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We demonstrate the extension to parity-time (P7)-symmetric field theories of the Goldstone theorem,
confirming that the spontaneous appearance of a field vacuum expectation value via minimization of the
effective potential in a non-Hermitian model is accompanied by a massless scalar boson. Laying a basis for
our analysis, we first show how the conventional quantization of the path-integral formulation of quantum
field theory can be extended consistently to a non-Hermitian model by considering P7 conjugation instead
of Hermitian conjugation. The extension of the Goldstone theorem to a P7 -symmetric field theory is made
possible by the existence of a conserved current that does not, however, correspond to a symmetry of the
non-Hermitian Lagrangian. In addition to extending the proof of the Goldstone theorem to a P7 -symmetric
theory, we exhibit a specific example in which we verify the existence of a massless boson at the tree and

one-loop levels.
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I. INTRODUCTION

The conventional formulations of quantum mechanics
and quantum field theory (QFT) have generally been based
on Hermitian Hamiltonians and Lagrangians, respectively.
However, in recent years it has been established that one
can also consistently formulate non-Hermitian, parity-time
(PT)-symmetric quantum-mechanical models [1], and the
possibility of a smooth transition between Hermitian and
PT -symmetric phases in quantum mechanics is described
in Ref. [2]. Non-Hermitian QFTs have also been studied in
various contexts. For example, a model with an i¢® scalar
interaction was studied in Refs. [3—6], and it was shown
that a meaningful unbounded effective potential can be
obtained in the framework of P7 -symmetric QFT [7].

A PT-symmetric QFT involving a non-Hermitian
fermion mass term upy’y was introduced in Ref. [8].
This model was studied further in Ref. [9], where the
existence of a conserved current was demonstrated and
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shown to ensure the consistency of P7 symmetry with
unitarity. This non-Hermitian mass term has been used for
alternative descriptions of neutrino masses [10,11] (see also
Ref. [12] for a summary) or dark matter [13]. Non-
Hermitian extensions of conventional QFT have also been
applied to neutrino oscillations [14] and to decays of the
Higgs boson [15]. Interesting studies have been done in
Ref. [16] of a non-Hermitian fermionic model on the lattice,
which allows for a different number of left-handed and
right-handed excitations, consistent with the fermionic
current density derived in Ref. [9]. We also note that the
confinement phase transition in QCD has been related to
PT -symmetry properties of ghost fields in Ref. [17].

An intriguing feature of Ref. [9] was the discovery that
the existence of a conserved current in a 7 -symmetric
QFT does not correspond to a symmetry of the Lagrangian
L, but rather to a specific transformation of £ that is related
to the non-Hermitian part of the action. 7 -symmetric
QFTs evade Noether’s theorem [18] in the sense that
symmetries of the Lagrangian do not give rise to conserved
currents. Revisiting Noether’s derivation, one finds that
there exist conserved currents for non-Hermitiam theories,
but these correspond to transformations that must effect a
particular nontrivial variation of the Lagrangian, which
vanishes only in the Hermitian limit. This observation
raises the interesting question of whether there is an
analogue in P7 -symmetric QFT of spontaneous symmetry
breaking and, if so, whether the breaking of a global
symmetry is accompanied by a massless Goldstone mode,
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as in Hermitian QFT [19-21]. The answers provided in this
paper are that the existence of a massless Goldstone mode
can be shown from current conservation and does not
require the Lagrangian to be invariant under the corre-
sponding field transformation. Nevertheless, there is a
symmetry of the Lagrangian, which is spontaneously
broken by the choice of a specific vacuum.

However, before addressing these questions, we first
discuss some basic issues in the formulation of a non-
Hermitian QFT, which require a consistent procedure for
quantization of the path integral. This is based on the
existence of a complete set of real energy eigenstates,
which allow the introduction of a saddle point about
which the integration of quantum fluctuations is well
defined. To this end, we show how this conventional
quantization of the path integral can be extended consis-
tently to a non-Hermitian scalar QFT by considering P7°
conjugation instead of Hermitian conjugation. We perform
the calculation of the one-loop effective action explicitly for
a generic case and, assuming that the only source of non-
Hermiticity is a mass term, we show that the theory is
asymptotically Hermitian.

We then prove an extension of the Goldstone theorem for
this non-Hermitian QFT, showing that the spontaneous
appearance of a field vacuum expectation value via min-
imization of the effective potential is accompanied by the
appearance of a massless scalar mode, whose existence
is linked to the presence of a conserved current in this
PT -symmetric QFT. We confirm the existence of the
massless Goldstone mode by explicit calculations at both
the tree and one-loop levels.

The layout of this paper is as follows. In Sec. II, we
review the variational procedure (originally described in
Ref. [22] and summarized in Ref. [23]) for the complex
scalar model that forms the focus of this work. We also
recall how the existence of a conserved current does not
correspond to a symmetry of the Lagrangian £ [9]. As we
explain, a detailed study of the P7 -symmetry properties of
the model is required in order to understand its consistency.
We then introduce in Sec. III a procedure for path-integral
quantization, which is based on the existence of a complete
set of eigenstates with real energies in the P7 -symmetric
phase of the model. We then introduce an extension of
the concept of a saddle point and show that the integration
of quantum fluctuations about this configuration is well
defined. Finally, in Sec. IV, we discuss the extension of
the Goldstone theorem to the P7 -symmetric case, which
follows the same steps as in an Hermitian theory, provided
one considers P7-conjugate instead of Hermitian-
conjugate states. A summary and discussion of outstanding
issues are given in Sec. V.

II. COMPLEX SCALAR MODEL

We consider a theory containing two complex scalar
fields with the Lagrangian density

L= 0,410 Py + 0,050y — mi|hy|> — m3¢ho|?
—ﬂ2(¢f¢2 - 4’54’1) = Uines (1)

in which the interaction potential U,,, is PZ7 symmetric.
The free part of this Lagrangian describes the sim-
plest scalar model that contains a non-Hermitian but
PT -symmetric mass term [22]. The corresponding
Hamiltonian is invariant under the combined action of
the following P and 7 transformations:

P:i(1.x) = d1(t,—x) = +¢1(1.x),  (2a)
$a(1,X) = 3(1, =X) = =¢ha (1, %), (2b)
T: i(t.x) = $i(=1.x) = $ (1. %), (2¢)
$2(1.X) = s (=1.X) = P53 (1. ). (2d)

Restricting our attention to the free part of the Lagrangian,
it is convenient to introduce the doublet

(i) o

The P and 7 transformations can then be written in the
condensed forms

P: ®(1,x) > '(1,—x) = PO(1,X), (4a)

T: ®(t,x) > D' (—t,x) = TP*(1,X), (4b)

where T = diag(1, 1) and P = diag(1, —1). We note that ¢;
transforms as a scalar and ¢, transforms as a pseudoscalar.

We can introduce the P7 adjoint [22] of ®(x): ®*(x) =
[®F7 (x)]T, where the superscript T indicates the matrix
transpose. Neglecting total derivatives (see below), the
Lagrangian density can then be written as

(O -mi
EZ@T( 2 2
—H 0+ mj;

)q> U (5)

The variation of the action due to variations in ® and ® is

oL oL
— 4 ) —— _|5dD
o8 /d * Kacp % (’)((’),}D))é

oL . oc
¥ —
o (a«pi 8”8(@@))

+8&%5¢+5®*%>} (6)

and we can quickly convince ourselves that the standard
Euler-Lagrange equations
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oL oL oL oL

a0 2 a0,0) 0 M 50r % 500,00

=0 (7)

are inconsistent as a result of the non-Hermiticity. Thus,
if we require 65 = 0, the support of nontrivial solutions
@ # 0 would require the surface terms in the second line of
Eq. (6) to be nonvanishing. Alternatively, we can introduce
an external source [22]. Whichever course is taken, we can
choose to fix the variational procedure with respect to either
® or @, i.e., we can take

0 _O0L o 9L _ o
5O o Y0(0,0)
58 oL oL N ®)

70 = -9 -
sOF gDt TV 9(0,0%)
Choosing the latter, the equations of motion are

oU;,
D¢1 + m%t]ﬁl + /l2¢2 + W*t = 0, (93)
1

0 Uint o

2, 9 _
Oy + myhy — p*py + 003

0. (9b)

The squared mass eigenvalues

1
M3 =3} m3) 5\ = m3)? = 4t (10)

| =

are real so long as we remain in the region of unbroken P7
symmetry, requiring

nzﬁﬁl. (11)

An additional consequence of the above subtlety in the
variational procedure is the way in which conserved
currents arise. Having chosen to define the variational
procedure with respect to @®¥, a careful treatment of
Noether’s theorem (see Ref. [22]) shows that there exists
a conserved current for any transformation that satisfies

oL oL
o= (52 5a,0)

0
= 2 (351 — BySh) — 2i {5—61) Imuim] 50. (12)

Notice that £ = 0 in the Hermitian limit, and we recover
the usual statement of Noether’s theorem [18]: for every
continuous symmetry of the Lagrangian, there exists a
corresponding conserved current. This is not the case for
our non-Hermitian theory. The two U(1) currents

Ji = i(10"h1 — ¢1"¢7) and

(13)

are not conserved in the free theory for u # 0; specifically,
0uJ5 = 0,5 = i (P31 — i 2). (14)

Their difference j* = j4 — j4, however, is conserved, and
this current corresponds to the U(1) transformations

h1(x) = ¢y (x) = e+i€¢1(x>’
$a(x) = ¢y’ (x) = e (x),

(15a)
(15b)

which satisfy Eq. (12) but do not leave the Lagrangian
invariant. In fact, these transformations yield a one-
parameter family of equivalent non-Hermitian theories
whose free Lagrangians have the form

Le=0,010¢1 + 0,430y — milh1 [ — m3 o]

WGy + i Dy (16)
and whose mass spectra are identical. That is to say, while
the Lagrangian is not invariant under the transformations
associated with the conserved current, physical quantities,
such as the masses, are.!

Finally, we note that the definition of the vacuum is not
trivial in a non-Hermitian theory, since the potential has
an imaginary part. In this context, the vacuum should be
defined as a solution of the equations of motion, in
which case fluctuations around the vacuum have positive
eigenenergies. In this section, the vacuum solution
(1, ¢») = (0,0) is symmetric, and the dispersion relations
obtained above describe fluctuations above this trivial
vacuum. When formulating path-integral quantization
(see Sec. III), this vacuum constitutes a saddle point of
the integral, around which quantum fluctuations are
defined. The case of a nontrivial asymmetric solution of
the equations of motion is considered in Sec. IV.

III. PATH-INTEGRAL FORMULATION

We now turn our attention to the formulation of the path-
integral representation of the non-Hermitian field theory.

A. New conjugate field variables

The Lagrangian in Eq. (1) would naively appear to have
a finite imaginary part for y # 0, and one might be
concerned that this could modify the convergence of the
path integral. However, the spectrum of this theory is real

'Comments on the nontrivial relation between symmetries and
conservation laws in non-Hermitian quantum mechanics can be
found in Ref. [24].
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and positive definite in the region of unbroken P7
symmetry, enabling us to formulate consistently the path
integral and its quantization.

We can rotate to the mass eigenbasis via the trans-

formation
E=RO = <§1>, E=d'R! = <§1> (17)
& &
where
1—+/1-7#?
R=N 1 ). as)
1=y/1-n n
with
N‘IE\/2;72—2+2\/1—;72. (19)
The matrix R satisfies the following properties:
R" =R, R™' = PRP™! = PRP, (20)
such that
E=EC, with Ef=E"P, C'=RPR™'. (21)

The variables 2 and = are C'PT -conjugate fields in the
sense of Ref. [1]. We note that the C’ transformation here,
which we identify with a prime, is not the canonical C
transformation in Fock space, which would involve com-
plex conjugation. Instead, it is the transformation by which
one constructs the positive-definite inner product in
‘PT -symmetric quantum mechanics [25] (see also Ref. [1]).
The free Lagrangian becomes
. » (—D - M7 0 >

Ly =EAT'E, where A7 =

0 -0-Mm?

(22)

and it appears to be that of an Hermitian theory.
However, introducing interactions leads to the nontrivial
feature mentioned above: varying the full action with
respect to (&), &) or (£;, &) does not yield the same
equations of motion. This can be seen, for example, with
|

the interaction |¢; 7|2, which can be expressed using either

O =RE:
bR = Il = Nty + (1= = 1)&l (23)
or ®" = ZR:

(24)

Digi2 = 171 = Mg = (1= = 1) B

B. Partition function

The partition function is obtained from the vacuum
persistence amplitude in the presence of external sources

J=<J,1> and J = JiC
J2

(25)

For the non-Hermitian theory, this vacuum persistence
amplitude is

ZlJ.J) = ));.75

where the state (0] is the C'P7 conjugate of the vacuum
state. The path integral is developed in the usual way,
except that one must insert complete sets of eigenstates
of the Heisenberg-picture field operator 2 and its C'P7T
conjugate Z (rather than its Hermitian conjugate) at all
intermediate times. In this way, one arrives at the following
result for the Euclidean path integral:

(0(+o0)[0(= (26)

Z[J,J] = /DE g exp( SE[E,E}—I—/(jE—FEJ)),
(27)

where S is the Euclidean action and we use the shorthand
notation [ = [d*x. Of course, having established the
correct form for the partition function, one could rewrite
it in terms of the original P7 -conjugate variables ® and ®*
by making the change of variables and accounting
for the functional Jacobian, which is nontrivial but field
independent.

The partition function (27) can be expanded around the
free part

Z[J.J] = /DEEexp[ / A“E+/(JE+E1)—/UM}

[ / J] {o DIML exp[— / AT — / Umt}
:expu ]AJ] ;%/D[H,fﬂ exp [—[r‘m—ln] [— /inmr,

(28)
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where A~ = diag(—9° + M%,-0* + M?) in Euclidean
signature and I1= 2 — AJ = (7, 7,)". One can see that
the perturbative structure is the usual one, comprising well-
defined Gaussian integrals at each order.

C. One-loop 1PI effective action

There is an unambiguous definition of the classical saddle
point (2, Z) for the path integral (27), which satisfies

—_— = 1 —-
X D[:‘, d] exXp |:—2/ (2( - ‘:0))5 ﬁ
Xy = 0=y

y + (E‘_E‘O)

RN [P S
0 — 0

where the index 0 indicates evaluation at the configuration
(Eo» o). Expanding the partition function up to quadratic
order around the saddle point, we obtain for the one-loop
partition function

S | .
(E-5)
0

&Sk
xéExﬁEy

y

)

= exp {—SE[EO, Eo] + /(J_O +EyJ) - —STrlnS |0} (30)

where Sg) is the functional Hessian matrix (in field space)
of the Euclidean action and STr indicates the trace over
both coordinate and field spaces. In order to define the
one-particle irreducible (1PI) effective action ', one

introduces the background field E.:

1 szM

B = s (31)

which, from Eq. (30), is

6SE = 550 15 ()
E. =% J) =2 -~ = STrin s}
‘ °+[< a5, T )51 257 o

= By + quantum corrections. (32)

I'D is then defined after inverting the relation (31) to
express J as a functional of =

rvE, g]=-nz" +/(JEC +E.J)

o1
= Sy 5] + STrlnS

o 33

were the index ¢ indicates evaluation in the background
field configuration. The one-loop 1PI effective potential
|

I
is obtained for a constant configuration Z, and is then
given by

2
Pl (34)

[xn

U(l) (EC’ C) = U(EC’EL') +

1
274

where V(*) is the spacetime volume. After a rotation to the
original basis, which does not affect the trace, we finally
obtain

U (®,, ®f) = U(d,, D) + Pl (35)

1
274

D. Running couplings

We consider here a bare interaction potential of the form

0

U =L+ E gl + Aol

+3 (g )

b3 B+ BalbaP) G2~ B30, (30
Substituting this potential into Eq. (35) leads to the

following one-loop running of the coupling constants
(details can be found in the Appendix):

(m2)D) = m? + 9116+f/\2+0< (2)) (37a)
1 A
)0 = PR 2= )+ gyt + g () (570)

045001-5



ALEXANDRE, ELLIS, MILLINGTON, and SEYNAEVE

PHYS. REV. D 98, 045001 (2018)

g =g - # (502 + @ + 422 — 1042 In (%) (37¢)
AN = - # (447 + 207 +24(g1 + g2) = 3(B7 + B3) — 4$152) In (2) , (37d)
a) = g — = (4(B7 + B3) + algr + 92) + 251> + 84a) In (%) . (37¢)
Y =p - # (59:B: + 4B;4 — ap; + 6)B; — 4ap;) In (%) , (37)

where m is a typical mass scale of the system, i # j, and finite terms are omitted.

E. Hermitian fixed point

We assume here that the non-Hermitian interactions are
switched off (#; = 0) and the only source of non-Hermiticity
is the mass parameter y?. Quantum corrections modify
this mass parameter, and we need to check that the condition
(11), which delineates the phase of unbroken P7 symmetry,
remains valid at one loop. For a fixed set of dressed
parameters, the one-loop running of the parameter # is

2(¢7)M = (aV = 2)? ) (47*) In (A /m))

" == G- )|

(38)

We recall that, for the P7 symmetry to be unbroken, the fol-
lowing requirement needs to be satisfied for all values of A:

n(A) < 1. (39)

Ifg(ll) # 9(21)’ we can see that 7(A) — 0 when A — oo, such
that the theory converges to a Hermitian limit, which thus
appears as an UV fixed point.

IV. GOLDSTONE MODES

Having established a consistent formulation of the non-
Hermitian path integral and its quantization, we show, in
this section, that the usual proof for the presence of
Goldstone modes is still valid in the P7 -symmetric case,
and we explicitly derive these modes at one-loop order. As
explained below, the existence of a Goldstone mode relies
on a conserved current and not on the invariance of the
Lagrangian. We note, however, that both are related: in the
model (1), current conservation arises from the field
|

transformation ® — exp(ieP)®, whereas the Lagrangian
is invariant under the transformation ® — exp(ie)®. The
Goldstone mode is a consequence of the former trans-
formation, but the choice of a specific vacuum sponta-
neously breaks the latter symmetry.

A. Proof of the Goldstone theorem

Before considering our specific example, we first revisit
the derivation of the Goldstone theorem [19-21] in the
context of a non-Hermitian theory. We assume that there
exists an infinitesimal transformation, which takes the
generic form

D - O + icTD, (40)

where T is the generator of the transformation. We also
assume that this transformation corresponds to a conserved
current j* with conserved charge Q = [d*x;°(x). Most
importantly, for the non-Hermitian theory, this transforma-
tion does not leave the Lagrangian invariant.

We are interested in the vacuum expectation of the
commutator [Q, ®(x)]:

(0[[Q. @(x)]|0) = iT(®). (41)

where (®) = (0|®(x)|0). We note that the inner product is
defined with respect to C'P7T, as is necessary for a non-
Hermitian theory. With this exception, the proof of the
Goldstone theorem proceeds in the same manner as for
Hermitian theories (and we closely follow Ref. [26]). By
inserting complete sets of intermediate states, we can write

OI[ (), @(0]I0) = > _[(01* () IN)(N|@(x)[0) ~ (0| (x)|N){N|,7*(7)]0)]

N

-/ %e‘ip‘(y‘x)Z[(Zﬂ)4é4(pN — p)(0L*(0)|N) (N (0)]0)

N

= (27)*6*(py + p)(0|@(0)|N)(N|j*(0)[0)]. (42)
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and, by virtue of Lorentz invariance, we have that

> (2x)*8*(py = p)(0L7*(0)IN)(N|®(0)[0) = 27i6(+po) p*p(p?). (43a)
N
> (2n)*6*(py + p)(0I@(0)[N)(N|*(0)[0) = 27i0(=po) p*P(P?)- (43b)

Moreover, causality requires that the commutator vanish for spacelike separations, and it follows that p(p?) = p(p?). We
then arrive at the (Kéllén-Lehmann) spectral representation

Q11 0. 0010 = [ 5 hre

—ip-(y=x) 27rsgn(P0)P”P(P2)

= —aiy/do-zp(a2)A(y,x;62), (44)

where

d‘p .
Myasd)= [ G Ere o msen(p)a(p? =), (49

is the Pauli-Jordan function with the mass of the field
replaced by o.
Since the current is conserved, it follows that

-0, / do’p(c?)A(y. x;0%)
= /dgzo'Qp(Uz)A(y,x; 0'2) =0, (46)

in which case p(¢?) must be zero for o> #0, ie.
p(6?) = pyd(c?). Thus, for xy = y,, we have

(OIL/°(v). @(x)]]0) = ip* (y — x). (47)

and it follows that
(0[[Q, @(x)]|0) = iT(®) = ipo. (48)

If there exists a nontrivial vacuum (®), which is not
invariant under the transformation generated by 7, then
po # 0. We remark that, for a non-Hermitian theory, (®)' =
T{(®) is a vacuum state of the transformed Lagrangian, e.g.,
for the transformations in Eq. (15), (@)’ is the vacuum state
of the Lagrangian in Eq. (16). The latter fact does not,
however, affect the derivation of the Goldstone theorem.
Returning to the expressions in Eq. (43), we have

> _(22)*8*(px = p){01* (0)IN) (N|®(0)|0)

= 27i0(+po) p*pod(p?). (49)

The right-hand side is nonvanishing when p? = 0, pro-
vided p* # 0. It follows that there must exist a state |N)

with py = p, such that p% =0, i.e., there must exist a
massless state.

We emphasize that this proof of the existence of a
massless Goldstone mode relies on the existence of a
conserved current and not on invariance of the Lagrangian.
Hence, the Goldstone theorem persists for the non-
Hermitian theory, and we give further details for our
specific model in what follows.

B. Spontaneous symmetry breaking

In order to study spontaneous symmetry breaking, we
consider the Lagrangian (1) with Ui, = g|¢|*/4 and
change the sign of the m? mass term, i.e.,

L= 0,101 + 0,50 by + mi|h|* — m3|¢ha|?
—w(dids = d31) =3 ] (50)

which allows for a nontrivial vacuum structure: the vacuum
expectation values are the solutions of the equations

oU g

6¢I = E |¢1 |2¢1 - 77l%¢1 +M2¢2 = 0, (5]3.)
oU ) )

— — =0 51b
5% mypy — p=¢, ) (51b)

conditions similar to the equations of motion. These
equations are invariant under a phase transformation acting
identically on both the fields. The nontrivial solutions to
these equations are given by

v 2,2 A0 1\
< 1) = 2””'”%”(,;)#. (52)
Cp) gn; ml

For a fixed phase €, we can express the fields as fluctuations
around these vacua,
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dr=v+¢ and ¢ =v,+ ¢, (53)

Expressing the equations of motion (9) in terms of the field
fluctuations ¢, , gives

4, (mzmni% 2ut) <M%rf§_ﬂ4> 20 b
- :‘1* _ (Mfﬂrfg—ﬂ“) (mfmjé—hﬁ) 0 2 :f
” w0 om0 ||?
: YAV
. (54)
|
4
Ay = m3 —Zl—%,

1

1

=7 (Zm m3 = 3u* + mj — \/(Zm%m% —3ut —m3)? - 4M4m§>,

2mj3

with

2 uoo.
Gzzw/mé’f (I b - —%Imqsl),
27-1/2 . 12 )
7)) [ ()

3 2
] (5

i
S

1+

[
S

6=
(5

The form of the Goldstone mode could also have been
anticipated from the conserved current itself. The conser-
vation equation yields

0, = i0,[(#10"P1 = 910°h) = (30" 2 — h20"h3)] =

(58)
Expanding this to first order in the fluctuations [setting the

constant phase in the vacuum expectation values (vev’s) v;
and v, to zero] gives

3yj” >~ —Z(UIDImd,;l - ’1)2|:|Im$2), (59)
and we see that the Goldstone mode is
~ 'uz A
nm;

where the dots represent terms of higher order in 431 and qAﬁf

It is easy to check that the determinant of this mass
matrix is zero, and we therefore have the anticipated
Goldstone mode. We remark that, while the explicit forms
of the eigenmodes depend on the choice of the equations of
motion, the eigenspectrum is unique.

The mass matrix has a single zero eigenvalue, and the
corresponding (Goldstone) mode is

2
m;

For completeness, we list the other eigenvalues and their
corresponding eigenmodes:

2m}

G1:
m2—|—

(55)

(56a)

mg(Zm m3 — 3ut +m2+\/2mm —3ut —m3)? —4ﬂ4m§>,

(56b)

(56¢)

(57a)

(57b)

(57¢)

s

Finally, we note that for our choice of equations of
motion, the Goldstone mode is in fact the left eigen-
vector of the mass matrix (as dictated by the conserved
current). Choosing the alternative definition of the
variational procedure, the Goldstone mode would
instead correspond to the right eigenvector of the mass
matrix in Eq. (54), which is distinct and related to the
previous one by P7 conjugation. Note that this is
consistent with P7  transformation superseding
Hermitian conjugation for non-Hermitian theories and
that the alternative definitions are equivalent.

C. The Goldstone mode to one-loop order

The full tree-level potential is given in terms of the fields
(;31 and (132 as

045001-8



SPONTANEOUS SYMMETRY BREAKING AND THE ... PHYS. REV. D 98, 045001 (2018)

U — Mﬂ 431 2+ m%qu(d}; +M,) FheseEcou(I;I;r)lgs gre obtginedbby substituting this potential
o oA, A AL into Eq. and are given by
+ 1 (2t — P13 + M)

M2 Tx M, » 7% In g, 1) _ 592 A
+ 55+ (@1)7) + 1P BT+ do) + I, 9V =g-1c 5], (63a)
61
(61) mgm = m3, (63b)
where we use the notation 20 = g2 (63¢)
2,2 4
o mymy =24
Mi=—" (62a) MY =2 I = 2+O(ln (A/m)), (63d)
m2m? — i 21 1 A
M= gp g B 62b M = m2 - 2M2 + gM?)1 63
a m% 1+m% ( ) a 167 2( +g )1‘1 m ( C)
SgM A
2 2 4 MY = pm, — bin( 2, 63f
M, = gy |22 H (62¢) b =M= M\ (63f)
gm;
where finite terms are again omitted. A linear term is also
2,2 2.0 4 generated, which is given by
M, = Lz zw_ (62d)
m; gm; A
b@(fﬁl +é1), (64)
The linear terms in the potential are a consequence of the o
non-Hermitian nature of the system. At one-loop level, so that the one-loop potential in terms of ¢;, ¢, becomes
|
(1) A, 7% 207 4 207 A A 2 2
U = Mb@@’l + 1) + msM oy — "My + | My +T |1? + m3| |

. R 2 2 A .
02t =g + (U - (3 205) ) G2 + G

# Mo (130 g g+ )+ (1 - 20 65

To show the existence of the Goldstone mode to one-loop order, we should express the fields in terms of fluctuations around
the new shifted vacuum. From this, we can find the one-loop-corrected vev’s

(1) 2
A
N [ A TR (66)
o) 2M; 167 vy
2

Expressing the one-loop potential in terms of the fields fluctuating around this minimum

dr=v\) + 4" and ¢, = o)) + PV (67)

gives equations of motion of the form

(1 2(1
7' M- M- 0\ [ 4
A(l)* 2 AAZ 2 A2 2 A(l)*
O (¢11) _ | Ma—{Ge Mi-{5z O x (¢11) +..n. (68)
7 4 om0 [ &
@) 0 -0 mi) (@)
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The mass matrix again has determinant zero, showing that
we still have a Goldstone mode at one-loop order, which is
given by

2mj
m‘z1 +u

2
Gl = 4<Imq§§l) —%Imqfﬁg)). (69)
2

We see that the one-loop Goldstone mode is related to the
Goldstone mode at tree level; the one-loop mode is
obtained from the tree-level ({ne simply by making the

replacement ¢, ¢, — ¢11>, ¢2 .

V. SUMMARY AND OPEN QUESTIONS

The nature of spontaneous symmetry breaking is a
fascinating and deep issue in quantum field theory. In
conventional Hermitian QFT, it is well understood how the
spontaneous breaking of a global symmetry is accompanied
by the appearance of a massless scalar Goldstone boson. The
counterpart of the Goldstone theorem in P7 -symmetric
QFT presented certain puzzles and has not been known until
now. The central issue was that, although P7 -symmetric
theories may contain conserved currents, there are no
corresponding symmetries of the Lagrangian: Noether’s
theorem does not apply [9] in the familiar sense. One could
then wonder whether or not the existence of a conserved
current would be sufficient to guarantee the appearance of a
Goldstone boson.

We have shown in this paper that the answer is yes:
current conservation still guarantees the existence of a
massless boson. We have demonstrated this formally
and also at the tree and one-loop levels in a simple
PT -symmetric QFT with two complex scalar fields.

In order to investigate the Goldstone theorem in a
PT -symmetric theory, we studied the formulation of the
path integral and its quantization in non-Hermitian field
QFT. Since a P7 -symmetric theory possesses a complete set
of real energy eigenstates, its path integral contains saddle
points about which the path integration of quantum fluctua-
tions is well defined, as long as one considers P7 -conjugate
pairs of fields instead of Hermitian-conjugate pairs.

The analysis in this paper can be regarded as the first step
in an exploration of whether there exists a consistent P7 -
symmetric generalization of the Standard Model and other
gauge theories. In this connection, the absence of a
generalization to non-Hermitian theories of Noether’s
theorem is a key issue. We emphasize again that, in these
theories, the existence of a conserved current does not
|

1 2) 2 1
—dets® =142
pt p? p

1
0 0
—20% 0\ + O(? ,

0 0 0 0 0) 1,0 0
(U + URl) + 5 (UfR)? + (U 44U UR. — U U —

imply the existence of a corresponding symmetry. How do
gauge theories react to this situation and, in particular, do
they possess a “Higgs phase”? We plan to address these
issues in future work.
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APPENDIX: RUNNING COUPLINGS

The full bare potential is

U = ml|¢l|2 + m2|¢2|2 + 12 (P dr — P 1)
- |¢1 N +9 ) 2| + Alprhal?
1(<¢*¢2> + (B3 ))
+5 (ﬁ1|¢1|2+ﬂ2|¢2| ) Dids — D31). (A1)
and the one-loop 1PI potential is given by
(1) — y©) (2)
U U +2V(4) £ (A2)
where
0 0 0 0
peul Ul Ul U
0 0 0 0
o v, 2ol Ul v\
0 0 0 0 ’
Ug1)* Ugl) p*+u §2> ng)
0 0 0 0
N N )
(A3)
with
U
Ui(">j[* - T{*] . (A4)
6¢; ' 6¢;
We have then that
0 0) ,,(0
uOul. 209Ul
(A5)
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such that, up to finite terms,

1 2 1 0 0
o STrln S\ ZS—#/dpp(U(“). + Ul

dp 0 0 0) (0 0),,(0 0), (0 0) (0
[+ 0 U + U0 + 200 4200,

(A6)

and substituting the potential (A1) into this expression gives the one-loop corrections (37).
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