, x — £ o0. As a consequence of the loss of
two bound states, the characteristic equation in s-mKdVh
of the initial condensates will fall by two orders. In
summary, through this method stationary condensates A
are constructed, whose spectra are symmetrical with respect
to £ = 0; they also have a finite number of bands and any
number of bound states in them.

Because of the different occupation number of each
sector of the spectrum, the occupation fraction v, is
introduced for the occupation of the states in the central
band and vj, j=1,...,1, for the bound states.

Because of the symmetries of the spectrum, the occu-
pation constant v, is undefined as in the kink case. Thus,
the consistency equation (7.5) for the condensate (7.15)

takes the form
/5127,[ _ k/2M2
vy =—tan”! | F—r——],
T /

(7.19)

and the result shows how the effective occupation fraction
of the defects relies on their energy and width of the central
band (or the same, the modular parameter k). The inverse
interpretation defines the energy of the defect as a function
of the effective occupation fraction and the width of the
central band

€] = M cos <%Dl> k' + tan? <%Dl>

It is interesting to notice that in limit & — 0 known results
of the solitonic case in the free massive background are
obtained (7.7). In this limit k - 1, K — oo, and the kink
crystal (7.8) is reduced to the Callan-Coleman-Gross-Zee
kink A = M tanh(Mx) [12].

For more complex condensates, the consistence equa-
tions depend on hyperelliptic integrals of higher order.

(7.20)

VIII. DISCUSSION AND OUTLOOK

By using an exotic supersymmetry between finite-gap
systems with defects, the set of analytical stationary
solutions for the GN model has been constructed, observ-
ing the existence of inhomogeneous and nonperiodic
condensates with band structures and a finite number of
bound states.

The Darboux transformation has allowed the recursive
construction of infinite families of exactly solvable
Scrodinger systems from a finite-gap potential given by
the Its-Matveev formula.

The process of constructing solitary defects on finite-gap
Schrodinger potentials has generated scalar Dirac potentials
(or Bogoliubov—de Gennes self-consistent condensates)
that present solitary defects on finite-gap backgrounds.
Each one of these Dirac systems exhibits an irreducible
integral of motion corresponding to a Lax operator of the
s-mKdVh.

The Darboux dressing of the Lax operator of finite-gap
systems has allowed the finding of the self-consistency
equations for all the stationary condensates, having as a
main characteristic the independence of the consistence
equations for each pair of bound states of opposite energy,
each one depending only on finite-gap background data and
the modulus of its characteristic energy.

On the dependence of their shape and spectrum, the set
of self-consistent stationary condensates presented here can
be separated into three groups. These condensates neces-
sarily have the form of (i) kink finite-gap condensates with
solitonic defects, which oscillate around zero and present a
central allowed band, (ii) kink-antikink finite-gap conden-
sates with solitonic defects, which oscillate around a
constant different from zero and present a central forbidden
band, and (iii) kink domain wall condensates on kink-
antikink finite-gap background with solitonic defects,
which looks like a kink (antikink) domain wall that pushes
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away two kink-antikink finite-gap phases and supports one
bound state of zero energy in the central forbidden band;
the two kink-antikink finite-gap phases oscillate around
opposite constants.

In what follows, some interesting related study problems
will be discussed. Important aspects to be studied about the
condensates presented here are their mass spectrum and
their stability. In the direction of the first point, the study of
the Green function and the density of states of the
respective Schrodinger and Dirac equations for finite-gap
systems with defects are within the research interests of the
author. About the stability of these condensates and their
decay channels [17]: the possible decays of allowed bands
into bound states or allowed bands into other allowed bands
are mysteries yet to be revealed.

The thermodynamic role that these condensates could
occupy in a GN model is another interesting point of
study, the most direct approach being the Ginzburg-
Landau expansion of the thermodynamic grand potential
11,15,18]].

On the other hand, as well as s-mKdVh is related to the
GN model, the Zakharov-Shabat Ablowitz-Kaup-Newell-
Segur hierarchy (ZS-AKNS) is related to the chiral GN
model or the Nambu-Jona-Lasinio model in 1+ 1D.
There exists a generalization of the Darboux transforma-
tion for Dirac operators in 1 + 1D. Particularly, such a
transformation allows the construction of pseudoscalar

Dirac potentials in the form of soliton defects on finite-
gap backgrounds with the spectrum not necessarily
symmetric. Although these potentials also present a
Lax-Novikov integral, they are not solutions of the s-
mKdVh, rather of the ZS-AKNS hierarchy of equations
[30,31]. In general, these potentials correspond to com-
plex pseudoscalar potentials with asymmetric spectra,
any number of bound states, and a finite number of
energy band gaps. Because of the existence of the Lax-
Novikov integral and an adequate Darboux transforma-
tion, it is possible to find a representation for a nonlinear
N = 4 supersymmetry for extended Dirac Hamiltonians.
The supersymmetric method has proved to be useful for
solving problems of nonlinear interaction between bosons
[32,33] and problems of nonlinear interaction between
fermions, herein studied. In this direction, it is interesting to
search for uses of the supersymmetric methods for the
study of coupled systems between bosons and fermions.
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