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For many nonlinear physical systems, approximate solutions are pursued by conventional perturbation
theory in powers of the nonlinear terms. Unfortunately, this often produces divergent asymptotic series,
collectively dismissed by Abel as “an invention of the devil.” Although a lot of progress has been made on
understanding the mathematics and physics behind this, new approaches are still called for. A related
method, the self-consistent expansion (SCE), has been introduced by Schwartz and Edwards. Its basic idea
is a rescaling of the zeroth-order system around which the solution is expanded, to achieve optimal results.
While low-order SCEs have been remarkably successful in describing the dynamics of nonequilibrium
many-body systems (e.g., the Kardar-Parisi-Zhang equation), its convergence properties have not been
elucidated before. To address this issue we apply this technique to the canonical partition function of the
classical harmonic oscillator with a quartic gx4 anharmonicity, for which perturbation theory’s divergence
is well-known. We obtain the Nth order SCE for the partition function, which is rigorously found to
converge exponentially fast in N, and uniformly in g ≥ 0. We use our results to elucidate the relation
between the SCE and the class of approaches based on the so-called “order-dependent mapping.”
Moreover, we put the SCE to test against other methods that improve upon perturbation theory (Borel
resummation, hyperasymptotics, Padé approximants, and the Lanczos τ-method), and find that it compares
favorably with all of them for small g and dominates over them for large g. The SCE is shown to converge to
the correct partition function for the double-well potential case, even when expanding around the local
maximum. Our treatment is generalized to the case of many oscillators, as well as to any nonlinearity of the
form gjxjq with q ≥ 0 and complex g. These results allow us to treat the Airy function, and to see the
fingerprints of Stokes lines in the SCE.
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I. INTRODUCTION

A recurring theme in physics is the necessity of approx-
imations. Exactly solvable systems are rare in the landscape
of modern science, and the majority of physical problems
cannot be assailed directly without resorting to any esti-
mates or simplifications. First-principle calculations must
often be replaced by phenomenological models, which are
then only solved approximately, to varying degrees of
success. The ability to make informed, strategic approx-
imations that would allow us to gain ground, but still
capture the essential physics under consideration, is as
much an art as it is a science. To this end, over the last
centuries, practitioners of the natural sciences have collec-
tively amassed an ever-expanding arsenal of indispensable
techniques and methods in their professional toolbox.
Chief among these tools is the concept of perturbative

expansion [1]. Its premise is simple and elegant: for a given
difficult problem, identify a related but easier one; solve the
simpler system exactly; and apply corrections to obtain an
approximate solution to the original problem. This time-
tested principle is applied at all hierarchies of engagement,

from Taylor’s theorem to quantum field theory. Broadly
speaking, linear systems, where the cumulative impact of
additional intricacies is additive, are considered “simple,”
while nonlinear systems are deemed “complicated.” An
expansion of a nonlinear system about its linear counterpart,
in powers the nonlinearity, is recognized as a perturbation
theory (PT).
Unfortunately, PT frequently produces an asymptotic,

divergent expansion.While this in practice provides sensible
answers when applied to low orders (quantum electrody-
namics, for instance, is a remarkable example [2]), in
principle it denies us high-accuracy, large-order results,
especially for strongly coupled systems. Over time, the
nonperturbative physical processes which stand behind this
behavior (tunneling, instantons, solitons, etc. [3]) have been
identified, which have also allowed for the development of
sophisticated mathematical techniques for extracting correct
physical results from PT. These efforts include resummation
schemes, such as Borel [4], successive expansions of the PT
remainder [5], methods based on the theory of resurgence
[6,7], and various numerical and asymptotic prescriptions

PHYSICAL REVIEW D 98, 056017 (2018)

2470-0010=2018=98(5)=056017(34) 056017-1 © 2018 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.98.056017&domain=pdf&date_stamp=2018-09-19
https://doi.org/10.1103/PhysRevD.98.056017
https://doi.org/10.1103/PhysRevD.98.056017
https://doi.org/10.1103/PhysRevD.98.056017
https://doi.org/10.1103/PhysRevD.98.056017


[1,8]. However, these are usually technically difficult to
implement, especially to large order, and typically on a case-
by-case basis. This situation was surmised by Abel, who
begrudgingly proclaimed ([9], loosely translated) “divergent
series are an invention of the devil, and it is shameful to base
on them any demonstration whatsoever.” This implies an
erroneous application of a perturbative approach in systems
where the fundamental phenomena are nonperturbative. We
stress that the issue is not the divergence of individual
perturbative terms, which is usually tamed by other means
(such as regularization and renormalization [10] for IR/UV
catastrophes, and secular PT [11] for the time dependence of
nonlinear systems at long times), but rather the divergence of
the PT series itself, even if all its constituent terms are finite.
A related technique, the self-consistent expansion (SCE)

[12,13], was introduced by Schwartz and Edwards [14,15] in
their study of the Kardar–Parisi–Zhang (KPZ) problem of
nonlinear deposition [16]. TheKPZ equation is not amenable
to PT, as Wiese showed [17] that above two dimensions, the
KPZ strongly-coupled phase is inherently inaccessible by a
perturbative expansion, regardless of its order. In contrast, the
SCE, utilized at low orders, was remarkably successful in
reproducing exact critical values in one dimension and
agreeing with numerical values in higher dimensions. This
method was subsequently applied to more complicated
variants of the KPZ equation [18–22], and to other problems
such as fracture, turbulence, and the XY model [23–26].
The SCE’s central idea is to smartly choose the zeroth-

order system around which one expands, so that the zeroth-
order system is as close as possible, in some sense, to the
perturbed one. The SCE prescription is [12,13]: (i) Decide on
the order N of the expansion. (ii) Split the potential into
zeroth- and first-order terms parametrically as a function of
N, namely

VðxÞ ¼ V0ðx;NÞ þ V1ðx;NÞ: ð1Þ
Fix this partitioning by demanding some “self-consistent”
criterion, which ensures that the expansion reproduces some
physical property of the system. Crucially, the self-consis-
tency criterion must depend on N. This is akin to verifying
that the new perturbationV1 is “small.” Ideally,V0 should be
a problemwhich is solvable exactly. (iii) Expand the solution
around the problem V0 in powers of V1, up to order N.
The goal of this procedure is to optimize the choice of the

zeroth-order system such that the errors incurred by the
expansion are minimal, as the order N is increased. At its
leading order, the SCE is often equivalent to the variational
method. However, at higher orders the SCE constitutes a
systematic improvement upon it, without introducing any
additional variational parameters. The actual expansion is
technically similar to PT, which is recovered if the
separation of the potential into two terms in step (ii) does
not depend on the order of the expansion N.
So far, the SCE has only been applied to low orders, and

its phenomenal empirical effectiveness [14,18,20,25] was

left unexplained. The goal of this paper is to explore the
large-order properties of the method, by applying it to the
toy model of the classical anharmonic oscillator with a
quartic gx4 nonlinearity, for which PT diverges for any g
[27]. As the difficulties presented by this divergence have
long since been resolved (i.e., by resummation, semi-
classical analysis, instanton effects, etc.), this model pro-
vides an ideal benchmark for the SCE.
The SCE is related conceptually to several other schemes,

such as self-similar perturbation theory [28,29], order-
dependent mapping (ODM) [30,31], optimized perturbation
theory (OPT) [32], and the linear delta expansion (LDE) [33],
most of which were introduced in contexts of high-energy
physics, and which were subsequently applied to problems
such as scattering cross sections in quantum chromodynam-
ics [34,35], spontaneous breaking of supersymmetry [36],
the Gross-Neveu and Nambu–Jona-Lasinio models [37,38],
critical OðNÞ field theory [39], melting and crystallization
[40], Ising and nonlinear σ models [41], and Bose-Einstein
condensation [42,43]. Contrary to these methods, the SCE
offers a flexibility in the condition which determines the
splitting of VðxÞ, and provides criteria which are motivated
physically rather than mathematically. Thus, we study the
SCE and find rigorously its regime of convergence and
convergence rate, and reveal its relationship with the other
schemes and their convergence properties (previously
explored in Refs. [30,44–46]). Moreover, our simplified
approach will allow us to then extend our treatment to the
double well case, higher anharmonicities, many coupled
oscillators, and,most importantly, the complex coupling case
vis-à-vis the Stokes phenomenon.
Our main result is a proof that by imposing self-consis-

tency [i.e., determining the splitting of VðxÞ] through the
moments hx2Mi whereM ¼ MðNÞ, the SCE is a convergent
approximation scheme, and thus, as opposed to PT, does not
require nonperturbative corrections. We show this conver-
gence is exponentially fast anduniform in g > 0, and provide
a lower bounds on its rate at 10−cN with c a constant, if
MðNÞ ∼ N, and also find the rates of convergence for other
scalings of MðNÞ. This is extended to the double-well
potential, showing the SCE can also be formulated around
the oscillator’s origin and still converge to the correct result,
while a PT must instead be expanded around the minima of
the potential.We also show that the SCE compares favorably
against other asymptotic and numerical approximation
schemes, with striking supremacy in the strongly-coupled
regime.We then generalize our results to arbitrary power-law
gjxjq perturbations, as well as to many coupled degrees of
freedom (d.o.f.). Applying the former results for q ¼ 3, and
extending our treatment to the complex parameter plane, we
inspect the Airy function AiðzÞ, a representative WKB
application, where we show that the SCE gives a correct
description of AiðzÞ in the entire z plane, and explore the
manifestation of the Stokes lines of AiðzÞ in this new
formalism.
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The rest of this paper is organized as follows: In Sec. II
we derive the explicit form of the SCE for the partition
function of the classical anharmonic oscillator. Section III
provides the proof of the SCE’s convergence, where we
place bounds on the remainder of the expansion, and
identify the domain of convergence of the self-consistency
parameter MðNÞ. Section IV demonstrates the actual
numerical performance of the SCE, showing good agree-
ment with our analytical results. In Sec. V we show SCE’s
success even in the case of a double-well potential. We
generalize our results to powers q > 0 in Sec. VI, and apply
it to SCE of AiðzÞ in Sec. VII. We briefly sketch an
argument for the SCE’s convergence in the case of many
coupled oscillators in Sec. VIII. Lastly, we offer our
conclusions and outlook for future work in Sec. IX.

II. THE SCE FOR THE
ANHARMONIC OSCILLATOR

A. Divergence of PT

Acanonical example of the limitation of PT is found in the
anharmonic oscillator. The simplest anharmonicity that
keeps global stability is a quartic perturbation, which we
write

VðxÞ ¼ 1

2
γx2 þ g0x4; ð2Þ

with g0 > 0. This potential refines models of ideal binding
interactions and also lends itself toϕ4 field theories. Coupled
to a thermal bath with inverse temperature β, the system is
described completely by a single parameter, the effective
coupling g ¼ g0

βγ2
. Its partition function is then given, up to

constants, by1

ZðgÞ ¼
Z

∞

−∞
e−½12x2þgx4�dx; ð3Þ

It so happens that this partition function has a closed-form
expression,

ZðgÞ ¼
ffiffiffiffiffi
1

8g

s
e

1
32gK1

4

�
1

32g

�
; ð4Þ

where KνðxÞ is the modified Bessel function of the second
kind [47].
One may wish to make a perturbative expansion of Z in

small g, which would correspond to the asymptotic
expansion of the Bessel function for a large value of its
argument. This, however, leads to an asymptotic series
which diverges for all g ([27], Sec. 2),

Z ≠
X∞
n¼0

Z
∞

−∞
e−

1
2
x2 ð−gx4Þn

n!
dx¼

X∞
n¼0

ffiffiffi
2

p

n!
ð−4gÞnΓ

�
2nþ1

2

�
:

ð5Þ

This occurs because the often-useful exchange of summation
and integration,

R ½limN→∞
P

N
n � → limN→∞

R P
N
n is invalid

[48]. More generally, this divergence was expected by virtue
of an argument due toDyson [49]: The system is unstable for
negative g (as the potential would cease to be binding),
therefore its PT must diverge for any g > 0. A similar
situation occurs when evaluating the ground state energy
in the quantum mechanical version of the problem [50,51].
Of course, the divergence of thismodel iswell understood.

In particular, the divergent series (5) is Borel-resummable to
the correct result, and we enjoy the knowledge of the closed-
form solution (4). However, for more interesting problems
this is oftentimes not the case, due to two counts: Chiefly,
some problemsmay not be resummable, (such as the double-
well case which we address in Sec. V) unless PT is
supplemented by nonperturbative effects. Second, the appli-
cation of the resummation procedure presents its own
challenges, such as knowledge of the late PT terms, which
may not be available. Therefore, wewill use the anharmonic
oscillator as a test-bed and show that a convergent series may
instead be obtained by applying the SCE.

B. SCE around a modified oscillator

Reference [12] offers a treatment of the anharmonic
oscillator by expanding its Fokker-Planck equation of
motion. Here we pursue another approach: In the language
of the SCE, instead of expanding the system around the
harmonic term, we expand around a modified harmonic
potential, whose strength is consistently varied to obtain an
optimal approximation. We thus split the potential into two
terms2

VðxÞ¼1

2
Gx2þ

�
1

2
ð1−GÞx2þgx4

�
¼V0ðxÞþV1ðxÞ; ð6Þ

where G is the coefficient of the new harmonic potential
which constitutes our zeroth-order system. However, for any
choice of constant GðgÞ, we run into the same difficulty as
that of a naive expansion, and obtain a divergent series. The
crucial principle of SCE is that G should also depend on
the order of the approximation, so3G ¼ GðN; gÞwhereN is
the order of the expansion. The SCE is then an expansion in
powers of V1 up to N, along with a proper choice of GðNÞ.

1We assume γ > 0. Otherwise, the sign of the quadratic term
should be flipped. The complementary case will be discussed in
Sec. V.

2We denote the adjusted harmonic coefficient by G instead of
Γ which was used in [12], because of the prevalence of gamma
functions in the following calculations. We also differ by our
convention for the coupling strength, denoting it by g instead of g

4
.

3We henceforth completely suppress the dependence of G on
g. We will frequently also drop the explicit dependence on N, but
it is crucial to remember that it exists.
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A drawback of the approach employed in Ref. [12],
which aims to calculate the moments hx2ki, is that the
successive terms in their expansions are obtained by a
recurrence relation. For a given order and moment, these
entail the calculation of all lower moments at the same
order, as well as many higher moments to lower order. We
therefore concentrate on the partition function itself, from
which all moments may be derived.
We wish to evaluate

Z ¼
Z

∞

−∞
e−

1
2
Gx2−½1

2
ð1−GÞx2þgx4�dx; ð7Þ

for which the choice of G is still arbitrary. The perturbative
expansion would then be

Z ¼
Z

∞

−∞
lim
N→∞

e−
1
2
GðNÞx2

×
XN
n¼0

1

n!

�
−
�
1

2
ð1−GðNÞÞx2 þ gx4

��
n
dx; ð8Þ

where n enumerates the order of each term. Again,
swapping integration with the limit is not permissible.
However, if we instead truncate the expansion at a fixed
order N, we may compute a finite-order approximation.
Note that after truncation, we have lost the arbitrariness of
G, whose value now impacts the numeric efficacy of the
approximation. Binomial expansion then gives:

ZðNÞ ¼
Z

∞

−∞
e−

1
2
GðNÞx2 XN

n¼0

ð−1Þn
n!

Xn
l¼0

�
n

l

��
1

2
ð1 −GðNÞÞx2

�
n−l

½gx4�ldx

¼
XN
n¼0

ð−1Þn
n!

Xn
l¼0

�
n

l

�
2l−nð1 − GðNÞÞn−lgl

Z
∞

−∞
e−

1
2
GðNÞx2x2nþ2ldx

¼
XN
n¼0

ð−1Þn
n!

Xn
l¼0

�
n

l

�
2l−nð1 − GðNÞÞn−lgl

�
GðNÞ
2

�
−n−l−1

2

Γ
�
nþ lþ 1

2

�
: ð9Þ

Thus, we find the Nth order expansion of Z,

ZðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2

GðNÞ

s XN
n¼0

�
1 −

1

GðNÞ
�
nXn

l¼0

�
n

l

�
Γðnþ lþ 1

2
Þ

n!

�ð1 − GðNÞÞGðNÞ
4g

�
−l
: ð10Þ

C. The self-consistent criteria for G

Lastly, we require a choice of the function GðNÞ. In the
ODM it is determined solely based on mathematical con-
vergence properties, while for the OPT and the LDE this is
usually done by one of two common criteria: the principle of
minimal sensitivity (PMS), or the principle of fastest appar-
ent convergence (FAC) [32]. The PMS stipulates that sinceG
is a synthetically introduced parameter, it should be fixed to a
value at which the expansion is stationary,

dZðNÞ

dG

����
GPMSðNÞ

¼ 0: ð11Þ

In a related vain, FAC requires that G be fixed so that two
subsequent approximations agree numerically, that is

ZðNÞjGFACðNÞ ¼ ZðN−1ÞjGFACðNÞ; ð12Þ

which is equivalent to demanding that the finaln ¼ N term in
Eq. (10) is zero. Since these schemes require inspection of the

expansion at high order, they are often difficult to implement
explicitly.
In the SCE, G is chosen to be “self-consistent,” in the

sense that as N increases, the expansion still reproduces
faithfully some physical feature of the system. To this end,
in Ref. [12] the authors suggest picking G for which the
first order correction to some even moment hx2Mi vanishes
(i.e., hx2Mið1Þ ¼ hx2Mið0Þ). As this criterion is first-order for
any N, it is easily evaluated, and was found to be ([12],
Eq. (21), up to change of notation of g)

GðMÞ ¼ 1

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16ðMðNÞ þ 2Þg

p
; ð13Þ

where the dependence on N has been abstracted by the
dependence MðNÞ.
We may show that this result is reproduced in our

formulation of the SCE. To first order in the SCE
perturbation, the partition function is

Zð1Þ ¼
ffiffiffiffi
2

G

r
Γ
�
1

2

��
1þ 1

2

��
1 −

1

G

�
−
4g
G

3

2

��
; ð14Þ
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while the corresponding moment x2M would be

½Z · hx2Mi�ð1Þ ¼
�
2

G

�1
2
þM

Γ
�
M þ 1

2

��
1þ

�
M þ 1

2

���
1 −

1

G

�
−
4g
G

�
3

2
þM

���
; ð15Þ

so we can find the first order correction,

hx2Mið1Þ ¼ hx2Mið0Þ
�
1þ

�
M þ 1

2

���
1 −

1

G

�
−
4g
G

�
3

2
þM

��
−
1

2

��
1 −

1

G

�
−
4g
G

3

2

��
: ð16Þ

Demanding that hx2Mið1Þ ¼ hx2Mið0Þ, we get Eq. (13). For convenience we will define the symbol K ¼ M þ 2, so GðKÞ ¼
1
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16gK

p
. The motivation for this notation will become apparent in Sec. VI. A useful inequality for G is then:

max

�
1;
1

2
þ 2

ffiffiffiffiffiffi
gK

p �
< GðKÞ < 1þ 2

ffiffiffiffiffiffi
gK

p
: ð17Þ

A particular convenience of this choice is that

ð1 −GÞG
4g

¼ 1

16g
ð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16Kg

p
Þð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16Kg

p
Þ ¼ −K; ð18Þ

so now the expansion takes the form

ZðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

GðKðNÞÞ

s XN
n¼0

�
1 −

1

GðKðNÞÞ
�
nXn

l¼0

ð−1Þl
�
n

l

�
Γðnþ lþ 1

2
Þ

n!KlðNÞ : ð19Þ

The sum over l may be expressed through the confluent
hypergeometric function 1F1ð−n; 12 − 2n;−KÞ [[52],
Chap. 13], which proves useful for numerical evaluation.
This representation, while not conducive to our proof of
convergence, admits a direct error estimate which is
explored in Appendix A.
It now remains to be seen whether this expansion is

convergent, and if so, whether it is equal to the required
partition function, namely if

lim
N→∞

ZðNÞ¼? Z: ð20Þ

Reference [12] employs the choice ofMðNÞ ¼ N. While
this produced good results empirically for small N, the
convergence of this approximation as N tends to infinity
was left unexplored. We will proceed to show that the
sequence ZðNÞ, with M ∝ N and a sufficiently large
proportionality constant, converges to the exact result in
the limit of N → ∞. A ratio M=N of unity, as in Ref. [12],
is adequate, but not optimal.

III. CONVERGENCE PROPERTIES
OF THE SCE

Let us state and prove our main result for the
convergence properties of the SCE; its relation to the
convergence properties and their proofs for the related
schemes mentioned above will be discussed at the end of
this section. We will show that the following proposi-
tion holds:

Proposition 1. Let the self-consistently conserved
moment4 hx2MðNÞi scale as MðNÞ ∼ Np. Then depending
on the value of p,
(1) For 0 ≤ p < 1, the SCE is divergent, with

limN→∞ZðNÞ ¼ ð−ÞN∞.
(2a) For 1 ≤ p < 2, the SCE converges to the correct

result, limN→∞ZðNÞ ¼ Z. Convergence is uniform
for any g > 0, and its rate is bounded by
exp f−AN2−p − BðgÞN1−p=2g, where A;B > 0 are
independent of N, and A is independent of g.

(2b) The borderline case p ¼ 1 converges, uniformly and
exponentially fast, only if α≡MðNÞ=N is suffi-
ciently large. Below we estimate the minimal sat-
isfactory value, and find AðαÞ and Bðα; gÞ.

(3) For p > 2, the expansion is convergent. Unfortu-
nately, limN→∞ZðNÞ ¼ 0.

Case 1 is a trivial reproduction of the divergence of
standard PT, and will be shown in Appendix A. We now
concentrate on cases 2 and 3, and most specifically on 2(b).
These results will be generalized to any arbitrary anhar-
monicity gjxjq in Sec. VI, where case 2 corresponds to
1 ≤ p < q

q−2 ¼ 1þ 2
q−2, and the convergence rate will be

replaced by exp f−AN1−ðp−1Þðq−2Þ=2 − BðgÞN1−pð1−2=qÞg.

4We will see in Sec. VI that while the moment M carries a
physical interpretation, its mapping to K is model-specific, and
depends on details such as system dimensionality and the exact
form of the perturbation. For more complicated problems, the
exact mapping might not be attainable explicitly. Therefore, our
perspective on the SCE’s properties focuses onMðNÞ, and not K.
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A. Convergence to Z and its rate

For our proof we will denote explicitly the limiting
operations involved in the definitions of the summations of

infinite series, in order to emphasize that we never stumble
into the same pitfall as regular perturbation theory. Our
proof begins by examining:

lim
N→∞

ZðNÞ ¼ lim
N→∞

Z
∞

−∞
e−

1
2
GðKðNÞÞx2XN

n¼0

1

n!

�
−
�
1

2
ð1 −GðKðNÞÞÞx2 þ gx4

��
n
dx

¼ lim
N→∞

ffiffiffiffi
2

G

r Z
∞

0

e−u
XN
n¼0

1

n!

�
−
�
1

2
ð1 − GÞ 2u

G
þ g

�
2u
G

�
2
��

n duffiffiffi
u

p

¼ lim
N→∞

ffiffiffiffi
2

G

r Z
∞

0

e−u
XN
n¼0

1

n!

�
1 −

1

G

�
n
�
u −

4g
GðG − 1Þ u

2

�
n duffiffiffi

u
p

¼ lim
N→∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðNÞ

GðKðNÞÞ

s Z
∞

0

e−Kv
XN
n¼0

KnðNÞ
n!

�
1 −

1

GðKðNÞÞ
�

n
vnð1 − vÞn dvffiffiffi

v
p : ð21Þ

Indeed, this equation is similar to Eq. (8), apart from the
flip of integral and limit. We stress that we do not assume
a priori that this exchange preserves the value of the
expansion. The aim of this proof is to show that this is true
only under certain restrictions on KðNÞ ¼ MðNÞ þ 2.
Inside the integral we have the exponential function’s
Taylor series. It is evident that if this would be summed
to infinity (i.e., the limit was inside the integral), we would
return to the original integral (7), whose result is indepen-
dent of N. Thus, the error associated with the expansion is
due to the remainder of the Taylor series, which is truncated
before integration.
We note that the integrand has three distinct regions

where its behavior is qualitatively different:

D1 ¼ ½0; 1�; D2 ¼ ½1;∞Þ ¼ D2A ∪ D2B;

D2A ¼ ½1; 2�; D2B ¼ ½2;∞Þ: ð22Þ

These domains correspond to the regions where each term
in the potential V1 dominates: in D1 it is the harmonic term
while in D2 it is the quartic. We thus denote the remainders

due to domainD1 andD2 as R
ðNÞ
1 and RðNÞ

2 , respectively, so
we have

lim
N→∞

ZðNÞ ¼ lim
N→∞

½Z þ RðNÞ
1 þ RðNÞ

2 �: ð23Þ

B. The domain D1

In this domain, the remainder can be bounded explicitly.
The error is negative, and is the sum of the truncated terms
in the exponent’s Taylor series:

−RðNÞ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðNÞ

GðKðNÞÞ

s Z
1

0

e−Kv
�
lim
L→∞

XL
n¼Nþ1

KnðNÞ
n!

×

�
1 −

1

GðKðNÞÞ
�

n
vnð1 − vÞn

�
dvffiffiffi
v

p : ð24Þ

We note that the summand is positive for all v in D1;
also, as the terms in the sum are independent of the upper
limit L (which, by construction, is not true when we sum up
to N, such as in Eq. (21)) we find that the partial sums over
n constitute a monotonically increasing sequence in L.
Thus, by the monotone convergence theorem, we may take
liberty to swap the order between integration and the limit
of L, and integrate term by term. We then find

−RðNÞ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðNÞ

GðKðNÞÞ

s X∞
n¼Nþ1

�
1 −

1

GðKðNÞÞ
�

n KnðNÞ
n!

×
Z

1

0

e−Kvvnð1 − vÞn dvffiffiffi
v

p

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðNÞ

GðKðNÞÞ

s X∞
n¼Nþ1

�
1 −

1

GðKðNÞÞ
�

n KnðNÞ
n!

×
Z

1

0

e−Kvvne−nv
dvffiffiffi
v

p

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s X∞
n¼Nþ1

�
1 −

1

GðKðNÞÞ
�

n

×

�
KðNÞ

KðNÞ þ n

�
nþ1

2 Γðnþ 1
2
Þ

n!
: ð25Þ

Next, we use Gaustchi’s inequality [[52] Eq. (5.6.4)]

x1−s < Γðxþ1Þ
ΓðxþsÞ for s < 1. With x ¼ n and s ¼ 1

2
it reads

Γðnþ1
2
Þ

Γðnþ1Þ < n−
1
2, leaving us with
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−RðNÞ
1 <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s X∞
n¼Nþ1

�
1 −

1

GðKðNÞÞ
�

n
�

KðNÞ
KðNÞ þ n

�
nþ1

2 1ffiffiffi
n

p

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s
1ffiffiffiffiffiffiffiffiffiffiffiffi

N þ 1
p

X∞
n¼Nþ1

�
1 −

1

GðKðNÞÞ
�

n
�

KðNÞ
KðNÞ þ N0

�
nþ1

2

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s ffiffiffiffiffiffiffiffiffiffiffi
K2

ðN0Þ3

s �
1 −

1

GðKðNÞÞ
�

N0� KðNÞ
KðNÞ þ N0

�
N0−1

2

; ð26Þ

where we have introduced the shorthand notation N0 ¼ N þ 1. This error indeed decays to zero regardless of the choice of
KðNÞ, as the ratios which are exponentiated are both smaller than unity for all K.

C. The domain D2

In this domain, the integrand alternates in sign as ð−1Þn, which prevents us from using the monotone convergence
theorem. However, the Taylor series in Eq. (21) now represents a negative exponent, so its remainder may be bounded with

the Lagrange remainder form je−x −PN
n¼0

ð−xÞn
n! j < xNþ1

ðNþ1Þ!, with x ¼ vðv − 1Þ. We thus have

ð−1ÞNRðNÞ
2 <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðNÞ

GðKðNÞÞ

s Z
∞

1

e−Kv
KN0 ðNÞ
N0!

�
1 −

1

GðKðNÞÞ
�

N0

vN
0−1

2ðv − 1ÞN0
dv

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðNÞ

GðKðNÞÞ

s
e−K

KN0 ðNÞ
N0!

�
1 −

1

GðKðNÞÞ
�

N0 Z ∞

0

e−Kvðvþ 1ÞN0−1
2vN

0
dv: ð27Þ

Separating the integral into the domains corresponding to (the now shifted) D2A and D2B, in D2A we have

Z
1

0

vN
0 ðvþ 1ÞN0−1

2e−Kvdv <
Z

∞

0

vN
0 ð2ÞN0−1

2e−Kvdv ¼ 2N
0−1

2

KN0þ1
N0!: ð28Þ

For D2B, we write

Z
∞

1

vN
0 ðvþ 1ÞN0−1

2e−Kvdv <
Z

∞

1

vN
0 ðvþ 1ÞN0

e−Kvdv: ð29Þ

We now wish to find the maximum of this integrand,5 which occurs at6

v ¼ 1

2

 �
2N0

K
− 1

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2N0

K

�
2

þ 1

s !
<

2N0

K
: ð30Þ

Next, we observe the fact that the function lnðvÞ þ ln ðvþ 1Þ is strictly concave in the domain ½1;∞Þ. Thus, the function is
bounded from above by any line tangential to it at any point v0 of our choosing. Wewould like to optimally approximate the
peak of the integrand; however, that would produce a horizontal tangent, and consequentially a divergent integral.
Therefore, we pick v0 ¼ 2N0=K which is in the vicinity, but to the right of the peak, thus producing a negative slope for the
tangential approximation, effectively attenuating the integrand as v tends to infinity. We so proceed to bound

5Admittedly, we could have bounded the integral in a way similar to D2A, namely
R
∞
1 vN

0 ðvþ 1ÞN0
e−Kvdv <

R
∞
1 vN

0 ð2vÞN0
e−Kvdv,

and get a factor of ð2NÞ! instead of 2NN!. However, it turns out that this bound is a bit looser, and only shows convergence for
M=N > 1.04. We go the extra mile so we can show that M ¼ N, as used in Ref. [12], leads to convergence as well.

6For K > 2N, this maximum lies outside the domain of integration, as 2N=K < 1. However, this maximum still bounds the integrand
from above. In any case, bounding the convergence error is much easier if K > 2N, so we proceed with the analysis while assuming
K < 2N.
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lnðvÞþ lnðvþ1Þ≤ lnðv0Þþ lnðv0þ1Þþ
�
1

v0
þ 1

v0þ1

�
ðv−v0Þ: ð31Þ

In total, we now getZ
∞

1

vN
0 ðvþ 1ÞN0

e−Kvdv ≤
Z

∞

1

vN
0

0 ðv0 þ 1ÞN0
e
−KvþN0 2v0þ1

v0ðv0þ1Þ
ðv−v0Þ

dv ¼ 2

K

�
2N0

K

�
N0�

2N0

K
þ 1

�
N0þ1

e−2N
0þK

2
− K2

2N0þK: ð32Þ

Collecting the contributions of D2A and D2B, we finally find

ð−1ÞN0
RðNÞ
2 <

ffiffiffiffi
2

G

r �
1 −

1

G

�
N0�

2N
0
e−Kffiffiffiffiffiffiffi
2K

p þ 2

K
ð2N0Þ
N0!

N0�
2N0

K
þ 1

�
N0þ1

e−2N
0−K

2
− K2

2N0þK

	
: ð33Þ

D. Domain of convergence

Summing the magnitudes of the remainders from both domains, we get a total error bound of

RðNÞ ¼ jZðNÞ−Zj ¼ jRðNÞ
1 þRðNÞ

2 j< jRðNÞ
1 jþ jRðNÞ

2 j

<

ffiffiffiffi
2

G

r �
1−

1

G

�
N0� ffiffiffiffiffiffiffiffiffiffiffi

K2

ðN0Þ3

s �
K

KþN0

�
N0−1

2þ2N
0
e−Kffiffiffiffiffiffiffi
2K

p þ 2

K
ð2N0Þ
N0!

N0�
2N0

K
þ1

�
N0þ1

e−2N
0−K

2
− K2

2N0þK

	
: ð34Þ

We can see that all the terms above scale exponentially
with N. Convergence would thus require a choice of
MðNÞ ¼ KðNÞ − 2 for which the base of this exponent
is smaller than unity. Apart from the prefactorffiffiffi

2
G

q
ð1 − 1

GÞN
0
, all the terms inside the braces are indepen-

dent of g. Let us start from the case MðNÞ ¼ αN for
constant α, and N;MðNÞ ≫ 1:

(i) The first term scales as ð M
MþNÞN , resulting from a

geometric progression. This is evidently smaller
than unity for any choice of MðNÞ. However, note
that if M is superlinear in N, then the ratio M

MþN
would approach 1 as N increases, so convergence
would be hindered.

(ii) The second term scales as 2Ne−M ¼ ð2e−αÞN . This
would require us to pick a minimal value of
α > ln 2 ≈ 0.693.

(iii) The last term scales as

2NNN

N!

�
2N
M

þ 1

�
N
e−2N−M

2
− M2

2NþM

∼
�
2

�
2

α
þ 1

�
e−1−

α
2
− α2

αþ2

�
N
: ð35Þ

The exponentiated expression is monotonically de-
creasing with α, and reaches unity for the numeri-
cally obtained critical value of7

αc ≈ 0.976: ð36Þ

Moreover, one now observes that the error bound above
increases for α which is too large, as the first term ∼ð α

αþ1
ÞN

approaches 1. It is then apparent that an optimum exists,
where the dominance in the bound shifts from the third
term to the first. This will occur when (neglecting the
prefactors)

2

�
2

α
þ 1

�
e−1−

α
2
− α2

αþ2 ≈
α

αþ 1
: ð37Þ

This equation is satisfied for

α� ≈ 1.317; ð38Þ

for which the exponential rate of convergence is at
least 10−0.245N .
Additionally, we estimate the contribution of the factor

ð1 − 1
GÞN , �

1 −
1

G

�
N
< e−

N
G < e−

1
4

ffiffiffi
N
gα

p
; ð39Þ

where we have assumed
ffiffiffiffiffiffi
gK

p
> 1

2
. Thus, this factor

behaves as a stretched exponent. We note its sign corre-
sponds to the sign of the quadratic potential; for a double
well [γ < 0 in Eq. (2)], the argument of the stretched
exponent would be positive, but it would still be over-
whelmed for large N. This case is discussed further
in Sec. V.

7We note that this does not imply that the expansion diverges
for α < αc; it is simply the lowest value for which this proof is
still applicable. Numerically, one witnesses what seems to be
convergent behavior for α as low as ∼0.8.
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In total, we expect the large-N error to scale asymptoti-
cally as

RðNÞ ¼ Oð10−AðαÞN−Bðα;gÞ ffiffiffiNp
Þ; ð40Þ

where the bound on AðαÞ is

AðαÞ ¼
8<
:

−log10


2


2
α þ 1

�
e−1−

α
2
− α2

αþ2

�
; α < α�

−log10



α
αþ1

�
; α > α�

: ð41Þ

Furthermore, since 1 − 1=G ≤ 1, we may loosen the
bound and get

jZðNÞ − Zj <
ffiffiffiffiffiffiffiffiffiffiffi
2K2

ðN0Þ3

s �
K

K þ N0

�
N0−1

2 þ 2N
0
e−K

K

þ
ffiffiffi
8

p

K
ð2N0Þ
N0!

N0�
2N0

K
þ 1

�
N0þ1

e−2N
0−K

2
− K2

2N0þK;

ð42Þ
which depends only onN and not on g. This implies that for
any desired level of accuracy, onemay find towhich order the
expansion needs to be evaluated, regardless of the coupling
strength. This concludes the proof that the expansion is
uniformly convergent, case 2(b) of Proposition 1.
Finally, if M ∼ Np with p > 1, then αðNÞ is increasing

and will eventually surpass α�. The error will then be
dominated by the first term, and have the functional form

ffiffiffiffi
2

G

r ffiffiffiffiffiffiffi
M2

N3

s �
1 −

1

G

�
N
�

M
M þ N

�
N

∼ N−p
4Np−3

2

�
1 −

1

Np=2

�
N
�
1 −

N
Np

�
N

∼ N
3
4
ðp−2Þe−N1−p=2

e−N
2−p
: ð43Þ

This shows the convergence of the method in case 2(a) of
Proposition 1.
Note that for p > 2, this error is algebraically divergent

due to the first factor, and recalling that RðNÞ
1 is negative, we

have that ZðNÞ ≤ Z. However, this bound does not imply
thatZðNÞ could not converge after all. In order to prove case
3, we proceed by a different approach: Consider the inner
summation over l in Eq. (19). The maximal term in the sum
would be at the index l which is the integer closest to the
solution of

ðn − lÞð2nþ 2lþ 1Þ
2Kðlþ 1Þ ¼ 1; ð44Þ

which is quadratic in l. Only one of its roots is positive, so
there exists at most a single peak for 0 ≤ l ≤ n. We find the
value of K for which this peak occurs at l ¼ 0 to be

K ¼ M þ 2 > n2 þ 1

2
n; ð45Þ

which would be satisfied for all values of n ¼ 0; 1;…; N if
we take

MðNÞ > N2 þ 1

2
N: ð46Þ

If MðNÞ ∼ Np with p > 2, then for sufficiently large N,
the condition above will be satisfied. We now have, for a
given n, a monotonically decreasing alternating sum in l. It
is bounded by the first term in the sum, l ¼ 0 (which is
positive), so we have

ZðNÞ <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s XN
n¼0

�
1−

1

GðKðNÞÞ
�
nΓðnþ 1

2
Þ

n!

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s XN
n¼0

Γðnþ 1
2
Þ

n!

¼!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

GðKðNÞÞ

s
2ΓðNþ 3

2
Þ

N!

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

GðKðNÞÞ

s
2ðNþ1Þ!= ffiffiffiffiffiffiffiffiffiffiffiffi

Nþ1
p

N!

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðNþ1Þ
ðgMÞ1=2

s
∼N−p−2

4 → 0; ð47Þ

since we assumed p > 2. Thus, we have proved all cases of
Proposition 1.

E. Comparison with results for related methods

It is instructive to compare the results we have shown
here with those obtained for the ODM/OPT/LDE schemes.
Following arguments by Zinn-Justin and Seznec [30],
Buckley, Duncan, and Jones showed [44] that the sequence
ZðNÞ converges to ZðgÞ if the modified harmonic coef-
ficient G scales as ∼

ffiffiffiffiffiffi
gN

p
, and that G ≈ 2.30

ffiffiffiffiffiffi
gN

p
is the

asymptotic solution to the PMS condition, so that the PMS
ensures convergence. This scaling would correspond to
MðNÞ ∼ N in Proposition 1, and to an optimal α� ¼ 1.325.
Convergence was subsequently extended to a wider scaling
range, equivalent to M ∼ Np with 1 ≤ p < 2, by Guida,
Konishi, and Suzuki [[46] Appendix B], who also showed
that at large order the FAC criterion produces a similar
condition forG as the PMS. However, these sources neither
provided estimated rates of convergence away from the
PMS solution, nor a precise functional form of the
expansion error for p ≠ 1. Furthermore, these proofs relied
on knowledge of the approximate location of the PMS
solution, and subsequently also on the analytic structure of
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the expanded function ZðgÞ; this information might not be
available in systems other than the most simple.
Though we have obtained slightly looser bounds for the

error at G which satisfies the PMS (i.e., our optimal α), our
proof offers several improvements over that of Buckley
et al.: (i) We estimate the minimal proportionality constant
M=N necessary for convergence. (ii) Our error bound is
applicable to any monotonic arbitrary function MðNÞ, and
thus any GðNÞ. (iii) Our proof covers even values of N, and
dispenses with the need that the approximants satisfy
ZðNÞ < Z. (A simplified argument, which recovers the
convergence rate of Ref. [44] but for all N, is given in
Appendix A.) (iv) The derivation does not require an
a priori knowledge of the required scaling of G. (v) We
solve for the general case of a nonzero harmonic term in the
original potential.
Thanks to the simplified analysis, in the following

sections our results will extend naturally to the many-
oscillators and double-well cases, and generalize to arbi-
trarily high anharmonicities and the complex g plane.
To conclude this discussion, the treatment above estab-

lishes the equivalence of the SCE with the other methods in
the large order limit. Namely, the SCE optimum for G
coincides with that of the PMS and FAC criteria. However,
the SCE procedure is easily posed and solved explicitly,
and its implementation generates its own effective coupling

1 − 1=G. Moreover, we will see that the SCE has additional
intrinsic appeal, as the linear relation M ¼ αN will repeat-
edly yield the optimal convergence rate, even for different
anharmonicities.

IV. NUMERICAL RESULTS

In order to demonstrate the properties of SCE, the
expansion in Eq. (19) was evaluated in Mathematica
[53], and was compared against a direct evaluation of
Eq. (4). Mathematica was chosen by virtue of its ability to
evaluate both to arbitrary numerical precision [53].
However, this precluded the usage of floating-point values
of g and α; instead we only evaluate rational values. In
particular, instead of evaluating at α� ≈ 1.317 [cf. Eq. (38)],
we use α̃� ¼ 4

3
. It is also worth noting that the summand in

the summation over the index l in Eq. (19) is wildly
alternating, in the sense that delicate cancellations occur
between terms of opposite signs, and the total sum for a
given n may be many orders of magnitude smaller than any
individual term. Thus, for a given total precision of the
expansion, we empirically find that intermediate calcula-
tions need to be carried out with roughly ∼3 times as many
significant digits.
Figure 1(a) depicts the convergence properties of the

SCE as a function of α. It shows the error of the expansion
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Num. error, N 21
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The last term, n N
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FIG. 1. Performance of the SCE versus the parameter α and order N. (a) Relative error of the SCE as a function of α ¼ MðNÞ=N. g is
fixed at 1. Shown are measured errors for N ¼ 20 and 21. Also plotted is the analytical bound from Eq. (34), and the last, n ¼ N term in
Eq. (19) (after summation over l, forN ¼ 20). The analytical bound is quite loose, while the n ¼ N term is a much better estimator of the
error of the approximation, especially for α < α�—this property is explored in Appendix A. All the graphs exhibit an optimum choice in
the vicinity of α ¼ 1.3, close to our estimated α� ≈ 1.317 [Eq. (38)], marked by the vertical dashed line; note that this value was
calculated in the limit of N ≫ 1. The different behavior of N ¼ 20 and N ¼ 21 at optimum is explained in the text. (b) Convergence of
the SCE at high order. Plotted are the relative errors of the SCE expansion of the partition function ZðNÞ versus the order N (markers).
These are plotted forM ¼ αN with α ¼ 1, 2, and 4

3
, in order of merit (blue, purple, and yellow, respectively). The coupling g is fixed at 1.

The vertical axis reflects the number of significant digits successfully reproduced by the expansion. The data was fitted with a trend of
the form 10−AN−B

ffiffiffi
N

p þC, corresponding to our analytical bound (continuous lines). The fits achieve a χ2 value of∼10−2 (χ2 is defined in the
text). Though even orders admit better accuracy,we evaluate at odd orders tomitigate the sensitivity of the fittedparameters to the exact choice
of α near its optimum (cf. the left panel). The fitted values for the coefficient A are 0.072, 0.200, and 0.283, for α ¼ 1, 2,
and 4

3
, respectively, representing the minimal amount of decimal places obtained per increment of N. The lower bounds for AðαÞ as

predicted by Eq. (41) are 0.018, 0.176 and 0.243, in agreement with the numerical results. The minimal error shown is roughly 1.5 × 10−92.
Note that in order to obtain this many accurate digits, the intermediate calculations had to be performed with over 300 digit precision.
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for two orders, N ¼ 20 and 21, as well as the bound on the
error given by Eq. (34), for a moderate coupling strength
g ¼ 1. Lastly, the final n ¼ N term of the expansion is
plotted for N ¼ 20. The analytical bound captures the
qualitative behavior of the error, but the last term provides
an estimate for the error which is much tighter. This is
explored further in Appendix A.
All four error measures exhibit an optimum in the

vicinity of α ≈ 1.3, close to the analytic value we deduced
for α�. We argued that this point occurs when the
dominant domain in the error shifts from D1 to D2.

Recall that RðNÞ
1 is always negative, while RðNÞ

2 alternates
in sign as ð−1ÞN . If these are continuous functions of α,
then at α� they should have equal magnitudes. This would
imply that for N which is even, at the optimum point they
cancel each other to achieve zero error. Indeed, in
Fig. 1(a), the expansion with N ¼ 21 is somewhat better
than N ¼ 20 far from α� (due to the exponential con-
vergence in N), but close to α�, N ¼ 20 affords a better
approximation. In fact, we note that the location of α�

represents the solution of the PMS condition, since (our
bound for) the remainder is stationary there for odd N;
however, whereas the SCE works equally well for even or
odd N, the PMS breaks down for even N [44], despite the
fact that the remainder could be canceled completely at
even orders.
Next, in Fig. 1(b) we push the SCE to large order,

evaluating it up to N ¼ 301. This is performed for g ¼ 1

andwith α ¼ 1 (as in Ref. [12]), 2 and 4
3
, as an approximation

to our estimate for α� and the location of the optima visible in
Fig. 1(a). The resulting relative errors are fitted with a
curve of the form 10C−AN−B

ffiffiffi
N

p
, according to Eq. (40).

These fits all achieve a value of χ2 ∼ 10−2, defined

as χ2¼½1L
P

NðC−AN−B
ffiffiffiffi
N

p
−log10jRðNÞ=ZjÞ2�12, where

RðNÞ=Z is the relative error, the sum is over all the data
points, and L is their number. Discarding the stretched
exponent by setting B ¼ 0, χ2 jumps to about ∼0.2. The
fitted values for the parameter A are 0.072, 0.200 and 0.283,
for α ¼ 1, 2, and 4

3
, respectively. These are in agreement with

the bounding values 0.018, 0.176, and 0.243, given
by Eq. (41).
We continue with a comparison of the SCE with

other asymptotic and numerical approximation schemes.
These include the methods of super and hyperasymptotics
[1,5,54], Borel remainder summation [4,27], Padé
approximants [8], and the Chebyshev τ method due to
Lanczos [55]. For an outline of these methods, refer to
Appendix B.
A comparative plot of all techniques is shown in Fig. 2

for different values of weak g. By definition, superasymp-
totics are evaluated up to the least term of PT, which occurs
at N0 ¼ 1

16g (round down). Hyperasymptotics are evaluated
up to level 3 (or less, if the procedure halts before). To make

a “fair” comparison, the SCE, Padé, and τ methods are
evaluated at N ¼ N0, though in principle they converge
as N → ∞.
A striking result of Fig. 2 is the similarity of the errors

produced by SCE (at order N0 ¼ 1
16g) and hyperasymp-

totics. This can be explained by the error estimates of both:
Revisiting Eq. (39), we can bound
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FIG. 2. A comparison of the SCE with other asymptotic and
numeric schemes, in order of merit (see Appendix B): Super-
asymptotics (i.e., truncation of PT at the least term) [1]; Borel
resummation of the superasymptotic remainder [[27] Sec. 7.2];
Padé approximants of PT [8]; 3rd level hyperasymptotics [5,54];
SCE (with α ¼ 4=3); and Lanczos’s Chebyshev τ approximations
of ZðgÞ [55]. Since the Padé, SCE, and Lanczos methods
converge and thus can be evaluated to arbitrary order, we choose
to compare them with the asymptotic methods at the same order
N ¼ N0 ¼ 1

16g as that used in the superasymptotic expansion.
(a) The relative error of the SCE. The horizontal axis is the
singulant F ¼ 1

16g (cf. Subsection B.2), and at each point the SCE
is evaluated to order N0 ¼ F, which is the same truncation as the
superasymptotic scheme. The line segments are a guide to the
eye. (b) The errors produced by the other methods, relative to that
produced by the SCE (i.e., the data was normalized by that shown
in the top panel). The line segments are a guide to the eye. When
evaluated at the same order, the SCE outperforms superasymp-
totics, Borel tail resummation, and the Padé approximants. Note
the extremely similar errors produced by the SCE and hyper-
asymptotics, which is formally of order 2N0; this is discussed in
the text. Lastly, the Chebyshev τ method appears more accurate
than the SCE, but only because of the specific truncation at
1=16g. In the large-N limit, the SCE is more rapidly convergent,
as demonstrated in Fig. 3(b). The dominance of the SCE in the
strongly coupled regime is not manifest in this comparison, since
for g ≫ 1 the superasymptotic truncation occurs at N0 ¼ 0;
however, for fixed and finite N, the SCE is vastly superior in
this scenario, as depicted in Fig. 3(a).
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�
1−

1

GðN0Þ
�

N0 ¼
�
1−

1

1
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ16gð α

16gþ2Þ
q �

N0

≈
�
1−

1
1
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffi
1þα

p
�

N0

≈e−1.57N0 ; ð48Þ

where we have substituted α ¼ 4
3
. Notably, at this truncation,

we do not yet witness the stretched-exponential behavior
which occurs at large N, but rather a regular exponent.
Adding the factor ð α

αþ1
ÞN0 ¼ e−0.56N0 [Eq. (40) and Eq. (41)],

we find that the SCEat order 1
16g has an error bound that scales

as ∼e−2.12N0 . Substituting the numerically fitted uniform
factor 10−0.283N ¼ e−0.65N [cf. Fig. 1(b)], an even smaller
error of ∼e−2.22N0 is obtained. In comparison, examining the
exponential factors in Eq. (B24), we see a scaling of
exp f−ð1þPS

s¼1
ln 2
2s−1

ÞN0g with S ¼ − log2 ð16gÞ. For 2
and 3 stages, the scaling so obtained is e−2.04N0 and
e−2.21N0 , respectively, very close to the scaling for infinitesi-
mal g (when S is very large), e−ð1þ2 ln 2ÞN0 ≈ e−2.386N0 [5,54].
This implies that the SCE to order N0 produces an error
comparable with the hyperasymptotic trans-series at levels
2 and 3. However, the SCE requires onlyN0 terms to achieve
this, compared to ∼ 3

2
N0 or ∼ 7

4
N0 terms required by hyper-

asymptotics at these stages. If compared with hyperasymp-
totics when carried through to its conclusion, halting at
roughly 2N0 terms with an error of order e−2.386N0, then at
order 2N0 the SCE would result in an error of order

ð1 − 1
1
2
þ1

2

ffiffiffiffiffiffiffiffiffiffiffi
1þ2×α

p Þ2N0ð α
αþ1

Þ2N0 ≈ e−3.44N0 , which is about 44%

faster in terms of its dependence on N0.
We also wish to compare the SCE with convergent

methods of approximation. For this comparison, we can
again decouple g and the truncation order N. From Fig. 2
one may deduce that the SCE is numerically comparable to
the Padé approximants, and inferior to the Chebyshev τ
method, but that is misleading. First, the immediate
advantage of the SCE over the other methods is its uniform
convergence in g for all positive values, and in particular for
g≳ 1, a domain which was not represented in Fig. 2, since
there the superasymptotic series is trivial (truncated at the
zeroth term) for g > 1

16
. Both the Padé approximants and

the τ approximations are rational functions of g, where the
numerator and denominator are of identical order in g; as
such, for a fixed order N, they will tend to a constant as
g → ∞. ZðgÞ decays to zero for g → ∞ (the anharmonicity
compresses the oscillator’s spatial distribution), so the
relative error of these schemes will diverge for larger g.
The SCE’s supremacy over these techniques for larger
couplings is demonstrated in Fig. 3(a).
Second, we contend that even for g ≪ 1, while the SCE

is initially less accurate, it overtakes other methods at high
enough orders. We show this numerically in Fig. 3(b) for
g ¼ 1

100
. The SCE converges markedly faster than the Padé

approximants for any N, while for smaller N it is out-
performed by the τ method. However, at sufficiently large
order—N ≈ 180, in this case—the SCE overtakes it. This
crossover point depends on g; for example, for g ¼ 2

100
, it
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FIG. 3. Comparison of the SCE against numerical methods. (a) The relative error produced by SCE, Padé approximants [8] and the
Chebyshev τ method [55] versus g (see Appendix B). All methods are evaluated at N ¼ 13; the SCE is evaluated with α ¼ 4

3
. The SCE

outperforms the Padé approximants across a wide range of values for g, and outperforms the τ method for g≳ 0.1. This holds for other
values of N as well. As g grows larger, the relative errors of the Padé and τ approximations diverge, though the approximations
themselves are finite. The dashed red line shows the ultimate error of the SCE for g → ∞, about 7.83 × 10−6. This value was calculated
by comparing the coefficients of g−

1
4 in the large-g expansions of Eq. (4) [which is 1

2
Γð1

4
Þ] and Eq. (19) [obtained by taking 1 − 1=G → 1

and
ffiffiffi
2
G

q
→ ðgKÞ−1

4]. The sharp dip in the error of the τ method near g ≈ 150 is due to the error switching signs across that value, so at the

crossover the relative error vanishes. This does not occur with the SCE since we evaluate at an odd orderN [cf. Fig. 1(a)]. (b) The relative
error produced by the same methods versus the approximation order N, up to order 200. All methods are evaluated at g ¼ 0.01; the SCE
is evaluated with α ¼ 4

3
. The SCE is consistently more accurate than the Padé approximants, and it supersedes the τ method at roughly

N ¼ 180, which depends on the value of g.
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occurs as early as N ¼ 90. It is also worth mentioning that
at a given order, evaluating the SCE is much quicker than
any of the other methods.

V. NONPERTURBATIVE SCE:
THE DOUBLE-WELL POTENTIAL

Now that the convergent nature of the SCE has been
observed, we can examine a more intricate case, that of the
double-well potential, corresponding to a negative quad-
ratic part of the potential [γ < 0 in Eq. (2)]. This has the
effect of flipping the sign of the quadratic term in Eq. (3). It
is an interesting test case, since the quadratic Hamiltonian
alone is not stable, and thus the PT expansion must be
performed about the minima of the potential, instead of
around g ¼ 0 and the x origin. However, we will show that
the SCE captures the correct partition function even when
expanding around a harmonic zeroth order approximation.
The partition function is now given by

ZðgÞ ¼ πffiffiffiffiffiffiffiffi
16g

p e
1
32g

�
I1
4

�
1

32g

�
þ I−1

4

�
1

32g

��
; ð49Þ

with IνðxÞ the modified Bessel functions of the first kind
[47]. Carrying through the same analysis as in Sec. II, we
find that now the self-consistent harmonic coefficient G
becomes

GDWðMÞ ¼ −
1

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16gðM þ 2Þ

p
> 0; ð50Þ

where we have chosen the positive root for G, so that the
integrals of exp ð− 1

2
Gx2Þ are convergent. We then find

that the SCE for the double-well partition function is the
same power series as (19), apart from the replacement
ð1 − 1=GÞ → ð1þ 1=GÞ > 1.
In Sec. III we established that the exponential conver-

gence of the SCE was due to the large-N scaling of its
coefficients. For the double-well potential, these coeffi-
cients are unchanged and exponential convergence is
preserved. However, the factor ð1 − 1=GÞN, which previ-
ously contributed a decaying stretched exponent, now
becomes a divergent ð1þ 1=GÞN factor. Furthermore, note
that the small-Mg limit of Eq. (50) gives GDW ¼ 0 and not
1, so that at low orders, G−1 ≈ ð4gMÞ−1 is very large.
However, at large order, this factor behaves again as a
stretched exponent, which will eventually be overwhelmed
by the exponential convergence for sufficiently large N,
once [cf. Eq. (39) and Eq. (41)]

N ≥ Ncðα; gÞ ¼ −

ffiffiffiffiffiffiffiffiffiffi
1

16gα

s �
ln

�
α

αþ 1

�
: ð51Þ

For our optimal α� ≈ 4
3
, this is satisfied already at order

N ¼ 1 for g≳ 0.2. This convergence is demonstrated in
Fig. 4(a). The positivity of the stretched exponent implies
that for the double-well system, convergences is not uni-
form for all g > 0, but only for g ≥ ϵ > 0, i.e., on any
interval of finite g. This is of course unavoidable, since at
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FIG. 4. The convergence of the SCE for the case of a double-well potential. We examine the barely binding case of g ¼ 0.01, so that
the differences between this case and the previous sections are accentuated. (a) The double-well counterpart of Fig. 1(b): Shown is the
numerical accuracy of the SCE, evaluated for α ¼ 1, 2, and 4

3
(markers). Note that all three trends converge, though for the α ¼ 1 case,

the exponential convergence has barely begun to rein in the divergent stretched exponent atN ≈ 200, showing that a proper choice of α is
critical to the effectiveness of the approximation. All points are evaluated at odd order [cf. Fig. 1(a)]. Against the data we fit a trend line
of the form 10C−ANþB

ffiffiffi
N

p
(solid lines), and the fitted values of A are 0.075, 0.197, and 0.282 for α ¼ 1, 2, and 4

3
, respectively, essentially

the same as those fitted in Fig. 1(b). (b) The Boltzmannian (normalized) distributions e−βVðxÞ=Z of the double-well potential
VðxÞ ¼ − 1

2
x2 þ gx4, and the zeroth-order approximation VðxÞ ¼ þ 1

2
Gx2 around which the SCE is expanded. This plot corresponds to

the point marked by a red star in the left panel, where N ¼ 301 and α ¼ 4
3
. Note how the SCE’s reference system bears little resemblance

to the approximated one.
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g ¼ 0 the potential is not bound from below and the
partition function cannot be defined.
We attribute the initial divergence of the SCE at low

orders to an incompatibility between two conflicting goals.
The first is that the SCE zeroth order potential V0ðxÞ ¼
1
2
Gx2 preserve the moments hx2Mi; the second goal is that it

should revert to the original system when g → 0, i.e.,
reduce to VðxÞ ¼ − 1

2
x2. Of course, the latter potential has

ill-defined moments, as the original system relies on the
quartic term for stability. Faced with this conflict, our
formulation of the SCE favors the first goal. Let us also
note that the solution in Eq. (50) is but one of two for G,
borne of a quadratic equation, with the other being
G ¼ − 1

2
− 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16gðM þ 2Þp

, which does revert to the
correct potential when g ¼ 0; however, this G is strictly
negative, contrary to the requirement that integrals of
exp ð− 1

2
Gx2Þ converge.

Lastly, we examine the behavior of the SCE if the
quadratic coefficient γ is varied continuously. Let us begin
with a positive γ, and steadily decrease it. The effective
coupling g ¼ g0

βγ2
starts to increase, while the solution for G

is on the branch given by Eq. (13). As γ → 0þ, g → ∞ and
so does G. As γ crosses zero, G → ∞ for γ → 0−, but as jγj
increases, G descends from infinity along the double-well
branch in Eq. (50).
Strikingly, we have shown that the SCE provides a

means to write down a perturbative expansion to a non-
perturbative system (in the sense that the quartic contri-
bution is essential to the stability of the harmonic term).
Furthermore, this is despite the fact that the reference
harmonic model around which the SCE is performed is
very different from the original system, as illustrated in
Fig. 4(b). However, the SCE manages to coerce the
calculation into the correct result. For the ODM/OPT/
LDE this was previously stated in Ref. [44] and shown in
Ref. [46], though they derive looser functional forms for the
convergence rate (i.e., stretched instead of normal expo-
nential convergence).
Naturally, a proper perturbative treatment of the problem

would be to expand around the two minima of the double-
well, with the associated degenerate ground states and
tunneling between them. Of course, a standard PT around
the minima would still be formally divergent and would
require incorporating instantons (tunneling events) [3].
However, our goal here was to demonstrate the power of
the SCE, and in particular its flexibility in formulating an
exact approximation scheme; note that the SCE is con-
vergent to the correct result, even when expanding around
the local maximum (x ¼ 0) and without the inclusion of
nonperturbative contributions, such as instantons. What is
more, the discrete mapping between the anharmonic and
double-well potentials is instructive to analyze and gain
intuition about, before we generalize it to a continuous
transition in the complex plane in Sec. VII.

VI. GENERAL POWER-LAW PERTURBATIONS

A SCE may be performed in the case of a general
perturbation gjxjq. We assume that q > 2, and that gmay be
complex but has a positive real part. Expanding again
around a modified 1

2
Gx2 harmonic oscillator, the partition

function is now

ZðNÞ ¼
ffiffiffiffi
2

G

r XN
n¼0

�
1 −

1

G

�
nXn

l

1

n!

�
n

l

�

× Γ
�
1

2
þ nþ

�
q
2
− 1

�
l

��ð1 −GÞGq−2
2

2
q
2g

�−l
: ð52Þ

One can then show that the self-consistency condition for
the moment hx2Mi is

�
G
2

�q
2

−
1

2

�
G
2

�q
2
−1

−
g
M

CqðMÞ ¼ 0;

CqðMÞ ¼ ΓðM þ q
2
þ 1

2
Þ

ΓðM þ 1
2
Þ −

Γðq
2
þ 1

2
Þ

Γð1
2
Þ ; ð53Þ

which has at least one solution for G > 1. Let us first
examine the limiting behaviors of the solution, which we
will use below. Asymptotically, for largeM and fixed g and
q, CqðMÞ ∼M

q
2 and thus

G ¼ 2g
2
qM1−2

q þ 2

q
þOð1=g2

qM1−2
qÞ: ð54Þ

For small g
M Cq, G is close to unity, or approximately

G ≈ 1 −
1

q − 2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

q − 2

�
2

þ 21þ
q
2

gCqðMÞ
Mðq − 2Þ

s
; ð55Þ

which is exact for q ¼ 4. If G − 1 is small but M ≫ q (i.e.,
gM

q
2
−1 is small butM is large), then a simpler limit applies,

G ≈ 1þ 2
q
2gM

q
2
−1: ð56Þ

Going back to the expansion for Z, it now becomes

ZðNÞ ¼
ffiffiffiffi
2

G

r XN
n¼0

�
1 −

1

G

�
nXn

l¼0

�
n

l

� ð−1Þl
n!

�
CqðMÞ
M

�−l

× Γ
�
1

2
þ nþ

�
q
2
− 1

�
l

�
: ð57Þ

To first prove the possibility of nondivergence, we can
generalize case 3 of Proposition 1. The dominant term in
the l summation will occur at the index l ¼ 0 if
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1 ≥
M
Cq

n − l
lþ 1

Γðnþ q−2
2
ðlþ 1Þ þ 1

2
Þ

Γðnþ q−2
2
lþ 1

2
Þ

����
l¼0

¼ M
Cq

n
Γðnþ q−2
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þ 1

2
Þ

Γðnþ 1
2
Þ : ð58Þ

The rhs scales as nq=2M1−q=2, hence the criticalM scales as

M ∼ N
q

q−2. Now, the partition function is once more
bounded by the sum of the l ¼ 0 terms, which again
produces the bound

ZðNÞ ≲
ffiffiffiffi
N
G

r
∼ N

1
2
ð1−pð1−2

qÞÞ → 0; ð59Þ

ifM ∼ Np and p > q
q−2, in agreement with the critical value

we had just obtained.
Let us now proceed to generalize cases 2(a) and 2(b).

The error can once again be calculated by

lim
N→∞

ZðNÞ ¼ lim
N→∞

Z
∞

−∞
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e−Kvvnð1− vrÞn dvffiffiffi
v
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with K ¼ ðCqðMÞ
M Þ1=r and r ¼ q−2

2
. For q ¼ 4, we have r ¼ 1

and C4ðMÞ ¼ M2 þ 2M, and thus K ¼ M þ 2, which is
consistent with its definition in the previous sections. Apart
from the power of v in the third factor of the integrand, this
equation is the same as that for q ¼ 4 [see Eq. (21)]. In
particular, the domains defined in Eq. (22) still apply for the
analysis of the error of this expansion. Our aim is again to
show that this expansion can be constructed to converge
exponentially with a suitable choice of MðNÞ ¼ αN. Note
that for any fixed value of q, in the limit of very large

M ≫ q, K ¼ M þ q2

4ðq−2Þ þ oð1Þ, so up to constants they

are asymptotically equivalent at large order. Realizing this,
we choose not to reformulate the convergence criteria in
terms of K (i.e., we do not redefine α ¼ K=N), since the
moment M carries a physical interpretation, while its
mapping to K is not universal, as it clearly depends on
the detailed structure of the theory.

A. The domain D1

In this domain, we again bound the sum of truncated
terms with the aid of the monotone convergence theorem,

−RðNÞ
1;q ¼

ffiffiffiffiffiffiffi
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e−Kv−nv
r
vn−

1
2dv:

ð61Þ
Our goal now is to bound the power vr in the exponent from
below by a linear approximation. If q < 4 then r < 1, and
vr is a concave function which on the interval [0,1] is
simply bounded by v. This will reproduce the eventual
ð K
KþN0ÞN result obtained for q ¼ 4. Let us then focus on
q > 4, so henceforth r > 1: As vr is now a convex function,
it is bounded by any line drawn tangential to it. Denoting by
v0 > 0 the arbitrary point where we draw this tangent, we
can bound

vr > rvr−10 ðv − v0Þ þ vr0 ¼ rvr−10 v − ðr − 1Þvr0: ð62Þ
Plugging this in, the error is bounded by

−RðNÞ
1;q <

ffiffiffiffiffiffiffi
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; ð63Þ

This is a geometric series which converges only if its
quotient is smaller than one, namely if

Kðeðr−1Þvr0 − 1Þ − N0rvr−10 < 0: ð64Þ
This condition is satisfied trivially for r ¼ 1 (i.e., q ¼ 4),
where we saw that D1 is necessarily convergent. For r > 1,
we note that for v0 ¼ 0 the left-hand side ofEq. (64) equals 0.
However, since eðr−1Þvr0 can be expanded in powers of vr0, the
first non-vanishing derivative of the lhs is the (r − 1)-th,
givingN0ð−r!Þ < 0. Thus, this equation is satisfied at least in
the neighborhood of 0þ. Indeed, for v0 ≪ 1, we can expand

Kðr − 1Þvr0 − N0rvr−10 < 0; ð65Þ
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giving us a self-consistent solution as long as v0 < r
ðr−1Þ

N0
K .

Next, we wish to optimize the bound. Clearly, the
quotient diverges at large v0 due to the exponent
eðr−1Þvr0 , so the interval over which it is smaller than unity
is finite, and thus contains a minimum. Differentiating with
respect to v0 and setting to zero, we find

K
N0 þ rvr−10 ¼ v−10 : ð66Þ

For v0 → 0 the rhs diverges, while for large v0 the lhs is
dominant. Since at v0 ¼ N0

K the lhs reads K
N0 þ rðKN0Þ1−r and

the rhs is K
N0, this implies that the root of Eq. (66) satisfies

v0 < N0
K . For r ¼ 2, it is solved explicitly by

v0 ¼
1

4

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
K
N0

�
2

þ 8

s
−

K
N0

�
∼
N0

K
− 2

�
N0

K

�
3

: ð67Þ

From now we set v0 to be the root of Eq. (66). Inserting it
into the error bound, we have

−RðNÞ
1;q <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K

GN0ðK þ N0rvr−10 Þ

s �
1 −

1

G

�
N0 X∞

n¼N0
Qn

1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Kv0
GðN0Þ2

s �
1 −

1

G

�
N0 QN0

1

1 −Q1

; ð68Þ

Q1 ¼
Kv0
N0 e

r−1
r ð1−K

N0v0Þ < 1: ð69Þ

B. The domain D2

In this domain, the error is bounded by the Lagrange
remainder,

jRðNÞ
2;q j<

ffiffiffiffiffiffiffi
2K
G

r
KN0

N0!

�
1−

1

G

�
N0 Z ∞

1

e−KvvN
0 ðvr−1ÞN0 dvffiffiffi

v
p :

ð70Þ

For q > 4 we can perform a bound which was too loose
for q ¼ 4 but is tight for larger powers. We may write

jRðNÞ
2;q j ¼

ffiffiffiffiffiffiffi
2K
G

r
KN0

N0!

�
1 −

1

G

�
N0 Z ∞

1

e−KvvN
0 ðvr − 1ÞN0 dvffiffiffi

v
p

<

ffiffiffiffiffiffiffi
2K
G

r
KN0

N0!

�
1 −

1

G

�
N0 Z ∞

1

e−Kvvðrþ1ÞN0 dvffiffiffi
v

p

<

ffiffiffiffiffiffiffi
2K
G

r
KN0

N0!

�
1 −

1

G

�
N0 Γððrþ 1ÞN0 þ 1

2
Þ

Kðrþ1ÞN0þ1=2

<

ffiffiffiffi
2

G

r �
1 −

1

G

�
N0 ððrþ 1ÞN0Þ!

KrN0
N0!

: ð71Þ

For 2 < q < 4, we can write

jRðNÞ
2;q j
. ffiffiffiffiffiffiffi

2K
G

r
KN0

N0!

�
1 −

1

G

�
N0

¼
Z

∞

1

e−KvvN
0 ðvr − 1ÞN0 dvffiffiffi

v
p

¼ e−K
Z

∞

0

e−Kvðvþ 1ÞN0−1
2ððvþ 1Þr − 1ÞN0

dv

< e−KrN
0
Z

∞

0

e−Kvðvþ 1ÞN0−1
2vN

0
dv ð72Þ

where he have used Bernoulli’s inequality ð1þxÞr ≤ 1þ rx
for positive x and 0 ≤ r ≤ 1. Note that we now have to

evaluate the same expression for RðNÞ
2 as we did for q ¼ 4 in

Eq. (27), only multiplied by rN
0
. Since q < 4, we have

r ¼ q−2
2

< 1, and thus rN
0
< 1. This means that the require-

ments imposed on KðNÞ, and consequently on MðNÞ, are
more relaxed than for q ¼ 4, and thus the expansion can be
made convergent for any 2 < q < 4.

C. Rates and domains of convergence

Collecting the contributions from all domains and cases,
we find the total bound on the error to be

RðNÞ
q <

ffiffiffiffi
2

G

r �
1 −

1

G

�
N0

8>><
>>:

ffiffiffiffiffiffiffiffi
Kv0
ðN0Þ2

q
QN0

1

1−Q1
þ ððrþ1ÞN0Þ!

KrN0
N0!

; r > 1ffiffiffiffiffiffiffiffi
K2

ðN0Þ3
q 


K
KþN0

�
N0−1

2 þ ð2rÞN0ffiffiffiffiffi
2K

p e−K þ 2
K
ð2rN0ÞN0

N0!



2N0
K þ 1

�
N0þ1

e−2N
0−K

2
− K2

2N0þK: r ≤ 1

ð73Þ

This bound is similar in structure to that in Sec. III, and
can be shown to converge if K=N is sufficiently large. Let
us again start from the case M ¼ αN for constant α [case 2

(b)]. Recalling that K ¼ ðCqðMÞ
M Þ1=r ¼ M þ q2

8r þ oð1Þ > M,

we see that picking such M ensures K=N > α. Thus, by
replacing K=N0 → α, we can find the minimal value of α
required for convergence in the selection of the self-
consistent moment hx2Mi.
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Specifically, all error components are exponential in N,
that is, scale as some QN . For r > 1, from D1 we have
Q1 < 1 given by Eq. (69), while from D2 we have

Q2 ¼ α−r
�
rþ 1

e

�
rþ1

e ⇒ αc ¼
1

e
ðrþ 1Þ1þ1

r: ð74Þ

For r ≤ 1, Q1 ¼ α
αþ1

and D2 has two components, which
are

Q2A ¼ e−α2r ⇒ αc;A ¼ ln ð2rÞ; ð75Þ

Q2B ¼ 2r

�
2

α
þ 1

�
e−1−

α
2
− α2

αþ2; ð76Þ

and αc;B can be found numerically for each q. Note that
Q2A;B are both scaled by r < 1 relative to their values for
r ¼ 1whileQ1 is unchanged, so all interesting features will
occur for values of α smaller then those in Sec. III, namely
below α� ¼ 1.317 [see Eq. (38)].Q2A <Q2B for all α< 1.42
(found numerically), thus for all r < 1, Q2B determines
both the critical αc or the optimal α� exclusively (ergo Q2B
is the only relevant Q2 for r ≤ 1).
In order to asses the applicability of SCE for anharmo-

nicities with q ≠ 4, we list the values of the critical αc and
the optimal α� for the first few integer perturbation powers
q > 2 in Table I. αc is given by Eq. (74) for r > 1, or
obtained numerically by equating Q2B in Eq. (76) to unity
for r < 1. α� is found numerically by equating the
appropriate Q2 to the corresponding Q1, either that
obtained by setting K=N0 → α in Eq. (69), or α

αþ1
.

For larger orders of anharmonicity, the optimal value α�
tends towards αc. This is because αc grows large, restricting
us to larger values of α. However, at large α we find that
Q1 → 1−, so the conditions Q2 ¼ Q1 and Q2 ¼ 1 become
virtually identical. We may use this intuition to estimate the
convergence rate for very high anharmonicities r ≫ 1: By
substitutingK=N0 → α and putting v0 ¼ 1

α − δv in Eq. (66),
we can find the post-leading correction δv,

αδv ¼ r
r2 þ αr

: ð77Þ

Plugging this into Eq. (69),

Q¼αv0e
r−1
r ð1−αv0Þ ¼ð1−αδvÞer−1

r αδv≈e−
αδv
r ¼e−

1

r2þαr ; ð78Þ

and we now assume α ¼ αc, given by Eq. (74). This gives
values in good agreement with the values in Table I,
especially for r ≥ 4. For the q; r ≫ 1 limit, we discard
the r2 factor. Since αc ∼ r, we require all corrections up to
Oð1Þ to find the limit of αr. The asymptotic form of
Eq. (74) is

αc ¼ ðrþ ln rþ 1Þ=eþOððln rÞ2=rÞ: ð79Þ

This yields

1 −Q ∼ 1 − e
1
αrc ∼

�ðrþ ln rþ 1Þ
e

�
−r

≈
1

re

�
r
e

�
−r
: ð80Þ

While in principle the SCE is convergent for all q, Table I
shows that the exponential convergence rate decreases upon
increasing q. However, it should be noted that these bounds
are not particularly tight as compared with the numerically
fitted values (as demonstrated in Sec. IV for q ¼ 4;
additional numerical results are listed in the table).
Furthermore, they also do not reflect the additional con-
vergent factor of ð1 − 1=GÞN , giving a stretched exponen-
tial behavior which can assist the convergence rate for weak
couplings g≲ 1. In contrast, we note that for q > 4, the
standard PT series coefficients grow more rapidly than
factorially, and thus are not amenable to usual Borel
resummation.
Lastly, we note that if MðNÞ ∼ Np with 1 < p < 1þ 1

r,
then α is increasing, and again the error is dominated by
domain D1. We may use our r ≫ 1 estimate for Q1, since
its derivation only relied on α ≫ 1, which will be satisfied
for sufficiently large N for p > 1. We then find that

QN ≈ e−N=αr ¼ e−N×N−rðp−1Þ ¼ e−N
1−r−rp

; ð81Þ

and convergence is attained if 1 < p < 1þ 1
r. Conversely,

the 1 − 1=G factor scales as�
1−

1

G

�
N
∼
�
1−

1

M1−2
q

�
N
∼e−N×M

2
q−1 ∼e−N

1−pð1−2=qÞ
; ð82Þ

which adds an additional g-dependent convergent factor for
1 < p < 1

1−2=q ¼ 1þ 1
r, that is, for the same range of p.

This proves case 2(a) of Proposition 1 for arbitrary q.

VII. SCE IN THE COMPLEX PLANE:
OSCILLATORY INTEGRALS AND STOKES

PHENOMENON

Following the success of the SCE in treating the
anharmonic oscillator, we wish to elucidate other properties
of this technique. We would like to explore how the SCE
carries over to complex functions, and in particular,
oscillatory integrals. Using the results of the previous
section for q ¼ 3, we will treat the Airy function AiðzÞ,
which has many applications across the fields of optics,
quantum mechanics, fluid mechanics, and elasticity [56].
Our SCE of AiðzÞ will be performed around the limit

z → ∞, much like its standard asymptotic expansion. We
will argue for several different behaviors of the SCE which
will depend on where z lies in the complex plane with
respect to the Stokes lines [57] of the Airy function [56],
defined below. This will be reflected in the behavior of the
SCE parameter G and a factor ð1 − ffiffiffi

z
p

=
ffiffiffiffi
G

p ÞN, which is
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analogous to the stretched exponent of the anharmonic
oscillator. We will see three regimes, depending of the
argument of z: monotonic and uniform exponential con-
vergence, reduced-rate convergence, and initial explosion
before eventual convergence.
A previous LDE treatment of a similar problem [58],

originally in the context of non-HermitianHamiltonians,was
restricted to z ¼ 0, and thus did not observe this rich
phenomenology. Furthermore, here will show that the
SCE criteria naturally gives rise to a framework which
explains these distinct behaviors. Qualitatively, the different
regimes in the different Stokes sectors will arise due to two
different causes: the first transition, to nonmonotonic con-
vergence, is a feature of the solutions forG as a function ofM
and z, and theSCE transitions it smoothly for all jzj. The third
behavior is born by a mutual incompatibility between two
demands: the self-consistency of an SCE moment M, and
that at zeroth orderG should approach z. This discrepancy is
a generalization of the double-well behavior of Sec. V to the
complex plane.
For fixed jzj, all three cases above eventually converge

exponentially for large enough N ∼ jzj32. In particular, the
result of the SCE will vary smoothly across the Stokes lines
for any argument z0 within a disk of radius jzj around the
origin.

A. The SCE of AiðzÞ
The Airy function can be put into the integral repre-

sentation [[52] Eq. (9.5.7)]

AiðzÞ ¼ e−
2
3
z3=2

π

Z
∞

0

e−z
1=2t2 cos

�
t3

3

�
dt

∼
e−

2
3
z3=2

πz
1
4

Z
∞e

1
4
arg z

−∞e
1
4
arg z

e−x
2þi

3
z−

3
4x3dx ð83Þ

for j arg zj < π. A change of integration variables was used
to illustrate the correspondence between this case and the
previous sections: separating the cosine into its two com-
plex oscillating components, z−

3
4 can take the role of the

nonlinear coupling coefficient g of a cubic perturbation.
Crucially, the PT of AiðzÞ corresponds to its asymptotic
expansion for large z. We purposefully do not employ the
new variables in the calculation below, for two reasons:
First, it would change the integration contour, depending on
the phase of z. Second, this transformation would produce a
z−

1
4 Jacobian which will diverges at the origin; this is to be

avoided, as we would like to demonstrate the SCE’s success
even for z ¼ 0, which corresponds to g ¼ ∞.
We would now like to introduce the self-consistent

variable G, so that we expand around the Gaussian weight
e−
ffiffiffi
G

p
t2 . One may be tempted immediately to take

cosðt3
3
Þ ¼ 1

2
ðeit3

3 þ e−
it3
3 Þ, so that we now need to expandR

e−
ffiffiffi
G

p
t2−ð ffiffizp

−
ffiffiffi
G

p Þt2�it3 and then expand in powers

P
nðð

ffiffiffi
z

p
−

ffiffiffiffi
G

p Þt2 � it3
3
Þn. However, this will clearly lead

all terms with an odd power of t to vanish identically upon
integration. In particular, the expansion would not contain
any first-order correction in the nonlinearity t3. This would
cause the first-order correction of any observable to be
proportional to ð ffiffiffi

z
p

−
ffiffiffiffi
G

p Þ, and self-consistency would
only be achieved if G ¼ z, thus defeating the purpose of
SCE. An alternative would be to demand self-consistency
to second order; however, this would lead to the loss of an
attractive feature of a first-order consistency scheme: the
independence of internal summations from the argument z.
As we saw in the case of the anharmonic oscillator, it was
this independence that allowed us to demonstrate uniform
and exponential convergence. A lesson that is learned from
this is that one must take care not to introduce artificial
symmetries into the problem when applying the SCE:
Originally, the relation between the two components of
the cosine is complex conjugation, but upon expansion
becomes that of parity.
Instead, we expand each component of the cosine

separately:

AiðzÞ ¼ e−
2
3
z3=2z−

1
4

2π
½ÃiþðzÞ þ Ãi−ðzÞ�; ð84Þ

with Ãi�ðzÞ≡ z
1
4

R
∞
0 e−z

1=2t2�i
3
t3dt. Our strategy now is to

SCE-expand each reduced Airy function in a separate
expansion. Henceforth, it is important to take roots of z
and G carefully, with respect to the principal branch of the
root function, defined such that arg

ffiffiffi
z

p ¼ 1
2
arg z for

−π < arg z ≤ π, and with a branch cut along the negative
real axis. Letting Δ ¼ �1, we find

ÃiðNÞ
Δ ðzÞ ¼ z

1
4

XN
n¼0

1

n!

Xn
l¼0

�
n

l

�

×
Z

∞

0

e−
ffiffiffiffiffi
GΔ

p
t2ðð

ffiffiffiffiffiffiffi
GΔ

p
−

ffiffiffi
z

p Þt2Þn−l
�
iΔ
3
t3
�

l
dt

¼ z
1
4

XN
n¼0

1

n!

Xn
l¼0

�
n

l

�
ð
ffiffiffiffiffiffiffi
GΔ

p
−

ffiffiffi
z

p Þn−l
�
iΔ
3

�
l

×
Z

∞

0

e−
ffiffiffiffiffi
GΔ

p
t2t2nþldt: ð85Þ

Let us assume that argG� ≠ π, so that this integral

converges. Defining t0 ¼ G
1
4

Δt, the integration path is
rotated in the complex plane to ½0;∞e

1
4
argGΔÞ. The inte-

grand e−ðt0Þ2 is entire and decays to zero at infinity for
j arg t0j < π

4
, and since we assumed j argGΔj < π, we may

deform the integration path to again run over the positive
real axis. This leads to
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ÃiðNÞ
Δ ðzÞ ¼ 1

2

�
z
GΔ

�1
4
XN
n¼0

1

n!

�
1 −

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
�

nXn
l¼0

�
n

l

��
−3iΔG

3
4

Δ

�
1 −

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
��

−l
Γ
�
2nþ lþ 1

2

�
: ð86Þ

For the moments of the variable t, we find that the first order integral is

ht2MAiðzÞið1Þ ¼ e−
2
3
z3=2z−

1
4

2π

X
Δ¼�

1

2

�
z
GΔ

�1
4

G
M
2

ΔΓ
�
1

2
þM

�
× ð87Þ

�
1þ

�
1 −

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
���

1

2
þM

�
þ
�
−3iΔG

3
4

Δ

�
1 −

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
��

−1 Γð2þMÞ
Γð1

2
þMÞ

�	
: ð88Þ

It is clear that setting Gþ ¼ G− would cancel the entire first order contribution as discussed above, i.e., that no first-order
consistency can be established. Conversely, finding the net correction to the moment ht2Mi is laborious due to the required
summation over Δ. A solution would be to regard the two integrals Ãi� as independent, so that each generates its own
moments which must be conserved independently. In other words, we treat the SCE for the Airy function as the sum of two
separate SCEs, whose combined numeric value gives AiðzÞ. The condition for each GΔ is now

0 ¼ M

�
1 −

�
3iΔG

3
4

Δ

�
1 −

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
��

−1 C3ðMÞ
M

�
; ð89Þ

with C3ðMÞ ∼M
3
2 defined as in Eq. (53) for q ¼ 3. With yΔ ¼ G

1
4

Δ (principal value implied), we then have

3iΔyΔðy2Δ −
ffiffiffi
z

p Þ − C3ðMÞ=M ¼ 0; ð90Þ
whose root of interest is the one which tends continuously y → z

1
4 for large jzj. The immediate consequence is that

3iΔG
3
4

Δð1 −
ffiffi
z

pffiffiffiffiffi
GΔ

p Þ ¼ C3ðMÞ
M which is a constant (in z) once again. This finally yields

ÃiðNÞ
Δ ðzÞ ¼ 1

2

�
z
GΔ

�1
4
XN
n¼0

1

n!

�
1 −

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
�

nXn
l¼0

�
n

l

��
−
C3ðMÞ
M

�
−l
Γ
�
2nþ lþ 1

2

�
: ð91Þ

We argue that the same moment M should be fixed symmetrically for Δ ¼ 1 and Δ ¼ −1, so we have

ÃiðNÞðzÞ ¼ z
1
4

XN
n¼0

1

3nn!

�Xn
l¼0

�
n

l

��
−
C3ðMÞ
M

�
n−l

Γ
�
2nþ lþ 1

2

��
×
in

2
fðGþÞ−3nþ1

4 þ ð−1ÞnðG−Þ−3nþ1
4 g; ð92Þ

where we performed another substitution of Eq. (90) after isolating 1 −
ffiffi
z

pffiffiffiffiffi
GΔ

p .

Furthermore, for real z it is apparent from Eq. (90) that
the equations for y� can be transformed from one to the
other by mapping i ↦ −i. This implies that the roots y�
satisfy the same relation, namely that G

1
4
− ¼ ðG1

4þÞ
�
. Thus,

in
2
½ðGþÞ−3nþ1

4 þ ð−1ÞnðG−Þ−3nþ1
4 � gives (up to a sign) either

the real or imaginary part ofG
−3nþ1

4þ , according to the parity of
n, so one can see that the above expansion is manifestly real
for real z, by construction. For general z, one finds that

G
1
4
−ðzÞ ¼ ðG1

4þðz�ÞÞ
�
, which quickly leads to the conclusion

that the expansion satisfies ÃiðNÞðz�Þ ¼ ½ÃiðNÞðzÞ�� for allN.

B. Analytic properties and solutions
for G� across Stokes lines

Recall that each of the Airy SCEs Ãi�ðzÞ is in essence
a complex extension of the partition function of an

anharmonic oscillator with an x3 perturbation, as analyzed
in Sec. VI. In particular, this implies that the coefficients of
the SCE expansion, when viewed as power series in
ð1 − ffiffiffi

z
p

=
ffiffiffiffi
G

p Þ, decay exponentially fast for a proper choice
ofM. The q ¼ 3 entry in Table I implies that the Airy SCE
converges for M linear in N and M=N ≥ 0.613, and
recovers at least ≈0.305N decimal places at the estimated
optimum M=N ≈ 0.981. This bound is not particularly
tight, and in practice the SCE appears to converge for
α as low as 0.4, and exhibits its optimum at roughly
M=N ≈ 1.1.
This convergence holds so long as the exponential

convergence of these coefficients is not overwhelmed
by any divergence due to the stretched exponent
ð1 − ffiffiffi

z
p

=
ffiffiffiffi
G

p ÞN . We must now explore the behavior of
this factor as a function of the order N, and more
importantly, of the location of z in the complex plane.

FROM DIVERGENT PERTURBATION THEORY TO AN … PHYS. REV. D 98, 056017 (2018)

056017-19



The only z dependence in the Airy SCE enters through
G� and consequently the factors ð1 − ffiffiffi

z
p

=
ffiffiffiffiffiffiffi
G�

p Þn, which
are governed by the solutions of Eq. (90) as a function ofM
and z. We will now see that these factors posses three
different behaviors, depending on where z lies in the
complex plane, relative to the Stokes lines [57] of the
Airy function [56]. These lines represent the dynamics and
role reversal of the saddles of the integral representation
(83): The integrand has two saddles, located at t ¼ 0 and

t ¼ −2i
ffiffiffi
z

p
, producing the leading-order exponentials e−

2
3
z
3
2

and eþ2
3
z
3
2 , respectively. For real z, only the first saddle is in

the t integration path, which cannot be deformed to pass
through the second; thus, the second saddle makes no
contribution, and AiðzÞ is exponentially small. Increasing
the phase of z to π

3
, now the integration contour may pass

through both saddles, which are both imaginary exponen-
tials with norm 1. Increasing the phase further, the
magnitude of the second saddle diminishes while the first’s
is enlarged, reaching maximal dominance at arg z ¼ 2π

3
.

Lastly for negative z, both saddles are again oscillatory. The
situation is similar in the bottom half of the plane. Thus, the
lines of phase arg z ¼ 0;� π

3
;� 2π

3
and π, which are called

Stokes lines8 define six different wedges in the complex
plane with three distinct behaviors of AiðzÞ—exponential
decay, growth, and oscillation.
Let us then explore the behavior of 1 −

ffiffiffi
z

p
=
ffiffiffiffi
G

p
as a

function of arg z. Beginning with real z, the resolved

trajectories of the three solutions for G
1
4þ as M is increased

are depicted in Fig. 5(a), for z ¼ 1. Note the structure of the
solutions: one imaginary and a pair which is symmetric
about the imaginary axis. This is directly deduced by the
fact that for real z, substituting y ¼ ix into Eq. (90), the

resulting equation for x is a cubic equation with strictly real
coefficients, so is has one real root and a conjugate pair of
complex roots. After rotating back to y, we obtain the
aforementioned structure.
Next, we observe that indeed one particular root of G

1
4,

that colored orange in Fig. 5(a), tends continuously to z
1
4 for

large jzj. This identifies the root of interest among the three
which should be inserted into Eq. (92). Note that as M →
∞ this root tends to the principal root of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C3ðMÞ=3iM3

p
.

However, this property is suddenly violated once we cross
the Stokes line at arg z ¼ 2π

3
. To see this, we substitute y ¼

rz
1
4 into Eq. (90) to obtain

3Δirðr2 − 1Þz34 ¼ C3ðMÞ=M: ð93Þ

Examining z ¼ jzje2π
3
iþiδφ which is close to the Stokes line,

we then have

rðr2 − 1Þ ¼ −
ΔC3ðMÞ
3jz34jM e−

3
4
iδφ; ð94Þ

so on the line (δφ ¼ 0), the equation for r is also cubic with
real coefficients. There are three roots which converge to
r ¼ 0;−1 and þ1 for large jzj. For Δ ¼ þ1, as M is
increased, a negative real root r < −1 exists, while the
roots originating at 0,1 must eventually reach argument� π

3
,

as they are the two complex-conjugate cubic roots of

− C3ðMÞ
M ∼ −

ffiffiffiffiffi
M

p
. Clearly, there is a critical value MðzÞ

where these two roots meet on the real line before jumping
off it and becoming a conjugate pair. Since the roots meet, it
is ill-defined to ask to which side of the line the root
originally at r ¼ 1 scatters; the collision mixes their
identity. See Fig. 5(b) for details. The point at which this
collision occurs can be found by equating the discriminant
of Eq. (94) to zero with δφ ¼ 0, yielding

TABLE I. Convergence of the SCE for varying anharmonicity gjxjq. The columns are: power of perturbation xq; r ¼ q
2
− 1; the large-

order divergence of the summand in the standard PT expansion, an ∝ Γðqn
2
Þ=n! ∼ nrn; the upper bound on the minimal value of α

necessary for convergence, αc, as predicted by our analytical error bound; the optimal value for our bound, α�; the base of the uniform
exponential error at α�, Q� (i.e., R ∼ ðQ�ÞN), specified by its distance from unity; log10 Q�, showing the minimal amount of significant
digits obtained per increment of the SCE order N; α�num, the numerically obtained approximate true value of the optimum; and
log10Qnum, the value obtained by numerical evaluation and least-squares fitting, for α�num. Note that as r is increased, α� approaches αc,
and thus the base Q� approaches unity. Since the analytical bound is not very tight for q ≠ 4, the true optimum value α�num is actually
smaller than αc. Lastly, the final row shows the large q ≫ 1 leading order approximations of αc and Q�.

xq r ¼ q
2
− 1 PT Divergence αc α� 1 −Q� −log10Q� α�num −log10Qnum

x3 1
2

nn=2 0.613 0.981 5.05 × 10−1 3.05 × 10−1 1.10 5.38 × 10−1

x4 1 nn 0.976 1.317 4.32 × 10−1 2.45 × 10−1 1.33 2.83 × 10−1

x6 2 n2n 1.91 2.08 1.54 × 10−1 7.29 × 10−2 1.80 9.4 × 10−2

x8 3 n3n 2.34 2.38 5.63 × 10−2 2.52 × 10−2 2.25 2.6 × 10−2

x10 4 n4n 2.750 2.761 1.52 × 10−2 6.64 × 10−3 2.70 7.1 × 10−3

x12 5 n5n 3.1585 3.1605 3.05 × 10−3 1.33 × 10−3 3.20 1.5 × 10−3

x2rþ2 r ≫ 1 nrn rþln rþ1
e

1
er ðerÞr

8We will not draw the distinction between Stokes and anti-
Stokes lines.
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ffiffiffi
4

3

r
jzj34 ¼ C3ðMÞ

M
∼

ffiffiffiffiffi
M

p
: ð95Þ

If z
1
4 is slightly below the line eþiπ

6 (i.e., δφ ¼ ϵ < 0), then
this symmetry is broken, and the solution r ¼ 1 is “scat-

tered” below r ¼ 0, tending to the line e−
iπ
3 , so G

1
4þ tends to

e−
iπ
3
þ1

4
2πi
3 ¼ e−

iπ
6 . This is the case which happens with real

and positive z. If instead δφ > 0, then our privileged root

scatters from r ¼ 1 up to r ∝ eþiπ
3 and G

1
4þ tends to the line

eþ
iπ
3
þ1

4
2πi
3 ¼ eþ

iπ
2 . The same logic applies for the root G−,

with all the signs of the arguments above negated.
We now come to the following interpretation of the

behavior of the Airy SCE as the argument of z is increased:

Either one of the z-continuous roots of G
1
4þ or G

1
4− tends

from z
1
4 to the imaginary line as N (and consequently M) is

increased. Note that when deriving the SCE for Ãi, we had
assumed argG ≠ π, so that Re

ffiffiffiffi
G

p
> 0 and the integralR

e−
ffiffiffi
G

p
t2dt converged. This implied that the arguments of

the quartic roots G
1
4 must be in the range ½− π

4
; π
4
�. However,

as the argument of one of the roots now tends from arg z to
� π

2
, it at one point leaves this range and renders our

assumption wrong, and the Gaussian identities that we had
used are invalid. Conceptually, looking back to the original
integral, now Re

ffiffiffiffi
G

p
< 0 so one may argue that the

Gaussian weight e−
ffiffiffi
G

p
t2 amplifies the t3 perturbations

which is dominant far from the origin, contrapuntal to our
perturbative approach. The only remedy to this situation is to
replace the offending root with another solution of Eq. (90)

which is contained inside the� π
4
phase cone. ForG

1
4

�, this is
the root whose argument approaches ∓ iπ

6
. This means that

the SCE cannot reconcile two conflicting goals: self-
consistently eliminating first order corrections, and
reproducing the original integral representation at the
low-N\large-z limit. This is similar to the incompatibility
observed in the discussion of the double-well case in Sec. V.
Now that a single limit is chosen for G�, we can analyze

the behavior of the factor of 1 −
ffiffiffi
z

p
=
ffiffiffiffi
G

p
, and its impact on

the SCE accuracy, when M → ∞. These are demonstrated
in Figs. 6(a) and 6(b), respectively.
Recalling that C3ðMÞ=3M ∼

ffiffiffiffiffi
M

p
, it asymptotically

behaves as�
1−

ffiffiffi
z

pffiffiffiffiffiffiffi
GΔ

p
�

N
∼
�
1−

ffiffiffi
z

p

M
1
33−

2
3e−

Δ
3
πi

�
N
∼e−ð9αÞ

1
3e

Δ
3
πi ffiffizp

N
2
3 ; ð96Þ

giving us again a stretched exponent. This factor is
convergent only if RefeΔ

3
πi ffiffiffi

z
p g > 0, or if j φ

2
þ Δ π

3
j < π

2
,

with φ ¼ arg z. This would imply that the factors
1 −

ffiffiffi
z

p
=
ffiffiffiffiffiffiffi
G�

p
, which clearly approach 1 as M → ∞, do

so from within the unit circle in the complex plane. To
satisfy this simultaneously for both Δ ¼ �1, we require
that jφj < π

3
, revealing the other Stokes line of the Airy

function. For larger arguments, this factor approach 1 from

Root 1

Root 2

Root 3

2 1 0 1 2
1.0

0.5

0.0

0.5

1.0

1.5

2.0

Re G
4

Im
G

4

Root 1

Root 2

Root 3

2 1 0 1

1.0

0.5

0.0

0.5

1.0

1.5

Re G
4

Im
G

4

(a) (b)

FIG. 5. Trajectories of the three solutions of Eq. (90) for yþ ¼ G
1
4þ and varyingM. (a) The trajectories for z ¼ 1. The arrowheads point in

the direction the solution moves asM is increased, up to 1000; the base of the arrow is the value of each root atM ¼ 1. Note that only one
particular root is in the vicinity of z

1
4 (marked by a red star), tending to it asymptotically if jzj is increasedwithM held fixed. AsM increases

the solutions tend towards the three cubic roots of C3ðMÞ=3iM, which lie on the positive imaginary axis and along the �e∓iπ
6 directions,

marked by the dashed lines. Note that the solution of interest (orange) tends to the principal branch of the cubic root,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C3ðMÞ=3iM3

p
; this

behavior experiences a crossoverwhen transitioning across theStokes line at arg z ¼ 2π
3
, afterwhich the rootwhich stems from z

1
4 tends to the

imaginary axis, cf. the right panel. (b) The same trajectories for z ¼ 16e
2πi
3 . Note that initially all roots lie on the line parallel to e

iπ
6 . The

“primary” root coming from z
1
4 “collides”with the root coming from 0, after which they become a complex-conjugate pair of solutions for

r ¼ ðGzÞ
1
4, and continue to tend to the same asymptotes as before. For arg z any larger, the asymptotes of these two roots will be swapped.
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outside the circle, and competes against the exponentially
convergent series coefficients. However, we note a differ-
ence between the two stokes wedges:
For π

3
< jφj < 2π

3
and large z (small M),

ffiffiffiffi
G

p
originate in

the vicinity of
ffiffiffi
z

p
, and this 1 −

ffiffiffi
z

p
=
ffiffiffiffi
G

p
starts close to zero.

This implies that it steadily grows in magnitude as M
increases, eventually protruding out of the unit circle, after
which it reaches somemaximalmagnitude greater than unity,
and then starts approaching 1 from outside. However, this
maximal magnitude is bounded by its value for φ ¼ � 2π

3
.

Substituting Eq. (95) back into Eq. (94), we find that at
the collision r ¼ 3−

1
2, or

ffiffiffiffiffiffiffi
Gþ

p ¼ ffiffiffi
z

p
=3, so that at this

point ð1 − ffiffiffi
z

p
=
ffiffiffiffiffiffiffi
Gþ

p ÞN ¼ ð−2ÞN universally for all jzj.
Consulting Table I, note that the convergent coefficients
are bounded by 10−0.305N ≈ 2.02−N, so the error of the
expansion at the collision [the cusp visible in Fig. 6(b)] is
bounded by ð2=2.02ÞN ≈ 10−0.004N. However, the actual

exponential convergence rate is roughly 10−0.5N, so the

scaling of the cusp is closer to 10−0.20N , or 10−0.27jzj
3
2 if

we substitute N ¼ M=α, with M given approximately by
Eq. (95), and α ¼ α� ≈ 1. This implies that the exponential
convergence is always dominant in this sector, regardless
of jzj.
In stark contrast, for 2π

3
< jφj < π,

ffiffiffiffi
G

p
originates near

zero and so the factor 1 −
ffiffiffi
z

p
=
ffiffiffiffi
G

p
is very large for small

M, before it tends to 1 at large order. The larger jzj, the
more egregious this problem becomes. This is essentially
an extension to the complex plane of the situation observed
in Eq. (50): Once again, the SCE cannot simultaneously
reconcile both the demand for self-consistency of ht2Mi and
the limit of G → z. Thus, we expect that for 2π

3
< jφj < π,

the SCE starts by diverging for small N. At larger
orders, the stretched-exponential behavior of Eq. (96)
is recovered, which competes against the convergent

(a) (b)

FIG. 6. Behavior of the SCE in the complex plane, for fixed jzj and varying arg z. (a) Trajectories of the factor 1 −
ffiffiffi
z

p
=
ffiffiffiffiffiffiffi
Gþ

p
, as M is

increased up to 104, for the listed values of arg z and jzj ¼ 8. The unit circle is plotted for reference. As the argument of z is increased, the
trajectories sweep outwards. For j arg zj < π

3
, the trajectories are contained inside the unit circle. For π

3
< j arg zj < 2π

3
, they exit it and

eventually converge toþ1 from outside. However, the closer arg z is to 2π
3
, the “sharper” the angle of protrusion through the circle, and the

further outside the trajectory reaches before attaining its maximal magnitude. At arg z ¼ 2π
3
, the trajectory heads radially outwards on the

negative real axis before turning sharply (red star) at ð−2Þ, a value independent of jzj which corresponds to the scattering point visible in
Fig. 5(b). This sharp turn occurs atM ≈ 28.09, as predicted by Eq. (95) for jzj ¼ 8. This point corresponds to the cusp in the right panel (red
star). Lastly, for j arg zj > 2π

3
, the origins of the trajectories jump abruptly to far away from the unit circle. Another arrowhead was placed on

the points corresponding toM ¼ 30 for reference; for any largerM, the trajectories are continuous as a function of arg z. (b) The relative
error of the SCE versus the order N for the same values of z as in the left panel, withMðNÞ ¼ N. For all arguments under 2π

3
, the error is

roughly identical until order ∼10, at which point the convergence rate is slowed down with increasing phase. As the argument is increased
towards 2π

3
, a local bump in the error forms. For arg z ¼ 2π

3
, a cusp occurs atN ¼ 29 (red star). This is the first integer value ofN for which

MðNÞ is greater than the value at which the collision in Fig. 5(b) occurs, corresponding to the red star in the left panel. After this bump, the
expansion returns to converge exponentially for all arg z. The errors for arg z > 2π

3
exhibit the diverging nature of theAiry SCE in this Stokes

wedge at loworders, but eventually theSCEstarts to converge for sufficiently largeN. Note the eye formed forN < 30; forN > 30, the error
transitions smoothly across both Stokes lines, showing that the SCE smooths out the Stokes lines at large order. Lastly, the lower and upper
dashed lines represent the uniform exponential convergence component in the j arg zj < π

3
and π

3
< j arg zj < 2π

3
Stokes sectors, respectively.

The lower linewas obtained by fitting an exponential profile to the SCEofAið0Þ, which does not exhibit a stretched-exponential component
(cf. Fig. 7). This line bounds the error for all j arg zj < π

3
, while for π

3
< j arg zj < 2π

3
, the errorwill eventually exceed it once the corresponding

trajectory leaves the unit circle; for example, theyellowdiamondswith arg z ¼ 4π
9
cross this line at orderN ≈ 200. The upper dashed linewas

obtained by multiplying the lower line by 2N, as a bound on the factor ð1 − ffiffiffi
z

p
=
ffiffiffiffiffiffiffi
Gþ

p ÞN in the π
3
< j arg zj < 2π

3
wedge. Note that to a good

approximation, the cusp lies on this line (cf. the left panel).
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coefficients, and the exponential convergence becomes
dominant (i.e., the error becomes monotonically decreasing
thereafter) at order N ∼ jzj32.
Lastly, since we picked a consistent large-M limit for

G�, we note this implies that at sufficiently large order, the
SCE transitions smoothly across the φ ¼ � 2π

3
Stokes line.

This is because at N → ∞, the factors ð1 − ffiffiffi
z

p
=
ffiffiffiffi
G

p ÞN are
continuous as a function of z, producing the stretched
exponent in Eq. (96) which is entire. It is only once N is
reduced, that the roots split discontinuously, with

ffiffiffiffi
G

p
→ffiffiffi

z
p

or
ffiffiffiffi
G

p
→ 0, depending on whether arg z is larger or

smaller than 2π
3
. This occurs abruptly, at the value of N at

which the “collision event” depicted in Fig. 5(b) takes
place, and predicted by Eq. (95) to be at N ¼ 1

α ×
4
3
jzj32. Of

course, the Airy function is smooth across the lines, and it
was also shown [59–61] that the usual asymptotic expan-
sion is smooth if sufficiently magnified. In Ref. [59], this
smoothing is attained by truncating the series at its least
term, which occurs at N ¼ 4

3
jzj32 (given by the large-n

summand in Eq. (B3), or by the difference between the
exponents in the two saddles mentioned above, � 3

2
z
3
2, as

prescribed by [54]). This implies that by increasing the ratio
α, the SCE can provide a smooth approximation faster than
the standard asymptotic expansion.
To summarize, we find the following behavior of the

SCE, based on the location of z with respect to the Stokes
lines of the Airy function:

(i) For j arg zj < π
3
, the SCE correctly captures the

behavior of AiðzÞ at any order if M ¼ αN is
chosen appropriately. Convergence is exponential
and uniform, with a rate bounded by 10−0.305N

[cf. Table I], and supplemented by a convergent
z-dependent stretched-exponential j1 − ffiffiffi

z
p

=
ffiffiffiffi
G

p jN ∼
expf−Reð32=3α−1=3eiπ=3z1=2N2=3Þg [cf. Eq. (96)].

(ii) For π
3
≤ j arg zj ≤ 2π

3
, SCE provides better approx-

imations with increasing N from as soon as N ¼ 0,
but the rate of convergence is diminished once
1 −

ffiffiffi
z

p
=
ffiffiffiffi
G

p
exits the unit circle. If this protrusion

is at a sharp angle, then the error experiences
a bump. However for any z, it may be bounded
by j1 − ffiffiffi

z
p

=
ffiffiffiffi
G

p jN < 2N ≈ 100.30N [see Fig. 6(a)],
which is weaker than the exponentially convergent
component (both its bound and its rate in practice),
and convergence is formally still uniform.

(iii) For 2π
3
< j arg zj ≤ π, SCE produces an initially

increasing error at leading orders due to a very
large j1 − ffiffiffi

z
p

=
ffiffiffiffi
G

p jN , but once a critical order NcðzÞ
is surpassed, after which the exponentially conver-
gent coefficients become dominant, the SCE is again
convergent. Nc is monotonic in j arg zj and scales as
∼jzj32, as implied by Eq. (96).

(iv) At large enough order, the SCE is smoothed, and
varies continuously between the three regimes

above. This occurs once MðNÞ ¼ 4
3
jzj32, analogous

to the least-term Stokes smoothing at N ¼ 4
3
jzj32 of

traditional asymptotics.
All four regimes are depicted in Fig. 6(b). The smoothing

and subsequent exponential convergence at sufficiently
large order imply that the SCE converges uniformly on
any disk of finite radius in the complex plane, i.e., for
jzj ≤ R < ∞. Due to the duality g ⇔ z−

3
4, this corresponds

the to the uniform convergence of the double-well SCE for
any finite g ≥ ϵ > 0 in Sec. V.

C. Further numerical results

Recalling that z ¼ 0 corresponds to an infinite anharmo-
nicity [cf. the rhs of Eq. (83)], and so represents an extreme
test case, we first examine the convergence of the SCE to
Ai(0). We take z ¼ 0 as having phase zero, that is, lying on
the positive real line, and so it is contained in the first Stokes
wedge. In fact, evaluating the expansion at z ¼ 0 allows
us to isolate the uniform exponential convergence rate
without the additional stretched-exponential component,
since ð1 − ffiffiffi

z
p

=
ffiffiffiffiffiffiffi
G�

p ÞN ¼ 1 identically. This is shown in
Fig. 7. Remarkably, while the SCE is formulated around
large jzj, it produces a convergent sum even at z ¼ 0, while
the comparable asymptotic expansion Eq. (B3) has a con-
vergence radius of zero. The relative error of the expansion is
fitted with an exponential trend log10RðNÞ ¼ B − AN, reach-
ing a minimal χ2 ¼ 0.03 for the values A ¼ 0.492 and
B ¼ −2.85. This implies that SCE reproduces a significant
digit of Ai(0) every two orders. Furthermore, this rate is then
assisted by a convergent stretched-exponent in the first
Stokes wedge, j arg zj < π

3
.

Let us again compare the SCE against the methods of
Appendix B. The numerical evaluation of the SCE versus
super and hyperasymptotics, as well as the Padé and τ
approximations, is depicted in Fig. 8. All methods
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Order N
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FIG. 7. Convergence of the SCE to Ai(0). Shown is the relative
error of the expansion (dots) versus the order N, along with an
exponential fit, RðNÞ ¼ 10B−AN (solid line). We evaluate the series
withM ¼ N. The fitted value for A is 0.492, showing that the SCE
recovers another significant digit of Ai(0) every other order, greatly
exceeding the convergence rate estimated in Table I for q ¼ 3.
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are evaluated at the same order as the superasymptotic least-
term truncation N0 ¼ 4

3
z
3
2, and the hyperasymptotic trans-

series is evaluated up to level three, or less if it terminates
earlier. Similarly to Sec. IV, the SCE exhibits performance
much better then superasymptotics, and comparable with
hyperasymptotics, though in principle the hyperasymptotic
expansion is of order 2N0.
The SCE is compared more directly with the Padé and τ

schemes in Fig. 9(a), where they are all evaluated at fixed
orderN ¼ 7. The SCE is consistently more accurate than the
Padé approximants, and overtakes the Chebyshev τ method
for stronger nonlinearities (smaller z). We again find that
even for larger z the SCE is more rapidly convergent than the
Chebyshev τ method, as shown in Fig. 9(b).

VIII. EXTENSION TO MULTIPLE
DEGREES OF FREEDOM

In the case of an oscillator in more than one spatial
dimension, or alternatively that of several coupled

oscillators, we may examine a potential of the generic
form

VðfxigÞ ¼
1

2

X
γijxixj þ

X
gijklxixjxkxl; ð97Þ

for which we assume that γij is a positive definite quadratic
form and gijkl is a non-negative form, and each coordinate
fxigDi¼1 takes values on the entire real line.9 The total
partition function for the system would be

Ξ ¼
Z

∞

−∞

YD
i¼1

dxie
−βð1

2

P
γijxixjþ

P
gijklxixjxkxlÞ: ð98Þ

However, we may transform this integral to radial and
angular coordinates in the D-dimensional x-space, to get

Ξ ¼
Z

dD−1Ω
Z

∞

0

drrD−1e−βð12γðΩÞr2þgðΩÞr4Þ

¼
Z

dD−1ΩðβγðΩÞÞ−D
2ZD−1

�
gðΩÞ
βγ2ðΩÞ

�
; ð99Þ

withΩ representing all the angular dependencies, andZD−1
defined similarly to Z in Eq. (3), apart from the change of
integration limit and measure by

R
∞
−∞ dx →

R
∞
0 xD−1dx.

γðΩÞ and gðΩÞ are the quadratic and quartic coefficients of
the potential along the ray defined by Ω, which by
assumption are positive and non-negative, respectively.
By satisfying first-order self-consistency for hr2Mi, we
find that

ZðNÞ
D ðgÞ ¼ 1

2

�
2

G

�Dþ1
2
XN
n¼0

�
1 −

1

G

�
n

×
Xn
l¼0

�
n

l

�
ð−1Þl Γðnþ lþ Dþ1

2
Þ

n!ðM þDþ 2Þl ; ð100Þ

and the SCE of the partition function is

ΞðNÞ ¼
Z

dD−1ΩðβγðΩÞÞ−D
2ZðNÞ

D−1

�
gðΩÞ
βγ2ðΩÞ

�
: ð101Þ

For finite D (i.e., D which does not scale with N), the
convergence of the expansion will not be adversely
impacted by the additional D-dependent factors. In par-

ticular, if the SCE parameter M is chosen such that ZðNÞ
D is
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FIG. 8. Comparison of the Airy SCE with other asymptotic
methods. (a) The relative error of the Airy SCE. The horizontal
axis is the singulant F ¼ 4

3
z
3
2, and at each point the SCE is

evaluated to order N0 ¼ F, which is the same truncation as the
superasymptotic scheme. The solid lines are a guide to the eye.
(b) The errors produced by superasymptotics, hyperasymptotics,
Padé approximants and the τ method, relative to that produced by
the SCE (i.e., the data was normalized by that shown in the top
panel). The solid lines are a guide to the eye. Evaluated at the
same order, the SCE consistently outperforms superasymptotics
and the Padé approximants, and again produces an error very
similar to hyperasymptotics (cf. Fig. 2 and subsequent discus-
sion), although the hyperasymptotic series is formally of order
2N0. The Chebyshev τ method appears to give a few additional
significant digits, but the SCE again converges faster in the large-
N limit—this is demonstrated in Fig. 9(b).

9If γij is not positive definite, then gijkl must never vanish, and
the accuracy of the expansion would be minimal at the ray along
which γðΩÞ is negative and gðΩÞ

γ2ðΩÞ is minimal, which is difficult to
estimate in the general case. Uniform convergence (over the space
of possible gijkl) would be lost, but for a given mass tensor γij,
exponential convergence is attained for any (strictly positive) gijkl
at sufficiently large N.
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exponentially convergent (e.g., M þD ¼ αN), then the
angular integration in Eq. (101) adds a numeric factor10

which depends on D, but the error would still be exponen-
tially decaying in N for any strength of the anharmonicity.
Indeed, the numerically efficacy of a similar scheme was
recently demonstrated without proof for the OðnÞ model in
zero dimensions [62].
The case of many-body problems (i.e., D ≫ 1) requires

greater care, as we expect that the rate of convergence of
the expansion with N would depend on D. We leave this
subject for future work.

IX. CONCLUSIONS AND OUTLOOK

In this paper we have investigated the analytical proper-
ties of the SCE by applying it to the toy model of the
classical anharmonic oscillator in thermal equilibrium. We
utilized the benefit of an explicit closed-form expansion to
show that for this model the SCE is exponentially and
uniformly convergent for any positive power q and strength
g of the anharmonicity gxq, compared with standard
perturbation theory which is rapidly divergent and must
rely on resummation. We put analytical bounds on the
remainder of the expansion at any given order, allowing us
to identify the space of expansion parameters that guaran-
tees convergence. Remarkably, we argued that the expan-
sion remains (nonuniformly) convergent for double-well

(negative quadratic coupling) potentials, even if it is not
performed about the double-well minima, but rather around
a harmonic reference. We also provide an estimate for the
optimal choice of a self-consistent quadratic coupling, and
the minimal rate of convergence obtained for this value.
Lastly, we briefly explored the complex-plane behavior of
the SCE by applying it to the Airy function AiðzÞ, where we
have seen the effect of the Airy function’s Stokes lines, and
their expected smoothing at large order. In both cases, the
SCE compares favorably against other numerical and
asymptotic methods, most strikingly in the strong-coupling
regime. We have also shown that convergence carries over
to any arbitrary finite number of coupled oscillators.
Due to its convergence for any q, we expect that the SCE

should still be convergent for any analytic perturbing
potential gVðxÞ which scales polynomially at infinity. It
can then be shown that an x2M-consistent SCE is only an
implicit function of g, depending explicitly only on
GðM; gÞ. The large-order convergence rate would then
be determined by the asymptotic scaling of VðxÞ for
x → ∞. We concede that for all but the simplest systems,
obtaining corrections beyond the first few leading terms is
impractical; despite this fact, we believe that we have
demonstrated the appeal of SCE even at low orders, with its
superb numerical accuracy at small g and improved
behavior at large g.
We have also elucidated the relationship between the

SCE and related variational schemes, such as ODM, OPT,
and LDE. In particular, we have observed the equivalence
between the scaling of GðNÞ in the SCE with that given by
the PMS and FAC conditions. However, the SCE offers a
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FIG. 9. Comparison of the Airy SCE versus the Padé and Chebyshev τ approximations (a) The relative accuracy of the three methods
as a function of z. All are evaluated at fixed order N ¼ 7. Also plotted is the estimated best achievable hyperasymptotic error, as
predicted by Eq. (B25). By construction, the hyperasymptotic approximation order is 2N0 ¼ 2 × 4

3
z
3
2, which gives 2N0 ¼ 7 at z ≈ 1.9.

Much like the anharmonic case, SCE dominates the other methods for “stronger” couplings—this time, at smaller z. The noise seen near
z ¼ 10 in the τ method is numerical noise due to evaluation at machine precision. The sharp dips in the SCE error are points where the
error switches signs, i.e., points where AiðNÞðzÞ and AiðzÞ intersect. (b) The relative error of the SCE and the Lanczos Chebyshev τ
method versus N, for z ¼ 8. As before [cf. Fig. 3(b)], the SCE surpasses the τ method for sufficiently large N. Both methods were fitted

with trend lines of the form 10C−AN−BN
2
3 . The SCE yields the values A ¼ 0.492 and B ¼ 1.446, greatly exceeding our minimal bounds of

uniform A ¼ 0.305 and z-dependent B ¼ 1.28. The τ method yields a negligible A ¼ 0.007, suggesting that it only contains the 10−BN
2
3

component, with B ¼ 4.00.

10Some ðconstÞD corresponding to the area of the D-sphere;
note that the area of a unit D-sphere scales as ∼ πD=2

ΓðD=2Þ ∼ ð2πeD ÞD=2

which is actually decreasing with D.
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few advantages: (i) The PMS or FAC criteria might not be
solvable exactly, most notably at high order; furthermore, it
is non-trivial that either of them has a unique solution for
GðNÞ, or any at all (for example, in Ref. [44] the PMS
condition has no solution for N even, despite the fact that
the approximation is optimal for even N, as shown in
Fig. 1(a)). The SCE condition, which is always first order,
is easily implemented and solved. (ii) The SCE condition is
physically motivated, allows desired physical features to be
built-in into the approximation, and permits flexibility in
the formulation of the expansion, such as in the choice of
conserved observables. Its strength is exemplified by the
remarkable result that in the SCE, optimal convergence is
achieved repeatedly in the linear scalingMðNÞ ∼ N, for any
possible anharmonicity.
These results provide fertile grounds for additional

inquiry: We have seen that for a given system, the SCE is
not unique—neither the exact scheme of the expansion nor
the selection of the self-consistent parameters are such. Is
there any physical significance to preserving the spatial
moments x2M? If so, then one would require an a priori
method of estimating a suitable choice for M [or perhaps
even GðMÞ directly] when the self-consistency criteria
cannot be evaluated explicitly. If not, are there other
observables that would yield better results? A deeper ques-
tion is whether the values of α found above are universal,
depending only on the scaling of VðxÞ for large x; for
example, repeating the calculations for a d-dimensional
isotropic oscillator with rq anharmonicities would produce
the same values.
The next logical extensions to the method are apparent:

One is an expansion in many mutually coupled d.o.f., up to
the thermodynamic limit, in which an expansion of intensive
quantities, instead of themacroscopic partition function,may
be preferable. Another is investigating the SCE of the
quantum anharmonic oscillator, for which expanding the
partition function is easiest in the imaginary-time path
integral formulation, making it equivalent to a 1D classical
string. This immediately raises additional ambiguities in the
scheme: The choice of basis for the path-integral (i.e., spatial
vs coherent representation); the addition of a modified mass
as another self-consistent parameter; and an extended selec-
tion of observables to optimize, such as x̂2M, p̂2M, and Ĥ2M

0;1 ,
most of which were equivalent in the classical case, up to a
redefinition ofM. However, in the high-temperature limit, all
these schemes should reduce to the same classical results
presented here. In particular, since the SCE could be
formulated for any temperature, it might bridge the regimes
of zero and finite T, whose connection was not apparent in
previous treatments of the problem [63,64]. Ideally, a
combination of both extensions will allow the application
of the SCE to various field-theoretical models. Given the
success of low-order SCE or the related methods (ODM,
OPT, and LDE) for such systems [19,25,26,34–43,62], the
prospects for this seem promising.

Or course, the notion of modifying the studied physical
system to mitigate divergences is nothing new. Examples
are the masking of a bare mass by renormalization [10], or
the shift of the oscillation frequency in secular perturbation
theory [11]. While conceptually distinct, in the sense that it
removes a series divergence instead of reining in isolated
terms, we would like to see if the SCE, when applied in
these contexts, might shed new light on these methods.
Lastly, similar approaches of expansion about a shifted

zeroth-order system were used for related purposes, such as
ensuring the convergence of the resulting PT [65,66]. Most
recently, Serone, Spada, and Villadoro introduced exact
perturbation theory (EPT) [67,68] an approach in which
the problem is framed as a particular realization in the
parameter space of a more general model with a Borel-
resummable PT, and the coupling-dependent interpolation
within this space provides the nonperturbative contributions.
This is comparable to the SCE parameter G, whose g
dependence encodes into the expansion information which
is nonperturbative in g. However, as this technique relies on
the underlying resummability of the interpolated model, it
requires knowledge of the large-order terms of its PT,
whereas the SCE provides a convergent sequence of approx-
imations. Furthermore, the formulation of such an EPT is
limited by the availability of a resummable analogue, which
is much more restrictive than the flexibility afforded by the
SCE. Nevertheless, these approaches might have a deeper
connection with the SCE. Indeed, the asymptotic nature of
PT is well understood, providing physical insights such as
tunneling and instantons [3], resurgent trans-series [6], and
so forth. It yet remains to be seen how these reflect in the
analytical structure of the SCE, which we hope will become
clearer in future work.
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APPENDIX A: DIRECT ESTIMATION OF THE
QUARTIC SCE COEFFICIENTS

The specific case of the quartic anharmonicity admits a
direct error estimation by inspection of the SCE series
coefficients. Given by the sum over l in Eq. (19), these
coefficients may be expressed as
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Sn;K ¼
Xn
l¼0

�
n

l

�
Γðnþ lþ 1

2
Þ

n!ð−KÞl

¼ ð−1Þnπ
Knn!Γð1

2
− 2nÞ 1F1

�
−n;

1

2
− 2n;−K

�
; ðA1Þ

where 1F1ða; b; zÞ is Kummer’s confluent hypergeometric
function [[52] Chap. 13]. Note that when the parameter a is
a negative integer, this is a finite-order polynomial in z. As
this is an alternating polynomial in the variable K, it is
difficult to estimate directly; delicate cancellations occur
between terms of similar magnitude and opposite sign.
However, we may remedy this situation by utilizing
Kummer’s transformation rule [[52] Eq. (13.2.39)],

1F1ða; b; zÞ ¼ ez1F1ðb − a; b;−zÞ; ðA2Þ

so we find

Sn;K ¼ ð−1Þnπe−K
Knn!Γð1

2
− 2nÞ 1F1

�
1

2
− n;

1

2
− 2n;þK

�
: ðA3Þ

This, however, comes at a cost: since now the parameter a
is not a negative integer, this hypergeometric function
constitutes an infinite series. Despite this, it is useful to
note that for a that is not a negative integer, we have
an asymptotic expansion for large arguments [[52]
Eq. (13.2.23)],

1F1ða; b; z → ∞Þ ∼ ΓðbÞ
ΓðaÞ e

zza−b; ðA4Þ

so for very large K ≫ n, we get the leading order behavior

Sn;K ∼
ð−1Þnπ

Γð1
2
− nÞn! ¼

Γðnþ 1
2
Þ

n!
; ðA5Þ

where we have used the reflection property of the gamma
function. This reproduces the bounding form we used to
prove case 3 of Proposition 1 at the end of Sec. III.
Writing down the sum represented by 1F1 explicitly,

we have

Sn;K ¼ ð−1Þnπe−K
Knn!Γð1

2
− nÞ

X∞
s¼0

KsΓð−nþ sþ 1
2
Þ

s!Γð−2nþ sþ 1
2
Þ

¼ ð−1ÞnΓðnþ 1
2
Þ

Knn!eK
X∞
s¼0

KsΓð2n − sþ 1
2
Þ

s!Γðn − sþ 1
2
Þ ; ðA6Þ

again by the reflection property. Note the sign of the terms
entering the sum as s is increased: Starting from s ¼ 0, we
start with an initial sign of ð−1Þn which holds steady, as all
other factors are positive. Beginning at s ¼ nþ 1, the
gamma function in the denominator starts alternating signs
at every increment of s. Lastly, after s ¼ 2nþ 1, the

gamma function in the numerator also starts alternating
signs, thus canceling the sign oscillations in the denom-
inator. In total, exactly n sign flips occur—meaning that for
all s > 2nþ 1, the terms are strictly positive.
Also note that the magnitude of the ratio of gamma

functions attains a minimum at s ∼ 3n
2
, since by reflection

this ratio can be expressed as ∼Γð1
2
þ n

2
− ðs − 3n

2
ÞÞ×

Γð1
2
þ n

2
þ ðs − 3n

2
ÞÞ. This ratio diverges symmetrically about

this point. The factor K
s

s! , however, is peaked at some finite s
and attenuates the gamma ratio for s → 0;∞. Thus, we claim
that the summand above has two peaks. They occur for
integer values of s which are closest to the two solutions of

Kðn − s − 1
2
Þ

ðsþ 1Þð2n − s − 1
2
Þ ¼ 1; ðA7Þ

which are given by

s�max ¼
1

4
½ð4nþ 1Þ þ ð2K − 1Þ − 3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4nþ 1Þ2 þ ð2K − 1Þ2 − 1

q
�

≈ nþ K
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ

�
K
2

�
2

s
: ðA8Þ

Note that s−max < n and sþmax > 2n, so they are both
outside the interval of alternating signs. Since the peaks are
very narrow (as the summand depends on s exponentially,
due to all the gamma functions), we may approximate the
total summation by the contribution of the summand only at
the two peak indices, giving us

Sn;K ≈ Pþ þ ð−1ÞnP−; ðA9Þ

with

P� ¼ Γðnþ 1
2
Þ

Knn!eK
Ks�maxΓðþ n

2
∓ ðs�max − 3n

2
ÞÞ

s�max!Γð− n
2
∓ ðs�max − 3n

2
ÞÞ ; ðA10Þ

and where we have used the reflection property of the
gamma function so that its arguments are positive for both
sign cases.
Since the SCE in Eq. (19) is a power series in ð1 − 1=GÞ,

we argue that its remainder should be on the order of the
last term in the sum. Let us then specifically examine the
last coefficient, SN;K . Recalling that K ¼ M þ 2 and
substituting M ¼ αN into the approximate roots in
Eq. (A8), we find the following limits:
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lnQ− ≡ lim
N→∞

1

N
lnPþ

¼ −
1

2

�
αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ 4

p
þ 4tanh−1

�
α

2
−
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2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ α2

p ��
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ðA11Þ

lnQþ ≡ lim
N→∞

1

N
lnP−

¼ −
1

2

�
2 ln

�
αffiffiffiffiffiffiffiffiffiffiffiffiffi

α2 þ 4
p

− 2

�
þ α −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ 4

p �
:

ðA12Þ

This implies that the scaling of SN;K is exponential in N. To
have SN;KðNÞ → 0 for N → ∞, we require that both the
above logarithms be negative, i.e., thatQ� < 1.Qþ < 1 for
any α > 0, while Q− < 1 only for α sufficiently large. This
is satisfied for α > αc with the threshold value

αc ≈ 0.895; ðA13Þ
found numerically. Similarly to Sec. III, one of the peaks
alternates in sign while the other does not. However, their
cancellation now represents the FAC condition, and not the
PMS. Solving the condition Q− ¼ Qþ for α numerically
yields

α� ≈ 1.325; QN
� ¼ 10−0.288N: ðA14Þ

The critical values we have obtained are much closer to
the actual values fitted numerically, αc ≈ 0.8, α� ≈ 1.33 and
log10Q� ¼ −0.283 (cf. Table I), than those obtained from
our analytical bound, and are essentially the same values
obtained in Ref. [44] for the OPT/LDE, showing that the
SCE matches these methods for the optimal choice of
MðNÞ. Indeed, the last term in the summation proves to be a
much tighter error estimator than the analytical bounds we
have deduced in Sec. III; this is demonstrated in Fig. 1(a).
In the case thatMðNÞ ∼ Np with 0 ≤ p < 1, we note that

α ¼ M=N is monotonically decreasing. For some N suffi-
ciently large, α < αc which implies thatQ− becomes larger
then unity, and jð−1ÞnP−j ≈QN

− ≫ 1. However, since
Qþ < 1 for any α, then Pþ ≈QNþ ≪ 1, and it cannot cancel
out the other peak, regardless of the parity of N. Thus, the
expansion must diverge for this scaling of M with N.

APPENDIX B: SUMMARY OF COMPETING
ASYMPTOTIC AND NUMERICAL METHODS

In Sec. IV we compared the SCE with other asymptotic
methods for the case of g ≪ 1, while in the strongly
coupled regime g ≫ 1 we compared it against numerical
approximation schemes. In this Appendix, we will briefly
describe each.

1. Superasymptotics

The superasymptotic expansion of Z is defined by
terminating its usual asymptotic series at its least term [1].
This truncation usually depends on the value of g. We can
find the general superasymptotic form of Z by standard PT,

ZSAðgÞ ¼
XN0

n¼0

Z
∞

−∞
e−

1
2
x2 ð−gx4Þn

n!
dx

¼
ffiffiffi
2

p XN0

n¼0

ð−4gÞn
n!

Γ
�
2nþ 1

2

�
; ðB1Þ

where the cutoffN0 is the index of the least term, which is the
integer nearest toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

64g2 þ 32gþ 1
p

− 16gþ 1

32g
∼

1

16g
: ðB2Þ

This truncation rule will rise naturally in the next scheme,
hyperasymptotics.
A slight improvement can be made to this approximation

by considering the discarded sum beyond N0. Using the
large-N asymptotic form of the summand, Borel resum-
mation [4] of the remainder may be performed, as worked
out in Ref. [27].
For the Airy function, one can use the standard asymp-

totic expansion of AiðzÞ ([[47], Eq. (10.4.59)], after some
manipulation of the Gamma function and removal of the
prefactors between Ai and Ãi),

ÃiðzÞ ∼
X∞
n¼0

ð−1Þn
9nð2nÞ!Γ

�
3nþ 1

2

�
z−

3n
2 ; ðB3Þ

and again truncate the series at its least term.

2. Hyperasymptotics of ZðgÞ
Past the optimal truncation of superasymptotics, one may

find an asymptotic expansion for the remainder. Truncation of
this series at its least termwill yield a new, smaller remainder.
This process can be iterated systematically to improve upon
superasymptotics. This technique it called hyperasymptotics,
and was developed by Berry and Howls [5,54]. For a more
recent review of resurgent transseries, see Ref. [7].
We shall now apply hyperasymptotics to the quartic

anharmonic oscillator. Following [54] and using the same
notation, let us compute the integral

ZðgÞ ¼
Z

∞

−∞
e−ð12z2þgz4Þdz ¼

Z
gðzÞe−kfðzÞdz; ðB4Þ

with gðzÞ ¼ 1, k ¼ 1, and fðzÞ ¼ 1
2
z2 þ gz4. The saddle

points zn satisfy

4gz3n þ zn ¼ 0; ðB5Þ
and are
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z1 ¼ −
i

2
ffiffiffi
g

p ; z2 ¼ 0; z3 ¼
i

2
ffiffiffi
g

p ; ðB6Þ

where we have retained a numbering of the saddles similar
to [[54], Sec. 5]. The function f attains the values

f1 ¼ f3 ¼ −
1

16g
; f2 ¼ 0: ðB7Þ

The singulants, defined as Fnm ¼ fm − fn, are then

F21 ¼ F23 ¼ −
1

16g
; F13 ¼ 0: ðB8Þ

Note that saddle z2 produces the largest “action” f2.
Inspecting the steepest-descent path for varying k (and
assuming real and positive g) going through each saddle,
defined by kðfðznÞ − fnÞ ¼ u ∈ Rþ (and obtained by
solving the ODE dz

du fðzðuÞÞ ¼ 1 with zð0Þ ¼ zn as a
boundary condition), we find

z1ðuÞ ¼ −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4

ffiffiffiffiffiffiffiffiffiffi
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− 1
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s
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2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16gu=kþ 1
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− 1
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s
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z3ðuÞ ¼ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4

ffiffiffiffiffiffiffiffiffiffi
gu=k

p
− 1

g

s
; ðB9Þ

where the top and bottom signs correspond to the two halves
of the steepest path, though the directions of the contours are

yet undetermined. Taking the limit of u → þ∞ with k ¼ 1,
we see that all paths end at complex infinity,

z1ðuÞ → f−∞;−i∞g;
z2ðuÞ → f−∞;∞g;
z3ðuÞ → f∞; i∞g: ðB10Þ

The original integration contour matches the steepest-
descent path of saddle 2. This means that we will approxi-
mate ZðgÞ by the hyperasymptotic expansion about this
point (i.e., all “multiple scattering paths”, as described in
[54], begin at saddle 2). The steepest-descent paths are
illustrated in Fig. 10.
We shall now follow the formalism of [54] to compute the

hyperasymptotic expansion. With θk ≡ arg k, we define our
desired contour C2ðθk ¼ 0Þ as running on the real axis from
left to right. In order to calculate the asymptotic series Tð2Þ

r

about z2 (i.e., [[54], Eq. (8)]), we must define the root
½kðfðzÞ − f2Þ�12 ¼ ½kz2ð1

2
þ gz2Þ�12 so that it has phase 0on the

outgoing edge and π on the incoming edge of C2ðθkÞ. We
thus define

∀ z ∈ C2∶ ½kðfðzÞ − f2Þ�12 ≡ k
1
2z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ gz2

r
; ðB11Þ

where k
1
2 is taken on the smooth manifold of the square root

(i.e., it is continuous in k and experiences no branch cuts, and

thus is multivalued), while
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
þ gz2

q
is taken with respect to

the principal branch of the square root, with a cut along the
negative real axis. As such, as a function of z, the expression
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FIG. 10. Phase contours of kðfðznÞ − fnÞ. The orange stars are the saddles zn, numbered from bottom to top. The red lines depict the
steepest descent paths through zn, where kðfðznÞ − fnÞ is real and positive. The colored contours map the absolute value of the argument
of this quantity. Left panel: The steepest descent path through z2, with θk ¼ 0. Right panel: The paths through z1;3 with θk ¼ �π. All
contours point from left to right. Saddle 2 is adjacent to both 1 and 3, which are not mutually adjacent.
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above is analytic onC2, and specifically, only has branch cuts
stemming from

ffiffiffi
2

p
z1 and

ffiffiffi
2

p
z3 along the imaginary line,

both pointing away from z2.
The asymptotic expansion around z2 is then
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1
2
Þ
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: ðB12Þ

As expected, Tð2Þ
r reproduces the asymptotic expansion

obtained by a direct calculation in Subsection B.1.
The first hyperseries iteration looks at the remainder of the

sum Tð2ÞðkÞ ¼Prk
−rTð2Þ

r . This requires the adjacency
topology of the saddles, that is, the saddle parings n, m
for which exists some k that rotates n’s steepest-descent path
so it reaches m. Since 2’s steepest-descent path splits the
complex plane into its top and bottom halves, no such path
can exist between saddles 1 and 3, so they are not adjacent.
However, 2 is adjacent to both. It is easily verified that for
k ¼ −1 (or in general, kwith argument�π), the path z2ðuÞ in
Eq. (B9) coincides partiallywith z1;3ðu0Þ for some realu0 < u
(i.e., z2ðuÞ “arrives late” at the contoursC1;3ðθk ¼ �πÞ). For
these arguments of k, the path C1 has endpoints at
ð∞e−

iπ
4 ;∞e−

3iπ
4 Þ and C3 has endpoints ð∞eþiπ

4 ;∞eþ3iπ
4 Þ.

Care must be taken when defining the direction of the
contours: C2 coincides with C1 if we rotate it clockwise,
sokhas to rotate in theother direction,meaningweencounter
C1ðθk ¼ þπÞ, which points from left to right. Due to a
similar argument, we encounter C3ðθk ¼ −πÞ, also pointing
from left to right, which is obtained by rotating C2 counter-
clockwise. In order to be consistent with the definition of
arg k ¼ − argFnm, we identify

argF21 ¼ −π; argF23 ¼ þπ ðB13Þ

despite the fact that they are numerically equal. The next step,
performed in [[54], Eq. (15)], sees us deforming the
integration contour Γ2ðθk ¼ 0Þ, a narrow strip that encircles
C2ðθk ¼ 0Þ counterclockwise, into the sum of the contours
C1;3. The orientation anomalies γnm are defined as 1 if the
deformation ofΓn requires reversing the direction ofCm, and
0 otherwise. BothC1;3 run from left to right, implying thatC1

encircles C2ð0Þ ¼ R counterclockwise but C3 does not, so
γ21 ¼ 0 and γ23 ¼ 1.
The variable transformation [[54], Eq. (16)] u ¼

vðfðzÞ − f2Þ=F2m does not yet uniquely define the inverse

transformation of ½fðzÞ − f2�12. Using our definition (B11),
one observes that the following holds:

∀ z ∈ C1ðþπÞ∶ arg

�
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ gz2

r 	
¼ −

π

2
; ðB14Þ

∀ z ∈ C3ð−πÞ∶ arg

�
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ gz2

r 	
¼ þ π

2
: ðB15Þ

Thus, sinceF23 andF21 have opposite arguments, one has on
C3ð−πÞ that ½fðzÞ − f2�12 ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u
v jF23j

p ¼ þ ffiffi
u
v

p
×

ffiffiffiffiffiffiffi
F23

p
,

while on C1ðπÞ one obtains ½fðzÞ − f2�12 ¼ −i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
u
v jF21j

p ¼
þ ffiffi

u
v

p
×

ffiffiffiffiffiffiffi
F21

p
. Indeed, no additional sign adjustments are

necessary.
Next, we require the coefficients Tð1;3Þ

r . For this we now
define

∀z∈C1ðπÞ∪C3ð−πÞ∶ ½fðzÞ−f1;3�12≡ ffiffiffi
g

p ðz−z1Þðz− z3Þ:
ðB16Þ

This can be verified to give the correct phases: On the
outgoing edge of C1, arg z ∼ − π

4
, so k

1
2z2, with arg k ¼ π

has phase 0. On the outgoing edge of C3, arg z ∼ π
4
and

arg k ¼ −π, and again the required condition holds. The
coefficients at z1 are then

Tð1Þ
r ¼ ðr − 1

2
Þ!

2πi

I
z1

½ðfðzÞ − f1Þ�12dz
½fðzÞ − fðz1Þ�rþ1

¼ ðr − 1
2
Þ!

2πi

I
z1

ffiffiffi
g

p ðz − z1Þðz − z3Þdz
½gðz − z1Þ2ðz − z3Þ2�rþ1

¼ ðr − 1
2
Þ!

2πi
g−r−

1
2

I
0

z−2r−1ðzþ z1 − z3Þ−2r−1dz

¼ ðr − 1
2
Þ!

2πi
g−r−

1
2

I
0

X∞
t¼0

�−2r − 1

t

�

× zt−2r−1ðz1 − z3Þ−t−2r−1dz

¼ g−r−
1
2ðz1 − z3Þ−4r−1

Γð2rþ 1
2
Þ4r

r!
: ðB17Þ

Clearly, for Tð3Þ, the roles of z1 and z3 are reversed, so we
gain a ð−1Þ4rþ1 ¼ −1 relative sign. z1 − z3 ¼ − iffiffi

g
p , so we

finally obtain

Tð1Þ
r ¼ −Tð3Þ

r ¼ i
ð4gÞrΓð2rþ 1

2
Þ

r!
: ðB18Þ

Resurgence is now readily apparent: Up to prefactors, Tð1;3Þ
r

are the alternating version of Tð2Þ
r .

Lastly, for the postleading hyper-iteration, we need to
examine the modified integrals

R
C1;3ð�πÞ e

−fðzÞdz. The sad-
dles z1 and z3 are not adjacent to each other: The contour
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C3ðθkÞ never leaves the top half of the complex plane, except
for arg kwhich is amultiple of2π, when it coincideswith half
of the real line. The same applies to C1 in the lower half.
Thus, they could only meet on the real line, but this just
means that both of them coincide with C2ð0Þ. This implies
that wewould deform Γ1;3 in both cases to the real line.With
both cases C2 is obtained by “rotating” C1;3 back, so both
encounter C2ðθk ¼ 0Þ. Thus, now the two singulants have
the same phase, argF12 ¼ argF32 ¼ 0. We observe that

∀ z ∈ C2ð0Þ∶ arg f ffiffiffi
g

p ðz − z1Þðz − z3Þg ¼ 0; ðB19Þ

as the expression in the parenthesis is z2 þ 1
4g, which is real

and positive, and nomanual sign corrections are necessary, as
½fðzÞ − fm�12 ¼ þ ffiffi

u
v

p
×

ffiffiffiffiffiffiffiffi
Fm2

p
for m ¼ 1 and 3. However,

during the deformation of Γ1 into C2ð0Þ, we had to reverse
the direction of Γ1 (C2ð0Þ encirclesC1ðπÞ clockwise). Thus,
we again have an orientation anomaly of γ12 ¼ 1. To
summarize,

γ23 ¼ γ12 ¼ 1; γ21 ¼ γ32 ¼ 0: ðB20Þ

The hyperasymptotic trans-series is composed of several
hyperseries, or iterations. Each iteration is the asymptotic
expansion of the previous iteration’s remainder, performed
around the saddles adjacent to the saddle about which the
previous hyperseries was expanded. This successive expan-
sion around adjacent saddles is a called a “scattering path,”
and the trans-series is the summation over all such paths.
Each hyperseries is terminated earlier than the preceding

one, so the scheme naturally halts after a finite number of
terms. We choose to demonstrate the expansion for g ¼ 1

160
.

[[54], Eq. (30)] allows us to determine the truncation of
each hyperseries: Saddles 1 and 3 are not adjacent to each
other, all the scattering paths consist of scattering back and
forth from saddle 2. Since the singulants jF12j ¼ jF32j ¼
1
16g are of equal magnitude, all paths with the same number
of scatterings will terminate at the same order, and at every
level the order is halved. We have

Nð2Þ¼ 1

16g
¼ 10; Nð21Þ¼Nð23Þ¼ 5;

Nð212Þ¼Nð232Þ¼ 2;

Nð2121Þ¼Nð2123Þ¼Nð2321Þ¼Nð2323Þ¼ 1: ðB21Þ

where Nðnm…Þ is the truncation of the scattering path that
originates at zn, scatters to zm, and so on.
Additionally, we note an emerging pattern: (i) For an odd

number of scatterings from saddle z2, the scattering chain
ends at either z1 or z3. At z3 we incur a minus sign due to

traversing γ23, but as Tð1Þ
r ¼ −Tð3Þ

r , these two paths add
constructively. (ii) For an even number of scatterings, the
chain ends at z2. No matter the path, each edge has been

traversed the same number of times back and forth, so all
paths have gained the same amount of minus signs. Ergo,
paths related by exchanges 1 ↔ 3 again add constructively.
This suggests that one can only sum over the length of

scattering paths, assuming only saddle z3 or z1 exists, and
multiply by the symmetry factor 2number of scatterings to z3.
The last ingredients we require are the terminants Kr.

The first-level terminants can be expressed as [[5],
Appendix B]

Kð01Þ
r ¼ ð−1Þγ01

2πiFN0−r
01

Z
∞

0

dv0
vN0−r−1
0 e−v0

1−v0=F01

¼ð−1Þγ01þrþN0

2πi
e−F01ΓðN0−rÞΓð1þr−N0;−F01Þ

¼ð−1Þγ01
2πi

�
−e−F01E1ð−F01Þ−

XN0−r−2

m¼0

m!

Fmþ1
01

�
; ðB22Þ

with the indices 01 representing the starting saddle of thepath
and the first scattering, so 0 ¼ saddle 2 and 1 ¼ either 1 or 3.
The next terminantKð012Þ is found by numerical integration,
while the last required terminant,Kð0123Þ is approximated by
the same method as in Ref. [5]. We thus obtain

ZHA ¼
XNð2Þ

r¼0

Tð2Þ
r þ 2

XNð23Þ

r¼0

Kð23ÞTð3Þ
r þ 2

XNð232Þ

r¼0

Kð232ÞTð2Þ
r

þ 4
XNð2323Þ

r¼0

Kð2323ÞTð3Þ
r : ðB23Þ

The relative size of each term in this expansion is depicted
in Fig. 11.
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FIG. 11. Plotted are the absolute values of the successive terms in
the hyperasymptotic approximation of Z, after multiplication by
their symmetry factors as in (B23), for g ¼ 1

160
. For this value, the

hyperseries naturally halts after three scatterings. The zeroth and
first levels are calculated exactly, the second level by numerical
integration, and the last stage is approximated. The final relative
error of the trans-series after it is summed is 5.7 × 10−12.
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For g ¼ 1
160

, the ultimate relative error achieved by this
approximation is about 5.7 × 10−12. This may be compared
with the error predicted by [[54], Eqs. (32) and (34)]11

RHAðSÞ ¼
e−Fffiffiffiffiffiffiffiffiffi
2πF

p ×
YS
s¼1

2
s
2ffiffiffiffiffiffi
πF

p e−
ln 2
2s−2

F × 2b
Sþ1
2
c; ðB24Þ

where F ¼ jF21j ¼ 1
16g, S the number of scattering stages,

and k ¼ 1 is assumed. The three factors correspond to the
remainder after the zeroth stage, the successive improve-
ments of each hyperseries level, and the number of
(numerically identical) paths at the last stage, whose
remainders we expect will add constructively. S of course
is determined by g (roughly log2

1
16g, as we saw above).

Setting g ¼ 1
160

and S ¼ 3 [and dividing by the exact ZðgÞ],
we obtain an expected relative error of 4.0 × 10−12, in close
agreement with our numerical result.
It is worth noting that for g much smaller than 1

160
,

evaluation of the complete hyperseries becomes imprac-
tical: The approximation used to determine Kð0123Þ (and all
subsequent terminants) only gives about 3 correct signifi-
cant digits of the terminant; thus, only a couple of addi-
tional decimal places of the final result may be extracted
from the third and subsequent stages before this approxi-
mation “washes out” the true value of Z.
The hyperasymptotic treatment of the Airy function is

simpler since it only has two saddles. The exponential
function over which we integrate is fðtÞ ¼ ffiffiffi

z
p

t2 − i
3
t3

[per the integral representation (83)], which has two saddles,
at t1 ¼ 0 and t2 ¼ −2i

ffiffiffi
z

p
, and the singulants are

F21 ¼ −F12 ¼ 4
3
z
3
2. The first saddle is the starting point

for the hyperasymptotic scattering paths, and the expansion

coefficients Tð1Þ
r are those given in Eq. (B3). It can be shown

that at the other saddle, Tð2Þ
r ¼ ið−1ÞrTð1Þ

r and that γ12 ¼ 0
and γ21 ¼ 1. The terminants are calculated in the same
manner as before.
Furthermore, in their introductory paper to hyperasymp-

totics [5], Berry and Howls specifically analyze the Airy
function and give an error estimate [[5], Eq. (35)],

RðNÞ
Hyp ¼

ffiffiffi
2

π

r
jFj14log2jFjþ3

4
−log2ð3

ffiffiffiffi
2π

p Þe−ð1þ2 ln 2ÞjFj; ðB25Þ

with F ¼ 4
3
z
3
2 the singulant.

3. Chebyshev polynomial approximation
by Lanczos’s τ method

With the definition Eq. (3), we have

dZ
dg

¼ −
Z

∞

−∞
x4e−½12x2þgx4�dx: ðB26Þ

However, performing the rescaling y ¼ g
1
4x, we have

ZðgÞg1
4 ¼

Z
∞

−∞
e−½12g

−1
2y2þy4�dy; ðB27Þ

so we can differentiate with respect to w ¼ ffiffiffi
g

p
, obtaining

w
5
2
dZ
dw

þ1

2
w

3
2Z¼

Z
∞

−∞

y2

2
e−½12w−1y2þy4�dy;

w
5
2
d2Z
dw2

þ3w
3
2
dZ
dw

þ3

4
w

1
2Z¼

Z
∞

−∞

y4

4w2
e−½12w−1y2þy4�dy;

w2
d2Z
dw2

þ3w
dZ
dw

þ3

4
Z¼−

1

4

dZ
dg

¼−
1

4

dZ
dw

1

2w
: ðB28Þ

One may repose this equation in terms of ZðgÞ, which
yields

16g2Z00ðgÞ þ ð1þ 32gÞZ0ðgÞ þ 3ZðgÞ ¼ 0: ðB29Þ

With an ODE for ZðgÞ in hand, we would like to
integrate this equation from g ¼ 0, subject to the boundary
condition Zð0Þ ¼ ffiffiffiffiffiffi

2π
p

. Note that g ¼ 0 is a singular point
of Eq. (B29), so we do not necessarily require a second
boundary condition.
Next, we outline the procedure of the τ method, due to

Lanczos [1,55]: To obtain the Nth order approximation of
Z, instead of solving Eq. (B29) approximately, we will
obtain an exact solution to an approximate equation,

16g2Z00ðgÞþð1þ32gÞZ0ðgÞþ3ZðgÞ¼ τT�
N

�
g
s

�
; ðB30Þ

with T�
NðgsÞ ¼ TNð2 g

s − 1Þ the shifted Chebyshev polyno-
mials of order N; s ≥ g a parameter that stretches the
polynomials, which are normally defined on the interval
[0, 1]; and τ a new variable which we need to solve for.
This equation may be solved by a power series in g.

Crucially, introducing τ permits a solution which termi-
nates after a finite power gN. Denoting the coefficients of
the power series by fangNn¼0, we have N þ 2 unknowns
(including τ), and N þ 1 equations obtained by equating
the coefficients of fgngNn¼0 on both sides of Eq. (B30).
Together with the boundary condition a0 ¼ Zð0Þ ¼ ffiffiffiffiffiffi

2π
p

,
we have a system of N þ 2 linear equations. The resulting
coefficients fang are s-dependent, and thus we finish the
procedure by choosing s ¼ g so that the entire domain of
T�
N is utilized without any “waste.” The resulting solution

for ZðgÞ is now a rational function of g. This τ

11[[54], Eq. (34)] is given for the case of only two saddles.
However, this is obtained by simplification of a general relation
given in terms of the closest pair of adjacent saddles at each level.
Since in our case saddle z2 is “equidistant” from z1 and z3 (i.e.,
F21 ¼ F23), which are not mutually adjacent, then this relation
holds.
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approximation can be computed systematically with ease
by any computer algebra software.
In the case of the Airy function, we note that AiðzÞ

satisfies the second-order differential equation [[47],
Eq. (10.4.1)]

d2AiðzÞ
dz2

¼ z · AiðzÞ: ðB31Þ

Defining ÃiðzÞ ¼ 2πz
1
4e

2
3
z
3
2AiðzÞ as before, and changing

variables by defining fðxÞ ¼ Ãiðx−2
3Þ (so again x ¼ z−

3
2),

one obtains a new differential equation,

5fðxÞ þ 24ð2þ 3xÞf0ðxÞ þ 36x2f00ðxÞ ¼ 0: ðB32Þ

With the boundary condition fð0Þ ¼ Ãiðz → ∞Þ ¼ ffiffiffi
π

p
,

we may apply the τ method again, and AiðzÞ is then
recovered by the appropriate substitutions.

4. Padé approximants

With the usual perturbative expansion of Z in
Subsection B.1, we define the Padé approximation of Z
of order N to be [8]

ZðNÞ
PadéðgÞ ¼

PðgÞ
QðgÞ ; ðB33Þ

with PðxÞ and QðxÞ polynomials of order N
2
in g, such

that the expansion ofP=Q in powers of g reproduces the first
N þ 1 terms of Eq. (B1) (neglecting the truncation at N0).
Note that his method can only be evaluated at even
orders: Each polynomial has N

2
þ 1 d.o.f., while a total

rescaling of both by the same constant does not change
the approximation, so we lose a single d.o.f. and are
left with N þ 1 degrees, corresponding to the N þ 1 terms
of the Nth-order asymptotic series. We obtain this approxi-
mation by using Mathematica’s PadeApproximant
routine [53].
This method can be applied just as easily to the

perturbative power expansion of AiðzÞ in Eq. (B3).
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