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We perform a study of the B™*), D*) semileptonic decays, using a different method than in conventional
approaches, where the matrix elements of the weak operators are evaluated and a detailed spin-angular
momentum algebra is performed to obtain very simple expressions at the end for the different decay modes.
Using only one experimental decay rate in the B or D sectors, the rates for the rest of decay modes are
predicted and they are in good agreement with experiment. Some discrepancies are observed in the 7 decay
mode for which we find an explanation. We perform evaluations for B* and D* decay rates that can be used

in future measurements, now possible in the LHCb Collaboration.
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I. INTRODUCTION

Semileptonic decays of mesons have been thoroughly
studied, and are a source of information on the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements [1-7], chiral
dynamics [8], heavy quark symmetry [9]. The process is
relatively well understood, to the point that some discrep-
ancies seen in ratios of rates are proposed as signals of new
physics [10-12]. Concerning the decays of mesons with
heavy flavors, the decay of B — D/~ and D — Kvl* and
the related reactions with B* or D* offer a good ground to
study heavy flavor symmetry.

In the conventional approaches, the amplitudes of the
processes are conveniently parametrized in terms of certain
structures and their associated form factors, and some
information is taken from experiment. Quark models can
provide information on these form factors and structures
and have been often used [2,3,13,14]. QCD sum rules have
also done their share predicting rates and form factors
[15-17].

The purpose of this paper is to see how far one can go,
assuming basic facts of heavy quark symmetry, with some
caution that will be discussed later, which allows us to
conclude that the relevant form factors would be the same
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for D or D* and B or B*. Howeyver, the structures can be
very different due to the angular momentum combinations
that the quarks undergo to produce the pseudoscalar or
vector meson states. This is what is accomplished in the
present work, where a detailed study is done of the
amplitudes for each of the four B — D™pl~ cases,
and the corresponding ones with D), evaluating explicitly
the weak matrix elements in the rest frame of the v/ and
performing the angular momentum algebra which relates
all the processes. We then fit the results to one experimental
branching ratio for the B and D sectors and then the rest of
the results are predictions.

The derivation requires some patience, but we succeed
using Racah algebra to write the final amplitudes and the
sums over polarizations of their modulus square in terms
of very simple analytical expressions, which allow us to
explain easily some of the features of the reactions, as the
relative rates in the different sectors and peculiarities of
the differential width distribution in the invariant mass of
the vl system.

One of the outputs of the work is the prediction of rates
for B* and D* decays, which have received attention
recently [18,19] in view of the possibility that such decay
rates are observed by the LHCb Collaboration. We argue
that the method proposed is highly accurate to make
predictions for these decay widths.

As to the predictions for the observed rates, the method is
rather accurate for the case of production of light leptons,
and has some discrepancy for the production of 7z lepton,
for which a justification is given, but even then ratios of
different decay rates with z leptons in the final state are also
well reproduced.

Published by the American Physical Society
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FIG. 1. Diagrammatic representation of B® — p,/~D* at the
quark level.

d

II. FORMALISM

We shall study reactions of the type B® — 7,I"D*, or
Dt — vy, I"K° and the corresponding ones with vector
mesons, with the aim of relating them assuming that the
form factors do not change practically when changing
B — B* or D — D*, which is the essence of heavy quark
symmetry [20,21]. Work on these reactions assuming this
symmetry is done in Ref. [13]. The process is depicted in
Fig. 1 for the B - 7,I"D™.

The weak interaction is given by the Hamiltonian

H = CL“Q,, (1)

where in C one has the couplings of the weak interaction,
but, since we are only concerned about ratios of rates, it
plays no role in our study. The leptonic current is given by

L = (iy[y*(1 = ys)|v.), 2)
and Q7 the quark current, by
Q" = (acly"(1 —ys)lup). (3)

In order to obtain the B® decay width, we need

Sy Y 0,05=173" 30,05 (4)

lep pol quark pol

where L% stands for ) ,,L°L/* and is easily evaluated
with the result [22]

pep) 4 pipt = p, - pig? — i€ p,,pi,
mym; '

L% =2

(5)

where we adopt the Mandl and Shaw normalization for
fermions [23]. The mass of the neutrino and the lepton get
cancelled in the final formula of the width.

In Ref. [22], a similar sum and an average and sum over
the quark spin third components were done. Here, we pay a
special attention to the vector or pseudoscalar components,
and the coupling of spins to given quantum numbers has to

be done prior to the sums over the third components in
the final Q,Qj term. For this purpose, we must evaluate
explicitly the quark current Q,. We use the ordinary
spinors [24]

s . (E o
u,:A(~ “ ); A:<ﬂ> : B= ,
Bo—'p}{r 2m Ep+m

(6)

where y, are the Pauli bispinors and m, p and E, are

the mass, momentum and energy of the quark. Next, we
use [22]

Py _Ps,
my, mB’

5 _Z (7)
my, mpg
and the same for the ¢ quark. Theses ratios are related to the
velocity of the quarks or B mesons and neglect the internal
motion of the quarks inside the meson. We evaluate the
matrix elements in the frame where the o/ system is at rest,
where pp =pp =p and both have a sizeable velocity.
We have, in general,

_/11/2(m2 M2 2 )

p in> *inv_ > "*fin

2M-(Dl>

mv

: (8)

where m;,, my, are the masses of the initial, final mesons in

the decay, and Mi(;:\[,) is the invariant mass of the v/ pair.

Using Eq. (7), we can now write

Ey 1/2
r By
BG'pB)(r 2

B—— 1 (9)

We also use the y* representation of Ref. [24]:

L (1 0 01y
"“No =) T \1 o)

. 0 o
’=< . ), i=1,2,3. (10)
-t 0

As a consequence, we have
I -1 . . -0 o
0_,0, _— . i 40 —
Y Vs (I —I)’ v —Y7s <—ai ai)’
(11)

where we denote the Pauli matrices as ¢', o; (i = 1, 2, 3),
but they are the same thing,
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(@clr® = r0rsluy) = AA'{(1 + BB'p?) (¢ lxs) — (B+ B')(xclo - plrs) }. (12)

where p? stands for p? from here on, and A/, B’ stand for the D meson.
Similarly,

(@cly’ = r'yslus) = AA{=(rclo'lxp) + Blxclo'e - pliy)
+ B'(xclo - po'ly,) — BB (x.|6 - po'c - plys)}- (13)

The explicit calculation is simplified if we take p in the z direction. Then, considering the spins, s, s”, s" (of the d in the p
direction) of Fig. 1 one has

(o plis) =PIl = =10 = pV3C(§1355.0.5" o (14)

where in the last step we evaluate the o, matrix element using the Wigner-Eckart theorem. Hence,

1
(@acly® = v yslup) = My = AA’{(l + BB'p*)d, — (B + B’)pém/ffc(z 5580, ) }

1
= AA/(SSS//{I + BB, 2_ (B + B/)]J\/§C<§1§,S,O,S> } (15)

(@cly' = v'yslup) = N; = AA'{~(s"|c'|s) + Bp(s"|o'c.|s) + B'p(s"|o.0'|s) — BB'p*(s"|0.cc.|s)}
= AN {=(s"|o"|s) + Bp(s"|o|s)(=1)7 + B p(s"|o"|s)(=1)"
= BB'p(=1)7 (= 1) (s"]o"]5) }. (16)

If we keep the covariant form y; — y;75, we have
{ficlyi = virsluy) = AA'(s"|o'|s){1 = Bp(=1)"" = B'p(=1)"" + BB p*(~1)! ="} (17)

In order to work out the angular momentum algebra, it is more convenient to evaluate the spherical component of ¢ — ¢,
u =1, 0, —1 in the last equation, and we define M, for the y* — y’y5 matrix element of Eq. (15) and N ,, for the matrix
element of Eq. (16) substituting &' by o

The explicit evaluation is done in the Appendix for the M, and N, matrix elements and we show here the results.

(A) M, matrix element

(1 J=0,J=0

My = AA'(1 + BB p2)SpoSuro (18)

2 J=0,J=1
Mo = —AA'(B + B') pSpoduro (19)

B)J=1,J=0
Mo = —AA'(B + B') pSpodumro (20)

@ J=1,J=1
My = AA'{(1 + BB'p?) — V(B + B)pC(111; M, 0, M)}Spppr (21)

(B) N, matrix element

036004-3



L.R. DAL X. ZHANG, and E. OSET PHYS. REV. D 98, 036004 (2018)

(1) J=0,J'=0
N, = —AA'(B + B') pouoduroSyo (22)
) J=0,J =
N, = AA{1+ BB p*(=1)™ + V2(Bp + B'p(=1)")C(111;M",0, M")}8,, ssSm10 (23)
@) J=1,J=0
N, = AA{(1 + BB p*(=1)M)(~1)™
—V2(=1)M(Bp + B'p(=1))C(111;M,0, M) }8,118r0 (24)
@ J=1J=
N, = AA'{(1 + BB'p* (=) M)W2C(111; M, M' = M, M) — (Bp + B'p(=1)"="")5,
—2(Bp + B'p(=1)"M)C(111;M' = M, M, M")C(111;0, M, M)}, syt (25)

(C) Next we must evaluate L"/’Q,IQ; and sum and average over polarizations. In terms of the M, and N; terms defined
before we have the combination

S5 = LOMoM; + LYMoN; + LON,Mj + LUN,N". (26)
The explicit evaluation is done in the Appendix and we show here the final results.
1 J=0,J=0

2(vl)

Y lPr= (AA/ { (Mﬂi;(uz)_m )1+ BB +2<E E1+;Py>(B+B’) p} (27)

mv

where the magnitudes with tildes are evaluated in the v/ rest frame. Thus,

p M 4 m -
E = )
om®

mv
o Mizn(:l) + my — m12
v () ’
2M.

mv

AP (M 2, m)

inv_

ZM(L/I)

mv

s

P, =
2 J=0,J=1

AA/ inv
5SS e = AT fiMin ) (5 gy

inv

T |
+ 2<EDE, + §ﬁ3> (3—-6BB'p*> +2(B*>+ B?)p> + 3(BB/p2)2)}, (29)
B J=1,7=0

S = YU =0.0=1), (30)

where the factor % comes because we average over the initial J = 1 polarizations.
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4 J=1,J=

PIPBIEE

3mm,

AA')? (3m} (Mo
M?.(I./Z

myv

—m? 2
) mz) l:(1+BB/p2)2+§(B+B/)2p2:|

—_—
+2 (EDEI + gﬁ,%) [6 4+ 7(B* + B?)p? — 4BB'p* + 6(BB'p*)?] } (31)

These techniques have also been used successfully in
the evaluation of weak decays M| — M,M; [25] and in
7~ — MM, decays [26].

III. RESULTS
vl

The invariant mass distribution dI'/ dev
B — vID by

is given for

dar' 2m,2m;
dM(UZ (271_ 3 4M2 pruZ Z |t|2 (32)

where pp is the D momentum in the B rest frame and p,, the
7 momentum in the v/ rest frame,

mv_°

W22, M2 )

by = (33)

sz
By integrating d'/dM ") over M""! we obtain the width
that we show in the tables.

A. B and B* decays

We study only the most Cabibbo-favored processes,
b — ¢ and ¢ — 5. We show in Table I the B, B;, and B,
semileptonic decays. Since we can only provide ratios, we

fix one decay rate to the experiment and the rest are
predictions, In this case we fix our rate to B~ — D%~ 7,.
We then observe that the predictions done for six decays
are all in agreement with experiment, except for the B® —
D770, that we will discuss later. The ™7, and =7, decay
rates are very similar, since the masses of e~ and y~ are
very small compared to the meson masses. The term
proportional to m% in Eq. (B3) is negligible for ¢~ and
u~, but not for z~. This term is responsible for a bigger rate
than expected from phase space for the 77U, decays. In
Table I, we also show predictions for BY and B decays, for
which there are not yet experimental data in the PDG [27].
For the B — D770, we get a rate about a factor of two
smaller than experiment. This has to be seen from the
perspective that we are implicitly using the same form
factors as for B — D*e~,. However, because of the
larger 7~ mass, the momentum transfers are smaller in
this latter case and by taking the same form factors as in
B — D*e~1, we are reducing the B — D*7~p, rate more
than one should. This is telling us implicitly the strength of
the form factors in the present reactions. For B~ — D70,
the experimental error is relatively large, such that the
rate is compatible with the theoretical one, but also with
double its value.

We would like to call the attention to the rates for B~ —
D", (B~ — D°ui,). These rates are identical exper-
imentally within experimental errors, and also theoretically

TABLE I. Branching ratios for (PP) semileptonic decay of B

meson. We consider the same mean life z for B®, B~, B?, but

ifgiﬁ =031 TABLE II. The same as Table I but for (PV) case.

Decay process BR (Theo.) BR (Exp.) [27] Decay process BR (Theo.) BR (Exp.)[27]
BY = Dtep, 2.19 x 1072 (2.194+0.12) x 1072 B - D*te7p, 4.86 x 1072 (4.934+0.11) x 1072
B’ - Dty p, 2.17 x 1072 (21940.12) x 1072 B - D**u~p, 4.83 x 1072 (493 £0.11) x 1072
B - Dt o, 497 x 1073 (1.03£0.22) x 1072 BY = D**r7p, 1.03 x 1072 (1.67 +0.13) x 1072
B~ — D', fit the exp (220£0.11) x 102 B~ - D¢ p, 4.88 x 1072 (5.69 £0.19) x 1072
B~ - D% 1, 2.19 x 1072 (220+0.11) x 10> B~ — D*Oﬂ—a,, 4.86 x 1072 (5.69 +£0.19) x 1072
B~ - D% b 5.02 x 1073 (77425)x 103 B~ = D' p, 1.04 x 1072 (1.884+0.2) x 1072
BY - Dfe z'/e 2.07 x 1072 BY - Ditep, 4.60 x 1072

BY - Diup, 2.07 x 1072 BY - Dy, 4.58 x 1072

BY — D;“T‘DT 4.69 x 1073 BY - Dt i, 9.64 x 1073

B - n.e7p 3.93 x 1073 B = J/ye D, 9.47 x 1073

B: = nou a 3.90 x 1073 B; = J/yui, 9.41 x 1073

B = .t i, 8.49 x 10~ B: - J/yr, 1.88 x 1073
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(up to small difference due to the different masses of the
mesons). This should be the case, since from one reaction
to the other the only change has been to substitute the d
spectator quark in Fig. 1 by a .

In Table II, we show results for B decays into D* and
related reactions. This corresponds to the case J =0,
J' =1 studied in the former sections. We do not fit now
one rate, because the idea is to make a prediction for these
decays based on the B — D reactions. We can see that the
predicted rates for the case of light leptons are compatible
with experiment, This should be seen as an accomplish-
ment of the present framework, which shows that assuming
the same form factors for D or D* decay, as we would
induce from heavy quark symmetry [13], the rates for these
two decays are a consequence of the angular momentum
structure with the dynamics of the weak interaction.

We can also observe that the branching ratio for B —
D** ™1, is about a factor 0.61 the experimental one, in line
with what was observed in Table I. The same happens for
B~ — D', where the reduction factor is about 0.55.
However, if we evaluate the ratio of the rates of BY —
D**t7p, to B - D*7 ., we find a factor of 2.07 against
1.62 £ 0.37 experimentally, or 2.07 for the ratio of rates of
B~ — D77, to B~ — D", versus 2.44 + 0.83 exper-
imentally. One expects these two ratios to be the same, and
so they are experimentally within errors, and also compat-
ible with the theory.

Once again we make predictions for six more decay
modes. It is interesting to observe that the rates for B~ —
D*; are bigger experimentally than those of B~ — Duj,
something that is also obtained theoretically.

Recently, much work has been devoted to the ratios,

_ BR(B™ - Di,1)
" BR(B~ — Dijl)
_ BR(B~ - D*1,7)
" BR(B~ = D*jl)

Rp = 0.407 £ 0.039 £ 0.024,

Rp-

= 0.304 £0.013 £ 0.007, (34)

from where one expects to observe new physics [11,12].
The values in Eq. (34) are taken from the HFLAV
Collaboration average [28]. The most precise single meas-
urement performed so far is the recent one of the LHCb
Collaboration [29] Rp- = 0.291 £ 0.019 £ 0.026 £ 0.013.
Our result for these ratios are Rp = 0.23, Rp- = 0.211.
As we can see, both Rp and Rp- are smaller than experi-
ment for the reasons discussed above. To put our results
in perspective, we can compare these result with Lattice
results [30,31] which give Rp = 0.299 £0.011, and
calculations based on the standard model obtaining ratios
of form factors from experiment [11] which give Rp- =
0.252 +0.03, or Rp- = 0.258(5)(78) from Ref. [7]. This
latter case is increased to 0.27 in [32] by taking into account
in the theoretical evaluation that D* — D, the mode where
the D* is observed experimentally.

Another ratio of interest is

R BR(Bf = J/yv ")
" BR(BE = Jfyu”)

=0.714+0.1240.18, (35)

reported by LHCb [33]. We obtain 0.20 for this ratio, short
of the experimental one even considering errors, and one
must find the reason in the discussion in former points since
momentum transfer for B — J/wz v, is smaller than in
Bf — J/wutv,. It is also useful to compare our results
with other theoretical works based on the standard model
which provide value around 0.25~0.28 [34-37] for
this ratio.

There is another remark we can do in view of our easy
expressions for > > |¢|%. If one looks at Eq. (B3) for
J =0,J" = 0, one can see that the term independent of p is
proportional to m?, which is very small for light leptons.
The important term is this case is the second term of that
equation, proportional to p?. This tells us that nonrelativ-
istic calculations, which would neglect this momentum, or
the strict use of heavy quark symmetry, neglecting terms of
O(p/myg) [see B factor in Eq. (9)], would provide very bad
results for the rate of B — D and light leptons.

In Table III, we also show the rate for the semileptonic
decays of B* — D. These decay rates have not been
observed and one reason maybe the fact that B* decays
electromagnetically in yB. In Ref. [18], these rates were
evaluated using the Bethe-Salpeter approach with the
instantaneous approximation. We compare our predictions
with those in Ref. [18]. These decay widths are also
evaluated in Ref. [19] in the Baner-Stech-Wirbel model
and in Table IIT we also show these results. Our results are
qualitatively similar to those of [19], about 25% smaller
and also smaller than those of [18] by a factor of about 0.6.
One should stress the simplicity of our approach with
respect to [18] where 14 form factors are evaluated and the
theory relies on several parameters [38], partly constrained

TABLE III.  Widths for (VP) semileptonic decay of B* mesons
in units of ['(B~ —» D%7,).

Decay process I' (Theo.) I' (Ref. [18]) I' (Ref. [19])
B = Dte 1, 0.95

B0 - D*lu__” 0.95

B0 - D+T—Dr 0.24

B*~ = D% 1, 0.96 1.74 1.21
B~ - D%, 0.96 1.73 1.21
B~ - D%, 0.24 0.43 0.36
B:® - Dfe 1, 0.91 1.57 1.07
B’ - Dfup, 0.91 1.56 1.07
B = D, 0.23 0.41 0.31
B;” - n.e v, 0.59 1.09

B = n.pu o, 0.58 1.09

B~ = n.0, 0.14 0.33
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TABLE IV. The same as Table III but for (VV) case.

Decay process I' (Theo.) I' (Ref. [18])
B0 = D*tep, 2.52

B - D" yp, 2.50

B = D**rp, 0.51

B~ = D¢ p, 2.53 4.98
B~ > D% p, 2.51 4.95
B~ = D%, 0.51 1.08
B:fo — D;fi“e_z_/e 2.40 4.40
B0 - Dty o, 2.37 4.38
B = Dt p, 0.48 1.00
B = J/ye 0" 1.60 2.95
B = J/yuy, 1.58 2.94
B~ - J/yt b 'T 0.31 0.82

“Here we take the value mp.- = 6.333 GeV predicted by the
quark potential model [39].

from the masses of the mesons. We should stress that the
rates for B* — Dul in our approach involve the same matrix
element as for B— D0l [J =1, J' =0, versus J =0,
J' = 11in Egs. (29) and (30)]. Given the accuracy by which
we predicted the rate for B — D*vl in Table II, our
predicted rates for B* — Dul should be equally accurate.
However, seen from the perspective that these are the first
theoretical predictions for B* decay rates, the main message
is that the three calculations reported provide very similar
numbers and this should be sufficient for planning possible
experimental searches.

We complete this part by making predictions for B* —
D*vl in Table IV, in which we also compare our results with
those obtained in Ref. [18]. We observe now that in both
cases the widths are much bigger than for B* — Duvl, and
our predictions are again a factor of about 0.55 those of

Ref. [18], with a bit bigger discrepancies for decays in the 7
mode, as we would expect.

It is also interesting to look into the invariant mass
distribution dI"/ dev . In Fig. 2, we show dI'/ deV for
B~ - D% v,, B~ — DP 1y, and B~ - D% i,
B~ = Dt p_. In the case of B~ — D%7,, the mass
distribution peaks around 1.7 GeV while for B~ —
D¢y, it peaks around 2.7 GeV. This difference is
surprising in view of the small difference of mass between
D and D*. One must see the reason for this behaviour in the
structure of Egs. (B3) and (29). As we mentioned before,
the B~ — D%, reaction gets most of its strength from
the p? term of Eq. (B3) since the m? term is extremely
small. One gets a bigger contribution the larger p2, but
this means a smaller va [see Eq. (8)]. In the case of
B~ — D*%¢"1,, Eq. (29), there are large terms independent
of p and the argument does not hold. In the case of B~ —
D1, and B~ — D*7 1, the m? term is not so small and
the position of the peaks is much closer. The argument
discussed above become even more clear when we look at
the distributions of Fig. 3 for B*~ — D%~p,, B*~ —
D*°e~, and B*~ — Dt ,, B~ — D*°tr"1,. In this case,
ST |1 is given by Egs. (29) and (A6) and both
expression are sizeable in the limit of p - 0, as a
consequence of which, the shapes of the mass distributions
are now very different than in the former case.

B. D and D* decays

In Table V, we show results for D* — K%*v, and
related reactions. We fix our results to the rate for
D" — K~e*wv,. Our results are in fair agreement for other
reactions.

6 T T T T T T T 3 T T T T T T T
=== B~ - D% 7. (a) === B~ - D%, (b)

| =— B~ — D*% 1, | =— B~ = D% i, _
T
% 4 2 -
O,
7
5 L L 4
—
X
Ez 20 1 -
[ 2 o=
"c% "f ~~s~

-
L . L 4
-
.
-
.
0 1 | 1 | 1 |~ 0 1 | 1
0 1 2 3 4 0 1 4

M) [GeV]

mv

MY [GeV]

an

FIG. 2. The differential width of semileptonic decay of B meson decay.
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6 T T T T T T T 3 T T T T T T T
=== B*~ = D% 1, () === B* = D% o, (b)
I =—— B*~ = D% 1, | =——B*~ = D%, 4
T
> 4b 2| 8
[}
<}
T L L ]
=
X
% . - -
Phd M
= "" . = -
-¢ 1
'4 1
hd "I 1 1 1 1 1 ‘I 1 1 1
O0 1 2 3 OO 1 4
MY [GeV] MY GeV]
FIG. 3. The differential width of semileptonic decay of B* meson decay.

In Table VI, we show the results for D* — K*%¢*y,
reaction and related ones. The agreement with experiment
is fair. In particular, if we look at ratios for different final
vectors, we find

BR(D - K*~e'v,)
BR(D{ — ¢etv,)

= 1.02, (36)

when experimentally it is 0.9 + 0.11, which is compatible
with Eq. (36).

TABLE V. Branching ratios for (PP) semileptonic decay of D

meson. We have taken into account that TTD—I =2.54 and
D

T

% = 1.23. For 5 and 1’ production we consider that the weights

D

for the s5 components are % and % respectively.

Decay process BR (Theo.) BR (Exp.) [27]
Dt = K'ty, 8.94 x 1072 (8.8240.13) x 1072
Dt - K%tu, 8.61 x 1072 (8.74 4+ 0.19) x 1072
D’ - K~ety, fit the exp (3.53 £0.028) x 1072
D’ - K~yty, 3.40 x 1072 (3.31 £0.13) x 1072
D - nety, 1.53 x 1072 (2.29 4+0.19) x 1072
Df = nuty, 1.48 x 1072

D} - ety, 5.16 x 1073 (7.4 +1.4)x 1073
Df = uty, 4.87 x 1073

Finally, in Tables VII and VIII, we give for completeness
the rate for D** — K% "y, and D** — K~e* v, and related
reactions. However, the fact that the D* decays strongly
into Dz makes the observation of these modes extremely
difficult, and we do not elaborate further on them.

To finish the section, we show in Fig. 4 the mass
distribution for D° - K~e*v,, D’ — K*"e*v, and
D = K~e*v,, D' - K* e*v,. We can see that the
arguments discussed earlier about the relative peak posi-
tions of these kinds of reactions; J =0, J' = 0 versus
J=0,J"=1landJ=1,J =0versusJ =1,J =1 also

TABLE VII. Widths for (VP) semileptonic decay of D*
mesons in units of ['(D° — K~e"v,).
Decay process I" (Theo.) I' (Exp.)
D+ — Kl*y, 1.25
D™ = K%ty 121
D0 = K=ety, 1.25
D0 - K‘yﬂ/,l 1.22
Dt - pety, 0.44
Dt = nuty, 0.43
Dt - nety, 0.19
Dyt = nuty, 0.18

TABLE VI. The same as Table V but for (PV) case.

Decay process BR (Theo.) BR (Exp.) [27]

D" — K"y, 4.21 %1072 2% (3.66 +0.12) x 1072
Dt - K%y, 3.96x 1072 3% (3.5240.10) x 1072
D’ - K*ety, 1.66 x 1072 (2.15+£0.16) x 1072

D’ - K~ uty, 1.56 x 1072 (1.86 £0.24) x 1072
DY = ¢etu, 1.63 x 1072 (2.39 £0.23) x 1072
D — ¢u'ty, 1.54 x 1072

TABLE VIII. The same as Table VII but for (VV) case.
Decay process I" (Theo.) I' (Exp.)
D't = K0y, 0.85

D = K%y, 0.80

D0 = K*~etu, 0.86

DY - K~ uty, 0.80

Dit - gety, 0.70

Dt = ¢uty, 0.66
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FIG. 4. The differential width of semileptonic decay of D or D* meson decay.

hold in this case, although the changes are not so drastic as
in Fig. 2 because of the restrictions on the phase space
for D° - K*~etu,.

IV. CONCLUSIONS

We have performed the angular momentum algebra in
the evaluation of the weak matrix element in the semi-
leptonic decays of B*), D*) mesons. The matrix elements
of the weak current are evaluated in the rest frame of the v/
pair, which require spinors with finite (and large) momen-
tum, and we obtain finally very simple expressions for the
matrix elements involved and the sum over polarizations of
their modulus squared. In terms of these analytical expres-
sions, we can give easy explanations for peculiarities in the
invariant mass distributions and the ratios of rates for
different reactions. By fixing the normalization of the
theoretical rates to the experimental one of a reaction in
the B sector and another one in the D sector, we can obtain
the rate for the rest of the reactions. The agreement with
experiment is good, with discrepancies for the production
of 7 leptons which we can trace to the different momentum
transfers involved in the production of light e, u leptons and
7 lepton.

One of the output of the study is the prediction of decay
rates for B* and D*, which have been the object of
|

1.1
MO = AA/&YS//{l + BBlp2 — (B + B’)p\/§C<§1§,s,O, S) }

discussion recently since they could be observed in future
measurements of the LHCb Collaboration. We justify that
our predictions for these decay widths should be very
accurate, which can be used in planning experiments to
observe them in the future.
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APPENDIX A: EVALUATION OF THE
MATRIX ELEMENTS

1. Evaluation of M,
We start from the expression of M, in Eq. (15):

(A1)

By looking at the spin third components of Fig. 1, we must combine s, s’ to give JM and s”, s’ to give J'M’. Thus,

we have

s.s's"

1 11 11
__ 7 M ——J-¢" ¢ M VAAL 1 BB’ 2 _ B B’ 1= .
ZC(ZZJ,S,S, >C<22J,s,s, > { + BB'p*— (B+ )p\/§C<2 2,s,0,s>}5M

(A2)
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From here, we conclude that s +s" = M and s” + s’ = M’, and since s = s then M = M'.
For the first two terms in Eq. (A2), we get

ZC(——J s, M —s, M)C(%J' s.M —s, M> =68,y (A3)

For the third term, we have a combination of three Clebsch-Gordan coefficients (CGC). We follow the angular
momentum algebra of Rose [40] and write

11 L, 20 +1 11
C(zzlsM s,M) =(-1) TC<J§§’M’ s, M s),
1, (11,
C<22J s, M — s,M) = (=1)"2 C(ZZJ -5, 8, M|,

1.1 | 2 (11
2L 1) 5 — A4
C(2 2,s,O,S) (=1) \£C<22 s, s,0>, (Ad)

and then

11 11 , 1.1
ZC(EEJ,S,M—S,M)C(EEJ,S,M_va)\/gC<51§’s’0’s)

= (=D)"V2I +1 c( —s, M—s)cG%J’;M—s,s,M)c(;;l s, 0)
= (-)"'V2r+1 x/—Vv(JZJ’E 51)6(11J/;M,0,M), (A5)

where W(- - ) is a Racah coefficient.
Altogether,

= AA/{ (1 + BB/pz)éMMlé‘]‘]/

— (B+ B) pSypy V62T + 1(=1)7'W <J;J’%;%1)C(J1J’;M,O,M)}. (A6)

Calculating explicitly the Racah coefficient and the CGC, we find
(1) J=0,J"=0

= AA'(1 + BB’ p®)8p06u10- (A7)

2 J=0J =1
My = —AA'(B + B") pSyo8yr0- (A8)

B3 J=1,J=0
My = —AA'(B + B") pSy08pr0- (A9)

@ J=1,7=1
My = AA{(1 + BB p*)6ppr — V 28y (B + B pC(111;M,0,M)}. (A10)
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2. Evaluation of N,

As seen in Eq. (17), we had y; — y;y5 written in the spherical basis,
= AA'{1 = Bp(=1)7° = B'p(=1)7" + BB p*(=1)' =" H(5"|0,]s), (A11)
and now we must project over JM and J'M’. Thus, we get the combination

ZC(ZZJ s.s' M)C(EEJ’ 5", s’ M’)x/_C<2 SIS ) (A12)

SSS

which implies s +s' = M and s” +s" = M, and then we get s" + M —s=M',and s+u=s", s+u+M—s=M,

sou=M —-M.
Hence, we get the sum

11 11
:§j ——Jis, M —s,M|C(==J ;M =M+ s,.M—s, M
S C<22J,s, S, >C<22J, + s, s, )
xfc< -M,M - M+s>, (A13)

which goes with the term “1” in the bracket of Eq. (A11).
Permuting indices in the CGC, we have

11 | 2J+1 11
M—s,M) = (=1)75/=/— ——M,—s,M —
C<22Js s, > (—=1)27%4/ 2 C<J22, , =S, S>,

(11
(—1)1—10(22J',M—S,M'—M+s,M'),

\/%C( —1;s,M—M —s,M— M’>
2
\@c( s M —M + 5. M — M) (A14)

1
C(EEJ/ M/ M+S,M—S,M/>

C(ZIE ssM' =M, M - M—i—s)

Then the expression S of Eq. (A13) becomes

: 11
S=(-)"V2J+ 120(]22;M, —s,M—s>

XC(%%J’ ssM —M + s, M’)C( 1;—s -M+s,M - M>
: 1
= (-D)"'V2T +1 \/_W(J J = §1> CUVS ;M. M — M, M). (A15)

The term BB p?(—1)'=" in Eq. (A11) is easy, since s + s = M’ — M and we get the term 1 + BB’ p*(—1)"~M" times

the expression Eq. (A12).
Next we must evaluate the other two terms in Eq. (A11) that have an extra phase,

(s (D = (2D (D (-1, (A16)

Since (—1)M ~M" is not affected by the s sum, we only have one structure to calculate. Incorporating an extra phase in the
sum is not trivial. To finally be able to reduce the sum over s to Racah coefficients, we write
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| 1.1
(=17 = (slo,|s) = \/§C<§1§;s,0,s>. (A17)
We make the permutation
1.1 11
C<§1§;S,M/_M,M/_M+S> = (- 1)6(155 M — M,s,M’—M—i—s), (A18)
and then write
11
C<1§§ M — M,s,M’—M+s> ( M+s,M—s,M'>

11
_ -/ ! -1/ a1y, r ,
_; 2(2j +1)W<1212 5J >c<22J s, M — >C(l] JM =M, M, M. (A19)

By means of the former equation, we have decoupled two CGC depending on s into one depending on s and one
independent of s. We can then combine the three s-dependent coefficients in term of a Racah and find

11 11
ZC( 0ss>C(22],s,M—s,M>C<22 18, M — sM>

= 22" + 1)]W <1;J; % ”>C(1J"J 0.M,M). (A20)

Summing all the terms, we obtain
, 11
Nﬂ:AA/{(1+BB/p2(—1)M‘M)( )] I'Vov2J + 1 W< §,§1>C(11J’;M,M’—M,M/)

1
2
_6(Bp+B/p(_1)M—M’)Z(2j//+1) <1 J = 71]">W< - l;lj//>
2°2 2°2

11

J

x C(1j"J' ;M — M, M, M")C(1;"J;0, M, M) }6,,,Mf_M. (A21)

The sum over j” runs over 0,1 as one can see from the CGC C(33 j"; 5. M — s, M) of Eq. (A20).

We can apply this formula to the particular cases and we find
1 J=0,J=0

N, = —AA'(B + B) p8,083100r0- (A22)
Q) J=0,J =
N, = AA'{(1 + BB p*(-1)™)
+V2(Bp + B p(=1)™M)C(111;M",0, M") }8,1rSps0- (A23)
@) J=1,J=0
N, = AA'{(1 + BB p*(-1)")(=1)™
—~V2(=1)M(Bp + B p(=1)M)C(111;M,0, M) }8,1/8r- (A24)

The minus sign —/2 in Eq. (A24) versus the v/2 sign in Eq. (A23) looks surprising but turns out to be irrelevant in

S 5" |#|* because, as we shall show in the next subsection, the two terms in Egs. (A23) or (A24) do not interfere
when summing over polarizations.
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4 J=1,J=

N, = AA'{(1 + BB p*(-1)MM)V2C(111; M, M' — M, M')

— (Bp + B'p(=1)M=M)5,

—2(Bp + B'p(=1)M=M\C(111;M" = M, M, M')C(111;0, M, M)}8, y—ys- (A25)

APPENDIX B: EVALUTATION OF f S 1e)?
As shown in Eq. (26), we must evaluate

>N I =LOMoM+ LY MoN; + LON; M+ LVN;N;
(B1)

by taking the expressions for M, N, obtained above and
L% from Eq. (5):

L =2

pip] + pipl = pu - pig®” — i p,,pi (B2)
m,m,; '
We make the calculation for each J, J' combination,
recalling that we are evaluating the matrix elements in
the frame of the vl at rest.
1 J=0,7=0

(a) First we evaluate the L% term of Eq. (B1). The
€’ term is zero since a = f =0, By using
Eq. (B2), we find

2(vl)
100 — mj M, —mj (B3)
mymy p

inv

and then summing over the polarizations M, M’,

we find
_ 2(v1)
ZZLOOMOMS — m% Min\l// - m%
M M/ ml/m[ Mlzn(\ljl)
x (AA")*(1 + BB'p?)%.

(B4)

(b) The terms from L% L™ are zero in the sum over
polarizations and integration over phase space.
Indeed, since p, = —p; in the vl rest frame,

pipL + pdpi = pipi - pdpi.  (B5)

and

/ dQp,, — / dQY,,(,) =0. (B6)
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The €”? term is now ¢”%! and

€l)06ipy/)plrf = _€p6ipvppl(7 = €fmipy/)pm =0.
(B7

)

A similar approach can be used for the € term in
all the other cases and one can show that it
always vanishes.

For the term from LN iN’, this evaluation is
made easy recalling that we take p in the z
direction and we found in Eq. (A22) that N, is

proportional to 6,9 (4 = 0, i = 3). Hence, we get
L3N;3N; = LBNyNG, (B8)
and

2
m,m
2
mym,;
2

2
= {——p3+EyEz+p5}, (B9)
m,m; 3

L33 —

{2P13Pus + 03301 - Do}

{_2[31/3[31/3 + EuEl + [312/}

where the last step uses the fact p,, p,; becomes
16;;p? upon integration over dQ(p, ) in the phase
space.

Then we find

— . . 2 | 1,
> S LUNNy =—"— |EE, + p?
T m,m; 3
x (AA')*(B + B')*p?,
(B10)
and altogether
2(vl
S o = (A2 (M i)
mym; M2<Dl)

x (1 + BB'p?)?

N |
+ 2<EZ,E, +i93> (B + B’)2p2}.

3
(B11)
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@ =0, = ' meN Z )*PuaN

(a) Using Egs. (A8) and (B3), we find

—_— 4
Z Z LOOMOM(’; ZPIAN vaﬂN (Bl )

m2 Mz(”l) 2

inv._ — M . .
= mprlnl V20D l (AA")*(B + B')*p>. One evaluates first the p,;p,; term, writes
B12
( ) 5 47[~ R
0i . . . Pva = 7puY]a(pb)’ (BIS)
(b) The e term and L also vanish when integrating 3
over dQ(p,).
(c) For the term from LV/N iN; we need Eq. (A23) and uses that
and
L= 2 2plpl +5y(pep)). (BID) [ Yo ripaap) <oy (B0
We now write in the spherical basis and we get
|
— 4 4 1
> PLPIN:NG = (AA")? 2 PZoo
M M muml mzzml 3

x {(1+ BB p*(-1)™) 4 \/2(Bp + B'p(-1)™)C(111; M0, M")}*.  (B17)

Explicit evaluation of the square of the bracket and the sum over M, M’ gives at the end

Z,mm

4 1
= (AA’)Zgﬁlz,{S — 6BB'p? + 2(B* 4+ B”?)p* + 3(BB'p?)*}. (B18)

The term &;;(p, - p¢)N;N; is evaluated in the same way, and we find
TS
MM

2 |
= (AA")? <E1,E, +3 ,33) {3 - 6BB'p?> + 2(B* + B"*)p* + 3(BB'p*)*}, (B19)

m,m,

and summing the LM M; contribution, we obtain at the end

I AA’ 2 l
S Y=o (BB s a2 )5 - onp?
M M m,m; 3

2 M2(ul) —m2
+2(BZ+B/2)p2+3(BB’p2)2]—I—ml( m;( ; my)
M.

mnv

(B + B’)zpz}. (B20)

B3)J=1,J=0
We obtain the same result as before, but must multiply by % to take into account the average over the initial
polarizations.
@ J=1,J=
(a) LM M} term
We need the expression of Eq. (A10). We can see that, in MyM;, we have terms like
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> C(111;M,0,M) =0,
M

1 1
> C(111:M.0.M)C(1, 1. 1:M.0.M) = 5+ 0+ = 1, (B21)
M
then
_ 2 2(vl) 2
00 . _ o My My, —my ) ava 2 "2 .2
EM ME/ L®M\M§ = (AA') T ) {(1+BBp) +§(B+B) P } (B22)

(b) For the same reasons as before LYM,N*, L'°N;M} vanish in the integration over phase space.
(¢) LYN;Nj term
LY is given by Eq. (B13), proceeding as we have done before. The extra CGC in this term are easily handled
since C(111;0,0,0), and the other coefficients are all % except for a phase. We need the expression of Eq. (A25),
and we can easily see that in the sum over M, M’ the three terms of this equation do not interfere. Explicit
bookkeeping and some algebra allow us to write, finally,

= 1(AAN? (3m2(M*™) — 2 2
ZZMZ_’( ) { l( H;Epl) l) [(1 +BB/p2)2 +3(B+B/)2p2:|
M M

3 mym,

I
+2 (EUEI + 5133) (64 7(B* + B?)p* —4BB'p* + 6(BB’p2)2]}.

M

(B23)
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