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We consider the chiral Lagrangian for charmed baryon fields with JP ¼ 1
2
þ or JP ¼ 3

2
þ quantum

numbers. A chiral expansion framework for the baryon ground state masses is worked out to N3LO as to
compute their dependence on the up, down and strange quark masses for finite box QCD lattice
simulations. It is formulated in terms of on-shell meson and baryon masses. The convergence of such a
scheme is illustrated with physical masses as taken from the Particle Data Group (PDG). The counter terms
relevant at N3LO are correlated systematically by large-Nc sum rules to leading and subleading order in a
manner that keeps the renormalization scale invariance of the approach.
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I. INTRODUCTION

QCD lattice simulations offer the opportunity to deter-
mine low-energy parameters of the chiral Lagrangian.
Since the simulations are performed also at quark masses
distinct to those needed to reproduce the physical hadron
masses new information is generated that may help to
determine so far unknown low-energy constants.
Such programs have already been successfully set up for

the masses of baryons and mesons in their ground states
with JP ¼ 1

2
þ; 3

2
þ and JP ¼ 0−; 1− quantum numbers [1–3].

Corresponding sets of low-energy parameters to be used in
flavor SU(3) chiral Lagrangians were established from the
available lattice data on such hadron masses [1,2].
The purpose of the present work is to establish a

corresponding framework for the masses of charmed
baryons, which can then eventually be applied to the
current QCD lattice data. Given the rather scarce data
set that is provided so far on the charmed baryon masses
[4–9] it is important to derive additional constraints from
QCD that will guide a fit of the low-energy constants to
such data. An important first step in this direction are the
recent works [10,11], in which all counterterms that turn
relevant in a chiral expansion of the charmed baryon
masses are constructed and correlated by the heavy-
quark spin symmetry and sum rules derived from large-
Nc QCD. Here we complement these results by deriving

explicit expressions for the various contributions to the
baryon masses that arise at next-to-next-to-next-to leading
order (N3LO).
As was argued in our previous works [1–3] a chiral

expansion around the flavor SU(3) limit of QCD in terms of
bare meson and baryon masses is not convergent for the
physical up, down and strange quark masses. Any attempt
to apply such a conventional expansion strategy to the QCD
lattice data set is futile and should be abandoned [12].
Instead, it was demonstrated that a reformulated expansion
scheme that uses the on-shell meson and baryon masses
appears to have a significantly larger convergence domain,
that is applicable to the physical masses for up, down and
strange quarks [1,2]. In this work the details of such an
approach for the charmed baryon masses are presented. In
particular its convergence properties are illustrated at the
hand of a chiral decomposition of the bubble loop con-
tributions at physical meson and baryon masses. This is
supplemented by the derivation of additional sum rules for
the counter terms that arise from the condition of renorm-
alization scale invariance. Given the results of this work an
application to the data set from lattice QCD group is
feasible. This should eventually lead to a faithful set of
low-energy constants.
The work is organized as follows. In Sec. II the relevant

parts of the chiral Lagrangian are collected. All expressions
required at N3LO are detailed in Sec. III. In Sec. IV the
various large-Nc sum rules are studied at the one-loop level.
The paper continues with a convergence study in Secs. V
and VI of the one-loop bubble contributions as decomposed
into their chiral moments. A short summary given with
Sec. VII. TheAppendix provides a glossary for our notations
and conventions.
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II. CHIRAL LAGRANGIAN WITH CHARMED BARYON FIELDS

The chiral Lagrangian is a reliable tool, once it is combined with appropriate counting rules leading to a systematic
approximation strategy. In the following we recall the leading order (LO) terms [10,13,14]. It is convenient to decompose
the fields into their isospin multiplets with

Φ ¼ τ · πð140Þ þ α† · Kð494Þ þ K†ð494Þ · αþ ηð547Þλ8;ffiffiffi
2

p
B½3̄� ¼

1ffiffiffi
2

p α† · Ξcð2470Þ −
1ffiffiffi
2

p ΞT
c ð2470Þ · αþ iτ2Λcð2284Þ;

ffiffiffi
2

p
B½6� ¼

1ffiffiffi
2

p α† · Ξ0
cð2580Þ þ

1ffiffiffi
2

p Ξ0T
c ð2580Þ · αþ Σcð2455Þ · τiτ2 þ

ffiffiffi
2

p

3
ð1 −

ffiffiffi
3

p
λ8ÞΩcð2704Þ;

ffiffiffi
2

p
Bμ
½6� ¼

1ffiffiffi
2

p α† · Ξμ
cð2645Þ þ 1ffiffiffi

2
p ΞT;μ

c ð2645Þ · αþ Σμ
cð2520Þ · τiτ2 þ

ffiffiffi
2

p

3
ð1 −

ffiffiffi
3

p
λ8ÞΩμ

cð2770Þ;

α† ¼ 1ffiffiffi
2

p ðλ4 þ iλ5; λ6 þ iλ7Þ;

τ ¼ ðλ1; λ2; λ3Þ; ð1Þ

where the matrices λi are the standard Gell-Mann
generators of the SU(3) algebra. The numbers in the
brackets recall the approximate masses of the particles
in units of MeV. Note that we do not consider the η0
meson as an active degree of freedom in our current
study [15,16].
It should be noted that Ξc and Ξ0

c have the same quantum
numbers and therefore a mixing of the two fields needs
to be considered [17]. We introduce a Ξc − Ξ0

c mixing
angle ϵ by

Ξc ¼ Ξ̄c cos ϵþ Ξ̄0
c sin ϵ; Ξ0

c ¼ Ξ̄0
c cos ϵ − Ξ̄c sin ϵ;

with ΣΞcΞ0
c
¼ 1

2
ðΣΞ0

c
− ΣΞc

Þ tanð2ϵÞ; ð2Þ

where the physical fields are denoted by Ξ̄c and Ξ̄0
c. The off-

diagonal self-energy ΣΞcΞ0
c
≠ 0 reflects the fact that the

fields Ξc and Ξ0
c are unphysical. Only for the physical fields

Ξ̄c and Ξ̄0
c we expect their corresponding off-diagonal self-

energy ΣΞ̄cΞ̄0
c
→ 0 to vanish for on-shell conditions.

There are the kinetic terms

Lð1Þ ¼ trB̄½6�ðγμiDμ −M1=2
½6� ÞB½6� − trðB̄μ

½6�ð½iD −M3=2
½6� �gμν − iðγμDν þ γνDμÞ

þ γμ½iDþM3=2
½6� �γνÞBν

½6�Þ þ trB̄½3̄�ðγμiDμ −M1=2
½3̄� ÞB½3̄� þ F½66�trB̄½6�γμγ5iUμB½6� þ F½3̄ 3̄�trB̄½3̄�γμγ5iUμB½3̄�

þ F½3̄6�trðB̄½6�γμγ5iUμB½3̄� þ H:c:Þ þ C½66�trðB̄μ
½6�iUμB½6� þ H:c:Þ þ C½3̄6�trðB̄μ

½6�iUμB½3̄� þ H:c:Þ
−H½66�trB̄α

½6�gαβγ
μγ5iUμB

β
½6�;

Uμ ¼
1

2
u†ð∂μe

iΦfÞu† − i
2
u†ðvμ þ aμÞuþ i

2
uðvμ − aμÞu†; u ¼ ei

Φ
2f;

DμB ¼ ∂μBþ ΓμBþ BΓT
μ ;

Γμ ¼
1

2
u†½∂μ − iðvμ þ aμÞ�uþ 1

2
u½∂μ − iðvμ − aμÞ�u†; ð3Þ

and 6 structures which parametrize the three-point inter-
actions of the Goldstone bosons with the charmed baryon
fields [13,14]. From the kinetic terms one can read off the
Weinberg-Tomozawa interaction terms on which the
coupled-channel computation of [18] rests. It follows upon
an expansion of the kinetic terms in powers of the Goldstone

boson fields. At leading order in a chiral expansion, the bare
masses M1=2

½6� , M
3=2
½6� and M1=2

½3̄� may be identified with the
flavor average of the sextet and antitriplet baryon masses.
Note the classical vector and axial-vector source functions vμ
and aμ of QCD in (3) were instrumental in the derivation of
our large-Nc sum rules [10,11].
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We proceed with the terms at next-to-leading order (NLO) where there are symmetry conserving and symmetry breaking
terms [10,11]. We recall the 7 symmetry breaking counter terms

Lð2Þ
χ ¼ b1;½3̄ 3̄�trðB̄½3̄�B½3̄�ÞtrðχþÞþb2;½3̄ 3̄�trðB̄½3̄�χþB½3̄�Þþb1;½3̄6�trðB̄½6�χþB½3̄� þH:c:Þ

þb1;½66�trðB̄½6�B½6�ÞtrðχþÞþb2;½66�trðB̄½6�χþB½6�Þ−d1;½66�trðgμνB̄μ
½6�B

ν
½6�ÞtrðχþÞ−d2;½66�trðgμνB̄μ

½6�χþB
ν
½6�Þ;

χþ ¼ 1

2
ðuχ0uþu†χ0u†Þ; ð4Þ

with χ0 ¼ 2B0diagðm;m;msÞ proportional to the quark-mass matrix. We do not consider isospin violating effects in this
work. The low-energy constants of (4) imply a linear quark-mass dependence for the charmed baryon masses with

Mð2Þ
Ξc

−Mð2Þ
Λc

¼ −B0ðms −mÞb2;½3̄ 3̄�;
Mð2Þ

Ξ0
c
−Mð2Þ

Σc
¼ −B0ðms −mÞb2;½66�; Mð2Þ

Ωc
−Mð2Þ

Σc
¼ −2B0ðms −mÞb2;½66�;

Mð2Þ
Ξ�
c
−Mð2Þ

Σ�
c
¼ −B0ðms −mÞd2;½66�; Mð2Þ

Ω�
c
−Mð2Þ

Σ�
c
¼ −2B0ðms −mÞd2;½66�;

Mð2Þ
Λc

þ 2Mð2Þ
Ξc

¼ −2B0ð2mþmsÞð3b1;½3̄ 3̄� þ b2;½3̄ 3̄�Þ;
Mð2Þ

Ωc
þ 2Mð2Þ

Ξ0
c
þ 3Mð2Þ

Σc
¼ −4B0ð2mþmsÞð3b1;½66� þ b2;½66�Þ;

Mð2Þ
Ω�

c
þ 2Mð2Þ

Ξ�
c
þ 3Mð2Þ

Σ�
c
¼ −4B0ð2mþmsÞð3d1;½66� þ d2;½66�Þ;

Mð2Þ
ΞcΞ0

c
¼ B0ðms −mÞb1;½3̄6�; ð5Þ

where the upper index 2 in Mð2Þ
B projects the mass of the baryon of type B on its chiral order Q2 in this case.

A complete list of chiral symmetry conserving Q2 counterterms, relevant for the calculation of the charm baryon masses
at N3LO, was given in [10,11]. In these works theQ2 counter terms are grouped according to their Dirac structure. Here we
display the scalar and vector terms relevant for our study only

Lð2Þ ¼ LðSÞ þ LðVÞ; ð6Þ

with

LðSÞ ¼−gðSÞ
0;½3̄3̄�trðB̄½3̄�B½3̄�ÞtrðUμUμÞ−gðSÞ

D;½3̄3̄�trðB̄½3̄�fUμ;UμgB½3̄�Þ−gðSÞ
0;½66�trðB̄½6�B½6�ÞtrðUμUμÞ−gðSÞ

1;½66�trðB̄½6�UμB½6�UT
μ Þ

−gðSÞD;½66�trðB̄½6�fUμ;UμgB½6�Þ−gðSÞ
D;½3̄6�trðB̄½6�fUμ;UμgB½3̄�þH:c:Þ

þhðSÞ
0;½66�trðB̄μ

½6�gμνB
ν
½6�ÞtrðUαUαÞþhðSÞ

1;½66�trðB̄μ
½6�B

ν
½6�ÞtrðUμUνÞþhðSÞ

2;½66�trðB̄μ
½6�gμνfUα;UαgBν

½6�Þ
−hðSÞ

3;½66�trðB̄μ
½6�fUμ;UνgBν

½6�ÞþhðSÞ
4;½66�trðB̄μ

½6�gμνU
αBν

½6�U
T
αÞþhðSÞ

5;½66�trðB̄μ
½6�UνBν

½6�U
T
μ þB̄μ

½6�UμBν
½6�U

T
ν Þ;

LðVÞ ¼−
1

2
gðVÞ
0;½3̄3̄�trðB̄½3̄�iγαðDβB½3̄�ÞtrðUβUαÞþH:c:Þ

−
1

2
gðVÞ
1;½3̄3̄�trðB̄½3̄�iγαUβðDβB½3̄�ÞUT

αþB̄½3̄�iγαUαðDβB½3̄�ÞUT
β þH:c:Þ−1

2
gðVÞ
D;½3̄3̄�trðB̄½3̄�iγαfUα;UβgðDβB½3̄�ÞþH:c:Þ

−
1

2
gðVÞ
D;½3̄6�trðB̄½6�iγαfUα;UβgðDβB½3̄�Þ−ðDβB̄½6�ÞiγαfUα;UβgB½3̄�þH:c:Þ−1

2
gðVÞ
0;½66�ðtrðB̄½6�iγαðDβB½6�ÞÞtrðUβUαÞþH:c:Þ

−
1

4
gðVÞ
1;½66�trðB̄½6�iγαUβðDβB½6�ÞUT

αþB̄½6�iγαUαðDβB½6�ÞUT
β þH:c:Þ−1

2
gðVÞD;½66�trðB̄½6�iγαfUα;UβgðDβB½6�ÞþH:c:Þ

þ1

2
hðVÞ
0;½66�trðB̄μ

½6�gμνiγ
αðDβBν

½6�ÞtrðUαUβÞþH:c:Þþ1

4
hðVÞ
1;½66�trðB̄μ

½6�gμνiγ
αUβðDβBν

½6�ÞUT
αþB̄μ

½6�gμνiγ
αUαðDβBν

½6�ÞUT
β þH:c:Þ

þ1

2
hðVÞ
2;½66�trðB̄μ

½6�gμνiγ
αfUα;UβgðDβBν

½6�ÞþH:c:Þ; ð7Þ
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where further possible terms that are redundant owing to
the on-shell conditions of spin-3

2
fields with γμB

μ
½6� ¼ 0 and

∂μB
μ
½6� ¼ 0 are eliminated systematically.

The counterterms recalled in (7) contribute to the baryon
masses at the one-loop level. They imply renormalization
scale dependent contributions that need to be balanced by a

set of symmetry breaking counterterms in Lð4Þ
χ . We close

this section with a partial collection of terms contributing to

Lð4Þ
χ that are relevant in a chiral extrapolation of the baryon

masses at N3LO. There are 16 such symmetry breaking
counter terms

Lð4Þ
χ ¼ c1;½3̄ 3̄�trðB̄½3̄�B½3̄�Þtrðχ2þÞ þ c2;½3̄ 3̄�trðB̄½3̄�B½3̄�ÞðtrχþÞ2 þ c3;½3̄ 3̄�trðB̄½3̄�χþB½3̄�ÞtrðχþÞ þ c4;½3̄ 3̄�trðB̄½3̄�χ2þB½3̄�Þ

þ c1;½66�trðB̄½6�B½6�Þtrðχ2þÞ þ c2;½66�trðB̄½6�B½6�ÞðtrχþÞ2 þ c3;½66�trðB̄½6�χþB½6�ÞtrðχþÞ þ c4;½66�trðB̄½6�χ2þB½6�Þ
þ c5;½66�trðB̄½6�χþB½6�χTþÞ þ c1;½3̄6�trðB̄½6�χþB½3̄� þ H:c:ÞtrðχþÞ þ c2;½3̄6�trðB̄½6�χ2þB½3̄� þ H:c:Þ
− e1;½66�trðB̄μ

½6�gμνB
ν
½6�Þtrðχ2þÞ − e2;½66�trðB̄μ

½6�gμνB
ν
½6�ÞðtrχþÞ2 − e3;½66�trðB̄μ

½6�gμνχþB
ν
½6�ÞtrðχþÞ

− e4;½66�trðB̄μ
½6�gμνχ

2þBν
½6�Þ − e5;½66�trðB̄μ

½6�gμνχþB
ν
½6�χ

TþÞ: ð8Þ

Altogether we count 54 low-energy constants in this
section that have to be determined by some data set.
Clearly, any additional constraints from heavy-quark spin
symmetry or large-Nc QCD are desperately needed to
arrive at any significant result. Such constraints were
derived in [10,11,19] to subleading order in the 1=Nc
expansion and are summarized in Appendix A for the
readers’ convenience.

III. CHIRAL EXPANSION OF THE CHARMED
BARYON MASSES

We turn to the computation of the baryon masses. The
baryon self-energy, ΣBðpÞ, may be considered to be a
function of pμγ

μ only, with the 4-momentum pμ of the
baryon B. This is obvious for the spin-one-half baryons, but
less immediate for the spin-three-half baryons. We refer to
[20] for technical details. To order Q4 the self-energy
receives contributions of symmetry breaking counterterms,
the tadpole and the one-loop bubble diagram

ΣBðMBÞ ¼ Σtree−level
B þ Σtadpole

B þ Σbubble
B ; ð9Þ

where the index B stands for the members of the flavor
multiplets with JP ¼ 1

2
þ; 3

2
þ. Since the JP ¼ 1

2
þ states come

either in a flavor antitriplet or a flavor sextet we discrimi-
nate those states by B ∈ ½3̄� and B ∈ ½6�. In contrast, the
JP ¼ 3

2
þ ground states are realized only in a flavor sextet.

In order to keep these states apart from the sextet with
JP ¼ 1

2
þ we label the JP ¼ 3

2
þ states by B ∈ ½4� where we

refer to the spin rather than the flavor multiplicity in
this case.
The on-shell mass of the baryonMB is determined by the

condition

MB−ΣBðMBÞ¼Mð0Þ
B ¼

8>>><
>>>:

M̄J¼1=2
½3̄� ≡M½3̄� for B∈ ½3̄�

M̄J¼1=2
½6� ≡M½6� for B∈ ½6�

M̄J¼3=2
½6� ≡M½4� for B∈ ½4�

; ð10Þ

where M½3̄�, M½4� and M½6� are the renormalized and scale-
independent masses of the baryon multiplets in the flavor
SUð3Þ limit.
The separation of the baryon self-energies into a loop

and a tree-level contribution is not unique depending on the
renormalization scheme. In this work we apply a recent
approach developed for the chiral extrapolation of the
baryon octet and decuplet masses [1,2,21]. It is based on
the χMS scheme [20] and can directly be adapted to the
charmed baryons, the focus of the current work. A
matching with alternative renormalization schemes is most
economically performed by a direct comparison with the
explicit expressions of our study. Given the renormalization
scheme [1] the low-energy constants bn or dn do specify the
linear quark mass dependence of the baryon masses as
already detailed in (5). The particular subtraction scheme
for the loop contributions as introduced in [1] was con-
structed to ensure this property of bn or dn.
Let us begin with the tadpole contributions, which in a

finite volume take the following form

Σtadpole
B ¼ 1

ð2fÞ2
X
Q∈½8�

ðGðχÞ
BQĪ

ð0Þ
Q −m2

QG
ðSÞ
BQĪ

ð0Þ
Q −Mð0Þ

B GðVÞ
BQĪ

ð2Þ
Q Þ;

ð11Þ

where the various Clebsch coefficients GðχÞ
BQ and GðSÞ

BQ, G
ðVÞ
BQ

are summarized in Table I for the JP ¼ 1
2
þ states.1 Note that

1For the tadpole contribution to the ΞcΞ0
c mixing it follows

Mð0Þ
B ¼ 1

2
ðM½3̄� þM½6�Þ.
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like in our previous works [1–3] we use the letter Q in a
context specific manner. It may either denote a chiral order,
or as in (11) or Table I if used as an index it runs over the
eight Goldstone bosons properly grouped into their isospin
multiplets. The set of finite-box scalar tadpole integrals ĪðnÞQ
were introduced in [21]. Here we recall their infinite
volume limit only,

Īð0ÞQ →
m2

Q

ð4πÞ2 ln
�
m2

Q

μ2

�
; Īð2ÞQ →

1

4
m2

QĪ
ð0Þ
Q ; ð12Þ

with the renormalization scale μ of dimensional regulari-

zation. Explicit expressions for Īð0ÞQ and Īð2ÞQ appropriate
for their finite volume generalization are given in Eqs. (2)
and (19) of [21].
It remains to detail the Clebsch coefficients GðχÞ

QB

and GðS;VÞ
QB for the JP ¼ 3

2
þ states in the flavor sextet

states. To do so it is useful to introduce the particular
combinations

g̃ðSÞ
0;½66� ¼ hðSÞ

0;½66� þ
hðSÞ
1;½66�
3

; g̃ðSÞ
1;½66� ¼ hðSÞ

4;½66� þ
2hðSÞ

5;½66�
3

; g̃ðSÞD;½66� ¼ hðSÞ
2;½66� −

hðSÞ
3;½66�
3

;

g̃ðVÞ
0;½66� ¼ hðVÞ

0;½66� −
hðSÞ
1;½66�

3M½4�
; g̃ðVÞ

1;½66� ¼ hðVÞ
1;½66� −

2hðSÞ
5;½66�

3M½4�
; g̃ðVÞD;½66� ¼ hðVÞ

2;½66� þ
hðSÞ
3;½66�

3M½4�
; ð13Þ

such that the desired Clebsch coefficients can be read off from Table I by replacing gðS;VÞ0;1;D → g̃ðS;VÞ0;1;D together with bx → dx.

TABLE I. The Clebsch coefficients GðχÞ
QB and GðVÞ

QB of (11) for the JP ¼ 1
2
þ states. We assure that the scalar GðSÞ

QB follow from the vector

Clebsch by the universal replacement gðVÞ0;1;D → gðSÞ0;1;D where we use gðSÞ
1;½3̄ 3̄� ≡ 0 for notational convenience.

B Q GðχÞ
BQ GðVÞ

BQ

Λc π 12B0ð2b1;½3̄ 3̄� þ b2;½3̄ 3̄�Þm 6ðgðVÞ
0;½3̄ 3̄� − gðVÞ

1;½3̄ 3̄� þ gðVÞ
D;½3̄ 3̄�Þ

K 4B0ð4b1;½3̄ 3̄� þ b2;½3̄ 3̄�ÞðmþmsÞ 8gðVÞ
0;½3̄ 3̄� þ 4gðVÞ

D;½3̄ 3̄�
η 4

3
B0ðb2;½3̄ 3̄�mþ 2b1;½3̄ 3̄�ðmþ 2msÞÞ 2gðVÞ

0;½3̄ 3̄� þ 2
3
gðVÞ
1;½3̄ 3̄� þ 2

3
gðVÞ
D;½3̄ 3̄�

Ξc π 6B0ð4b1;½3̄ 3̄� þ b2;½3̄ 3̄�Þm 6gðVÞ
0;½3̄ 3̄� þ 3gðVÞ

D;½3̄ 3̄�
K 2B0ð8b1;½3̄ 3̄� þ 3b2;½3̄ 3̄�ÞðmþmsÞ 8gðVÞ

0;½3̄ 3̄� − 4gðVÞ
1;½3̄ 3̄� þ 6gðVÞ

D;½3̄ 3̄�
η 2

3
B0ð4b1;½3̄ 3̄�ðmþ 2msÞ þ b2;½3̄ 3̄�ðmþ 4msÞÞ 2gðVÞ

0;½3̄ 3̄� −
4
3
gðVÞ
1;½3̄ 3̄� þ 5

3
gðVÞ
D;½3̄ 3̄�

ΞcΞ0
c π 6B0b1;½3̄6�m 3gðVÞ

D;½3̄6�
K −2B0b1;½3̄6�ðmþmsÞ −2gðVÞ

D;½3̄6�
η − 2

3
B0b1;½3̄6�ð4ms −mÞ −gðVÞ

D;½3̄6�

Σc π 12B0ð2b1;½66� þ b2;½66�Þm 6gðVÞ
0;½66� þ gðVÞ

1;½66� þ 6gðVÞD;½66�
K 4B0ð4b1;½66� þ b2;½66�ÞðmþmsÞ 8gðVÞ

0;½66� þ 4gðVÞD;½66�
η 4

3
B0ðb2;½66�mþ 2b1;½66�ðmþ 2msÞÞ 2gðVÞ

0;½66� þ 1
3
gðVÞ
1;½66� þ 2

3
gðVÞD;½66�

Ξ0
c π 6B0ð4b1;½66� þ b2;½66�Þm 6gðVÞ

0;½66� þ 3gðVÞD;½66�
K 2B0ð8b1;½66� þ 3b2;½66�ÞðmþmsÞ 8gðVÞ

0;½66� þ 2gðVÞ
1;½66� þ 6gðVÞD;½66�

η 2
3
B0ð4b1;½66�ðmþ 2msÞ þ b2;½66�ðmþ 4msÞÞ 2gðVÞ

0;½66� −
2
3
gðVÞ
1;½66� þ 5

3
gðVÞD;½66�

Ωc π 24B0b1;½66�m 6gðVÞ
0;½66�

K 8B0ð2b1;½66� þ b2;½66�ÞðmþmsÞ 8ðgðVÞ
0;½66� þ gðVÞD;½66�Þ

η 8
3
B0ðb1;½66�mþ 2ðb1;½66� þ b2;½66�ÞmsÞ 2gðVÞ

0;½66� þ 4
3
gðVÞ
1;½66� þ 8

3
gðVÞD;½66�
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Consider now the terms quadratic in the quark masses,
which we denote with Σð4−χÞ

B and are supposed to absorb the
renormalization scale dependence of the tadpole terms
Σtadpole
B . They supplement the terms linear in the quark

masses, which were already considered in (5). Together,
both classes of terms are combined with Σtree−level

B in (9). We

follow here our previous works [1,2,21] in which we keep
the on-shell meson masses in the tadpole contributions.
This requires us to cast the terms quadratic in the quark
masses into corresponding terms that depend on the meson
masses in addition. For that purpose we introduce particular
parameter combinations

c̃1;½3̄ 3̄� ¼ −
4

33
ð33c1;½3̄ 3̄� − 45c2;½3̄ 3̄� − 15c3;½3̄ 3̄� þ 11c4;½3̄ 3̄�Þ;

c̃2;½3̄ 3̄� ¼ −
2

253
ð207c2;½3̄ 3̄� þ 3c3;½3̄ 3̄� − 22c4;½3̄ 3̄�Þ;

c̃3;½3̄ 3̄� ¼ −
1

46
ð9c3;½3̄ 3̄� þ 26c4;½3̄ 3̄�Þ; c̃4;½3̄ 3̄� ¼ −

1

92
ð3c3;½3̄ 3̄� − 22c4;½3̄ 3̄�Þ;

c̃1;½3̄6� ¼
1

46
ð9c1;½3̄6� þ 26c2;½3̄6�Þ; c̃2;½3̄6� ¼

3

92
ð3c1;½3̄6� − 22c2;½3̄6�Þ; ð14Þ

in terms of which our unambiguous results are simplified
significantly. The self-energies for the flavor antitriplet
states are detailed in the first part of Table II with the
coupling constants c̃n. As can be seen from Table II only
the particular term c̃1 keeps the original structure being
a product of two quark masses. We identify a single
parameter combination c̃3 that probes the product of a
quark mass with the second power of some meson mass.
The remaining parameters c̃2 and c̃4 select the terms
involving the fourth power of a meson mass.

Like in the previously studied cases [1,2] there is a subtle
issue as how to treat the flavor singlet structures propor-
tional to gðSÞ

0;½3̄ 3̄� and b1;½3̄ 3̄�. While the first term stems from
a chiral symmetric interaction, the second one from a
structure that breaks the chiral symmetry explicitly.
Nevertheless, the two terms end up with identical tadpole
type contributions if the Gell-Mann-Oakes-Renner rela-
tions are used. The request of renormalization scale
invariance implies that the two contributions in (11) have
to be dealt with identically, i.e., we take the replacement

TABLE II. Contributions to the baryon self-energy proportional to the product of two quark masses are expressed
in terms of meson masses as to obtain renormalization scale invariant results. The original form from (8) is recovered
in application of the Gell-Mann-Oakes-Renner relations, e.g., m2

π ¼ 2B0m and m2
K ¼ B0ðmþmsÞ.

Σð4−χÞ
B

B ¼ Λc B ¼ Ξc B ¼ ΞcΞ0
c

m4
π 3c̃2;½3̄ 3̄� þ 18c̃4;½3̄ 3̄� 3c̃2;½3̄ 3̄� þ 9c̃4;½3̄ 3̄� −3c̃2;½3̄6�

m4
K 4c̃2;½3̄ 3̄� þ 12c̃4;½3̄ 3̄� 4c̃2;½3̄ 3̄� þ 18c̃4;½3̄ 3̄� 2c̃2;½3̄6�

m4
η c̃2;½3̄ 3̄� þ 2c̃4;½3̄ 3̄� c̃2;½3̄ 3̄� þ 5c̃4;½3̄ 3̄� c̃2;½3̄6�

B0mm2
π 18c̃3;½3̄ 3̄� 9c̃3;½3̄ 3̄� −9c̃1;½3̄6�

B0ðmþmsÞm2
K 6c̃3;½3̄ 3̄� 9c̃3;½3̄ 3̄� 3c̃1;½3̄6�

B0mm2
η 2c̃3;½3̄ 3̄� c̃3;½3̄ 3̄� −c̃1;½3̄6�

B0msm2
η 0 4c̃3;½3̄ 3̄� 4c̃1;½3̄6�

B2
0ð2m2 þm2

sÞ c̃1;½3̄ 3̄� c̃1;½3̄ 3̄� 0

Σð4−χÞ
B

B ¼ Σc B ¼ Ξ0
c B ¼ Ωc

m4
π 3c̃2;½66� þ 18c̃4;½66� þ 3c̃5;½66� 3c̃2;½66� þ 9c̃4;½66� 3c̃2;½66�

m4
K 4c̃2;½66� þ 12c̃4;½66� 4c̃2;½66� þ 18c̃4;½66� þ 6c̃5;½66� 4c̃2;½66� þ 24c̃4;½66�

m4
η c̃2;½66� þ 2c̃4;½66� þ c̃5;½66� c̃2;½66� þ 5c̃4;½66� − 2c̃5;½66� c̃2;½66� þ 8c̃4;½66� þ 4c̃5;½66�

B0mm2
π 18c̃3;½66� 9c̃3;½66� 0

B0ðmþmsÞm2
K 6c̃3;½66� 9c̃3;½66� 12c̃3;½66�

B0mm2
η 2c̃3;½66� c̃3;½66� 0

B0msm2
η 0 4c̃3;½66� 8c̃3;½66�

B2
0ð2m2 þm2

sÞ c̃1;½66� c̃1;½66� c̃1;½66�
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gðSÞ
0;½3̄ 3̄� → gðSÞ

0;½3̄ 3̄� − 2b1;½3̄ 3̄�; ð15Þ

in GðSÞ
BQ but drop the contribution of b1;½3̄ 3̄� in GðχÞ

BQ.
Analogous results can be derived for the flavor sextet

states with JP ¼ 1
2
þ and JP ¼ 3

2
þ. Here we detail our

derivations for the JP ¼ 1
2
þ states without loss of generality.

The corresponding expressions for the JP ¼ 3
2
þ follow

upon the universal substitution cn → en. Consider the
parameter combinations

c̃1;½66� ¼ −
4

33
ð33c1;½66� − 45c2;½66� − 15c3;½66�

þ 11c4;½66� − c5;½66�Þ;

c̃2;½66� ¼ −
2

253
ð207c2;½66� þ 3c3;½66� − 22c4;½66� þ 20c5;½66�Þ;

c̃3;½66� ¼ −
1

46
ð9c3;½66� þ 26c4;½66� þ 14c5;½66�Þ;

c̃4;½66� ¼ −
1

92
ð3c3;½66� − 22c4;½66� − 26c5;½66�Þ;

c̃5;½66� ¼ −c5;½66�; ð16Þ

as used in the lower parts of Table II. We point at the one-
to-one correspondence of the coefficients in (14) and (16)
for all four terms but the c5;½66�, which does not have a
counterpart in (14). Note that here the replacements

gðSÞ
0;½66� → gðSÞ

0;½66� − 2b1;½66� and b1;½66� → 0;

are required in GðSÞ
BQ and GðχÞ

BQ respectively.
We turn to the bubble loop contributions properly

derived in the subtraction scheme [1,2]. The generic form
of the loop contributions can be taken over from our

previous works [1,2,20,21]. Consider first the contributions
to the masses of the JP ¼ 1

2
þ states

Σ̄bubble
B∈½3̄;6� ¼

X
Q∈½8�;R∈½3̄;6�

�
GðBÞ

QR

2f

�2�
−
ðMB þMRÞ2
ER þMR

p2
QRĪQR

þM2
R −M2

B

2MB
IRQ þ 2αðBÞQR

�

þ
X

Q∈½8�;R∈½4�

�
GðBÞ

QR

2f

�2�
−
2

3

M2
B

M2
R
ðER þMRÞp2

QRĪQR

þ ðMR −MBÞðMR þMBÞ3
12MBM2

R
IRQ þ 4

3
αðBÞQR

�
; ð17Þ

wherewe encounter the subtraction terms αðBÞQR [see (21)].We
first recall the scalar tadpole and bubble integrals with

IRQ ¼ m2
Q

ð4πÞ2 log
m2

Q

M2
R
þΔĪð0ÞQ ;

ĪQR ¼ΔIQRþ
1

16π2

�
γRB−

�
1

2
þm2

Q−M2
R

2M2
B

�
ln

�
m2

Q

M2
R

�

þpQR

MB

�
ln

�
1−

M2
B−2pQRMB

m2
QþM2

R

�

− ln

�
1−

M2
Bþ2pQRMB

m2
QþM2

R

���
;

p2
QR ¼

M2
B

4
−
M2

Rþm2
Q

2
þðM2

R−m2
QÞ2

4M2
B

; E2
R ¼M2

Rþp2
QR;

ð18Þ

where all finite volume effects are collected into ΔĪð0ÞQ and
ΔĪQR. For explicit expressions for the latter the reader is

TABLE III. Meson-baryon coupling constants, GðBÞ
QR, in the isospin basis. Only nonvanishing elements are shown

for the flavor antitriplet and sextet states with JP ¼ 1
2
þ.

GðΛcÞ
KΞc

¼ −F½3̄ 3̄� GðΞcÞ
πΞc

¼
ffiffi
3

p
2
F½3̄ 3̄� GðΞ0

cÞ
πΞc

¼
ffiffi
3

p
2
F½3̄6�

GðΛcÞ
ηΛc

¼ 1ffiffi
3

p F½3̄ 3̄� GðΞcÞ
K̄Λc

¼ 1ffiffi
2

p F½3̄ 3̄� GðΣcÞ
πΛc

¼ F½3̄6� GðΞ0
cÞ

K̄Λc
¼ − 1ffiffi

2
p F½3̄6�

GðΛcÞ
πΣc

¼ ffiffiffi
3

p
F½3̄6� GðΞcÞ

ηΞc
¼ − 1

2
ffiffi
3

p F½3̄ 3̄� GðΣcÞ
KΞc

¼ F½3̄6� GðΞ0
cÞ

ηΞc
¼

ffiffi
3

p
2
F½3̄6�

GðΛcÞ
KΞ0

c
¼ F½3̄6� GðΞcÞ

πΞ0
c
¼

ffiffi
3

p
2
F½3̄6� GðΣcÞ

πΣc
¼ −

ffiffiffi
2

p
F½66� GðΞ0

cÞ
πΞ0

c
¼

ffiffi
3

p
2
F½66�

GðΩcÞ
K̄Ξc

¼ ffiffiffi
2

p
F½3̄6� GðΞcÞ

KΩc
¼ F½3̄6� GðΣcÞ

KΞ0
c
¼ −F½66� GðΞ0

cÞ
KΩc

¼ F½66�

GðΩcÞ
K̄Ξ0

c
¼ ffiffiffi

2
p

F½66� GðΞcÞ
K̄Σc

¼ −
ffiffi
3
2

q
F½3̄6� GðΣcÞ

ηΣc
¼ 1ffiffi

3
p F½66� GðΞ0

cÞ
K̄Σc

¼
ffiffi
3
2

q
F½66�

GðΩcÞ
ηΩc

¼ − 2ffiffi
3

p F½66� GðΞcÞ
ηΞ0

c
¼

ffiffi
3

p
2
F½3̄6� GðΞ0

cÞ
ηΞ0

c
¼ − 1

2
ffiffi
3

p F½66�

GðΛcÞ
πΣ�

c
¼ ffiffiffi

3
p

C½3̄6� GðΞcÞ
πΞ�

c
¼

ffiffi
3

p
2
C½3̄6� GðΣcÞ

πΣ�
c
¼ −

ffiffiffi
2

p
C½66� GðΞ0

cÞ
πΞ�

c
¼

ffiffi
3

p
2
C½66�

GðΛcÞ
KΞ�

c
¼ C½3̄6� GðΞcÞ

KΩ�
c
¼ C½3̄6� GðΣcÞ

KΞ�
c
¼ −C½66� GðΞ0

cÞ
KΩ�

c
¼ C½66�

GðΩcÞ
K̄Ξ�

c
¼ ffiffiffi

2
p

C½66� GðΞcÞ
K̄Σ�

c
¼ −

ffiffi
3
2

q
C½3̄6� GðΣcÞ

ηΣ�
c
¼ 1ffiffi

3
p C½66� GðΞ0

cÞ
K̄Σ�

c
¼

ffiffi
3
2

q
C½66�

GðΩcÞ
ηΩ�

c
¼ − 2ffiffi

3
p C½66� GðΞcÞ

ηΞ�
c
¼

ffiffi
3

p
2
C½3̄6� GðΞ0

cÞ
ηΞ�

c
¼ − 1

2
ffiffi
3

p C½66�
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referred to [21]. The sums in (17) extend over the inter-
mediate Goldstone bosons (Q ∈ ½8�), the two baryon flavor
sextet states with (R ∈ ½6�; ½4�) and one flavor antitriplet

(R ∈ ½3̄�). The coupling constants GðBÞ
QR are determined in

Tables III and IV by the parameters F½ab�; D½ab�; C½ab�; H½ab�
as introduced in (3).

We note that all terms proportional to m2n
Q ĪQ with n ≥ 1

are dropped in (17) as either higher order or as terms that
can be absorbed into our tadpole terms. This requires to use
renormalized low-energy parameters ḡðS;VÞ in (11) of the
following form

ḡðSÞ
0;½3̄ 3̄� ¼ gðSÞ

0;½3̄ 3̄� þ
1

3
gðSÞ
C;½3̄6�; ḡðSÞ

D;½3̄ 3̄� ¼ gðSÞ
D;½3̄ 3̄� − gðSÞ

C;½3̄6�;

ḡðSÞ
0;½66� ¼ gðSÞ

0;½66�; ḡðSÞ
1;½66� ¼ gðSÞ

1;½66� −
2

3
gðSÞC;½66�; ḡðSÞD;½66� ¼ gðSÞD;½66� −

1

3
gðSÞC;½66�;

ḡðSÞ
D;½3̄6� ¼ gðSÞ

D;½3̄6� −
1

6

�
C½66�
C½3̄6�

gðSÞ
C;½3̄6� þ

C½3̄6�
C½66�

gðSÞC;½66�

�
;

ḡðVÞ
0;½3̄ 3̄� ¼ gðVÞ

0;½3̄ 3̄� þ
1

3
gðVÞ
C;½3̄6�; ḡðVÞ

1;½3̄ 3̄� ¼ gðVÞ
1;½3̄ 3̄�; ḡðVÞ

D;½3̄ 3̄� ¼ gðVÞ
D;½3̄ 3̄� − gðVÞ

C;½3̄6�;

ḡðVÞ
0;½66� ¼ gðVÞ

0;½66�; ḡðVÞ
1;½66� ¼ gðVÞ

1;½66� −
2

3
gðVÞC;½66�; ḡðVÞD;½66� ¼ gðVÞD;½66� −

1

3
gðVÞC;½66�;

ḡðVÞ
D;½3̄6� ¼ gðVÞ

D;½3̄6� −
1

6

�
C½66�
C½3̄6�

gðVÞ
C;½3̄6� þ

C½3̄6�
C½66�

gðVÞC;½66�

�
;

gðSÞC;½a6� ¼
C2
½a6�

2M½a�

4M2
½a� þ Δ½a�M½a� − Δ2

½a�
4ðM½a� þ Δ½a�Þ2

; gðVÞC;½a6� ¼
C2
½a6�

4M2
½a�

�
M½a�

M½a� þ Δ½a�

�
2

; ð19Þ

with the chiral limit mass spin splitting values Δ½a� ¼
M½4� −M½a� for a ¼ 3̄; 6. We use here the notation for the

flavor SU(3) chiral limit baryon masses Mð0Þ
B ↔ M½a� as

introduced with (10).
Given our approach the scalar bubble loop function ĪQR

does not depend on the renormalization scale μ. We point

the reader at the subtraction terms γRB and αðBÞQR in (17). It is
recalled that the subtraction

γRB ¼ − lim
m;ms→0

M2
R −M2

B

M2
B

log

����M
2
R −M2

B

M2
R

����; ð20Þ

makes sure that the scalar bubble ĪQRðMBÞ will vanish in
the chiral limit with mQ → 0 strictly. This protects the tree
level slope parameters bn;½ab� in (5) as advocated above. The

additional term αðBÞQR is required to protect a chiral theorem.
There are nonanalytic terms proportional to m3

Q that arise
from the bubble loop contributions. Only in the presence of

the subtraction terms αðBÞQR they take their proper form. From
[1,2] it is recalled

αðBÞQR ¼ α1Δ2

ð4πÞ2 ðMR −MB − ΔBÞ
�
Δ∂
∂Δþ 1

�
γ1 þ

Δm2
Q

ð4πÞ2 α1γ2;

M ¼ Mð0Þ
B ; Δ ¼ Mð0Þ

R −Mð0Þ
B ; γ1 ¼

2M þ Δ
2M

log
Δ2ð2M þ ΔÞ2
ðM þ ΔÞ4 ;

ΔB ¼ Δ
MB

M
; γ2 ¼ −

2M2 þ 2ΔM þ Δ2

2Mð2M þ ΔÞ log
Δ2ð2M þ ΔÞ2
ðM þ ΔÞ4 −

M
2M þ Δ

;

with α1 ¼
ð2M þ ΔÞ4

16M2ðM þ ΔÞ2 if R ∈ ½4� but α1 ¼
ð2M þ ΔÞ2

4M2
if R ∈ ½3̄; 6�; ð21Þ
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where we note that the last expression for α1 in (21) was not needed in [1] since there only one flavor multiplet of baryon
states with JP ¼ 1

2
þ occurs.

We close this section with the bubble loop contribution for the JP ¼ 3
2
þ states. Again the form for the loop contributions

can be inferred from our previous work [1,20]. We find

Σ̄bubble
B∈½4� ¼

X
Q∈½8�;R∈½3̄;6�

�
GðBÞ

QR

2f

�2�
−
1

3
ðER þMRÞp2

QRĪQR

þ ðMR −MBÞðMR þMBÞ3
24M3

B
IRQ þ 2

3
αðBÞQR

�

þ
X

Q∈½8�;R∈½4�

�
GðBÞ

QR

2f

�2�
−
ðMB þMRÞ2

9M2
R

2ERðER −MRÞ þ 5M2
R

ER þMR
p2
QRĪQR

þM4
R þM4

B þ 12M2
RM

2
B − 2MRMBðM2

B þM2
RÞ

36M3
BM

2
R

ðM2
R −M2

BÞIRQ
�
; ð22Þ

with the Clebsch GðBÞ
QR listed in Table IV. The renormalization of the coupling constants h̄ðS;VÞ from the bubble-loop

diagram is

h̄ðSÞn;½66� ¼ hðSÞn;½66� for n ¼ 0; 1; 3; 5;

h̄ðSÞ
2;½66� ¼ hðSÞ

2;½66� þ
1

6
hðSÞC;½3̄6� þ

1

6
hðSÞC;½66� h̄ðSÞ

4;½66� ¼ hðSÞ
4;½66� −

1

3
hðSÞC;½3̄6� þ

1

3
hðSÞC;½66�;

h̄ðVÞ
0;½66� ¼ hðVÞ

0;½66�; h̄ðVÞ
1;½66� ¼ hðVÞ

1;½66� −
H2

½66�
9M2

½4�
þ 1

3
ðhðVÞ

C;½3̄6� − hðVÞC;½66�Þ;

h̄ðVÞ
2;½66� ¼ hðVÞ

2;½66� −
H2

½66�
18M2

½4�
−
1

6
ðhðVÞ

C;½3̄6� þ hðVÞC;½66�Þ;

hðSÞC;½a6� ¼
C2
½a6�

2M½a�

4M3
½a� þ 5Δ½a�M2

½a� þ 2Δ2
½a�M½a�

4ðM½a� þ Δ½a�Þ3
; hðVÞC;½a6� ¼

C2
½a6�

4M½4�M½a�

M½a�
M½a� þ Δ½a�

; ð23Þ

TABLE IV. Meson-baryon coupling constants, GðBÞ
QR, in the isospin basis. Only nonvanishing elements are shown

for B ∈ ½4�, i.e., the flavor sextet states with JP ¼ 3
2
þ.

GðΞ�
cÞ

πΞc
¼

ffiffi
3

p
2
C½3̄6�

GðΣ�
cÞ

πΛc
¼ C½3̄6� GðΞ�

cÞ
K̄Λc

¼ − 1ffiffi
2

p C½3̄6�
GðΣ�

cÞ
KΞc

¼ C½3̄6� GðΞ�
cÞ

ηΞc
¼

ffiffi
3

p
2
C½3̄6� GðΩ�

cÞ
K̄Ξc

¼ ffiffiffi
2

p
C½3̄6�

GðΣ�
cÞ

πΣc
¼ −

ffiffiffi
2

p
C½66� GðΞ�

cÞ
πΞ0

c
¼

ffiffi
3

p
2
C½66� GðΩ�

cÞ
K̄Ξ0

c
¼ ffiffiffi

2
p

C½66�

GðΣ�
cÞ

KΞ0
c
¼ −C½66� GðΞ�

cÞ
KΩc

¼ C½66� GðΩ�
cÞ

ηΩc
¼ − 2ffiffi

3
p C½66�

GðΣ�
cÞ

ηΣc
¼ 1ffiffi

3
p C½66� GðΞ�

cÞ
K̄Σc

¼
ffiffi
3
2

q
C½66�

GðΞ�
cÞ

ηΞ0
c
¼ − 1

2
ffiffi
3

p C½66�

GðΞ�
cÞ

πΞ�
c
¼

ffiffi
3

p
2
H½66�

GðΣ�
cÞ

πΣ�
c
¼ −

ffiffiffi
2

p
H½66� GðΞ�

cÞ
KΩ�

c
¼ H½66� GðΩ�

cÞ
K̄Ξ�

c
¼ ffiffiffi

2
p

H½66�

GðΣ�
cÞ

KΞ�
c
¼ −H½66� GðΞ�

cÞ
K̄Σ�

c
¼

ffiffi
3
2

q
H½66� GðΩ�

cÞ
ηΩ�

c
¼ − 2ffiffi

3
p H½66�

GðΣ�
cÞ

ηΣ�
c
¼ 1ffiffi

3
p H½66� GðΞ�

cÞ
ηΞ�

c
¼ − 1

2
ffiffi
3

p H½66�
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with again Δ½a� ¼ M½4� −M½a� for a ¼ 3̄; 6. It is left to detail the subtraction term αðBÞQR for the JP ¼ 3
2
þ states which takes the

form

αðBÞQR ¼ β1Δ2

ð4πÞ2 ðMB −MR − ΔBÞ
�
M þ Δ
M

��
Δ∂
∂Δþ 1

�
δ1 þ

Δm2
Q

ð4πÞ2 β1δ2;

M ¼ Mð0Þ
R ; Δ ¼ Mð0Þ

B −Mð0Þ
R δ1 ¼ −

Mð2M þ ΔÞ
ðM þ ΔÞ2 log

����Δð2M þ ΔÞ
M2

����;
ΔB ¼ Δ

MB

M þ Δ
; δ2 ¼

M
2M þ Δ

þM
2M2 þ 2ΔM þ Δ2

ð2M þ ΔÞðM þ ΔÞ2 log
����Δð2M þ ΔÞ

M2

����;
with β1 ¼

ð2M þ ΔÞ4
16MðM þ ΔÞ3 : ð24Þ

For a more in depth discussion of the various arguments in
favor of the applied renormalization scheme we refer to our
previous works [1,2].

IV. LARGE-Nc SUM RULES
AT THE ONE-LOOP LEVEL

In our previous work [11] we derived sum rules for our
low-energy constants as they arise in QCD with a large
number of colors (Nc). The analysis was performed for
tree-level expressions derived from the chiral Lagrangian.
As was pointed out already for the analogous case of a
study for the baryon octet and decuplet masses [1], such
relations need to be supplemented by constraints that are
implied by the renormalization scale invariance condition.
This is readily understood if one considers the scale

dependence of the symmetry breaking counter terms
proportional to ci and ei of (8). The request that their
contributions to the baryon masses are renormalization
scale invariant is readily derived with

μ2
d
dμ2

ci;½ab� ¼ −
1

4

1

ð4πfÞ2 Γci;½ab� ;

μ2
d
dμ2

ei;½66� ¼ −
1

4

1

ð4πfÞ2 Γei;½66� ; ð25Þ

where all Γci;½ab� and Γei;½ab� are detailed in Appendix B. They
depend on the symmetry conserving two-body terms g and
h in (7), but also on the symmetry breaking parameters b
and d in (4). In turn if we insist on the leading order sum

rules for the ci and ei of Appendix A the following
conditions arise

Γcn;½66� ¼ Γen;½66� Γcn;½3̄6� ¼ 0 for all n;

Γc1;½3̄ 3̄� ¼ Γc1;½66� ; Γc2;½3̄ 3̄� ¼ Γc2;½66� ;

Γc3;½3̄ 3̄� ¼ Γc3;½66� ; Γc4;½3̄ 3̄� ¼ Γc4;½66� − Γc5;½66� : ð26Þ

If supplemented by the leading order sum rules for the
remaining low-energy constants we arrive at the additional
relations

ḡðSÞ
1;½66� ¼ 2ḡðSÞ

0;½3̄ 3̄� ¼ −
1

4
MḡðVÞ

1;½66� with

M ¼ M½4̄� ¼ M½6� ¼ M½3̄� or ḡðVÞ
1;½66� ¼ 0 ¼ ḡðVÞD;½66�:

ð27Þ

This is an amazing prediction since now altogether we have
40 ¼ 36þ 4 sum rules at leading order. Thus from the 54
low-energy constants we started out, there remain only 5 ¼
14 − 8 − 1 parameters that we have to adjust to the QCD
lattice data set on the charmed baryon masses. In our
parameter count we subtract the 8 charmed baryon masses
known from the PDG and one axial coupling constant C½3̄6�
which is determined by the empirically known decay
process Σþþ

c ð2520Þ → Λþ
c π

þ.
We close this section by a study of such sum rules at

subleading order in the 1=Nc expansion. From Appendix A
we obtain the following conditions

Γc1;½66� ¼ Γe1;½66� ; Γc2;½66� ¼ Γe2;½66� Γc1;½3̄ 3̄� þ Γc2;½3̄ 3̄� ¼ Γc1;½66� þ Γc2;½66� ;

Γc1;½3̄6� ¼ 5
ffiffiffi
3

p
ðΓc3;½66� − Γe3;½66� Þ; Γc2;½3̄6� ¼ 5

ffiffiffi
3

p
ðΓc4;½66� − Γe4;½66� Þ; ð28Þ
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which we supplement by sum rules for low-energy constants valid at subleading order. This leads to the following five
additional conditions

ḡðVÞ
0;½66� ¼

b2;½66�−d2;½66�
M½6�−M½4�

48M½6�
163ðM½6� þM½4�Þ

;

ḡðSÞD;½66� ¼ h̄ðSÞ
2;½66� þ

ðM½3̄� þM½6�Þ2ðM½4�−M½6�ÞðM½4� þM½6�Þ
4M½4�ðM½3̄�−M½6�ÞðM½3̄� þ3M½6�Þ

h̄ðVÞ
2;½66� þ

b2;½66�−d2;½66�
M½3̄�−M½6�

99ðM2
½3̄� þ2M½3̄�M½6�−59M2

½6�Þ
163ðM½3̄� þ3M½6�Þ

;

ḡðVÞD;½66� ¼
M½6�ðM½3̄�−2M½4� þM½6�ÞðM½3̄� þ2M½4� þM½6�Þ

M½4�ðM½3̄�−M½6�ÞðM½3̄� þ3M½6�Þ
h̄ðVÞ
2;½66� þ

b2;½66�−d2;½66�
M½3̄�−M½6�

22176M½6�
163ðM½3̄� þ3M½6�Þ

;

M½4�h̄
ðVÞ
1;½66� ¼ 78ḡðSÞ

0;½3̄ 3̄� þ35ḡðSÞ
D;½3̄ 3̄�−78ḡðSÞ

0;½66�−35h̄ðSÞ
2;½66�−4h̄ðSÞ

4;½66�− h̄ðSÞ
5;½66� þ

M½3̄�
4

ð78ḡðVÞ
0;½3̄ 3̄� þ8ḡðVÞ

1;½3̄ 3̄� þ35ḡðVÞ
D;½3̄ 3̄�Þ−

35M½4�
4

h̄ðVÞ
2;½66�

−27ðb2;½3̄ 3̄�−d2;½66�Þ−
b2;½66�−d2;½66�
M½6�−M½4�

936M2
½4�

163ðM½6� þM½4�Þ
;

M½6�ḡ
ðVÞ
1;½66� ¼M½4�h̄

ðVÞ
1;½66�−4ḡðSÞ

1;½66� þ4h̄ðSÞ
4;½66� þ h̄ðSÞ

5;½66�: ð29Þ

Superficially the expressions (29) appear singular at either
M½6� → M½4� or M½6� → M½3̄�. However this is not the case
since in the later limits there are additional relations that
ensure that all low-energy constants remain finite in those
limits. We remind the reader of the sum rules that arise in
large-Nc QCD at leading order with M½6� ¼ M½4� ¼ M½3̄�.
Since the heavy-quark mass limit leads toM½6� ¼ M½4� only,
it follows the scaling relation

b2;½66� − d2;½66� ∼ ðM½6� −M½4�ÞðM½6� −M½3̄�Þ; ð30Þ

which implies that the low-energy parameters in (29)
remain finite in the latter two limits. More specifically,
the first three identities in (29) approach the leading order

large-Nc relations ḡðVÞ
0;½66� ¼ 0 and ḡðSÞD;½66� ¼ h̄ðSÞ

2;½66� and

ḡðVÞD;½66� ¼ h̄ðVÞ
2;½66� of Appendix A. The remaining two iden-

tities recover the two scale relations ḡðSÞ
1;½66� ¼ 2ḡðSÞ

0;½3̄ 3̄� ¼
− 1

4
MḡðVÞ

1;½66� in this limit with M ¼ M½6� ¼ M½4� ¼ M½3̄� [see
Eq. (27)]. Note a subtle issue concerning the order at which
the two limits Mc → ∞ and Nc → ∞ have to be applied.
Consistent results follow only if the heavy-quark mass limit
with M½6� → M½4� at M½3̄� ≠ M½4� is applied first.
At subleading order altogether we have 22 ¼ 17þ 5

sum rules. Thus from the 54 low-energy constants, there
remain only 23 ¼ 32 − 8 − 1 parameters that we have to
adjust to the QCD lattice data set on the charmed baryon
masses. Even at subleading order we deem this to be a
significant result which paves the way toward a quantitative
and controlled approach to chiral dynamics of charmed
baryons.

V. A CONVERGENCE STUDY
FOR THE BUBBLE LOOP

The purpose of the following section is to decompose the
loop function Σ̄bubble

B into power counting moments

Σ̄bubble
B ¼ Σ̄bubble−3

B þ Σ̄bubble−4
B þ Σ̄bubble−5

B þ � � � ; ð31Þ

and illustrate the convergence properties of such an
expansion at hand of the physical meson and baryon
masses. It is emphasized that any conventional chiral
expansion in terms of bare meson and baryon masses
appears futile at physical up, down and strange quark
masses, at least for the baryon masses with zero charm
content. From our previous study of the chiral expansion
for the charm meson masses [2] we already learned that
such a conventional strategy appears ill defined even for
charmed systems. Though, a conventional expansion for
the charm baryon masses may not be as disastrous as it is
for the baryons with zero charm content, we anticipate that
our expansion in terms of on-shell masses generates much
more useful and convincing results.
Given our framework and notations the required expres-

sions can be readily deduced from our previous work [1],
where however a slight adaptation is necessary. Any of the
moments in (31) receives three types of contributions

Σ̄bubble−n
B∈½a� ¼ Σ̄bubble−n

B∈½a�;½3̄� þ Σ̄bubble−n
B∈½a�;½6� þ Σ̄bubble−n

B∈½a�;½4� ; ð32Þ

which are classified according to the flavor or spin
multiplicity of the intermediate charmed baryon states.
We will exemplify such results for the leading order term in
the expansion.
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For the spin-three-half baryons in the flavor sextet we write

Σbubble−3
B∈½4�;½4� ¼

X
Q∈½8�;R∈½4�

�
1

4πf
GðBÞ

QR

�
2 5

9

�
m2

Q

2MB

�
1 − log

mQ

MR

�
−
π

2
mQ

�
ðm2

Q − ðMR −MBÞ2Þ;

Σ̄bubble−3
B∈½4�;½3̄� ¼

X
Q∈½8�;R∈½3̄�

�
1

4πf
GðBÞ

QR

�
2 β1
6

�
δ̂2Δm2

Q þ ½δ1ΔB − δ̃1ðMB −MRÞ�Δ2
Q − δ̂1Δ2ðMR −MB þ ΔBÞ

þ ð2M þ ΔÞM
2ðM þ ΔÞ2

��
Δ2

Q −
1

2
m2

Q

�
ðMB −MRÞ log

m2
Q

M2
R
þ Δ3

QðlogðMR −MB − ΔQÞ − logðMR −MB þ ΔQÞÞ
	

þm2
Q

ΔB

�
−δ̃2Δ2

Q þ δ̃3m2
Q log

m2
Q

M2
R

��
;

ΔQ ¼ ½ðMB −MRÞ2 −m2
Q�1=2; ΔB ¼ Δ

MB

M þ Δ
;

δ̂1 ¼
ð2M þ ΔÞ

2M
∂
∂Δ

2ðM þ ΔÞ
2M þ Δ

Δðδ1 − δ̃1Þ þ δ̃1;

δ̂2 ¼ δ2 þ
1

2
ðδ1 − δ̃1Þ

Δ2

ð2M þ ΔÞ2 ; δ̃1 ¼ δ1 þ
Mð2M þ ΔÞ
ðM þ ΔÞ2 ln

2jΔj
M

; ð33Þ

where Δ ¼ M½4� −M½3̄� and M ¼ M½3̄� in this case. Note that the coefficients β1 and δ1, δ2 we encountered already in the

definitions of the subtraction terms αðBÞQR in (24). A complete collection of such coefficients is provided in Appendix B of [1].

It is left to detail the contribution Σ̄bubble−3
B∈½4�;½6� . It follows from Σ̄bubble−3

B∈½4�;½3̄� by the simple replacement ½3̄� → ½6� in (33).
We turn to the spin-one-half baryons in the flavor antitriplet

Σ̄bubble−3
B∈½3̄�;½3̄� ¼

X
Q∈½8�;R∈½3̄�

�
1

4πf
GðBÞ

QR

�
2
�

m2
Q

2MB

�
1 − log

mQ

MR

�
−
π

2
mQ

�
ðm2

Q − ðMR −MBÞ2Þ;

Σ̄bubble−3
B∈½3̄�;½4� ¼

X
Q∈½8�;R∈½4�

�
1

4πf
GðBÞ

QR

�
2 α1
3

�
γ̂2Δm2

Q þ ½γ1ΔB − γ̃1ðMR −MBÞ�Δ2
Q þ γ̂1Δ2ðMR −MB − ΔBÞ

−
2M þ Δ
2M

��
Δ2

Q −
1

2
m2

Q

�
ðMR −MBÞ log

m2
Q

M2
R
þ Δ3

QðlogðMR −MB þ ΔQÞ − logðMR −MB − ΔQÞÞ
	

þm2
Q

ΔB

�
−γ̃2Δ2

Q þ γ̃3m2
Q log

m2
Q

M2
R

	�
;

ΔQ ¼ ½ðMB −MRÞ2 −m2
Q�1=2; ΔB ¼ Δ

MB

M
;

γ̂1 ¼
2M þ Δ
2M

∂
∂Δ

2ΔM
2M þ Δ

ðγ1 − γ̃1Þ þ γ̃1;

γ̂2 ¼ γ2 þ
1

2
ðγ1 − γ̃1Þ

Δ2

ð2M þ ΔÞ2 ; γ̃1 ¼ γ1 −
2M þ Δ

M
ln

2jΔj
M þ Δ

; ð34Þ

where Δ ¼ M½4� −M½3̄� andM ¼ M½3̄�. The dimension less coefficients α1 and γ1, γ2 are detailed not only in (21) but also in
Appendix A of [1]. They depend on the ratio Δ=M only. In this case the missing term Σ̄bubble−3

B∈½3̄�;½6� can be obtained from

Σ̄bubble−3
B∈½3̄�;½4� with

Σ̄bubble−3
B∈½3̄�;½6� ¼

3

2
Σ̄bubble−3
B∈½3̄�;½4� with Δ ¼ M½6� −M½3̄� and M ¼ M½3̄�; ð35Þ

where, however, one must use α1 ¼ ð2M þ ΔÞ2=ð4M2Þ as given already in (21).
It remains to detail the chiral decomposition for the masses of the spin-one-half baryons in the flavor sextet. The terms

Σ̄bubble−3
B∈½6�;½6� and Σ̄bubble−3

B∈½6�;½4� follow directly from (34) by the overall replacement ½3̄� → ½6�. Then, the missing term
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Σ̄bubble−3
B∈½6�;½3̄� is obtained from ð3=2ÞΣ̄bubble−3

B∈½6�;½4� by the identifi-

cations Δ¼−M½6�þM½3̄�<0, M ¼ M½6� together with α1 ¼
ð2M þ ΔÞ2=ð4M2Þ.
With the construction of the third order terms (33), (34) it

is straightforward to correctly identify the corresponding
fourth and fifth order terms from [1]. Note that the higher
order terms involve additional coefficients αn, α̃n and γn, γ̃n
and βn, β̃n and δn, δ̃n that are detailed at the beginnings of
Appendices A and B of our previous work [1]. All such
coefficients are dimension less and depend on the ratio
Δ=M only. It should be noted that if the ratioΔ=M turns out
to be significantly smaller than 1=3 a further expansion of
our results in powers of such a ratio may be justified.
However, this can be decided only after a full analysis of
the lattice data set has been performed.

VI. SOME NUMERICAL RESULTS

We now generate some numerical results illustrating the
convergence properties of the chiral expansion. Since the
relevant set of low-energy parameters is basically unknown
we focus on the chiral decomposition of the one-loop
bubble functions as detailed in the previous chapter.
Any numerical estimate requires the values of the on-

shell baryon and meson masses involved. Those we take
from the PDG [22]. While for any of the hadron massesmQ
orMB,MR we apply an isospin average to the values of the
PDG [22], for the chiral limit massesM½3̄�;M½6� andM½4� we
take the flavor SU(3) average of the corresponding multi-
plet masses from the PDG. The latter assumption is ad-hoc
and constitutes a zeroth order estimate for such values only.
It is left to set the axial-vector coupling constants F and

C. In [10] the estimates F½3̄6� ≃ 0.82 and C½3̄6� ≃ 1.36 were
derived from the hadronic decay widths of spin-one-half
Σþþ
c ð2455Þ and spin-three-half Σþþ

c ð2520Þ baryons. We
provide an update of such values as is implied by the latest
decay widths claimed in the PDG [22]. We confirm that

ΓΣþþ
c ð2455Þ→Λþ

c π
þ ¼ 1.89þ0.09

−0.18 MeV → F½3̄6� ¼ 0.753þ0.018
−0.037 ;

ΓΣþþ
c ð2520Þ→Λþ

c π
þ ¼ 14.78þ0.30

−0.40 MeV → C½3̄6� ¼ 1.378þ0.014
−0.019 ;

ΓΣ0
cð2520Þ→Λþ

c π
− ¼ 15.30þ0.40

−0.50 MeV → C½3̄6� ¼ 1.401þ0.018
−0.023 ;

ð36Þ

translate into estimates for F½3̄6� and C½3̄6� which are

compatible with the large-Nc relation C½3̄6� ¼
ffiffiffi
3

p
F½3̄6� at

the 5% level. In the following we use the leading order
relations (A1). This leaves undetermined the axial-coupling
constant F½66� only.
We consider two scenarios, in the first one we use the

value C½3̄6� ¼ 1.35 together with F½66� ¼ 0, in the second
one C½3̄6� ¼ 0 with F½66� ¼ 1. Once a value for F½66� is
known the physical self-energies can be reconstructed
unambiguously in terms of our decomposition into the

two cases. For both scenarios we illustrate with Tables V
and VI that our chiral decomposition of the one-loop
bubble functions is very well converging.
Consider the first scenario in Table V. The self-energy

Σ̄bubble
B truncated at the fifth order is reproduced with an

uncertainty of at most 0.2 MeV. Already with the fourth
order term Σ̄bubble−4

B the full one-bubble loop function is
recovered with an uncertainty of at most 7 MeV only.
The contributions from the bubble loop are sizable and can
be as large as 320 MeV. Thus such contributions will play
a decisive role in any chiral extrapolation study of the
charmed baryon masses.
We turn to our second scenario in Table VI. Here we do

not know the absolute size of the self-energy contributions.
The table shows our values at the ad-hoc choice F½66� ¼ 1.
For instance at half its value with F½66� ¼ 0.5 all entries in
the table are reduced by a factor of four. Note that according
to [12,13] the quark model suggests the value jF½66�j ¼
2jF½36�j=

ffiffiffi
3

p
≃ 0.90. Once a reliable estimate for the axial

coupling constant F½66� is available the total contribution of
the bubble loop is obtained by adding the values in Table V
with F2

½66� times the corresponding values of Table VI.

TABLE V. Baryon self-energies evaluated with physical meson
and baryon masses using the leading order large-Nc relations for
the axial vector coupling constants (A1). The table collects all
contributions of our first scenario with C½3̄6� ¼ 1.35 ¼ ffiffiffi

3
p

F½3̄6�
and F½66� ¼ F½3̄ 3̄� ¼ C½66� ¼ H½66� ¼ 0.

B Σ̄bubble
B Σ̄bubble−ð3þ4þ5Þ

B
Σ̄bubble−3
B Σ̄bubble−4

B Σ̄bubble−5
B

Λc −146.20 −146.24 −128.46 −17.87 0.09
Ξc −318.74 −318.66 −336.11 10.21 7.25
Σc −115.21 −115.22 −107.36 −8.03 0.17
Ξ0
c −98.95 −98.95 −99.02 −0.58 0.65

Ωc −94.19 −94.18 −97.69 2.87 0.64

Σ�
c −103.57 −103.72 −94.23 −11.03 1.55

Ξ�
c −68.87 −68.84 −69.27 −2.00 2.43

Ω�
c −46.66 −46.57 −49.63 1.21 1.84

TABLE VI. Baryon self-energies evaluated with physical meson
and baryon masses using the leading order large-Nc relations for
the axial vector coupling constants (A1). The table collects all
contributions of our second scenario with C½3̄6� ¼F½3̄6� ¼F½3̄ 3̄� ¼ 0

and F½66� ¼ 1 together with H½66� ¼ −
ffiffiffi
3

p
C½66� ¼ 1.5.

B Σ̄bubble
B Σ̄bubble−ð3þ4þ5Þ

B
Σ̄bubble−3
B Σ̄bubble−4

B Σ̄bubble−5
B

Λc 0 0 0 0 0
Ξc 0 0 0 0 0
Σc −276.81 −276.87 −237.25 −44.82 5.19
Ξ0
c −359.00 −357.15 −386.09 18.47 10.47

Ωc −473.89 −471.62 −565.31 82.41 11.29

Σ�
c −322.17 −322.25 −269.53 −60.14 7.42

Ξ�
c −410.54 −407.88 −446.25 23.98 14.39

Ω�
c −535.12 −531.82 −653.02 105.61 15.58
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In fact such sums may be compared with the values in
Table II of the previous work [12], which relies on the heavy-
baryon mass formulation of χPT. From such a comparison
we conclude again, that indeed the latter approach does not
provide any significant results if truncated at N2LOorN3LO.
Like for the contributions in Table V we observe a

stunning convergence behaviour. The self-energy Σ̄bubble
B

truncated at the fifth order is reproduced with an uncer-
tainty of about 0.5%. Note that in this scenario the flavor
antitriplet baryons do not receive any contributions. This is
so since at leading order in the large-Nc expansion it holds
F½3̄ 3̄� ¼ 0.
We conclude that a chiral decomposition of the one-loop

contributions formulated in terms of on-shell meson and
baryon masses appears well converging also for the
charmed baryon masses. Thus, in any realistic application
to QCD lattice data, which should be minimally at N3LO, it
is not required to work with loop expressions truncated to
some order. Since the fifth order terms are about 10 MeVon
average it is well justified to apply the loop functions as
they are specified in Chapter III for the finite volume case.
This is the strategy followed also in our previous works on
the chiral extrapolation of other hadron masses in [1,2].
Note that the size of the systematic error in the charmed
baryon masses from current QCD lattice ensembles is at
least of that size. As we repeatedly emphasized, any
significant results from a fit to the lattice data can be
expected only if for a given lattice ensemble the set of eight
coupled and nonlinear equations is solved that determines
the charmed baryon masses.

VII. SUMMARY

We considered the self-energies for the charmed baryon
masses from the chiral Lagrangian with three light flavors at
N3LO. Explicit and renormalization-scale invariant expres-
sions for all ground-state baryons with JP ¼ 1

2
þ and JP ¼ 3

2
þ

quantum numbers are derived. The results are given in terms
of on-shell meson and baryon masses as it is required to
obtain significant results that can be applied at physical up,
down and strange quark masses. The convergence of the
chiral expansion is illustrated at the hand of the one-bubble
loop contributions. Given our results significant fits of the
low-energy parameters to the data set on charmed baryon
masses from the QCD lattice community are feasible. While
at leading order in the 1=Nc expansion there are 5 unknown
parameters, at subleading order we derived the relevance of
21 low-energy parameters.
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APPENDIX A

We provide with Table VII a glossary of physical and
technical quantities used throughout this work. Note that
our notation is in part context specific. Table VIII summa-
rizes the conventions used for the various low-energy
constants.

TABLE VII. Some notations for physical and technical quan-
tities as used in this work.

Index Values SU(3) multiplet → label Defined in

Q π, K, K̄, η ½8� → ½8� (1)
B, R Λc, Ξc ½3̄� → ½3̄� (1)

Ξμ
c , Σμ

c , Ωμ
c ½6� → ½4� (1)

Ξ0
c, Σc, Ωc ½6� → ½6� (1)

Physical quantities Type Defined in

mQ Meson mass PDG
MB, MR Baryon mass PDG
ΣB Baryon self-energy (9), (11), (17), (22)

GðχÞ
BQ

Clebsch coefficient Table I

GðS;VÞ
BQ

Clebsch coefficient Table I

GðBÞ
QR

Clebsch coefficient Tables III and IV

Technical quantities Type Defined in

αðBÞQR
Subtraction term (17), (21), (22), (24)

γRB Subtraction term (18), (20)

ĪðnÞQ ; ĪRQ
Scalar tadpole (11), (12), (18)

ĪQRðMBÞ Scalar bubble (18)
a, b Label for multiplets

a, b ¼ 3̄, 6, 4
Γcn;½ab� Scale dependence (25), Appendix B
Γen;½66� Scale dependence (25), Appendix B

TABLE VIII. Notation for the low-energy constants as used in
this work.

LEC Chiral order Defined in

M½a� Q0 (10)
F½ab� Q1 (3)
C½ab� Q1 (3)
H½ab� Q1 (3)

gðS;VÞn;½ab�, g̃
ðS;VÞ
n;½ab�, ḡ

ðS;VÞ
n;½ab� Q2 (7), (13), (19)

hðS;VÞn;½ab�, h̃
ðS;VÞ
n;½ab�, h̄

ðS;VÞ
n;½ab� Q2 (7), (B3), (23)

bn;½ab� Q2 (4)
dn;½ab� Q2 (4)
cn;½ab�, c̃n;½ab� Q4 (8), (14), (16)
en;½ab�, ẽn;½ab� Q4 (8), (16)
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The large number of unknown low-energy constants is reduced by sets of sum rules that follow from a systematic 1=Nc
expansion [10,11]. While at leading order the large-Nc operator analysis predicts 36 ¼ 4þ 16þ 16 sum rules

H½66� ¼ −
ffiffiffi
3

p
C½66� ¼

3

2
F½66�; C½3̄6� ¼

ffiffiffi
3

p
F½3̄6�; F½3̄ 3̄� ¼ 0;

bn;½66� ¼ dn;½66� ¼ bn;½3̄ 3̄� for n ¼ 1; 2; b1;½3̄6� ¼ 0;

cn;½66� ¼ en;½66� for n ¼ 1;…; 5;

cn;½3̄6� ¼ 0 for n ¼ 1; 2;

c1;½3̄ 3̄� ¼ c1;½66� þ
1

2
c5;½66� c2;½3̄ 3̄� ¼ c2;½66� −

1

2
c5;½66�;

c3;½3̄ 3̄� ¼ c3;½66� þ 2c5;½66�; c4;½3̄ 3̄� ¼ c4;½66� − 2c5;½66�;

ḡðSÞ
D;½3̄ 3̄� ¼ h̄ðSÞ

2;½66� − h̄ðSÞ
4;½66� − 2h̄ðSÞ

5;½66�; ḡðSÞ
0;½3̄ 3̄� ¼

1

2
h̄ðSÞ
4;½66� þ h̄ðSÞ

5;½66�;

ḡðSÞ
0;½66� ¼ ḡðSÞ

D;½3̄6� ¼ 0; ḡðSÞ
1;½66� ¼ h̄ðSÞ

4;½66� þ
2

3
h̄ðSÞ
5;½66�; ḡðSÞD;½66� ¼ h̄ðSÞ

2;½66�;

h̄ðSÞ
0;½66� ¼ h̄ðSÞ

1;½66� ¼ h̄ðSÞ
3;½66� ¼ 0;

ĝðVÞ
0;½3̄ 3̄� ¼ −ĝðVÞ

1;½3̄ 3̄� þ
1

2
ĥðVÞ
1;½66�; ĝðVÞ

D;½3̄ 3̄� ¼ 2ĝðVÞ
1;½3̄ 3̄� − ĥðVÞ

1;½66� þ ĥðVÞ
2;½66�;

ĝðVÞ
0;½66� ¼ ĝðVÞ

D;½3̄6� ¼ ĥðVÞ
0;½66� ¼ 0; ĝðVÞ

1;½66� ¼ ĥðVÞ
1;½66�; ĝðVÞD;½66� ¼ ĥðVÞ

2;½66�; ðA1Þ

at subleading order there remain 17 ¼ 3þ 8þ 6 sum rules only

C½66� ¼
1ffiffiffi
3

p ð2F½3̄ 3̄� −H½66�Þ; F½3̄ 3̄� ¼ 3F½66� − 2H½66�; F½3̄6� ¼
1ffiffiffi
3

p C½3̄6�

b1;½66� ¼ d1;½66� ¼ b1;½3̄ 3̄�; b1;½3̄6� ¼ 5
ffiffiffi
3

p
ðb2;½66� − d2;½66�Þ;

c1;½3̄6� ¼ 5
ffiffiffi
3

p
ðc3;½66� − e3;½66�Þ; c2;½66� ¼ e2;½66�;

c2;½3̄6� ¼ 5
ffiffiffi
3

p
ðc4;½66� − e4;½66�Þ;

3c1;½3̄ 3̄� þ c2;½3̄ 3̄� þ c4;½3̄ 3̄� ¼ 3c1;½66� þ c2;½66� þ c4;½66� − c5;½66�;

3e1;½66� þ e4;½66� − e5;½66� ¼ 3c1;½66� þ c4;½66� − c5;½66�;

ḡðSÞ
D;½3̄6� ¼

1ffiffiffi
3

p ðḡðSÞD;½66� − h̄ðSÞ
2;½66�Þ; ḡðSÞ

0;½66� ¼ h̄ðSÞ
0;½66�; h̄ðSÞ

1;½66� ¼ h̄ðSÞ
3;½66� ¼ 0;

ĝðVÞ
D;½3̄6� ¼

1ffiffiffi
3

p ðĝðVÞD;½66� − ĥðVÞ
2;½66�Þ; ĝðVÞ

0;½66� ¼ ĥðVÞ
0;½66�; ðA2Þ

where we apply the notation

ĝðVÞn;½ab� ¼
2

M½a� þM½b�
ḡðVÞn;½ab�; ĥðVÞn;½aa� ¼

1

M½4�
h̄ðVÞn;½aa�: ðA3Þ

We close this Appendix with a short summary of the implications from the heavy-quark spin symmetry that arises in the
limit of an infinitely heavy charm quark mass [13,14,19,23]. The mass parameters M1=2

½3̄� , M
1=2
½6� andM3=2

½6� may be expanded

in inverse powers of the charm quark mass Mc. A matching with QCD’s properties [13,14,19,23] leads to the scaling
properties

M3=2
½6� −M1=2

½6� ∼
1

Mc
; M1=2

½6� −M1=2
½3̄� ∼M0

c; ðA4Þ
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which implies that the two sextet masses are degenerate in
this limit. We recall that all sum rules valid at leading order
in the 1=Nc expansion are compatible with the expectation
from the heavy-quark spin symmetry [10]. Note however,
that the implications of the large-Nc analysis are typically
more restrictive, i.e., there are additional constraints arising.

The only exception from this is the relation fðAÞ1 ¼ 0 from

[10] which is requested by the heavy-quark spin symmetry,
but not foreseen by the 1=Nc expansion. However, the low-

energy constant fðAÞ1 is of no relevance in the current work.
At subleading order in the 1=Nc expansion heavy-spin

symmetry breaking terms are allowed. For instance b1;½3̄6�
or cn;½3̄6� need no longer to vanish.

APPENDIX B

The renormalization scale dependence of the c’s and e’s as implied is

μ2
d
dμ2

ci;½ab� ¼ −
1

4

1

ð4πfÞ2 Γci;½ab� ; μ2
d
dμ2

ei;½66� ¼ −
1

4

1

ð4πfÞ2 Γei;½66� ; ðB1Þ

with a, b ¼ 3̄, 6 and

Γc1;½3̄ 3̄� ¼
1

3
ð10b1;½3̄ 3̄� þ 3b2;½3̄ 3̄�Þ −

1

9
ð15ḡðSÞ

0;½3̄ 3̄� þ 13ḡðSÞ
D;½3̄ 3̄�Þ −

M½3̄�
36

ð15ḡðVÞ
0;½3̄ 3̄� − 11ḡðVÞ

1;½3̄ 3̄� þ 13ḡðVÞ
D;½3̄ 3̄�Þ;

Γc2;½3̄ 3̄� ¼
22

9
b1;½3̄ 3̄� −

1

27
ð33ḡðSÞ

0;½3̄ 3̄� − 4ḡðSÞ
D;½3̄ 3̄�Þ −

M½3̄�
108

ð33ḡðVÞ
0;½3̄ 3̄� þ 41ḡðVÞ

1;½3̄ 3̄� − 4ḡðVÞ
D;½3̄ 3̄�Þ;

Γc3;½3̄ 3̄� ¼
22

9
b2;½3̄ 3̄� −

26

9
ḡðSÞ
D;½3̄ 3̄� þ

M½3̄�
36

ð52ḡðVÞ
1;½3̄ 3̄� − 26ḡðVÞ

D;½3̄ 3̄�Þ;

Γc4;½3̄ 3̄� ¼
1

3
b2;½3̄ 3̄� þ ḡðSÞ

D;½3̄ 3̄� þ
M½3̄�
4

ðḡðVÞ
D;½3̄ 3̄� − 2ḡðVÞ

1;½3̄ 3̄�Þ;

Γc1;½3̄6� ¼
22

9
b1;½3̄6� −

26

9
ḡðSÞ
D;½3̄6� −

13

36
ðM½3̄� þM½6�ÞḡðVÞD;½3̄6�;

Γc2;½3̄6� ¼
1

3
b1;½3̄6� þ ḡðSÞ

D;½3̄6� þ
1

8
ðM½3̄� þM½6�ÞḡðVÞD;½3̄6�;

Γc1;½66� ¼
1

3
ð10b1;½66� þ 3b2;½66�Þ −

1

9
ð15ḡðSÞ

0;½66� þ 2ḡðSÞ
1;½66� þ 13ḡðSÞD;½66�Þ −

M½6�
36

ð15ḡðVÞ
0;½66� þ 2ḡðVÞ

1;½66� þ 13ḡðVÞD;½66�Þ;

Γc2;½66� ¼
22

9
b1;½66� −

1

27
ð33ḡðSÞ

0;½66� − 2ḡðSÞ
1;½66� − 4ḡðSÞD;½66�Þ −

M½6�
108

ð33ḡðVÞ
0;½66� − 2ḡðVÞ

1;½66� − 4ḡðVÞD;½66�Þ;

Γc3;½66� ¼
22

9
b2;½66� −

2

9
ð2ḡðSÞ

1;½66� þ 13ḡðSÞD;½66�Þ −
M½6�
18

ð2ḡðVÞ
1;½66� þ 13ḡðVÞD;½66�Þ;

Γc4;½66� ¼
1

3
b2;½66� þ

1

3
ðḡðSÞ

1;½66� þ 3ḡðSÞD;½66�Þ þ
M½6�
12

ðḡðVÞ
1;½66� þ 3ḡðVÞD;½66�Þ;

Γc5;½66� ¼ −
1

3
ḡðSÞ
1;½66� −

M½6�
12

ḡðVÞ
1;½66�;

Γe1;½66� ¼
1

3
ð10d1;½66� þ 3d2;½66�Þ −

1

9
ð15h̃ðSÞ

0;½66� þ 2h̃ðSÞ
1;½66� þ 13h̃ðSÞ

2;½66�Þ −
M½4�
36

ð15h̃ðVÞ
0;½66� þ 2h̃ðVÞ

1;½66� þ 13h̃ðVÞ
2;½66�Þ;

Γe2;½66� ¼
22

9
d1;½66� −

1

27
ð33h̃ðSÞ

0;½66� − 2h̃ðSÞ
1;½66� − 4h̃ðSÞ

2;½66�Þ −
M½4�
108

ð33h̃ðVÞ
0;½66� − 2h̃ðVÞ

1;½66� − 4h̃ðVÞ
2;½66�Þ;

Γe3;½66� ¼
22

9
d2;½66� −

2

9
ð2h̃ðSÞ

1;½66� þ 13h̃ðSÞ
2;½66�Þ −

M½4�
18

ð2h̃ðVÞ
1;½66� þ 13h̃ðVÞ

2;½66�Þ;

Γe4;½66� ¼
1

3
d2;½66� þ

1

3
ðh̃ðSÞ

1;½66� þ 3h̃ðSÞ
2;½66�Þ þ

M½4�
12

ðh̃ðVÞ
1;½66� þ 3h̃ðVÞ

2;½66�Þ;

Γe5;½66� ¼ −
1

3
h̃ðSÞ
1;½66� −

M½4�
12

h̃ðVÞ
1;½66�; ðB2Þ

and
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h̃ðSÞ
0;½66� ¼ h̄ðSÞ

0;½66� þ
h̄ðSÞ
1;½66�
3

; h̃ðSÞ
1;½66� ¼ h̄ðSÞ

4;½66� þ
2h̄ðSÞ

5;½66�
3

; h̃ðSÞ
2;½66� ¼ h̄ðSÞ

2;½66�−
h̄ðSÞ
3;½66�
3

;

h̃ðVÞ
0;½66� ¼ h̄ðVÞ

0;½66� −
h̄ðSÞ
1;½66�

3M½4�
; h̃ðVÞ

1;½66� ¼ h̄ðVÞ
1;½66� −

2h̄ðSÞ
5;½66�

3M½4�
; h̃ðVÞ

2;½66� ¼ h̄ðVÞ
2;½66�þ

h̄ðSÞ
3;½66�

3M½4�
: ðB3Þ
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