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Growth of dark matter perturbations during kination
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If the Universe’s energy density was dominated by a fast-rolling scalar field while the radiation bath was hot
enough to thermally produce dark matter, then dark matter with larger-than-canonical annihilation cross
sections can generate the observed dark matter relic abundance. To further constrain these scenarios, we
investigate the evolution of small-scale density perturbations during such a period of kination. We determine
that once a perturbation mode enters the horizon during kination, the gravitational potential drops sharply and
begins to oscillate and decay. Nevertheless, dark matter density perturbations that enter the horizon during an
era of kination grow linearly with the scale factor prior to the onset of radiation domination. Consequently,
kination leaves a distinctive imprint on the matter power spectrum: scales that enter the horizon during kination
have enhanced inhomogeneity. We also consider how matter density perturbations evolve when the dominant
component of the Universe has a generic equation-of-state parameter w. We find that matter density
perturbations do not grow if they enter the horizon when 0 < w < 1/3. If matter density perturbations enter
the horizon when w > 1/3, their growth is faster than the logarithmic growth experienced during radiation
domination. The resulting boost to the small-scale matter power spectrum leads to the formation of enhanced
substructure, which effectively increases the dark matter annihilation rate and could make thermal dark matter

production during an era of kination incompatible with observations.
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I. INTRODUCTION

There are no direct observational probes of the period
between the end of inflation and the beginning of big bang
nucleosynthesis (BBN), and as a result, our understanding
of this period is severely limited. Unfortunately, this
ignorance hinders our ability to understand both baryo-
genesis and dark matter production (e.g., [1]). There is hope
that the spectrum of gravitational waves generated prior to
BBN could probe this era, but these probes either require
futuristic gravitational wave detectors [2—6] or a network of
cosmic strings [7]. The matter power spectrum provides
another way to probe this era. For example, an early-matter-
dominated era (EMDE) prior to BBN enhances the small-
scale matter power spectrum and increases the abundance
of microhalos [8,9]. These microhalos enhance the dark
matter annihilation rate by several orders of magnitude,
depending on the cutoff in the small-scale matter power
spectrum. These boosted annihilation rates are sufficient to
bring some EMDE scenarios with otherwise undetectable
dark matter particles into tension with Fermi-LAT obser-
vations of dwarf spheroidal galaxies [9,10].

Another possibility is that there was a period of kination
between the end of inflation and the beginning of BBN,
during which the Universe was dominated by a fast-rolling
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scalar field (a kinaton) [11-13]. Kination was initially
proposed as a postinflationary model that allows the
Universe to transition to radiation domination even if the
inflaton does not fully decay into radiation [11]. Kination
also facilitates baryogenesis [12], and the kinaton can
mimic the effects of a cosmological constant if its potential
energy becomes dominant at very late times [13—17].

In Ref. [18], we explored how the dark matter density
evolves if it is thermally produced during an era of kination,
and we derived analytic expressions for the dark matter
relic abundance; see also Refs. [19-28]. To obtain the
observed dark matter relic abundance, dark matter that is
thermally produced during an era of kination requires larger
annihilation cross sections than dark matter that is ther-
mally produced during radiation domination. Using recent
observational limits on dark matter annihilations within
dwarf spheroidal galaxies [29] and the Galactic Center [30],
we were able to place tight constraints on the dark matter
mass and the temperature at which kinaton-radiation equal-
ity occurs, provided that the dark matter reaches thermal
equilibrium during an era of kination [18].

In this work, we study what effect kination has on the
growth of dark matter density perturbations. If kination
enhances the growth of dark matter density perturbations,
the resulting small-scale structure would increase the dark
matter annihilation rate. This boost to the annihilation rate
would place even tighter constraints on scenarios where
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dark matter reaches thermal equilibrium during an era of
kination. If the growth of perturbations during kination
amplifies the dark matter annihilation rate by a factor of 10,
then dark matter that is thermally produced during kination
and annihilates via the bb, z+7~, or WHW~ annihilation
channels will be ruled out [18].

First, we numerically determine the evolution of cosmo-
logical perturbations during an era of kination. Surprisingly,
we find that dark matter density perturbations grow linearly
with the scale factor for perturbation modes that enter the
horizon during kination. To better understand this linear
growth, we derive analytic expressions for the evolution of
the gravitational potential ®@ and fractional dark matter
density perturbation &, not only during an era of kination,
but also for scenarios where the dominant component of the
Universe has a generic equation-of-state parameter w. We
determine that once a mode enters the horizon, the gravita-
tional potential drops sharply and then oscillates with a
decaying amplitude if the dominant energy density has
w > 0. In addition, if w > 1/3, then §, « a®/271/2 where
a is the scale factor. Therefore, if a perturbation mode
enters the horizon during an era of kination (w = 1), then
o, grows linearly with the scale factor. This growth leaves an
imprint on the matter power spectrum. We determine that for
modes that enter the horizon during an era of kination,
8,/®y  k'/2, where k is the comoving wave number, and
@, is the value of the gravitational potential on superhorizon
scales during kination.

Our perturbation analysis is applicable for scenarios in
which dark matter does and does not reach thermal
equilibrium during an era of kination. The authors of
Refs. [18,26] determined that if dark matter reaches thermal
equilibrium during an era of kination, annihilations do not
cease until after the Universe becomes radiation dominated.
We determine that these “relentless” annihilations do not
significantly influence the evolution of §, after a mode has
entered the horizon. Since dark matter annihilation cannot
lead to deviations from adiabaticity on superhorizon scales
[31-33], “relentless” annihilation has a minimal effect on
the matter power spectrum.

In Sec. II, we present the evolution equations that govern
density and velocity perturbations. In Secs. III A and III B,
we derive analytic expressions for the evolution of the
gravitational potential and dark matter density perturbations,
respectively. In Sec. IV, we determine how the matter power
spectrum scales with wave number following an era of
kination. In Sec. V, we summarize our results and discuss
their implications. The appendixes detail the derivation of the
perturbation evolution equations and their initial conditions.
Natural units (A=c =k =1) are used throughout
this work.

II. PERTURBATION EVOLUTION

We consider a three-fluid model consisting of dark matter,
radiation, and the kinaton. The kinaton is a fast-rolling scalar

field: w = P,/p, ~ 1, where P, is the kinaton pressure and
py is the kinaton energy density. We assume that the dark
matter is composed of Majorana particles and that the kinaton
does not decay or otherwise interact with radiation or dark
matter. However, dark matter and radiation are thermally
coupled via pair production and annihilation. Therefore, the
equations for p, the radiation energy density p,, and the dark
matter number density n, are

d
& py = —GHp,. (1a)
d

iy = =3Hn, — (ov) () — ). (1b)

d
e =—AHp + (o0)E (5~ ). (I¢)

where (o) is the velocity-averaged dark matter annihilation
cross section, (E,) = p,/n, is the average energy of a dark
matter particle, and n,, ., is the number density of dark matter
particles in thermal equilibrium. For a dark matter particle
with mass m,, and internal degrees of freedom g, within a

thermal bath of temperature 7,

o/ E>—m2
ne =2 [V T EE, 2)

x.eq 272 m, eEIT 41

We approximate 7, ., as

q
L A m,
n;(,eq ~ ﬁmxTKz <7) s (3)

where K,(z) is a modified Bessel function of the second
kind. Equation (3) matches Eq. (2) to within 0.1% for
m,/T 2 6. In addition, when evaluating (E,), we make

the approximation that (E,) ~ /mZ + (3.1517T)?, which

matches p,/n, to within 10%.

Since the kinaton does not interact with either the
radiation or dark matter, the kinaton energy density scales
as py a~°. Even though the dark matter and radiation are
thermally coupled via pair production and annihilation, this
interaction is not sufficient to influence the evolution of the
radiation energy density p,, and thus, p, o< a~* [18]. If dark
matter does not reach thermal equilibrium, the dark matter
“freezes in”. In these scenarios, after pair production ceases
(when T < m, /4), the dark matter energy density scales as
p,  a~*. If dark matter does reach thermal equilibrium, the
dark matter “freezes out”, and annihilations do not cease
until after kinaton-radiation equality [18,26]. As a result,
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p,  (a*[1 +1n(a/ag)])™" between freeze-out (a = ay)
and kinaton-radiation equality [18]."

Perturbation modes are characterized by their
comoving wave number k. A perturbation mode enters
the horizon when k = aH, where H is the Hubble
parameter. Each fluid has fractional density perturbations
5= (pi —pY)/pY, where p9(¢) is the fluid’s background
energy density. Each fluid also has velocity perturbations
0; = ad;v/, where v/ =dx//dr is the fluid’s comoving
peculiar velocity. We assume that the relativistic particles
are tightly coupled so that we may neglect the higher
moments of the radiation perturbation.

In Appendix A we present the derivation of the
perturbation evolution equations using the conformal
Newtonian gauge. These equations govern the evolution
of 6 and @ for all fluids. To numerically evaluate the
perturbation equations, we rewrite them in terms of the
scale factor and dimensionless parameters. We define
E(a)=H(a)/H,, k=k/H,, and 0,=0;/H,, where
Hi=H(a=1) and a =1 is the start of the numerical
integration. Using these conventions, the perturbation
equations for the kinaton ¢, radiation r, and dark matter
y are

20
4 —
o 0, RO 1 kS
-2t ) ro=0, 4b
¢ a +a2E(a) 2a’E(a) (4b)
b (ov)py Prea)’ Peq)
8+ 52—+ 30 = L D31 — (Z2) b =6, + (£) (28,04—5,) ], 4¢
“ " a’E(a) m,H,aE(a) P 4 ) (26).eq = ;) (4¢)
. 0, ko (60)(P0e)® = -
0 +X — x.eq D — ’ 4d
t Ty +a2E(a) mlnglaE(a)( = 0) (4d)
4 6 (ov)(py)* Pyeq)’ Pheq)
& += r g’ =— " TV | pld - (™ 25. —8.— X-q 25 5. 4
r+3a2E(a)+ m){p(,)HlaE(a) p)‘? 20, =0r p)? ( %.eq r) (4e)
g BO LK (o) (Bh 0 LR (4f)
T PE(a)  4dE() mplHyaE(@) \& 7T e\ ) )

where ' denotes a derivative with respect to the scale
factor, 6, cq =1, cq/ ng,eq — 1 is the dark matter equilib-
rium density perturbation, and ® and ¥ are metric
perturbations [see Eq. (A6)]. In addition, the perturbed
time-time component of the Einstein equation yields

y 3
KP® + 3a’E*(a)(P'a + @) = 5az (Ppbyp + Pr6, + D,5,),
(5)

'"The logarithmic scaling of p,a® is the same for kination
models and cannibalistic dark matter models. In cannibalistic
dark matter models, the dark matter undergoes self-heating,
which produces a pressure term in the perturbation equations
[34-37]. This pressure term is absent in kination models because
the energy released by dark matter annihilations is transferred to
the radiation bath.

where j; = p?/p. and p.=3Him3 /8x. When deriving
Egs. (4) and (5), we use the fact that, since scalar fields
cannot have anisotropic stress to first order in the
perturbations, ® = —V.

We numerically solve Eq. (4) for various k values
starting well before each mode enters the horizon and after
the dark matter becomes nonrelativistic (m,/T 2 3). For
any given k mode, we assume that the perturbations are
adiabatic before horizon entry.2 This implies that the initial
perturbations are all directly related to the initial gravita-
tional potential ®@,; see Appendix B.

It has been well established that for modes that enter
the horizon during radiation domination, matter density

’References [32,33] demonstrated that perturbations that are
initially adiabatic remain adiabatic before horizon entry even in
the presence of energy exchange between fluids.
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The evolution of dark matter density perturbations for two modes that enter the horizon during an era of kination. The left panel

corresponds to scenarios where dark matter freezes in during an era of kination with (6v) = 1.4 x 1074 cm®s~!. The right panel
corresponds to scenarios where dark matter freezes out during an era of kination with (ov) = 1 x 1072* cm3s™! and freeze-out

occurring at ag = 2.5. The short-dashed line corresponds to the dark matter equilibrium density perturbation &

ny

eqe 10 both panels,

= 10° GeV and kinaton-radiation equality occurs at axg = 10*. One mode has wave number k = 3075kg and enters the horizon at

a = 150, while the other mode has wave number k = 43kxr and enters the horizon at a = 1300.

perturbations grow logarithmically with the scale factor [38].
Once the Universe becomes matter dominated, the matter
density perturbations grow linearly with the scale factor. By
numerically solving the perturbation evolution equations, we
determine that if a mode enters the horizon during an era of
kination, matter density perturbations grow linearly with the
scale factor prior to the onset of radiation domination.
Figure 1 shows the evolution of dark matter density pertur-
bations obtained by numerically solving Eq. (4) for freeze-in
and freeze-out scenarios. The two modes shown in Fig. 1
both enter the horizon during an era of kination. The two
modes have wave numbers k = 43kgr and k = 3075kgg,
where kgr = axrH (agg) is the wave number of the mode
that enters the horizon at kinaton-radiation equality. The two
modes enter the horizon respectively at a = 1300 and
a = 150, while kinaton-radiation equality occurs at
agr = 10*. In the freeze-in scenarios, the dark matter density
perturbations are initially constant in conformal Newtonian
gauge. Since our perturbation evolution starts after pair
production has mostly ended, p, o a~3. To ensure that the
curvature perturbation {, = ® —§,p,/(ap,) remains con-
stant outside the horizon, §, must also be constant outside the
horizon for freeze-in scenarios. The situation is more
complicated for freeze-out scenarios because 6, = 9, 4 until
freeze-out, after which 6, decreases toward @, to maintain
adiabaticity before horizon entry.

Once a mode enters the horizon, the dark matter density
perturbation experiences a kick from the decaying gravi-
tational potential (see Fig. 3). After the kick, the dark matter
density perturbations grow linearly with the scale factor
until kinaton-radiation equality, after which they grow
logarithmically. The evolution of dark matter density
perturbations is oddly similar during an era of kination
and matter domination, in spite of the fact that the pressure

of the kinaton forces @ to evolve very differently during an
era of kination. In the following sections, we analytically
solve for the evolution of ® and J, in order to determine the
physical mechanism behind the linear growth of 6, during
kination.

III. ANALYTIC EXPRESSIONS
A. ® Evolution

To understand the evolution of 6,, we must first under-
stand the evolution of ®. To do so, we compare how ©
evolves for modes that enter the horizon during various
eras. To form a single differential equation for ®@, we start
with the time-time and space-space components of the
perturbed Einstein equations:

H®+39<¢—9T>:4mm%ﬁ (6a)
a a
. a, . a a
¢+—@¢—Wy-@——7>w
a a a
k2
+§@+Tﬁ>mﬂﬁﬁ, (6b)

where a dot represents differentiation with respect to
conformal time, and dp and 6P are the dominant fluid’s
energy density and pressure perturbations. Assuming
that the dominant fluid has a constant equation of state,
0P = wdp. Combining Eq. (6) with the second Friedmann
equation yields a second-order differential equation for @
that is dependent on w:

6(1+w)

-1 + wk2d = 0, 7
3w+IT tw ()
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where 7 is the conformal time. The solution to Eq. (7) for
w >0 is

®(z) = C (27 + 6wr)bJ_,(w'/ k1)
+ C, (27 + 6wr)bPY_, (W' %k), (8)

where b = 1/2-3(1+w)/(3w+ 1), C; and C, are inte-
gration constants, J, is a Bessel function of the first
kind, and Y, is a Bessel function of the second kind.
Conformal time and the scale factor are related via w:
since H(a)=H,a3"*"/2 c=[H,(3w+1)/2]" aB¥+/2,
Using this relation, Eq. (8) is rewritten in terms of the scale
factor, and C; and C, are determined by demanding that
® - djasa—0:

b ]} b b
_ _ 2 2(3w+1)
®(a) = OI(1 — b)w2 (3w 1) a:

2k e
==, 9
3w—|—1a ) ©)

X ‘]—b (Wl/z

where I'(x) is the gamma function.

Figure 2 shows the analytic evolution of @ given by
Eq. (9). Each curve represents a perturbation mode that
enters the horizon when the dominant component of the
Universe has w = 1,0.75,0.5,0.33, or 0.25. All the curves
have k = 1075, and therefore the ratio between k and H, is
the same for all scenarios, and the perturbation mode in
each scenario starts out equally far outside the horizon.
However, since E(a) « a=>(1*")/2 these modes enter the
horizon at different values of a. Apart from the varying
horizon entries, the overall evolution of ® is qualitatively
the same for w > 0. Once a perturbation mode enters the
horizon, the fluid’s pressure overwhelms the gravitational
attraction, causing a sudden drop in @, after which ®
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FIG. 2. The evolution of ® given that the perturbation mode
enters the horizon when the dominant component of the Universe
hasw = 1,0.75,0.5,0.33, or 0.25. All of these scenarios involve
a mode with k/H, = 1073, but they enter the horizon at varying
values of a.

oscillates with a decaying amplitude. Setting w > 1, which
does not necessarily violate causality [26,39,40], leads to
the same @ evolution. In contrast, ®@ is constant during
matter domination. Therefore, the linear growth experi-
enced by matter perturbations that enter the horizon during
an era of kination is fundamentally different from the linear
growth experienced during matter domination.
During an era of kination, w = 1, and

D(a) = Dy k42J1 (k—az> (10)

ka2 '\ 2

since I'(2) = 1. Expanding the Bessel function in Eq. (10)
around ka®> =0 reproduces the initial condition for ®
derived in Appendix B: @&~ ®,—k>®ya*/32 for
k*a* < 1. Figure 3 shows the evolution of @ for the same
modes as those shown in Fig. 1 (the evolution of @ is
identical for freeze-in and freeze-out scenarios since
P, < pg)- The solid curves represent the numeric solution
to Eq. (5) and the dashed lines represent the analytic
approximation given by Eq. (10). We see from Fig. 3 that ®
remains constant while the perturbation mode is outside the
horizon. Upon horizon entry, ® drops sharply and begins to
oscillate around zero with a decaying amplitude. The
percent error between the numeric and analytic solutions
for @ remains below 0.1% as long as a < 0.25 agr. For
a < 0.25 agg, the assumption that p, is the sole component
of the Universe is valid because p, contributes at least 95%
of the total energy density of the Universe. If a perturbation
mode enters the horizon near kinaton-radiation equality,
Eq. (10) becomes inaccurate because it assumes that the
kinaton is the sole component of the Universe.

1.2 . :
k = 3075 kyg
1 k = 43 kg
0.8F
o 0.6
<
€ 04}
0.2
0 V’wv e
0275 I 2 3 v v v
10 10 10 10 10 10 10
scale factor (a/ay)
FIG. 3. The evolution of ® for two modes that enter the horizon

during an era of kination. In this figure, m, = 10° GeV,
(ov) = 1.4 x 107 ¢cm?s~!, and kinaton-radiation equality oc-
curs at agg = 10*. One mode has wave number k = 3075kgg and
enters the horizon at a = 150, while the other mode has wave
number k = 43 kgg and enters the horizon at @ = 1300. The solid
lines represent the numeric solution to Eq. (5) and the dashed
lines represent the analytic approximations for @ using Eq. (10).
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B. 6)( Evolution

If a perturbation mode enters the horizon during an era of
kination, we have seen numerically that the dark matter
density perturbation experiences linear growth. By deriving
an analytic expression for §, we will gain an understanding
of where this linear growth originates. In the limit of
kinaton domination, Eqgs. (4c) and (4d) can be rewritten as

5, = —0,a -3,

(I1a)

0, -
0, = -~ — ak*®.

a (11b)

From these equations, we derive a single second-order
differential equation for 6,:

2
3 :<I><aT) — 30" =S(k.a). (12)

hor

where ay,,, is the scale factor value at horizon entry. The
right-hand side of Eq. (12) is the source term S(k,a). To
solve Eq. (12), we first solve the homogeneous equation
8, =0: 5, = Cy + Ca, where C; and C, are integration
constants. The full solution to Eq. (12) is a combination of
the homogeneous solution and the particular solution. The
particular solution is the integral of the source term times
the Green’s function (GF). The Green’s function itself is a
linear combination of the homogeneous solutions. If the
homogeneous solutions are D;(a) and D,(a), the general
Green’s function is

D,
R0 = b1 (6)Da(b) = D1 (5)D) (b

(13)

where ’ denotes a derivative with respect to b. Given the
homogeneous solutions C; and C,a, the Green’s function
for an era of kination is (a — b). Therefore, the particular
solution (PS) is

PS(a) = A dbS(k. b)(a - b). (14)

The particular solution and its derivative equal zero at
a = 0. If we neglect the effects of dark matter annihilations,
the adiabatic initial condition for §, requires 6, = @y
and &,(a) =0 at a =0, which implies that C, = 0 and
Cy = ®,. Combining the homogeneous and particular
solution produces the final analytic expression for J,:

5, :cbﬁfdbS(k,b)(a—b). (15)

Using the analytic expression for @ given by Eq. (10),
we evaluate the source term and determine the evolution of
o, well after the mode enters the horizon. If the integral in
Eq. (15) is evaluated for a > g, changing the upper

bound on the integral from a to oo does not change the
value of the integral because the source term goes to zero at
a > ay,. With this approximation, we find that, well after
horizon entry, 6, is equal to the sum of a constant term and
a term that grows linearly with the scale factor:

5,= A+ Ba, (16a)
A :cpo+/°°db3(k, b)(=b) = By — Dy =0,  (16b)
0
o T(3/4) -, _
B= [ dbS(k,b)=2 k2@ ~2.7k2d,.  (16¢
|7 absten) =2, o (160)

Therefore, if a perturbation mode enters the horizon during
kination, the subhorizon evolution of &, for a> ay,, during
kination is

5, = 2.7k *®ya = 2.7c1>0< a ) (17)
Ahor

The last equality follows from the fact that we defined
k=k/H, = ahorH(ahor)/Hl = ahorE(ahor)' During an era
of kination, E(a) = a=>, and therefore ap,,, = k~'/2.

After the Universe becomes radiation dominated, &, grows
logarithmically and ad), is constant: ad),(a) ~ axgd,(agg)-
Solving for the evolution of §, after kinaton-radiation
equality and connecting it with Eq. (17) yields

5, = 2.7@, <Z‘;R) {1 +1n (ﬁ)] . (18)

Figure 4 shows the evolution of , using the numeric
solution to Eq. (4) and the analytic expressions given by
Egs. (15) and (18) for freeze-in and freeze-out scenarios.
Equation (15) matches the numeric expression for §, to
within 5% for a < 0.5agg for freeze-in scenarios. We see
in the right panel of Figure 4 that the numeric evolution of
0, does not match the analytic evolution for freeze-out
scenarios before horizon entry. This discrepancy is due to
the fact that Eq. (15) was derived while neglecting dark
matter annihilations and assuming that 6, = ®; at a = 0.
For freeze-out scenarios, the condition that 6,=®, at
a =0 is not valid, but 6, does evolve toward @, after
freeze-out, as seen in Fig. 1. As ap, becomes much
larger than agp, 5, gets closer to @, before horizon
entry, and Eq. (15) better matches the numeric solution
to Eq. (4). For example, with ay,./ar = 485, Eq. (15)
must be multiplied by a factor of 0.95 to match the
numeric evolution of §, between ay, < a < 0.5agg. If
anor/ar = 57, the correction factor varies between 0.85
and 0.95 for different a values. These corrections must
also be taken into account when comparing Eq. (18)
to the numeric evolution of 6, for freeze-out scenarios.
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FIG. 4. Evolution of a dark matter density perturbation that enters the horizon during an era of kination. The left panel corresponds to
scenarios where dark matter freezes in during an era of kination with (6v) = 1.4 x 107 ¢cm?®s~!. The right panel corresponds to
scenarios where dark matter freezes out during an era of kination with {v) = 1 x 1072* cm?s™! and freeze-out occurring at ap = 2.5.
In both panels, m, = 10° GeV and axg = 10*. The mode shown has wave number k = 3075kky and enters the horizon at @ = 150. The
solid curve represents the numerical solution for 6, using Eq. (4), the short-dashed line represents the analytical expression for J, using

Eq. (15), and the long-dashed line corresponds to Eq. (18).

For freeze-in scenarios, Eq. (18) matches the numerics
after a = 10agg to within 5%.

To compare the evolution of 6, for modes that enter the
horizon during an era of kination to those that enter during
radiation domination, we repeat our previous analysis for
modes that enter the horizon when the dominant component
of the Universe has a generic equation-of-state parameter w.
Given that the dominant component of the Universe has a
constant w, the evolution equations for 6, and 9)( are

8, = —0,a7") -3, (19a)

7, = - % _paitvo,

g (19b)

Combining these equations results in a second-order differ-
ential equation for §,:

3 s, 9 od
5 +5(1=w) ;* = ka6 — 5 (L=w)——30".

(20)

The homogeneous equation corresponding to Eq. (20)

is &) +3 (1 - w)% = 0. If w # 1/3, the homogeneous sol-
ution is

8, = C, + Cra, (21)
whereas if w = 1/3, the homogeneous solution is
5)( = C1 + C2 111((1). (22)

We showed in Fig. 2 that the evolution of @ is qualitatively
the same for perturbation modes that enter the horizon when

the dominant component of the Universe has w > 0.
Therefore, the source term will also be qualitatively the same
for these scenarios. Since the integral of the source term is
constant at late times, the Green’s function produces a similar
functional form for the evolution of §, compared to the
homogeneous solution. Therefore, if a perturbation mode
enters the horizon and w > 0 and w # 1/3, then the Green’s
function demands

8, = A+ Ba3, (23)
and, if w = 1/3, then
5, = A+ Bln(a), (24)

where A and B are integration constants. Overall, the
logarithmic growth experienced by subhorizon matter per-
turbations during radiation domination is a by-product of
the homogeneous solution to Eq. (20). Similarly, it is the
homogeneous solution that leads to the linear growth of
subhorizon matter perturbations during an era of kination.

The different 6, growth rates can be attributed to the
motion of the dark matter particles. We saw in Fig. 1 that
once a mode enters the horizon, the dark matter density
perturbation experiences a kick from the decaying gravi-
tational potential. This kick causes the dark matter particles
to drift toward overdense areas, even after ® — 0. The
comoving displacement of massive particles is

dr dr da
s = — — —_, 25
s /Uaoc/azoc/cﬁH (25)

where v o 1/a is the physical particle velocity. Expressing
the Hubble parameter in terms of w, Eq. (25) implies that
5o a®-D/2 for w> 1/3 and 5« Ina for w=1/3. To

linear order, § evolves in the same manneras 5: 6 = =V - §.
Therefore, &, grows as a direct consequence of the
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particles’ drift toward overdense regions. If 0 < w < 1/3,
0, does not grow because the expansion of the comoving
grid is faster than the particles’ drift velocity. During
radiation domination, the comoving drift velocity decays
as a~2, which is the same as the expansion of the comoving
grid (H « a~?), resulting in logarithmic growth. During an
era of kination, H(a) decreases faster than during radiation
domination, so the expansion of the comoving grid slows
down faster, thereby allowing a particle with a given drift
velocity to cover more comoving space, which results in an
enhanced growth rate for 6,. It is important to note that this
mechanism for dark matter perturbation growth is different
than that experienced during matter domination. During
matter domination, the gravitational potential is constant in
time and the dark matter particles experience a perpetual
gravitational force, thereby causing §, to grow linearly with
the scale factor.

The fact that dark matter particles are drifting toward
initially overdense regions does not necessarily mean
structure will form during an era of kination. In other
words, it is still uncertain how &, will evolve in the
nonlinear regime. One possibility is that dark matter
particles are moving fast enough that, instead of collapsing
and forming structure, they pass by each other and over-
dense regions become underdense. Collapse may still be
possible, however, if local areas of matter domination
persist long enough to halt the motion of particles through
the overdense region. Further investigation is required to
determine how &, evolves in the nonlinear regime during an
era of kination or radiation domination. However, we can
be certain that modes that remain linear until matter-
radiation equality will form halos. In addition, these halos
form earlier than they would if the Universe had been
radiation dominated when the relevant scales entered the
horizon, due to the enhanced growth of 6, during kination.

IV. THE MATTER POWER SPECTRUM

To analyze the matter power spectrum, we evaluate 6, ata
fixed time for various k values. Figure 5 shows how &,
changes with £ when numerically evaluating Eq. (4) at a
fixed value of the scale factor well after kinaton-radiation
equality. The scenario depicted is a freeze-in scenario with
m, = 10° GeV and (6v) = 1.4 x 107%® cm?® s™!. The trans-
fer functions for freeze-in and freeze-out scenarios differ by
less than 4% for modes with ;. /ar = 800: these modes are
unaffected by “relentless” annihilations. In Fig. 5, there are
three distinct behaviors. Modes with k < 0.01 kgg are still
outside the horizon at a = 100 agg. To preserve adiabaticity,
superhorizon modes evolve and §, increases by a factor of
4/3 as the Universe transitions from an era of kination to
radiation domination. Thus, &,(100 axg) = (4/3)®;.

Modes with 0.01 < k/kgr < 1 enter the horizon during
radiation domination. The evolution of &, for these modes
follows the function

10°
g 10°}
&
N
<
(=3
=]
=10}
100 . . a1 . . . . .
10° 10* 10° 10?7 10" 10° 10" 10 10°
(k/kgg)
FIG. 5. The dark matter density perturbation evaluated at

100agg for various k modes. In this figure, m, = 10° GeV,
(ov) = 1.4 x 107 cm?s™!, and kinaton-radiation ~equality
occurs at agg = 10*. The solid curve represents the
numeric evaluation of Eq. (4), while the long-dashed line and
short-dashed line represent the analytical evolution via

Egs. (26) and (27).

5,(a) = @, [A In (ﬁﬂ , (26)

Ahor

with A =9.11, B=0.594 [38]. In this expression,
®, is defined as the superhorizon gravitational potential
during radiation domination. To determine how @,
relates to @g, the superhorizon gravitational potential
during an era of kination, we evolve a superhorizon
mode across agg. As the Universe transitions from an
era of kination to radiation domination, a superhorizon
mode will evolve to keep the curvature perturbation
{=®+2d/(3+ 3w) constant. Since w =1 during an
era of kination, {x(a < agr) = (4/3)®,. During radia-
tion domination w=1/3, and (g(a>agg)=(3/2)®,.
Since {x =¢r for a superhorizon mode, then
®, = (8/9)@,. The long-dashed line in Fig. 5 corre-
sponds to Eq. (26) evaluated at a = 100axg with
®, = (8/9)®@,. This analytical model matches the
numeric solution to Eq. (4) extremely well for modes
with 0.05 < k/kxg S 1. As expected, if a mode enters
the horizon during radiation domination, it is unaffected
by the preceding era of kination.

Modes with k/kggr = 1 enter the horizon during an
era of kination. We wish to express the evolution of &,
for these modes in the same fashion as Eq. (26). From
Eq. (18), we see that A = (9/8)x 2.7 axrk'/> and
In(B) = 1 + In(ay,/agg). Since Fig. 5 is in terms of
k/kggr, we similarly need to express A and B in terms
of k/kgg. Using the fact that ay,,, = k12 during an era of

kination and that axg = kxy “2'/4, we determine that for
modes with k/kgr = 1,
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5,(a) = 2.7@, (%‘/f) i [e <:%) " a:oj .27

The short-dashed line in Fig. 5 correspond to Eq. (27), where
a is evaluated at 100akg. This analytical model matches the
numeric solution very well for modes with k/kxr = 100. We
also found a fitting function that not only smoothly connects
Egs. (26) and (27), but also matches the numeric solution of
d, to within 5% for modes with 0.05 < k/kgg < 1000:

so-§o ()

1.327 .38
A =229 [0.11 x 9.112:64 2.9(i> ]
kKR

3.297 -.15
B— [0.594—6-59 e (ki) } | (28)
KR

From Eq. (27), it is clear that if a mode enters the
horizon during an era of kination, &,/ ®, k'/2. In con-
trast, it has been shown in Refs. [8,9] that if a mode enters
the horizon during an EMDE, §,/®, « k*. Both of these
scalings are consistent with linear growth prior to the onset
of radiation domination. Since a mode enters the horizon at
k = aH, during an era of kination ay,,, « k~'/2, and during
an EMDE @, « k> [8,9]. Therefore, even though
0,  a/ay, during both eras, 6, scales differently with k.

With this scaling, we can determine how the
matter power spectrum scales with k& for modes with
k > kxgr. The power spectrum of density perturbations is
Ps = Py(5/®g)?, where Pg, o k"s~* is the power spectrum
of curvature fluctuations and n; is the scalar spectral index.
Since §,/®y o k'/? for modes that enter the horizon during
an era of kination, Ps o k"s=3 for k > kgg. In comparison,
P « k" for modes with k < kq and Ps o k"~*In? k for
modes with k., < k < kgg, where k., is the wave number
of the mode that enters the horizon at matter-radiation
equality. Thus, there is a small-scale enhancement to the
matter power spectrum due to an era of kination compared
to modes that enter the horizon during radiation domina-
tion. In addition, the matter power spectrum is shallower on
small scales for modes that enter the horizon during
kination compared to modes that enter the horizon during
an EMDE, implying that collapse at a given scale will
happen later following an era of kination compared to
following an EMDE.

V. CONCLUSION

We determined how the gravitational potential @ and the
dark matter density perturbations &, evolve for modes that
enter the horizon during an era of kination. In addition to
numerically solving for the evolution of ® and §, during
kination, we also derived analytic expressions for their

evolution during eras in which the dominant component of
the Universe has a general equation-of-state parameter w.
We determined that the gravitational potential vanishes
upon horizon entry if the dominant energy component
has w > 0. In addition, if w > 1/3, then &, o a®¥/>71/2,
Consequently, if a perturbation mode enters the horizon
during an era of kination (w = 1), 6, grows linearly with
the scale factor. This linear growth is due to the drift of the
dark matter toward initially overdense regions. The comov-
ing displacement of massive particles under pure drift is
5o a®=D/2 for w > 1/3. If 0 < w < 1/3, the expansion
rate of the Universe is greater than the particles’ drift
velocity and § cannot grow, thereby not permitting pertur-
bation growth. For modes that enter the horizon during an
era of kination, the linear growth of &, during kination
implies that §,/®, « k'/2. Therefore, for modes that enter
the horizon during kination, the matter power spectrum
Ps « k3. In comparison, for modes that enter the horizon
during radiation domination, Ps o kK"s~*In’k and there is a
small-scale enhancement to the matter power spectrum due
to an era of kination compared to modes that enter the
horizon during radiation domination.

The linear growth experienced by 6, during kination will
lead to enhanced small-scale structure formation following
kination. The presence of small-scale structure effectively
increases the dark matter annihilation rate. If a perturbation
mode enters the horizon during an EMDE, &, grows
linearly with the scale factor and the dark matter annihi-
lation rate is enhanced by several orders of magnitude,
depending on the formation time of the microhalos [8,9].
However, the boost to the dark matter annihilation rate is
limited to 10° if halos only form after z ~ 500 [8,9]. In
Ref. [18] we found that in order to produce the observed dark
matter relic abundance, freeze-in scenarios during an era
of kination require (6v) to be between 107 cm? s~! and
107 em?s™! for 1072 GeV <m, < 10° GeV. The strongest
observational bound on {(ov) is (6v) < 10727 cm®s~!, and
that bound is applicable to 1 GeV <m, <10 GeV [29].
Therefore, even with a boost factor of 10°, the dark matter
annihilation signal for freeze-in scenarios during an era of
kination is still not observable.

For freeze-out scenarios during an era of kination, the
(ov) values that would produce the observed dark matter
relic abundance are nearly ruled out by Fermi-LAT [29] and
H.E.S.S. [30] observations. A modest boost factor of 10
would completely rule out freeze-out scenarios during an
era of kination if dark matter annihilates via the bb, 777,
or WHW~ annihilation channels. It remains to be deter-
mined if the growth of perturbations during kination is
capable of generating this enhancement. Although an
EMDE can easily lead to boost factors of order 1000 or
more, the linear growth of perturbations during kination
leads to a shallower enhancement to the small-scale power
spectrum: P(k) o« k™73 instead of P(k) k. As a result,
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the formation of microhalos will be delayed relative to
EMDE cosmologies because a given value of k/kgr will
go nonlinear far later than the same value of k/kgy, where
kgrp 1s the scale that enters the horizon at the end of an EMDE.
Equivalently, larger values of k/kyg are required to form
microhalos at a given redshift, which increases the likelihood
that these scales will be suppressed by the free-streaming of
the dark matter particles [41]. An analysis of the microhalo
abundance predicted by Press-Schechter theory [42] follow-
ing the same procedure as Refs. [8,9] would provide an
estimate of the boost factor and determine if freeze-out
scenarios during kination are compatible with current obser-
vational bounds on dark matter annihilation.
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APPENDIX A: DERIVATION OF THE
PERTURBATION EQUATIONS

The perturbation evolution equations are derived by
perturbing the covariant form of the energy-transfer equa-
tions given in Eq. (1). We follow the same approach as
that outlined in Refs. [8,9,43,44]. The kinaton, dark matter,
and radiation all behave as perfect fluids with energy
momentum tensors

" = pg" + (p + p)u'n”, (Al)

where p is the fluid’s energy density, p is its pressure, and
u# = dx*/dA is its four-velocity. The kinaton has p = p, the
radiation has p = p/3, and the dark matter is a pressureless
fluid. Equation (1) implies that the three fluids exchange
energy. This energy exchange is expressed covariantly as

V(1) = 0. (A2)
where i represents the individual fluids. In the absence of
spatial variations,

V(T8 = —p; = 3H(p; + py). (A3a)

v, (1% =0, (A3b)
where a dot represents differentiation with respect to proper
time. Using Eq. (A3) and Eq. (1), the covariant energy
exchange for this three-fluid model is

o o, (Ada)
oY =—L,, (Adb)
o' =1, (Adc)

where
ov -
L= ) (as)
n,

Equation (AS) is different than the definition of L, in
Ref. [9]. We have corrected the expression for L, to account
for the fact that, while in thermal equilibrium, the dark
matter is pair-produced with the same velocity as the
radiation. This change introduces coupling terms between
0, and 6, that are only relevant while pair production is
important.

Next, we evaluate Eq. (A2) using the perturbed
Friedmann-Robertson-Walker (FRW) metric

ds? = —(1 4 2¥)de* + a*(1)5;;(1 + 2®)dx'dx/.  (A6)

Perturbations are introduced into the density of each fluid
with p;(t, %) = p?(£)[1 + ;(t, X)], where p?(¢) is the back-
ground energy density of each fluid and §;(t, X) = 8p;/p? is
the density perturbation of each fluid. In addition, pertur-
bations are introduced into the four-velocity of each fluid:
g = —(1+W¥) and u;; = azékjv’(‘i>, where U’(‘i) = dxk/dt
is the peculiar velocity of the ith fluid. The combination of
perturbations to the metric, energy density, and four-
velocity introduce perturbations to the energy exchange
variables Q, and L,: the first-order components are

(A7)

(A8)
(ov) ,

1 i i
L) =10 21026, 01 — ()80,

- (A9)

where J,, o4 is the dark matter equilibrium density pertur-
bation. We see that both the zeroth- and first-order

components of Q(()‘p) and Qﬁfﬁ) are zero, whereas L, contains
both a zeroth- and first-order component.

Taking into account first-order perturbations, the 4 = 0
component of Eq. (A2) requires that each fluid obey the
equation
ds; 0; do 1 ; ;

o w30 +wi)5:p—?(Qg)"°>5i — oy,

(A10)

where w; is the equation of state parameter for a given fluid,
0; = ad;v/ is the divergence of the fluid’s physical velocity,

and QéiMO) and Q(()i) - are the zeroth-order and first-order

components of Qéi) for each fluid. The divergence of the
spatial component of Eq. (A2) requires that each fluid obey
the equation
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do, V2D

1—3w,)HO;
dt+( w;)HO; + p +

w; V25, 1 0,0, (i),(0)

(Al1)

o \ai+w)

Applying Egs. (A10) and (All) to the kinaton (w; = 1), dark matter (w, = 0), and radiation (w, = 1/3) yields the

following perturbation equations:

ds, 260 do

¢ ¢
L4+ 16— =0, Al2
e ' dr (Al2a)
Yo _ 19, + V¥ 1V (A12b)
dr ¢ 2 o
ds, @ dd  (ov)
d_l)‘( + ZX +3 E = m}(p)(? [_lp{(p)(;)z - (p;?,eq)z} - (p;?)zéx + (p)(().eq)z(Z‘s;(.eq - 6){)]’ (Alzc)
do V2 Dea)
X4 HO, 4 — = <6”>(p*6q) 0,-6,), (A12d)
dr a m,py,
ds, 46, d® (ov)
a + gg +4 dr = m}{p(r] [‘P{(Pg)z - (pg,eq)z} + (p2)2(26)( - 5r) - (p)?.eq)2(25;(,eq - 5r)]’ (Alze)
do, V¥ 1V3,  (ov) [, 4,3 1

a -—— = ~0,-0 —(p9.0)%0, |. A12f
et ({30, -0} +f0tare,) (A126)

The perturbed time-time component of the Einstein
equation yields

V2o do

(A13)

Equation (A12) assumes that the scalar field does not
interact with either the dark matter or radiation and also
assumes that the dark matter is created solely from thermal
production.

APPENDIX B: INITIAL CONDITIONS

The evolution of density and velocity perturbations for a
single plane-wave perturbation mode with wave number k
are obtained by numerically integrating Eq. (4) froma = 1
to some scale factor value well after kinaton-radiation
equality. The integration begins when the mode is well
outside the horizon (k < aH). To solve for the perturbation
initial conditions, we simplify Eq. (4) using the fact that at
early times the Universe was dominated by the kinaton, so
E(a)~a™ and p, ~ a".

We first solve for the evolution of the kinaton perturba-
tions and the gravitational potential during an era of

kination for superhorizon modes. Simplifying Egs. (4a),
(4b), and (5) yields

&), +2af, + 60’ = 0, (Bla)
25 72 -,
Oy = =0y + Ka® - S Kas, =0, (B1b)
7.2 —4 (& 3 —4
k°® 4 3a7(®'a + ) = Za~*5. (Blc)

2

One would initially suspect that given these three equations
with three unknowns, we would have a fully defined set of
differential equations. Yet in solving these equations, we
discover that there is an ambiguity in the solution to 94, such
that these three equations do not fully define the evolution
of 9¢ for superhorizon modes. Equation (B1a) corresponds
to V, T = 0 and Eq. (B1b) corresponds to V,T% = 0. If
Egs. (B1) formed a complete set, then they would be able to
produce an algebraic expression for G¥ using the Bianchi
identity, which states that V,, GY = 0. Yet the Bianchi

identity does not provide an algebraic expression for GY
and there remains an undermined initial condition. The
time-space component of the perturbed Einstein equation
contains additional information regarding our system of
equations:
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P (®'a+ @) = -3a720,. (B2)
Equations (B1) and (B2) form a complete set of differential
equations and initial conditions. Utilizing Eqgs. (B1) and
(B2), we solve for the evolution of the gravitational
potential and the kinaton perturbations for superhorizon
modes as an expansion in k’:

1 . ~
O =P - ﬁ/<2@1>0a4 + O(kY), (B3a)
17 7.2 4 74
pa) 1 7.2 2 T4

Since the number of relativistic particles created or
destroyed from dark matter annihilations is not sufficient
to influence the evolution of p,, the interaction between
dark matter and radiation will not influence the evolution of
radiation perturbations. Evaluating Eqgs. (4e) and (4f) in the
superhorizon limit, while ignoring the effects of dark matter
annihilations, results in

4 17 - -
5, = gq)o + 7—2k2®0a4 + O(k4), (B4a)

1- N
0, = —§k2<1>0a2 + O(k*). (B4b)

The initial condition for 6, is chosen to ensure that the
perturbations are adiabatic at superhorizon scales. For
freeze-out scenarios, while the dark matter is in thermal
equilibrium, the terms on the right-hand side of Eq. (4c) are
much larger than the terms on the left-hand side. To make
the terms on the right-hand side vanish while p, = p, o

0y = 8, eq- (B5)
Equation (B5) maintains adiabaticity while the dark matter
is in thermal equilibrium; if p, = p, .4, then Eq. (B5) makes
5;(pi/p;) the same for all fluids.

For freeze-in scenarios, the initial condition for §, is
more difficult to determine from the perturbation equations.
We therefore choose the freeze-in initial condition
for &, to ensure that 6;(p;/p;) is the same for all fluids.
Equations (B3b) and (B4a) already imply that the perturba-
tions to the kinaton and radiation are adiabatic. To solve for
the initial condition for 3,, we set &,(p,/p},) = 34(py/Ply)-

Since p,; o a”,

5 — L ary(a)
76 pla)

Finally, since adiabatic perturbations require @ to be the same
for all fluids [31],

(B6)

1- ~
0, = —§k2q>oa2 + O(k*)

(B7)

for superhorizon modes.
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