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We study canonical transformations of general relativity (GR) to provide a novel matter coupling to
gravity. Although the transformed theory is equivalent to GR in vacuum, the equivalence no longer holds if a
matter field minimally couples to the canonically transformed gravitational field.We find that a naivematter
coupling to the transformed field leads to the appearance of an extra mode in the phase space, rendering the
theory inconsistent. We then find a consistent and novel way of matter coupling: after imposing a gauge
fixing condition, a matter field can minimally couple to gravity without generating an unwanted extra mode.
As a result, the way matter field couples to the gravitational field determines the preferred time direction and
the resultant theory has only two gravitational degrees of freedom.We also discuss the cosmological solution
and linear perturbations around it, and confirm that their dynamics indeed differ from those in GR. The novel
matter coupling can be used for a new framework of modified gravity theories.
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I. INTRODUCTION

Many models of alternative theories of gravity have been
proposed so far at both high-energy and low energy scales.
The ultraviolet modification of gravity would be motivated
by the unification of gravity and the quantum theory, while
the infrared modification is devoted to solving the dark
matter and the dark energy problems. Extensions of general
relativity (GR) generally lead to additional degree(s) of
freedom (d.o.f.) in the gravity sector. A typical example is
fðRÞ theory in which a scalar d.o.f. appears in addition to
two tensor d.o.f. It is well-known that fðRÞ theory can be
recast in the form of a theory of a canonical scalar field with
a potential after the field redefinition g̃μν ¼ Ω2gμν called the
conformal transformation [1]. The original frame is called
the Jordan frame and the frame after the conformal trans-
formation is called the Einstein frame, respectively. fðRÞ
theory is mathematically equivalent to GR with a scalar
field. However, one should notice that the matter coupling
to the metric tensor is different between the Jordan frame
and the Einstein frame. Even if the matter coupling is
minimal in the Jordan frame, the coupling becomes non-
minimal in the Einstein frame due to the conformal
transformation.

The conformal transformation and its generalization,
the disformal transformation [2], are the powerful tools
to connect two different theories. The Horndeski theory,
which is the most general scalar-tensor theory with the
equation of motion with at most second derivatives [3–7], is
transformed into the beyond Horndeski theories [8,9] via
the disformal transformation [10–16]. Although the trans-
formed theory is equivalent to the original theory [17], one
should take care that the matter field couple with which
metric tensor. In this sense, two theories are mathematically
equivalent in vacuum but the equivalence does not hold if
we introduce a matter field. The matter fields determine the
preferred frame.
In the classical mechanics, the canonical transformation

is a basic variable redefinition in the Hamiltonian formu-
lation where the Hamilton’s equations are invariant under
the canonical transformation. Therefore, it is interesting to
ask how the basic variables are transformed under the
canonical transformation of GR and what happens if a
matter field is introduced after the canonical transforma-
tion. If we do not introduce any matter fields, two theories
are equivalent under the canonical transformation.
However, the matter fields must break this equivalence
and then determine the preferred frame of the phase space.
In the present paper, we thus discuss the canonical trans-

formation of GR and provide “new” gravitational theories by
introducing a matter field after the transformation. In the
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Hamiltonian formulation, time and space are separately
discussed. The existence of the time and space diffeomor-
phism invariance is seen by the existence of the first class
constraints. Since the canonical transformation does not
change the structure of the Hamiltonian, the first class
constraints still exist after the transformation. The resultant
Hamiltonian looks different from that of GR but the theory is
indeed mathematically equivalent to GR in vacuum and has
the same number of d.o.f. as GR.
Recently, the paper [18] provided new class of modified

gravity, called minimal modified gravity theories, in which
all constraints are first class and therefore the number of the
gravitational d.o.f. is the same as (or less than) that of GR.
The paper [18] discussed a class of minimal modified
gravity theories in which there is no mixed space-time
derivative terms, i.e., terms containing spatial derivatives of
the extrinsic curvature. One may wonder whether the
canonical transformation connects GR to the minimal
modified gravity theories. However, we will show that
the resultant theory after the canonical transformation
generally contains the mixed space-time derivative terms.
The canonical transformation generates another class of
minimal modified gravity theories than [18].
We then discuss the matter interaction and show that a

straightforward matter coupling leads to an inconsistency
result: one of the first class constraints becomes second
class due to the matter interaction and then one additional
mode appears in the phase space. The same conclusion is
suggested in the context of the minimal modified gravity
theories [19]. However, we also provide a consistent way to
introduce the matter field and give consistent new gravi-
tational theories with two gravitational d.o.f.
The paper is organized as follows, in Sec. II we perform

a canonical transformation of GR and find that extended
Hamiltonian constraint and momentum constraints are still
first class, as expected. In Sec. III, we introduce a scalar
field representing matter sector which minimally couples to
canonical transformed gravity theory. An inconsistency is
spotted in this scenario. A novel and consistent matter
coupling is introduced in Sec. IV. We discuss the cosmol-
ogy in Sec. Vand finally we make summary remarks in the
last Sec. VI.

II. CANONICAL TRANSFORMATION
OF GR

A. Hamiltonian of GR

We start off with the Hamiltonian formulation of GR.
Throughout this paper, we shall call the Einstein frame
where the Hamiltonian is given by the same one as GR and
the Jordan frame which the matter fields minimally couple
with, respectively. In the 3þ 1 decomposition, the Einstein
frame metric is given by

ds2E ¼ −N2dt2 þ Γijðdxi þ NidtÞðdxj þ NjdtÞ: ð2:1Þ

Introducing the canonical variables ðN; πNÞ, ðNi; πiÞ, and
ðΓij;ΠijÞ, the total Hamiltonian is

Htot ¼
Z

dx3½NH0 þ NiHi þ λNπN þ λiπi�; ð2:2Þ

where

H0 ≔
2ffiffiffi
Γ

p
�
ΓikΓjl −

1

2
ΓijΓkl

�
ΠijΠkl −

ffiffiffi
Γ

p

2
RðΓÞ; ð2:3Þ

Hi ≔ −2
ffiffiffi
Γ

p
ΓijDk

�
Πjkffiffiffi
Γ

p
�
: ð2:4Þ

and λN , λi are Lagrangian multipliers where we use the
Planck units Mpl ¼ 1=

ffiffiffiffiffiffiffiffiffi
8πG

p ¼ 1. Since N and Ni are just
the Lagrangian multipliers, their canonical pairs ðN; πNÞ,
ðNi; πiÞ can be removed from the phase space by the first
class constraints πN ≈ 0, πi ≈ 0. The remaining indepen-
dent variables in the phase space are the spatial metric Γij

and its canonical momentum Πij. Since the Hamiltonian
constraintH0 ≈ 0 and the momentum constraintHi ≈ 0 are
first class constraints, they reduce 4 × 2 d.o.f. from the
variables ðΓij;ΠijÞ. As a result, the number of the d.o.f. is

10 × 2|fflfflffl{zfflfflffl}
ðN;Ni;Γij;πN;πi;ΠijÞ

− 4 × 2|ffl{zffl}
πN≈0;πi≈0

− 4 × 2|ffl{zffl}
H0≈0;Hi≈0

¼ 4 ¼ 2 × 2: ð2:5Þ

The existence of the first class constraintsH0 ≈ 0 andHi ≈
0 is related to four local translation symmetries, i.e., the
invariance under the time-diffeomorphism and the spatial-
diffeomorphism

t → t0ðt; xiÞ; xi → x0iðt; xiÞ: ð2:6Þ

B. Canonical transformation

For simplicity, we assume that the Jordan frame metric is
obtained by the canonical transformation ðΓij;ΠijÞ →
ðγij; πijÞ with a simple generating functional

F ¼ −
Z

d3x
ffiffiffi
γ

p
fðΠ̃Þ; ð2:7Þ

where f is an arbitrary function of Π̃ which is the scalar
quantity associated with spatial coordinate transformations
defined by

Π̃ ≔ Πijγij=
ffiffiffi
γ

p
: ð2:8Þ

Since the present canonical transformation does not change
the lapse and the shift, N and Ni are still the Lagrangian
multipliers after the canonical transformation. The old
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canonical pairs ðΓij;ΠijÞ and the new canonical pairs
ðγij; πijÞ are related by

Γij ¼ −
δF
δΠij ¼ f0ðΠ̃Þγij; ð2:9Þ

πij ¼ −
δF
δγij

¼ f0ðΠ̃ÞΠij þ
1

2

ffiffiffi
γ

p
γijðfðΠ̃Þ − f0ðΠ̃ÞΠ̃Þ;

ð2:10Þ

where f0ðxÞ ¼ dfðxÞ=dx (we will also use the notations
f00ðxÞ ¼ d2fðxÞ=dx2, f000ðxÞ ¼ d3fðxÞ=dx3). The old var-
iables ðΓij;ΠijÞ are then written in terms of the new
variables ðγij; πijÞ as

Γij ¼ f0ðΦÞγij; ð2:11Þ

Πij ¼ 1

f0ðΦÞ
�
πij −

1

2

ffiffiffi
γ

p ðfðΦÞ − f0ðΦÞΦÞγij
�
; ð2:12Þ

where Φ is a solution to

C ≔ πijγij −
ffiffiffi
γ

p
2

ð3fðΦÞ − f0ðΦÞΦÞ ¼ 0: ð2:13Þ

Hereafter, we assume that

2f0ðΦÞ − f00ðΦÞΦ ≉ 0; ð2:14Þ

so that (2.13) can be solved with respect to Φ. Henceforth,
we shall omit the function argument of fðΦÞ.
Under the condition (2.14), Φ can be written in terms of

πijγij=
ffiffiffi
γ

p
by solving C ¼ 0 at least in principle. In practice,

however, the solution to C ¼ 0 should be given by a
complicated form in general. Therefore, we instead regard
Φ as independent variables satisfying the constraint (2.13)
and add the canonical pair ðΦ; πΦÞ in the phase space.
Since Φ is a nondynamical variable, its canonical momen-
tum is zero:

πΦ ≈ 0: ð2:15Þ

Then, the total Hamiltonian after the canonical transfor-
mation is given by

H0
tot ¼

Z
d3x½NH0

0 þ NiH0
i þ λNπN þ λiπi þ λΦπΦ þ λC�

ð2:16Þ

where

H0
0ðγij; πij;ΦÞ ≔ 2

f03=2

�
1ffiffiffi
γ

p
�
γikγjl −

1

2
γijγkl

�
πijπkl

þ
ffiffiffi
γ

p
8

ðf − f0ΦÞð3f þ f0ΦÞ
�

−
ffiffiffi
γ

p
2

ffiffiffiffi
f0

p �
RðγÞ − 2

f00

f0
∇⃗2Φ

−
�∇⃗iΦ

f0

�2�
2f0f000 −

3

2
f002

��
; ð2:17Þ

H0
iðγij; πijÞ ≔ −2

ffiffiffi
γ

p
γij∇⃗k

�
πjkffiffiffi
γ

p
�
; ð2:18Þ

and λΦ, λ are Lagrangian multipliers to implement the
constraints πΦ ≈ 0 and C ≈ 0. We now have 22 canonical
variables (N, πN , Ni, πi, γij, πij, Φ, πΦ) and 10 constraints

πN ≈ 0; ð2:19Þ

πi ≈ 0; ð2:20Þ

πΦ ≈ 0; ð2:21Þ

H0
0 ≈ 0; ð2:22Þ

H0
i ≈ 0; ð2:23Þ

C ≈ 0: ð2:24Þ

C. Number of physical degrees of freedom
after canonical transformation

Let us confirm that the canonical transformation does not
change the number of d.o.f. First, the constraints πN ≈ 0,
πi ≈ 0 are first class constraints which remove the canonical
pairs ðN; πNÞ and ðNi; πiÞ from the phase space. Note that
neither the Hamiltonian constraintsH0

0 ≈ 0 nor the momen-
tum constraint H0

i ≈ 0 are first class, while, some linear
combinations of the constraints yield the first class con-
straints which we call the extended Hamiltonian constraint
and the extended momentum constraint, respectively. The
extended momentum constraint is given by

ℋi ≔ H0
i þ πΦ∂iΦ ≈ 0; ð2:25Þ

which is indeed a first class constraint:

fℋi; πΦg ≈ 0; fℋi;H0
0g ≈ 0;

fℋi;H0
jg ≈ 0; fℋi; Cg ≈ 0: ð2:26Þ

On the other hand, the extended Hamiltonian constraint is
not given by a simple expression. To obtain it we introduce
a vector ΨA ≔ ðπΦ; C;H0

0Þ and a 3 × 3 matrix
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fΨAðxÞ;ΨBðyÞg

¼

0
B@

0 fπΦðxÞ;CðyÞg fπΦðxÞ;H0
0ðyÞg

fCðxÞ;πΦðyÞg 0 fCðxÞ;H0
0ðyÞg

fH0
0ðxÞ;πΦðyÞg fH0

0ðxÞ;CðyÞg fH0
0ðxÞ;H0

0ðyÞg

1
CA:

ð2:27Þ

If this matrix has a zero eigenvalue and the corresponding
eigenvector vA such that

Z
d3yfΨAðxÞ;ΨBðyÞgvBðyÞ ≈ 0; ð2:28Þ

we obtain the first class constraint

Z
d3xΨAðxÞvAðxÞ ≈ 0: ð2:29Þ

Equation (2.28) generally yields three independent integral
equations on vA. When three components of (2.28) are
independent, all components of vA are forced to vanish and
then (2.29) becomes trivial. On the other hand, when three
components (2.28) are not independent, i.e., (2.28) admits a
solution of vA parametrized by an arbitrary function of
space, one can obtain a local first-class constraint which
eliminates a couple of local phase space d.o.f. Therefore, to
obtain the same number of d.o.f. as in general relativity, the
eigenvector vA has to contain an arbitrary function of space.
Indeed, by using

fπΦðxÞ; CðyÞg ¼
ffiffiffi
γ

p
2

ð2f0 − f00ΦÞδ3ðx − yÞ; ð2:30Þ

the πΦ- and C-components of (2.28) can be explicitly
solved to give

v1ðxÞ¼ 2ffiffiffi
γ

p ð2f0−f00ΦÞ
Z

d3yfCðxÞ;H0
0ðyÞgv3ðyÞ; ð2:31Þ

v2ðxÞ ¼ −
2ffiffiffi

γ
p ð2f0 − f00ΦÞ

Z
d3yfπΦðxÞ;H0

0ðyÞgv3ðyÞ;

ð2:32Þ

and then the H0
0-component of (2.28) is automatically

satisfied for an arbitrary function v3, meaning that the
matrix fΨAðxÞ;ΨBðyÞg admits the zero eigenvalue with the
eigenvector parameterized by the arbitrary function v3.
Therefore, we obtain the extended Hamiltonian constraint

ℋ0 ≈ 0; ð2:33Þ

from the relation

Z
d3xΨAvA ¼

Z
d3xℋ0v3: ð2:34Þ

Concretely, we have

ℋ0ðxÞ

¼ H0
0ðxÞ þ 2

Z
d3y

×
fH0

0ðxÞ; CðyÞgπΦðyÞ − fH0
0ðxÞ; πΦðyÞgCðyÞffiffiffiffiffiffiffiffiffi

γðyÞp ½f0ðΦðyÞÞ − f00ðΦðyÞÞΦðyÞ� :

ð2:35Þ

As a result, the constraints (2.21)–(2.24) are divided into
four first class constraints

ℋ0 ≈ 0; ℋi ≈ 0; ð2:36Þ

and two second class constraints

πΦ ≈ 0; C ≈ 0: ð2:37Þ

Two second class constraints remove the variables ðΦ; πΦÞ
from the phase space. The number of the d.o.f. of the
canonically transformed Hamiltonian (2.16) is thus given
by

11 × 2|fflfflffl{zfflfflffl}
ðN;Ni;γij;Φ;πN;πi;πij;πΦÞ

− 4 × 2|ffl{zffl}
πN≈0;πi≈0

− 4 × 2|ffl{zffl}
ℋ0≈0;ℋi≈0

− 2|{z}
πΦ≈0;C≈0

¼ 4 ¼ 2 × 2; ð2:38Þ

which is the same number of the d.o.f. as the original
Hamiltonian (2.2).
The same conclusion is obtained by considering the

consistency relations

_H0
0 ¼ fH0

0; Htotg ≈ 0; ð2:39Þ

_H0
i ¼ fH0

i; Htotg ≈ 0; ð2:40Þ

_πΦ ¼ fπΦ; Htotg ≈ 0; ð2:41Þ

_C ¼ fC; Htotg ≈ 0: ð2:42Þ

The last two equations determine the Lagrangian multipliers
λΦ and λ. Substituting them into the first two equations, we
find the consistency relations are weakly satisfied which
means N and Ni are undetermined. Hence, there must be
four first class constraints associated with N and Ni which
are indeed the extended Hamiltonian constraint and the
extended momentum constraint, respectively.
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III. INCONSISTENCY OF NAIVE
MATTER COUPLING

The Hamiltonian (2.16) is equivalent to (2.2) via the
canonical transformation in vacuum. However, when we
introduce a matter field minimally coupling with the
Jordan-frame metric

ds2J ¼ gJμνdxμdxν

¼ −N2dt2 þ γijðdxi þ NidtÞðdxj þ NjdtÞ; ð3:1Þ
the equivalence between two Hamiltonians is no longer
true. The Hamiltonian (2.16) with matter fields may yield a
new gravitational theory. For simplicity, we assume a
minimal scalar field with a potential whose canonical
variables are denoted by ðχ; πχÞ. The Hamiltonian is then
given by

Ĥtot ¼
Z

d3x½NĤ0 þ NiĤi þ λNπN þ λiπi þ λΦπΦ þ λC�

ð3:2Þ
with

Ĥ0 ≔ H0
0 þHm

0 ; ð3:3Þ
Ĥi ≔ H0

i þHm
i ; ð3:4Þ

where H0
0 and H0

i are given by Eqs. (2.17) and (2.18), and
the matter parts are given by

Hm
0 ¼ 1

2
ffiffiffi
γ

p π2χ þ
ffiffiffi
γ

p �
1

2
ð∂iχÞ2 þ V

�
; ð3:5Þ

Hm
i ¼ πχ∂iχ: ð3:6Þ

Even though adding a matter field, πN ≈ 0, πi ≈ 0 and the
extended momentum constraint

ℋ̂i ≔ Ĥ0
i þ πΦ∂iΦ ≈ 0; ð3:7Þ

are the first class constraints. However, we find that the
matrix fΨ̂AðxÞ; Ψ̂BðyÞg does not have an zero eigen-
value where Ψ̂A ¼ fπΦ; C; Ĥ0g. Indeed, the πΦ- and
C-components of (2.28) (with the new set Ψ̂A) can be
explicitly solved to give (2.32) with H0

0 replaced by Ĥ0,
and substituting them into the Ĥ0-component results in
inconsistency in general. For example, for the simplest case
f ¼ αΦ we haveZ

d3yfΨ3ðxÞ;ΨBðyÞgvBðyÞ

≈ ð1 − α−1Þ½ðπχ∇⃗2
χ þ ∇⃗iχ∇⃗i

πχÞv3 þ 2πχ∇⃗iχ∇⃗iv3�;
ð3:8Þ

which does not vanish unless α ¼ 1. Therefore the matrix
fΨ̂AðxÞ; Ψ̂BðyÞg has no zero eigenvalue due to the matter

field if α ≠ 1 where α ¼ 1 means the identical trans-
formation Γij ¼ γij;Πij ¼ πij. As a result, the
Hamiltonian (3.2) generally has seven first class constraints

πN ≈ 0; πi ≈ 0; ℋ̂i ≈ 0; ð3:9Þ

and three second class constraints

πΦ ≈ 0; C ≈ 0; Ĥ0 ≈ 0: ð3:10Þ

The number of the gravitational d.o.f. of the Hamiltonian
(3.2) is 5 in the phase space (or 2.5 in the real space). There
is an additional mode in the phase space.
The appearance of an additional mode can be understood

by that the spacetime-diffeomorphism invariance is now
reduced into the invariance under the time-reparameteriza-
tion and the spatial-diffeomorphism,

t → t0ðtÞ; xi → x0iðt; xiÞ: ð3:11Þ

Since the canonical transformation (2.7) does not break
the spatial-diffeomorphism invariance, the resultant
Hamiltonian has the spatial-diffeomorphism invariance
which is also confirmed by that the extended momentum
constrain is first class. On the other hand, the time-
diffeomorphism invariance is broken by the matter cou-
pling after the canonical transformation although there still
exists the time-reparameterization symmetry. The absence
of the time-diffeomorphism invariance leads to the appear-
ance of the additional mode which is the same situation
as the wrong nonprojectable extensions of Horava-Lifshitz
gravity [20].
In addition, the similar result is obtained by the paper

[19] in the context of the minimal modified gravity theories
[18]. The minimal modified gravity theories provide a new
framework of the gravitational theories with two or less
local d.o.f. The paper [19] pointed out that, although some
of the minimal modified gravity theories admit four local
first class constraints in vacuum, one of them becomes
second class due to the matter coupling. This is exactly the
same as the present case.
We note that the additional mode does not appear for the

homogeneous configuration Φ ¼ ΦðtÞ, χ ¼ χðtÞ, πχ ¼
πχðtÞ. Indeed, when Φ ¼ ΦðtÞ, χ ¼ χðtÞ, πχ ¼ πχðtÞ, the
Eq. (3.8) vanishes weakly and then the matrix fΨ̂A; Ψ̂Bg
has an zero eigenvalue (this is true for any function of f).
This is due to nothing but the existence of the time-
reparameterization symmetry.

IV. A CONSISTENTWAYOFMATTER COUPLING

As shown in the previous section, the matter coupling
leads to that the extended Hamiltonian constraint is no
longer the first class constraint which can be interpreted
as the matter field partially fix the time direction. The
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additional mode arises due to the incompleteness of the
gauge fixing. One may resolve this inconsistency by fixing
the gauge before introducing a matter field. In other words,
we shall introduce the gauge condition in order that the first
class constraint associated with the time diffeomorphism
invariance splits into a couple of second class constraints,
which remain second class after introduction of matter
fields.
In vacuum, the Hamiltonian (2.16) has the first class

extended Hamiltonian constraint which is the generator of
the time-diffeomorphism. Hence, the gauge can be a priori
fixed in order that the spacetime-diffeomorphism invari-
ance is reduced into the invariance under (3.11) in vacuum.
The gauge fixed Lagrangian is given by

HGF
tot ¼

Z
d3x½NH0

0 þ NiH0
i þ λNπN þ λiπi

þ λΦπΦ þ λC þ λGG�; ð4:1Þ

where λG is the Lagrangian multipliers to implement the
gauge condition

G ≈ 0; ð4:2Þ

which makes the extended Hamiltonian constraint the
second class constraint, i.e.,

fG;ℋ0g ≉ 0: ð4:3Þ

This is just a gauge fixing. However, this gauge condition
turns to be “physical” if we introduce the matter field in the
Jordan-frame after the gauge fixing:

ĤGF
tot ¼

Z
d3x½NĤ0 þ NiĤi þ λNπN þ λiπi

þ λΦπΦ þ λC þ λGG�: ð4:4Þ

In this case, the Eq. (4.2) is a physical constraint to
eliminate the additional mode. The resultant Hamiltonian
(4.4) is equivalent to GR with a gauge condition (4.2) via
the canonical transformation in vacuum but it is not
equivalent to GR when a matter field is introduced. In
this formalism, the way matter field couples to the metric
determines the preferred time direction.
We then discuss the condition of G in order that (4.4)

represent a healthy gravitational theory. We shall retain the
constraints (2.19), (2.20), and (3.7) being the first class
constraints.1 Hence, G has to satisfy

fG; πNg ≈ 0; fG; πig ≈ 0; fG;ℋig ≈ 0: ð4:5Þ

The first two condition is trivially satisfied when G does not
containN andNi and the third condition means G is a scalar
density associated with the spatial-diffeomorphism. Since
G is introduced in vacuum, it must be a function of γij, πij,
Φ, and the time t.2

We then take the Legendre transformation in order to
obtain the Lagrangian corresponding to the Hamiltonian
(4.4). For this purpose, we redefine the Lagrange multi-
pliers as

λ → Nλ; λG → NλG ð4:6Þ

and redefine the gauge condition G to be a scalar quantity

G →
ffiffiffi
γ

p
G: ð4:7Þ

Just for simplicity, we assume the gauge condition G does
not contain πij. We obtain

_γij ¼ fγij; HGF
tot g

¼ 2∇⃗ðiNjÞ þ
4N

f03=2
ffiffiffi
γ

p
�
πij −

1

2
πkkγij

�
þ Nλγij: ð4:8Þ

and then the conjugate momentum

πij ¼
ffiffiffi
γ

p
2

f03=2ðKij − Kγij þ λγijÞ; ð4:9Þ

where Kij ¼ ð_γij − 2∇⃗ðiNjÞÞ=2N is the extrinsic curvature.
After the Legendre transformation, the gravitational part of
the Lagrangian is given by

ffiffiffiffiffiffiffiffi
−gJ

p
L ¼ _γijπ

ij −HGF
tot

¼ N
ffiffiffi
γ

p
f03=2

�
1

2

�
KijKij − K2 þ RðγÞ

f0

�
−
f00

f02
∇⃗2Φ

−
�∇⃗iΦ
f03=2

�2�
f0f000 −

3

4
f002

�

−
1

4f03
ðf − f0ΦÞð3f þ f0ΦÞ − 3

4
λ2

þ λ

�
K þ 1

2f03=2
ð3f − f0ΦÞ

�
− f0−3=2λGGÞ

�
:

ð4:10Þ

The variation with respect to λ yields the equation to
determine λ. Substituting it into the action, we obtain

1One can generalize the case when G contains N. In this case,
πN ≈ 0 is no longer the first class constraint and then the lapse is
not recognized as the Lagrangian multiplier. The consistency
relation _G ≈ 0 may give a constraint equation on N. Then, we
obtain four second class constraints πN ≈ 0,ℋ0 ≈ 0, G ≈ 0, _G ≈ 0
and find the correct number of the d.o.f.

2Even if G is a function of πN , πi, πΦ, πijγij, their dependence
can vanish by redefinitions of the Lagrangian multipliers λN , λi,
λΦ, λ.
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ffiffiffiffiffiffiffiffi
−gJ

p
L ¼ N

ffiffiffi
γ

p �
f03=2

2

�
KijKij −

1

3
K2 þ R

f0

�

þ K

�
f −

1

3
f0Φ

�
−

f00

f01=2
∇⃗2Φ

−
�∇⃗iΦ
f03=4

�2�
f0f000 −

3

4
f002

�

þ 1

3
f01=2Φ2 − λGG

�
: ð4:11Þ

The variable Φ is nondynamical and thus it can be
integrated out at least in principle. In practice, however, it is
often more convenient to keep Φ as an auxiliary field in the
Lagrangian. In the identical transformation case f ¼ Φ, the
variation with respect to Φ yields

Φ ¼ −K þ terms from gauge fixing term; ð4:12Þ

and then one can obtain the standard Einstein-Hilbert action
with a gauge condition. On the other hand, in general
case, the solution of Φ may not be obtained explicitly.
Nonetheless, we notice that the solution is schematically
expressed by Φ ¼ ΦðKij; R; NÞ and thus the action after
the integrating out Φ must contain the spatial derivatives of
the extrinsic curvature. This mixed space-time terms have
not been discussed in [18]. Therefore, the canonical trans-
formations of GR connect a new class of minimal modified
gravity theories.
We shall give an example of the gauge fixing. In scalar-

tensor theories, it is common to use the so-called unitary
gauge in which a scalar field ϕ depends on only the time,
ϕ ¼ ϕðtÞ. To implement an analogue of the unitary gauge
in our setup, we choose G as

G ≔ ∇⃗2Φ; ð4:13Þ

which yields to a uniform variable Φ ¼ ΦðtÞ, provided a
proper spatial boundary condition. In GR case f ¼ Φ, this
gauge condition corresponds to the uniform Hubble slicing
K ¼ KðtÞ. The Poisson bracket is

fG;ℋ0g ≈
2

ffiffiffi
γ

p
f01=2

2f0 −Φf00
½ðΦ2 þ RÞ∇⃗2 þ ∇⃗2R

þ 2∇⃗iR∇⃗i − ∇⃗2∇⃗2�δð3Þðx − yÞ; ð4:14Þ

thus, the constraints G ≈ 0,ℋ0 ≈ 0 are now regarded as two
second class constraints which reduce one of the physical
d.o.f. The time direction is fixed by G ≈ 0 and then the
spacetime-diffeomorphism invariance is reduced into the
invariance under (3.11).
After adding a matter field, G ≈ 0 turns to be a physical

condition on the theory and then the time-diffeomorphism

invariance is explicitly broken. Nonetheless, the time-
diffeomorphism invariance can be recovered if we intro-
duce a Stüeckelberg field by promoting t to a field of time
and space.

V. COSMOLOGY

In this section, we briefly discuss the background
dynamics of the universe and the linear perturbations
around the background. The gauge condition G ≈ 0 does
not affect the dynamics of the FLRW spacetime because
G ≈ 0 must be “trivial” due to the unbroken spatial diffeo-
morphism invariance. Therefore, the dynamics of FLRW
spacetime can be discussed without specifying G. For
simplicity, we consider the flat FLRW universe

N ¼ N̄ðtÞ; Ni ¼ 0; γij ¼ a2δij: ð5:1Þ

We find two relevant equations:

H ¼ Φð4f0 þΦf00Þ
6f01=2ðΦf00 − 2f0Þ ; ð5:2Þ

and

1

3
Φ2f01=2 ¼ ρm; ð5:3Þ

whereH ¼ _a=ðaN̄Þ and ρm is the energy density of a matter
field. In principle, the first equation gives a solution
Φ ¼ ΦðHÞ. Substituting it to the second one, we obtain
the Friedmann equation. For instance, the identical trans-
formation case f ¼ Φ gives H ¼ −Φ=3 and then Eq. (5.3)
is reduced to the usual Friedmann equation 3H2 ¼ ρm.
We then derive the quadratic action for the cosmological

perturbations. The tensor mode perturbations hij, which
is transverse-traceless part of γij, is the gauge invariant
quantities. Therefore, G does not need to contain hij. In the
following, for simplicity we assume that G does not depend
on hij up to second order so that we can discuss the tensor
perturbations without any additional assumptions about G.
The perturbed metric is given by

N ¼ N̄ðtÞ; Ni ¼ 0;

γij ¼ a2ehij ¼ a2
�
δij þ hij þ

1

2
hikhkj þ � � �

�
: ð5:4Þ

The quadratic action of the tensor mode perturbations is
given by

Sð2Þh ¼
Z

dtd3x
N̄a3f03=2

8

�� _hij
N̄

�2

−
k2

f0a2
h2ij

�
; ð5:5Þ

where we have used in the momentum space and k is the
comoving momentum. There is neither ghost nor gradient
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instabilities as long as f0 > 0 and the speed of the
gravitational wave differs from unity if f0 ≠ 1.
The vector perturbations do not have G-dependence since

the gauge mode of the vector perturbations is generated by
the infinitesimal change of the spatial coordinates. The
condition G ¼ 0 is obtained by fixing the time coordinate;
thus, it should not affect the vector perturbations. We shall
not discuss the vector perturbations furthermore because
there is no dynamical gravitational d.o.f. in the vector
perturbations. On the other hand, the scalar perturbation
may depend on a specific choice of G although G does not
affect the high energy behavior of the scalar perturbations.
Since G ¼ 0 is no longer the gauge choice after introducing
a matter field as for the theories with f0 ≠ 1, an inappro-
priate function of G may be problematic.
For simplicity, we assume (4.2) and discuss a massless

scalar field χ minimally coupling with the Jordan frame
metric; that is, Lχ ¼ − 1

2
gJμν∂μχ∂νχ. By using the spatial

gauge freedom we can assume

N ¼ N̄ð1þ αÞ; Ni ¼ N̄δij∂jβ;

γij ¼ a2e2ζδij; χ ¼ χ̄ðtÞ þ δχ; ð5:6Þ

where the off-diagonal components of γij are eliminated by
spatial coordinate transformation. Substituting them into
the Lagrangian, one can find that α, β and ζ are non-
dynamical variables and then they can be integrated out.
Finally, we obtain the quadratic order action for δχ as

Sð2Þχ ¼
Z

dtd3xN̄a3
�
3ðk2 þ a2Φ2Þ2
2k2ð3k2 − a2Φ2Þ

�
_δχ

N̄

�2

−
k2

2a2

�
1þ a2Φ2

k2f0

�
δχ2

�
: ð5:7Þ

We notice that the standard action for the massless scalar
field is recovered in the high energy limit k → ∞ as we
expected. One may worry about a ghost mode appears in
the low energy limit k2=a2 ≪ Φ2. However, the low energy
ghost is not problematic and it does not lead a catastrophic
instability [21]. Indeed, the theory with f ¼ Φ is equivalent
to GR but we know that the massless scalar field does not
have any catastrophic instability in the low energy limit.
In GR case f ¼ Φ, the instability of δχ is due to the
inappropriate choice of the variable. When we define a new
variable

δX ≔ δχ −
_̄χ

N̄H
ζ; ð5:8Þ

the action for δX is given by the form

Sð2ÞX ¼
Z

dtd3xN̄a3

×

�
A1ðΦ; kÞ

2

�
_δX
N̄

�2

−
k2A2ðΦ; kÞ

2a2
δX2

�
: ð5:9Þ

The GR case f0 ¼ 1 yields A1 ¼ A2 ¼ 1 and thus the
variable δX has no instability even in the low energy limit.
We shall discuss the leading order correction to GR.

When we assume the time reflection symmetry, f0 has to be
an even function of Φ. Therefore, f0 may be expanded as

f0 ¼ 1þ ϵ
Φ2

M2
þOðM−4Þ ð5:10Þ

where M represent the scale beyond which the deviation
from GR appears and ϵ ¼ �1. As for the background
dynamics, we obtain

Φ ¼ −3H þ ϵ
27H3

M2
þOðM−4Þ ð5:11Þ

and then the Friedmann equation is given by

3H2

�
1 − ϵ

27H2

2M2
þOðM−4Þ

�
¼ ρm: ð5:12Þ

For the massless scalar field, the coefficients of the
quadratic order action are

A1 ¼ 1þ ϵ
729H4

2M2ðk2=a2 þ 9H2Þ þOðM−4Þ;

A2 ¼ 1 − ϵ
243H4ðk2=a2 − 37H2 − 162H4a2=k2Þ

2M2ðk2=a2 þ 9H2Þ2
þOðM−4Þ: ð5:13Þ

The result indicates that the dynamics of the universe and
the perturbations is indeed changed from the case of GR
when H ≳M (or ρ≳M2). The canonical transformations
of GR generate new theories of gravity without introducing
any catastrophic instability.
We give an interesting example of the generating func-

tional of the canonical transformation

f0 ¼ ð1þΦ4=M4Þ−1: ð5:14Þ

In this case, Eq. (5.3) indicates that the matter energy
density is constrained to be the finite value M2=3. As
ρm → M2=3, Eq. (5.3) yields Φ → −∞ while Eq. (5.2)
leads toH → 0 in this limit. Therefore, this theory does not
have the initial singularity of the universe. Instead, the
universe approaches the Minkowski spacetime as the
matter energy density increases. We however note that
the tensor mode perturbations are suffered from the strong
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coupling problem because of f0 → 0 in the early universe
and then the perturbation theory breaks down.

VI. SUMMARY

In the present paper, we have investigated canonical
transformations of general relativity (GR) to generate
“new” theories of gravity. We first confirmed that a
canonical transformation does not change the constraint
algebra of the theory and thus the transformed theory has
only two gravitational d.o.f. We then discussed the matter
coupling and found a novel and consistent way of the
coupling although a naive coupling leads to an inconsistent
result. The matter field is introduced as follows: We first
introduce the gauge fixing condition G ≈ 0 before intro-
ducing the matter field in order to reduce one first class
constraint ℋ0 ≈ 0 to two second class constraints ℋ0 ≈ 0,
G ≈ 0 and then we introduce the matter field. As a result,
the matter field fixes the preferred time direction as well as
the preferred frame of the phase space.
Besides the construction of the theory, we have discussed

the cosmological dynamics and the linear perturbations.
The canonical transformation generically changes the
speed of the gravitational waves. Hence, the canonical
transformation should reduce to a trivial transformation in
the late-time universe since the speed of the gravitational
waves has to be the same as the speed of light with a high
degree of accuracy (≲10−15) at the present universe
[22,23]. On the other hand, there is no model-independent
constraint on the speed of gravitational waves in the early
universe. We have thus given an example of the theory
representing the ultraviolet modification of gravity which
yields a non-singular universe where the universe starts
from the Minkowski spacetime.
Although we have considered a simple generating func-

tional of the canonical transformation (2.7), one can
consider more general canonical transformations. For
instance, one may introduce the dependence of f on
πikπjlγijγkl= det γ. Many new and yet unexplored theories
of gravity can be generated from known theories via
canonical transformations.
Our procedure to introduce the matter field in a con-

sistent way can be applied to the minimally modified

theories of gravity [18]. As pointed out in [19], the matter
coupling in the minimally modified theories of gravity is a
nontrivial task. If a theory has a first class constraint, one
may a priori introduce a gauge fixing condition just in the
same way as in the present case. Then, the matter field can
be consistently introduced.
In summary, the present paper gives explicit examples of

gravity theories that have only 2 local physical d.o.f.,
whose actions are written in terms of the metric only (after
integrating out the auxiliary field Φ), to which matter fields
can be consistently coupled, and that have observable
predictions different from GR. Although the present paper
focuses on gravitational theories via the canonical trans-
formation followed by a novel matter coupling, our
formalism can be used for other gravitational theories with
two local d.o.f. Since we now have a new matter coupling,
it would be interesting to investigate observational conse-
quences. For example, the theories obtained by the canoni-
cal transformation must admit black hole solutions since
the theory is equivalent to GR in vacuum. However, it is
nontrivial how the black hole is formed and observed in
such theories because the matter propagates on the frame
that is related to the original Einstein frame by a nontrivial
canonical transformation. We leave further investigations to
a future work.
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