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Integrable higher-dimensional cosmology with separable variables
in an Einstein-dilaton-antisymmetric field theory
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We consider a D-dimensional cosmological model with a dilaton field and two (D — d — 1)-form field
strengths which have nonvanishing fluxes in extra dimensions. Exact solutions for the model with a certain
set of couplings are obtained by separation of three variables. Some of the solutions describe accelerating
expansion of the d-dimensional space. Quantum cosmological aspects of the model are also briefly

mentioned.
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I. INTRODUCTION

In recent decades, relativistic models with a scalar field
have received much interest in cosmology because they
are suitable for the inflationary scenario [1] and for
tackling the dark energy problems [2,3]. Although
numerical solutions or approximate solutions for scale
factors are studied in many cosmological models, it would
be very interesting to find exact solutions that describe the
accelerating universe. In many areas of physics, exact
solutions play the most important role in understanding
and growing the crude concepts. Recently, many authors
have studied integrable models with exponential scalar
potentials for cosmology and found various interesting
ones; e.g., some models account for the transient accel-
eration of the universe [4—13].

On the other hand, it is known that dilaton gravity
arises from a low-energy effective theory of string theory,
from certain supergravity theories, and from higher-
dimensional theories with extra dimensions. In models
based on such theories, scalar fields naturally appear with
exponential potentials. In addition, such theories often
contain totally antisymmetric tensor fields; the con-
figuration on the extra space can play an important role
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in the compactification scheme [14-18]. Some higher-
dimensional integrable cosmological models have been
studied [19-21], and exact analytic solutions have been
derived in some specific cases with fluxes in extra
dimensions [22-29].

In the present paper, we consider analytically solvable
models of D-dimensional cosmology with a scalar dilaton
and antisymmetric tensor fields. Integrability does not
necessarily mean the existence of analytic solutions. We
propose a model in which the equations of motion can be
expressed by three separate equations of Liouville type;
then, its cosmological solutions can be written in simple
elementary functions. We analyze the simple model on the
basis of the possibility of temporal accelerating expansion
of the (d + 1)-dimensional universe (d + 1 < D).

Here, we illustrate an essential structure of the solvable
model we consider in this paper. Provided that the classical
cosmological action (in the minisuperspace) can be written
in the form

1., V
S = /dtzu: [O-“EX%' _7062/1,,)@, , (1.1)
where o, = £1 and the dot denotes the derivative with

respect to ¢, the equations of motion give the one-dimen-
sional Liouville equation

O iy + AV eHa¥a = 0. (1.2)
Then, the integrals of motion are
1., V

E, EGGEX‘% +7“e2’1axa. (1.3)
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We obtain the following analytic solutions for the
equations of motion:
(i) Foro¢,V,> 0,

1 4z
x,(t) = —1In ,
2q  cosh?q,\/|Va)Aa(t —1,)
2
1%
E, = aa%. (1.4)

(ii) Foro,V, <O,

2

X, (1
Xall) = smhzqa\/|V Aa(
qulVal
E =06,——, 1.5
=0 2! (19
1 2
x,(1) = 5 In— I ,
21“ Sll’lzqa |Va|’1a(t_ ta)
2
Eaz—%%. (1.6)

(iii) For V, =0, we find that x,(7)
E,= oqu,
where ¢, and ¢, are integration constants.

=q,(t—1,) and

S = / de\/—_g[R <vq>)2

where R is the Ricci scalar derived from the metric gy
M,N =0,1,...,D —1), g is the determinant of g, and
@ is a real scalar field which has dilatonlike coupling to the

two p-form field strengths F E)] and F Ep; The constant a

represents a scalar (dilaton) self-coupling constant. The
constants / and r indicate the couplings between the
scalar and the two antisymmetric tensor field strengths.
We also use the abbreviations (V®)? = ¢"V9,,®0y® and

2 _ MN| MyN N,
F = g gt gt 'F[p]M1M2--.M,,F[p]N]N2--.N,

The action (2.1) is invariant under the following two
independent transformations:

(1) a <> —a and ® < -, (2.2)

(2) a < a/aandlerandFE] Fﬁ

(2.3)
If the constant o is taken to be ¢ = +1, the kinetic term
of the scalar field becomes a canonical one. If we choose
o = —1, the scalar becomes a phantom field [30]. Due
to the symmetries, we only have to investigate the cases
with 0 <a <1 to clarify the general behaviors of the

Remembering that the model is a cosmological one, the
Hamiltonian constraint restricts the constants as

Z[a %x +‘;" 2“} =Y E,=0. (L7)

a a

We present a model that is soluble by using such a separation
of variables in the next section. Furthermore, we will see
later that the separation of variables is significant for
considering the minisuperspace Wheeler—De Witt equation.

The outline of the present paper is as follows. In Sec. II,
we define our models in which three variables are separable
as in the manner mentioned above. The solutions are
exhibited in Secs. III and IV, and summarized in
Appendix A. Section III is devoted to the solutions for
the scalar field with the canonical Kinetic term, while
Sec. IV treats the case of the “phantom” scalar field. The
physical scale factor and the physical property of the
solutions are discussed in Sec. V. Section VI contains a
brief description of the quantum cosmology of our model
through the minisuperspace Wheeler—De Witt equation. We
conclude with a discussion in Sec. VII.

II. ACTION AND VARIABLES

Let us consider the action of the D-dimensional model

l ZKG(DF(Z) 2 o

~2ue po(r)2
i Tap

; (2.1)

I

system.1 Note also that the choice » = 0 in the action (2.1)
reduces the model to that studied by many other authors,
such as in Refs. [24,25].2 The value of the constant x will be
specified later.

We adopt the following ansitze. We assume the (D — 1)-
dimensional space admits the metric of a direct product of a
d-dimensional flat Euclidean space and (D —d —1)-
dimensional maximally symmetric space. The scale factors
and the scalar @ are considered to be only time dependent;
i.e., they are functions of the time coordinate t= x.
Therefore, we take the metric as follows:

ds? = gyndxMdxN = —e?"0dp? + 20 x>

+ e2PdQ2 . (2.4)
Here, we denote the coordinates of the flat space as x'
(i=1,...,d) and those of the maximal symmetric extra
space as X" (m=d+1,...,D —1). We use the notation

'This is not the case for [ = 0 or r = 0.
’The solutions for the model with r = 0 are discussed in
Appendix B.
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2 _\d i\2 2
dx* =3¢, (dx")*, and dQ[D—d—l]
element of the extra space whose metric is denoted as
Jmn- We assume that the Ricci tensor of the extra space is

written as

stands for the line

Ry = kb(D —d- z)gmn’ (25)
where k, is a constant, which has been normalized to 1, 0,
or —1.

We further consistently assume that the p-form field
strengths take “constant” (flux) values in the extra space;
thus,

p=D-d-1 (2.6)

and

SO(/dteda+(D_d_l)b_”

FO _
[D-d-1]g+1,4+2....D-1 [D-d-1]g41,d4+2.,....D-1

=f. (27)
where f is taken as a positive constant (and is possibly
quantized as a “magnetic” charge), without loss of general-
ity. Even if we assume nonidentical values for two fluxes as
classical configurations, the difference in the magnitudes of
the fluxes can be absorbed into the redefinition of the
couplings / and r. We now obtain

1 0 2 1 " v
(D-d-1)! Flp-g-)” = (D—d—1)! (Fip-a-n)
_ f2€—2(D—d—l)b' (28)

Substituting the anzdtze and noting that /=g
eda+(D—d—1)b+n’ we find

x{wa+ﬂD—d—nb+ﬂd+U%+aaD—d—mahHD—de—d—n#

. 1.
—ymm+(D—d—Uﬂ+4D—d—1xD—d—2MW4H%+ﬁ§¢2

_ le[le—Z(D—d—l)bJrZKmD + re—Z(D—d—l)h—21m'(D/(z] eZn}
2 9

(2.9)

where the dot indicates the derivative with respect to time ¢. Here, if we set

n(t) = da(t) + (D — d — 1)b(1)

as a gauge choice, the reduced cosmological action becomes
. . 1.
S /dt{—d(d— a?>-2d(D-d—-1)ab—(D—-d-1)(D—-d- 2)b2 +o-@?

4 (D —d- 1)(D —d- z)khe2[da+(D—d—2)b] _ %f2[le2[da+xad)] + reZ[da—K(rd)/u]] }

(2.10)

2

(2.11)

We now find that the “kinetic” terms, which include the time derivatives, in the reduced action (2.11) can have a unique

quadratic form as follows:

. . 1.
—ﬂd—lmz—mﬂD—d—1Mb—U)—d—1XD—d—2M2+ai®2

12(D-d—-1), . ,
= poa—g A+ (P-d-2bF
1 o 2(D-2)

1 o 2(D-2)
22+ od(D—d -2

202 +6d(D—d-2)
)

. dD-d-2) .
da + W(l@
. jdD-d-2)c .
P“_v 20-2) aF

b
(
(

2
2
]. (2.12)
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Therefore, if we fix the constant

_Jd(D-d=2)
T\ ap-2

(2.13)

the action can be written in three independent variables x & da + (D —d — 2)b, y « da + ka®, and z x da — ko®/ .

We write the reduced action as S = f Ldt, with

12(D-d-1) o 1 ¢ 2(D=2)

[di+ (D —d —2)b]* + =

[da + ka®)?

T2 D-d-2 202+ 6d(D—d-2)
1 & 2(D-2) c .72
- dw-—ﬂ
+2M+aaD—d—a[“ “a
_ % eZ[daJr(D—d—Z)b] _ %fZ[leZ[daJrKa!l)] + re2[da—1<m1>/a]]’ (214)

where Vi = (D —d—1)(D —d —2)(-2k,).

Note that the coefficients of [da + (D — d — 2)b]? in the Lagrangian L are independent of the dilaton coupling « and the

kinematical signature o. Therefore, we take a variable x as

2(D—d-1)

= D—-d-2 2.1
x(1) =75 g da + (D - d = 2)p), (215)
throughout this paper. Then, the variable x(#) obeys the equation
D—-d-2
P4V, =0 with 1, = D=1 (2.16)
The solution of Eq. (2.16) is
(1) (negative Ey)
x__l(t) = z—jlllnthqu\/q—W for kh = -1
x(t) = xo(t) =q1(t— 1) for k, =0 (2.17)
rop(f) =gl for k, = +1,

cosh’q\/|V |4 (1=11)

where g, and ¢, are constants.
The first integral E; = — 132 + 2t e?4* is

respectively.
(i1) (positive E;)

1 qi
) =x,_4(t) =—1
X( ) s 1( ) 2/11 nSinqu\/ V]ﬂl(t — t])

for k;, = —1, (2.19)

where g, and ¢, are constants.
The first integral E; = —1i* + %62’1')‘ is

a1V,

E,=E, = for ky =—1.  (2.20)

In the next section, we study the model with 6 = +1 and
derive exact solutions. The case with ¢ = —1 is treated
in Sec. IV.

ITI. CASE FOR THE CANONICAL KINETIC
TERM OF THE DILATON(6=1)

For ¢ = +1, the reduced cosmological Lagrangian is
written as

044054-4
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L :_l)p +15,2 +122_& 2%x

If? 21 rf?
L G2hy T 24z
2t TRy Ty 2 2 ¢ ¢

2 ’

(3.1)
where
Ay = da + ka®, hz=da - 2(1) with
L=V +ik,  h=Val+t ik (3.2)

We permit arbitrary signs of / and r in the present paper.
When a negative sign of the coefficient is taken, it yields a
“phantom” gauge field. Such a phantom gauge field has
been considered in a cosmological context [31], though
their negative value may lead to pathological consequences
in quantum physics.

The exact solution of the model can now be obtained in
each case shown below. In this section, we define integrals
of motion as

l. 1f? 1. rf?
E, ==-v2 4+ L p2hy Er=—32 4+ L o2z
2 =35V + 5 e 3=5% + 5 ¢

(3.3)
A.Casel/>0and r > 0

First, in this case, we find that the solutions for y and z
for the reduced Lagrangian L can be written as

(1) = Lln 4>
P  cosh2 gy Vifda(t = 1)
1 %
1) =—1I1 s , 34
() 243 nCOShZ%\/;f/%(f— 13) 34)

where ¢,, 1, g3, and #5 are integration constants. Then,
both E, and FE; are positive. Since the Hamiltonian
constraint gives E; + E, + E5 =0, a possible solution
of x(t) is x_,(#) defined in Sec. II. The Hamiltonian
constraint then reads

If*q3 + rf*q3 = |Vilg?  for k = £1,

If?q3 +rf*q3 = q7 for k, = 0. (3.5)
B.Casel>0and r <0
In this case, the exact solution for y is written as
1 93
y(t) = v (3.6)

=—1In ,
20y cosh?qy/1f 2 (1 — 1)

where ¢, and f, are constants, and then E, > 0. The
solutions of other variables are characterized by the
following subcategories, according to the signature of E
and Ej.

1.E1<0andE3>0

The solution for x is x_g, (), and the solution for z is

23 sinh?qs/|rlfAs(t = 13)°

z(1) = (3.7)

where ¢; and ;3 are constants. Then, the Hamiltonian
constraint becomes

1f*q5 +|rlf*q3 — |Vilgi = 0 for k, = £1,
1f*q5+|rlf*¢3—qi =0 for k, = 0. (3.8)

2.E;<0and E3; <0

The solution for x is x_g, (), and the solution for z is

1 2

q3
(1) = —1In— ,
225 sin*qsn/|r|fAs(t = 13)

(3.9)

where ¢; and ;3 are constants. Then, the Hamiltonian
constraint becomes

1f?q5 = |rlf*a3 = |Vilgi =0 for ky = 1,
1f°q3 = |rlf*63 —q3 =0 for k, =0. (3.10)

3.E1>0andE3<0

The solution for x is x,_; (), and the solution for z is

1 q2
—1In 3 ,
223 sin*qs/|r(fAs(1 — 13)

(1) = (3.11)

where g3 and t; are constants. Then, the Hamiltonian
constraint becomes

2@~ P+ Vigi =0 fork,=—1. (3.12)

C.Casel<0Oandr >0

This case can be regarded as the previous case, where the
roles of y and z are mutually exchanged. The exact solution
for z is written as

! E
t)==—1In , 3.13
Z< ) 2&3 COShzq:;\/;ng(t - t3) ( )
where g3 and #3 are constants, and then E5 > 0. Solutions
of other variables are characterized by the following
subcategories, according to the signature of E; and E,.

044054-5
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I.El <0andE2>0

The solution for x is x_g, (), and the solution for y is

1 2
—  In— q3 ’
2, sinh?gy/|l|fA,(t = 1)

(3.14)

where ¢, and 7, are constants. Then, the Hamiltonian
constraint becomes
11£?a5 + rf?q3 = [Vilgi =0 for k, = £1,

243 + rf’2 — 3 =0 for k, =0. (3.15)

2.Ei<0and E, <0

The solution for x is x_y, (), and the solution for y is

1 %
I 2 ,
2/12 Sinqu \/Wfﬁ2(t - t2)

where ¢, and t, are constants. Then, the Hamiltonian
constraint becomes

y(1) = (3.16)

—|llf*q3 + rf*q3 —|Vilgi =0 for k;, = £1,

—|Ulf?q5 +rf?qi—qt =0 fork, =0. (3.17)

3.E1>0andE2<0

The solution for x is x,_;(¢), and the solution for y is

1 q2
—1In 2 ,
2k, sin*q, VIt = t5)

where ¢, and 7, are constants. Then, the Hamiltonian
constraint becomes

(1) = (3.18)

—|Ulf*q5 +rf?gk + Vg3 =0 fork,=-1. (3.19)
D.Casel<0andr <0

In this case, various forms of the exact solutions appear
since each integral of motion can take a positive or
negative value.

1.E1<0,E2>0,andE3>0

The solution for x is x_;, (¢), and the solutions for y
and z are

1 93
t :—ln ’
y(1) 24, sinhzqz\/Wfflz(t_ h)
1 93
P , 3.20
(7) 223 sinh?gs+\/|r|fAs(t = 13) 20

where ¢q,, t, g3, and 3 are constants. Then, the
Hamiltonian constraint becomes

11243 + |rlf* a3 — [Vilg} =0 for k, = *1,
1243 + |rlf*q3 — g} =0 for k, = 0. (3.21)
2.E1<0,E2>0,andE3<0

The solution for x is x_, (¢), and the solutions for y and z
are

1 93
[ :7111 ’
¥(1) 24y sinh?gy /|| f Ao (t = 1)
1 a3
s = (3.22)

23 sinqy/[rlfAs(1 = 13)
where ¢,, t,, ¢q3, and 3 are constants. Then, the
Hamiltonian constraint becomes
11f*q5 = |rlf*q5 = [Vilgt =0 for k, = £1,

|l|f2q% - |r|f2q§ - q% =0 fork,=0. (3.23)
3. El <0, E2<0, andE3>0

The solution for x is x_g, (¢), and the solutions for y and
z are

1 93
y t = _ln N 3
" 200 si’ gy /|| fa(t = 1)
1 43
2(t) = —1In - , 3.24
) 223 sinh®qs+/|r|fAs(t = 15) (3.24)

where ¢,, t,, g3, and t; are constants. Then, the
Hamiltonian constraint becomes

=g + |rlf?q2 = |Vilg? =0 for k, = +1,
—|1l£?q5 + |r|f?q3 — g3 =0 for k, = 0. (3.25)
4. E1>0, E2<0, andE3<0

The solution for x is x, _; (), and the solutions for y and
z are

1 o
t) =—1In ,
0 = o S Mt~ 1)
1 2
2(t) ==—1n 43 (3.26)

23 sinqy/[rlfAs(1 = 13)°

where ¢,, t,, g3, and t; are constants. Then, the
Hamiltonian constraint becomes

—|l|f*q3 = |r|f*q3 +Vigi =0 for k,, = —1. (3.27)

044054-6
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5.E1>0,E2>0,andE3<0

The solution for x is x, _; (), and the solutions for y and
z are

1 6
t)=—In ,
o 2y sinh®qy /|12 (1 = 1)
1 2
(1) = K (3.28)

—In ,
243 sintqsy/|r|fA3(1 — 13)

where ¢,, t, g3, and 3 are constants. Then, the
Hamiltonian constraint becomes

f2q3 = |rlf*a3 + Vigi =0 for ky =—1.  (3.29)
6. E1>0, E2<0, andE3>0

The solution for x is x, _; (), and the solutions for y and
z are

1 b
y ) = _ln ; )
v 20 sin gy /|| f2a(t = 1)
1 2
(1) = 1 (3.30)

=—1In ,
243 sinh®qs/|r|f2s(t = 13)

where ¢,, t,, g3, and t; are constants. Then, the
Hamiltonian constraint becomes

—1f?q5 +|rlf?q3 + Vigi =0 for k, =—1. (3.31)
Now, all the solutions for x, y, and z have been shown for

o = +1. In the next section, we examine the case with
o = —1, which corresponds to a phantom dilaton.

IV. THE CASE FOR A PHANTOM
DILATON (6=-1)

In this section, we consider the case with c=-—1.
Remembering 0 < a < 1, the reduced action can be written as

I — —%k2+%y2—%'2 _%ezzlx_gezxzy_%zezzﬂ’
(4.1)
where
Ly =da+xa®,  Az=da+ gcb with
A= MK, Ay = Va? - 1k (4.2)

Similarly to the previous section, we obtain exact
solutions for the cases with positive and negative couplings
[ and r. In this section, we define

I, 1f? 1., rf?
EZEfszr%ezm, E3E_§ZZ+§62}»3Z.

: (4.3)

A.Casel>0andr >0

In this case, the solution for y takes the form

1 q3
=—1In 2 ,
212 COShqu\/ifﬂz(t - t2)

where ¢, and 1, are constants, and then £, > 0. Similarly to
the previous section, several cases are classified below.

(4.4)

1.E1<0andE3>0

The solution for x is x_, (¢), and the solution for z is
given by

I e
t) = 1 : , 4.5
) 213 nSinth\/;f/%(f— 13) (43)

where g5 and 73 are constants. The Hamiltonian constraint
becomes

1123+ rf*q3 = |Vilgt =0 for k, = 1,

If?q5 + rf*q3 —q3 =0 for k, = 0. (4.6)

2.E;<0and E3; <0

The solution for x is x_g, (), and the solutions for z is

1 g
£ =—1 » :
A = N R v i —h)

where g5 and #; are constants. The Hamiltonian constraint
becomes

(4.7)

1f2q3 —rf?q3 = |Vilgt =0 for k, = £1,

If°q3 —rf*q3 —q3 =0 for k, = 0. (4.8)

3. E1>0andE3<0
The solution for x is x, _; (), and the solution for z is

1 g3
t)=—1I1 3
Z( ) 2/13 nsinh2q3\/;f/13(t — t3> ’

(4.9)

where g5 and t; are constants. The Hamiltonian constraint
becomes

If2q3 —rf?q3 + Vg2 =0 fork,=—1.  (4.10)

B.Casel>0andr <0

In this case, the solutions for y and z are given by

1 %
t)=—1In ,
) 24y cosh?qy/1f 2 (1 — 1)
1 2
2(1) = 15 (4.11)

=—1 ,
2y cost2qy /1 fia(1 — 1y)

044054-7
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where ¢,, 1, g3, and 3 are constants, and then E, >
and E5 < 0.

1.E, <0

The solution for x is x_, (). The Hamiltonian constraint
reads

If*q5 = Irlf*q5 = [Vilgi =0 for k, = £1,
lf2q% - |r|f2q% - q% =0 fork,=0. (4.12)

2.E1>0

The solution for x is x, _; (#). The Hamiltonian constraint
reads

lfzq%—|r|f2q§+vlq%20 for k;, = —1. (4.13)

C.Casel<O0Oandr >0

In this case, all possible signs for E;, E,, and E; can
appear.

1.E1<0,E2>0,andE3>0

The solution for x is x_, (¢). The solutions for y and z are

2
)= 2%21{1 sinh2q2\/|%|2f/12(t -1)
)= 21/131n Siﬂz%\/;j?/%(f -13) (4.14)
The Hamiltonian constraint is
[ f2q5 + rf?q3 — |Vilg? =0 for k, = +1,
\11f2q3+ rf’q3 —q2 =0 for k;, = 0. (4.15)

2.E1<0,E2>0,andE3<0

The solution for x is x_y, (). The solutions for y and z are

2
Y= ZLizln sinh?¢, \/|%2f/12(t 1)
A= 2%31“ Sinh2€13\/;]§%3(l — 1) (4.16)
The Hamiltonian constraint is
\11f2q5 — rf?q5 — Vil =0 for k, = £1,
111f*q5 = rf?q3—q5 =0 for k;, = 0. (4.17)

3.E1<0,E2<0,andE3>0

The solution for x is x_y, (¢). The solutions for y and z are

1 %
t) =—1In ,
0 = gt -1
1 2
2(f) = =—1In 13 (4.18)

23 sin*q3/rfls(t—13)
The Hamiltonian constraint is
—Uf*q5 + rf?q3 —|Vilgt =0 for k, = £1,

—f2¢3 + rf?q3 —q3 =0 for k, = 0. (4.19)

4.E1>0,E2>0,andE3<0

The solution for x is x,_;(¢). The solutions for y and z
are

1 %3
t)=—In ,
) 20y sinh?qy /[ f2a (1 — 1)
(1) = —1n % (4.20)
T s gy (= 13) '
The Hamiltonian constraint is
\1|f2q3 —rf?°q3+Vigi =0 for k, =—1.  (4.21)

5.E1>0,E2<0,andE3>0

The solution for x is x,_;(¢). The solutions for y and z
are

1 43
O = 20, s M aa = 1)
1 43
2(f) = —1n (4.22)

23 sin*q3y/rfls(t—13)
The Hamiltonian constraint is

-4 +rf?q3+Vigi =0 fork, =—1. (4.23)

6. E,>0,E, <0, and E3 <0

The solution for x is x,_;(¢). The solutions for y and
z are

1 %
y t == _ln N )
v 2 sin?ga/|1f2(1 = 1)
(1) = ——In g (4.24)
T il g A1 — 1) '
The Hamiltonian constraint is
—f?¢3 = rf?¢3 +Vig3 =0 fork,=-1. (4.25)
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D.Casel<0Oandr <0

In this case, the solution for z is

1 %
72(t) = —1In , 4.26
0 243 cosh®qs\/|r|fAs(t — t3) (4.26)

and then E5 < 0.

1. E;<0and E, >0

The solution for x is x_g, (), and the solution for y is
2 sinh?qy /[l 2 (1 = 1)

where ¢, and #, are constants. The Hamiltonian constraint
reads

y(1) = (4.27)

\1f2q5 = |rlf?q5 — |Vilgi =0 for k, = £1,

1123 = |r|f2q3 — ¢} =0 for ky =0. (4.28)

2.E1>0andE2>0

The solution for x is x,_;(¢), and the solution for y is

1 %
t :—ln 9 29
Y[ (TS M

where ¢, and #, are constants. The Hamiltonian constraint
reads

\11f2q3 = |r|f?q3 +Vigi =0 for k, =—1. (4.30)

3.E1>0andE2<0

The solution for x is x,_;(¢), and the solution for y is

1 73
—In 2 ,
2k sin g/l fAx (1 — 1)

(1) = (4.31)

where ¢, and 7, are constants. The Hamiltonian constraint
reads

—Uf*q3 = |rlf*q3 +Vigi =0 for k, = —1. (4.32)

V. ACCELERATING UNIVERSE

To analyze the cosmological behavior closely, we
introduce the “physical” (d + 1)-dimensional metric and
the cosmic time. When we take a representation for the D-
dimensional metric such as

2 _2D—d=Db_ 2~
ds® = e &1 g, dx'dx" + =g, dx"dx",

(5.1)
we find that ,/=gR is proportional to \/=gR + - - -, where R
is the Ricci scalar of the (d + 1)-dimensional spacetime
constructed from g, . Therefore, the metric g, is consid-
ered to define the Einstein frame of the (d + 1)-dimensional
spacetime.

In the present study, we should regard the following form
for the metric:

ds? = _62[da(t)+(D—d—1)b(t)]dt2 + eZa(t)dXZ + eQb(t)dQ%_d_l

(5.2)

2(D-d-1)b
= e a1

(=dn* + $*(n)dx?) + e dQp_,

where 7 is the cosmic time for the (d + 1)-dimensional
spacetime and S is the “physical” scale factor of d-
dimensional flat space in the (d 4 1)-dimensional view.
Thus, we obtain the relations

D—.

dnp = +edleO+PETP 0] gt = £5%d1,
(5.3)

S(’?) _ ea(t)+DJfl_lb(t)’

They can be written in terms of x, y, and z as follows:

2
_ Dod1 D-2 a(D-2)
S = (eZilx)Z(d—l)(D—d—Z)(62/12)7) 2(:12+l)d(d—l)(D—d—2)(62131) AP 0da-00-¢-2) for ¢ = 1, (5.4)
D2 o?(D-2)
D—d—1
S = (EZAIX)Z(d—I)(D—d—Z)(62/12)’) z(l-az)d(d-u(n-d-z)(62/132)2(1-a2)d(d-1>(u-d-2> for o = —1. (5_5)

A. Some special solutions expressed by elementary functions of 7

Unfortunately, the solutions listed in the previous sections and Appendix A cannot be written in terms of elementary
functions of 7 in general. There are, however, special cases where the solutions can be expressed as simple functions of 7.

We first consider these cases.

i c=1,1<0,r <0, and k, = —1 [Eqgs. (A21)-(A206)]

Taking the limit of ¢ — 0, we find
1

242

eZda(t) —

B f2|l/1%|1/<1+a2) ‘rl%|a2/(1+a2) (t

2 _
— 1) @H(t—13) 4, (5.6)
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(i)

(iii)

1/(1+a?) |r,1§|a2/<1+a2>

Vii(t—1)?

2a
e2;<(1)(t) _ |r| I—13 211
|l t—t, '

Further, if ¢, = t, = t3 = 1, they become

2 p-a-2p(sy _ L2 1143]

e

1

eZda(t) — —
C*(t—15)*’ Va3

with C? = f2|123]"/(0+)|3|«*/(1+¢*)  Then we obtain

D=2

|
S(n) « exp ;ZC @No-72y |

This solution describes (d + 1)-dimensional de Sitter spacetime.
c=1,1<0,r<0,and k, = 0 [Egs. (A27)-(A29)]
Taking the limit of ¢ — 0, we find

e2da(t) — 71 .
f2|l/1%| 1/(14+a?) ‘r/'l%|(r/(l+az)

e2(D=d-2)b(1) _ C1f2|l/1%|1/<1+"2)|r,1§|"2/(1+”2)(t— tz)ﬁ(t — 13)7,

2a
echI)([) _ |r| t— t3 a2 +1
aA|l|t—1, ’

where C; is a constant. Further, if ¢, = t; = ¢;, they become

1

eZda(t) —
C*(t—10)*

with C2 = f2|12,|"/(1+@") |25/ (1+) Then we obtain

eZKCD — <

2 —
(1= 1) 7t = 1) 7,

Q2P=d-2b — €, C(t - 1,)2, o2k _ <

S(n) o (= o) ™00, eb o (5 = o),

where 7, is a constant.
oc=-1,1<0, r>0, and k;, = —1 [Egs. (A44)—-(A49)]
Taking the limit of ¢ — 0, we find

2dalt) — 21 2 2 ([
f2|l/‘%|l/(l—a )|rﬂ%|—a /(1-a*)

/(=) (2) =/ (1-a)

2D-d-2)b(1) _ 5|
Vi3 (t—1)?

e

2a

T2

P20 — rr=) ! ‘
a?|l|t—t
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_2_ 222
— ) = (t = t3)1-2,

(12
(1 = )75 (1 — 13)20,

202

2
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/7] >2—1

7]
ol

’
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(5.11)

(5.12)

(5.13)
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Further, if 1, = t, = t3 = t;, they become

1 c? ro\ i
2da(t) _ 2(D-d-2)b _ 2D _ 1-a 5.19
TS ) 519
with €2 = f2|123]//(1=2)(1)2)=«*/(1=¢") _Then we obtain
1 ,——_D=2
S(n) x exp EC @N0-d2p |, (5.20)
This solution describes (d + 1)-dimensional de Sitter spacetime.
(iv) o =-1,1<0, r>0, and k;, = 0 [Egs. (A50)-(A52)]
Taking the limit of ¢ — 0, we find
1 2 202
2da(t) _ — 1)) =2 (t — tax ) 1=
e ! _f2|l/1%|1/<1_az>(r/1§)_a2/(1_a2> (t t2) z(t t3) ?, (5'21)
o2
HD=d=2b(0) — € 2| 13|/ (1=0) (pj2) =0 /0=0) (1 — 1)) (1 — 13) o, (5.22)
P20(1) — A (5.23)
a?ll|t—1, ' '
Further, if 7, = t; = ¢, they become
1 ro\ e
2da(ty — ____ ~ 2AD=d=2)b — . C2(f — 1) wp _ [T\ 594
e C/Q(t_ to)z’ 4 1 ( 0) > 4 a2|l| ’ ( )
with C2 = f2|14,|"/ (0= (y13)~*/(1=") Then, we obtain
D=2 d—1
S(n) & (= mo)®®=0, e” o (i = 1)1, (5.25)

where 7, is a constant.
In all the cases examined above, the dilaton field ® takes a constant value in the final consideration, which corresponds to
the extremum of the effective scalar potential coming from the coupling to the constant fluxes, which is proportional
to [e2ka® 4 re—2Ko‘<I>/a'
The cases with (6 = 1,1 <0,r <0, k, =—1)and (6 = —-1,1 <0, r > 0, k;, = —1) yield the exponentially expanding
universe. Unfortunately, these are not the most general cosmological solutions of the model. In the next subsection, we
consider asymptotic behaviors of the physical scale factor S(n).

B. Asymptotic behaviors of solutions

We have several cases where the asymptotic behavior of S(5), as a function of the cosmic time 7, can be obtained. If
S(t) ~ eB! with constant B, S(37) ~ n'/%. 1f S(2) ~ |t = to|P, S(n) ~ |n = no|P/(%+1) with some constants 7, and 7. The scale
of the compact space e” generally shows a similar behavior to S(7).

Thus, some typical cases, in which the solution represents the expanding universe, can be found as follows:

(i) S(n) ~n"4 for n — 0, S(y) ~ 557 for n > co.

This behavior is found in the cases

c=1,1>0,r>0, k;, =—1,

c=1,1>0,r<0,k,=+1,(E, <0, E, >0, E5 > 0),

c=1,1>0,r<0,k,=—-1,(E; <0, E, >0, E5 >0), t; < 13,

c=1,1<0,r>0,k,=—-1,(E; <0, E, >0, E; >0), t; < 1y,

c=1,1<0,r<0,k,=-1,(E; <0, E, >0, E3 > 0), 1; < Min(t,, 13).
(i) S(p) ~n'/9.

This behavior is found in the cases

c=1,1>0,r>0, k, =0,+1,

044054-11
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c=1,1>0,r<0,k,=0(E; <0, E; >0, E5 >0),
c=1,1<0,r>0,k,=0(E; <0, E; >0, E5 >0).

o?(D-2)

(i) S() ~ g2+ na-no-i2) for n — 0, S(y) ~ > for § — .
This behavior is found in the cases
a:l,l>0,r<0,kb:—l, (El <O,E2>O,E3<0), H <ts,
o = 1, | < 0,27' < 0, kb = —1, (El < O, E2 > 0, E3 < 0), tl < Min(tz, t3).
a”(D-2)
(iV) S(”I) ~ I/I(zzd(D—Z)+(a2+l)(d—l)(D—d—Z).
This behavior is found in the cases
c=1,1>0,r<0,k,=0,41, (E;, <0, E;, >0, E5 <0),
0':1,l>0,r<0,kb=—l, (El <O,E2>O,E3<0), tl >t3,
c=1,1<0,r<0, kb:O,:tl, (El <O,E2>O, E3 <0), >, 13>1.
o2(D-2)
V) S(l’]) ~ ;11/d for n—0, S(’?) ~ ;/lazd(D—Z)+(r12+l)(d—l)(D—d—Z) for N — oo.
This behavior is found in the case 6 =1, [ >0, r <0, k, = -1, (E; <0, E; >0, E3 <0), t; > 13.
(0-2)
(vi) S(”) ~ nd(D—2)+(a2+1)(/1—1)([)—(1—2) for n—0, S(”) ~ ,7”5—‘_’2’1 for n — oo.
This behavior is found in the cases
c=1,1<0,r>0,k,=-1,(E; <0, E, <0, E3>0), 1] <15,
c=1,1<0,r<0,k,=-1,(E; <0, E, >0, E3 <0), t; <Min(t,, t3).
(0-2)
vii) S ~ pd(D-2)+(@?+1)(d-1)(D-d-2) _
(vii) S(n) ~n
This behavior is found in the cases
O'Zl, l<0,r>0, kh:0,+1, (El <O, E‘2<O7 E3>0),
0':1,l<0,r>0,k,,:—1, (El <O,E2<0,E3>0), > 1.
(0-2)
(Viii) S(”) ~ ﬂl/d for n— 0, S(’?) ~ ”d(D—2)+(rz2+l)(dfl)(D—d—Z) for n — oo.
This behavior is found in the case 6 =1, [ <0, r >0, k, = -1, (E; <0, E; >0, E3 > 0), t; > 1,.
o?(D-2) (D-2)
(iX) S(”) ~ nrxzd(D—2)+(zxz+l)(d—l)(D—d—Z) for n— ()’ S(”) ~ nd(D*Z)ﬁ»(!lerl)(d*l)(D*d—Z) for 7N — 0.
This behavior is found in the case 6 = 1,1 <0, r <0, k, =0, £1, (E; <0, E;, >0, E3 <0), t; > t3, 1, > 3.
o?(D-2) (D-2)
(x) S(n) ~pdv-2++ne-nw-a-2 for n — 0, S(n) ~ e @-4-H for n — oo.
This behavior is found in the case 6 =1, [ <0, r <0, k;, =0, 1, (£, <0, E; >0, E3 <0), t; > t, = t3.
. 1/d [d=)(D=d=2) 13 | p-—d-1
(xi) S(n) ~n'/¥ for n — 0, S(y) ~n == TP for - co.
This behavior is found in the case 6 =1, [ >0, r <0, k, = -1, t; = t5.
. 1/d (@d=)(D=d=2) , > | p—d-1
(xii) S(n) ~n'/? for n — 0, S(y) ~n @D 22 for n — oo.
This behavior is found in the case 6 =1, [ <0, r >0, k, = -1, (E; <0, E; >0, E3 > 0), t; = t,.
(xiii) Expanding and contracting in a finite cosmic time 7.
c=1,1>0,r>0, k, = +1,
c=1,1>0,r<0,k,=-1,(E; <0, E, >0, E3>0), t; > t3,
c=1,1>0,r<0,k,=—-1,(E; <0, E, >0, E5 <0), t; > t3,
0':1,l>0,r<0,k,,:+1 (E1<0,E2>0,E3>0),
c6=1,1>0,r<0,k,=0,+1(E, <0, E, >0, E5 <0),
c=1,1<0,r>0,k,=—-1,(E; <0, E, >0, E; >0), t; > 15,
0':1,l<0,r>0,k,,:—1, (El <O,E2>0,E3<0), 1 >t2,
c=1,1<0,r>0,k, =41 (E; <0, E;, >0, E5 > 0),
c6=1,1<0,r>0,k,=0,+1(E, <0, E;, <0, E5 > 0),
c=1,1<0,r<0, k,=-1,0,+1, (E; <0), t; > Max(t,, 13).
In our model, the eternally expanding universe can be found, k, = —1 (¢ = 1), similar to the cases with the models
studied in [20,21,25].
Here, we omitted analyses on interesting cases with £, > 0 and/or 6 = —1, in which complicated evolutions, including a
y g 1 p g

bouncing universe, can be found accordingly, to a proper choice of integration constants. We leave the broad study of such
cases for future work, and we restrict ourselves to considering a possible accelerating phase in the universe in the rest of this
section.
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A®) exp(4«e(t))
1
0.1
0.8
0.05 0.6
-8 6

-8 )/ Z4 2 t 0.4
0.05 0.2

-0.1 -8 -6 -4 -2 t

(a) ()
FIG. 1. (a)A(¢) for k, = —1 as a function of ¢ in the canonical case. The curves correspond to the cases with 1, = t; = =3, =2, —1, 0,

according to the location of the peak from left to right. (b) A(#) for k;, = 0 as a function of . The choice of parameters is the same as (a).
(c) exp(4x®(r)) = 1 is constant in this case. For the other parameters, see text.

C. Transient acceleration and the scalar field value
moving in a finite range

We cannot determine the existence or absence of
transient acceleration only from asymptotic behavior.
Therefore, we should investigate the behavior of S(i) in
the intermediate era more closely. To this end, we first
observe

as _ ¢ 4dS _ 1 ds'~?
g~ dt d-1 dt’
d*S 1 a8

d ~ d-1 dr?

(5.26)

Thus, for expanding and accelerating physical universes,
—452 > 0 and —£5° > 0.

As already known, the model with k;,, = —1, i.e., with the
hyperbolic internal space, yields an accelerating universe in
both cases with no other field content [20,21] and with the
single flux and the dilaton field [25]. In our model,
therefore, a transient acceleration occurs for a wide range
of parameters.

The minute behavior of S(i) is diverse in many sol-
utions. We concentrate mainly on the case 6 =1, [ > 0,
r > 0, k, = —1, 0 here, not only because this case yields an
expanding universe but also because this is the only
admissible case for quantum field theory, in a naive sense.
We will, however, add a discussion on a special phantom
case in the last subsection.

One of the most remarkable features of this case in our
model is that the value of the dilaton scalar field can be
finite throughout the evolution of the universe because of
two dilaton couplings to fluxes. Indeed, for the case (¢ = 1,
[ >0, and r > 0), we find

Q26000 _ <r00529 cosh?|g sin OA;(1 — t3)]>z—+1 (5.27)

Isin?@ cosh?[q cos 04, (t — 1,)]

where ¢, 0, t,, and t; are integration constants. When

lycosO = Aysind, ie., cosO@=2A3/\/3+15=1/V1+a®

and sin@ = 4,/\/45 + 25 = a/V1+a?, the scalar field

® behaves as

P2t _ LCOShZ [gx(t — 13)] (5.28)
la? cosh?[gx(t — 1,)] '

Obviously, this is only the case of finite ®(7) at
t —F oo, whose value is given by lim,_ ., e>(@+®0) =
la%eﬂq’((’z‘@). Note that for the case with k, = —1, since
n — oo at t = ¢y, the value of ® approaches the constant
@(1,), while other variables move as S(i) ~#5= and
b d—1 . . o

e” ~pyo=2. In particular, if we choose t, = t;, @ takes a
constant value, which is the equilibrium point of the
reduced potential o [e?*® + re=2®/¢ included in the
action.

We now consider the simplest case, D =6, d =3,
l=r=1La=1,g=1,and 1| = 0.} We show the values

A(t) = =S(t)*! % versus ¢ for various values of 7,
and 75 in Figs. 1 and 2. It can be found that the acceleration
period is earlier when t, — t3 is a larger positive value.
Contrarily, we find that negative t, — 3 leads to a later
period of acceleration.

We also find that if the value of « is sufficiently close to
unity, there exists an accelerating phase for a wide range of
t, — t; and 3 — t;. We conclude that the solution can give
accelerating universes in the (d + 1)-dimensional Einstein
frame in the model witho =1,/ >0, r > 0 and k, = —1
and k, = 0. The result here is qualitatively similar to the
result of Ref. [25], where the dilaton coupling to a single
flux term is considered.

A similar transient acceleration can be found in a special
phantom case, 6 = —1, [ >0 and r <0, and (E; <0,
E, >0, E5 <0). In this case, we choose the integration
constant to satisfy A3sinh@ = 1, cosh@ in the solution
(A40) and obtain

*Because the value of ¢ only determines the scale of the time
coordinate ¢, it does not concern the behavior of cosmic
expansion.
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A(b) A®) exp(d«d(t))
0.1 3
0.05
2.5
0.05 0.025
2
t
. % . t -8 > p ‘2_ 1.5
8/6' 4 /y/ 025 .
005 0.05 o s
-0|.075
-0.1 Lo.1 -6 -4 -2 t
(a) (b) (©
FIG. 2. (a) A(¢) for k;, = —1 as a function of 7 in the canonical case. The curves correspond to the cases with 7, = =3, =2, —1, 0 and

t, — 13 = 1, according to the location of the peak from left to right. (b) A(#) for k, = 0 as a function of z. The choice of parameters is the
same as (). (c) exp(4x®(t)) as a function of 7. The color of the curve corresponds to (a). For the other parameters, see text.

A®) A®)
0.15 .075 eXp(—\/;KQ(t))
.05 1
o 25 0.8
0.05 - 7 £ - t o6
t 0.425 0.4
R ’ -0.{0s5 o
095 0.0f5
-0.1 -ol1 -8 -6 -2 -2 t
(a) (b) ©)
FIG. 3. (a)A(t) for k;, = —1 as a function of # in the phantom case. The curves correspond to the cases with , = 13 = =3, =2, —1, 0,

according to the location of the peak from left to right. (b) A(#) for k;, = 0 as a function of z. The choice of parameters is the same as (a).
(c) exp(—v2x®(1)) = 1 is constant in this case. For the other parameters, see text.

Al At

A O expy26at)

0.4 3

.5

.3 5

.2 1.5

.1 1

t t 0.5

_gﬁéf ,
11, ot

(2) (c)

FIG. 4. (a) A(t) for k;, = —1 as a function of 7 in the phantom case. The curves correspond to the cases with t, = =3, =2, —1, 0 and
t, — 13 = 1, according to the location of the peak from left to right. (b) A(#) for k, = 0 as a function of z. The choice of parameters is the

same as (a). (c) exp(—v/2x®(t)) as a function of 7. The color of the curve corresponds to (a). For the other parameters, see text.

o 2x1=2)0(1) _ Mcosh2 [gK(t —13)] ‘ (5.29) VI. QUANTUM COSMOLOGY

lo® cosh? (g (1 — 1,)] To study a very early universe and especially its initial
state, we have to consider the quantum nature of
cosmology. In our model, we can obtain the minisuper-
space Wheeler—-De Witt equation by replacing x, — —i 8—1
(where we choose the natural unit 2= 1) in the
Hamiltonian H and regarding the Hamiltonian constraint
as H¥Y =0, where ¥ is the wave function of the
universe.

We now consider the simplest case, D=6, d =3,
l=-r=1,a=1/v2, g=1, and 1, = 0. We show the
values A(t) versus ¢ for various values of #, and #5 in Figs. 3
and 4 in this phantom case. It can be found that the
acceleration period is later when #, — f3 is a larger positive
value. Contrarily, negative ¢, — #3 leads to an earlier period
of acceleration.
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Our Hamiltonian becomes

16> vy, . 10 If? 10> rf?
—_ - 41 X2 Y 2y — T 2 f =1 6.1
202 " 2 280y " 2 202 T tore=1 (6.1)

1 v, 1 I 18 rf?
He-Z D 9 U oy ~ O T e o 5= 6.2
2o T2 ¢ Taap T2 ¢ Taga e e (62)

noticing that the definition of 4, and A5 is different in each case. Owing to the separation of variables, the wave function is
expressed by superposition of the multiplicative form, ¥, (x)¥,(y)¥;(z).
Let us first consider the case 6 = 1, [ > 0, and r > 0. Then, the normalizable wave function can be written in the form

&) 2r
Y(x,y.z) = / d‘]A dfA(q.9) [CIF%(\/ Vieht/ay) + CZG%(\/ ViehT /)

2V i)
['(—igcos@/,)

o 2Tf ] (203)) el
I'(—igsin6/43)

where A(q, 6) is the amplitude and the eigenfunctions F,
and G, are defined as [13,32]

Fu(9) = Fogmron7 He(0) + (2
G, (2) L @ -l (6.4)

) sin(vz/2)

and c; and ¢, are constants. In this expression, we adopt the
wave normalization found in Ref. [33], so

2(V'V/(24)) 7"
[(=ig/2)

for x » —o0,

K,»q/ﬂ(\/Ve’b‘//l) ~ el + Rje i~

(6.5)

where Ry = [[(iq/2)/T(~iq/2)](v/V/(22)) 4",

The Gaussian wave packet is often considered [13,34-37]
in a semiclassical analysis of quantum cosmology. There is
another possibility that the amplitude A is independent
of 0, which is naturally motivated from the form of (6.3)
because the integral region, or moduli space, of € is
apparently finite.

To succinctly grasp what occurs by taking this
assumption, we consider a simple calculation. We show
ly (&1, &)]* with ¢ = 4 in Fig. 5, where

o 2(2)iqc0s€
= — K. ¢
l//q(fl s 52) A F(—lq COS 9) quOSe(e )

2(2) igsin@

— K. . & .
XF(—iqsinH) lqsmﬁ(e )

K s (/7S 1),
43

Kasso(Vifen [2y)

(6.3)

Many peaks of the function are located in the region
(& <0, &, <0), and considerably high peaks are found at
&, ~ &,. Because both the eigenfunction of £; and that of &,
have the incoming wave and reflected wave from the
potential wall, the interference of the four waves generates
a complicated wave pattern. Nevertheless, we find that a
chain of peaks appears in the line &, ~ &,, which seems
plausible from symmetry.

From this fact, we expect that, if the amplitude A(q) is
assumed to have a sufficiently narrow width, peaks of the
probability density || appear at the discrete positions where
Ay ~ Az, 1.e., @ ~ 0 for a ~ 1. From the shape of the partial
wave function, we can see that the initial state of the universe
possesses a small but finite e, whose possible value is
somewhat discretized, with the stationary value of ®.

Next, let us consider the phantom case ¢ = —1, r <0,
and k, = 1. Then, the normalizable wave function can be
written in the form

FIG. 5.

|Wq(§17§2)|2 with g = 4.

044054-15



KAN, KUNIYASU, SHIRAISHI, and TAKIMOTO

PHYS. REV. D 98, 044054 (2018)

2(\/Vi/(24y)) e 00

0 2r
‘P(x,y,z)z/ qu doA'(q,0)

I'(—igcosB/A))

Ki%ﬁ”(\/ Vileh /)

X {ch%(\/Zfem/ﬂz) + CzGi%(\/zfelly//lz)

o Z(Mf/(ZJG))—iqcosé‘/l;
[(—igcos@/23)

where A’ is the amplitude and we rearrange the integration
constants.

We consider again the case A’ = A'(g) as a Gaussian
with a narrow width. As in the previous case, we expect
high peaks at 4;x ~ 13z < 0. Then, the initial state of the
universe is equipped with some finite ¢“ and b « .

The interpretation we present here is very qualitative,
regrettably. To obtain more quantitative results, we should
study the wave function carefully, by taking account of a
normalization measure, which can be somewhat dependent
on 6, and a detailed calculation of the superposition. This
study will be done in future work.

VII. SUMMARY AND DISCUSSION

In this paper, a class of analytical cosmological solutions
is considered in an integrable higher-dimensional model
with a scalar field and an antisymmetric tensor field. The
scalar field is either a canonical (¢ = +1) or a phantom
one (6 = —1).

In Sec. V, we looked for solutions for the accelerating
universe. We found that the expanding universe with
transient acceleration is obtained in the case with hyper-
bolic or flat internal space with positive energy density of
the dilaton and antisymmetric fields (¢ = 1, [ > 0, and
r > 0), except for other special cases.

One of the special features of our model is that the value
of @ can be finite both at the beginning, S ~ 0, and at the far
future of the universe, # — oo. The coupling between the
dilaton field and additional gauge or matter fields can
trigger some cosmological time-dependent phenomena,
though, unfortunately, it is difficult to interpret the present
|

Ko\ I71f e/ 23),

(6.7)

fields in the (d + 1)-dimensional universe. The study of the
inclusion of matter fields is significant in any case, even
apart from pursuing exact solutions.

We briefly argued the quantum cosmology of some
specific cases. Throughout this paper, we found that
separable variables made the analyses simple, both in
the classical and the quantum cosmological behavior of
the scale factor. However, further deeper investigation is
required, especially for cosmology with initial bouncing
behavior, which has not been discussed in the present study.
We should also consider various aspects of wave functions
of the universe in our model in a more precise manner. We
leave these subjects for future work.

APPENDIX A: SUMMARY OF SOLUTIONS

Here, we summarize the solutions and show the expres-
sions for two scale factors a and b and the scalar field ©.
They are found by using x, y, and z, as follows:

o2

p2da(r) — (ezllzy)ﬁ(ezllgz)az—m (A1)

e2(D=d-2)b(1) _ ezzlx(ezzzy)—az—ia(ezzgz)—ﬁ’ (A2)
2PN\ 2

000 — (thZ) . (A3)

We exhibit them by categorizing the sign of o, the signs
of [ and r, and the values for k,, in this order. In the
following expressions, 1, t,, 13, ¢, and @ are integration
constants.

l.o=+1
a.l>0andr>0(E; <0,E, >0, E; >0)

() ky =1

g*cos’0

2

eZda(t) _ 1

P <lcosh2[q cos 02, (t — t2)]>

e2(D=d=2)b(1) — szI2

rcosh?[g sin 025 (t — t3)]

g*cos’6

’

g’sin’0 ) PRy

2

Isin?@ cosh?|q cos 02, (t — 1,)]

A g*sin’0 —5=

= Vlsinhz[qll (t— tl)] lCOShZ[q CcOS 6/12(t_ tz)] rcoshz[q sin9/13(t— t3)] 5
240 (1) <rcos26 cosh?[g sin 0A5(1 — t3)] )#’H
e = )

(A4)
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(i) k, =0

2da(i) _ L q* cos* 0 pm g*sin 0 =
e =_ ,
12 \Ucosh?[gcos 04, (1 — 1,)] rcosh?[q sin 04;(t — 13)]

1 . _a?
e2(D=d-2)b(1) _ C, fre?h q* cos* 6 = g% sin’ 0 azﬂ,
Icosh?[qcos 02, (t —t,)] rcosh?[q sin 045(t — 13)]

rcos? @ cosh?[gsin 015 (t — 13)] \ 2
eZKCD(t) — o 5 s (AS)
sin” @ cosh*[g cos 04, (t — 1,)]
where we define C, = e~2941"1, Hereafter, we use this definition.
(Gii) ky, = +1
2da() _ L g% cos” 0 e g*sin’ @ g
e =— ,
2 \Ucosh?[g cos 0A,(t — 1,)] rcosh?[q sin 04;(1 — 13)]
2(D-d-2b(s) _ *q? q* cos? 6 2 g*sin’ @ 5
V| cosh?[gA (t — 1;)] \Icosh?[gcos O, (t — 1)) rcosh?[g sin 045(t — t3)] '
200(1) rcos? 0 cosh?[q sin 043(t — 13)] \ 2 (A6)
e = :
Isin? @ cosh?[q cos 04, (t — 1,)]
b.I>0andr <0
() ky = —1
() (E, <0,E,>0,E;>0)
o2da(n) — L g*cos’0 e g’sin*0 e
f? \Ucosh?[g cos 04, (t — 1,)] |r|sinh?[q sin 023 (t — t3)] |
2(D=d-2)b(1) — ¢ q*cos’d T2 g*sin*6 .
~ Vysinh?[gA (t — t;)] \Ucosh?[g cos 04, (t — 1,)] |r|sinh?[g sin 025 (¢ — t3)] ’
J26000) _ |r|(?0$29 sinh?[q sin 045(f — 13)] 2%1 (A7)
Isin’0 cosh?[q cos 04, (t — 1,)]
(i) (E; <0,E, >0,E3 <0)
J2dalt) 1 g*cosh?0 o g*sinh’6 o
f? \Ucosh?[g cosh 01, (t — 1,)] |7|sin?[q sinh 045 (t — t3)] ’
2(D—d-2)b(1) f*q? g*cosh?6 g g*sinh?0 g
e - )
Vsinh?[g4, (¢ — ;)] \Icosh?[q cosh 04, (t — t,)] |r|sin?[q sinh 045 (t — t3)]
2000 _ |r|cosh?@ sin?[gsinh 04;(t — 13)] \ @5 (A8)
Isinh?>@ cosh?[qcosh04,(t —1,)])
(i) (E, > 0,E, > 0,E; <0)
sda() _ L g*sinh’0 P g*cosh0 o
e =— :
f? \lcosh?[g sinh 04, (1 — 1,)] |r|sin?[q cosh @43(f — t3)]
. az
2AD-d-2b(s) _ 1q? g*sinh@ = g*cosh?0 2a
V,sin?[gd; (t — t;)] \Icosh?[g sinh 04, (t — 1,)] |7[sin?[q cosh 025(t — 13)] ’
2600 _ |r|sinh?@ sin?[q cosh OA;(t — t3)] \ @7 (A9)
lcosh?6 cosh?[gsinh 04, (1 —1,)])
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(a) (El < O,Ez > 0,E3 > 0)

2dalr) _ q*cos?d 20 g*sin’6 o
e = ’
12 \lcosh?[g cos 04,(t — 1,)] |r|sinh?[g sin 645 (¢ — t3)]

2

112

2D=d-2b(1) — ¢, f2e2hat i q*cos’0 i — g’sin’6 k&
Icosh?[q cos 04, (1 — 1,)] |r|sinh?[g sin 045 (7 — t3)]

2() |r|cos?8 sinh?[q sin O45(1 — t3)] \# (A10)
e = :
Isin’0 cosh?[q cos 04, (t — 1,)]

() (E; <0,E, >0,E3 <0)

sda() _ L g*cosh?0 paey ¢*sinh?@ £
e = ’
2 \lcosh?[q cosh 04,(t — 1,)] |r|sin?[g sinh 0A5(t — 13)]

2

i . L
e2D=d=2)b(1) — f2,2hq(1=11) q°cosh*d 241 g*sinh?0 a2+1’
lcosh?[g cosh 04, (1 — 1,)] |r|sin?[q sinh 045 (t — t3)]
2x() |r|cosh?@ sin?[g sinh 04;(t — t3)] \ 2 (ALD)
e = .
Isinh®@ cosh?[q cosh 04, (1 — 1,)]
3) k,=+1
(a) (E] < O,E2 > O,E3 > O)
2da(r) _ L g*cos’0 e g*sin®0 i
e =— ,
12 \Ucosh?[g cos O, (t — 1,)] |r|sinh?[g sin 045 (t — t3)]
2D—d-2)b(1) ¢ q*cos’0 g g*sin®0 4
e - )
|Vi|cosh?[gA, (t — ;)] \lcosh?[q cos 04, (1 — 1,)] |r|sinh?[q sin A3 (1 — 13)]
2 hh2 : _ _a_
eZK(I)(f) —_ <|r|cos 9 Slnh2 [q sin 92‘3(t t3)] >“2+1‘ (A12)
Isin“6 cosh*[qg cos O4,(t — 1,)]
(b) (El < O,Ez > O,E3 < O)
2da() _ | g*cosh?6 Z0 g*sinh?0 i
e =— :
12 \Ucosh?[g cosh 01, (t — 1,)] |r|sin?[q sinh 045 (t — t3)]
2D—d—-2)b(1) 1*q* g*cosh?@ 2 g*sinh?0 5
e = :
|V |cosh?[gA; (t — t;)] \lcosh?[q cosh O4,(t — 1,)] ||sin?[q sinh 045 ( — t3)]
2 ) . _ _a
Q20 _ |r|?0sh 0 sin*[g sin OA;(1 — 13)] A (A13)
Isinh?0 cosh?[q cosh 04, (t —t,)]

c.l<Oandr>0

1) k, =-1
(a) (E] < O,E2 > O,E3 > O)
2da() _ L g*cos’0 e g*sin’0 i
e =— :
12 \|l|sinh?[g cos 04, (1 — 1,)] rcosh?[g sin 025 (t — t3)]
2(D—d=2)b(r) ¢ q*cos’0 T2 q’sin’60 5
e - 5
Vsinh?[gA; (t — 1;)] \|I|sinh?[g cos 04, (1 — 1,)] rcosh?[g sin 025 (1 — 13)]
2500 _ r00.5226 C-OSh; (g sinOA;(t — 13)] ,,2%1. (A14)
|/|sin“6@ sinh*[q cos 04, (t — 1,)]
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(b) (El < O,Ez < O,E3 > 0)

2da() _ g*sinh*@ pee g*cosh?6 +
e =— ’
J2 \|l[sin*[g sinh 02, (1 — 1,)] rcosh?[g cosh 045 (1 — 13)]
2

2(D—d—2)b(1) ¢ g*sinh?0 2 g*cosh?@ &5
e = i
Vsinh?[gA, (t — ;)] \|/|sin?[g sinh 04, (7 — 1,)] rcosh?[g cosh 043 (1 — 13)]

2() rsinh?@ cosh?[q cosh 0A5(t — t3)]\ 7 (A15)
(4 =
|l|cosh?6 sin?[q sinh 04, (1 — 1,)]
(C) (E] > O,E2 < O,E3 > O)
sy L gPcosh?0 e ¢*sinh20 5
e =— ,
12 \|l|sin?[g cosh 04, (1 — 1,)] rcosh?[g sinh 015(t — 13)]
2(D—d=2)b(r) ¢ q*cosh’d T2 g’sinh’0 5
e - )
Vysin?[ga; (1 — 1;)] \|/|sin?[q cosh @4, (1 — 1,)] rcosh?[g sinh 023(1 — 13)]
2500 _ rcosh?6 cosh?[g sinh 025(1 — 13)]\ 7 (A16)
|I|sinh?@ sin?[q cosh O, (t — 1, )] ’
) k=0
(@) (E; <0,E, >0,E;>0)
2da() _ | g*cos6 e g*sin’0 Py
e =— ,
12 \|l|sinh?[g cos 04, (1 — 1,)] rcosh?(q sin 925 (t — t3)]
1 . _ a2
eAD=d=2)b(1) — | f2¢24h1 q*cos’0 o 41 g*sin’0 a2+1’
|I|sinh?[q cos 04, (1 — 1,)] rcosh?[q sin 025 (t — t3)]
2x0(1) rcos?0 cosh?[q sin 25 (t — t3)]\ 25 (A17)
e = :
|{|sin@ sinh?[g cos O, (t — 1,)]
(b) (El < O,Ez < O,E3 > 0)
2da(t) _ 1 g*sinh’6 ] g*cosh?6 £
e =— ,
2 \|l|sin?[g sinh 04, (1 — 1,)] rcosh?[g cosh 025 (t — 13)]
. . . rtz
(2D=d-2)b00) — {2420 -1) g’sinh*0 gcosh’d
|I|sin?[g sinh 04, (t — 1,)] rcosh?[q cosh A5 (1 — t3)] '
2000 rsinh?0 cosh?[q cosh 05 (t — t3)]\ 7= (AI8)
e = :
|I|cosh?0 sin?(g sinh 04, (1 — 1,)]
3) k, =+1
(a) (E] < O,E2 > O,E3 > O)
L[ deose  \E( guwe  \E
2 \|l|sinh?[q cos 04, (1 — 1,)] rcosh?[g sin 025 (t — t3)] ’
2(D—d-2)b(1) ¢ g*cos’6 20 g*sin’0 -5
e - )
|V|cosh?[gA, (t — ;)] \|I|sinh?[g cos O4,(f — 1,)] rcosh?[g sin 025 (1 — 13)]
2000 _ rcos?@ cosh?[q sin 04;(1 — t3)]\ 2 (A19)
|1|sin@ sinh?[g cos 04, (1 — 1,)] '
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(b) (El < O,Ez < O,E3 > 0)
2dalt) — 1 g*sinh*60 peae} g*cosh?6 ar
2 \|l|sin?[g sinh 04, (t — 1, )] rcosh?[g cosh 025(t — t3)] ’

2(D—d-2)b(1) ¢ g*sinh?6 2 g*cosh?6 o
e = ’
|V|cosh?[gA, (t — #;)] \||sin?[g sinh 04, (¢ — 1,)] rcosh?[g cosh 043 (1 — 13)]

2500 _ rsinh?@ cosh?[q cosh 04;(1 — t3)]\ @ (A20)
|l|cosh?@ sin?[g sinh 4, (f — 1,)] '
d./<0andr<0
(1) ky = —1
(a) (E; <0,E,>0,E;>0)
2da() _ L g*cos’0 e g*sin’6 (,5‘2“
e =— :
12 \|l|sinh?[q cos 04, (1 — 1,)] |r|sinh?[q sin 025 (t — t3)]
p2(D=d=2)b(1) _ ¢ q*cos’0 2 q’sin’0 _a(il
~ Vysinh?[gA (t — ;)] \|I|sinh?[q cos 01, (1 — 1,)] |r|sinh?[g sin 025 (t — t3)] '
2 . 2 . _a
26000 |r|Cf)S 0 s.mh [qsin0A5(t — 13)] A (A21)
sin?@ sinh?[q cos A, (t — t,
|[]sin0 sinh?[q cos O, (1 — 1,)]
(b) (E; <0,E, >0,E; <0)
sda() _ L g*cosh?6 2 g*sinh?0 o
e =5 - : . s
12 \|l|sinh?[q cosh 04, (1 — 1,)] |r|sin?[q sinh 025 (¢ — t3)]
S Dd2b(s 24 qPcosh?0 5 gPsinh20 -+
e = ,
Vsinh?[gA, (¢t — ;)] \|!|sinh?[g cosh 84, (¢ — 1,)] |r|sin?[g sinh 0A5(t — 13)]
2 . 2 . _ ZL
%00 _ |r|c.0sh 0 sin [gsinh 0A5(1 — 13)] \ = " (A22)
sinh?@ sinh?[q cosh 04, (t — t,
|I[sinh20 sinh2[q cosh 04, (7 — 1,)]
(C) (El < O,Ez < O,E3 > 0)
1 25inh?0 25 2cosh?0 £
Zda(l) _ q ac+1 q COS a+1
e - . . . k)
2 \|l|sin?[g sinh 04, (t — 1, )] |r|sinh?[g cosh 025 (1 — t3)]
2(D—d=2)b(1) ¢ ¢’sinh*6 2 g*cosh’g i
e - )
Vsinh?[gA, (t — ;)] \|/|sin?|g sinh 04, (7 — 1,)] |r|sinh?[g cosh 0A5( — 13)]
2600 _ |r|sinh?@ sinh?[q cosh O45(1 — 13)]\ 2= (A23)
|l|cosh?@ sin?[q sinh 04, (t — 1,)] '
(d) (E, >0,E, <0,E; <0)
2da(r) _ L q*cos’0 e g*sin’6 P
e = —= ’
2 \|l|sin?[g cos 04, (1 — 1,)] |7|sin?[q sin OA5(1 — 13)]
2(D—d=2)b(1) ¢ q°cos’0 T2 q’sin’0 —aé’i]
e - )
Visin?[gA (t — 1;)] \|I|sin?[q cos 04, (1 — 1,)] |r|sin?[q sin 045(1 — 13)]
eZK(I)(l‘) — |r|C.0829 S.inz [q Sin 6/13 (t - [3)] “ZLH‘ (A24)
|1|sin?@ sin?[q cos O, (t — 1,)]
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(e) (El > O,E2 > O,E3 < 0)

2dar) _ 1 g*sinh*0 2 g*cosh?@ o
e =— ’
J? \ll|sinh?[g sinh 02, (1 — 15)] |r|sin2[q cosh 823 (1 — 13)]

2(D—d-2)b(1) _ ¢ ¢*sinh?¢ g g*cosh?6 -5
Vsin?[qA,(t — t;)] \|/|sinh?[g sinh 04, (t — 1, )] ||sin?[q cosh O45(1 — 13)] '

26 (1) |r|sinh?6 sin?[q cosh OA5(1 — 13)] \ 2
e = )
|I|cosh?@ sinh?[q sinh 04, (1 — 1,)]

e

(A25)

(f) (E;>0,E, <0,E;>0)
p2da(t) — 1 gq*cosh?¢ peaey g*sinh?6 o
2 \l|sin?*[g cosh 04, (1 — 1,)] |r|sinh?[g sinh 045(t — 13)] )
a

2(D—d-2)b(1) — e g*cosh’d g g*sinh?6 -5
~ Vysin?[gh (t — 1,)] \J|sin?[g cosh 04, (t — 1,)] |r|sinh?[g sinh §A5(t — t3)] '

2x0(1) |r|cosh?@ sinh?[q sinh 045(t — t3)]\ 2 (A26)
e = :
|{|sinh?6 sin®[q cosh 04, (1 — 1,)]

(2) k, =0
(@) (E; <0,E,>0,E;>0)
1 g*cos’0 ey g*sin’6 e
2 \|l|sinh?[q cos 04, (1 — 1,)] |r|sinh?[q sin 025 (t — t3)]
a2

2D=d-2b(1) — €, 2021 q*cos*6 2 g*sin’0 20
|I|sinh?[q cos 04, (1 — 1,)] |7|sinh?[g sin A5 (t — t3)] ’

2() |r|cos?@ sinh?[q sin O45(1 — 13)] \ 21 (A27)
e = :
|I|sin?@ sinh?[g cos 04, (1 — 1,)]

eZda(t) —

’

(b) (E; <0,E, >0,E; <0)

2da() _ L g*cosh?0 o g*sinh’6 o
e =— ,
2 \|l|sinh?[g cosh 04, (1 — 1,)] |r|sin?[g sinh 045 (¢ — 13)]
L . -2
(AD=d=2b(0) — f2,24h(1-1) gcosh’d 74 g’sinh’0 i

|I|sinh?[q cosh 04, (1 — 1,)] |r|sin?[q sinh 045 (t — t3)] ’

J2690(1) _ |r|cosh?@ sin?[gsinh @15(t — 13)] \ 25 (A28)

|{|sinh?@ sinh?[q cosh 01, (1 — 1,)] '

(C) (El < O,EZ < O,E3 > O)

p2dalt) 1 g*sinh?6 pee) g*cosh?6 =
2 \|l|sin?[g sinh 04, (t — 1, )] |r|sinh?[g cosh 05 (1 — t3)] ’

. 1 _ o
(2D=d-Db() — 2,200 (1-1) ¢’sinh’) e q’cosh’f i
|I|sin?[g sinh 04, (t — t,)] |r|sinh?[g cosh 045(1 — 13)] '

2wd(r) _ |r|sinh?@ sinh?[q cosh O43(t — 3)

N7
= . A29
¢ <|l|cosh2t9 sin?[g sinh 04, (1 — 1,)] (429)
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(3) kp=+1
(a) (El < O,Ez > 0,E3 > 0)

2dalr) _ q*cos?d 20 g*sin’6 g
e = — ’
72 \Jl|sinh?[g cos 04, (1 — 1,)] |r[sinh?[q sin 04;(t — 13)]

2

p2(D=d=2)b(r) _ s g*cos*d 2 g*sin’6 55
|Vy|cosh?[q, (t — ;)] \|I|sinh?[q cos O4,(t — 1,)] |r|sinh?[q sin 625 (t — t3)] '

20(1) |r|cos?@ sinh?[g sin OA;(t — t3)] \ 75
e -
|{|sin@ sinh?[q cos 04, (t — 1,)]

: (A30)

(b) (El < O,Ez > O,E3 < 0)
1

p2da() _ L ( g*cosh’6 ) ay ( ¢%sinh20 ) £

2 \l|sinh?[g cosh 04, (1 — 1,)] |r|sin®[g sinh 0A3(1 — 13)])
2(D=d=2)b(1) — ¢ ( q*cosh*d ) T2 < g*sinh*¢ )_ail
|V |cosh?[gA; (t — t;)] \|I|sinh?[q cosh 04, (t — t,)] |r|sin?[g sinh 025 (¢ — 13)] ’

2(t) _ (|r|cosh29 sin[g sinh @5 (¢ — t3)}])a211 (A31)

¢ ~ \ ||sinh?@ sinh?[q cosh 8, (1 — 1,)

(C) (El < O,EZ < O,E3 > 0)

2da(r) _ ¢*sinh?6 pee) g*cosh?6 yin
e = — ’
12 \|{|sin?[g sinh 0, (1 — 1,)] |r|sinh?[g cosh 045 (1 — 13)]

e2(D=d=2)b(1) _ r’q g*sinh?0 -2n g*cosh?0 -
~ [Vileosh?[ga, (1 — 1)) \|1]sin’[g sinh 62, (1 — 1,)] |r|sinh?[q cosh 0A;(1 — 13)] ’

. 2 . 2 _ _a
Q20 _ |r|sinh 9s11.1h lq c.osh 023(t — t3)] \ 21 (A32)
|l|cosh?@ sin?[g sinh 61, (¢ — 1,)]
2.0=-1
a.l>0andr>0
() ky = —1
(@) (E; <0,E,>0,E;>0)
2da() _ L g*cos’0 e q*sin’0 %
e = — ’
12 \Ucosh?[g cos A, (t — 1,)] rsin[q sin O4;(t — 13)]
AD—d-2)b() 1q? q*cos’0 2 g*sin’6 =
e - 5
V,sinh?[gA, (t — t;)] \Icosh?[q cos 04, (t — 1,)] rsin[q sin 04;(t — 13)]
20 <in2l i _ e
gl _ (7908 0 sin*[gsin O43(1 — 13)] =3 (A33)
Isin6 cosh?[q cos O4,(t — 1,)]
(b) (E; <0,E, >0,E; <0)
a1 < g*cosh?0 >1_az < g?sinh20 >—1i
e == o) ) . 2 B s
% \Ucosh?[q cosh 04, (t — 1,)] rsinh?[g sinh 045 (7 — t3)]
2(D—d—2)b(1) *q? g*cosh?6 e g*sinh?0 2
e - 5
Vsinh?[gA; (t — ;)] \Ucosh?[q cosh 04,(1 — 1,)] rsinh?[g sinh 045 (1 — 13)]
2 inh2 : _ —a_
26000 rc9sh 0 sinh*[g sinh 043(1 — 13)] = (A34)
Isinh?@ cosh?[q cosh 04, (f — 1,)]
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(C) (El > O,E2 > O,E3 < 0)

sda() _ L g*sinh?6 7 q*cosh?0 o
e =— :
f2 \Ucosh?[gsinh 04, (t — t,)] rsinh?[q cosh 015(t — 13)]
S D20 £ g?sinh?0 = gPcosh?0 -
e - . 2 _ 2 . _ . 2 _ 9
Visin®[gA; (t — ;)] \lcosh*[g sinh 04, (1 — 1,)] rsinh*[q cosh 0A5(t — 13)]
200(1) rsinh?@ sinh?[q cosh 045(1 — 13)]\ "= (A35)
e =
Icosh?@ cosh?[g sinh 04, (t — 1,)]
) k, =0
(@ (E; <0,E, >0,E;>0)
2da(t) _ 1 g*cos*0 e g*sin’0 %
e =— :
12 \Ucosh?[g cos 04, (t — 1,)] rsin?[q sin O45(t — t3)]
1 . 2
D120 _ ¢, 220t g*cos’6 e g*sin’6 -
— 1 2 ) . s
Icosh?[g cos 04, (1 — 1,)] rsin®[q sin 043(t — 13)]
2500 _ rcos?0 sin®[gsin0A;(t — t3)] \ 2 (A36)
Isin?€ cosh?[q cos O, (t — 1,)] ’
(®) (E; <0,E, >0,E3 <0)
) _ L g*cosh?0 2 ¢*sinh?0 2
£? \Ucosh?[g cosh 04, (1 — 1,)] rsinh?[g sinh 045 ( — t3)] '
1 . o
2D=d-2p(0) — f252(1-11) q*cosh’0 - ¢’sinh’0 =
Icosh?[q cosh 04, (t — 1,)] rsinh?[q sinh 045 ( — t3)]
J25000) _ rcosh?@ sinh?|g sinh 0A5(1 — t3)] \ "= (A37)
Isinh@ cosh?[q cosh 01, (1 — 1,)] '
3) k= +1
(@) (E; <0,E,>0,E;>0)

2dar) _ ! g*cos*6 - g*sin’@ -5
e = ’
£? \Ucosh?[g cos 04, (t — 1,)] rsin?[q sin 043(t — 13)]

2(D-d-2)b(1) _ 2q* g*cos’6 2 q*sin’0 2z
|V |cosh?[gA (t — t;)] \lcosh?[q cos 04, (1 — 1,)] rsin?[gsin@4;(t — 13)])

2000 _ rcos?0 sin’[gsin 0A;(t — 13)] \ e (A38)
~ \Usin%0 cosh?[g cos O, (t — 1,)] ’

(b) (E; <0,E, >0,E; <0)

2da() _ g*cosh?0 7 g*sinh?0 2
e = ’
12 \Ucosh?[g cosh 04, (t — 1,)] rsinh?[q sinh 045 (t — t3)]

2D-d-2(s) _ 1q* g*cosh?@ T g*sinh?0 2
|V |cosh?[gA; (t — t;)] \lcosh?[q cosh O4,(t — 1,)] rsinh?[gsinh 023 (t — t3)] )

2%(1) rcosh?@ sinh?[g sinh 045(¢ — t3)] \ ==
e — |
Isinh?@ cosh?[q cosh 04, (t — 1,)]

(A39)
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b.l>0andr <0

1) k, = -1
(a) (E] < O,E2 > O,E3 < O)
2da() _ g*cosh*6 o2 g*sinh?@ 2
e =_ ’
f? \Ucosh?[g cosh 04, (t — 1,)] |r|cosh?[q sinh 045(1 — 13)]
e2(D=d=2)b(1) ¢ 5

- g*cosh?6 T g*sinh?0 =
~ Vysinh?[gA, (t — t;)] \Ucosh?[q cosh 01, (1 — 1,)] |r|cosh?[g sinh 045( — 15)])

2e() |r|cosh?@ cosh?[g sinh O45(t — 13)] \ == (Ad0)
(4 =
Isinh?0 cosh?[q cosh 04, (t —1,)]
(b) (E; >0,E, >0,E; <0)
o2
2da() _ L g*sinh?6 - g*cosh?6 e
e =— :
2 \Ucosh?[gsinh 04, (t — t,)] |r|cosh?[q cosh 025 (t — t3)]
2(D—d-2p(r) _ ¢ g*sinh?@ T g*cosh?6 2
Vsin?[g,(t — t;)] \Icosh?[g sinh 04,(t — 1,)] |r|cosh?[g cosh O45(t — 13)] )~
200(s) ||sinh?@ cosh?[q cosh OA5(t — t3)]\ 7=z (Ad1)
e = :
Icosh?6 cosh?[q sinh 04, (1 — 1,)]
(2) kaO(El <O, E2>O, E3<O)
2da() _ L g*cosh?6 2 g*sinh?6 -
e = — 9
f? \Ucosh?[g cosh 02, (1 — 1,)] |r|cosh?[g sinh 045(7 — 13)]
2D=d=2)b(1) — | 2201 , q*cosh’d e ; qzs.inhze 1:2,
Icosh?[q cosh O, (1 — 1,)] |r|cosh?[q sinh OA5(t — 13)]
2() |r|cosh?@ cosh?[g sinh 015(t — 13)] \ =2 (A42)
e =
Isinh?@ cosh?[q cosh 04, (1 — 1,)]
(3) kb:+1 (El <0,E2>0, E3 <0)
2da(r) _ L g*cosh?6 2 g*sinh’6 =
e =— ,
£? \Ucosh?|g cosh 04, (t — 1,)] |r|cosh?[q sinh 025 (t — 13)]
2(Dd—2)b(1) *q? g*cosh?@ 2 g*sinh?@ -
e = ,
|V |cosh?[gA; (t — t;)] \Icosh?[q cosh 04, (t — 1,)] |r|cosh?[q sinh 0A5(t — t3)]
o260(1) _ |r|cosh?@ cosh?[g sinh 015 (t — 13)] \ "= (Ad3)
Isinh?@ cosh?[q cosh 0, (1 — 1,)]
c.l<0andr>0
1) ky = —1
(a) (E] < O,EZ > O,E3 > O)
2da() _ L g*cos’0 2 g*sin’0 %
e =— :
12 \|l|sinh?[g cos 04, (1 — 1,)] rsin?[q sin 015(t — 13)]
2(D-d-2b(0) _ *q? g*cos’0 - g*sin’0 2
Vsinh?[gA; (t — 1;)] \|I|sinh?[g cos 04, (1 — 1,)] rsin?[gsin 043 (1 — t3)] )
200(1) rcos?@ sin?(gsin0A;(r — 13)] \ 2 (Ad4)
e = .
|1|sin@ sinh?[g cos 04, (1 — 1,)]
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() (E; <0,E, >0,E3 <0)

2dalr) _ gq*cosh?6 " g*sinh?6 T
e =— ’
sinh?[g cosh 04, (¢ — 1, rsinh?[g sinh 0A; ( — t5
2 \ |I|sinh? h o inh2[g sinh 64
2(D—d-2)b(1) ¢ g*cosh?0 2 g*sinh?0 -
e = 7
Vsinh?[g4, (¢ — ;)] \|{|sinh?[g cosh 64, (1 — 1,)] rsinh?[q sinh 025 (t — t3)]

2() rcosh?@ sinh?[g sinh 04;(t — t3)]\ = (Ad5)
e = .
|{|sinh?@ sinh?[q cosh 04, (1 — t,)]
(C) (El < O,E2 < O,E3 > 0)
a1 ¢*sinh?0 = g*cosh?0 %
e = — ’
2 \|l|sin?[g sinh 04, (t — 1,)] rsin?[q cosh 025 (t — t3)]
ADd-2b(s) ¢ g*sinh?¢ T2 gq*cosh?6 -2
e - )
Vsinh?[g, (1 — ;)] \|/|sin?|g sinh 04, (7 — 1,)] rsin?[g cosh 02;(t — 3)]
2e() rsinh?@ sin’[q cosh 015(t — 13)]\ = (Ad6)
e = .
|l|cosh?@ sin?[q sinh 04, (1 — 1,)]
d) (E, >0,E, >0,E; <0)
1 25inh20 : 2cosh?0 =
p2da(t) — q 1—a g-cos —
12 \|l|sinh?[g sinh 01, (¢ — 1,)] rsinh?[q cosh O45(1 — t3)] ’
J2D-d-200) _ ¢ ¢*sinh?0 e q*cosh?0 i
Vsin?[gA; (t — t;)] \|/|sinh?|g sinh 04, (7 — 1,)] rsinh?[q cosh 043(1 — t3)] )~
2001 rsinh?@ sinh?[q cosh 045(t — t3)]\ == (A47)
e = .
|I|cosh?@ sinh?[g sinh 04, (1 — t,)]
(e) (E; >0,E, <0,E; >0)
a1 g*cosh?0 = g?sinh20 %
e = ) ) — ) . — )
F2 \|l|sin*[g cosh 02, (1 — 1,)] rsin®[g sinh 0A3(t — 13)]
. a2
2AD-d-2b(s) _ 1q? g*cosh?0 T g*sinh’6 2
Visin?[ga; (1 — 1;)] \|/|sin?[q cosh @4, (1 — 1,)] rsin?[gsinh 045(1 — 13)] )
2500 _ rcosh?6 sin?[g sinh 045(1 — 13)] | T2 (A48)
~ \/l|sinh?@ sin?[q cosh O, (1 — 1,)] '
® (E,>0,E, <0,E;<0)
J2dalt) _ 1 g*cos6 e g*sin’0 ~
2 \l|sin?[g cos 04, (1 — 1,)] rsinh?[g sin 05 (1 — 13)] '
2AD-d-2)b(1) _ f2q? q*cos*6 T g*sin’0 1i2
 Vysin?[gd, (t — 1,)] \[|sin?[g cos 04, (t — 1,)] rsinh?(g sin 04;(t — 13)] '
20 sinh?[q sin 045 (1 — 13)]\ T2
oy _ (12080 sinlgsin (o = ) 7 (A%9)
|{|sin“6 sin*[q cos O, (1 — 1,)]
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(a) (El < O,Ez > 0,E3 > 0)

2da(r) _ ) q*cos*0 = g*sin’6 -
2 \|l|sinh?[g cos @A, (t — 1,)] rsin?[q sin QA5 (1 — t3)] ’

e2(D—d-2)b(1) — | f2¢24h1 q*cos’0 -7 q’sin’0 =
! |I|sinh?[g cos 04, (1 — 1,)] rsin?[gsin@;(t — 13)])

e

200(1) rcos?0 sin®[gsinOl;(t — 13)] \ =2 (A50)
e = .
|7|sin?@ sinh?[g cos 04, (1 — 1,)]
() (E; <0,E, >0,E; <0)
J2dalt) _ 1 g*cosh?6 7 g*sinh?@ iz
2 \|l|sinh?[g cosh 4, (t — 1,)] rsinh?[q sinh 045 (t — t3)] '
. 112
AD=d-2b(0) — f2,2 (=) ¢°cosh’6 T ¢’sinh’0 -
|I|sinh?[q cosh 04, (1 — 1,)] rsinh?[gsinh 0A;(t — t3)] )~
200(1) rcosh?6 sinh?[g sinh O15(t — 13)]\ =2 (A51)
e = :
|I|sinh?@ sinh?[q cosh 04, (t — t,)]
(C) (El < O,Ez < 0,E3 > 0)
2da(r) _ L g*sinh’6 f g*cosh?6 -
e = — b
2 \|l|sin?[g sinh 04, (t — 1, )] rsin?[q cosh 023 (t — 13)]
. 1 o
AD=d-2)b(0) — £2,291(1=1) q’sin’0 - q’cosh’0 =
|I|sin?[g sinh 04, (t — 1,)] rsin?[q cosh 05 (t — t3)]
2x() rsinh?@ sin?[q cosh 015(t — 13)]\ = (A52)
e ES .
|I|cosh?@ sin?[g sinh 04, (1 — 1,)]
3) k, =+1
(a) (E] < O,E2 > O,E3 > O)
J2dalt) _ 1 g*cos6 " q*sin’0 5
2 \|l|sinh?[q cos 04, (1 — 1,)] rsin®[q sin 015(t — 13)] '
. az
2AD-d-2b(r) _ 1q* g*cos’6 - g*sin’6 I
|V1|cosh?[gA, (t — t;)] \|/|sinh?[g cos 04, (1 — 1,)] rsin[gsin 043 (1 — t3)] )
200(1) rcos?d sin?(gsin0A;(1 — 13)] \ 2 (AS3)
e = .
|1|sin@ sinh?[q cos O, (1 — 1,)]

() (E; <0,E, >0,E; <0)

p2dalt) — i gq*cosh?6 a2 g*sinh?6 i
2 \|l|sinh?[q cosh 8, (1 — 1,)] rsinh?|[g sinh 025 ( — 13)] |

2(D-d-2b(s) _ q? g*cosh?@ T g*sinh?6 -
|V |cosh?[gA; (t — t;)] \|l|sinh?[q cosh 04, (t — t,)] rsinh?[gsinh 0A;(t — t3)] )

2b(1) rcosh?@ sinh?[g sinh 04;(t — 13)]\ =
e =
|I|sinh?@ sinh?[q cosh 04, (1 — 1,)]

044054-26



INTEGRABLE HIGHER-DIMENSIONAL COSMOLOGY WITH ... PHYS. REV. D 98, 044054 (2018)

(C) (El < O,E2 < O,E3 > 0)
2da() _ L g*sinh’6 s g*cosh?0 5
e =—
2 \l|sin?[g sinh 04, (1 — 1,)] rsin?[g cosh 02;(t — 13)] '

2(D=d-2)b(1) — s g*sin’0 7 g*cosh?0 -~
|V |cosh?[gA; (t — t;)] \|l|sin?[g sinh @4, (1 — 1,)] rsin?[gcosh@l;(t — 13)] )

2x(1) rsinh?@ sin’[q cosh 015(t — 13)]\ =
e = .
|I|cosh?@ sin?[g sinh O, (1 — 1,)]

(AS5)

d./<0andr <0

’

1) ky,=-1
(a) (E; <0,E, > 0,E; <0)
2da(t) ! q2008h29 1-a? qzsinhZQ _1iz
e = —
£2 \|/|sinh?[g cosh 02, (t — 1,)] IrlcoshZ[q sinh 04 (7 — 7,)]

HD—d-2)b(1) & q*cosh?0 = ¢*sinh?0 2
e - )
Vsinh?[gA; (t — 1;)] \|!|sinh?[g cosh 04, (1 — 1,)] |r|cosh?[q sinh 025 ( — 3)]

2001 |r|cosh?6 cosh?[g sinh 045(1 — 13)]\ =2 (AS6)
e = .
|I|sinh?@ sinh?[q cosh 04, (1 — 1,)]
() (E; >0,E, >0,E; <0)
2dalt) — 1 g*sinh?6 - g*cosh?0 %
12 \|l|sinh?[g sinh 01, (1 — 1,)] |r|cosh?[q cosh 045 (1 — t3)] ’
2(D—d-2)b(1) 1q? ¢*sinh6 2 g*cosh?0 2
e = :
Vsin?[gA; (t — t;)] \|/|sinh?|g sinh 04, (1 — 1,)] |r|cosh?[g cosh 025(1 — 13)]
2001 |r|sinh?@ cosh?[q cosh 043(1 — 13)]\ "= (AS7)
e = :
||cosh?@ sinh?[q sinh 04, (¢ — t,)]
(¢) (E,>0,E, <0,E; <0)
2da() _ 1 q*cos’0 2 g*sin’@ s
e =— ,
2 \|I|sin?[g cos 04, (t — 1,)] |r|cosh?[g sin 045(t — 13)]
2D—d-2)b(1) 2q* g*cos?6 - g*sin’0 s
e - s
Visin?[gA (t — 1;)] \|{|sin?[q cos 04, (1 — 1,)] |F|cosh?[g sin O23(1 — 13)]
2000 _ |7|cos?8 cosh?[g sin O45(t — t3)]\ =2 (AS8)
~ \JI[sin?@ sin?[gcos O4,(t — 1,)] '
(2) ky =0 (E; <0, E > 0, E < 0)
2iaty) g2cosh26 e gPsinh?6 e
e =— ,
2 \|l|sinh?[q cosh 04, (t — t,)] |r|cosh?[q sinh 025 (1 — t3)]
1 . o2
e2(D=d=2)b(1) — (| f2 24! g°cosh*¢ 1o g*sinh*0 l—uz’
|l]sinh?[g cosh 04, (1 — 1,)] |r|cosh?[g sinh 025 (1 — 13)]
2001 |r|cosh?6 cosh?[g sinh 0245 (1 — 13)]\ =2 (A59)
e = :
|I|sinh?@ sinh?[q cosh 04, (1 — 1,)]

044054-27



KAN, KUNIYASU, SHIRAISHI, and TAKIMOTO

PHYS. REV. D 98, 044054 (2018)

(3) kb:+1 (E1<0,E2>0,E3 <0)

1 g*cosh?6

eZda(t) —

2D-d-2)b(1) _ ¢

1-a?
N <|l|sinh2[q cosh 02, (1 — @]) (|r|cosh2[q sinh 025 (1 — 13)]
q*cosh?6

El

g*sinh?0 > 5

2

e

|I|sinh?@ sinh?[qg cosh 04, (¢ — 1,)]

APPENDIX B: SOLUTIONS IN THE
MODEL WITH r=0

In this Appendix, we comment on the solutions in the
model with r = 0, which is substantially equivalent to the
model studied in many papers including [24,25], and we
show that the solutions are obtained as the solutions with
finite || by taking the small r limit.

The solution for z in this case is simple:

z(t) = q5(t = 13), (B1)

where g3 and #; are integration constants. Then, the
2
constant £y = a%.

When [ > 0, the solution for y is given by

1 9
=—1In § ’
2% cosh? gu\/1f 2y (1 — 1)

where ¢, and t, are integration constants, and thus £, > 0.
Therefore, the possible cases are listed below:
c=+1,1>0,E, <0,E,>0, E5 >0,
c=+1,1<0,E, <0,E, >0, E; >0,
c=+1,1<0,E, <0,E, <0, E5 >0,
c=+1,1<0,E, >0,E, <0, E5 >0,
c=-1,1>0,E, <0, E, >0, E5 <0,

(B2)

- 1 —az qz Slnhze IZU(2
~ |Vy|cosh?[gA (t — #,)] \|/|sinh?[g cosh 81, (t — 1,)] |r|cosh?[gsinh 045(t — 13)])
2000 <|r|cosh26’ cosh?[g sinh 65 (t — t3)}> -
(4 =

2

(A60)

c=-1,1>0,E, >0, E, >0, E5 <0,

6:—1,l<0,E1 <0,E2>0,E3<0,

c=-1,1<0,E, >0, E, >0, E5 <0,

c=-1,1<0,E >0, E, <0, E5 <O.

In each case, r = 0 can be considered as the limit » — 0
of the solution for a finite r. This is because if we set

/
|r| = 724", we find that

lim  2|r|cosh?[q'A3(1 — 13)]

q'(t=t3—1y) >0

= lim  2|r|sinh?[q'25(t — t3)] = €244(1=1710)

q'(t=t3—ty)—o0

(B3)

noting that the time-reversal invariance of the equation of
motion and the multiplicative constant factor is irrelevant
for this case.” Thus, we do not exhibit the explicit form of
the solutions in the case r = 0 in this paper. The case [ = 0
can be analyzed similarly (and we do not repeat the
analysis). By using [ <> r symmetry, the case of arbitrary
dilaton coupling a can be covered by considering the limit
r — 0 properly as indicated above.

*Note also that the prefactor can be absorbed into the
integration constant in the exponential function.
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