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Current cosmological constraints on the scalar spectral index of primordial fluctuations ng in the AVcold
dark matter (ACDM) model have excluded the minimal scale-invariant Harrison-Zel’dovich model
(ng = 1; hereafter HZ) at high significance, providing support for inflation. In recent years, however, some
tensions have emerged between different cosmological data sets that, if not due to systematics, could
indicate the presence of new physics beyond the ACDM model. In light of these developments, we evaluate
the Bayesian evidence against HZ in different data combinations and model extensions. Considering only
the Planck temperature data, we find inconclusive evidence against HZ when including variations in the
neutrino number N and/or the helium abundance Yy.. Adding the Planck polarization data, on the other
hand, yields strong evidence against HZ in the extensions we considered. Perhaps most interestingly,
Planck temperature data combined with local measurements of the Hubble parameter [A. G. Riess ef al.,
Astrophys. J. 826, 56 (2016); A. G. Riess et al. Astrophys. J. 861, 126 (2018)] give as the most probable
model a HZ spectrum, with additional neutrinos. However, with the inclusion of polarization, standard
ACDM is once again preferred, but the HZ model with extra neutrinos is not strongly disfavored. The
possibility of fully ruling out the HZ spectrum is therefore ultimately connected with the solution to current
tensions between cosmological data sets. If these tensions are confirmed by future data, then new physical

mechanisms could be at work and a HZ spectrum could still offer a valid alternative.

DOI: 10.1103/PhysRevD.98.063508

I. INTRODUCTION

Current observations of cosmic microwave background
(CMB) anisotropies and large scale structure are in good
agreement with the hypothesis that cosmic structures
originated from tiny density perturbations in the early
universe. The inflationary theory (see, e.g., [1] for reviews)
predicts the existence of such perturbations by stretching
microscopic quantum fluctuations to cosmological scales
[2]. While the exact inflationary mechanism by which these
perturbations are generated is not yet known, a general
prediction is that their power spectrum can be well
described by a power law Ak where A, and n, are
defined as the primordial amplitude and spectral index
while k is the perturbation wave number measured in
Mpc‘lh. Furthermore, the value of the spectral index
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should be nearly one, ng ~ 1, reflecting the constancy of
the Hubble horizon during inflation, but at the same time
not exactly one, due to the dynamics of the inflaton field
(again, see [2]).

An exact value of ng =1 is indeed not expected in
inflation and would coincide with the phenomenological
model proposed by Harrison [3], Zel’dovich [4], and
Peebles and Yu [5], known as Harrison-Zel’dovich (HZ)
spectrum, proposed well before the formulation of infla-
tion, and corresponding to perfect scale invariance of the
fluctuations. While it is still possible to have inflationary
models with spectral index nearly identical to HZ (see,
e.g., [6]), a measurement of ng close but different from one
should be considered as a further corroboration of inflation.

In the past twenty years, CMB measurements made by
balloon experiments such as BOOMERanG [7,8] and
satellite experiments such as WMAP [9,10] and, more
recently, Planck [11,12], have provided improving con-
straints on n,. From the constraint of ny = 0.90 £ 0.08 at
68% credible interval from BOOMERanG [8], we have
now ng = 0.9645 4+ 0.0049 from the Planck 2015 data
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release, i.e., an increase by a large factor of ~16 in the
precision of the measurement and a preference over the HZ
spectrum at about 7 standard deviations.

This is a success for the theory of inflation and several
CMB experiments are now aiming at the measurement of
polarization B modes generated by gravitational waves
during inflation (see, e.g., [13]).

It is important to stress, however, that the above con-
straints have been obtained indirectly, assuming the ACDM
model based on cold dark matter (CDM) and a cosmo-
logical constant (A). Moreover, the unprecedented sensi-
tivity in cosmological experiments is revealing several
interesting discrepancies and tensions in the ACDM model.

For example, the Planck constraint on the Hubble
constant, obtained under ACDM, is about 3.3 standard
deviation from the direct constraint of Riess ef al. [14] (R16
hereafter), derived from direct observations. The disagree-
ment is even larger, 3.8 standard deviations, for the new
determination of Riess ef al. [15]. Furthermore, the Planck
temperature anisotropy power spectrum data seems to
suggest an amplitude of gravitational lensing larger than
the one expected in the ACDM scenario at about ~2-2.5
standard deviations ([12,16—18]), showing a possible inter-
nal tension in the Planck data itself. A greater amount of
lensing in the Planck power spectra, parametrized by the
Ajens Tactor (see [19]), puts the Planck cosmology in better
agreement with the cosmic shear data from surveys such as
the Kilo-degree survey KiDS-450 [20] and the dark energy
survey [21,22], as well as with the cosmological parameters
derived from WMAP data [23].

While the statistical significance of these tensions is mild
[24], the possibility of extensions to the ACDM scenario
that could explain them is clearly open. For example, an
increase in the number density of relativistic particles at
recombination N or a change in the dark energy equation
of state w could both alleviate the current discrepancy on
the Hubble parameter (see, e.g., [25]). In the past years the
possibility of new physics either in the dark energy sector
either in the neutrino sector to solve the Hubble tension has
been considered in several works ([25-42]).

It is therefore timely to investigate the robustness of the
conclusion that the HZ spectrum is ruled out while
considering extended cosmological scenarios, beyond
ACDM. A similar analysis has been already performed
in recent papers (see, e.g., [43—46]). Here we extend these
previous analyses by including more data (e.g., the Planck
polarization CMB data), by considering more parameter
extensions, and by using a different approach in calculating
Bayesian evidence using the MCEvidence code described
in [47]. Moreover, when computing Bayesian evidence we
will compare the viability of the HZ spectrum not only with
respect to ACDM but also to its extensions.

As we will see, a crucial point in this investigation is that a
HZ model has n, = 1, 1i.e., one parameter fewer than standard
ACDM. The HZ model is therefore less complicated (from

the point of view of the number of parameters) and this may
lead to a higher Bayesian evidence when compared with
models where ng is an additional parameter and which
produce similar fits to the data. Indeed, Bayesian evidence
weights the simplicity of the model with the Occam factor,
the inverse factor by which the prior space collapses when the
data arrive.

The paper is structured as follows: in the next section we
describe the data analysis method, in Sec. III we discuss the
results and in Sec. IV we present conclusions.

II. METHOD

A. Models considered

As stated in the Introduction, the goal of this paper is
to determine the Bayesian evidence for a HZ spectrum
in ACDM and extended scenarios. We have therefore
analyzed the cosmological data under the assumption of
the following models:

(1) Standard ACDM. In this case we assume a flat model,
with cold dark matter, a cosmological constant and
adiabatic primordial fluctuations. For this model we
have considered variations in 6 parameters: the
amplitude A, and spectral index ng of primordial
scalar fluctuations, the cold @, and baryonic @y, matter
densities, the angular size of the acoustic horizon at
decoupling 6, and the reionization optical depth 7.

(ii) ACDM + N.. In this case we have extended the
ACDM model described above by including variation
in the neutrino effective number N that essentially
counts the number of relativistic degrees of freedom
at recombination. The standard model with three
neutrinos of negligible mass predicts Nop = 3.046.
We assume a flat prior on N4 between 0.05 and 10.
The inclusion of N affects the CMB constraints on
ng (see, e.g., [45]).

(iii) ACDM + Yy.. Varying the helium abundance Yy,
modifies the process of recombination and changes
the structure of peaks in the CMB anisotropy spectra.
This quantity is usually derived from the value
of the baryon density @, assuming standard big bang
nucleosynthesis (BBN). However, it is plausible
to take a more model-independent approach and to
derive constraints on Yy directly from CMB obser-
vations. The assumed prior on Y7y, is flat between 0.1
and 0.5.

(iv) ACDM —+ N + Y- In this case we remove com-
pletely the assumption of BBN and of the standard
three neutrino framework and consider both the
possibilities of an extra background of relativistic
particles and free Y.

(v) ACDM + Ng + ngyy + Zm,, + Ajens- The model de-
scribed above is further extended by considering the
possibility of a running of the spectral index with
scale ng, = dng/dInk, a total neutrino mass Xm,,
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and a varying amplitude of the CMB lensing signal
Ajens- In what follows we will refer to this model as
extended-10 since we consider 10 free parameters.
The prior on n,,, is flat between —1 and 1. The prior
on m,, is flat between 0 and 5 eV. The prior on Ay, is
flat between O and 10.

(vi) ACDM+N g+ npyn +Zm, +Ajens +w. We  further
extend the extended-10 model by considering var-
iations in the dark energy equation of state w =
p/(pc?), assumed to be constant with redshift. We
will refer to this model as extended-11. The prior on
w is flat between —3 and 0.3.

The inclusion of N s and w is motivated by a well-
known parameter degeneracy with the value of the Hubble
constant derived from the Planck data. Increasing Ny or
decreasing w could bring the Planck constraint on H in
better agreement with the direct measurement of H, from
R16 [14]. We consider variation in A, given the indica-
tion from the Planck data for an anomalous A, > 1 value.
We also include n,,, and Yy since these parameters are
correlated with ng.

A few remarks about other parameters is in order. Aside
from cosmological parameters, the Planck analysis also
includes a number of nuisance parameters. These are
marginalized over before the evidence is computed, which
is a valid procedure if the nuisance parameters are inde-
pendent of the cosmological parameters. It is a good
approximation for Planck [16].

Finally, we note that, for uniform priors, the Bayesian
evidence depends inversely on the prior range, provided
that the prior encompasses all of the likelihood. This makes
it very straightforward to recalculate the Bayes factors for
different prior ranges, if desired.

B. Data

As cosmological data we examine the high-Z temper-
ature and low-Z temperature and polarization CMB angular
power spectra released by Planck in 2015 [16]. We consider
different sets of data combinations. The first set includes
the large angular-scale temperature and polarization anisot-
ropies measured by the Planck LFI experiment and the
small-scale temperature anisotropies measured by Planck
HFI experiment, we refer this case by “Planck TT.” The
second set includes Planck TT together with the high-#
polarization data measured by Planck HFI [16], and this
data set is refereed as “Planck TTTEEE.” We also include
the R16 bound in the form of an additional Gaussian
likelihood weighting for the Hubble constant H, = 73.24+
1.75 km s~ Mpc~! at 68% credibility interval, as measured
by [14].

Finally, in some cases we will also use information from
Baryon Acoustic Oscillation (BAO) and cosmic shear weak
lensing (WL) surveys as in [12].

The data are first analyzed using the November 2016
version of the publicly available Monte Carlo Markov

Chain (MCMC) package cosmomc [48] with a convergence
diagnostic based on the Gelman and Rubin statistic
(see [49]). The MCMC chains in the Planck legacy archive
are described at [50].

C. Bayesian evidence

In this paper we compare models principally using the
framework of Bayesian evidence. The posterior proba-
bility of a model M given the data x, p(M|x) depends on
the Bayesian evidence (or marginal likelihood), p(x|M),
which is the denominator in the posterior for a vector of
parameters € of a model M and a set of data x:

px

0. M)z(0|M)
pxlM) -

Here p(x|@, M) is the likelihood and z(@|M) is an assumed
prior on the parameters.

The Bayesian evidence ensures that the posterior is
normalized, and is given by

p(Ox, M) = (1)

E=pxM)= /d@p(x

0.M)z(0|M). (2)

In light of data x, the Bayesian model comparison
proceeds by a pairwise comparison of competing models,
say M, and M, through their posterior odds ratio:

p(Molx)
p(M|x)

_ px|M,) x(M,)
= p(lMy) () ®)

Assuming equal prior probabilities for the competing
models, z(M,) = z(M,), the models’ posterior odd ratio
is the Bayes factor,

BEP(x|M0) ()

px|M,)°

According to the revised Jeffreys scale by Kass and
Raftery [51], the evidence (against M) is considered as
positive if 1.0 < In B < 3.0, strong if 3.0 < In B < 5.0, and
very strong if InB > 5.0.

In what follows we will always consider the evidence
against a HZ model, i.e., M, is a model with varying n,
parameter, while M; is a model with a HZ spectrum.
Following this definition, a positive value of In B provides
evidence against a HZ spectrum. A negative value of In B
means evidence against a ng # 1 model.

The evidence is computed from the MCMC chains using
the MCEvidence code described in [47].

III. RESULTS

Before discussing in detail all the obtained results in the
next section it is useful to consider Fig. 1 where we plot the
Bayes factors considering several data combinations and
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FIG. 1.

Bayes factors —In B with respect to the flat ACDM model. Following our definition, a negative value (please note the minus

sign on the y label) provides evidence against a HZ spectrum while a positive value favors it. Models with varying spectral index
(ng # 1) are shown by filled markers while the Harrison-Zel’dovich (n, = 1) cases are shown by the open markers. The different models
shown in the bottom left legend are extensions of the flat ACDM model while those in the bottom right legend are extensions of the flat
ACDM with HZ spectral index. The number of parameters in the model is represented by the relative size of the markers. The colored
boundaries delineating the evidence degrees are based on the Kass and Raftery [51] scale. Note that in the case of the BAO and WL data
sets we consider just Ny and A, respectively as extra parameters.

different theoretical scenarios. The Bayes factors for each
data set are with reference to the ACDM case; solid
symbols identify a model where ng is allowed to vary
while empty symbols correspond to models where a HZ
spectrum is assumed. If we first consider models with free
n, (solid symbols) we notice that there is no parameter
extension that is favored with respect to ACDM with the
only exception of the ACDM + Ay, model (solid green
triangle) with just a minor, positive, evidence for the
Planck + WL data set. This is a direct consequence of
the anomalous Ay, value seen by the Planck data. We can
also notice a strong and a very strong evidence against
extended-10 and extended-11 (solid brown diamond and
solid pink cross) with respect to ACDM, especially in the

case of the Planck TTTEEE data set. Models with one
single additional parameter as ACDM + N (red solid
squares) or ACDM + Yy, (orange solid cross) are not
strongly disfavored. In practice the visual fact that most
of the models are below the blue line clearly indicates that
there is currently no strong evidence against the ACDM
standard scenario.

When moving to empty symbols, i.e., to models that now
assume a HZ spectrum, we also see that there is no positive
evidence for them with the single notable exception of
the Planck TT + R16 data set. Indeed, in this case we see
a positive evidence with respect to ACDM for HZ ACDM +
N5 (empty orange times) and HZ ACDM + Yy (empty red
square). The positive evidence for the HZ ACDM + A},
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is still marginally present for the PlanckTT + WL data set
but disappears completely for Planck TTTEEE + WL case,
with a very strong negative evidence. We also notice strong or
very strong evidence against HZ in the ACDM model for all
data sets considered. Very strong evidence against HZ with
respect to ACDM is also present for all model extensions
considered in the case of the Planck TTTEEE data sets.
Visually we see that the Planck TT + R16 data set provides
the least stringent constraints on HZ and that the inclusion of
R16 reduces the evidence against HZ for Planck TTTEEE.
In the next sections we discuss these results in more
detail and provide the Bayesian evidences for several data
and model combinations. The constraints on cosmological
parameters can be found in the Appendix of this paper.

A. Planck data and the R16 constraint

In Table I we compute the evidence for a HZ spectrum
for several model extensions with respect to the standard
ACDM model, i.e., the quantity

P(X|M rcDmp,£1)
p('lel,nX:l)

InB=In , (5)

where M ycpy 1S standard ACDM with variable ng, and M
is one of the models listed in the first column of Table I with
a HZ primordial spectrum, i.e., ny, = 1. The evidences are
computed assuming the Planck CMB data with and without
the inclusion of the R16 constraint.

We can immediately notice (first row of Table I) that a
HZ spectrum is strongly disfavored with a very strong
negative evidence (In B > 5) in the case of ACDM for any
data combination. In the framework of ACDM, a HZ
spectrum is therefore significantly ruled out. This is clearly
in agreement with the accurate constraint that the Planck
data provides on the scalar spectral index when a ACDM
model is assumed (see the results in Tables V-VIII in the
Appendix).

However, when we consider extensions involving N or
Y. but with a HZ spectrum (rows 2—4 of Table I), the
Planck TT data alone do not significantly prefer standard
ACDM over these models providing just a negative
evidence (In B > 2). Furthermore, when the R16 constraint
is included with TT, model extensions with a HZ spectrum

TABLE L.
standard ACDM model with n, free to vary.

are even favored with respect to standard ACDM with
positive, albeit not significantly large, evidences (In 5 < 0).
In practice both the ACDM + N and ACDM + Yy,
models with n;, = 1 provide a better fit to the Planck TT +
R16 data set than standard ACDM with the same number
of parameters (6) (see the discussion on this point in the
Appendix).

The inclusion of CMB polarization data, however, lifts
some of the parameter degeneracies that affect the CMB
temperature data, provides a better constraint on N and
Yy compatible with the expected standard values, and
disfavors a HZ spectrum in these model extensions. Indeed,
very strong evidence (In B > 5) against a HZ spectrum for
all the model extensions considered with respect to stan-
dard ACDM is obtained with the Planck TTTEEE data.
Once the R16 data are included, the evidence is still present
against HZ in model extensions that vary N.g or Yy, but
only at the level of InB > 2. A HZ spectrum in these
models is therefore disfavored but not fully excluded with
respect to ACDM when the Planck TTTEEE + R16 data
set is considered. For the same data set, the very extended
models, extended-10 or extended-11, with a HZ spectrum
are strongly disfavored with respect to ACDM (In B > 5).

It is interesting to compute the evidence for a HZ
spectrum not with respect to standard ACDM but consid-
ering the same model but with n; free to vary, i.e.,

lnBEInp(x|M1’""'¢l), (6)
p(x|Ml.ns:l)
where M is one of the of the extensions to ACDM.
The results of this kind of analysis are reported in
Table II. As we can see, when considering extensions to
ACDM, there is no very strong evidence against a HZ
spectrum (all the values in the Table are <5). In particular,
we always found a positive evidence for HZ in the Planck
TT 4 R16 data set and a marginally negative or positive
evidence in the case for Planck TTTEEE + R16. In short,
when considering model extensions, a HZ spectrum is
never significantly ruled out from CMB data alone and is in
some cases even favored when the R16 constraint is
included. Therefore, if the current case for extensions
motivated by the tensions between the Planck and the R16
results on the Hubble constant will be further confirmed by

Bayesian evidences against a HZ spectrum under different model assumptions with respect to the

Model Planck TT Planck TT + R16 Planck TTTEEE Planck TTTEEE + R16
ACDM (HZ) 9.94 5.86 21.42 16.99
ACDM + N (HZ) 2.11 -2.04 7.73 2.75
ACDM + Yy, (HZ) 2.53 -0.55 7.24 3.82
ACDM + Yy, + N (HZ) 3.71 -0.14 9.4 4.83
Extended-10 (HZ) 7.85 4.18 13.08 791
Extended-11 (HZ) 8.48 6.78 13.67 10.82
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TABLE IL

Bayesian evidences against a HZ spectrum under different model assumptions but now comparing with

the corresponding model extension with n, free. For example, the HZ spectrum under ACDM —+ N in the first line
is compared with the corresponding ACDM + N model but with ng free to vary.

Model Planck TT  Planck TT + R16  Planck TTTEEE  Planck TTTEEE + R16
ACDM + N (HZ) -0.55 —231 430 0.72

ACDM + Yy, (HZ) 0.25 ~1.95 4.74 1.57

ACDM + Yy, + N (HZ) =095 —2.04 3.79 0.44
Extended-10 (HZ) -1.86 ~2.60 1.32 -3.2
Extended-11 (HZ) -135 ~1.45 1.29 1.61

future data, the HZ spectrum could be still a viable option for
the primordial density perturbations.

B. Planck + BAO

In the previous section we have considered the combi-
nation of Planck data with the R16 constraint. The R16
constraint on the Hubble constant is in tension with the
corresponding Planck constraint obtained standard ACDM.
We have therefore seen that if we assume this tension as
genuine and not produced by unknown systematics in the
data then there is no significant evidence (In 3 > 5) against
an extended model with a HZ spectrum either with respect
to ACDM, or to the extension itself with n, # 1.

However, other data sets such as BAO are in better
agreement with Planck when ACDM is assumed and it is
interesting to evaluate the evidence against HZ when these
two data sets are combined.

In Table III we report the Bayesian evidence for HZ
for Planck TT + BAO and Planck TTTEEE + BAO data,
considering for simplicity just the ACDM + N exten-
sion. Indeed, this extension seems to provide the best
solution to the H( tension. In the second column of
Table III we provide the evidence against the model with
HZ listed in the first column with respect to standard
ACDM. In the third column of Table IIl we report the
similar evidence but now with respect to ACDM + N
with n, free to vary.

As we can see (second column), Planck + BAO always
provides strong evidence against HZ with respect to
standard ACDM. When the BAO data are included, the
evidence against HZ under ACDM grows by AlnB =
10.18 for Planck TT and by AInB =6.9 for Planck

TABLEIII. Bayesian evidence for a HZ spectrum in the case of
ACDM and ACDM + N.. Planck TT + BAO and Planck
TTTEEE + BAO data are considered.

Planck TT + BAO ACDM ACDM + N g
ACDM (HZ) 20.12 17.08
ACDM + Ny (HZ) 543 2.52
Planck TTTEEE + BAO ACDM ACDM + N
ACDM (HZ) 283 25.05
ACDM + N (HZ) 9.71 6.46

TTTEEE. When considering a HZ spectrum in a ACDM +
N extension, the evidence against it with respect to
standard ACDM also grows by Aln5 = 3.33 for Planck
TT and by Aln B = 1.98 for Planck TTTEEE. While HZ
was already ruled out from Planck TTTEEE data alone, the
inclusion of the BAO data sets excludes HZ also in the case
of Planck TT.

When we consider the evidence with respect to
ACDM + N (third column) we first note that ACDM
models with a HZ spectrum are significantly disfavored
(InB > 5) both from Planck TT + BAO and Planck
TTTEEE + BAO, even being based on fewer free param-
eters (5 instead of 7). Interestingly, there is no significant
evidence against a HZ spectrum when the ACDM + N
model is considered from Planck TT + BAO data even if
there is an increase of Aln 3 = 3.07 with respect to the
Planck TT case. Finally, we see that inclusion of the BAO
data with Planck TTTEEE data provides now a very strong
evidence against HZ also in the ACDM + N scenario.

C. Planck + WL

As discussed in the Introduction the Planck data set shows
an internal tension above the 2 standard deviations on the
determination of the amplitude of the lensing parameter A .
Interestingly, the inclusion of Ay as a free parameter in the
Planck analysis results in a og estimate that is in better
agreement with the one obtained from cosmic shear surveys.
It is therefore important to assess the viability of a HZ model
in the framework of a ACDM + A, model when consid-
ering cosmic shear data—we use the revised version of the
CFHTLenS cosmic shear data set [12].

In Table IV we report the Bayesian evidence for the
Planck + WL data set, including the possibility of a variation
in Aj.ps. We see very strong evidence against a HZ spectrum
in most cases. However, if we limit just to Planck TT + WL,
the evidence against HZ in a ACDM + A, scenario is just
marginal when compared either with ACDM, either with
ACDM + Ay, itself.

Interestingly, including the polarization data changes this
conclusion quite dramatically. Indeed, if we now focus
attention on the results in the last row of Table IV, we see
that a HZ spectrum in a ACDM + A, framework is
strongly ruled out by the Planck TTTEEE + WL data set
with a very strong negative evidence (Aln B > 5).
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TABLE IV. Bayesian evidence for a HZ spectrum in the case
of ACDM and ACDM + Aj,. Planck TT + WL and Planck
TTTEEE + WL data are considered.

Planck TT + WL ACDM ACDM + Apene
ACDM (HZ) 7.51 8.65
ACDM + Ayens (HZ) 0.01 1.15
Planck TTTEEE + WL ACDM ACDM + A
ACDM (HZ) 19.17 18.55
ACDM + Ay (HZ) 14.11 13.49

In summary, the A, tension brings a HZ spectrum back
in to agreement with Planck TT data but not when the
Planck TTTEEE data are considered.

IV. CONCLUSIONS

In this paper we have discussed the agreement of a
Harrison-Zel’dovich primordial power spectrum with cos-
mological data under the assumption of extended cosmo-
logical scenarios motivated by tensions between current
cosmological data sets. This is an important analysis since
having very strong evidence against HZ even in extended
scenarios would further support inflation.

As already pointed out in the literature, we have shown
that a HZ spectrum, in the framework of ACDM, is indeed
strongly disfavored by Planck temperature and polarization
data with very strong evidence against it.

However, focusing just on Planck TT data, we have
found no significant evidence against HZ when considering
variations in the neutrino number N, in the helium
abundance Yy, and in a combination of the two.
Furthermore we have found even a positive evidence for
HZ with respect to ACDM when R16 is included.

The Planck TT result changes with the inclusion of
polarization data, which improves the determination of
N, producing now from Planck TTTEEE data strong
evidence against HZ with respect to ACDM + N4 and
very strong evidence against HZ within ACDM.

This is mitigated by the inclusion of R16 data. From the
Planck TTTEEE + R16 data set we found only positive
evidence against HZ with respect to ACDM and inconclusive
evidence with respect to ACDM + N4 and ACDM + Y.

If we include information from BAO, we have found
very strong evidence against HZ in all cases with the
exception of the ACDM + N scenario.

Therefore, when considering the ACDM + N scenario
we can state that R16 and BAO data have opposite effects in
ruling out HZ. R16 is in someway reducing the discrepancy
with HZ while BAO data increases it.

If we include information from cosmic shear, we have
found from Planck TT data very strong evidence against
HZ assuming ACDM but no significant evidence against
HZ in the case of a ACDM + A, scenario. However, the
inclusion of Planck polarization data again works against

HZ and we found very strong evidence against HZ from
Planck TTTEEE + WL data even when allowing Aj.,
to vary.

We have also investigated if further parameter extensions
could alter the conclusions. When polarization data are
included, there is always a very strong evidence against these
extensions with respect to ACDM due to the increased
number of parameters, but within these extended parameter
frameworks, a HZ spectrum is not yet ruled out, with strong
evidence in favor of it when considering the Planck
TTTEEE + R16 data set and the extended-10 scenario.

The possibility of fully ruling out the HZ spectrum with
very strong evidence is therefore ultimately connected with
the solution to the current tension on the Hubble parameter
between Planck and R16. If the tension is confirmed by
future data, then new physical mechanisms could be at work
and a HZ spectrum could still offer a possible alternative.
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APPENDIX: CONSTRAINTS ON
COSMOLOGICAL PARAMETERS

In this Appendix we discuss the constraints on cosmo-
logical parameters from the several analyses performed.

1. Planck TT

Here we report the constraints on cosmological parameters
from the Planck TT data set under the assumption of ACDM,
ACDM —+ N, extended-10, and extended-11 models in
Table V. The results for the ACDM + Yy, and ACDM +
Yye + N models using the same data set are presented in
the first columns of Tables IX and X. Although the main
conclusions come from the Bayesian evidence, for com-
pleteness we report the mean effective chi-square, 72,
computed by weighting the y? values of the models present
in the MCMC chains, at the bottom of each table. This
quantity can give an idea, albeit not fully rigorous, of the
goodness of fit of the selected scenario (see [12]). As we can
see, in the case of standard ACDM, the HZ spectrum is
strongly disfavored with Ay2; ~ 26. We also note that the
assumption of HZ introduces a major shift in most of the
parameters. In particular, the ACDM HZ model prefers a
higher value for the optical depth z, a higher Hubble constant
of Hy = 72.01 £0.51 kms~! Mpc™' at 68%, i.e., in agree-
ment with the R16 constraint [ 14], a smaller value for the cold
dark matter density, and a higher value for the baryon density.
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inclusion of R16 forces the spectral index 74 to be slightly
higher in the case of ACDM. Not surprisingly, the 72 is
definitely worse for ACDM in the case of Planck
TT + R16, as a result of the tension between the Planck
data and R16. However, we see that this is not the case
when comparing the ;’(gff values for models with a HZ
spectrum between Planck TT and Planck TT + R16. As we
discussed in the previous paragraph, the assumption of the
HZ spectrum shifts the values of the Hubble constant in
agreement with R16. Therefore, for these models, the
inclusion of R16 has little impact on the y%;. Imposing in
the case of the Planck TT + R16 data set a HZ spectrum in
ACDM increases the 72 by ~18, i.e., a smaller value with
respect to the Planck TT case.

As we can see, now the ACDM + N scenario produces
afitto Planck TT + R16 thatis better than the one achievable
assuming ACDM, i.e., the inclusion of N helps in solving
the tension on the Hubble constant. With respect to Planck
TT alone, the inclusion of R16 increases the effective mean
chi-square by just Ay%; ~ 3. More importantly, we can also
see that imposing HZ in this scenario does not worsen the
7 1€, HZ is now fully consistent with the data.

Looking at Tables IX and X, an increase of AjZ; ~ 7 is
however present when including R16 in the case of
ACDM + Yy, and ACDM + Yy, + N with respect to
Planck TT alone. Indeed, as we discussed in the previous
paragraph, including Yy, weakens the bounds on ng but
less significantly on H,; i.e., it does not fully help in
solving the Hubble tension. However, in both ACDM +
Yy and ACDM + Yy, + N, imposing HZ has negligible
effect on 2.

If we look at the small differences in the y%; values in
Table VI we can conclude that HZ is also consistent with
Planck TT + R16 when we consider the extended-10 and
extended-11 models.

3. Planck TTTEEE

As we can see in Table VII, Planck polarization data
significantly improves the constraints on cosmological
parameters. For example, if we focus attention on the
simple ACDM model we see that the inclusion of CMB
polarization data increases the accuracy on ng by ~25%.
The consequence of this is that now a HZ spectrum in the
ACDM scenario is ruled out even more with AjZ; ~ 39.
The interesting point is that a HZ spectrum is significantly
disfavored also when considering the inclusion of N . The
assumption of HZ produces a worse fit to the data with
AjZy ~ 14 in the ACDM + N, scenario. Polarization data
indeed increases significantly the constraint on Ny by
more than 30% with a mean value close to the standard
expectation of N = 3.046. The physical reason for this is
that polarization data are unaffected by the additional early
integrated Sachs Wolfe produced by a larger N
Including polarization therefore helps in its determination
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and breaks some of the degeneracies between, e.g., N and
Q.h%. A similar argument is also valid in the case of Y.
As we can see from Tables IX and X, the inclusion of
polarization data significantly improves the constraints on
n, also in these cases.

4. Planck TTTEEE +R16

The inclusion of R16 data, as in the case of the Planck TT
data, has the main effect of favoring a higher Hubble constant
and to put a HZ spectrum in better agreement with the data.
However, as we can see from Table VIII, now the inclusion of
R16is problematic also for the ACDM + N model. Indeed,
since the polarization data now better constrains N to the
standard value, there is now clearly a tension between the data
sets even in this scenario. When including R 16 we can notice
an increase of A)"(gff ~ 7 assuming the ACDM + N model.
As we can see from Table IX the inclusion of R16 with Planck
TTTEEE is even more problematic in the case of ACDM +
Y with an increase of Aj%; ~ 9. As we can see, imposing
HZ in this case raises ;‘(gff significantly, clearly indicating that
HZ no longer provides a good fit. Moreover, the assumption
of HZ produces a significantly worse fit to the data also in the
case of extended-10 and extended-11. We have therefore a
higher evidence for HZ with respect to Planck TTTEEE but
still worse with respect to the case of the Planck TT + R16
data set.

5. Planck + BAO

We now consider the combination of Planck data with
the BAO data set as used in [12]. This data set is in very
good agreement with the Planck ACDM cosmology and we
indeed expect a significant exclusion of the HZ spectrum.
In Table XI we report the 68% credible intervals for the
ACDM and ACDM + N models, for the Planck TT +
BAO and Planck TTTEEE + BAO data sets. As we can see
the error on ng is further reduced by ~27% with respect to
Planck TT and ~15% with respect to Planck TTTEEE. The
direct consequence for this is that the HZ spectrum worsens
the % value by Ay ~ 47 in the case of TT 4+ BAO data
and of A)"(gff ~ 64 in the case of Planck TTTEEE + BAO.

The situation improves for HZ but not significantly when
considering Ng. Assuming HZ in ACDM + N worsens
the y2; value by A2 ~ 10 in the case of TT + BAO data
and of Ay ~ 18 in the case of Planck TTTEEE + BAO.

6. Planck + WL

As discussed in the Introduction, the Planck data set has
an internal tension at the level of 2 standard deviations on
the determination of the amplitude of the lensing parameter
Ajens- Interestingly, the inclusion of A, as a free parameter
in the Planck analysis results in a og estimate that is in
better agreement with the one obtained from cosmic shear
surveys. It is therefore important to assess the viability of a
HZ model in the framework of a ACDM + A, model
when considering cosmic shear data—we use the revised
version of the CFHTLenS cosmic shear data set [12]. The
parameter constraints from Planck TT 4+ WL and Planck
TTTEEE + WL data are reported in Table XII. As we can
see, comparing with the Planck TT case in Table V in the
standard ACDM case, the inclusion of the WL data set goes
in the direction of slightly increasing ng and lowering og.
HZ spectra are therefore in slightly better agreement with
the Planck + WL data set with respect to the Planck alone
data. As we can see, Planck TT + WL suggest an anoma-
lous value for Aj.,, at more than 2.7 standard deviations.
Moreover, when the A, parameter is allowed to vary, ng,
in the case of Planck TT + WL, is now closer to 1. When
we consider the 6 parameter HZ model ACDM + A, we
found that this model has in practice the same j%; value of
standard ACDM (compare the second and fourth columns
of Table XII). The inclusion of the polarization data reduces
the uncertainties on Ay, but also shifts its value closer to 1.
For the Planck TTTEEE + WL data set, the indication for
Ajens > 1 1s now slightly larger than 2.5 standard devia-
tions. The fact that Ay, is now closer to 1 shifts the value of
the spectral index to lower values with respect to the Planck
TT 4+ WL case. As a consequence, the HZ spectrum is in
strong tension with the Planck TTTEEE + WL data set,
increasing 72 by ~28 even in the ACDM —+ Ay, scenario.

[1] D. H. Lyth and A. Riotto, Particle physics models of inflation
and the cosmological density perturbation, Phys. Rep. 314, 1
(1999); W. H. Kinney, Cosmology, inflation and the physics
of nothing, NATO Sci. Ser. IT 123, 189 (2003); D. Baumann,
TASI Lectures on Inflation, arXiv:0907.5424; L. Senatore,
New Frontiers in Fields and Strings (World Scientific,
Singapore, 2016), Chap. 8.

[2] A. A. Starobinsky, Pis’ma Zh. Eksp. Teor. Fiz. 30,
719 (1979) [JETP Lett. 30, 682 (1979)]; V. E. Mukhanov

and G.V. Chibisov, JETP Lett. 33, 532 (1981); A.H.
Guth and S.Y. Pi, Fluctuations in the New Inflati-
onary Universe, Phys. Rev. Lett. 49, 1110 (1982);
S. W. Hawking, The development of irregularities in a
single bubble inflationary universe, Phys. Lett. 115B, 295
(1982); J. M. Bardeen, P.J. Steinhardt, and M. S. Turner,
Spontaneous creation of almost scale-free density perturba-
tions in an inflationary universe, Phys. Rev. D 28, 679
(1983).

063508-13


https://doi.org/10.1016/S0370-1573(98)00128-8
https://doi.org/10.1016/S0370-1573(98)00128-8
https://doi.org/10.1007/978-94-010-0076-5_5
http://arXiv.org/abs/0907.5424
https://doi.org/10.1103/PhysRevLett.49.1110
https://doi.org/10.1016/0370-2693(82)90373-2
https://doi.org/10.1016/0370-2693(82)90373-2
https://doi.org/10.1103/PhysRevD.28.679
https://doi.org/10.1103/PhysRevD.28.679

ELEONORA DI VALENTINO et al.

PHYS. REV. D 98, 063508 (2018)

[3] E.R. Harrison, Fluctuations at the threshold of classical
cosmology,Phys. Rev. D 1, 2726 (1970).

[4] Y. B. Zel’dovich, A hypothesis, unifying the structure and
the entropy of the Universe, Mon. Not. R. Astron. Soc. 160,
1P (1972).

[5] P.J. E. Peebles and J. T. Yu, Primeval adiabatic perturbation
in an expanding universe, Astrophys. J. 162, 815 (1970).

[6] A. Vallinotto, E.J. Copeland, E. W. Kolb, A.R. Liddle, and
D. A. Steer, Inflationary potentials yielding constant scalar
perturbation spectral indices, Phys. Rev. D 69, 103519 (2004).

[7] P. de Bernardis ef al. (Boomerang Collaboration), A flat
universe from high resolution maps of the cosmic microwave
background radiation, Nature (London) 404, 955 (2000).

[8] P. de Bernardis et al., Multiple peaks in the angular power
spectrum of the cosmic microwave background: Signifi-
cance and consequences for cosmology, Astrophys. J. 564,
559 (2002).

[9] D.N. Spergel et al. (WMAP Collaboration), First year
Wilkinson Microwave Anisotropy Probe (WMAP) obser-
vations: Determination of cosmological parameters, As-
trophys. J. Suppl. Ser. 148, 175 (2003).

[10] G. Hinshaw et al. (WMAP Collaboration), Nine-Year
Wilkinson Microwave Anisotropy Probe (WMAP) obser-
vations: Cosmological parameter results, Astrophys. J.
Suppl. Ser. 208, 19 (2013).

[11] P.A.R. Ade et al. (Planck Collaboration), Planck 2013
results. XVI. Cosmological parameters, Astron. Astrophys.
571, A16 (2014).

[12] P.A.R. Ade et al. (Planck Collaboration), Planck 2015
results. XIII. Cosmological parameters, Astron. Astrophys.
594, A13 (2016).

[13] M. Kamionkowski and E. D. Kovetz, The quest for B modes
from inflationary gravitational waves, Annu. Rev. Astron.
Astrophys. 54, 227 (2016).

[14] A.G.Riess et al., A 2.4% determination of the local value of
the Hubble constant, Astrophys. J. 826, 56 (2016).

[15] A.G. Riess et al., Milky Way cepheid standards for
measuring cosmic distances and application to Gaia DR2:
Implications for the Hubble constant, Astrophys. J. 861, 126
(2018).

[16] N. Aghanim et al. (Planck Collaboration), Planck 2015
results. XI. CMB power spectra, likelihoods, and robustness
of parameters, Astron. Astrophys. 594, A11 (2016).

[17] N. Aghanim er al. (Planck Collaboration), Planck inter-
mediate results. LI. Features in the cosmic microwave
background temperature power spectrum and shifts in
cosmological parameters, Astron. Astrophys. 607, A95
(2017).

[18] P. Motloch and W. Hu, Tensions between direct measure-
ments of the lens power spectrum from Planck data, Phys.
Rev. D 97, 103536 (2018).

[19] E. Calabrese, A. Slosar, A. Melchiorri, G. F. Smoot, and O.
Zahn, Cosmic microwave weak lensing data as a test for the
dark universe, Phys. Rev. D 77, 123531 (2008).

[20] F. Kohlinger et al., KiDS-450: the tomographic weak
lensing power spectrum and constraints on cosmological
parameters, Mon. Not. R. Astron. Soc. 471, 4412 (2017).

[21] DES Collaboration, Dark Energy Survey Year 1 Results:
Cosmological Constraints from Galaxy Clustering and
Weak Lensing, arXiv:1708.01530.

[22] M. A. Troxel et al., Dark Energy Survey Year 1 results:
Cosmological constraints 3 from cosmic shear, Phys. Rev. D
98, 043528 (2018).

[23] G.E. Addison, Y. Huang, D.J. Watts, C.L. Bennett, M.
Halpern, G. Hinshaw, and J. L. Weiland, Quantifying dis-
cordance in the 2015 Planck CMB spectrum, Astrophys. J.
818, 132 (2016).

[24] A.Heavens, Y. Fantaye, E. Sellentin, H. Eggers, Z. Hosenie,
S. Kroon, and A. Mootoovaloo, No Evidence for Extensions
to the Standard Cosmological Model, Phys. Rev. Lett. 119,
101301 (2017).

[25] E. Di Valentino, A. Melchiorri, and J. Silk, Reconciling
Planck with the local value of H|, in extended parameter
space, Phys. Lett. B 761, 242 (2016).

[26] J. L. Bernal, L. Verde, and A. G. Riess, The trouble with H,
J. Cosmol. Astropart. Phys. 10 (2016) 019.

[27] G.B. Zhao et al., Dynamical dark energy in light of the
latest observations, Nat. Astron. 1, 627 (2017).

[28] M. Archidiacono, S. Gariazzo, C. Giunti, S. Hannestad, R.
Hansen, M. Laveder, and T. Tram, Pseudoscalar—sterile
neutrino interactions: reconciling the cosmos with neutrino
oscillations, J. Cosmol. Astropart. Phys. 08 (2016) 067.

[29] P. Ko and Y. Tang, Light dark photon and fermionic dark
radiation for the Hubble constant and the structure for-
mation, Phys. Lett. B 762, 462 (2016).

[30] E. Di Valentino, A. Melchiorri, and O. Mena, Can interact-
ing dark energy solve the H tension?, Phys. Rev. D 96,
043503 (2017).

[31] Q.G. Huang and K. Wang, How the dark energy can
reconcile Planck with local determination of the Hubble
constant, Eur. Phys. J. C 76, 506 (2016).

[32] Z. Chacko, Y. Cui, S. Hong, T. Okui, and Y. Tsai, Partially
acoustic dark matter, interacting dark radiation, and large
scale structure, J. High Energy Phys. 12 (2016) 108.

[33] W. Lin and M. Ishak, Cosmological discordances II: Hubble
constant, Planck and large-scale-structure data sets, Phys.
Rev. D 96, 083532 (2017).

[34] J. Sola, A. Gémez-Valent, and J. de Cruz Pérez, The HO
tension in light of vacuum dynamics in the universe, Phys.
Lett. B 774, 317 (2017).

[35] T. Karwal and M. Kamionkowski, Dark energy at early
times, the Hubble parameter, and the string axiverse, Phys.
Rev. D 94, 103523 (2016).

[36] C. Brust, Y. Cui, and K. Sigurdson, Cosmological con-
straints on interacting light particles, J. Cosmol. Astropart.
Phys. 08 (2017) 020.

[37] V. Prilepina and Y. Tsai, Reconciling large and small-scale
structure in twin Higgs models, J. High Energy Phys. 09
(2017) 033.

[38] W. Yang, R. C. Nunes, S. Pan, and D. F. Mota, Effects of
neutrino mass hierarchies on dynamical dark energy mod-
els, Phys. Rev. D 95, 103522 (2017).

[39] M. M. Zhao, D.Z. He, J.F. Zhang, and X. Zhang, Search
for sterile neutrinos in holographic dark energy cosmology:
Reconciling Planck observation with the local measure-
ment of the Hubble constant, Phys. Rev. D 96, 043520
(2017).

[40] Y. Zhang, H. Zhang, D. Wang, Y. Qi, Y. Wang, and G. B.
Zhao, Probing dynamics of dark energy with latest obser-
vations, Res. Astron. Astrophys. 17, 050 (2017).

063508-14


https://doi.org/10.1103/PhysRevD.1.2726
https://doi.org/10.1093/mnras/160.1.1P
https://doi.org/10.1093/mnras/160.1.1P
https://doi.org/10.1086/150713
https://doi.org/10.1103/PhysRevD.69.103519
https://doi.org/10.1038/35010035
https://doi.org/10.1086/324298
https://doi.org/10.1086/324298
https://doi.org/10.1086/377226
https://doi.org/10.1086/377226
https://doi.org/10.1088/0067-0049/208/2/19
https://doi.org/10.1088/0067-0049/208/2/19
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1146/annurev-astro-081915-023433
https://doi.org/10.1146/annurev-astro-081915-023433
https://doi.org/10.3847/0004-637X/826/1/56
https://doi.org/10.3847/1538-4357/aac82e
https://doi.org/10.3847/1538-4357/aac82e
https://doi.org/10.1051/0004-6361/201526926
https://doi.org/10.1051/0004-6361/201629504
https://doi.org/10.1051/0004-6361/201629504
https://doi.org/10.1103/PhysRevD.97.103536
https://doi.org/10.1103/PhysRevD.97.103536
https://doi.org/10.1103/PhysRevD.77.123531
https://doi.org/10.1093/mnras/stx1820
http://arXiv.org/abs/1708.01530
https://doi.org/10.1103/PhysRevD.98.043528
https://doi.org/10.1103/PhysRevD.98.043528
https://doi.org/10.3847/0004-637X/818/2/132
https://doi.org/10.3847/0004-637X/818/2/132
https://doi.org/10.1103/PhysRevLett.119.101301
https://doi.org/10.1103/PhysRevLett.119.101301
https://doi.org/10.1016/j.physletb.2016.08.043
https://doi.org/10.1088/1475-7516/2016/10/019
https://doi.org/10.1038/s41550-017-0216-z
https://doi.org/10.1088/1475-7516/2016/08/067
https://doi.org/10.1016/j.physletb.2016.10.001
https://doi.org/10.1103/PhysRevD.96.043503
https://doi.org/10.1103/PhysRevD.96.043503
https://doi.org/10.1140/epjc/s10052-016-4352-x
https://doi.org/10.1007/JHEP12(2016)108
https://doi.org/10.1103/PhysRevD.96.083532
https://doi.org/10.1103/PhysRevD.96.083532
https://doi.org/10.1016/j.physletb.2017.09.073
https://doi.org/10.1016/j.physletb.2017.09.073
https://doi.org/10.1103/PhysRevD.94.103523
https://doi.org/10.1103/PhysRevD.94.103523
https://doi.org/10.1088/1475-7516/2017/08/020
https://doi.org/10.1088/1475-7516/2017/08/020
https://doi.org/10.1007/JHEP09(2017)033
https://doi.org/10.1007/JHEP09(2017)033
https://doi.org/10.1103/PhysRevD.95.103522
https://doi.org/10.1103/PhysRevD.96.043520
https://doi.org/10.1103/PhysRevD.96.043520
https://doi.org/10.1088/1674-4527/17/6/50

BAYESIAN EVIDENCE AGAINST THE HARRISON- ..

PHYS. REV. D 98, 063508 (2018)

[41] E. Di Valentino, E. V. Linder, and A. Melchiorri, Vacuum
phase transition solves the H| tension, Phys. Rev. D 97,
043528 (2018).

[42] E. Di Valentino, C. Bgehm, E. Hivon, and F. R. Bouchet,
Reducing the H,, and og tensions with Dark Matter-neutrino
interactions, Phys. Rev. D 97, 043513 (2018).

[43] M. Benetti, L. L. Graef, and J. S. Alcaniz, The H, and oy
tensions and the scale invariant spectrum, J. Cosmol.
Astropart. Phys. 07 (2018) 066.

[44] M. Benetti, L. L. Graef, and J. S. Alcaniz, Do joint CMB
and HST data support a scale invariant spectrum?, J.
Cosmol. Astropart. Phys. 04 (2017) 003.

[45] M. Benetti, M. Gerbino, W. H. Kinney, E. W. Kolb, M.
Lattanzi, A. Melchiorri, L. Pagano, and A. Riotto, Cosmo-
logical data and indications for new physics, J. Cosmol.
Astropart. Phys. 10 (2013) 030.

[46] S. Pandolfi, A. Cooray, E. Giusarma, E. W. Kolb, A.
Melchiorri, O. Mena, and P. Serra, Harrison-Z’eldovich
primordial spectrum is consistent with observations, Phys.
Rev. D 81, 123509 (2010).

[47] A. Heavens, Y. Fantaye, A. Mootoovaloo, H. Eggers, Z.
Hosenie, S. Kroon, and E. Sellentin, Marginal likelihoods
from Monte Carlo Markov chains, arXiv:1704.03472.

[48] A. Lewis and S. Bridle, Cosmological parameters from
CMB and other data: A Monte Carlo approach, Phys. Rev. D
66, 103511 (2002).

[49] http://cosmologist.info/cosmomc/.

[50] https://wiki.cosmos.esa.int/planck-legacy-archive/index
.php/Cosmological_Parameters.

[51] R. E. Kass and A. Raftery, Bayes factors, J. Am. Stat. Assoc.
90, 773 (1995).

063508-15


https://doi.org/10.1103/PhysRevD.97.043528
https://doi.org/10.1103/PhysRevD.97.043528
https://doi.org/10.1103/PhysRevD.97.043513
https://doi.org/10.1088/1475-7516/2018/07/066
https://doi.org/10.1088/1475-7516/2018/07/066
https://doi.org/10.1088/1475-7516/2017/04/003
https://doi.org/10.1088/1475-7516/2017/04/003
https://doi.org/10.1088/1475-7516/2013/10/030
https://doi.org/10.1088/1475-7516/2013/10/030
https://doi.org/10.1103/PhysRevD.81.123509
https://doi.org/10.1103/PhysRevD.81.123509
http://arXiv.org/abs/1704.03472
https://doi.org/10.1103/PhysRevD.66.103511
https://doi.org/10.1103/PhysRevD.66.103511
http://cosmologist.info/cosmomc/
http://cosmologist.info/cosmomc/
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://doi.org/10.1080/01621459.1995.10476572
https://doi.org/10.1080/01621459.1995.10476572

