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In orbifold family unification on the basis of SUðNÞ gauge theory on the six-dimensional space-time
M4 × T2=Zm (m ¼ 2, 3, 4, 6), enormous numbers of models with three families of the standard model
matter multiplets are derived from a massless Dirac fermion in a vectorlike representation ½N;3�þ½N;N−3�
of SUðNÞ (N ¼ 8, 9). They contain models with three or more than three neutrino singlets and without
any non-Abelian continuous flavor gauge symmetries. The relationship between flavor numbers from a
fermion in ½N;N − k� and those from a fermion in ½N; k� are studied from the viewpoint of charge
conjugation.
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I. INTRODUCTION

One of the most intriguing riddles in particle physics is
the origin of family replication in standard model (SM)
matter multiplets. Various investigations have been per-
formed, using models on the four-dimensional Minkowski
space-time M4 [1–7], but, in most cases, we encounter
difficulties relating to the chiralness of fermions.
Concretely, chiral fermions do not, in general, come from
a fermion in an anomaly-free representation of a large
gauge group, e.g., 2n−1 for SOð2nÞ (n ≥ 6), or a vectorlike
(nonchiral) set of representations, e.g., N þ N for SUðNÞ,
as an extension of grand unified theories (GUTs). In
most cases, particles with opposite quantum numbers
under the SM gauge group SUð3ÞC × SUð2ÞL ×Uð1ÞY ,
called mirror particles, appear and the survival hypothesis
is adopted to get rid of them from the low-energy
spectrum. Then, the SM family members can also
disappear. Here, the survival hypothesis is stated such
that if a symmetry is broken down into a smaller one at a
scale MS, then any fermion mass terms invariant under
the smaller group induce fermion masses of OðMSÞ and
such heavy fermions disappear from the low-energy
spectrum [3,8].1

The above difficulty can be overcome by extending the
structure of space-time. That is, extra particles, including
mirror ones, can be eliminated using an orbifold breaking
mechanism, as originally proposed in superstring theory
[9–11]. Hence, a candidate realizing the family unification
is an extension of GUTs defined on a higher-dimensional
space-time including an orbifold.2 These studies have been
carried out intensively [14–25], and three replicas of matter
multiplets are derived from characteristics of extra dimen-
sions. For instance, three replication SUð5Þ multiplets have
been derived from a single bulk fermion in the rank k totally
antisymmetric tensor representation ½N; k� (N ≥ 9) of
SUðNÞ onM4 × S1=Z2 [20]. Enormous numbers of models
with three families of the SM matter multiplets have been
obtained from a single massless Dirac fermion in ½N; k�
(N ≥ 9) of SUðNÞ onM4 × T2=Zm (m ¼ 2, 3, 4) [23]. The
relationship between the flavor numbers of chiral fermions
and the Wilson line phases has been studied in these models
[26]. Using models originated from SUð9Þ gauge theory on
M4 × T2=Z2, their reality has been examined from the
structure of the Yukawa interactions [27].
In Ref. [23], we find that the number of neutrino singlets

is less than 3, the smallest gauge group is SUð9Þ, and most
models contain an extra non-Abelian continuous gauge
group relating to a flavor symmetry, under the precondition
that three SM families are derived from a massless
Dirac fermion in a chiral representation ½N; k� of SUðNÞ.
Then, we need extra neutrino singlets to produce massive
neutrinos and extra scalar fields to break extra gauge
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1There is a possibility that extra particles are confined at a
high-energy scale by some strong dynamics [2,6].

2Five-dimensional supersymmetric GUTs on M4 × S1=Z2

possess the attractive feature that the triplet-doublet splitting of
Higgs multiplets is elegantly realized [12,13].
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symmetries. By changing the precondition such that three
SM families are derived from a massless Dirac fermion in a
vectorlike representation ½N; k� þ ½N;N − k� of SUðNÞ,
there is a possibility that some models possess features
such that the number of neutrino singlets is 3 or more than
3, the smallest gauge group is less than SUð9Þ, and all extra
gauge symmetries are Abelian. Furthermore, extra gauge
symmetries could be broken down by the vacuum expect-
ation values of superpartners of neutrino singlets.
In this paper, we study the possibility of family uni-

fication on the basis of SUð8Þ and SUð9Þ gauge theory on
M4 × T2=Zm, using the method in Refs. [20,23]. We
investigate whether or not three families of the SM matter
multiplets are derived from a single massless Dirac fermion
in a vectorlike representation ½8; k� þ ½8; 8 − k� or ½9; k� þ
½9; 9 − k�, through the orbifold breaking mechanism. We
clarify the relationship between flavor numbers from a
fermion in ½N;N − k� and those from a fermion in ½N; k�
from the viewpoint of charge conjugation.
The contents of this paper are as follows. In Sec. II, we

provide general arguments on the orbifold breaking based
on the two-dimensional orbifold T2=Zm. In Sec. III, we
give formulas for numbers of the SM matter multiplets. In
Sec. IV, we study the possibility of the family unification in
six-dimensional SUð8Þ and SUð9Þ gauge theories contain-
ing a massless Dirac fermion in a vectorlike representation.
Section V is devoted to conclusions and discussions.

II. Zm ORBIFOLD BREAKING, FERMIONS, AND
DECOMPOSITION OF FIELD

We explain the orbifold T2=Zm (m ¼ 2, 3, 4, 6), a six-
dimensional fermion and a decomposition of field in ½N; k�.

A. Zm orbifold breaking

On a two-dimensional lattice T2, the points zþ e1 and
zþ e2 are identified with the point z, where e1 and e2 are
basis vectors and z takes a complex value. The orbifold
T2=Zm is obtained by dividing T2 by the Zm transformation
z → ρz, where ρ is the mth root of unity ðρm ¼ 1Þ.
Then, z is identified with ρz, or z is identified with
ρkzþ ae1 þ be2, where k, a, and b are integers. For more
details, see Appendix A.
We explain the Zm transformation properties of a

six-dimensional scalar field Φðx; z; zÞ, using T2=Z3,
whose basis vectors are given by e1 ¼ 1 and e2 ¼ i. The
extension of other fields (fermions and gauge bosons) and
other orbifolds is straightforward. From the requirement
that the Lagrangian density L should be invariant under
the Z3 transformations s0∶z → ωz and s1∶z → ωzþ 1

(ω ¼ e2πi=3) or it should be a single-valued function,

LðΦðx;ωz;ω zÞÞ ¼ LðΦðx; z; zÞÞ;
LðΦðx;ωzþ 1;ω zþ1ÞÞ ¼ LðΦðx; z; zÞÞ; ð2:1Þ

the boundary conditions of fields on T2=Z3 are determined
up to some overall Z3 factors, which we refer to as
intrinsic Z3 elements of fields and denote as ηaΦ corre-
sponding to the Z3 transformations sa (a ¼ 0, 1). When
Φ is a multiplet of some transformation group G concern-
ing some internal symmetries (including gauge sym-
metries), L should be invariant under the transformation
Φðx; z; zÞ → Φ0ðx; z; zÞ ¼ TΦΦðx; z; zÞ, such that

LðTΦΦðx; z; zÞÞ ¼ LðΦðx; z; zÞÞ; ð2:2Þ

where TΦ is a representation matrix of G on Φ. For
instance, if a theory has SUðNÞ gauge symmetry, L is,
in general, invariant under a (global) UðNÞ transformation,
i.e., G ¼ UðNÞ. From (2.1) and (2.2), the following
boundary conditions on Φ are allowed:

Φðx;ωz;ω zÞ ¼ TΦ½U0; η0Φ�Φðx; z; zÞ;
Φðx;ωzþ 1;ω zþ1Þ ¼ TΦ½U1; η1Φ�Φðx; z; zÞ; ð2:3Þ

where TΦ½U0; η0Φ� and TΦ½U1; η1Φ� represent appropriate
representation matrices, which are elements ofG onΦ. The
TΦ½Ua; ηaΦ� are factorized into TΦ½Ua; ηaΦ� ¼ ηaΦT̃Φ½Ua�
(a ¼ 0, 1), using representation matrices Ua for the
fundamental representations of G and the intrinsic Z3

elements ηaΦ [see (2.13)], and some relations can appear
among the intrinsic Z3 elements [see (2.6) or (B20)].
Arbitrary U0 and U1 can be diagonalized by using a global
unitary transformation and a local gauge transformation or
each equivalence class of boundary conditions contains
diagonal representatives [28]. Hence we use diagonal
ones later.
We list basis vectors and the transformations relating to

identifications of points on T2=Zm, and we denote its
representation matrices for the fundamental representation
as Ua (a ¼ 0, 1, 2 for T2=Z2; a ¼ 0, 1 for T2=Z3 and
T2=Z4; and a ¼ 0 for T2=Z6) in Table I [29,30]. Note that
there is a choice in transformations independently of
each other.
Components of Φ possess discrete charges associated

with eigenvalues of TΦ½Ua; ηaΦ�. When the eigenvalues are
given as e2πil=m (l ¼ 0; 1;…; m − 1), the discrete charges
are assigned as numbers l=m. We refer to e2πil=m as Zm
elements. In the absence of contributions from the Wilson
line phases, the massless six-dimensional fields whose Zm
elements for all a are equal to 1 contain zero modes, but
those including a Zm element different from 1 do not
contain zero modes.3 Here, zero modes mean four-dimen-
sional massless fields. If the size of extra dimensions is
small enough, massive modes called Kaluza-Klein modes

3In the presence of nonvanishing Wilson line phases, gauge
symmetries and particle spectra are rearranged via the Hosotani
mechanism [31–34].
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do not appear in low-energy theories. Unless all compo-
nents of a nonsinglet field have a common Zm charge,
a symmetry reduction occurs upon compactification.
This type of symmetry breaking mechanism is called an
“orbifold breaking mechanism.”4

B. Fermions

We explain fermions in six dimensions. For more details,
see Appendix B. A massless Weyl fermion in six dimen-
sions is regarded as a Dirac fermion or a pair of Weyl
fermions with opposite chiralities in four dimensions. The
six-dimensional Dirac fermion consists of two six-dimen-
sional Weyl fermions such that

Ψþ ¼ 1þ Γ7

2
Ψ ¼

�
ψþL

ψþR

�
;

Ψ− ¼ 1 − Γ7

2
Ψ ¼

�
ψ−R

ψ−L

�
; ð2:4Þ

where Ψþ and Ψ− are fermions with positive and negative
chirality, respectively, and Γ7 is the chirality operator in six
dimensions. Here and hereafter, the subscript � and LðRÞ
stand for the chiralities in six and four dimensions,
respectively. The charge conjugation of a six-dimensional
Dirac fermion Ψ is defined as

Ψc ≡ BΨ�; B−1ΓMB ¼ −ðΓMÞ�; ð2:5Þ

where ΓM (M ¼ 0, 1, 2, 3, 5, 6) are six-dimensional gamma
matrices, B ¼ −iΓ7Γ2Γ5 up to a phase factor, and the
asterisk � means the complex conjugation.5 Note that the
chirality in six dimensions does not flip under the charge
conjugation, as shown in (B12) and (B13).
From the Zm invariance of the kinetic term and the

transformation property of the covariant derivatives
Dz → ρDz and Dz → ρDz with ρð¼ρ�Þ ¼ e−2πi=m and
ρ ¼ e2πi=m, we have the relations

ηaþR ¼ ρηaþL; ηa−R ¼ ρηa−L; ð2:6Þ
where z≡ x5 þ ix6 and z≡ x5 − ix6, and ηa�LðRÞ are the
intrinsic Zm elements of ψ�LðRÞ. For the derivation of (2.6),
see (B14)–(B20).
Chiral gauge theories including Weyl fermions in even-

dimensional space-time become, in general, anomalous in
the presence of gauge anomalies, gravitational anomalies,
mixed anomalies, and/or a global anomaly [43,44]. Here
we consider a nonsupersymmetric model for simplicity.
In SUðNÞ gauge theories in six dimensions, the global
anomaly is absent because of π6ðSUðNÞÞ ¼ 0 for N ≥ 4.
Here, π6ðSUðNÞÞ is the sixth homotopy group of SUðNÞ.
Other anomalies must be canceled out by the contributions
from several fermions. For instance, they are canceled out
by the contributions from fermions with different chiralities
such as ðΨrþ;Ψr

−Þ, where r stands for the r-dimensional
representation of SUðNÞ. Each pair in ðΨrþ;Ψr

−Þ; ðΨrþ;Ψr
−Þ;

and ðΨrþ;Ψr
−Þ does not contribute to the anomalies, where r

stands for the complex conjugate representation of r.
It is understood that the cancellation in six dimensions
occurs from the fact that the gauge anomaly is proportional
to a group-theoretical factor such asX

Ψþ

StrðTa1Ta2Ta3Ta4Þ −
X
Ψ−

StrðTa1Ta2Ta3Ta4Þ; ð2:7Þ

where Str stands for the trace over the symmetrized product
of the gauge group generators Tai , and this trace is invariant
under the exchange between Tai and −ðTaiÞ�, correspond-
ing to the exchange between a fermion in r and one in r.
The gravitational anomaly is canceled out, if the following
condition is fulfilled:

Nþ ¼ N−; ð2:8Þ
where N� are the numbers (including degrees of freedom)
of Ψ�.

C. Decomposition of representation

With suitable diagonal representation matrices Ua, the
SUðNÞ gauge group is broken down into its subgroup such
that

SUðNÞ→ SUðp1Þ× SUðp2Þ× � � �× SUðpnÞ×Uð1Þn−n0−1;
ð2:9Þ

TABLE I. The characters of T2=Zm.

T2=Zm Basis vectors Transformations Representation matrices

T2=Z2 1; i z → −z; z → 1 − z; z → i − z U0, U1, U2

T2=Z3 1; e2πi=3 z → e2πi=3z; z → e2πi=3zþ 1 U0, U1

T2=Z4 1; i z → iz; z → izþ 1 U0, U1

T2=Z6 1; ð−3þ i
ffiffiffi
3

p Þ=2 z → eπi=3z U0

4The Z2 orbifolding was used in superstring theory [35] and
heterotic M-theory [36,37]. In field theoretical models, it was
applied to the reduction of global supersymmetry (SUSY)
[38,39], which is an orbifold version of the Scherk-Schwarz
mechanism [40,41], and then to the reduction of gauge symmetry
[42].

5In this paper, the complex conjugation is also represented by
the overlined one.
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where N ¼ p1 þ p2 þ � � � þ pn. Here and hereafter, SUð1Þ
unconventionally stands for Uð1Þ, SUð0Þ means nothing,
and n0 is a sum of the number of SUð0Þ. A concrete form of
Ua will be given in the next section.
After the breakdown of SUðNÞ, the rank k totally

antisymmetric tensor representation ½N; k�, whose dimen-
sion is NCk, is decomposed into a sum of multiplets of the
subgroup SUðp1Þ × SUðp2Þ × � � � × SUðpnÞ as

½N; k� ¼
Xk
l1¼0

Xk−l1
l2¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ðp1
Cl1

; p2
Cl2

;…; pn
Cln

Þ;

ð2:10Þ

where ln ¼ k − l1 − � � � − ln−1 and our notation is that
nCl ¼ 0 for l > n and l < 0. Here and hereafter, we use
nCl instead of ½n; l� in many cases. We sometimes use the
ordinary notation for representations too, e.g., N and N in
place of NC1 and NCN−1.
The ½N; k� is constructed by the antisymmetrization of

the k-ple product of the fundamental representation
N ¼ ½N; 1�:

½N; k� ¼ ðN ×… × N|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
k

ÞA; ð2:11Þ

where a tiny subscript Ameans the antisymmetrization. For
Weyl fermions Ψ� in ½N; k�, the boundary conditions are
given by

Ψ�ðx; ρz; ρ zÞ ¼ TΨ�½Ua; η
ðkÞ
a��Ψ�ðx; z; zÞ; ð2:12Þ

where TΨ�½Ua; η
ðkÞ
a�� stand for appropriate representation

matrices, which are elements of UðNÞ on Ψ�, Ua are the
representation matrices for the fundamental representation,

and ηðkÞa� are the intrinsic Zm elements of Ψ� in ½N; k�. We

omit the subscripts L and R on ηðkÞa�, for simplicity. Note that

there are relations such as (2.6) between ηðkÞa�L and ηðkÞa�R.
Using (2.11) and (2.12), the Zm transformation property of
½N; k� can be expressed by

ðN ×… × NÞA → ηðkÞa�ððUaNÞ ×… × ðUaNÞÞA: ð2:13Þ

By definition, ηðkÞa� take values of Zm elements, i.e., e2πil=m

(l ¼ 0; 1;…; m − 1). Note that ηðkÞaþ are not necessarily the

same as ηðkÞa−, and the chiral symmetry is still respected.
In the same way, the ½N;N − k� is constructed by the

antisymmetrization of the (N − k)-ple product of N,

½N;N − k� ¼ ðN ×… × N|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
N−k

ÞA; ð2:14Þ

or it is also constructed by the antisymmetrization of the
k-ple product of the complex conjugate representation N:

½N;N − k� ¼ ½N; k� ¼ ðN ×… × N|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
k

ÞA: ð2:15Þ

Using (2.15), the Zm transformation property is given by

ðN ×… × NÞA → η̃ðkÞa�ððU�
aNÞ ×… × ðU�

aNÞÞA; ð2:16Þ

where U�
a are the complex conjugations of Ua, and η̃ðkÞa� are

the intrinsic Zm elements of Ψ� in ½N; k�. If the field in
½N; k� is obtained by the charge conjugation of that in ½N; k�,
we have relations η̃ðkÞa� ¼ ηðkÞa�. Strictly speaking, in this case,

the relations are written as η̃ðkÞa�R ¼ ηðkÞa�L and η̃ðkÞa�L ¼ ηðkÞa�R,
because the four-dimensional chirality changes under the
charge conjugation. If a field in ½N; k� is independent of that
in ½N; k�, there is no relation between ηðkÞa� and η̃ðkÞa�.

III. FORMULAS FOR NUMBERS
OF SM SPECIES

Let us investigate the family unification with the break-
ing pattern:

SUðNÞ → SUð3Þ × SUð2Þ × SUðp3Þ
× � � � × SUðpnÞ ×Uð1Þn−n0−1; ð3:1Þ

where SUð3Þ and SUð2Þ are identified with SUð3ÞC and
SUð2ÞL in the SM gauge group. After the breakdown of
SUðNÞ, ½N; k� is decomposed into a sum of multiplets as

½N; k� ¼
Xk
l1¼0

Xk−l1
l2¼0

Xk−l1−l2
l3¼0

� � �

×
Xk−l1−���−ln−2

ln−1¼0

ð3Cl1
; 2Cl2

; p3
Cl3

;…; pn
Cln

Þ: ð3:2Þ

The flavor numbers of down-type antiquark singlets
ðdRÞc, lepton doublets lL, up-type antiquark singlets ðuRÞc,
positron-type lepton singlets ðeRÞc, and quark doublets qL
are denoted as nd, nl, nu, ne, and nq, respectively. Using the
survival hypothesis and the equivalence on charge con-
jugation in four dimensions, we define the flavor number of
each SM chiral fermion as

nd ≡ ð♯ð3C2; 2C2ÞL − ♯ð3C1; 2C0ÞLÞ
− ð♯ð3C2; 2C2ÞR − ♯ð3C1; 2C0ÞRÞ; ð3:3Þ

nl ≡ ð♯ð3C3; 2C1ÞL − ♯ð3C0; 2C1ÞLÞ
− ð♯ð3C3; 2C1ÞR − ♯ð3C0; 2C1ÞRÞ; ð3:4Þ
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nu ≡ ð♯ð3C2; 2C0ÞL − ♯ð3C1; 2C2ÞLÞ
− ð♯ð3C2; 2C0ÞR − ♯ð3C1; 2C2ÞRÞ; ð3:5Þ

ne ≡ ð♯ð3C0; 2C2ÞL − ♯ð3C3; 2C0ÞLÞ
− ð♯ð3C0; 2C2ÞR − ♯ð3C3; 2C0ÞRÞ; ð3:6Þ

nq ≡ ð♯ð3C1; 2C1ÞL − ♯ð3C2; 2C1ÞLÞ
− ð♯ð3C1; 2C1ÞR − ♯ð3C2; 2C1ÞRÞ; ð3:7Þ

where ♯ represents the number of zero modes for each
multiplet. The SM singlets are regarded as the right-handed
neutrinos, which can obtain heavy Majorana masses among
themselves as well as the Dirac masses with left-handed
neutrinos. Some of them can be involved in the seesaw
mechanism [2,45,46]. The total number of (heavy)
neutrino singlets ðνRÞc and/or νR is denoted by nν and
defined as

nν ≡ ♯ð3C0; 2C0ÞL þ ♯ð3C3; 2C2ÞL þ ♯ð3C0; 2C0ÞR
þ ♯ð3C3; 2C2ÞR: ð3:8Þ

From (3.2), the number of zero modes for each multiplet
is given by the formulas

♯ð3Cl1
; 2Cl2

ÞL ¼
Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

Pmk�Lp3
Cl3

� � � pn
Cln

;

ð3:9Þ

♯ð3Cl1
; 2Cl2

ÞR ¼
Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

Pmk�Rp3
Cl3

� � � pn
Cln

;

ð3:10Þ
where the Pmk�LðRÞ (m ¼ 2, 3, 4, 6) are projection
operators to pick out zero modes of ψ�LðRÞ in ½N; k�,
and they are listed in Table II.
In Table II, φ ¼ eiπ=3 and φ ¼ e−iπ=3, and each operator

is defined by

Pðð−1Þn0 ;ð−1Þn1 ;ð−1Þn2 Þ
2k� ≡ 1

8
f1þ ð−1Þn0PðkÞ

0�gf1þ ð−1Þn1PðkÞ
1�gf1þ ð−1Þn2PðkÞ

2�g; ð3:11Þ

Pðωn0 ;ωn1 Þ
3k� ≡ 1

9
f1þ ωn0PðkÞ

0� þ ω2n0ðPðkÞ
0�Þ2gf1þ ωn1PðkÞ

1� þ ω2n1ðPðkÞ
1�Þ2g; ð3:12Þ

Pðin0 ;in1 Þ
4k� ≡ 1

16
f1þ ð−iÞn0PðkÞ

0� þ ð−iÞ2n0ðPðkÞ
0�Þ2 þ ð−iÞ3n0ðPðkÞ

0�Þ3g

× f1þ ð−iÞn1PðkÞ
1� þ ð−iÞ2n1ðPðkÞ

1�Þ2 þ ð−iÞ3n1ðPðkÞ
1�Þ3g; ð3:13Þ

Pðφn0 Þ
6k� ≡ 1

6
f1þ φn0PðkÞ

0� þ φ2n0ðPðkÞ
0�Þ2 þ φ3n0ðPðkÞ

0�Þ3 þ φ4n0ðPðkÞ
0�Þ4 þ φ5n0ðPðkÞ

0�Þ5g; ð3:14Þ

where n0, n1, and n2 are integers, and PðkÞ
a� are the Zm elements determined by Ua and η

ðkÞ
a�LðRÞ, as will be given below. For

instance, Pðωn0 ;ωn1 Þ
3k� is a projection operator to pick out modes with PðkÞ

0� ¼ ωn0 and PðkÞ
1� ¼ ωn1 in Ψ�.

From (3.3)–(3.10), we obtain following formulas for the SM species and neutrino singlets derived from a pair of six-
dimensional Weyl fermions ðΨþ;Ψ−Þ in ½N; k�,

ndj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð2;2Þ;ð1;0Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2Pmk�p3
Cl3

� � � pn
Cln

; ð3:15Þ

nlj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð3;1Þ;ð0;1Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2Pmk�p3
Cl3

� � � pn
Cln

; ð3:16Þ

nuj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð2;0Þ;ð1;2Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2Pmk�p3
Cl3

� � � pn
Cln

; ð3:17Þ

TABLE II. The projection operators Pmk�LðRÞ.

T2=Zm PmkþL PmkþR Pmk−L Pmk−R

T2=Z2 Pð1;1;1Þ
2kþ Pð−1;−1;−1Þ

2kþ Pð1;1;1Þ
2k− Pð−1;−1;−1Þ

2k−

T2=Z3 Pð1;1Þ
3kþ Pðω̄;ω̄Þ

3kþ Pð1;1Þ
3k− Pðω;ωÞ

3k−

T2=Z4 Pð1;1Þ
4kþ Pð−i;−iÞ

4kþ Pð1;1Þ
4k− Pði;iÞ

4k−

T2=Z6 Pð1Þ
6kþ Pðφ̄Þ

6kþ Pð1Þ
6k− PðφÞ

6k−
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nej½N;k� ¼
X
�

X
ðl1;l2Þ¼ð0;2Þ;ð3;0Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2Pmk�p3
Cl3

� � � pn
Cln

; ð3:18Þ

nqj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð1;1Þ;ð2;1Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2Pmk�p3
Cl3

� � � pn
Cln

; ð3:19Þ

nνj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð0;0Þ;ð3;2Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

PðνÞ
mk�p3

Cl3
� � � pn

Cln
; ð3:20Þ

where Pmk� and PðνÞ
mk� are defined by

Pmk� ≡ Pmk�L − Pmk�R; PðνÞ
mk� ≡ Pmk�L þ Pmk�R;

ð3:21Þ

respectively. By the insertion of ð−1Þl1þl2 , we obtain
♯ð3Cl1

; 2Cl2
ÞLðRÞ for l1 þ l2 ¼ even integer and

−♯ð3Cl1
; 2Cl2

ÞLðRÞ for l1 þ l2 ¼ odd integer. Although
the above formulas (3.15)–(3.19) are derived with no
consideration for the Wilson line phases, they still hold
for the case with nonvanishing Wilson line phases relating
to extra gauge symmetries, thanks to a hidden quantum-
mechanical supersymmetry [26].

We explain how the Zm elements PðkÞ
a� of multiplets

in ð3Cl1
; 2Cl2

;…; pn
Cln

Þ decomposed from Ψ� in
½N;k�ð¼NCkÞ are determined by the intrinsic Zm elements

ηðkÞa� and the representation matrices Ua for the fundamental
representation N ¼ ½N; 1�. Here, Ψ� are six-dimensional
Weyl fermions in ½N; k�, and those boundary conditions are
specified by representation matrices TΨ�½Ua; η

ðkÞ
a��, which

are factorized into TΨ�½Ua; η
ðkÞ
a�� ¼ ηðkÞa�T̃Ψ�½Ua�, using

overall factors ηðkÞa� intrinsic to fields and NCk × NCk

matrices T̃Ψ�½Ua�. Because PðkÞ
a� are obtained as eigenval-

ues of TΨ�½Ua; η
ðkÞ
a��, we need to know how TΨ�½Ua; η

ðkÞ
a��

act as multiplets in ð3Cl1
; 2Cl2

;…; pn
Cln

Þ. The components
of Ψ� are written in the form of the antisymmetrization of
the k-ple product of N, such as ½N; k� ¼ ðN ×… × NÞA,
where a tiny subscript A means the antisymmetrization,

and the operation of TΨ�½Ua; η
ðkÞ
a�� on ½N; k� is given by

ηðkÞa�ððUaNÞ ×… × ðUaNÞÞA. We consider a simple exam-
ple of a Z2 element with U0 ¼ diagð½þ1�p1

; ½−1�p2
Þ where

½�1�pi
represents �1 for all pi elements. Then the ½N; k� of

SUðNÞ is decomposed into a sum of multiplets of
SUðp1Þ × SUðp2Þ as ½N; k� ¼ P

k
l1¼0 ðp1

Cl1
; p2

Cl2
Þ, where

N ¼ p1 þ p2 and k ¼ l1 þ l2. From the observation that
ðp1

Cl1
; p2

Cl2
Þ is multiplied by þ1 l1 times and multiplied

by −1 l2 times through the operation of TΨ�½U0; η
ðkÞ
0��

on ½N; k�, we see the Z2 element of ðp1
Cl1

; p2
Cl2

Þ as

PðkÞ
0� ¼ ηðkÞ0�ðþ1Þl1ð−1Þl2 ¼ ð−1Þl1−kηðkÞ0�, where we use

k ¼ l1 þ l2 and ð−1Þn ¼ ð−1Þ−n (n is an integer). In this

way, if ηðkÞa� and Ua are given, P
ðkÞ
a� are determined for each

multiplet, as will be done below.
We take the representation matrices for T2=Z2,

U0 ¼ diagð½þ1�p1
; ½þ1�p2

; ½þ1�p3
; ½þ1�p4

; ½−1�p5
; ½−1�p6

; ½−1�p7
; ½−1�p8

Þ;
U1 ¼ diagð½þ1�p1

; ½þ1�p2
; ½−1�p3

; ½−1�p4
; ½þ1�p5

; ½þ1�p6
; ½−1�p7

; ½−1�p8
Þ;

U2 ¼ diagð½þ1�p1
; ½−1�p2

; ½þ1�p3
; ½−1�p4

; ½þ1�p5
; ½−1�p6

; ½þ1�p7
; ½−1�p8

Þ; ð3:22Þ

where ½�1�pi
represents �1 for all pi elements. Then, the Z2 elements PðkÞ

a� of ð3Cl1
; 2Cl2

;…; pn
Cln

Þ are determined as

PðkÞ
0� ¼ ð−1Þl1þl2þl3þl4−kηðkÞ0�;

PðkÞ
1� ¼ ð−1Þl1þl2þl5þl6−kηðkÞ1�;

PðkÞ
2� ¼ ð−1Þl1þl3þl5þl7−kηðkÞ2�: ð3:23Þ

In the same way, with the representation matrices for T2=Z3,
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U0 ¼ diagð½1�p1
; ½1�p2

; ½1�p3
; ½ω�p4

; ½ω�p5
; ½ω�p6

; ½ω�p7
; ½ω�p8

; ½ω�p9
Þ;

U1 ¼ diagð½1�p1
; ½ω�p2

; ½ω�p3
; ½1�p4

; ½ω�p5
; ½ω�p6

; ½1�p7
; ½ω�p8

; ½ω�p9
Þ; ð3:24Þ

we obtain the relations

PðkÞ
0� ¼ ωl1þl2þl3þ2ðl4þl5þl6Þ−kηðkÞ0�;

PðkÞ
1� ¼ ωl1þl4þl7þ2ðl2þl5þl8Þ−kηðkÞ1�: ð3:25Þ

With the representation matrices for T2=Z4,

U0 ¼ diagð½þ1�p1
; ½þ1�p2

; ½þi�p3
; ½þi�p4

; ½−1�p5
; ½−1�p6

; ½−i�p7
; ½−i�p8

Þ;
U1 ¼ diagð½þ1�p1

; ½−1�p2
; ½−i�p3

; ½þi�p4
; ½−1�p5

; ½þ1�p6
; ½þi�p7

; ½−i�p8
Þ; ð3:26Þ

we obtain the relations

PðkÞ
0� ¼ il1þl2þ2ðl3þl4Þþ3ðl5þl6Þ−kηðkÞ0�;

PðkÞ
1� ¼ il1þl6þ2ðl4þl7Þþ3ðl2þl5Þ−kηðkÞ1�: ð3:27Þ

With the representation matrix for T2=Z6,

U0 ¼ diagð½1�p1
; ½φ�p2

; ½φ2�p3
; ½φ3�p4

; ½φ4�p5
; ½φ5�p6

Þ;
ð3:28Þ

we obtain the relations

PðkÞ
0� ¼ φl1þ2l2þ3l3þ4l4þ5l5−kηðkÞ0�: ð3:29Þ

The subscripts L and R on the intrinsic Zm elements are
omitted in (3.23), (3.25), (3.27), and (3.29). When we use

ones with L or R, ηðkÞa�R are determined from ηðkÞa�L as

ηðkÞaþR ¼ ρηðkÞaþL; ηðkÞa−R ¼ ρηðkÞa−L; ð3:30Þ

as seen from (2.6). Intrinsic Zm elements satisfy the
consistency conditions such as (A4), (A8), and the corre-
sponding ones for T2=Z4 and T2=Z6. Hence the product of

ηðkÞ0� and ηðkÞ1� should be 1 or −1 for T2=Z4.
In Appendix C, we give formulas for flavor numbers

from a fermion in ½N; k�ð¼½N;N − k�Þ and study the
relationship between flavor numbers from a fermion in
½N; k� and those from a fermion in ½N; k� from the viewpoint
of charge conjugation.

IV. ORBIFOLD FAMILY UNIFICATION USING
VECTORLIKE REPRESENTATION

Now, we study whether or not three families of the SM
mattermultiplets are derived from amassless six-dimensional
Dirac fermion (or a pair of six-dimensionalWeyl fermions) in
a vectorlike representation ½N; k� þ ½N;N − k� of SUðNÞ
(N ¼ 8, 9), through the orbifold breaking mechanism.
First, we explain that complete three SMfamilies cannot be

derived from a Dirac fermion in ½N; 1� þ ½N;N − 1� or
½N; 2� þ ½N;N − 2� of SUðNÞ in our setup given in the
previous section. After the breakdown of SUðNÞ, dR and
ðlLÞc can appear from aDirac fermion in ½N; 1� and ðdRÞc and
lL can appear from a Dirac fermion in ½N;N − 1�, but qL,
ðuRÞc, and ðeRÞc cannot come from them. In the same way,
after the breakdown of SUðNÞ, a Dirac fermion in ½N; 2� only
generatesoneqL, one ðuRÞc, and/orone ðeRÞc atmost, and that
in ½N;N − 2� only generates one ðqLÞc, oneuR, and/or one eR
atmost.Hence, aDirac fermion in ½N; 3� þ ½N;N − 3� has the
smallest components among a possible candidate that pro-
duces three complete SM families.
Second, we present the total numbers of models with the

three SM families, which originate from a Dirac fermion in
½N; 3� þ ½N;N − 3� of SUð8Þ and SUð9Þ. They are sum-
marized in Table III. In Table III, the figures in parentheses
represent numbers of models with three or more than three
neutrino singlets. We list numbers pi (i ¼ 1;…; 9) speci-
fying representation matrices Ua and the intrinsic Z3

elements, to derive both the three families of the SM
multiplets and the three neutrino singlets from a fermion in
½8; 3� þ ½8; 5� of SUð8Þ on M4 × T2=Z3, in Table IV. In
Table IV, only the intrinsic Z3 elements for the ψ�L are
written, and those for the ψ�R can be seen from (3.30).

TABLE III. Total numbers of models with the three families of the SM multiplets.

SUðNÞ Representations T2=Z2 T2=Z3 T2=Z4 T2=Z6

SUð8Þ ½8; 3� þ ½8; 5� 0 (0) 336 (4) 56 (0) 0 (0)
SUð9Þ ½9; 3� þ ½9; 6� 1152 (768) 1188 (600) 512 (416) 0 (0)
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Third, we give examples concerning the appearance of
three SM families, using the first and second models in
Table IV. By taking ðp1; p2; p3; p4; p5; p6; p7; p8; p9Þ ¼
ð3; 2; 0; 0; 1; 1; 1; 0; 0Þ, the SUð8Þ gauge symmetry is
broken down as

SUð8Þ → SUð3ÞC × SUð2ÞL ×Uð1Þ4: ð4:1Þ

Note that the residual gauge symmetry does not contain any
non-Abelian continuous flavor symmetry. Then, 56ð¼½8; 3�Þ
and 56ð¼½8; 5�Þ are decomposed into particles with the SM
gauge quantum numbers and its opposite ones, as shown in
TablesVandVI, respectively. In the first and second columns,
particles are denoted by using the symbols in the SM, and
those with primes are regarded as mirror particles, which are
particles with opposite quantum numbers under the SM
gauge group. In the third column, any li’s not on the list

are zero. In the fourth column, the subscripts L and R are
omitted on the intrinsic Z3 elements.
We give an assignment of intrinsic Z3 elements and

particle contents to derive three SM families and three
neutrino singlets as zero modes in Table VII. As seen
from Table VII, just three sets of SM fermions
½qiL; ðuiRÞc; ðdiRÞc; liL; ðeiRÞc� and three kinds of neutrino
singlets ½ðνRÞc and νR� are originated as zero modes from

ψ ½8;3�
�L þ ψ ½8;3�

�R þ ψ ½8;5�
�L þ ψ ½8;5�

�R with suitable intrinsic Z3

elements, using the survival hypothesis. Mirror particles
can disappear by acquiring heavy masses, that is, the l0L in

ψ ½8;3�
−L can be massive with one of lL, ðlLÞc or a mixture of

them and the q0L in ψ ½8;5�
−L can be massive with one of qL,

ðqLÞc or a mixture of them.
In the sameway, we can obtain particle contents with just

three SM families and three neutrino singlets as zero modes

TABLE IV. Models with the three families of the SM multiplets and three neutrino singlets from a fermion in
½8; 3� þ ½8; 5� on M4 × T2=Z3.

ðp1; p2; p3; p4; p5; p6; p7; p8; p9Þ ðηð3Þ0þL; η
ð3Þ
1þLÞ ðηð3Þ0−L; η

ð3Þ
1−LÞ ðηð5Þ0þL; η

ð5Þ
1þLÞ ðηð5Þ0−L; η

ð5Þ
1−LÞ

(3, 2, 0, 0, 1, 1, 1, 0, 0) ðω2; 1Þ ðω;ω2Þ ðω2; 1Þ ðω;ω2Þ
(3, 2, 0, 0, 1, 1, 1, 0, 0) ðω2; 1Þ ðω2; 1Þ ðω2; 1Þ ðω2; 1Þ
(3, 2, 0, 0, 0, 1, 1, 0, 1) ðω2; 1Þ ðω;ω2Þ ðω2; 1Þ ðω;ω2Þ
(3, 2, 0, 0, 0, 1, 1, 0, 1) ðω;ω2Þ ðω;ω2Þ ðω;ω2Þ ðω;ω2Þ

TABLE V. Decomposition of 56 for ðp1; p2; p3; p4; p5; p6;
p7; p8; p9Þ ¼ ð3; 2; 0; 0; 1; 1; 1; 0; 0Þ.

ψ ½8;3�
�L ψ ½8;3�

�R ðl1; l2; l5; l6; l7Þ ðPð3Þ
0�;P

ð3Þ
1�Þ

ðe0RÞc eR (3, 0, 0, 0, 0) ðηð3Þ0�; η
ð3Þ
1�Þ

q0L ðqLÞc (2, 1, 0, 0, 0) ðηð3Þ0�;ωη
ð3Þ
1�Þ

ðu0RÞc uR (1, 2, 0, 0, 0) ðηð3Þ0�;ω
2ηð3Þ1�Þ

ðuRÞc u0R (2, 0, 1, 0, 0) ðωηð3Þ0�;ωη
ð3Þ
1�Þ

(2, 0, 0, 1, 0) ðωηð3Þ0�;ω
2ηð3Þ1�Þ

(2, 0, 0, 0, 1) ðω2ηð3Þ0�; η
ð3Þ
1�Þ

qL ðq0LÞc (1, 1, 1, 0, 0) ðωηð3Þ0�;ω
2ηð3Þ1�Þ

(1, 1, 0, 1, 0) ðωηð3Þ0�; η
ð3Þ
1�Þ

(1, 1, 0, 0, 1) ðω2ηð3Þ0�;ωη
ð3Þ
1�Þ

ðeRÞc e0R (0, 2, 1, 0, 0) ðωηð3Þ0�; η
ð3Þ
1�Þ

(0, 2, 0, 1, 0) ðωηð3Þ0�;ωη
ð3Þ
1�Þ

(0, 2, 0, 0, 1) ðω2ηð3Þ0�;ω
2ηð3Þ1�Þ

ðd0RÞc dR (1, 0, 1, 1, 0) ðω2ηð3Þ0�; η
ð3Þ
1�Þ

(1, 0, 1, 0, 1) ðηð3Þ0�;ωη
ð3Þ
1�Þ

(1, 0, 0, 1, 1) ðηð3Þ0�;ω
2ηð3Þ1�Þ

l0L ðlLÞc (0, 1, 1, 1, 0) ðω2ηð3Þ0�;ωη
ð3Þ
1�Þ

(0, 1, 1, 0, 1) ðηð3Þ0�;ω
2ηð3Þ1�Þ

(0, 1, 0, 1, 1) ðηð3Þ0�; η
ð3Þ
1�Þ

ðνRÞc νR (0, 0, 1, 1, 1) ðωηð3Þ0�; η
ð3Þ
1�Þ

TABLE VI. Decomposition of 56 for ðp1; p2; p3; p4; p5;
p6; p7; p8; p9Þ ¼ ð3; 2; 0; 0; 1; 1; 1; 0; 0Þ.

ψ ½8;5�
�L ψ ½8;5�

�R ðl1; l2; l5; l6; l7Þ ðPð5Þ
0�;P

ð5Þ
1�Þ

ðe0RÞc eR (3, 0, 1, 1, 0) ðω2ηð5Þ0�; η
ð5Þ
1�Þ

(3, 0, 1, 0, 1) ðηð5Þ0�;ωη
ð5Þ
1�Þ

(3, 0, 0, 1, 1) ðηð5Þ0�;ω
2ηð5Þ1�Þ

q0L ðqLÞc (2, 1, 1, 1, 0) ðω2ηð5Þ0�;ωη
ð5Þ
1�Þ

(2, 1, 1, 0, 1) ðηð5Þ0�;ω
2ηð5Þ1�Þ

(2, 1, 0, 1, 1) ðηð5Þ0�; η
ð5Þ
1�Þ

ðu0RÞc uR (1, 2, 1, 1, 0) ðω2ηð5Þ0�;ω
2ηð5Þ1�Þ

(1, 2, 1, 0, 1) ðηð5Þ0�; η
ð5Þ
1�Þ

(1, 2, 0, 1, 1) ðηð5Þ0�;ωη
ð5Þ
1�Þ

ðuRÞc u0R (2, 0, 1, 1, 1) ðωηð5Þ0�; η
ð5Þ
1�Þ

qL ðq0LÞc (1, 1, 1, 1, 1) ðωηð5Þ0�;ωη
ð5Þ
1�Þ

ðeRÞc e0R (0, 2, 1, 1, 1) ðωηð5Þ0�;ω
2ηð5Þ1�Þ

ðdRÞc d0R (2, 2, 1, 0, 0) ðωηð5Þ0�; η
ð5Þ
1�Þ

(2, 2, 0, 1, 0) ðωηð5Þ0�;ωη
ð5Þ
1�Þ

(2, 2, 0, 0, 1) ðω2ηð5Þ0�;ω
2ηð5Þ1�Þ

lL ðl0LÞc (3, 1, 1, 0, 0) ðωηð5Þ0�;ω
2ηð5Þ1�Þ

(3, 1, 0, 1, 0) ðωηð5Þ0�; η
ð5Þ
1�Þ

(3, 1, 0, 0, 1) ðω2ηð5Þ0�;ωη
ð5Þ
1�Þ

ðνRÞc νR (3, 2, 0, 0, 0) ðηð5Þ0�;ω
2ηð5Þ1�Þ
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from ψ ½8;3�
�L þ ψ ½8;3�

�R þ ψ ½8;5�
�L þ ψ ½8;5�

�R , with intrinsic Z3

elements assigned in Table VIII, after the survival
hypothesis works.
Finally, we point out that the classification of our models

has not yet been completed in our setup. Concretely, we
consider the breaking pattern (2.9), with the identification
of SUðp1Þ ¼ SUð3ÞC and SUðp2Þ ¼ SUð2ÞL, and take
the diagonal representation matrices (3.22), (3.24), (3.26),
and (3.28). Based on the representation matrices given
above, there is a choice to take pi ¼ 3 and pj ¼ 2 with
ði; jÞ ≠ ð1; 2Þ as SUð3ÞC × SUð2ÞL. Or provided that
p1 ¼ 3 and p2 ¼ 2, we can choose different diagonal
representation matrices, that are obtained by the exchange
of components in the above ones. The same results are
obtained from most of them, but there are independent
choices to generate models different from those mentioned
in this section. Complete analysis and classification will
be reported, including results from a fermion in ½N; k� þ
½N;N − k� (k ≥ 4), in a forthcoming paper [47].

V. CONCLUSIONS

We have studied the possibility of family unification on
the basis of SUðNÞ gauge theory in the six-dimensional

space-timeM4 × T2=Zm (m ¼ 2, 3, 4, 6). We have obtained
enormous numbers of models with three families of the SM
matter multiplets derived from a massless six-dimensional
Dirac fermion in a vectorlike representation ½N; 3� þ
½N;N − 3� of SUðNÞ (N ¼ 8, 9), through the orbifold
breaking mechanism, and found models with three or more
than three neutrino singlets and without any non-Abelian
continuous flavor gauge symmetries. We have shown a
feature that each flavor number from a fermion in ½N; k�
with intrinsic Zm elements ηðkÞa� is equal to that from a

fermion in ½N; k�ð¼½N;N − k�Þ with appropriate ηðN−kÞ
a� ,

because there is a one-to-one correspondence between zero

modes from a Weyl fermion in ½N; k� with ηðkÞa� and those

from a Weyl fermion in ½N;N − k� with appropriate ηðN−kÞ
a� ,

using the equivalence under the charge conjugation.
Now, we have several problems as a future work.
It is meaningful to study phenomenological implications

relating to the breakdown of extra Uð1Þ gauge symmetries;
D-term contributions to scalar (squark, slepton, and Higgs)
masses; and the generation of realistic fermion masses and
family mixing, based on SUð8Þ models illustrated in
Sec. IV. The SUð8Þ models are attractive, because there
is no non-Abelian continuous gauge group, and extra Uð1Þ
gauge bosons can be massive by the vacuum expectation
values of the SM singlets scalar fields. Moreover, super-
partners of neutrino singlets can be candidates of such
scalar fields. In SUSY models, there appear D-term
contributions to scalar masses after the breakdown of extra
gauge symmetries, if soft SUSY breaking terms have a
nonuniversal structure, and its contributions lift the mass
degeneracy [48–52]. Under assumptions that SUSY is
broken down by the dynamics on a brane and nonuniversal
soft SUSY breaking terms are induced, the D-term con-
tributions have been studied in the framework of SUðNÞ
orbifold GUTs [53–55], and they can become useful
probes to specify a realistic model in GUTs. Then we
need to reconsider the anomaly cancellations on a con-
struction of SUSY models, because various fermions exist
there. Fermion mass hierarchy and family mixing can occur
through the Froggatt-Nielsen mechanism [56] on the
breakdown of extra Uð1Þ gauge symmetries and/or the
suppression of brane-localized Yukawa coupling constants
among brane weak Higgs doublets and bulk fermions with
the volume suppression factor [57].
It would be interesting to reconstruct our models in the

framework of E8 gauge theory or superstring theory.
Various four-dimensional string models including three
families have been constructed from several methods; see,
e.g., [58] and references therein for useful articles.6 It has
been pointed out that SOð1; D − 1Þ space-time symmetry
can lead to family structure [61,62], and hence it would
offer a hint to explore the family structure in our models.

TABLE VII. The particle contents as zero modes obtained from
56 and 56.

Multiplets ðηðkÞ0�; η
ðkÞ
1�Þ ðdRÞc lL ðuRÞc ðeRÞc qL ðνRÞc

ψ ½8;3�
þL

ðω2; 1Þ ðeRÞc qL ðνRÞc

ψ ½8;3�
þR

ð1;ωÞ dR ðlLÞc uR

ψ ½8;3�
−L

ðω;ω2Þ l0L qL

ψ ½8;3�
−R

ð1;ωÞ dR ðlLÞc uR

ψ ½8;5�
þL

ðω2; 1Þ ðdRÞc lL ðuRÞc

ψ ½8;5�
þR

ð1;ωÞ eR ðqLÞc νR

ψ ½8;5�
−L

ðω;ω2Þ lL q0L
ψ ½8;5�
−R

ð1;ωÞ eR ðqLÞc νR

TABLE VIII. Another assignment of intrinsic Z3 elements and
the particle contents as zero modes obtained from 56 and 56.

Multiplets ðηðkÞ0�; η
ðkÞ
1�Þ ðdRÞc lL ðuRÞc ðeRÞc qL ðνRÞc

ψ ½8;3�
þL

ðω2; 1Þ ðeRÞc qL ðνRÞc

ψ ½8;3�
þR

ð1;ωÞ dR ðlLÞc uR

ψ ½8;3�
−L

ðω2; 1Þ ðeRÞc qL ðνRÞc
ψ ½8;3�
−R

ðω;ω2Þ ðlLÞc ðq0LÞc
ψ ½8;5�
þL

ðω2; 1Þ ðdRÞc lL ðuRÞc

ψ ½8;5�
þR

ð1;ωÞ eR ðqLÞc νR

ψ ½8;5�
−L

ðω2; 1Þ ðdRÞc lL ðuRÞc
ψ ½8;5�
−R

ðω;ω2Þ ðl0LÞc ðqLÞc

6See also Refs. [59,60] and references therein for recent works.
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Furthermore, it would be intriguing to study cosmologi-
cal implications of the class of models presented in this
paper; see, e.g., [63] and references therein for useful
articles toward this direction.

ACKNOWLEDGMENTS

This work was supported in part by scientific grants from
Iwanami Fu-Jukai and the MEXT-Supported Program for
the Strategic Research Foundation at Private Universities
Topological Science under Grant No. S1511006 (Y. G.) and
from the Ministry of Education, Culture, Sports, Science
and Technology under Grant No. 17K05413 (Y. K.).

APPENDIX A: T2=Zm ORBIFOLD

1. T2=Z2

The orbifold T2=Z2 is obtained by identifying zþ e1,
zþ e2, and −z with z. Here e1 ¼ 1 and e2 ¼ i. The
resultant space is depicted in Fig. 1. Fixed points zfp
satisfy zfp ¼ −zfp þ ae1 þ be2, where a and b are integers.
There are four kinds of fixed points: 0, e1=2, e2=2, and
ðe1 þ e2Þ=2. Around these points, we define six kinds of
transformations:

s0∶ z → −z; s1∶ z → −zþ e1;

s2∶ z → −zþ e2; s3∶ z → −zþ e1 þ e2;

t1∶ z → zþ e1; t2∶ z → zþ e2; ðA1Þ

and they satisfy the relations

s20 ¼ s21 ¼ s22 ¼ s23 ¼ I; s1 ¼ t1s0; s2 ¼ t2s0;

s3 ¼ t1t2s0 ¼ s1s0s2 ¼ s2s0s1; t1t2 ¼ t2t1; ðA2Þ

where I is the identity operation.
The boundary conditions of six-dimensional bulk fields

are specified by representation matrices ðU0; U1; U2; U3;
V1; V2Þ and intrinsic Z2 elements ðη0; η1; η2; η3; ξ1; ξ2Þ

corresponding to the above transformations. These matrices
and Z2 elements satisfy the relations

U2
0 ¼ U2

1 ¼ U2
2 ¼ U2

3 ¼ I; U1 ¼ V1U0; U2 ¼ V2U0;

U3 ¼ V1V2U0 ¼ U1U0U2 ¼ U2U0U1; V1V2 ¼ V2V1;

ðA3Þ

η20 ¼ η21 ¼ η22 ¼ η23 ¼ 1; η1 ¼ ξ1η0;

η2 ¼ ξ2η0; η3 ¼ ξ1ξ2η0 ¼ η1η0η2; ðA4Þ

as the consistency conditions. Here, we omit the subscripts
specifying fields and/or chiralities such as Φ, �, L, and/or
R. Note that η1η0η2 ¼ η2η0η1 and ξ1ξ2 ¼ ξ2ξ1 hold auto-
matically because intrinsic Zm elements are numbers. From
(A2) and (A3), we find that any three transformations are
independent and others are constructed as combinations
of them. We choose the transformations s0∶ z → −z,
s1∶ z → 1 − z, and s2∶ z → i − z and the corresponding
matrices U0, U1, and U2.

2. T2=Z3

The orbifold T2=Z3 is obtained by identifying zþ e1,
zþ e2, and ωz with z. Here e1 ¼ 1 and e2 ¼ ω ¼ e2πi=3.
The resultant space is depicted in Fig. 2. Fixed points
satisfying zfp ¼ ωzfp þ ae1 þ be2 (where a, b are integers)
are z ¼ 0, ð2e1 þ e2Þ=3, and ðe1 þ 2e2Þ=3. Around these
points, we define five kinds of transformations:

s0∶ z → ωz; s1∶ z → ωzþ e1;

s2∶ z → ωzþ e1 þ e2;

t1∶ z → zþ e1; t2∶ z → zþ e2; ðA5Þ

and they satisfy the relations

s30 ¼ s31 ¼ s32 ¼ s0s1s2 ¼ s1s2s0 ¼ s2s0s1 ¼ I;

s1 ¼ t1s0; s2 ¼ t2t1s0; t1t2 ¼ t2t1: ðA6Þ

The boundary conditions of bulk fields are specified by
matrices ðU0; U1; U2; V1; V2Þ and intrinsic Z3 elements
ðη0; η1; η2; ξ1; ξ2Þ satisfying the relations

FIG. 1. Orbifold T2=Z2. FIG. 2. Orbifold T2=Z3.

YUHEI GOTO and YOSHIHARU KAWAMURA PHYS. REV. D 98, 035039 (2018)

035039-10



U3
0 ¼ U3

1 ¼ U3
2 ¼ U0U1U2 ¼ U1U2U0 ¼ U2U0U1 ¼ I;

U1 ¼ V1U0; U2 ¼ V2V1U0; V1V2 ¼ V2V1;

ðA7Þ

η30 ¼ η31 ¼ η32 ¼ η0η1η2 ¼ 1; η1 ¼ ξ1η0; η2 ¼ ξ2ξ1η0;

ðA8Þ

where we omit the subscripts specifying fields and/or
chiralities such as Φ, �, L, and/or R. Because two of
these matrices are independent, we choose representation
matrices U0 and U1 corresponding to the transformations
s0∶ z → e2πi=3z and s1∶ z → e2πi=3zþ 1.

3. T2=Z4

The orbifold T2=Z4 is obtained by identifying zþ e1,
zþ e2, iz, and −z with z. Here e1 ¼ 1 and e2 ¼ i. The
resultant space is depicted as the same figure as T2=Z2.
Fixed points are zfp¼0 and ðe1 þ e2Þ=2 for the Z4 trans-
formation z → iz and zfp ¼ 0, e1=2, e2=2, and ðe1 þ e2Þ=2
for the Z2 transformation z → −z. Around these points, we
define eight kinds of transformations:

s0∶ z → iz; s1∶ z → izþ e1; s20∶ z → −z;

s21∶ z → −zþ e1; s22∶ z → −zþ e2;

s23∶ z → −zþ e1 þ e2;

t1∶ z → zþ e1; t2∶ z → zþ e2 ðA9Þ

and they satisfy the relations

s40 ¼ s41 ¼ s220 ¼ s221 ¼ s222 ¼ s223 ¼ I;

s1 ¼ t1s0; s21 ¼ t1s20;

s22 ¼ t2s20; s20 ¼ s20; s21 ¼ s1s0; s22 ¼ s0s1;

s23 ¼ t1t2s20 ¼ s21s20s22 ¼ s22s20s21; t1t2 ¼ t2t1:

ðA10Þ

The Z4 transformations s0 and s1 are independent of each
other and those representation matrices are denoted as U0

and U1, respectively. Other representation matrices are
determined uniquely, if U0 and U1 are given.

4. T2=Z6

T2 is constructed by the G2 lattice whose basis vectors
are e1 ¼ 1 and e2 ¼ ð−3þ i

ffiffiffi
3

p Þ=2. The orbifold T2=Z6 is
obtained by further identifying φz with z where φ ¼ eπi=3.
The resultant space is depicted in Fig. 3. Basis vectors are
transformed as φe1 ¼ 2e1 þ e2, φe2 ¼ −3e1 − e2 under
the Z6 transformation z → φz. Fixed points are zfp ¼ 0

for the Z6 transformation z → φz; zfp ¼ 0, e2=3, and 2e2=3
for the Z3 transformation z → φ2z; and zfp ¼ 0, e1=2, e2=2,
and ðe1 þ e2Þ=2 for the Z2 transformation z → φ3z.
Around these points we define ten kinds of transformations:

s0∶ z → φz; s10∶ z → φ2z; s11∶ z → φ2zþ e1 þ e2; s12∶ z → φ2zþ 2e1 þ 2e2;

s20∶ z → φ3z; s21∶ z → φ3zþ e1; s22∶ z → φ3zþ e2; s23∶ z → φ3zþ e1 þ e2;

t1∶ z → zþ e1; t2∶ z → zþ e2; ðA11Þ

and they satisfy the relations

s60 ¼ s310 ¼ s311 ¼ s312 ¼ s220 ¼ s221 ¼ s222 ¼ s223 ¼ I; s11 ¼ t1t2s10; s12 ¼ t21t
2
2s10;

s21 ¼ t1s20; s22 ¼ t2s20; s23 ¼ t1t2s20 ¼ s21s20s22 ¼ s22s20s21 ¼ s11s0;

s10 ¼ s20; s20 ¼ s30; t1t2 ¼ t2t1; t2 ¼ s20t1s0t1s
3
0;

ðs0s10Þ4 ¼ ðs0s11Þ4 ¼ ðs0s12Þ4 ¼ I; ðs0s20Þ3 ¼ ðs0s21Þ3 ¼ ðs0s22Þ3 ¼ ðs0s23Þ3 ¼ I: ðA12Þ

We denote the representation matrix for the Z6 trans-

formation s0∶ z → eπi=3z as U0 and other representation

matrices are determined uniquely, if U0 is given.

APPENDIX B: FERMIONS ON SIX DIMENSIONS

We explain gamma matrices, charge conjugation
of fermions, and Zm transformation properties in six

FIG. 3. Orbifold T2=Z6.
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dimensions [64]. We use the metric ηMN ¼ diagð1;−1;−1;
−1;−1;−1Þ (M;N ¼ 0, 1, 2, 3, 5, 6), and the following
representation for six-dimensional gamma matrices:

Γμ ¼ γμ ⊗ σ3 ¼
�
γμ 0

0 −γμ

�
;

Γ5 ¼ I4×4 ⊗ iσ1 ¼
�

0 iI4×4
iI4×4 0

�
; ðB1Þ

Γ6 ¼ I4×4 ⊗ iσ2 ¼
�

0 I4×4
−I4×4 0

�
; ðB2Þ

where μ ¼ 0, 1, 2, 3, σi (i ¼ 1, 2, 3) are Pauli matrices, and
I4×4 is the 4 × 4 unit matrix. We take the chiral represen-
tation on four-dimensional space-time for γμ such that

γμ ≡
�

0 σμ

σμ 0

�
; σμ ¼ ðI2×2; σiÞ; σμ ¼ ðI2×2;−σiÞ;

ðB3Þ

where I2×2 is the 2 × 2 unit matrix. The ΓM satisfy the
anticommutation relations of the Clifford algebra such that
fΓM;ΓNg ¼ 2ηMN , where ηMN is the inverse of ηMN . The
chirality operator Γ7 for the six-dimensional fermion Ψ is
defined by

Γ7 ≡ Γ0Γ1Γ2Γ3Γ5Γ6 ¼ −γ5 ⊗ σ3 ¼
�−γ5 0

0 γ5

�
; ðB4Þ

where γ5 is the chirality operator in four dimensions
defined by

γ5 ≡ iγ0γ1γ2γ3 ≡
�−I2×2 0

0 I2×2

�
: ðB5Þ

Six-dimensional fermions with a definite chirality are
called Weyl fermions in six dimensions. The Weyl fermion
ðΨþÞ with positive chirality and that ðΨ−Þ with negative
chirality are given by

Ψþ ¼ 1þ Γ7

2
Ψ ¼

� 1−γ5
2

0

0 1þγ5
2

�
Ψ ¼

�
ψþL

ψþR

�
; ðB6Þ

Ψ− ¼ 1 − Γ7

2
Ψ ¼

� 1þγ5
2

0

0 1−γ5
2

�
Ψ ¼

�
ψ−R

ψ−L

�
; ðB7Þ

respectively. Here, the subscript � and LðRÞ stand for the
chiralities in six and four dimensions, respectively. Using
Weyl fermions ξ� and η�� in four dimensions,Ψ and ψ�LðRÞ
are expressed as

Ψ ¼

0
BBB@

ξþ
η�−
ξ−

η�þ

1
CCCA; ψþL ¼

�
ξþ
0

�
; ψþR ¼

�
0

η�þ

�
;

ψ−L ¼
�
ξ−

0

�
; ψ−R ¼

�
0

η�−

�
: ðB8Þ

The charge conjugation of Ψ is defined as

Ψc ≡ BΨ�; ðB9Þ

where B is a 8 × 8 matrix which satisfies the relation

B−1ΓMB ¼ −ðΓMÞ�: ðB10Þ

The B is given by

B ¼ −iΓ7Γ2Γ5 ¼

0
BBB@

0 0 0 σ2

0 0 σ2 0

0 σ2 0 0

σ2 0 0 0

1
CCCA ðB11Þ

up to a phase factor and, using it, we derive the charge
conjugation of ξ� and η��,

B

0
BBB@

ξþ
0

0

0

1
CCCA ¼

0
BBB@

0

0

0

σ2ξ�þ

1
CCCA; B

0
BBB@

0

0

0

η�þ

1
CCCA ¼

0
BBB@

σ2ηþ
0

0

0

1
CCCA

ðB12Þ

and

B

0
BBB@

0

0

ξ−

0

1
CCCA ¼

0
BBB@

0

σ2ξ�−
0

0

1
CCCA; B

0
BBB@

0

η�−
0

0

1
CCCA ¼

0
BBB@

0

0

σ2η−

0

1
CCCA:

ðB13Þ

From (B12) and (B13), we find that the chirality in six
dimensions does not flip under the charge conjugation.
In terms of ψ�LðRÞ, the kinetic terms for Ψþ and Ψ− are

rewritten as

iΨþΓMDMΨþ ¼ iΨþΓμDμΨþ þ iΨþΓzDzΨþ

þ iΨþΓzDzΨþ
¼ iψþLγ

μDμψþL þ iψþRγ
μDμψþR

− 2ψþLDzψþR þ 2ψþRDzψþL; ðB14Þ
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iΨ−ΓMDMΨ−¼ iΨ−ΓμDμΨ−þ iΨ−ΓzDzΨ−þ iΨ−ΓzDzΨ−

¼ iψ−Rγ
μDμψ−Rþ iψ−Lγ

μDμψ−L

−2ψ−RDzψ−Lþ2ψ−LDzψ−R; ðB15Þ

where Ψþ, Ψ−, Γz, and Γz are defined by

Ψþ ≡Ψ†
þΓ0 ¼ ðψ†

þLγ
0;−ψ†

þRγ
0Þ ¼ ðψþL;−ψþRÞ;

Ψ− ≡Ψ†
−Γ0 ¼ ðψ†

−Rγ
0;−ψ†

−Lγ
0Þ ¼ ðψ−R;−ψ−LÞ;

ðB16Þ

Γz ≡ Γ5 þ iΓ6 ¼ 2iI4×4 ⊗ σþ ¼
�
0 2iI4×4
0 0

�
; ðB17Þ

Γz ≡ Γ5 − iΓ6 ¼ 2iI4×4 ⊗ σ− ¼
�

0 0

2iI4×4 0

�
: ðB18Þ

Here, z≡ x5 þ ix6 and z≡ x5 − ix6. The Kaluza-Klein
masses are generated from the terms including Dz and Dz
upon compactification.
The Zm elements are the eigenvalues of the representa-

tion matrices TΨ�½Ua; ηa�� for the Zm transformation z →
faðzÞ [fa∘fa · ∘fa|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

m

ðzÞ ¼ z], operating Ψ�ðx; z; zÞ such that

Ψ�ðx; faðzÞ; faðzÞÞ ¼ TΨ�½Ua; ηa��Ψ�ðx; z; zÞ; ðB19Þ

where Ua represent the representation matrices for the
fundamental representation, ηa� are the intrinsic Zm ele-
ments, and the subscripts L and R are omitted on ηa�. Let
the intrinsic Zm elements of ψ�LðRÞ be ηa�LðRÞ. Then, the
intrinsic Zm elements of ψ†

�LðRÞ are ηa�LðRÞ [complex

conjugations of ηa�LðRÞ]. From the Zm invariance of the
kinetic term (B14) and (B15) and the Zm transformation
property of the covariant derivative Dz → ρDz and Dz →
ρDz under z → ρz and z → ρ z (ρ ¼ e2πi=m, ρ ¼ e−2πi=m),
the following relations are derived:

ηaþR ¼ ρηaþL; ηa−R ¼ ρηa−L: ðB20Þ

APPENDIX C: FLAVOR NUMBERS AND
CHARGE CONJUGATION

We give formulas for flavor numbers from a fermion in
½N; k�ð¼ ½N;N − k�Þ and study the relationship between
flavor numbers from a fermion in ¯½N; k� and those from a
fermion in ½N; k� from the viewpoint of charge conjugation.
Under the representation matrices Ua with p1 ¼ 3 and

p2 ¼ 2, ½N;N − k� is decomposed as

½N;N − k� ¼
XN−k

l1¼0

XN−k−l1

l2¼0

XN−k−l1−l2

l3¼0

� � �
XN−k−l1−���−ln−2

ln−1¼0

ð3Cl1
; 2Cl2

; p3
Cl3

;…; pn
Cln

Þ; ðC1Þ

where
P

n
i¼1 li ¼ N − k. From ½N;N − k� ¼ ½N; k�, hereafter we use the decomposition of ½N; k� such that

½N; k� ¼
Xk
l1¼0

Xk−l1
l2¼0

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð3Cl1
; 2Cl2

; p3
Cl3

;…; pn
Cln

Þ; ðC2Þ

where
P

n
i¼1 li ¼ k. Using the survival hypothesis and the equivalence on charge conjugation in four dimensions, we define

the flavor number of each chiral fermion as

nd ≡ ð♯ð3C2; 2C2ÞR − ♯ð3C1; 2C0ÞRÞ − ð♯ð3C2; 2C2ÞL − ♯ð3C1; 2C0ÞLÞ; ðC3Þ

nl ≡ ð♯ð3C3; 2C1ÞR − ♯ð3C0; 2C1ÞRÞ − ð♯ð3C3; 2C1ÞL − ♯ð3C0; 2C1ÞLÞ; ðC4Þ

nu ≡ ð♯ð3C2; 2C0ÞR − ♯ð3C1; 2C2ÞRÞ − ð♯ð3C2; 2C0ÞL − ♯ð3C1; 2C2ÞLÞ; ðC5Þ

ne ≡ ð♯ð3C0; 2C2ÞR − ♯ð3C3; 2C0ÞRÞ − ð♯ð3C0; 2C2ÞL − ♯ð3C3; 2C0ÞLÞ; ðC6Þ

nq ≡ ð♯ð3C1; 2C1ÞR − ♯ð3C2; 2C1ÞRÞ − ð♯ð3C1; 2C1ÞL − ♯ð3C2; 2C1ÞLÞ; ðC7Þ

where ♯ represents the number of zero modes for each multiplet. The total number of neutrino singlets ðνRÞc and/or νR is
defined as

nν ≡ ♯ð3C0; 2C0ÞR þ ♯ð3C3; 2C2ÞR þ ♯ð3C0; 2C0ÞL þ ♯ð3C3; 2C2ÞL: ðC8Þ
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Note that we have relations

ð3Cl1
; 2Cl2

ÞRðLÞ ¼ ð3C3−l1 ; 2C2−l2ÞRðLÞ: ðC9Þ

Formulas for the SM species and neutrino singlets derived from a pair of six-dimensional Weyl fermions ðΨþ;Ψ−Þ in
½N; k� are given by

ndj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð2;2Þ;ð1;0Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2P̃mk�p3
Cl3

� � � pn
Cln

; ðC10Þ

nlj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð3;1Þ;ð0;1Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2P̃mk�p3
Cl3

� � � pn
Cln

; ðC11Þ

nuj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð2;0Þ;ð1;2Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2P̃mk�p3
Cl3

� � � pn
Cln

; ðC12Þ

nej½N;k� ¼
X
�

X
ðl1;l2Þ¼ð0;2Þ;ð3;0Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2P̃mk�p3
Cl3

� � � pn
Cln

; ðC13Þ

nqj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð1;1Þ;ð2;1Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

ð−1Þl1þl2P̃mk�p3
Cl3

� � � pn
Cln

; ðC14Þ

nνj½N;k� ¼
X
�

X
ðl1;l2Þ¼ð0;0Þ;ð3;2Þ

Xk−l1−l2
l3¼0

� � �
Xk−l1−���−ln−2

ln−1¼0

P̃ðνÞ
mkp3

Cl3
� � � pn

Cln
; ðC15Þ

where P̃mk� and P̃ðνÞ
mk� are defined by

P̃mk� ≡ P̃mk�R − P̃mk�L; P̃ðνÞ
mk� ≡ P̃mk�R þ P̃mk�L; ðC16Þ

respectively. The P̃mk�RðLÞ are projection operators to pick out zero modes of ψ�RðLÞ in ½N; k�, and they are listed in
Table IX.
In Table IX, each operator is defined by

P̃ðð−1Þn0 ;ð−1Þn1 ;ð−1Þn2 Þ
2k� ≡ 1

8
f1þ ð−1Þn0P̃ðkÞ

0�gf1þ ð−1Þn1P̃ðkÞ
1�gf1þ ð−1Þn2P̃ðkÞ

2�g; ðC17Þ

P̃ðωn0 ;ωn1 Þ
3k� ≡ 1

9
f1þ ωn0P̃ðkÞ

0� þ ω2n0ðP̃ðkÞ
0�Þ2gf1þ ωn1P̃ðkÞ

1� þ ω2n1ðP̃ðkÞ
1�Þ2g; ðC18Þ

P̃ðin0 ;ðiÞn1 Þ
4k� ≡ 1

16
f1þ ð−iÞn0P̃ðkÞ

0� þ ð−iÞ2n0ðP̃ðkÞ
0�Þ2 þ ð−iÞ3n0ðP̃ðkÞ

0�Þ3g

× f1þ ð−iÞn1P̃ðkÞ
1� þ ð−iÞ2n1ðP̃ðkÞ

1�Þ2 þ ð−iÞ3n1ðP̃ðkÞ
1�Þ3g; ðC19Þ

P̃ðφn0 Þ
6k� ≡ 1

6
f1þ φn0P̃ðkÞ

0� þ φ2n0ðP̃ðkÞ
0�Þ2 þ φ3n0ðP̃ðkÞ

0�Þ3 þ φ4n0ðP̃ðkÞ
0�Þ4 þ φ5n0ðP̃ðkÞ

0�Þ5g; ðC20Þ

where P̃ðkÞ
a� are the Zm elements. For instance, P̃ðωn0 ;ωn1 Þ

3k� is a projection operator to pick out modes with P̃ðkÞ
0� ¼ ωn0 and

P̃ðkÞ
1� ¼ ωn1 in Ψ�. By the insertion of ð−1Þl1þl2 , we obtain ♯ð3Cl1

; 2Cl2
ÞRðLÞ for l1 þ l2 ¼ even integer and

−♯ð3Cl1
; 2Cl2

ÞRðLÞ for l1 þ l2 ¼ odd integer.
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The P̃ðkÞ
a� of ð3Cl1

; 2Cl2
;…; pn

Cln
Þ are given by

P̃ðkÞ
0� ¼ ð−1Þl1þl2þl3þl4−kη̃ðkÞ0�;

P̃ðkÞ
1� ¼ ð−1Þl1þl2þl5þl6−kη̃ðkÞ1�;

P̃ðkÞ
2� ¼ ð−1Þl1þl3þl5þl7−kη̃ðkÞ2� ðC21Þ

for (3.22);

P̃ðkÞ
0� ¼ ωl1þl2þl3þ2ðl4þl5þl6Þ−kη̃ðkÞ0�;

P̃ðkÞ
1� ¼ ωl1þl4þl7þ2ðl2þl5þl8Þ−kη̃ðkÞ1� ðC22Þ

for (3.24);

P̃ðkÞ
0� ¼ ð−iÞl1þl2þ2ðl3þl4Þþ3ðl5þl6Þ−kη̃ðkÞ0�;

P̃ðkÞ
1� ¼ ð−iÞl1þl6þ2ðl4þl7Þþ3ðl2þl5Þ−kη̃ðkÞ1� ðC23Þ

for (3.26); and

P̃ðkÞ
0� ¼ φl1þ2l2þ3l3þ4l4þ5l5−kη̃ðkÞ0� ðC24Þ

for (3.28). The subscripts L and R on the intrinsic Zm
elements are omitted in (C21)–(C24). Notice that complex
values ω, i, and φ in (3.25), (3.27), and (3.29) are replaced
into their complex conjugated ones, respectively, in (C22)–
(C24), because U�

a operate fields multiple times in place
of Ua.
From (2.6), η̃ðkÞa�L are determined from η̃ðkÞa�R as

η̃ðkÞaþL ¼ ρη̃ðkÞaþR; η̃ðkÞa−L ¼ ρη̃ðkÞa−R: ðC25Þ

In the case that η̃ðkÞa�R ¼ ηðkÞa�L, we have the relations

P̃ðkÞ
a� ¼ PðkÞ

a� ðC26Þ

and derive the relations

P̃ðð−1Þn0 ;ð−1Þn1 ;ð−1Þn2 Þ
2k� ¼ Pðð−1Þn0 ;ð−1Þn1 ;ð−1Þn2 Þ

2k� ;

P̃ðρn0 ;ρn1 Þ
mk� ¼ Pðρn0 ;ρn1 Þ

mk� ¼ Pðρn0 ;ρn1 Þ
mk� ðm ¼ 3; 4Þ;

P̃ðφn0 Þ
6k� ¼ Pðφn0 Þ

6k� ¼ Pðφn0 Þ
6k� : ðC27Þ

In the last equality in the above second relation, we use the
fact that the projection operators take a real number 1 or 0.
From (C27), we find that the flavor numbers derived from
the projection by ð−1Þl1þl2P̃mk� are equal to those from that
by ð−1Þl1þl2Pmk� ¼ ð−1Þl1þl2Pmk�. In this way, we have a
feature that each flavor number from a fermion in ½N; k�
with intrinsic Zm elements ηðkÞa� is equal to that from a
fermion in ½N; k�ð¼ ½N;N − k�Þ with those satisfying

η̃ðkÞa�R ¼ ηðkÞa�L ½suitableηðN−kÞ
a� �. In other words, there is a

one-to-one correspondence between zero modes from a

Weyl fermion in ½N; k� with ηðkÞa� and those from a Weyl

fermion in ½N;N − k� with suitable ηðN−kÞ
a� .

Finally, let us obtain suitable ηðN−kÞ
a� to hold the above-

stated correspondence, in the case with (3.24) of T2=Z3. In

this case, PðN−kÞ
a� are given by

PðN−kÞ
0� ¼ ωl1þl2þl3þ2ðl4þl5þl6Þ−ðN−kÞηðN−kÞ

0� ;

PðN−kÞ
1� ¼ ωl1þl4þl7þ2ðl2þl5þl8Þ−ðN−kÞηðN−kÞ

1� : ðC28Þ

By replacing li into pi − li in P
ðN−kÞ
0� and PðN−kÞ

1� , we obtain

P̃ðkÞ
0� and P̃ðkÞ

1� such that

P̃ðkÞ
0�¼ωl1þl2þl3þ2ðl4þl5þl6Þ−kωp1þp2þp3þ2ðp4þp5þp6Þ−NηðN−kÞ

0� ;

ðC29Þ

P̃ðkÞ
1�¼ωl1þl4þl7þ2ðl2þl5þl8Þ−kωp1þp4þp7þ2ðp2þp5þp8Þ−NηðN−kÞ

1� :

ðC30Þ

Using (C22), (C29), (C30), and η̃ðkÞa�R ¼ ηðkÞa�L, we derive the
relations

η̃ðkÞ0�R ¼ ωp1þp2þp3þ2ðp4þp5þp6Þ−NηðN−kÞ
0�R ¼ ηðkÞ0�L; ðC31Þ

η̃ðkÞ1�R ¼ ωp1þp4þp7þ2ðp2þp5þp8Þ−NηðN−kÞ
1�R ¼ ηðkÞ1�L: ðC32Þ

The equivalence based on the relations (C31) and (C32) is
illustrated with the particle contents listed in Tables VII
and VIII.

TABLE IX. The projection operators P̃mk�RðLÞ.

T2=Zm P̃mkþR P̃mkþL P̃mk−R P̃mk−L

T2=Z2 P̃ð1;1;1Þ
2kþ P̃ð−1;−1;−1Þ

2kþ P̃ð1;1;1Þ
2k− P̃ð−1;−1;−1Þ

2k−
T2=Z3 P̃ð1;1Þ

3kþ P̃ðω;ωÞ
3kþ P̃ð1;1Þ

3k− P̃ðω̄;ω̄Þ
3k−

T2=Z4 P̃ð1;1Þ
4kþ P̃ði;iÞ

4kþ P̃ð1;1Þ
4k− P̃ð−i;−iÞ

4k−
T2=Z6 P̃ð1Þ

6kþ P̃ðφÞ
6kþ P̃ð1Þ

6k− P̃ðφ̄Þ
6k−
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