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We consider the total nonlocal energy associated with a particle at rest in the Hubble flow, i.e., the
relational energy between this particle and all connected particles within the causal horizon. The
particle, even while at rest, partakes in relative recessional and peculiar motion of connected particles
in three dimensions. A geometrical argument due to Berkeley suggests that the nonlocal mass of
recessional energy associated with the particle is 3 times its Newtonian mass. It follows that nonlocal
recessional and peculiar energy of the Universe are equal, and match Misner-Sharp energy within the
apparent horizon. Contributions of recessional and peculiar nonlocal energy are thus shown to generate
a 6 times higher level of matter energy than expected from the Newtonian mass. Accordingly, the
nonlocal energy density of baryons is expected to be 6 times the standard local energy density of
baryons, i.e., Q.5 = 68, At Qy ~0.0484 £0.0017 [P. A.R. Ade et al. (Planck Collaboration),
Astron. Astrophys. 594, A13 (2016) | this predicts a nonlocal baryon energy density £, ¢~
0.290 + 0.010, in agreement with observed matter density €, ~ 0.308 + 0.012. The effect of nonlocal

mass on solar system and galactic scales is considered.
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I. INTRODUCTION

Newtonian physics has a concept of both local and
nonlocal energy. Kinetic energy is attributed to a particle,
so it is localizable at the particle’s position. Gravitational
potential energy, on the other hand, is mutual and shared
between particles; hence, it cannot be localized at a point.
This, however, means that the conserved total energy, the
sum of both, is necessarily nonlocal too. One of the main
criticisms of Newton’s theory from the start has been that
kinetic energy of an object is only physically meaningful
if considered in relation to other matter, ultimately the
background of the “fixed stars.” Thus, one can argue that
in Newtonian physics all energy is essentially nonlocal,
not just gravitational energy. It is legitimate to ask why this
would be any different in general relativity, which actually
was intended to satisfy this Machian principle. The rather
artificial distinction between local and nonlocal energy
becomes even less pertinent in the homogeneous, isotropic
universe, where both can only appear as spatially constant
energy densities. The question then is whether we can
recognize nonlocal components of the density parameter p.
Considering that in terms of local energy the density of
baryonic matter can only explain about 5% of the required
total energy density p, the remainder (or all) can perhaps be
attributed to nonlocal energy contributions.

Theoretical approaches to represent nonlocal energy
typically involve the use of pseudotensors (e.g., Einstein,
Landau-Lifshitz, Bergmann, Mgller) or prescriptions of
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quasilocal energy (e.g., Misner-Sharp, Hawking, Brown-
York, Epp). Although the literature is not conclusive,
studies mostly agree on zero, or constant, total energy of
the Universe, at least in the flat case [1-11]. Unfortunately,
these notions of nonlocal energy (e.g., a zero-energy
universe) provide no direct information about the evolution
of the density parameter p in a way consistent with
observation. There are various indications, however, apart
from the mass deficit itself, that mass in cosmological
context is not necessarily the same as mass in local context.
An intrinsic reason comes from a conjecture due to
Berkeley [12], which gives rise to a different particle mass
in peculiar and recessional motion, as shown hereafter.
Notice that mass associated with nonlocal energy is non-
local too, as it depends on distribution and motion of
interacting particles (mass of binding energy being a
familiar example). Within the context of general relativity,
the notion of (Misner-Sharp) quasilocal energy suggests
that the nonlocal energy density of cosmic matter differs
from the standard local energy density, as we shall point out
first. We use ¢ = 1 throughout.

II. MISNER-SHARP ENERGY

Misner-Sharp energy represents internal energy (kinetic
and potential) of a perfect fluid contained in a sphere of
arbitrary radius [13]. Within the apparent horizon of FLRW
universes, it equals (the Schwarzschild mass) [14,15]

R,

G (1)

Eps =
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while the apparent horizon radius R, satisfies [16]
2p2 8 2
H Ra =1 +§7TkaRa, (2)

where H is the Hubble parameter and p; is curvature
energy density. Energy Eyg(= Mygc?) exerts a potential
3GMysR;' = 3 at the center of the sphere. Introducing the
density of Misner-Sharp energy, pg EEMS/%JTRE, and
using Egs. (1) and (2), one obtains the energy equation
(per unit mass)

T, = R = 21Glpy 4 p )R = Es= Ve (3
where, in classical terms, T, =3 H*R? is kinetic energy,
E, =2rGpgR2 =3 is conserved total energy and V, =
—27GpR? is curvature energy, i.e., gravitational potential
energy. Since the energies are expressed per unit mass, they
can be regarded potentials.

There are some observations to make: (a) conservation
of energy seems to hold if defined in terms of nonlocal
energy. (b) Equation (3) is actually the Friedmann equation,
multiplied on both sides by the common factor R2. Hence,
if the Misner-Sharp formalism is correct, then the total
density in the Friedmann equation equals p = pg + p;, and
nothing seems to be missing. For as far assumed local
matter density p,, is represented, it must take the nonlocal
form of p. We shall investigate this in the next section.
(c) The Misner-Sharp formalism employs comoving coor-
dinates [13]. Therefore, recessional speed in these coor-
dinates is zero, so that Misner-Sharp energy only represents
peculiar energy of the fluid. (d) Kinetic energy T, =
2H?R? is, for the appearance of H, naturally associated
with recessional motion of matter, while Misner-Sharp
energy only expresses peculiar energy, which one may not
immediately relate to the Hubble parameter. That is, unless
the two, peculiar and recessional energy, maintain a fixed
ratio. This indeed follows from both equipartition and the
relational derivation hereafter.

III. RELATIONAL ENERGY

In the relational (Machian) view [17], energy is exclu-
sively a mutual property between causally connected
particles, therefore not an intrinsic property of a particle,
meaning that local energy in fact does not exist in the
relational universe. This may be understood realizing that
the potential energy of a particle of mass m equals me,
where ¢ is the cosmic potential. Without the cosmic mass-
energy present, the potential energy of the particle would
vanish. A similar argument applies to photon energy hv,
where v is the photon frequency. A vanishing potential
would redshift the photon frequency to zero. Note that the
Misner-Sharp mass within the apparent horizon indeed
equals the Schwarzschild mass. Hence the idea that particle

energy disappears in absence of other mass is not uncom-
mon. This dependency can be largely disregarded though
in the local frame, where spacetime is just an “empty” flat
Minkowski background to local physics. Accordingly, our
notions and unit of inertial mass relate to peculiar motion of
an object in some particular direction, while in the rela-
tional view this object, even when at rest in the Hubble
flow, partakes in energy exchange of recessional and
peculiar motion of cosmic mass in all directions. In other
words, the Newtonian mass and energy of an object in
peculiar motion express only part of the total energy
associated with the object. This follows directly from
Berkeley’s ontological conjectures [12].

George Berkeley, an early critic of Newton, noted that
one can not meaningfully attribute a position or velocity to
a single (point) particle in empty space. Consequentially,
this applies to kinetic and potential energy too, hence to
both inertial and gravitational mass. These properties can
only emerge from the interaction with other particles, and
are, therefore, necessarily shared, mutual properties
between particles, so not localizable in a point and not
intrinsic to a particle. Berkeley continues noting that of two
particles in otherwise empty space, only their radial
distance is observable. Motion in any perpendicular direc-
tion, like with these two particles in circular orbit of each
other, is unobservable in an empty background. Therefore
(and this is crucial), motion in nonradial direction, does not
represent energy between two point particles. This means
that both the kinetic energy T;; and potential energy V;;
between point particles i and j depend only on their
separation R;;, or time derivative thereof, as pointed out
by Poincaré and others [18-20]. Note that Newtonian
potential energy
is perfectly Machian [18]. It is indeed a mutual, frame
independent property between two connected particles and
depends geometrically only on their separation. Newtonian
kinetic energy, on the contrary, is defined relative to a frame
of reference, so is not relational. Schrodinger [19,20]
reproduced Finstein’s expression of the anomalous peri-
helion precession from the following definition of Machian
kinetic energy,

1 .,
T;; = Eﬂinijv (5)
where u;; represents the mutual mass between particles i

and j,
V..

=i (6)

Wi =
Y

The effective potential Ppx> defined hereafter, normalizes
wij in order to match Newtonian mass and Kinetic energy in
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peculiar motion [21]. Definition (5) meets the Machian
requirements: Kinetic energy T;; is mutual between two
particles, is frame independent, and depends only on the
radial component of motion. The total kinetic and potential
energy associated with particle i follows from summation
over all particles within the causal radius R, of particle i,
i.e., Ti = Z]Tl] and Vi = ZJVU = m;Qy, where

on = —27GpR; (7)

is the Newtonian potential at the center of the causal sphere.

A. Nonlocal mass

Like kinetic and potential energy, the total mass y;
associated with particle i is a nonlocal, distributed property.
However, the value of y; does not follow from simple
addition, i.e., y; # ) ;u;;, as pointed out next.

Due to the exclusively radial relationship in Eq. (5),
particle j only contributes to kinetic energy 7'; and mass y;
if Rij # 0. Hence Rij = 0 effectively nullifies the contri-
bution of particle j to both y; and the Newtonian mass m;.
This implies that only a part of the total connected mass,
and therefore only a part ¢, of the total Newtonian
potential ¢y, contributes to the Newtonian mass m; of a
particle i in peculiar motion in some direction x. In a
homogeneous, isotropic sphere, where all particles are in
random peculiar motion, this fraction is

. 1
é:px = <Rt2j>/<vzzj>px = § ’ (8)
where v;; is the relative speed, and R, ; the radial component
of v;;, so that the effective potential in peculiar motion in an
arbitrary direction x is (cf. [19,21])

1

Ppx = gpxgoN = g(pN' (9)

Likewise the mass of peculiar motion in the x-direction
between particle i and all connected particles equals

V..
,ung) = épleuij = %21:] L = mi;, (10)
7 3¥N
as expected. Thus Newtonian mass agrees with nonlocal
mass in peculiar motion in arbitrary direction.
Different from peculiar motion, recession is purely radial
motion between all particles, i.e., R;; = v;;, and hence

& = (Ry)/(v7): = 1. (11)

The kinetic energy of recession, therefore, balances with
the full potential; all connected particles contribute fully.
Thus the effective potential in recessional motion is

@ = &N = N (12)

This, however, means that a particle in recessional motion
effectively has an effective mass 3 times larger than the
Newtonian mass in peculiar motion. It interacts with 3
times as much mass. Indeed the total mass between particle
i and all connected receding particles equals

r Zvl
/'45 )= érZ/’lzj = 1] ! = 3m;. (13)
7 3¥N

This is an intriguing consequence of Berkeley’s conjec-
tures, evidently hinting at a possible interpretation of
unidentified dark matter in the form of existing, but
unrecognized, nonlocal energy components associated with
each baryonic particle. Referencing Eqs. (13) and (10),
the total nonlocal mass associated with particle i in the
homogeneous, isotropic universe follows from adding up
the components of y;

i = Al P 7 = em. (14

Note that this follows from geometrical considerations
only. Equation (14) reflects that nonlocal energy density
associated with baryonic matter is 6 times the local energy
density. A perhaps conceptually more satisfactory way to
derive this result is through actual calculation of the
recessional and peculiar energies, as follows.

B. Total recessional and peculiar energy

We consider a unit mass test particle at rest in the Hubble
flow at the position of the comoving observer. Adopting
Eg. (5), integration over the causal sphere V, yields the
recessional Machian kinetic energy 7, between the test
particle and all receding mass within the causal horizon at
radius R, = ar, [21],

1doi(r.0.¢) .5 3 5.0 3,50
Tr—/ETra :nga :ZH Rg' (15)

g

According to Eq. (12), the potential in recessional motion is
the total Newtonian potential ¢, = ¢y = —27GpR2, where
p is total density. Hence, the equation of total recessional
energy is

3
T, = ZH2R§ = 27GpR% = —qy. (16)
This again is the Friedmann equation, but derived from
Machian principle [21].

Recalling that the effective potential in peculiar motion
in arbitrary direction x is ¢,, = £, = ;@n, We expect the
balancing kinetic energies to maintain the same ratio, i.e.,
Ty, =3T,. Thus
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1 1
Ty, =—H?R2 = ——

px :4 3(/7N- (17)

Like with recessional motion, this holds for a test particle at
rest in the Hubble flow; i.e., Eq. (17) expresses the kinetic
energy due to the x-component of peculiar motion (on all
physical scales) of all connected particles. The total
peculiar energy associated with the test particle, summed
over three orthogonal directions, is

3
Tp = Tpx + pr + sz = ZHzRé = 27[G,0R!2] = —§0N.
(18)

Hence T, =T,, in agreement with both the equipartion
theorem (T, =Ty, =T, =T, ,=T,,=T,;) and Misner-
Sharp energy (at R, = R,). The nonlocal recessional and
peculiar energy combined thus add to

3
T=T,+T,= 515(21;3 = 47GpR: = —p = “2¢n.  (19)

Therefore,

T =6T (20)

px>
consistent with Eq. (14).

Notice that the equivalence of inertial and gravitational
mass is implicitly satisfied by all energy equations
above. The equations, expressed per unit mass, have the
common form 7, = —¢,. By definition, the kinetic
energy 7, involves inertial mass, and the Newtonian
gravitational potential ¢, involves gravitational mass.
For an arbitrary test particle with inertial mass my; and
gravitational mass mg, the equation becomes m;T, =
—mg@,. Hence m; = mg.

IV. COSMOLOGICAL OBSERVATION
OF NONLOCAL MASS

Contributions of both recessional and peculiar nonlocal
energy in three spatial dimensions have been shown to
generate a 6 times higher level of matter energy than
expected from the Newtonian mass of cosmic matter. This
suggests an effective nonlocal baryon energy density of
the Universe of 6 times the local energy density of baryons,
Le., Qo = 6€2,. According to Planck 2015 data [22], the
baryon density is Q,h> ~ 0.0222 £ 0.0002. At h ~ 0.678 +
0.009 this gives €, ~ 0.0484 +0.0017, while estimated
matter density is €, ~0.308 £ 0.012. The factor of six
then predicts a total nonlocal baryon energy density
Qp etf = 69, ~0.290 & 0.010, which matches €, within
the 68% confidence limits given. The nonlocal mass
associated with baryonic matter thus provides interpretation
to dark matter on the cosmological scale.

V. OBSERVATION OF NONLOCAL MASS ON
LOCAL SCALES

The above model of nonlocal energy regards the causally
connected mass of a homogeneous isotropic Universe. By
Mach’s principle the only true scale of any gravitational
system is the cosmological scale, meaning that cosmic
nonlocal energy acts on any scale, even while not neces-
sarily recognized as such. On the other hand, a specifically
local aspect of gravitational systems is inhomogeneity and
the interaction between the system’s constituents. A ques-
tion then is how nonlocal mass relates to Newtonian mass
and general relativistic effects in a gravitational system,
discussed as follows.

According to the above, the total nonlocal mass associated
with a body in the homogeneous Universe equals m.y = 6m,
where m is the Newtonian mass of the body, i.e., the part of
mq that is observed in peculiar motion. Hence, in the
relational view Newtonian mass arises from the interaction
with cosmic mass. The reason that % of meg is not locally
observable from the motion of the body itself is that the
body’s peculiar motion evidently is in one direction at the
time, while recessional motion of bodies in a gravitationally
bound local system is negligible or zero. A system, like the
solar system or a galaxy, may be seen as a distribution of
interacting local bodies superposed on a homogeneous cos-
mic background of relatively very low density. While the
huge total amount of cosmic mass outside the system
induces the Newtonian mass of all bodies, the interaction
of bodies i and j inside the system gives rise to additional
nonlocal mass y;;, which, considering Eq. (6), is typically
extremely small compared with the Newtonian masses
involved. That is, p;; <<m;+m;. Yet, the tiny effect of
the corresponding relational kinetic energy T';; = % Ui jR,Zj
between the bodies is observable on the solar system scale,
for instance as the anomalous perihelion precession, or as
Lense-Thirring frame dragging. Schrédinger showed that the
effect of relational kinetic energy between two orbiting
bodies precisely matches the general relativistic expression
of the anomalous precession [ 19]. Thus Schrédinger’s model
is meaningful on both the small (solar system) and the large
(cosmic) scale.

What this suggests is that the internal, non-Newtonian,
part of the system mass arises from the local interaction of
bodies within the system, and that the kinetic energy of
these local interactions appears to be accountable for
general relativistic deviations. Moreover, at an increasing
number N of particles within the system, the number of
internal interactions grows as N(N — 1). One, therefore,
expects the total internal part of the system mass [i.e.,
Zi# zjﬂ,»j ~N(N-=1),i,j=1,..N], to grow exponen-
tially faster than the Newtonian mass of the system, which
grows like ~N, thus giving rise to much stronger deviations
from Newtonian behavior in more massive larger systems.
This may be of interest in the study of galaxy rotation and
clusters.

063507-4



MASS IN COSMOLOGICAL PERSPECTIVE

PHYS. REV. D 98, 063507 (2018)

[1] V. Faraoni and F.I. Cooperstock, Astrophys. J. 587, 483
(2003).
[2] R. Lapiedra and J. A. Morales-Lladosa, Gen. Relativ.
Gravit. 44, 367 (2012).
[3] N. Banerjee and S. Sen, Pramana 49, 609 (1997).
[4] J. D. Brown and J. W. York, Jr., Phys. Rev. D 47, 1407 (1993).
[5] E. I. Cooperstock and M. Israelit, Found. Phys. 25, 631
(1995).
[6] S. A. Hayward, Phys. Rev. D 49, 831 (1994).
[7]1 V.B. Johri, D. Kalligas, G.P. Singh, and C. W. F. Everitt,
Gen. Relativ. Gravit. 27, 313 (1995).
[8] J.M. Nester, L.L. So, and T. Vargas, Phys. Rev. D 78,
044035 (2008).
[9] N. Rosen, Gen. Relativ. Gravit. 26, 319 (1994).
[10] L. B. Szabados, Living Rev. Relativity 12 (2009).
[11] S.S. Xulu, Int. J. Theor. Phys. 39, 1153 (2000).
[12] G. Berkeley, De Motu and The Analyst (Springer,
New York, 1992).

[13] C.W. Misner and D.H. Sharp, Phys. Rev. 136, B571
(1964).

[14] S. A. Hayward, Phys. Rev. D 53, 1938 (1996).

[15] V. Faraoni, Phys. Rev. D 84, 024003 (2011).

[16] W. Rindler, Relativity, Vol. 7 (Oxford University Press,
New York, 2006).

[17] N. Huggett and C. Hoefer, in The Stanford Encyclopedia of
Philosophy, edited by E.N. Zalta (Metaphysics Research
Lab, Stanford University, 2017).

[18] H. Poincaré, W. G., and J. Lamor, Science and Hypothesis
(Walter Scott, 1907).

[19] E. Schrodinger, Ann. Phys. (Berlin) 382, 325 (1925).

[20] Mach’s Principle: From Newton’s Bucket to Quantum
Gravity, edited by J.B. Barbour and H. Pfister
(Birkenhauser, Boston, 1995).

[21] H. Telkamp, Phys. Rev. D 94, 043520 (2016).

[22] P.A.R. Ade et al (Planck Collaboration), Astron.
Astrophys. 594, A13 (2016).

063507-5


https://doi.org/10.1086/368258
https://doi.org/10.1086/368258
https://doi.org/10.1007/s10714-011-1283-6
https://doi.org/10.1007/s10714-011-1283-6
https://doi.org/10.1007/BF02848334
https://doi.org/10.1103/PhysRevD.47.1407
https://doi.org/10.1007/BF02059009
https://doi.org/10.1007/BF02059009
https://doi.org/10.1103/PhysRevD.49.831
https://doi.org/10.1007/BF02109127
https://doi.org/10.1103/PhysRevD.78.044035
https://doi.org/10.1103/PhysRevD.78.044035
https://doi.org/10.1007/BF02108013
https://doi.org/10.12942/lrr-2009-4
https://doi.org/10.1023/A:1003670928681
https://doi.org/10.1103/PhysRev.136.B571
https://doi.org/10.1103/PhysRev.136.B571
https://doi.org/10.1103/PhysRevD.53.1938
https://doi.org/10.1103/PhysRevD.84.024003
https://doi.org/10.1002/andp.19253821109
https://doi.org/10.1103/PhysRevD.94.043520
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201525830

