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Complexity growth in flat spacetimes
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We use the complexity equals action proposal to calculate the rate of complexity growth for field theories
that are the holographic duals of asymptotically flat spacetimes. To this aim, we evaluate the on-shell action
of asymptotically flat spacetime on the Wheeler-DeWitt patch. This results in the same expression as can be
found by taking the flat-space limit from the corresponding formula related to the asymptotically AdS
spacetimes. For the bulk dimensions that are greater than three, the rate of complexity growth at late times
approaches from above to Lloyd’s bound. However, for the three-dimensional bulks, this rate is a constant
and differs from Lloyd’s bound by a logarithmic term.
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I. INTRODUCTION

It was proposed in [1,2] that the holographic dual of
asymptotically flat spacetimes in d + 1 dimensions is a
d-dimensional field theory that has Bondi-Metzner-Sachs
(BMS) symmetry. These field theories are known as
BMSFT. From the point of view of the bulk theory,
BMS symmetry is the asymptotic symmetry of the asymp-
totically flat spacetimes [3—7]. In three and four dimensions
these symmetries are infinite dimensional. In the one-
dimension lower boundary theory, this symmetry is given
by contraction of conformal symmetry. In this view, one
can study flat-space holography by starting from AdS/CFT
and taking the appropriate limit. The flat-space limit of the
bulk theory corresponds to the ultrarelativistic limit of the
boundary conformal field theory (CFT) [2].

Since BMS symmetry is infinite dimensional, it is possible
to find the universal aspects of BMSFTs that are independent
of the action and details of the theory. In [8], a Cardy-like
formula has been proposed for BMSFT,. This formula gives
an estimation for the degeneracy of the states of this field
theory. The interesting point is that this formula yields the
entropy of three-dimensional flat space cosmology (FSC),
which is given by taking the flat space limit from the
Banados, Teitelboim and Zanelli (BTZ) black holes. The
universal structure of the correlation functions of BMSFT,
and BMSFTj; has been studied in [9-12]. The entanglement
entropy formula and also the holographic interpretation of
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this formula in the context of flat/BMSFT have been studied
in [13-20]. In all of the above mentioned works, the
calculations that are done in asymptotically flat spacetimes
nicely fit to the results given by taking the ultrarelativistic
limit of CFTs. For an almost complete list of papers related to
the flat-space holography see the references of [21,22].

After the remarkable work of Ryu and Takayanagi [23]
(which proposes a holographic description for the entangle-
ment entropy of CFT in the context of AdS/CFT), it seems
that we can translate all of the information physics to the
gravitational counterpart by the virtue of holography. There
are other aspects of information physics that seem natural to
find their holographic picture. One of the most important
physical quantities in information physics is complexity (see
[24,25] for reviews). The complexity measures the number of
gates that are needed to achieve a desirable state from an
initial state. There are two different proposals for the holo-
graphic complexity. Here, we will focus on the complexity
equals action (CA) conjecture that was proposed in [26,27].
According to this proposal, the boundary complexity is given
by the bulk gravitational action that is evaluated on a region
of spacetime known as the Wheeler-DeWitt (WDW) path. It
is a portion of space-time bounded by null surfaces anchored
at the related time on the boundary. There is a different
proposal that relates the complexity to the volume of an
anchored region [28-31] [complexity equals volume (CV)
proposal]. Both of these conjectures have been proposed in
the context of AdS/CFT correspondence.

In this paper, we want to use the CA conjecture and
calculate the rate of complexity growth in BMSFT by using
flat-space holography. As mentioned above, an approach
for improving flat-space holography is given by taking
the flat-space limit from the AdS/CFT calculations.'

'For the CV conjecture in d > 2, the flat-space limit was already
shown to work by Susskind (see [32]). Consequently, one may
expect that the CA conjecture admits a regular flat-space limit.
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The corresponding computation of the rate of complexity
growth in the context of AdS/CFT has been done in [33]
(see also [34-38]). Therein, the gravitational action is
evaluated in the background of eternal two-sided black
holes. It was assumed that these geometries are the holo-
graphic duals of thermofield double states in the boundary
theory [39].

The final answer of [33] for the rate of complexity
growth is given in terms of bulk parameters. It is not
difficult to take the flat-space limit from these results. One
can check that taking the flat-space limit from the results of
[33] yields the following expressions for the rate of
complexity growth2:

. ldl 1 rd2Q, 1 (d—1) —a?
C=—l oy =M 22T ) loe—|, d>3,
mdy 7T|: 162Gy Fru) ng(rM) -

(1.1)

o=t (am 4+ Miog—2 d=2. (1.2)
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The parameters appearing in these formulas are
explained in Sec. III. According to flat/BMSFT correspon-
dence, Eq. (1.1) is the rate of complexity growth for
BMSFT,;, d >3, and Eq. (1.2) is the same rate for
BMSFT,. Our goal in this paper is to directly calculate
both of these formulas by using the CA proposal in
asymptotically flat spacetimes. The background geometries
that we use in this paper are asymptotically flat two-sided
black holes in spacetime dimensions greater than three and
two-sided FSC in three dimensions. All of these geometries
are given by taking the flat-space limit from their corre-
sponding asymptotically AdS counterparts. The on-shell
action in the flat case is evaluated on a particular region of
spacetime, which is given by the intersection of two WDW
patches. The null surfaces bounding these patches are
anchored on the future or past null infinity. However, their
intersection points meet neither past nor future null infinity.
We show that despite the vanishing bulk term in the
on-shell action, the results (1.1) and (1.2) are deducible
from the boundary and joint terms.

The paper is organized as follows: In Sec. II we start
from preliminaries. Sections III and 4 include the main part
of our calculations, and we directly evaluate the rate of
complexity growth in BMSFTs by using flat space holog-
raphy in, respectively, d > 3 and d = 2 dimensions. The
last section is devoted to discussions.

*For obtaining (1.2) we have assumed that R = L where L is
the anti—de Sitter (AdS) radius and R is the radius of the periodic
coordinate in the boundary geometry. Without this choice for the
parameter R, the flat space limit of (2.60) in [33] is not well
defined.

II. PRELIMINARIES

In this section we use the flat-space holography to com-
pute the rate of complexity growth of BMSFT. We use the
CA proposal for BMSFT, and BMSFT;, which requires
computation of the on-shell action for, respectively, three-
and four-dimensional asymptotically flat geometries. In this
paper we consider static solutions with line element

ds? = —f(rait +95 4 Pags
f(r) o
where f(r) = —-8GyM for d =2, and for d >3 it is
given by

(2.1)

002, (22)

where M is the mass parameter and €2;_; is the volume of a
(d — 1)-dimensional unit sphere. It will prove convenient to
use (u, r*) or (v, r*) coordinates instead of (z, ) where

dr

(r)’

v and u are, respectively, the advanced and retarded times,
and r* is the tortoise coordinate. It is important to note here
that at r = r, where r;, is the root of f(r), r* gets its
minimum value,

ri(r) = v=1+r", u=rt—-r-. (2.3)

r*(r) = Fjn & —00. (2.4)

According to the proposal of [27], the complexity of dual
theory is given by the gravitational action evaluated on a
region of spacetime known as the WDW patch. The WDW
patch is given by the union of all the spatial slices anchored
at a given boundary time [40]. Here we use this definition
and impose it in the flat space. In the flat space, as it was
shown in Fig. 1, the WDW patch is the intersection of
spatial slices anchored at future or null infinity. It is clear
that the WDW patch in the flat scenario connects to the

FIG. 1. Initial time for d > 3. Gravitational action is evaluated
on the gray region.

046003-2



COMPLEXITY GROWTH IN FLAT SPACETIMES

PHYS. REV. D 98, 046003 (2018)

infinity via the null geodesics and does not reach it. A
similar situation happens in the holographic description of
the BMSFT entanglement entropy where the minimal
surface does not reach the boundary and connects to it
via two null geodesics [16]. Thus our prescription is a
natural extension of the WDW patch definition and also is
consistent with the holographic description of the entan-
glement entropy in flat spacetimes.

In this paper we consider asymptotically flat geometries
which are given by taking the flat space limit from the
asymptotically AdS eternal two-sided black holes. Thus we
have right and left null infinities in the Penrose diagram of
these spacetimes. In order to control divergent terms we
need to restrict the WDW patch by using some cutoffs.
Therefore the boundary of space-time on which the on-shell
action must be computed consists of null surfaces besides
timelike ones and their joint points. A complete compu-
tation requires that we accompany boundary terms to the
bulk action. Hence we use the following generic action:

1 d+1,. /
167[GN/ d * gR

d
K
8G dx V|| +

1 1
d d—1
+87tGN//dx \/_K+8G dxyoa.

I =

dd_IX\/Eﬂ

(2.5)

The first term is related to the volume of the WDW patch
and is vanishing in the flat scenario. The vanishing of the
bulk term in the on-shell action is the most important
technical difference between the AdS case and the flat case.

The second line of action belongs to the non-null
boundaries. The first term is known as the Gibbons-
Hawking-York (GHY) term in the spacelike and timelike
sector of the boundary. The GHY term guarantees a well-
defined variation principle with the Dirichlet boundary
term. The second term belongs to the joint term that is
evaluated at the intersection of two non-null hypersurfaces.

In the third line, we encounter null hypersurfaces. The
null boundary term gained some attention recently. The first
term is the counterpart of the GHY term in the null
boundary. This term can always be ignored by assuming
an affine null parameter. The second term evaluates joint
terms in the intersection of two hypersurfaces where at least
one of the hypersurfaces is null.

We use the instruction of [41] to evaluate terms of (2.5).
The boundary terms for null hypersurfaces were discussed
in several works [42,43]. The joint terms first introduced by
Hayward [44] for spacelike and timelike boundaries were
extended by [43] to the null hypersurfaces. It is notable that
neither the boundary terms nor the joint terms depends on
the cosmological constant. It is worth mentioning that in
the context of holographic renormalization the counter-
terms that cancel the divergent terms in the action are
related extremely to the existence of the cosmological

constant [45,46]. As [46] observed, local counterterms in
asymptotically AdS spacetimes become nonlocal in the
asymptotically flat spacetimes. To our knowledge, the
holographic renormalization of asymptotically flat space-
times is still an open problem.

Using (2.2) we can calculate the terms of (2.5). The null
boundary term vanishes because we can always choose a
null parameter to be affine, and then the null boundary
terms in (2.5) do not contribute to the on-shell action. It
remains the GHY term that has its contribution from the
timelike or the spacelike surfaces,

spacelike d_lg / Z(d— 1)
s —— [ a2 (70«20

3
r=const

(2.6)

]tlmellke

e = [ 2 () + 24

In our calculation in the rest of this paper, all of the joint
terms have at least one null part. Hence, it is adequate to
compute the last term of (2.5),

r=const

(2.7)

spacelike Q — rd_l
Ipecetis :1‘16];7GNlog|f(r)|, (2.8)
L —-Q, il
rjtte = = log (1) 29)
—Q, il a2
il — 2L g log——. 2.10
J ST[GN 1gn(f<r)) og |f<l")| ( )

where all of the joint points are labeled by their second non-
null leg. The null joint term has an ambiguity due to the
normalization constant of the null vectors a. This ambiguity
is the same as the ambiguity in the AdS case [33] and
reveals the existence of the new length in BMSFT.

III. BMSFT COMPLEXITY GROWTH INd >3

A. Initial time

The Penrose-Cartan diagram of the asymptotically flat
two sided black hole is depicted in Fig. 1. The region of
spacetime on which gravitational action is evaluated csome
cutoffs to the problem. The first type is a cutoff surface at
r* = ¢y, which takes place near two singularities. The
second type of cutoffs mentioned as UV cutoffs take place
at r* = rp,, near the position of the dual field theories. It is
clear from the Penrose-Cartan diagram that the intersection
of WDW patches (depicted by gray) never meets UV
cutoffs. This is another difference between the computation
of the complexity growth in the AdS holography and the
flat-space holography.
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The geometry of the Penrose diagram reveals that the
boundary times on the left-hand side are minus of the right-
hand side ones. We denote the times of relevant points in
the null infinities as

= + l
I+:>{ﬂ ‘ﬁ’ Z‘:>{ @k
a=v;, o =uj.

From now on the indices + refer, respectively, to Z+
and 7~.

In order to compute the complexity growth, we need to
consider evolution of the gray region. Since we want to
compare our results with (1.1) which is given by taking the
flat-space limit from the AdS case, we assume that the
BMSFT on the right- and left-hand sides develop symmet-
rically. This requires a symmetric evolution of the advanced
and retarded coordinates on the different null infinities as

+ gt — gt
Up ==V =4

vg=—u;=pu. (3.2)
There is a critical time when the gray region leaves the
cutoff near the past singularity. For the simplicity of
calculation and avoiding unnecessary shifts in the origin
of boundary times, we assume that this cross occurs at t = 0.
The symmetric evolution guarantees that the last crossing
point remains permanently on ¢ = 0. The initial times are
those before this time. It is clear from the Penrose diagram
that for the symmetric evolution the initial and late times are,
respectively, given by y* < uF and y* > uF where

pd = —r'(€). (3:3)

All of the relevant points in the Penrose diagram
are collected in the next table:

The points on Penrose-Cartan diagram in Fig. 1

Point’s name t rt Sign of f(r)
X r(eo) —p~ r(eo) -
W —r'(€o) + 4~ r*(eo) -
Y r(eo) +p* r*(€o) -
Z —r*(eo) —u* r*(€o) -
P SWrpn) S —wh) +
Q st ) 3w —ut) +

In the calculation of [33] for the asymptotically AdS black
holes the complexity growth is evaluated in the time that is
given by adding left and right times. For the asymptotically
flat cases, besides left and right development, the lower and
upper sides of the WDW path can develop independently.
The origin of this difference is that the times of past and
future null infinities are given by advanced and retarded
times. In order to reproduce the results that are given by
taking the flat space limit, we have to consider symmetric
evolution on the future and past null infinities. Precisely, we

need to calculate the rate of complexity growth with respect
to x4 where
(3.4)

Br=n A w e =g

where y is a constant. In the Appendix, we calculate the
nonsymmetric evolution by considering the y* = yu~ + y
case. The results of taking the flat space limit are given
when y = 1.

At this point, we have all of the requirements to evaluate
on-shell action (2.5) for the gray part of Fig. 1. There are six
different GHY terms and four different joint terms:

(i) Both of the surfaces at r* = ¢, are spacelike. Using

(2.6) we find

_pd-1 _
B = o (10 + 2= 500
x (t(W) = 1(X)), (3.3)
_pd-1 _
i = e (10 + 2= )
« (1(Z) — 1(Y)). (3.6)

Summing these two terms results in the contribution
of r* = r*(ey) surfaces,

e QL (L 2(d—1
e (a0

X (4r*(eg) + 2uT = 2u™). (3.7)
Using (2.2) and (3.4) we have
dlsing
—9Y — 0. (3.8)
du

Thus, in the symmetric case, the GHY terms of the
near singularities cancel each other and are inde-
pendent of the boundary time.

(i) Null joint terms take place at P and Q,

a
5= : 3.9
! 872Gy 1f (re)| (35)
—Q 14! a?
19 = 2 1o 3.10
T RGP
Using rj = rj = 0 and (2.3) we have 272 = 92 =

Therefore the time derivative of null-joint terms at
these points vanishes,

dInull
d; =0. (3.11)

(iii) There are four spacelike joint terms. All of these
joint terms take place near the singularities and are
independent of the boundary time
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Q7 (e)?!
==t : 3.12
f =g (@) (3.12)
V=1 =1% =% (3.13)

Putting all together we find

dl .

—=0=C=0. 3.14
a0 (3.14)

Hence the rate of complexity growth for the initial time
is zero.

B. Late time

For the late times that are after critical time (3.3), the
Penrose diagram is depicted in Fig. 2. Similar to the initial
time we want to calculate on-shell action in a region of
spacetime that is determined by the gray area in Fig. 2. This
region is still the intersection of four WDW patches with
UV and IR cutoffs. The distinct difference with the initial
time is that the cutoff surface at the past singularity does not
exist, and we have to consider the null joint term in the
action at a new point M:

(i) The only GHY term that contributes to our problem

takes place near the future singularity

d-2
g Q,_dw

= A
GHY 162Gy (3.15)

(u—2)-

(i1) The contribution of points P and Q is similar to the
initial time, and it is vanishing.
(iii) For the null joint term at point M we have

rlQ,
(M) = %”Gi] Log

a2
f(rM)" (3.16)

It is assumed that 7(M) =0 at this point, which
yields r*(M) = —u* = —*JZ The sign of f(ry) is
negative, and using (2.3) it is not hard to find

FIG. 2. Late time for d > 3. Gravitational action is evaluated on
the gray region.

dry f(ru)
— == . 3.17
i 5 (3.17)
Using the previous equation we find
A (M) 0 [
dui 162Gy ruf’(ru)
(=D tor ). @19
—(d-1)f(r 10g—>. 3.18
" f(rar)
Using (2.2) we have
(M) (d=2)0' 20,
du 162Gy
ri QR

—a?
T 82Gy <(d— 1)f(ry) logm)-

(3.19)
Using (3.15), the boundary contribution is given by

dIéIII-IgY(M) _ gzd—lda)d_2 (3 20)
du 162Gy '

Finally, the rate of complexity growth in the flat case
can be found by adding the last two terms (3.19) and

(3.20),
é=l£:1{2 Qi (d 1)
ndu  n 167Gy
—a?
X f(rM) logm]. (3_21)

This is exactly (1.1), which is given by taking the

flat-space limit.
In the symmetric evolution ry, is always less than the
horizon radius and —co < f(ry,) < 0. Using this fact, we
find that C given by (3.21) starts from —oo and increases to
a maximum value that is greater than 2M /z but finally at
late times approaches 2M/x. In this view, the Lloyd’s
bound [47,48] is approached from above for all values of
parameter a.

1. Numerical results for the Schwarzschild black hole

In this subsection we present the numerical analysis of
the complexity growth for the four-dimensional
Schwarzschild metric.

The critical time in this case can be found through the
relations (2.2), (2.3), and (3.3),

pe = —wlog(w). (3.22)

ry can be calculated using (2.3) where for d = 3 we have
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S ‘ ‘ ‘ L opey
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FIG. 3. The rate of complexity growth for different a.
H+x dr?
v +wlog(ry — ) = —=—=. (3.23) ds® = 2 di* — rzi + rdg?, (4.1)
+
Using this equation we find ry; as §
1 ==, (4.2)
=1+ W(— (3.24) 8Gy
M we'ts) )’ '

where W is the Lambert W function. The rate of complexity
growth at late time can be read from (3.21) by putting
d=3,

| v —a?

C= p (2M 2GNf(rM)logf(rM)>. (3.25)
For a fixed value of horizon parameter @ but different
values of a the complexity growth with respect to the
boundary time is plotted in Fig. 3. For all values of the
parameters, the rate of the complexity growth at late time
approaches Lloyd’s bound [47,48] from above.

IV. BMSFT COMPLEXITY GROWTH IN d=2

Asymptotically flat black hole solutions, which were
studied in the previous section, are given by taking the flat-
space limit from the asymptotically AdS black holes. In the
three-dimensional Einstein gravity, there is no black hole
solution [49]. The flat space limit of BTZ black holes are
three-dimensional cosmological spacetimes [50,51]. These
solutions, which are known as flat space cosmology (FSC),
have recently been studied in the context of flat-space
holography [8,52]. In this section, we find the exact
formula for the growth rate of the BMSFT complexity
in d =2 To do so, we apply the CA conjecture for the
nonrotating FSC given by

3As mentioned in Sec. I, for d > 2 the flat-space limit of the
complexity growth rate has already been discussed in the context
of the CV conjecture [32]. Consequently, this section is the most
original part of the paper where the details of the calculations are
quite different from those of the AdS case.

where M is the mass parameter. For this metric the tortoise
coordinate is given by

e p—— (4.3)
r

The Penrose-Cartan diagram of FSC has been shown in
Fig. 4. We note that all of the r = const surfaces are
spacelike in FSC. Similar to the higher dimensional cases,
we impose a symmetric dynamic for the right- and left-
hand sides of the Penrose-Cartan diagram. The necessary
information for all of the relevant points in FSC are
collected in the following table:

The points on Penrose-Cartan diagram of FSC space

Point name t rr Sign of f(r)
X r*(€o) —u~ r*(€o) -
W —r*(€o) + 4~ r*(€) -
Y r*(eo) +u* r*(€) -
Z —r*(e) —pu" r*(€) -

The bulk action and also the boundary terms and the joint
terms are exactly the same as in (2.5). The definitions of the
initial and the late times are also the same as for higher
dimensional cases.

A. Initial time

The GHY term for the spacelike surfaces in the FSC
(4.1) are
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FIG. 4. [Initial time for FSC. Gravitational action is evaluated on
the gray region.

~2
155G, = / g (4.4)
oY 4GN r*=const
For the surfaces near r* = ¢, we have
2
Iony (WX) = 7= (1(W) — (X)), (4.5)
4Gy
7
Ieuy(Z2Y) = 7= (1(Z) - 1(Y)). (4.6)
4Gy
Adding these two terms yields
sing ?3—
Igny = 7~ (—4r*(€o) +2u™ —2u™). (4.7)
4Gy

Hence for the symmetric evolution where u — u~ is fixed,
the rate of complexity growth for the initial time vanishes,

B. Late time

At the late time a new null joint term appears at the point
M (Fig. 5). At this point #(M) = 0, r*(M) = —u™, and the
sign of f(ry) is negative. Thus we have

d,(M) B[R
= ——Clog| — 4.9
du™ 8G % a (4.9)
Imposing the symmetric evolution,
uT — = const, ut+pu = p, (4.10)

the complexity growth at the late time is found,

FIG. 5. Late time for FSC. Gravitational action is evaluated on
the gray region.

a ) (4.11)

el _1(# R
Py

T rdu 7 \4Gy ' 4Gy

log

We can rewrite (4.11) in terms of the FSC mass as

C :1<2M+Mlog (4.12)

a2

T 8GNM > ’
It is a constant and differs from Lloyd’s bound by a
logarithmic term. This result is exactly the same as
(1.2), which is given by taking the flat space limit.
Similar to the higher dimensional cases, a is a new length
parameter in the field theory. However, if we demand that
Lloyd’s bound [47] is not violated, then a must be restricted
by a < 7T,

V. DISCUSSION

In this paper we calculate the rate of complexity growth
for BMSFT,. Our main goal is generalizing the CA
proposal for the flat/BMSFT correspondence. To do so,
we need to define a portion of spacetime in which the
gravitational action is evaluated. Since the final formulas
for the growth rate are simply given by taking the flat space
limit from the AdS/CFT calculation, we can check the
results of various potential regions. Our main achievement
in this paper is that the evaluation of the gravitational action
must be done on a region that is given by the intersection of
four WDW patches. The boundary of two of these patches
connects past singularity to the future one by crossing from
past null infinity. The boundary of other patches starts from
past null infinity and using future null infinity eventually
reaches to the future singularity. Using this portion of
spacetime we show that the rate of complexity growth is
zero for the initial times and for the late times is exactly the
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same as what one finds by taking the flat-space limit from
the AdS/CFT calculation.

Despite CFT,, the rate of complexity growth is a
constant for the BMSFT, and differs from Lloyd’s bound
[47] by a logarithmic term. In higher dimensions, this rate
is not a constant and approaches the Lloyd’s bound from
above. This result is similar to the higher dimensional
asymptotically AdS black holes and different from the
Lifshitz and the hyperscaling violating geometries that this
bound has violated [53]. This shows that although
BMSFTs are ultrarelativistic theories, they are more
similar to the relativistic theories than to the nonrelativistic
ones.

The idea presented in this paper for the definition of the
suggested spacetime region on which the gravitational
action is evaluated may help us to study the complexity
of formation [26,27,54] in the context of flat/BMSFT
correspondence. This is a potentional open problem that
could be addressed in future works.
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APPENDIX: NONSYMMETRIC EVOLUTIONS
IN PAST AND FUTURE NULL INFINITIES

In this appendix, we discuss the nonsymmetric scenario
when the boundary times on future and past null infinities
develop individually. We show the parameter that renders
nonsymmetricity by y. Hence we define

pr= Ay owt e =4 (A1)

where y is a constant. Using nonsymmetric parametriza-
tion, the rate of complexity growth is given by

oAl 1( y dl 1 dl
c—- (L) (- “ 1 DY (a2
ﬂ(dﬂ) 7r<1—|—7/d,u++1+7d,u_> (A2)

1. A1 Initial time

In this case the GHY terms near the singularities
change as

d-2
Ising _ Qd—l dw

= A3
GHY 87Z'GN ( )

(u=—p*).

Using the fact that rp = rp and also (3.9) and (3.10) the
null joint terms become

Qg (rp)"! a?

Inull — g .
/ 4nGy £ (rp)]

(A4)

Using the definition of the tortoise coordinate (2.3), one
can find

ﬂ:—ﬂ@) ﬂ:f(rP)_

du* 2 7 du~ 2

(AS)

Hence we find the rate of complexity growth for non-
symmetric boundary times as

Qd—l(d - 1)7';—_1;_2

e_ldl _1-y1/,
87TGN

_ﬂd_y_l—i-yzz

< flrp)tog ). (A6)

f(rp)

It is clear that for the symmetric case, i.e., y = 1, the growth
rate is zero.

2. A2 Late time

Now the boundary term near the future singularity
results in

i Q1 do'™?
Ismg _ d—1 -). A7

GHY SITG—N (k™) (A7)
The contribution of the joint terms at P and Q is similar to
the initial time where we have

1 a2

RATICAIN

d—
Qg rp

Inull —
J AzG N

(A8)

The contribution of the null-joint term at point M is given
by (3.16). Using (2.3) it is not hard to find that for the
nonsymmetric case we have

drMi

e (A9)

—f(rm)-

Hence we find
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di' (M) _ (d =2)o"?Qy
dut 872Gy
d-2 2
rM Qd—l —Qa
— M L (-1 1 .
=l CRRlee)

(A10)

Finally using (A2) we find the rate of complexity
growth as

1 amM r%,,_ZQd_l Y _02
=— - d-1 lo
1=vO -1 d—2 2
rQld= e g2 ] (al)
L+y 87Gy f(rp)

For y = 1 the result is exactly the same as the symmetric
case. Moreover, in the nonsymmetric case, the complexity
growth depends not only on ry, but also on rp.
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