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Quantum phase space trajectories with application to quantum cosmology
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We develop an approach to quantum dynamics based on quantum phase space trajectories. The latter are
built from a unitary irreducible representation of the symmetry group of the respective classical phase
space. We use a quantum action functional to derive the basic equations. In principle, our formulation is
equivalent to the Hilbert space formulation. However, the former allows for consistent truncations to
reduced phase spaces in which approximate quantum dynamics can be derived. We believe that our
approach can be very useful in the domain of quantum cosmology and therefore, we use the cosmological

phase space example to establish the basic equations of this formalism.
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I. INTRODUCTION

In this article we propose a certain trajectory approach to
quantum mechanics and we develop it with an emphasis on
its application to simple quantum cosmological systems.
The essence of our approach is to reformulate the
Schrodinger equation densely defined on vectors in the
Hilbert space in terms of a set of Hamilton’s equations in a
phase space. The quantum states are represented by phase
space points. The phase space variables encode both
classical and nonclassical observables. By classical observ-
ables in this context we mean the expectation values of
basic operators in a given quantum state. By nonclassical
observables we mean all other phase space variables which
encode such properties as the dispersions of basic observ-
ables and so on.

Our formalism builds on the notion of coherent states
and in particular on the idea of semiclassical framework by
J. Klauder [1,2]. In fact, our formalism is a natural
extension of the Klauder framework which is included
as a special case. The basic tools behind our formalism are,
first, the variational formulation of the quantum dynamics
once a quantum Hamiltonian has been provided and,
second, coherent states that are constructed with a unitary
and irreducible representation of a minimal canonical group
in the phase space of the respective classical model. The
coherent states are used to incorporate the classical observ-
ables into our formalism in a natural (more precisely,
covariant) way and, as it is in the original framework, the
equations of motion for the classical observables include
in general terms with nonvanishing 7. Nevertheless, our
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extension of the framework by nonclassical observables
brings in some new advantages that are not present in the
original framework.

In principle, our approach is based on an infinite-
dimensional phase space representing the quantum
Hilbert space. However, its main advantage is that it
includes consistent truncations to finite-dimensional phase
spaces. Specifically, the dimensionality can be as large as to
reproduce the exact Schrodinger equation in the form of
phase space trajectories in the case of infinitely many
dimensions, or as small as to give the roughest quantum
corrections to the classical equations of motion in the
case of the classical phase space dimensionality. The latter
case corresponds, in fact, to the Klauder framework. Our
approach allows to control the level of detail and can be
adjusted to any specific quantum system, in particular, it
can be used to deal with those quantum dynamics which are
too complex to be solved explicitly.

Since we are mainly interested in quantum cosmological
systems, we will develop our ideas for the case of the
classical phase space which is a half-plane rather than a
plane. For this particular phase space, a well-suited minimal
canonical group is the affine group. Nevertheless, we wish
to emphasize that our approach can be easily developed for
the case of Weyl-Heisenberg (W-H) and other groups.

The great advantage of our approach is that it allows for
addressing physical questions which are not possible in the
simplest semiclassical framework. For example, as usual
classical phase space is now extended by nonclassical
observables (such as spreading variables which describe
specific quantum effects) one can investigate the dynamical
properties of nonclassical observables in pseudoclassical
terms of energy transfers between classical and nonclass-
ical observables. It is worth mentioning that the appearance
of such phenomenons could be misinterpreted as “real”
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energy transfers from/to hidden spatial dimensions in the
universe, which are introduced by the braneworld theories
and alike [3,4]. In fact, a wave function naturally spreads
when a system leaves a classical-like regime and enters a
more quantum one. The dynamical spreading is in par-
ticular expected for cosmological systems when they
approach the big bang singularity. As it was already shown
in [5], in this case a quantum repulsive potential may halt
the contraction preventing the universe form collapsing
into the singularity and make it bounce and reexpand.
Despite the fact that the expectation values of the basic
observables such as the volume or the Hubble rate evolve
symmetrically on both sides of the bounce (see [5] or
almost any other work on the semiclassical dynamics of
bouncing Friedmann models), on the fully quantum level
the bounce does not simply revert the evolution. Thus, the
evolution of some of quantum features is expected to be
asymmetric with respect to the bounce. The detailed
behavior can be captured within our extended approach
by inspecting the evolution of nonclassical observables.

Other associated questions that can be potentially exam-
ined within our approach include: How to specify the
degree of “classicality” (i.e., a measure of classicality) of a
quantum behavior or, put differently in the present context,
what is the “classical universe”? How this classical universe
emerges from a quantum state? Had the universe been
classical before the bounce? Note, however, that our
approach concerns only the deterministic dynamical behav-
ior of objects in quantum mechanics, which includes the
wave-function itself and the expectation values of observ-
ables. Other deep questions involved in quantum mechan-
ics such its interpretation or the measurement problem are
not addressed within this framework.

To finish these introductory remarks, let us notice that
our formulation offers an alternative way of looking at
quantum dynamics. To some extend it could be also viewed
as a kind of a hidden-variable theory. Our approach is based
on the time-dependent variational principle and therefore, it
bears some resemblance to the formalism developed in [6].
However, the latter lacks the physical interpretation that our
approach has thanks to the use of coherent states. In this
regard some similarities can be found with the geometric
approach and the effective equations for quantum motion
developed in [7].

The outline of the article is as follows. We begin by
recalling in Sec. II some basic properties of the expectation
values in quantum mechanics, which sets a broad context for
our framework. In Sec. III we recall the semiclassical
framework of Klauder. In Sec. IV we discuss the variational
formulation of quantum dynamics. In Sec. V we develop our
formalism. We apply it to two examples in Sec. VI. In
Sec. VII we revisit the quantum flat Friedmann model with
our approach. We conclude in Sec. VIII. The Appendices
deal with some technicalities (self-adjointness and the
numerical code) which have been omitted from the main text.

II. STATES AND EXPECTATION VALUES
IN QUANTUM MECHANICS

Let us assume a quantum system described by a
normalized state |w), or rather by the corresponding
projector (ray) P, = |w)(y| in a finite dimensional
Hilbert space ‘H of dimension N. P, belongs to the
complex projective space CPY~! =~ §2¥-1/U(1) and
depends on 2N —2 real parameters. For a quantum
observable represented by a self-adjoint operator O on
H the expectation value in a state P, is given by

(0), = Tr(P,0) €R. (1)

The Lie algebra of self-adjoint operators on H is a real
vector space of dimension N2, or N> — 1 if we exclude
the identity. Notice that N> —1>2N —2 for N > 2.
Therefore, if we choose appropriately 2N — 2 independent
observables {O;}2V 2, the mapping

=1 >

P, =X, ={{01),.(02),, ... (Oya), } €RNTZ,(2)

v
is locally invertible. Hence, the set of rays P,, can be seen
as a manifold locally parametrized by an array of expect-
ation values X € R?M=2. This mapping gives a natural
physical picture of a quantum state: a quantum state is a
complete set of statistical properties specified by a family
of expectation values. The inverse mapping: X+ Pj,
allows us to define any expectation value of any quantum
observable O as a function

X = fo(X) =Tr(P:0). (3)

Hence, the set of quantum expectation values looks like a
set of classical observables defined on a classical phase
space represented here by the set of X. This picture is
enhanced by the Ehrenfest theorem stipulating that
expectation values have a deterministic behavior through
equations similar to the Hamilton equations. Notice,
however, that any function of X is not an expectation
value of a quantum observable. This is different from the
usual classical framework.

Notice that this picture obscures those quantum aspects of
single systems that are addressed by the so-called measure-
ment axioms of quantum mechanics. Nevertheless, the usual
stochastic quantum reasoning remains in principle accessible
since the quantum probabilities yielded by the Born rule,

[(wld)|? = Tr(P, Py). (4)

are included in the framework through Eq. (3) for P, := Ps
and P » = 0.

The above picture is very attractive for establishing a
bridge between classical and quantum calculations. Indeed,
if we ignore the quantum stochastic origin of the picture,
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we recover a classical-like formalism. The presented
construction is valid only for finite dimensional Hilbert
spaces, though, the idea of using expectation values is
obviously attractive for the infinite dimensional spaces
as well. The desired extension can be established if one
finds a way to truncate the principally infinite sequence of
expectation values needed to specify a quantum state
belonging to an infinite dimensional Hilbert space. Herein
we propose a suitable framework. Let us emphasize that
this framework bears little resemblance with the usual
“phase space formulation of quantum mechanics” based
on Wigner functions, Weyl-Wigner transformation, the
star product, etc.

III. COHERENT STATES AND KLAUDER’S
FRAMEWORK

A. Coherent states

By coherent states (see e.g., [§]) we mean a continuous
mapping from a set of labels, collectively denoted by / and
equipped with a measure d/, into unit vectors in Hilbert
space,

[ |l) € M, (5)

such that it resolves the identity,

[ ann=n, (6)

Hence, the coherent states |/) form an overcomplete basis in
‘H. The above property was first used by Klauder [9] in his
definition of what he called an overcomplete family of
states (OFS). They provide a bridge between the abstract
quantum formalism and the continuous label-space,

2 (7)

where P, (1) is a normalized (with respect to d/) probability
distribution on the space / that can be further identified with
some classical observables. Suppose that there exists a
unitary irreducible representation on H, U(X), of a
minimal group of canonical transformations in a phase
space &X'. Then, the mapping

H 3 ly) = Py (1) = [(ly)

X3¢ [8) =U)o) €N, (8)

defines a family of coherent states whose labels describe
the classical states of that system [10]. The fixed normal-
ized vector |y,) is called the fiducial vector.

B. Framework

First, let us recall that the quantum dynamics can be
obtained via the variation of the quantum action,

S(y.) = / " dtlylio, - Hly). (9)

with respect to the normalized |y) € H, where H is the
quantum Hamiltonian that corresponds to a certain classical
Hamiltonian, H. The stationary points of the action (9) are
found to satisfy the Schrodinger equation,
i0,ly) = Hly). (10)
The idea of the semiclassical framework based on the
coherent states was introduced by Klauder in [1]. Initially,
he applied it to the case of the phase space X = R? and the
Weyl-Heisenberg coherent states. The W-H coherent states,
|x, p), are defined as follows
[x, p) = D(x. p)lwo). (11)
where the displacement operator D(x,p) = e/(PO=P)
satisfies

D p')eD(x. p) = &= )D(x +- 2, p+ p).  (12)

and where (0, P) are the position and momentum operators
[11]. The fiducial vector |yo) € H is fixed and its choice is
almost arbitrary. The only condition that one imposes on
the fiducial is the so called physical centering condition. It
relates the classical observables and the expectation values
of the respective operators by demanding

(x.plOx.p) =x,  (xplPlx.p)=p, (13)
and leads to the constraint,
(ol Qlwo) = 0= (wolPlwo). (14)
We find that
i(x, pldlx, p) = pdx, (15)

where d is the exterior derivative. This result can be guessed
(up to the irrelevant total derivative) from the fact that the
above one-form must be invariant with respect to the action
of the W-H group. The same reasoning applies to all other
canonical groups. Now the quantum action functional (9)
can be evaluated on the family of coherent states,

ff . ~
S(x,p)Z/ dt(x, plio, — H|x, p)
7

- [f dt(ip — H(x, p)), (16)

where H* = (x, p|H|x, p). Thus, the variation of the
quantum action with respect to the (x, p)-labeled coherent
states yields the Hamilton equations for x and p,
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X =

(17)

On the one hand, the above equation provides an approxi-
mation to the exact quantum motion via the coherent states,

R >+ |x(1), p(t)) € H, (18)

and on the other hand, it establishes a very appealing
interpretation of the classical observables and their dynam-
ics within the more fundamental guantum framework. We
notice that these equations, in general, differ from the
classical equations as the semiclassical Hamiltonian H*
may include #-corrections,

H, = H + O(h). (19)

Since in the real world 7 never vanishes, the possibility
of modeling the dynamics of the classical observables
with nonvanishing # could be very useful. Indeed, this
possibility becomes particularly important for improving
the dynamics of classically singular cosmological models
as we show later.

C. Affine group

As we are concerned with gravitational systems, we shall
turn to the important example of the phase space that
appears in cosmology, namely the half-plane X = R, x R.
The basic observables form a canonical pair,

(g.p) ER, xR, (20)

where ¢ is the volume of the universe and p is a rate of its
expansion. Clearly, the W-H group is not applicable to the
present case as one of the canonical variables, ¢, is confined
to the half-line. Instead, we shall employ the affine group
[2,12,13], Ay, that is defined by the multiplication law,

A _ / E /
(¢.p")o(q.p) = <q q,q,+p>, (21)

and preserves the symplectic structure of the half-plane
phase space,

p
(¢, p')eldg A dp] =d(q'q) A d(; + p’) = dgdp, (22)

where (¢', p’) is a fixed element of the affine group. There
exists a unique (up to sign) unitary irreducible representa-
tion of Ay, which in H = L*(R ., dx) takes the form

wmww—i%@) 23)

Thus, we define the affine coherent states as

g p) = Ul(q, p)lwo), (24)

where (x|yo) € L*>(R,,dx) is the fiducial vector that is
subject to the constraint

dx
[l <o (23)

(which follows from the group integrability condition). To
tighten the connection between quantum and classical
observables we demand

(q.p|Plg.p) =p. (26)

(q.r|0lq.p) = 4.

where O = x and P =10,. This is equivalent to

(wolOlwo) = 1. (wolPlwo) = 0. (27)

One finds that

. A dg
i(q. pld|q, p) = —qdp + <WO|D|WO>;7 (28)

where D =1 (xd, 4+ 0,x) is the dilation operator and
which agrees with the general statement given below
Eq. (15). Now, provided a quantum Hamiltonian H, the
quantum action functional evaluated on the affine coherent
states reads

m%pw—/”m@p—ﬂw%p», (29)

where H® = (q, p|H|q. p). Hence, the variation of the
quantum action with respect to the classical labels (g, p)
yields the Hamilton equations,

. aHY

_oH?
q= op

0q "’

(30)
for the stationary trajectories.

D. Free particle dynamics on ¢ > 0

In this article we are going to study a quantum free
motion of a particle on the half-line, g > 0. It is a very
important example as it formally describes the dynamics of
the flat Friedmann universe with a perfect fluid-source [5].
The big-bang singularity is represented by the end-point,
q = 0. The variable g describes the volume and the variable
p describes the expansion of the universe (see Sec. VII
for more details). Let the classical system be defined as
follows,

H = p?, @ = dqdp, (¢.p) R, xR, (31)
and let the quantum Hamiltonian read

H=-A,. (32)
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FIG. 1. Classical and semiclassical dynamics of a free particle
on the half-line. As the semiclassical particle approaches the
singular state ¢ = 0, it is repelled by the potential, which results
in a bounce. We set #2K = 2.

We discuss the technical issue of extending the above
symmetric operator to a self-adjoint one in Appendix A.
For a fiducial vector y(x) € L>(R.,dx), we obtain

5= [f dt(=gp — H*(q. p)).

i

(33)

where

K
Hszpz-i-le?, (34)

where K = fR+ lyy|*dx. The respective Hamilton equa-

tion (30) include an A?-correction that resolves the singu-
larity at g = 0. The particle is repelled away from the
singularity by the quantum potential /> q—’i and this produces
a bounce in its dynamics. See Fig. 1.

IV. THEORY OF THE RESTRICTED
QUANTUM ACTION

The idea of this work is to extend the phase space
description of quantum mechanics due to J. Klauder to a
significantly broader framework. For this purpose it is
useful to discuss the quantum action formulation of
quantum dynamics in somewhat more detail.

A. Variation of the quantum action

The quantum action is defined on trajectories in the
Hilbert space and reads

awww;[WMM@+Aw» (35)

Its variation with respect to y such that y, v ,, v, €
L*(R,,dx) n C®(R,) at each 1, yields

tr
5S= / "dr / (iy & — ity ,Sy)dx
t R,

tf _ _
+ / dr A (W x O + 7 S )dx
14 +

1y '
+{ / ili/éy/dx} + / "degoy  — i Syle.  (36)
R, '

t i

Provided that the variations vanish at the endpoints,
Sy (t;) = 0 = Sy (ty), the stationary points of the quantum
action S(y,yr) satisfy the Schrodinger equation,

(i0, + Ay (x, 1) =0. (37)
We conclude that for each w(x) there exists a unique
stationary trajectory in the Hilbert space w(x,f) such

that w(x, 1;) = yw(x).

B. Variation of the reduced quantum action

Now, suppose we confine the quantum action functional
to trajectories in a subspace I' C L*(R,,dx) n C®°(R,)
that is parametrized by real parameters. More precisely, we
assume a differentiable map

We will consider the reduced action
. s .
Styreie) = [ atrlio, + M) (39)
14

Its variation yields
Iy . _ .
68 = / d / (yrOrr — ir Syr)dx
1 R,
Iy _ _
+/ th (l//l",xx&//l" + WF.xx&//F)dxv (40)
4 +

where Sy = %—"fé/li and 64;(1;) = 0 = 6A;(;). The sta-
tionary trajectories wr(¢) satisfy

(oyr(1)]i0, + Alyr(t)) =0, (41)

026030-5



MALKIEWICZ, MIROSZEWSKI, and BERGERON

PHYS. REV. D 98, 026030 (2018)

for any variations 54;(¢)’s. In other words, the Schrodinger
equation (id, + A)|yr (1)) = 0 holds only in the tangent
space to |yr), namely

T;T" = span <al”r> |1), (42)

a2,

and, in general, 75" #I'. Given an orthonormal basis,
ey, e,,...,e,, in the tangent space TZF, the equation of
motion (41) reads

ilr) = 3 (ei] = Alwr) - [es). (43)

1

Suppose we gradually enlarge the subspace I' and its
tangent space 75" by increasing the number of real
parameters A;. Then, the orthonormal basis is enlarged
accordingly e, 1, €,.,, .... Thus, for a fixed |yr), its time
derivative i0,|wr) becomes progressively a better and better
approximation to the exact —A|y) as the series

lim S (eilAlyr) -le) = Alpr). ()
i=1

converges by the virtue of Parseval’s identity. Notice that
the convergence is defined for each point separately.

C. How to confine quantum motion?
The Klauder semiclassical framework is based on a fixed
family of coherent states. Each element of a given family
satisfies the constraints,

(q.r|0lg.p)=q.  {q.p|Plg.p)=p. (45)

which tighten the relation between classical observables
and their quantum counterparts. We may view the families
of coherent states as sections of a certain fiber bundle [14].
Namely, the total space is the Hilbert space (or, its dense
subspace), the base space is the space of all possible
expectation values of the basic operators, and the fibers are
made of state vectors that give equal expectation values,

nH 3 |w) > (w|Oly). (wlPly)) R, xR, (46)

The “coherent” sections are defined by fixing a fiducial
vector |y) in the fibre (1,0) and then by transporting it to
all the other fibers via the unitary group action,

lwo) = U(q. p)lwo)- (47)

In other words, the orbits of the group define the “coherent”
sections. There are as many families of coherent states as
fiducial vectors, |y), and the particular choice of the
fiducial vector fixes purely quantum characteristics of the
coherent states such as dispersions of the basic observables.

fiber
{¥o(x,A7)}
A 2
Llygreq

OA; 2o,

- U(q,p)
base @
manifold P

FIG. 2.  We illustrate the quantum dynamics that takes place in
the fiber bundle. The fibers consist of state vectors with the same
expectation values, ¢ and p, of the basic operators, O and P,
respectively. In the Klauder framework, it is the action of the
affine group U(q, p) that for given a fiducial vector |y) induces
a section in the bundle, to which the quantum motion is confined.
In our approach, we introduce extra parameters /A;’s to para-
metrize the fiducial space. As a result, the quantum motion takes
place both along the sections given by U(q, p)|w,) and along the
fibers as the extra parameters can vary.

They are nonclassical parameters that are completely fixed
by the fiducial vector and are not allowed to evolve as they
normally would do. Thus, the dynamical contribution from
nonclassical observables is completely neglected in the
Klauder framework and the only dynamical observables are
the expectation values (g, p) whose approximate dynamics
could be for some purposes too rough.

A way to improve this framework is to consider a fiducial
space rather than a fiducial vector. It translates into
confining the quantum motion to families of families of
coherent states instead of a single family of coherent states.
Such a framework allows the quantum motion to take
place along the fibers of fixed expectation values of the
basic observables. This idea is presented in Fig. 2. Such a
framework would keep the connection between quantum
states and classical observables while adding more dimen-
sions to the phase space, which would describe purely
quantum features of the quantum states. The number of the
extra features would be controlled by the dimensionality of
the fiducial space. Moreover, as we showed above, one
expects that as the fiducial space is enlarged, the accuracy
of this description is increased and it converges to a fully
quantum mechanics expressed in terms of trajectories in a
phase space of infinite dimension.

V. EXTENSION OF KLAUDER’S FRAMEWORK

A. Quantum action

We will now extend the Klauder semiclassical frame-
work based on the affine coherent states. Instead of
fixing a fiducial vector |y), we shall consider a fiducial
space, |y(4;)), which contains the vectors labeled by 4;,
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j=1,.... Hence, we obtain a family of families of the
affine coherent states,

;= U(q. p)lyo(4))), (48)

which are labeled by 4;,j =1,.... The quantum action
functional (35) restricted to those families of the affine
coherent states reads

K
S = /dt( ap+1p - Gﬂ—<p2+2)>, (49)
t; q q

where

G = o)1 Oalwol)). (50)

3+ 5XIWO(/1)> (51)

K[4j] = (wo(4)] = Aclywo(4))), (52)

where we assume that ywo(4;) € L*(R;,dx) n L*(R,,
dx/x) and that the conditions of normalization and for
the expectation values for the basic observables hold,

wo(4))lwo(4))) =1, (wo(4))|Plwo(4;)) =0,
(wo(4))|Qlwo(4))) = 1. (53)

We assume the fiducial space to be linear and consist of
the fiducial vectors of the form:

wo(A)) = > Ajle)). A €C, (54)
such that (e;|e;) = Nj,-.l Then,
Gl = TN, (55)
D[Aj] = D;idjA;. (56)
K] = K idjA;, (57)

where Nj;, D;; and K j; are Hermitian. The quantum action

reads now (after removing total time derivatives)

Iy
S= / Ldt, (58)
14

where L reads

'Instead of classical parameters, we use the complex param-
eters 4;’s and J,’s which are assumed independent.

(0 228) -t (34 o

From the above action one derives the Hamiltonian
formalism

K:dA:
H:p2+%, (60)

Djid i 1 -
q i
with the quadratic constraints

Note that the action (58) yields the symplectic structure
for both the classical and nonclassical observables. We
follow the Dirac procedure [15] and define the total
Hamiltonian

HT =H+ Cleizj/’{i + CQjSZj/,{i + C3le'zj'//{i, (63)

where ¢; € R are to be determined with the use of the
consistency conditions,

9,(Njid;A;) = {N;iA;jA;, Hy} =0,

3[(Qj,/_1//1[) - {Qﬂ/_l//ll,HT} - 0,
0,(Pjidjd;) = {PjidjA; Hr} = 0. (64)

B. Dynamics

Since Nj; is the identity operator and Dj; is a Hermitian
operator, they can be simultaneously diagonalized. Suppose
that they are diagonal, i.e., N;; = 6;;, Dj; = d;6;;. Then,

Ji> Jeis

) KJZZ]A, - - _
HT =p —|—T+ Cltsji/lj/li + CZjS/,{jﬂ‘i + C3Pji/1jlj’

(65)
d:5,2: L
w= dqd(p +”q’) + idA;d2;. (66)
We introduce y; = 4;¢*i'™¢ and find
;8
idy,dy; = idA;dA; — dgd p (67)

Thus, we may turn to a canonically equivalent formalism in
which

@ = dqdp + idy;dy;, (68)
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Kjidjh; = = dIMaK .y =k, 77, (69)
QjidjA; = elldi=d) M9Q T i =47 71 (70)
Pji/_ljﬂi = ei(dj_d’>lnqui7j}’i =DV iYi- (71)

and
Hy = p*+ /9272,}’, +¢165i7jvi + €2q;i¥ jvi + €3pjiY i
(72)
Let us define
[MN;:i7ivi = A{Mi7;vis N;i7;7i}
= % (MjNy; = N jM ;)7 7. (73)

Now, the consistency relations yield

¢y = arbitrary (phase shift generator), (74)
pji 1 _
o= 2p 55+ gz Pk)7jri (75)
[pql;itjvi
aq;; 1 _
o= (2p g + 2 lakl)7ri 76)
lapl;i?jvi

It follows that the normalization condition is a first-class
constraint that generates a pure gauge transformation (an
overall phase-shift) and thus, the coefficient ¢, is arbitrary.
On the other hand, the physical centering conditions are
second-class and the values of the coefficients ¢, and c3 are
determined. The equations of motion take the form

q=2p, (77)

) kiivivi  kjig¥vi _ _
P = 2% - jljlzj ‘- C2Gjig7iYi = C3Pjiglvis  (18)

. kv . .
vi = "1 qu - lcl‘sjiyi —1C2qjiYi —1C3PjiYi- (79)

C. A basis for the fiducial space

In what follows we propose a set of orthonormal vectors
le;), i =0,1,2... that diagonalize the dilation operator D,;.
Observe the following unitary transformation:
LA(Ry.dx) D y(x) = ¢(y) = Py (e”) € L*(R.dy)

(80)

It transforms the dilation, position and momentum operator
as follows

N 1 1 1
D=x—0,+— - 1
x2i6x+2i3XX|—>i8y, (81)
Q=xre, (82)
o 1 1 ) o
P=-0,r—-e dye v/ (83)
i i

Notice that the dilation operator is the momentum operator
ony € R. Let us take the harmonic oscillator eigenvectors:

2

Ola) = e O
YWn) = il

where H, are the Hermite polynomials. If we restrict the
considerations to the even eigenvectors, i.e.,

H,(y) (84)

l€a) = ly2n), (85)

we obtain

1
N;j = <ei|ej> = 0jj, D;; = <ei|76y|ej> =0. (86)

In this case the dynamical analysis becomes very simple.
Indeed, the equations of motion (77)—(79) become

q=2p, (87)
KA
q
: KA . . .
/1] = —1 q2 - lcléj,-/li - lC2le'/1i - lC3le'/1i, (89)

where ¢, is arbitrary and

_ Jihi - [QK]jiZj’Ii
emr i oo a*|QP;idiki 0

VI. NUMERICAL EXAMPLES

In what follows we consider two simple examples. In
the first example, we set the fiducial space to be two-
dimensional,

lwo) = Ailer) + Aoles), (o1)

where the vectors |e;) are defined by Eq. (85) and 4; € C.
We find that the absolute values |4;| are constant in time
while the respective phases are dynamical. The classical
observables ¢ and p undergo a simple bounce as in the case
of Eq. (34) to which solutions are presented in Fig. 1. This
result is not surprising as there is, in fact, no extra degree of
freedom. The counting of the extra degrees of freedom
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Im[i]

Re[d]

FIG. 3. We compare the cases of two and three extra complex
parameters, A, 4, and 4, 4,, 43, respectively. The two upper plots
show the dynamics of the extra parameters. For the two-
parameter case, the extra parameters can only rotate in the
complex plane. For the three-parameter case, the extra parameters
exhibit very rich dynamics with both rotation and contraction/
expansion. The latter proves that the evolution occurs across a set
of families of coherent states. The bottom plot shows the
dynamics of the classical observables ¢ and p and despite the
fact that the initial conditions for these observables are the same,
the two-parameter (dashed) trajectory gives a bounce at smaller

values of ¢ than the three-parameter (solid) one. As the initial
condition we set 4;(0) = /15, 42(0) = —1 /5. 43(0) = 0, ¢(0) =

10 and p(0) = -2.

gives: 4 (two complex parameters)—?2 (two second-class
constraints from the physical centering)—?2 (a first-class
constraint and the respective gauge transformation from the
normalization condition) = 0.

In the second example, we set the fiducial space to be
three-dimensional,

lwo) = Ailer) + Aaler) + Azles). (92)

In this case neither the absolute values |4;| nor the
respective phases are preserved during the evolution. In
Fig. 3 we compare the dynamics of the classical observ-
ables and of the extra parameters between the two- and
three-parameter cases.

VII. QUANTUM DYNAMICS OF THE
FRIEDMANN UNIVERSE

Let us see how one can apply the formalism developed
above to a quantum cosmological model, namely the
quantum radiation-filled flat Friedmann universe with a
bounce. For more details on the framework we refer to [5].
The metric of the classical model reads:

ds? = —N%dr? + ¢*(dx)?, (93)
where N is a nonvanishing and otherwise arbitrary lapse
function. The Hamiltonian constraint reads

C=Ng™'(=p* + pr), (94)
where T and p; are canonical variables that describe the
radiation and
q=a, p=a’H, (95)
are canonical variables that describe the geometry, the scale
factor a and the Hubble rate H times the scale factor
squared, respectively. We solve the Hamiltonian constraint
with respect to pr, set the lapse function N = g and employ
the variable 7 as the internal clock. Then, the reduced phase
space is given just by the canonical pair (¢, p) € R, xR
and the physical Hamiltonian reads
H = p>. (96)
The above Hamiltonian can be promoted to the quantum
Hamiltonian of Eq. (32). Then, we can use our approach to
determine the quantum dynamics of the Friedmann uni-
verse in terms of a trajectory. In Fig. 4 we will plot the
dynamics of the classical variables a and H and their
dispersions. Note the following relations,

o, = \/<q,p|Q2Iq,p> —{¢.p|0lg. p)*,  (97)

op = \/(@.pIP?lq. p) — (a. pIPla. ). (98)
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FIG. 4. The top plot shows the bouncing evolution of the
Friedmann universe in the half-plane (a, H). The two lower
plots show the evolution of the dispersions ¢, and oy of the scale
factor and the Hubble rate, respectively. We see the first evidence

that the dynamics is not symmetric in time around the bounce.
As the initial condition we set the initial data from the three-

parameter case of Sec. V, i.e., 1,(0) = \/% 1,(0) = —\/% and
23(0) = 0.

p2

0, =0y, oy = 4;0‘?, +q7403. (99)

In this section we present just one example of the extended
phase space formulation of a quantum cosmological model.
In our future work [16] we investigate the quantum
Friedmann model much more thoroughly.

VIII. CONCLUSION

In this article we present a quantum phase space
trajectory approach to quantum dynamics. We start from
the semiclassical framework introduced by J. Klauder
many years ago and we extend it by inclusion of non-
classical observables that are equipped with a symplectic
form. The obtained infinite-dimensional phase space
trajectories are, in principle, equivalent to the exact
solutions of the Schrodinger equation, though it is the
possibility for consistent truncations to finite phase spaces
that makes our approach attractive. We show that the
respective Hamilton equations are not too complicated
and can be successfully used for numerically integrating
the dynamics.

Our trajectory approach is a tool that opens new
possibilities in the studies of quantum cosmological sys-
tems. In the present article we test our approach with two
simple examples. We postpone a detailed study of cosmo-
logical systems to our next papers. We believe that our
approach can be helpful in establishing a definition of the
“degree of classicality” of cosmological systems. If the
universe is quantum by nature, it is never really classical
or, put differently, quantum mechanics cannot “disappear.”
Therefore, “classicality” must correspond to a special
quantum behavior or, more precisely, to a special behavior
in a particular picture of quantum dynamics. Given such a
definition, we may be able to “explain,” or “recover,” the
supposed classicality of the present universe and probe the
effects of the lack of classicality on the past of the universe.
We may learn if the universe can move back and forth
between the classical and quantum phases. Finally, we
could verify whether the universe could had been classical
before the bounce. We investigate these and other related
issues in the forthcoming paper [16].

Since the main purpose of developing this framework
was to study quantum cosmological systems, we are led to
ask to what extent a framework based on expectation values
can reasonably describe a single system, namely the
universe. There are two possible attitudes. The first attitude
is to focus on the mathematical structure. Since our frame-
work includes the complete time behavior of the wave-
function, it is physically equivalent to the Schrodinger
equation. If our main purpose is to construct a picture of
quantum dynamics that allows for a direct comparison with
the corresponding classical equations of motion, we simply
state that our framework is a very good candidate. The second
attitude starts with the observation that the question of the
interpretation of our formulation has been ignored. However,
a similar interpretational issue arises in statistical physics
where it is addressed with the so-called thermodynamical
limit. Namely, statistical physics is designed to describe
ensembles of systems in terms of probabilities. However,
the expectation values obtained from this theory are able to
describe individual large systems: this is the thermodynam-
ical limit. We can make an analogy and view a homogeneous
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cosmological system as made of an infinite number of
“copies” of the same system localized at different points
of space and therefore, describable as a large system made of
“small identical systems.” Provided that the property valid in
the framework of statistical physics can somehow be applied
to the quantum cosmological context, the set of quantum
expectation values in the cosmological framework becomes a
relevant description of the universe.

As a final remark, let us make a brief comparison of our
approach to the Bohm-de Broglie (BdB) approach used in
quantum cosmology [17]. In the BdB formulation, a given
solution to the Schrodinger equation plays the role of the
so-called pilot-wave which is a source of an extra quantum
term in the classical equations of motion. The latter deter-
mine a complete set (i.e., for arbitrary initial data) of quantum
trajectories in the classical phase space. Whereas in our
approach, a given solution to the Schrodinger equation is
represented by a unique trajectory of quantum expectation
values in an infinite dimensional phase space that includes
both classical and nonclassical variables. Thus, in our
approach the system follows a unique and predictable,
though, higher dimensional trajectory.
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APPENDIX A: SELF-ADJOINT EXTENSIONS
The symmetric operator of Eq. (32),

9 0 .
e 2(ga) e

defined on smooth functions with a compact support is
symmetric. There exist infinitely many self-adjoint exten-
sions of the operator, which can be obtained by extending
the domain to C*(R,) n L?(R,,dx) with the boundary
condition,

(A1)

y'(0) + uy (0) =0, (A2)
where ;€ RU {0} labels the extensions [18]. In the
article, we impose the Dirichlet condition, w(0) =0
(or, u = o), though this particular choice has no essential

consequences for the obtained framework, and other
choices of y may be easily included. To ensure that we
are consistent with this choice throughout the article we
must demand that any fiducial vector satisfies,

wo(0) = 0. (A3)
Indeed, one may verify that the eigenvectors of the dilation
operator introduced in Eq. (84) satisfy the above condition.

APPENDIX B: IMPOSING THE CONSTRAINTS
ON FIDUCIAL VECTORS

We relate the expectation values of the basic observables
Q and P in coherent states |g, p) to the phase space
observables g and p by demanding (26), which in the case
of a many-parameter fiducial vector yields two last con-
ditions of Eq. (62). Hence, in order for ¢ and p to
correspond to the aforementioned expectation values one
needs to impose the awkward constraints (62) on the
fiducial vector labels 4; € C". This problem can be over-
come rather easily after one notices that in the absence of
the constraints,

(q.p|0lq. p) = q(wol Qlwo) = 90Q;id;A:, (B1)

(q.p|Plq. p) = p + (wolPlwo) = p + P;id;h;. (B2)
Hence, one may ignore the constraints (62) and treat g and
p as auxiliary parameters. The genuinely classical observ-
ables can be then defined as follows,

q' = qQjidi;, P’ =p+ Pl (B3)
The quantities Q ﬁ/_l i4; and P j,-/_l ;4; are constant along the
motion. In the studied examples we therefore first solve the
dynamics for g and p and next plot the evolution of ¢* and
p’. In terms of the geometric viewpoint that we develop at
the end of Sec. IV, the employment of fiducial vectors
which do not satisfy the constraints (62) is equivalent to
fixing the respective family of coherent states via a state in
a fiber different than (1,0), which is clearly an admissible
procedure provided that one recalculates the expectation
values as shown above.
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