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Lorentz-violating scalar Hamiltonian and the equivalence
principle in a static metric
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In this paper, we obtain a nonrelativistic Hamiltonian from the Lorentz-violating (LV) scalar Lagrangian
in the minimal standard model extension (SME). The Hamiltonian is obtained by two different methods.
One is through the usual ansatz ®(t, ) = e~ ""¥(t, ¥) applied to the LV-corrected Klein-Gordon equation,
and the other is the Foldy-Wouthuysen transformation. The consistency of our results is also partially
supported by the comparison with the spin-independent part of the fermion Hamiltonian. In this
comparison, we can also establish a relation between the set of scalar LV coefficients with their fermion
counterparts. Using a pedagogical definition of the weak equivalence principle (WEP), we further point out
that the LV Hamiltonian not only necessarily violates universal free fall, which is clearly demonstrated in
the geodesic deviation, but also violates WEP in a semiclassical setting. As a bosonic complement, this
method can be straightforwardly applicable to the spin-1 case, which shall be useful in the analysis of

atomic tests of WEP, such as the case of the 8’Rb, atom.
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I. INTRODUCTION

Symmetry has been a main theme of physics in the
previous century and may continue to be so in the 21st
century. Of the various kinds of symmetries we know, local
Lorentz symmetry (LLS) is the most fundamental. It is a
cornerstone of the Standard Model (SM) in particle physics
and General Relativity (GR). Though SM and GR have
achieved impressive successes with various experimental
verifications [1,2], there is still no concrete indication of a
consistent theory of quantum gravity (QG) that may help to
resolve longstanding puzzles in contemporary physics, such
as the intriguing information paradox inside black holes [3].
On the other hand, there is a growing interest in searching for
tiny violations of Lorentz symmetry both in theory [4] and in
experiment [5]. Indeed, many candidate QG theories predict
such a possibility [6]. If proven to be true, it will definitely be
a concrete clue to the physics at Planck scale, an ultrahigh
energy scale far beyond any direct experimental access. To
thoroughly explore this possibility, Kostelecky and collab-
orators established an effective field theory called Standard
Model Extension (SME) [7-9], which incorporates SM and
GR, with various possible LV operators. This framework
largely facilitates the study of Lorentz and charge, parity, and
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time reversal (CPT) symmetry and has already become a
powerful toolbox in both theoretical and phenomenological
investigations in this field [10].

As another conceptual bridge from special relativity to
GR, the equivalence principle (EP), especially the Einstein
equivalence principle (EEP), entails a close relationship to
Lorentz symmetry and has also been broadly tested in various
kinds of physical systems [11-14]. According to the famous
statement by C.M. Will [15], LLS, local position invariance,
and the weak equivalence principle (WEP) are the three key
ingredients of EEP. So violation of LLS necessarily implies
violation of EEP, whereas the contrary is not necessarily true.
A thorough investigation of the relation between EP and LLS
is still missing [16,17], though in view of Schiff’s conjecture
[18], WEP may imply the validity of LLS. Moreover, even in
the Lorentz-invariant (LI) context, the debate as to whether
EP holds true in the quantum domain seems far from
complete [19,20]. In this paper, we do not focus too much
on this debate. Instead, we adopt a relatively conservative
point of view; i.e., there is no conflict of WEP with
nonrelativistic (NR) quantum mechanics [20,21]. In other
words, the NR Hamiltonian derived from GR for the
Schrodinger equation is compatible with WEP. For any
nonrelativistic system, the well-known Bargmann’s super-
selection rule prohibits mass from being a superposition
parameter [22], thus superposition of different mass eigen-
states, like neutrino oscillation in relativistic physics, is
beyond the scope of this constrained assertion. Taking into
account the fact [13,23,24] that most laboratory tests until
now are still nonrelativistic, we think an appropriate test
framework for WEP even in the quantum regime must go
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beyond GR (test of WEP in the classical domain necessarily
to go beyond GR).

Many generalized theories of gravity [11,15,25,26] fit
into this category, but in our viewpoint, the gravity sector of
SME [8] is more suitable for such a task. In SME, WEP
violation is associated with Lorentz and CPT violation
because various LV coefficients can also be species
dependent, which enables more exotic violation effects
[27] and makes this framework as broad as it can be.
Discussions of EP in this framework are also abundant
[27-30], and most of them concentrate on fermion-gravity
couplings because matter is composed of fermions.
However, for an effective point of view, as the test particles
can also be composite bosons made of fermions, such as
8Sr or 133Cs, we think it would be a valuable complement
to discuss EP directly using boson fields instead, especially
taking into account the recent trend in utilizing microscopic
objects such as cold atoms as test particles [11,24,31]. In
this sense, the boson LV coefficients can be totally
effective; i.e., microscopically, they must be certain combi-
nations of the LV coefficients of the component fermions
involved (e.g., electron and proton). In this paper, for
simplicity, we focus on the scalar.

The paper is organized as follows. In the next section, we
briefly review the scalar LV Lagrangian and the corre-
sponding canonical formalism. In Sec. III, by using the
ansatz  ®(t,7) = e"™y(t,7), we derive the NR
Hamiltonian to first order in LV coefficients and metric
perturbations from the LV-corrected Klein-Gordon equa-
tion. In Sec. 1V, following the method of Ref. [32], we
recast the Klein-Gordon equation into the Schrodinger
form, then to the desired order of approximation, we get
the NR Hamiltonian using the Foldy-Wouthuysen trans-
formation (FWT) [33,34]. In Sec. V, we briefly discuss the
test of EP and its possible relevance to the Hamiltonian we
derived. Then we summarize our results in Sec. VI. The
convention is the same as that in Ref. [8], where
diag(r7,,) = (=1.1,1,1) and ;o3 = +1.

II. HAMILTONIAN OF THE
LORENTZ-VIOLATING SCALAR

In Ref. [8], by generalizing SME to Riemann-Cartan
spacetime, Kostelecky introduced various LV operators
both in the pure gravity sector and in the matter sector
through minimal matter—gravity couplings. In the matter
sector, the Higgs Lagrangian reads

Lo = —e{ (¢ = (kyp)™ D, D' D,® + (m* + ER)D'®
. 1
- [l(kqg)”q)'D”q)‘f'HC] +5k¢AMDFMDq)T(D}, (1)

where D,® = (V, —igA,)®, and for completeness, we
also included the nonminmal coupling £R term. Note

that for notational simplicity, we have introduced
(kgp)™ =L 1(kpp)" + (kpy)**], which can be considered
to have a symmetric real part and an antisymmetric
imaginary part. (k,)" can also have complex values, though
in flat spacetime, it must be real. For later convenience, we
can further define k% (K" + iS*™) with K* = K%,
S = —S%*, and K*, S € R. Similarly, we can also
define (ky)* = (a* + ib*) with a*, b* € R. As mentioned
before, here, (k)"
coefficients of composite spin-0 bosons, not necessarily
referring to the LV coefficients of the Higgs particle.

From the Lagrangian (1), we can define G*=
(¢ = (kgy)™]. Then the Euler-Lagrangian equation is
given by

I}’;'; can be regarded as effective LV

D+ % Emp & 1 ik D) + ik 4D.D
”+7[ P+ 1k ]+l¢ p

1
— 5 kp" Fu® = (m?> + ER)® = 0. (2)
This equation is intrinsically second order in time deriv-
atives, so we cannot obtain a Schrodinger-like equation
directly from (2). Instead, we turn to the canonical
formalism. From

Lo i c ot

ro =S = —e[67(D,®) — ik, D). ()
oL ~ 0%

Rt =522 = =eGYD, O+ k0L (@)

we can solve ®, ®' in terms of gy Tty B-€.,

. |

o = e [ — ik, 0@ + G°(D;®) } —igAg®@',  (5)
—1 71'(1)1‘ 0 0i
=m0 + ik, ® + GUD,®@| + igAy®. (6)

Performing the canonical transformation on (1), we get the
Hamiltonian density,

ﬂ'q)ﬂ'q)

H= e

1 ... o
—W[GOJﬂQ)Dj®+G]0(qu))Tﬂd>';']

kO 0
+i [GOO qu] Oy —i [G

+¢[GY(D;®)'D;® + M*®' ]

qA0:| 7o®

e - U oimor

—k&*éf“(@cb)*cb]}, ™)
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where we have defined GV = [Gij and
‘GOL] Also note G'/* = G/ —

(k(/,(/,) Y The Hamiltonian den-

GiOGOj
“)

th)c(;)]U _ G], as (k(/)(/))l,{ v
sity (7) will be useful in Sec. IV for the derivation of a
Schrodinger-like equation. In the following sections, we
will set A” = 0 to avoid an electromagnetic interaction, as
even a very tiny electromagnetic interaction spoils the test
of WEP, and we included it here only for completeness.
Strictly speaking, only a neutral particle is immune to
electromagnetic interaction, and in that case, the scalar field
must be real. In flat spacetime, we can discard the (k)"
term as it only contributes a total derivative for a real scalar.
Similarly, (I~<¢(/,)”” can only take the real symmetric and
traceless part and can be shifted to the fermion sector with
Cop = Cy— % (l~c¢¢)"” through a coordinate transformation
[27]. However, all of the above issues are not very relevant
here when coupled with gravity. For a gravity-coupled
neutral scalar, we only need to ignore the S¥ and K, A tErms.

For completeness, we will still use the complex scalar to
demonstrate all of the results.

III. STATIC METRIC AND TRADITIONAL
ROUTE TO THE NONRELATIVISTIC
EQUATION

In curved spacetime, LV coefficients can also contribute
to the energy momentum tensor [8] and, through
the Einstein equation, affect the corresponding metric
solutions. Here, because the statement of WEP involves
a “free-moving” test particle and we are only interested in
matter—gravity couplings, for simplicity, we can adopt a test
particle assumption [29], where the spacetime metric is
untouched by the LV coefficients associated with the matter
sector. So we can still make use of the conventional
metric from GR, and “free motion” implies we have to
take A, = 0 in (2), which gives

{9V, V, kﬁ;;,,[a,,au +1,,0,] + ikly*[0,, + ]
+iky'9, — (m* + ER)}® = 0, (8)

where, for simplicity, we also assumed Riemann space-
time instead of Riemann-Cartan spacetime; otherwise,
19,legd,)® = ¢*[V,V, = T(,,)"V,]®, where T*, is
the torsion tensor. For simplicity, we can take the isotropic
static metric [35],

ds* = =g, dxtdx’ = V2dr* = 5;;W2dx'dx!,  (9)

as an example. Then the only nonzero Christoffel symbols
are given by

: A . oV
Il = [Bl0W + 8,0,W — 8, 0,W]/W. T, = ’7
- 19,v?
oy = 5 W2 ; I, =0;V/V+30,W/W. (10)
Defining F = and substituting (10), ¢°° = —1/V? and
g = 87 /W? 1nto (8), we get
(=02 + F2A + VIn(VW) - V] = V2(m? + £R) } @
= V{4 M,[a 9, + 6,0 In(VW*)9,]
- [2ia"9, + lkf/) 9;In(VW?)]} . (11)

The Ricci scalar for the metric (9) is given by

R=

VW4 [W2V2V 4+ 2WVV2W + WYV -VW = V(VW)2].

(12)

Note that R differs by a minus sign if using conven-
tion diag(r,,) = (1,—1,-1,-1).

Now substituting the ansatz ®(t,7) = e ™y/(¢,7) into
(11), we can get

[y + 2imyr — i

72 R R
— 55— A+ VIn(VW) -V — W?(m? + £R
+1+k¢4,V2[ +Vin(VW) (m* + ER) |y
V2 .
=———{[k ¢¢a In(VW )+k 9;](8 — im)
14 kg, V2
+ [0, + 0, In(VWA)]0; — i[2a°(8y — im)
+2a-V + (@ ib) - VIn(vW*) (13)

where 12512;5) = (7(25[45 + l}fqﬁ). Because most of the tests of EP
and LLS until now have been done near the Earth’s surface,
where the metric functions are asymptotically flat, i.e.,
G = Mu» WE can resort to the approximation scheme
in [27], where terms proportional to the product of LV
coefficients and metric perturbation of powers of [
and n, respectively, are denoted by O(/,n). Next, we
proceed our calculations with the Schwarzschild
metric V= (1+1y)(1-3x)7", W=(1-1y)?% where

E—%. Now R =0, when r#0, even R, #0 in
general. Below, we will expand g, in powers of y and keep
only terms up to O(0,2) and O(1, 1). In doing so, we also
take advantage of the Virial theorem in which y ~ 2—3 In
essence, that means we can also take ¥ (assuming in natural
units that ¢ = 1) as an expansion parameter. Also note that
in laboratory experiments,
the typical experimental scale, so we can treat V;y as higher
order compared to y and ignore its product with LV
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coefficients. Under these assumptions, we can rearrange
(13) as below:

32 2

W = {P{l - (k(,”,,+ )VZ] P —;—mﬁln(VW)ﬁ

2m

m ~
+5[(v2 —-1) —k%V“]

Ron g i3
+V2|:%pz 24)(/)131?] +—

a()

. 7(V2+1)}}W
Ko i

/R VY, 1——v2 14

+Vi ,u/+< >2m (14)

At order O(0, 1), we have iy = [—%—I— my|y, which is
roughly the order of m®2. So we know £ ~ m(72)? ~ my?,
and then we can temporarily ignore the last two terms

proportional to Vs and 5 in (14) and get

2

i = { [(1 tay) - <k¢¢+ )(1 +6;()} 5

+ [m)((l + ) —mkyy (§+2;(>] —(1+3y)a’

— —

+ XV,
4m

Ky Ky a-p
T R | VA

up to O(y?), except for the LI term £ Vy - V. Now defining
the terms in the large braces in (15) as HO, and adding the
correction - = —5-- (Hy)*w and Vay = —iV,;(Hyy) back

into (15) to replace the last two terms in (14), we can obtain
the desired order:

k¢¢ 7 2\ (5>
=4 (143 il 14+4) -
= {[(e3-2) o (144) -]

5_;3 Wi 700
+(1+x) {7—2%;:151‘15,’] +(1+2y) {%ﬁi_ao]

=2
7(0i) P 4

Note that, as the procedure implies, the above equation will
be valid only up to 0(0,2) and O(1,1). We divide the
right-hand side of (16) into two parts. In fact, comparing
with the NR Hamiltonian (26) obtained by a quite different

method, we find that, except for the 6){ . 2 term (belonging
to the latter brace), the part enclosed by the former brace is

consistent with (26) up to the desired orders, whereas those
in the latter brace may be classified as divergent higher-
order terms. Indeed, we can even verify this coincidence (of
the NR results obtained with different methods) by choos-
ing another metric, e.g., the uniform accelerating metric. So
it is interesting to explore whether the above NR procedure
can be improved to yield completely consistent results with
the FWT or even extended to higher orders systematically.
This question is beyond the scope of this paper. In the
next section, we will utilize the FWT [32-34,36,37] to
show that the NR approximation can indeed be obtained
systematically.

IV. SCHRODINGER-LIKE EQUATION FOR
SCALAR FIELD AND FWT

The Foldy-Wouthuysen transformation for a scalar field
was first introduced in [34] and later refined by [32,36,37].
In order to perform FWT for a scalar field, first we have to
obtain a Schrodinger-like Hamiltonian from the scalar
Lagrangian (1), and then we can do a pseudounitary
transformation parallel to the case of the fermion. Next,
with a series expansion in terms of %, we can obtain the NR
approximation to any desired order we prefer. Below, we
will show the FWT up to O(1,1), O(0,2) in a static
Schwarzschild metric, and we will perform the FWT both
directly [34,36] and indirectly with a unitary transformation
[32] performed first. We will show that these two proce-
dures give the same result, and the result is consistent with
the part enclosed by the first brace in (16).

To formally remove the second-order time derivatives,
first we can obtain the Hamiltonian equation of motion with
a canonical formalism. From Hamiltonian Hg = f d*XH,
where H is given by (7), we get

oo _ 7o GV o [ko*
57[(1) eGOO GOO J

) _SHg G k%
ot = T et T =D, {@”dﬁ] - [W_

. 1
+ D;[eG'D;®] — e {mz +HER 4 S kpn Fru

qu] Tt

|kl

_%]Q%He{ [k{/)D]dH— Ip, ek )}

) o

Then we can define ® = + L 74+ and symmetrize fields @
® by the definition ¥ = ®+6

) =_L i
(C) = ﬁ(<p P~ ). For notational
convenience, we can also define g = ¢** — K** and hence
G = 3% With these definitions, Eq. (17) can be cast into

the Schrodinger form P = I:IW‘I’, where

G°f 1 G/
0

035018-4



LORENTZ-VIOLATING SCALAR HAMILTONIAN AND THE ...

PHYS. REV. D 98, 035018 (2018)

N a® SN 1 (. 3]~
He= {g ety Y, (g >+5{ﬂj’ﬁHl
T [\ B0 1(. S
il v (- DA I A I
+ {2 j (—00) 2 {”J’goo 1o}
e _, 1 i) ~ .
+ 2mM +2 _00+2 (eG ﬂ/)—Ok 10y

+ {ﬁw 2:f00+ : #i(eGlin;) - Ok}a3. (18)
In (18), #=[p;—qA)], Or=5{[V-(eb)—{#j ea’}]+
[V;le(a®S% = b°5%) /5] + {5 (a’5" + b°S¥) }]}, and
o;, 1 =1, 2, 3, are the Pauli matrices. For completeness,
until now, we have not assumed the isotropic metric and
Aﬂ = 0 or done any approximation. From the definition of
pseudohermiticity 65 OT83 =0 [36], it is straightforward
to verify that Hy in (18) is pseudohermitian. The pseudo-
hermiticity requirement is necessary to ensure that all of the
eigenenergies of Hy are real values. We also note the
formal similarity of pseudohermiticity defined by o3 and
that defined by y° in spinor space, i.e., Y My? = M. This
indicates that o5 plays a role very similar to that of y°, as
can be seen from the process of dividing operators into even
and odd parts in FWT [33,34]. In the following, we will
take A, = 0 and the isotropic metric (9), so (18) becomes

=[-8 - ()
v= |55~ i 5 P; ~15Pi\ o0
P R AR A 207\ g%

b0 S0
:| 1o}

+5= P
gOO gOO J

e 1 —— ~ .
+{%M +2€_00+2 (EG‘]pj)—Ok}162

e 1 ; A
+{%M2 2e_oo+ pl(eGjpj) Ok}0'3’ (19)

[’_‘1/

¢R ooyt | 1
" {Zm\/—goo ) [Zm

3KO/ } {ao K% 1
V;InWlic, +
2 T 00 g

+ER). 0= [V (eB) - {p;.eal)]
+ K%), G’f =2~k e =VW. Note
by replacmg g* with g% in the denominators, we have
already ignored terms with second-order LV couplings.

where M? = [m?

and g% = —(3%

A. Pseudounitary transformation

With the relativistic Hamiltonian (19), we can perform
FWT directly to obtain the NR approximation. However,
we wish to perform a pseudo-unitary transformation first,
which will make the Hamiltonian more suitable for FWT,
and then we will do the FWT afterward. We call this
procedure the Cognola-Vanzo-Zerbini (CVZ) method,
which was first introduced in [32]. For a similarity trans-
formation to be defined as pseudounitary, its associated
operator U must satisfy 83UT&3 = 07! [32,34,36]. The
goal of the desired pseudounitary transformation is to
make the term proportional to m, s M? i 525, associated

> 2m
with o0,, vanish. Because the square brackets in (19)
associated with 1 and io; do not contain any term pro-
portional to m, we can perform a “rotation” only in the
space spanned by o, and o3; i.e., define U=f+go, to
eliminate the mass proportional term in the large brace
multiplied by ic,. Assuming f, g € R®, the pseudounitary
condition of U/ indicates U™' = f — go, and f? — ¢* = 1.
With a little algebra, the mass-eliminating requirement

=9 — 1+ k%, V2. Combined with

gives 4= e/~ —

—g> =1, we get

(e\/T’O) [1+e -3+ (1-e —goo)al}.

(20)

~
(o8]

U=

N[ =

Then we can use (20) to perform a pseudounitary trans-
formation Hy = U~'HyU on (19), which gives

¢R er/— 00 IR PSP 7 —00\—1
— 5(eGip) =0 _ 3
2m\/— )2 Zmpl(e P/) k (6 g ) 03
I o) L AN
Pi(eG”Pj) - Ok] (e —900)_7}162 - [ 2 /< ¢¢> +ij

' kjo 3SOJV1 1 21
o pi- 22V nw b,
goopj 7P 1< >+2900 jin } (21)

Following the spirit of FWT [33,34], we can separate Hy, into even and odd parts according to whether they commutate or
anticommutate with o5, where o5 plays the role of y° in the fermion case, as mentioned before. In other words, we can write
Hy = mosy + £+ O, where [€,63] = 0 and {O, 63} = 0. Ignoring the nonminimal coupling term R and those which are
products of the derivatives of y and LV coefficients, the even and odd operators are
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A

o0y2 | Lo i £ ~00\—4 1 a® K"
E=14(e\/—7 )2ﬁpi(eG/pj)—0k (eA/=g") 2+ m \/ﬁ 1) ro5+ gm_gmpj 1, (22)

oot | Lo i » 00 b SY T,
O:{(‘f ) )z[ﬁpi(eGjpj)_Ok}(e -g")" }02— {F+FP,}HH- (23)

Now, clearly, £ is already diagonal and hence decouples the
two-component field ¥, whereas O is off-diagonal and still
needs to be diagonalized. In order to make the off-diagonal
part smaller and smaller, we can perform a further unitary
transformation,

¥ ATl - ATTHLA - ATY(0,A),  (24)
where A = exp[—5-030)] [34]. For a static metric, this
transformation leads to

A

H\y = €ﬁ63oﬁ/ e 2"'630
A 1 N
=H, +—[050, H
v zm[ 3 ‘P]

1
*312m)y

1 Iyl
+?[63(97 (050, Hy]|
(630, 050, (030, Hy ] + - -

_@m+{&%LmOZ o [0.[0.8] + }

1
—o03|0,& —(93 25
+{5mel0 8- 50 (25)
Note that, compared to m, all terms in O, £ are either
proportional to various powers of the metric perturbation y
and its derivatives or powers of tiny LV coefficients or some
products between the two, which are all small parameters

(as mentioned before, in a weak gravitation field, 22 /2m ~
my < m can also be regarded as small). Therefore,
products of O, £ must be much smaller, which legitimizes
the approximation procedure of the expansion in (25) [35].
Substituting the Schwarzschild metric V= (1+3y)(1-3y)™
and W = (1 —1x)?* into (22) and (23) and preserving only
terms up to O(0,2), O(1, 1), from (25), we get

Heyy = {m—i— [mx(l +g+{l> (1+3y }
2\ ¢¢ P
{(1—1—3}(—#—5}() —(1+5 )] 3 8
(4+x)he s zijan, 3o
2a- k 2(Vy)24+A
= 2d p=kyypip) =7 - 2(V2)*+ Ay

i - - .
=5 (3+100)Vy-p o3+ (1+27)[K* ;= a’]1.

(26)

Note that — ( ) comes from the lowest-order LI contri-

bution of 7,‘7302’ and all other terms except for m come
from E. Up to O(1,1), O(0,2), we have not calculated

—5[0.[0.€]]. Compared to direct FWT, which will
be shown below, we see that the pseudounitary trans-
formation saves the work of calculating commutators in
(25) if the NR approximation is only required to proceed to
the next leading order. As mentioned before, except for the
last two terms in the large brace, Eq. (26) agrees well with
the terms in the first brace of (16), indicating that it is still
possible to improve the NR procedure using the conven-
tional method.

B. Foldy-Wouthuysen transformation

In this subsection, we show that direct FWT on (19) can
also lead to the same result in (26). For calculational
convenience, we can separate both £ and O into LI and LV
parts, i.e., E=Ep; +Ey and O = Oy + Opy. In detail,

em m 1
SLI: {———()()—m+—

pi(VWp; , 27
e (VW) s, (1)

Vw3 5 %ijoa o
Ey = { ki 73 +2—[2a P k,,f,;,PiPﬂ}%

+{V2[K%p; — a"I}, (28)

1
O, = {@+Lg+_mﬁi(vat)}la2’ (29)

M g YW s
OLV = {Eklf"ﬁf + m [2 - k(/”/)plpj] 105
+ {V2[b° + % p 1}io,. (30)

So expanded in terms of y and its derivatives, we have up to
linear order of LV coefficients,
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O = 07, +{0.1. Oy}

——ifom(1424) + i2—3 L+ 2 )5 +3i( 1427 ) Fr- 542 | Ar+2 (Fy)
= X 2)( m X xX|p 2)( XD ) v ) X
w ; L B,
and
[0,10,€]] = [O11, O, ELl] + O [Opps Ev]] + (Ot [Opvs ELill + [Ory, [Ors E4l (32)
where

[O11,[O11, ELl]] = {[(5)(p - 81V;( p A){)]%

[OL1: O Ev]] + (O, [Opvs Eil] + [Opy, [Ors, €4l

22\ 3 L .
(—> +6my[2(iVy - p + Ay) — 6m?y? —){ﬁz]}ﬁy (33)

00 22 500 /32N, - 5 52
P ke (P 17y [a-p .| D
S O 8

1
(34)

Substituting all of the above Eqs. (27)—-(34) back into (25), we get the NR scalar Hamiltonian (up to second-order

commutators of FWT) as

. ¥ 1 i
700
o9 I+x) e 2 7ij 5
m7(1+3)()+ . 2d-p —kj,piD;

+ (1 +2¢)[K% p; — a)1.

Compared with (26) we see that, except for the LV term
proportional to v

T the NR Hamiltonian obtained by direct
FWT is completely the same as that obtained with the CVZ
method; though to the next lowest order, the latter can be
obtained without substantially calculating any commuta-
tors. At first glance, this is a little surprising because the
results are expected to differ by a pseudounitary trans-
formation; however, inspecting the CVZ method, we see
that it is exactly the pseudounitary transformation, which
ensures that the NR Hamiltonian is the same as that
obtained with direct FWT [38]. The pseudounitary trans-
formation preserves both the charge and matrix elements of
the Hamiltonian after transformation [36].

C. Consistency check and partial support

Another confirmation can be seen by applying the
different methods mentioned above to the linear accelerat-
ing metric goy = —[1 +2£?, g;; = 8;;. With either direct
FWT, the CVZ method, or even the unsystematically
traditional method in Sec. III, we can obtain an NR
Hamiltonian:

f?—l— {(1 + 3y +57%)

7.00

1 52 3219
—?(Hs;()}”——(”)

2m  8m

4

3 O Nppo 2 gijaal D
Iyt Y (1 +—x> 2d-p— kq;;’(ppipj]—}@

(35)

Ay = m(1+¢) + [(1"“/5)_?

kg ap k.
1 +30)+ (14|22

~5=Vg- b+ (14+24)[KYp; - '] -
(36)

where ¢ = i—f The correctness of (35) and (36) can be
partially supported by comparing the LI part of these
Hamiltonians with the Egs. (20) and (21) in [37]. We
can even compare the LI part of (36) with the fermion
Hamiltonian obtained in [29,35,39]. The consistency of this
comparison lies in the fact that each spinor component
satisfies the Klein-Gordon equation as dictated by the
relativistic dispersion relation. In other words, the NR
Hamiltonian for a scalar field is equivalent to that of a
fermion field by ignoring its spin contribution. In the same
spirit, we can also expect an equivalence between the LV
contribution to the NR scalar Hamiltonian with the fermion
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counterpart; see [27,29]. Comparing Eq. (36) with
Egs. (21), (23), and (27) in [29] by ignoring the spin
interactions, we find

(k)" ~[a = me®),  (ky)i ~ [ = me],

ki Kio »
N ~ €00, BN ~ C(ij)» K% ~ 20(0i)- (37)

Note that to avoid notational confusion of the real part of
(k¢)“, i.e., a*, with the fermionic LV coefficient “a*”, we
instead use a* to represent the latter in (37). Relation (37) is
also consistent with the CPT properties of the correspond-
ing LV coefficients. The incompleteness of the formal
similarity between the spin-independent NR LV
Hamiltonian (36) and the one in [29] can be attributed
to the fact that we only preserve LV perturbations to
O(1, 1) for simplicity, whereas in [29], these perturbations
are preserved to much higher orders. An interesting
scenario is that if we start with a Lagrangian describing
spin-1 boson (such as meson) and carry out the above
procedure again, we may also establish a relationship
between the spin-dependent LV coefficients for an effective
boson with the more fundamental fermionic LV couplings,
like b*, H*™, g™, etc.

Finally, we mention again the advantage of the CVZ
method over direct FWTs, at least to the next lowest order
of the NR approximation, is that the CVZ method can
largely save work in calculating various commutators, such
as [0, [0, &]] in FWT.

V. RELATION TO THE TEST OF THE
EQUIVALENCE PRINCIPLE

Next, we discuss the relevance of the scalar Hamiltonian
to the test of the EP. Actually, there are various inequivalent
definitions on EP in the extensive discussions found in the
literature [40]. Thus there is no doubt that discussions of
inequivalent subjects necessarily cause conflicting conclu-
sions on the validity of EP [19,20]. As mentioned at the
very beginning, we constrain ourselves to the WEP.
Speaking more precisely, we mean the equivalence between
the law of mechanics for any free-moving test body with
negligible self-gravity in a sufficiently small local region of
spacetime (in a gravitational field) with that in a uniform
accelerating frame (with proper acceleration) in the absence
of gravity [40,41]. Note that in this statement, universal free
fall (UFF, the world line of any free-moving test body with
given initial conditions is independent of its mass and
internal properties) cannot be equivalent to WEP [42] and
ceases to be valid in a quantum domain. More importantly,
UFF is even meaningless in quantum mechanics as the
world line (or trajectory for an object) is purely a classical
concept. In this sense, it is better to view UFF as a classical
manifestation of WEP. On the contrary, WEP can still be
safely guaranteed in a quantum realm, particularly

constrained to the NR region reduced in [20,21,43] from
GR. Actually, WEP provides a key to “gauge away” the
gravitational analogy of gauge potential, the first deriva-
tives of metric tensor, ie., 0,9, ~I,,, and thus is an
essential ingredient to attach quantum matter (neglecting
spin-gravity couplings) to the classical gravitational back-
ground. In relativistic quantum field theory, WEP may not
be valid due to the nonlocal nature of the radiative
corrections even in a classical GR background [44].

In this respect, we think it is more meaningful to test
WEP in an extended theory of GR, especially in the
quantum domain. Many alternative theories fit into this
category, such as Einstein-Cartan theory [45], metric-affine
theory [46], etc. In a much broader context, it is valuable to
incorporate Lorentz and CPT violation together with the
test of WEP in a single framework, especially considering
the intimate relationship between LLI and WEP, as indi-
cated by Schiff’s conjecture [15,18]. SME provides such an
ideal test ground. In fact, testing WEP in SME allows more
exotic signals, such as the distinctive nature between
gravitational force and acceleration in the presence of
LV [27]. Discussion of EP in the context of SME is
abundant [27-30,47]; however, it seems that two important
points have been overlooked or not been taken seriously,
which we further address below.

First, it is logically more consistent to start with an
intrinsically curved metric instead of a uniform accelerating
metric, though the latter is an excellent approximation in
most circumstances (up to an irrelevant constant), e.g.,
gooz—(l+2)()=—[1+2§-A7/62+2%]~—(1+2¢) (R is
Earth’s radius). However, this approximation cannot be
reliable to higher orders. In essence, the metric ggy = —(1+
a-X/c*)?, g;j = & is only a general relativistic description
of uniform acceleration, which is essentially flat and
contains no information of gravity. Comparing (35) with
(36), we see, even staying at the metric level and in the
absence of LV, the two Hamiltonians cannot be equivalent

at orders other than O(y), including the 6)( . f) or 6(,/) . ?
term. Viewed in another way, the failure of this match may
precisely reflect the realm of validity in the statement of
WEP, “a sufficiently small local region of spacetime”.
Going beyond this “local” patch of spacetime necessarily
means going out of the domain of WEP, where “violation”
is naturally expected even in GR.

Second, determining how small should be considered as
local enough, which depends on experimental capabilities.
For an experimental apparatus capable of achieving the
precision of dsugal in a gravitational acceleration meas-
urement near Earth’s surface, the length scale is roughly
about L = L(8s) ~ 5@%} ~107* x &% to ensure the local
requirement of the WEP test; otherwise, even the conven-
tional tidal gravity can have a non-null effect. For example,
if the gravimeter precision is on the order of 1 mgal, the
length scale involved in the gravimeter measurement must
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be less than 3.24 m, which is easy to satisfy. For a 1ugal
precision measurement, the length scale is smaller by a
factor of 1000, which excludes many conventional macro-
scopic gravitational experiments.

On the other hand, if the flavor-dependent LV coeffi-
cients lzf/ﬂ':/) l}’; are nonzero, WEP is apparently violated. To
see this, we collect the LV Hamiltonian up to O(y) from
(35) as shown below:

. 3k% 0N mk%
HFWT: my l_ﬂ_za_ _ﬂ_ao
2 m 2
) 7
1—22) 2 4 (14 2y)KY

2 2d - p—kjypip)]. (38)

The first term in the large square bracket can be regarded as
potential energy, which depends not only on the LV

7,00

corrected mass term m(1 —Bk%— Zj’n—o) but also directly
on the combination of LV coefficients, —[mlzg%, /2+a".In
general, the LV coefficients are directionally dependent and
hence necessarily lead to breaking of UFF even in the
context of classical mechanics. We can see this more
transparently from the classical Lagrangian (40) derived
below. In fact, even when the usual coordinate trans-
formation z » ' =z +4¢%, > =1t is performed on
the Schrodinger equation [21] associated with the
Hamiltonian (38), it cannot be reduced to the free motion
case even locally (y — g- AF7/c?) due to the presence of LV
coefficients. So LV necessarily violates WEP by definition.
Inspection of (35) also reveals that the gravitational redshift
associated with 12% depends on the number of its zero
indices, so this can be utilized to discriminate different LV
coefficients, as already been noticed in [29]. This also
prevents us from using a coordinate transformation to the
local patch of a uniform acceleration frame to transform
Hamiltonian (38) to the flat space one with LV couplings.

To see the violation of WEP in another way, from the
quadratic dispersion relation,

g, o (g 9 700
W‘i‘ op | Po” + ATl PiPj+ Kyp PiPo

i .
+ in In(VW)p, —2(a’py + alp;) = m?, (39)

derived from (2), we can construct a classical relativistic
Lagrangian [48]:

L = —u[V2(1 = kJ5V2)u? = W2(5;; + K;;W?)u'u
F2VEW2K uult + | Wa, — évj (VW) | u

—agV*ul, (40)

where  p = {m? + ;1 [VIn(VW)}, K" =Re[ls,] =

K%, u = %. As a simple approximation, we have only
retained the LV coefficients in the above calculation to
linear order. It can be readily verified that the particle

trajectory obtained from (40) deviates from geodesic
equation 4 + 2(ii - VinV)u =0, di %VVV; u®? +2(ii -
VinW)ii —u>VInW = 0 without LV and hence appa-
rently violates WEP classically (i.e., UFF). Note that
(40) is only an example illustration to show that the
inclusion of LV necessarily indicates deviation from
geodesic for a classical particle trajectory. Because the
equation of motion derived from (40) automatically
includes various products of LV coefficients with 0;ggo
or 0;gjx, to be self-consistent, we have to include higher-
order LV contributions, as well, which is beyond the scope
of this paper.

At the end of this section, we note that there are several
subtleties in the discussion of WEP. One issue is that the
nonlocal nature of vacuum polarization may induce non-
minimal couplings even starting with a minimal coupled
action [44], as mentioned before. This effect can introduce
a very tiny length scale, the Compton wavelength A- of a
massive particle, say, the electron, and this will definitely
violate WEP due to the tidal effects. The other issue is
particular for the presence of LV, the so-called vacuum
Cherenkov radiation [49-52]. For an energetically charged
particle whose velocity exceeds the phase velocity of the
LV photon, the charge is expected to radiate [49,50].
Similarly, a Cherenkov-type process can occur for modified
electroweak and gravity sectors, as well, leading to the
emission of W, Z bosons and gravitons, respectively [52].
The back-reaction due to this radiation can lead to a
deviation from geodesic motion [49]; however, except
for the electromagnetic Maxwell-Chern-Simons theory
[50], due to the existence of threshold energy, this scenario
will be nonrelevant for a NR particle in general. For the LV-
charged fermion, the situation is slightly complicated.
Certain spin-flip LV coefficients such as H, d, and g can
also lead to threshold-free vacuum Cherenkov radiation
[51], and this will drive even a NR-charged particle away
from its geodesic. For an effective neutral particle com-
posed of charged fermions, it is still unclear whether the
composite-charged fermions in the bound state can radiate
or not. If they can, the back-reaction may lead to WEP
violation, as well, though this could be a higher-order LV
effect.

VI. SUMMARY

In this work, we have derived a NR gravitationally
coupled scalar Hamiltonian from the scalar Lagrangian of
minimal SME. Using the test particle assumption, we
derive it from two different methods in a static isotropic
metric. One derivation utilizes the usual ansatz ®(z, 7) =
e~™"P(1, 7). The other is the FWT transformation with a
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pseudounitary transformation developed by Cognola et al.
[32], and we call it the CVZ method. Atleastto O(1, 1), the
results (16) and (26), obtained from the two different
methods, match. In the former method, we used an iteration
procedure to perturbatively eliminate additional time
derivative terms such as %, which proves to be crucial
for correct approximation. This method is a bit loose,
though we think it is much more straightforward, and it will
be interesting to explore whether this method can be further
developed to obtain higher-order corrections systemati-
cally. We also check the CVZ method with a direct FWT,
and the result (35) confirms (26) very well. However, at
least for the next-leading-order approximation, the CVZ
method appears more economical, as it largely saves the
work in calculating various commutators.

In the context of SME, various NR Hamiltonians
stemming from fermion Lagrangian have been developed
in the literature [9,53]. It is natural because matter is
composed of fermions. However, in an effective point of
view, it is complementary to start directly with a bosonic
action as many quantum tests of WEP use bosonic atoms
[11,54,55] as test particles. Our result provides such an
example for the spin-0 boson, which may be useful to the
analysis of the ®Sr atom [54]. Generalization to the spin-1
case will be straightforward and may be more interesting
because spin interaction allows experimental testing in a
more general framework, such as the metric-affine theory
with torsion and nonmetricity [56,57], so more broad test
schemes [24,58] are involved. As a bonus, comparison of
the NR Hamiltonian for scalar and fermion fields enables us
to bridge a relation between the corresponding LV coef-
ficients; see (37). Accordingly, we may also be able
to establish a relation between the LV coefficients of the

spin-1 boson field and those of the fermion field in a future
work. Then the spin-dependent LV coefficients, such as
H", d", and g™ may be able to match the counterparts of
the spin-1 boson, which is not attainable in the scalar case.

Finally, we also discuss the relevance of the scalar
Hamiltonian with the test of WEP, which in our conservative
point of view is still valid in the semiclassical context in the
nonrelativistic regime reduced from GR. Therefore, tests of
WEP are more natural in an extended theory of GR. With
both a classical Lagrangian and a NR Hamiltonian, we show
that, classically, the presence of LV indeed leads to deviation
of the geodesic, which is apparently a signal of UFF
violation. Furthermore, as the LV coefficients are direction-
ally dependent and receive the gravitational redshift differ-
ently, we argue that this also leads to breaking of WEP even
when transformed to a uniform accelerating frame with
d = —g. Specifically, if LV leads to vacuum Cherenkov
radiation, due to the back-reaction of the emitted quanta to
test particle, more subtle WEP violation effects are expected
for a composite neutral scalar.
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