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Basic aspects of the Hamiltonian structure of the parity-violating Poincaré gauge theory are studied. We
found all possible primary constraints, identified the corresponding critical parameters, and constructed the
generic form of the canonical Hamiltonian. In addition to being important in their own right, these results
offer dynamical information that is essential for a proper understanding of the particle spectrum of the
theory, calculated in the weak field approximation around the Minkowski background.
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I. INTRODUCTION

Weyl’s idea of gauge invariance [1] turned out to be
a key principle underlying the dynamical structure
of all the fundamental physical interactions. Following
this idea and the subsequent works of Yang, Mills, and
Utiyama [2], Kibble and Sciama [3] formulated a new
theory of gravity, the Poincaré gauge theory (PG, aka PGT),
based on gauging the Poincaré group of spacetime sym-
metries. In PG, spacetime is characterized by a Riemann-
Cartan geometry, in which the torsion and curvature are
the field strengths associated with the translation and
Lorentz subgroups of the Poincaré group; for more details,
see [4–10].
Earlier investigations of PG were mostly focused on the

class of parity preserving Lagrangians quadratic in the field
strengths; see, for instance, Hayashi and Shirafuji [5] or
Obukhov [11]. We denote this class of models as PGþ.
Sezgin and Niuwenhuizen [12] analyzed the particle
spectrum of PGþ in the weak field approximation around
the Minkowski background M4. Using the absence of
ghosts and tachyons as physical requirements, they found
a number of restrictions on the PGþ parameters that ensure
the propagating torsion modes to be well behaved.
General dynamical aspects of PGþ, including the iden-

tification of its physical degrees of freedom (d.o.f.), are
most naturally understood in Dirac’s Hamiltonian approach
for constrained dynamical systems [13]. Blagojević and
Nikolić [14,15] started a systematic Hamiltonian analysis
of PGþ, focusing on its generic aspects. They identified a
subset of the primary constraints that are always present
(“sure” constraints, associated to the local Poincaré sym-
metry). Moreover, if certain critical parameters vanished,
they found additional primary constraints (“if-constraints”),

constructed the total Hamiltonian, and discussed certain
aspects of the consistency procedure. Further advances in
this direction were made by Cheng et al. [16] and Chen
et al. [17], who found that the nonlinear nature of
constraints may drastically change the number of propa-
gating modes obtained in the linearized analysis. Yo and
Nester [18] made a detailed study of this phenomenon in
PGþ, concluding that there are apparently only two good
propagating torsion modes. For an interesting application
of this result to cosmology, see Shie et al. [19].
There are no physical arguments that favor the con-

servation of parity in the gravitational interaction. Parity
violating models based on the general PG, with all possible
quadratic invariants in the Lagrangian, were considered
already in the 1980s [20], but the subject remained without
wider response. Recently, there has been increased interest
in a better understanding of both the basic structure and
various dynamical aspects of these models, including
cosmological applications and wave solutions [21–27].
In particular, one should mention the analysis of the particle
spectrum carried out by Karananas [25], who made a
suitable extension of the weak field approximation method
used earlier in PGþ [12] and applied it to the general PG.
According to his results, it seems that the set of good modes
that can coexist is significantly enlarged in comparison
to PGþ.
The objective of the present work is to examine the

Hamiltonian structure of the general PG, based on the if-
constraint formalism [14,15,18], and use it to clarify the
physical content of its particle spectrum, calculated in the
weak field approximation around M4. In this regard, a
particularly important role is played by both the critical
parameters appearing in the analysis of the primary con-
straints, and the structure of the canonical Hamiltonian. By
comparing the properties of the particle spectrum to those
found in Ref. [25], we noted certain differences. On the
other side, elements of the Hamiltonian structure developed
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here can be a good starting point for studying the nonlinear
dynamics of PG.
The paper is organized as follows. In Sec. II, we give a

short account of the Lagrangian formalism for the general
PG. In Secs. III and IV, we find the canonical critical
parameters, identify the related if-constraints, and construct
the generic, “most dynamical” canonical Hamiltonian,
determined by the nonvanishing critical parameters.
Then, in Secs. V and VI, we derive the linearized gravi-
tational field equations and use them to identify the mass
eigenvalues of the torsion modes. The conditions for the
absence of ghosts and tachyons, as well as the reality
conditions of the mass eigenvalues, are examined in
Sec. VII. Essential features of the particle spectrum are
either tested by or derived from the Hamiltonian structure
of PG. In contrast to the results obtained in [25], we show
that the two spin-2 torsion modes cannot propagate
simultaneously. In Sec. VIII, we give a short summary
of our results, and six appendices contain useful technical
details, including an outline of the Hamiltonian formalism
describing the case of vanishing critical parameters.
Our conventions are as follows. The Latin indices

ði; j;…Þ are the local Lorentz indices, the Greek indices
ðμ; ν;…Þ are the coordinate indices, and both run over
0,1,2,3; the orthonormal frame (tetrad) is biμ, the inverse
tetrad is hiμ, the Lorentz connection is ωij

μ, and ηij ¼
ð1;−1;−1;−1Þ and gμν ¼ ηijbiμbjν are the metric compo-
nents in the local Lorentz and coordinate frame, respec-
tively; a totally antisymmetric tensor εijkl is normalized to
ε0123 ¼ þ1, and the dual of an antisymmetric tensor Xij

is ⋆Xij ¼ ð1=2ÞεijmnXmn.

II. LAGRANGIAN FORMALISM

In this section, we give a short account of the Lagrangian
formalism for the general parity–violating PG. Basic
dynamical variables are the tetrad field bi ¼ biμdxμ and
the antisymmetric spin connection ωij ¼ ωij

μdxμ ¼ −ωji

(1-forms), which represent the gauge potentials associated
with translations and Lorentz transformations, respectively.
The corresponding field strengths are the torsion and the
curvature (2-forms),

Ti ≔ dbi þ ωi
k ∧ bk ¼ 1

2
Ti

μνdxμ ∧ dxν;

Rij ≔ dωij þ ωi
k ∧ ωkj ¼ 1

2
Rij

μνdxμ ∧ dxν; ð2:1Þ

which satisfy the Bianchi identities

∇Ti ¼ Ri
k ∧ bk; ∇Rij ¼ 0: ð2:2Þ

The underlying spacetime continuum is described by
Riemann-Cartan geometry [7–9].

A. Field equations

The PG dynamics is determined by a Lagrangian
L ¼ LM þ LG, where LM describes matter and its inter-
action with gravity, and LG is the pure gravitational part. In
the framework of tensor calculus, the gravitational field
equations in vacuum are obtained by varying the action
IG ¼ R

d4xLGðbiμ; Tijk; RijklÞ with respect to biμ and ωij
μ.

After introducing the covariant gravitational momenta

Hi
μν ≔

∂LG

∂Ti
μν
; Hij

μν ≔
∂LG

∂Rij
μν
; ð2:3aÞ

and the associated energy-momentum and spin currents

Ei
ν ≔

∂LG

∂biμ ; Eij
μ ≔

∂LG

∂ωij
μ
; ð2:3bÞ

the gravitational field equations take a compact form:

ð1STÞ Ei
ν ≔ −

δLG

δbiμ
¼ ∇μHi

μν − Ei
ν ¼ 0; ð2:4aÞ

ð2NDÞ Eij
ν ≔ −

δLG

δωij
μ
¼ ∇μHij

μν − Eij
ν ¼ 0: ð2:4bÞ

The explicit expressions for the energy-momentum and
spin currents are given by

Ei
ν ¼ hiνLG − Tm

kiHm
kν −

1

2
Rmn

kiHmn
kν;

Eij
μ ¼ −2H½ij�μ: ð2:5Þ

In the presence of matter, the right-hand sides of (2.4a)
and (2.4b) contain the corresponding matter currents.

B. Quadratic PG models

We assume the Lagrangian density LG to contain all
possible quadratic invariants, constructed out of the three
irreducible components of the torsion and the six irreduc-
ible components of the curvature (Appendix A). Relying on
the Lagrangian 4-form given in Ref. [27], one finds that the
corresponding Lagrangian density has the form LG ¼ bLG,
where b ≔ detðbiμÞ and

LG ¼ −ða0Rþ 2Λ0Þ − ā0X

þ 1

2
Tijk

X3
n¼1

ðanðnÞTijk − ān⋆ðnÞTijkÞ;

þ 1

4
Rijkl

X6
n¼1

ðbnðnÞRijkl − b̄n⋆ðnÞRijklÞ: ð2:6Þ

Here, the irreducible components of the field strengths
are defined in Appendix A, the parity even and parity odd
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sectors are described by the parameters ðan; bn;Λ0Þ and
ðān; b̄nÞ, respectively, and the star symbol denotes the
duality operation with respect to the frame indices of the
field strengths. Another form of LG, useful for comparison
with the literature, is given in Appendix B. Knowing LG,
one finds that the covariant momentum densities (2.3a) can
be written in the form Himn ¼ bHimn and Hijmn ¼ bHijmn,
where

Himn ¼ 2
X3
n¼1

ðanðnÞTimn − ān⋆TimnÞ;

Hijmn ¼ LHijmn þH0
ijmn; ð2:7aÞ

and

LHijmn ¼ −2a0ðηimηjn − ηjmηinÞ þ 2ā0εijmn;

H0
ijmn ¼ 2

X6
n¼1

ðbnðnÞRijmn − b̄n⋆ðnÞRijmnÞ: ð2:7bÞ

C. On the choice of Lagrangian parameters

In the Lagrangian (2.6), the two parity sectors are
presented in a very symmetric way, but the set of three
identities (A3a) implies that not all of the parameters
ðān; b̄nÞ are independent. To resolve this issue, we choose
the conditions

ā2 ¼ ā3; b̄2 ¼ b̄4; b̄3 ¼ b̄6; ð2:8Þ

which reduce the number of Lagrangian parameters to
21 − 3 ¼ 18. Note that the above conditions are not unique.
Further freedom in the choice of parameters follows from

the existence of three topological invariants. The Euler and
Pontryagin invariants are defined by the 4-forms

IE ≔ Rij ∧ Rmnεmnij; IP ≔ Rij ∧ Rij; ð2:9aÞ

respectively, whereas the third invariant is based on the
Nieh-Yan identity,

INY ≔ Ti ∧ Ti − Rij ∧ bi ∧ bj ≡ dðbi ∧ TiÞ: ð2:9bÞ

These invariants produce vanishing contributions to the
field equations, which implies that not all of the Lagrangian
parameters are dynamically independent. Indeed, they can
be used to eliminate three more terms from the Lagrangian,
leaving us with the final number of 18 − 3 ¼ 15 indepen-
dent parameters; see Ref. [23]3 for more details. In this
paper, we use only the conditions in Eq. (2.8), allowing
thereby for an easier comparison to the literature.
For a clear understanding of the physical content of PG,

it is convenient to use dimensionless parameters (coupling
constants). The Lagrangian parameters in Eq. (2.6) are not

dimensionless, but the transition to their dimensionless
counterparts can be easily realized by suitable rescalings;
see, for instance, Ref. [27]. However, to make the general
exposition simpler and more compact, we find it useful to
keep the Lagrangian parameters in the form Eq. (2.6),
which corresponds to using the units c ¼ ℏ ¼ 2κ ¼ 1. The
true dimensionless parameters can be reintroduced later
whenever needed.

III. PRIMARY CONSTRAINTS

Hamiltonian structure is by itself a particularly important
aspect of PG as a gauge theory [13]. Moreover, it also offers
dynamical information that is essential for a proper under-
standing of the particle spectrum of PG.
We begin the subject by analyzing the primary con-

straints (PC) of PG. The canonical momenta ðπiμ;Πij
μÞ

associated to the basic Lagrangian variables ðbiμ;ωij
μÞ are

πi
μ ≔

∂LG

∂ð∂0biμÞ
¼ bHi

0μ; Πij
μ ≔

∂LG

∂ð∂0ω
ij
μÞ

¼ bHij
0μ:

ð3:1Þ

Since the field strengths do not depend on the velocities
∂0bi0 and ∂0ω

ij
0, the above relations define ten constraints

that are always present in the theory (“sure” PCs), regard-
less of the values of the coupling constants. They read

πi
0 ≈ 0; Πij

0 ≈ 0; ð3:2Þ

and their existence is directly related to the local Poincaré
symmetry of PG.
Before we proceed, let us note that at each point of a

spatial hypersurface Σ0∶x0 ¼ const, one can define the
unit timelike vector n, normal to Σ0. Then, any spacetime
vector Vk can be decomposed into a component V⊥ along n
and a component Vk̄ in the tangent space of (“parallel” to)
Σ0; that is, Vk ¼ nkV⊥ þ Vk̄, where V⊥ ¼ nkVk and
nkVk̄ ¼ 0 (Appendix C).
To find additional constraints that may appear in

Eq. (3.1), it is useful to define the parallel gravitational
momenta

π̂ik̄ ≔ πi
αbkα ¼ JHi⊥k̄; ð3:3aÞ

Π̂ijk̄ ≔ Πij
αbkα ¼ JHij⊥k̄; ð3:3bÞ

such that π̂ik̄n
k ¼ 0, Πijk̄n

k ¼ 0, and J is defined by
b ¼ NJ, with N ¼ nkbk0. Depending on the values of
the coupling constants, these relations may produce addi-
tional constraints (primary “if-constraints”). In analogy to
the above orthogonal-parallel decomposition of a vector
Vk, one can introduce a similar decomposition of the field
strengths,
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Tikm ¼ Tik̄ m̄ þ ðnkTi⊥m̄ þ nmTik̄⊥Þ ¼ T̄ikm þ T ikm;

ð3:4aÞ

Rijkm ¼ Rijk̄ m̄ þ ðnkRij⊥m̄ þ nmRijk̄⊥Þ ¼ R̄ijkm þRijkm:

ð3:4bÞ

It is very useful for further analysis to know that the parallel
components T̄ikm ≔ Tik̄ m̄ and R̄ijkm ≔ Rijk̄ m̄ are indepen-
dent not only of the “velocities” Ti⊥m̄; Rij⊥m̄, but also of the
unphysical variables ðbi0;ωij

0Þ; for more details, see
Refs. [7,14,15].

A. Torsion sector

The torsion piece of the Lagrangian in Eq. (2.6) depends
on the velocities ∂0biα only through Ti⊥k̄. The linearity of
Hi⊥k̄ in T̄ and T allows us to rewrite Eq. (3.3a) in the form

ϕik̄ ≔
π̂ik̄
J

−Hi⊥k̄ðT̄Þ ¼ Hi⊥k̄ðT Þ; ð3:5Þ

where all possible velocity terms are moved to the right-
hand side. Now, we decompose this equation into irreduc-
ible parts with respect to the group of rotations in Σ0

(Appendix C):

Sϕ ≔
π̂k̄

k̄

J
þ ā2εk̄ m̄ m̄Tk̄ m̄ n̄ ¼ −2a2Tk̄

k̄⊥; ð3:6aÞ

ϕ⊥k̄ ≔
π̂⊥k̄

J
þ 2

3
ða1 − a2ÞTm̄

m̄ k̄ þ
1

3
ð2ā1 þ ā2Þεk̄m̄ n̄T⊥m̄ n̄

¼ 2

3
ð2a1 þ a2ÞT⊥⊥k̄ þ

2

3
ðā1 − ā2Þεk̄m̄ n̄Tm̄ n̄⊥;

ð3:6bÞ

Aϕ{̄ k̄ ≔
Aπ̂ {̄ k̄
J

−
2

3
ða1 − a3ÞT⊥{̄ k̄ −

1

3
ðā1 þ 2ā3Þε{̄ k̄ n̄Tm̄

m̄ n̄

¼ −
2

3
ða1 þ 2a3ÞT ½{̄ k̄�⊥ −

2

3
ðā1 − ā2Þε{̄ k̄n̄T⊥⊥n̄;

ð3:6cÞ

Tϕ{̄ k̄ ≔
Tπ̂ {̄ k̄
J

þ ā1

�
εð{̄m̄ n̄Tk̄Þm̄ n̄ −

1

3
η{̄ k̄ε

k̄ m̄ n̄Tk̄ m̄ n̄

�

¼ −2a1TT{̄ k̄⊥: ð3:6dÞ

Here, the set ðSϕ;ϕ⊥k̄;
Aϕ{̄ k̄;

Tϕ{̄ k̄Þ, defined by the scalar,
vector, antisymmetric, and traceless-symmetric parts of ϕik̄,
represents the set of all possible new constraints. The
mechanism by which these if-constraints become true
constraints is simply explained in the parity even case,
characterized by four critical parameters: a2, (2a1 þ a2),
(a1 þ 2a3), and a1. When some of these parameters vanish,
the corresponding velocity terms on the right-hand sides of

(3.6) also vanish, and consequently, the associated if-
constraints become true constraints. However, if none of
the critical parameters vanishes, there are no new
constraints.
The same mechanism works also in the general PG.

Whereas the critical parameters for Sϕ and Tϕ{̄ k̄ remain
the same as in PGþ, a2 and a1, the structure of the
if-constraints ϕ⊥k̄ and Aϕ{̄ k̄ is more complicated, as the
right-hand sides of Eqs. (3.6b) and (3.6c) depend on two
velocities, T ½m̄ n̄�⊥ and T⊥⊥k̄. To find the related critical
parameters, we first transform Aϕ{̄ k̄ into the axial 3-vector
Aϕk̄ ≔ εk̄

m̄ n̄Aϕm̄ n̄, so that Eq. (3.6c) goes over into

Aϕk̄ ¼
4

3
ðā1 − ā2ÞT⊥⊥k̄ −

2

3
ða1 þ 2a3Þεk̄m̄ n̄Tm̄ n̄⊥: ð3:7Þ

Then, the set of equations involving ðϕ⊥k̄;
Aϕk̄Þ can be

written in the matrix form as

�
ϕ⊥k̄
Aϕk̄

�
¼ 2

3
A

�
T⊥⊥k̄

εk̄
m̄ n̄Tm̄ n̄⊥

�
; ð3:8aÞ

where

A ≔
�

2a1 þ a2 ā1 − ā2
2ðā1 − ā2Þ −ða1 þ 2a3Þ

�
;

detA ¼ −½ð2a1 þ a2Þða1 þ 2a3Þ þ 2ðā1 − ā2Þ2�: ð3:8bÞ

If the matrix A has two distinct eigenvalues, one can
construct the invertible matrix P that transforms A into a
diagonal form, DA ≔ P−1AP. Then, Eq. (3.8a) implies

ϕk̄ ≔ P−1
�
ϕ⊥k̄
Aϕk̄

�
¼ 2

3
DAP−1

�
T⊥⊥k̄

εk̄
m̄ n̄Tm̄ n̄⊥

�
; ð3:9Þ

where the column ϕk̄ represents two diagonalized if-
constraints, and the diagonal elements ofDA are the critical
parameters,

c�ðAÞ ¼
1

2

�
trA�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtrAÞ2 − 4 detA

q �
: ð3:10Þ

More details on this construction can be found in
Appendix D. In general, the number of true constraints
in Eq. (3.9) is equal to the number of vanishing critical
parameters.

(i) The critical parameters of the torsion sector are a2,
c�ðAÞ, and a1.

B. Curvature sector

For the curvature sector, we use the linearity of H0
ij⊥k in

R̄ and R to rewrite Eq. (3.3b) in the form
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Φijk̄ ≔
Πijk̄

J
−Hij⊥k̄ðR̄Þ ¼ H0

ij⊥k̄
ðRÞ: ð3:11Þ

The content of the object Φijk̄ is described by two three-
dimensional (3d) tensors, Φijk̄ ¼ ðΦ⊥|̄ k̄;Φ{̄ |̄ k̄Þ. The irre-
ducible decomposition of Φ⊥|̄ k̄ takes the form defined
in (C4):

SΦ≡Π⊥k̄
k̄

J
þ 6a0 þ

1

2
ðb4 − b6ÞRþ 1

2
ðb̄2 þ b̄3Þεk̄ m̄ n̄R⊥k̄ m̄ n̄

¼ ðb4 þ b6ÞR⊥⊥ −
1

2
ðb̄2 − b̄3Þεk̄ m̄ n̄Rk̄ m̄ n̄⊥; ð3:12aÞ

AΦ⊥|̄k̄≡
AΠ⊥|̄ k̄

J
þðb2−b5ÞAR|̄k̄−

1

2
ðb̄2þ b̄5ÞAðε|̄m̄n̄R⊥k̄m̄n̄Þ

¼ðb2þb5ÞAR⊥|̄⊥k̄−
1

2
ðb̄2− b̄5ÞAðε|̄m̄n̄Rm̄n̄k̄⊥Þ;

ð3:12bÞ

TΦ⊥|̄ k̄≡
TΠ⊥|̄ k̄

J
þðb1−b4ÞTR|̄k̄þ

1

2
ðb̄1þ b̄2ÞTðε|̄m̄ n̄R⊥k̄ m̄ n̄Þ

¼ ðb1þb4ÞTR⊥|̄⊥k̄−
1

2
ðb̄1− b̄2ÞTðε|̄m̄ n̄Rm̄n̄⊥k̄Þ:

ð3:12cÞ

The irreducible parts of Φ{̄ |̄ k̄ ¼ −Φ|̄ {̄ k̄ are the pseudosca-
lar, the vector, and the traceless symmetric part; see (C5):

PΦ≡
PΠ
J
þ12ā0þðb2−b3Þεk̄ m̄ n̄R⊥k̄ m̄ n̄− ðb̄1þ2b̄2þ b̄3ÞR

¼−ðb2þb3Þεk̄ m̄ n̄Rk̄m̄n̄⊥−2ðb̄2− b̄3ÞR⊥⊥; ð3:13aÞ

VΦ{̄ ≡
VΠ{̄

J
− ðb4 − b5ÞR⊥{̄ þ

1

2
ðb̄2 þ b̄5Þεk̄ m̄ n̄R{̄ k̄ m̄ n̄

¼ ðb4 þ b5ÞR{̄⊥ − ðb̄2 − b̄5Þε{̄ k̄ n̄R⊥k̄⊥n̄; ð3:13bÞ

TΦ{̄ |̄ k̄ ≡
TΠ{̄ |̄ k̄

J
þ ðb1 − b2ÞTR⊥|̄ k̄ {̄ − TH0−

{̄ |̄⊥k̄
ðR̄Þ

¼ ðb1 þ b2ÞTR{̄ |̄⊥k̄ − ðb̄1 − b̄2ÞTðε{̄ |̄ n̄ΣR⊥n̄⊥k̄Þ:
ð3:13cÞ

In Eqs. (3.12) and (3.13), the underlined objects do not
contain velocities, R ≔ Rm̄ n̄

m̄ n̄ and R{̄ |̄ ≔ R{̄ n̄|̄
n̄, the super-

script Σ denotes symmetrization, and H0−
{̄ |̄⊥k̄

in Eq. (3.13c)

denotes the parity odd part of the covariant momentum,

TH0−
{̄ |̄⊥k̄

ðR̄Þ ¼ −
T
	
1

4
εk̄

m̄ n̄½ðb̄1 þ 2b̄2 þ b̄5ÞR{̄ |̄ m̄ n̄

þ ðb̄1 − b̄5ÞRm̄ n̄ {̄ |̄�


:

Looking at the type of velocities appearing in the
above equations, one can see that the critical parameters
can be found by grouping these equations into suitably
chosen pairs.

1. Spin-0 pair

Consider first Eqs. (3.12a) and (3.13a), which contain
the same set of velocities, R⊥⊥ and εk̄ m̄ n̄Rk̄ m̄ n̄⊥. They can
be written in the matrix form as

� SΦ
PΦ

�
¼ B0

�
R⊥⊥

εk̄ m̄ n̄Rk̄ m̄ n̄⊥

�
; ð3:14aÞ

where

B0 ≔
�

b4 þ b6 − 1
2
ðb̄2 − b̄3Þ

−2ðb̄2 − b̄3Þ −ðb2 þ b3Þ

�
;

detB0 ¼ −ðb4 þ b6Þðb2 þ b3Þ − ðb̄2 − b̄3Þ2: ð3:14bÞ

In analogy to what we found in the previous subsection, the
critical parameters are the eigenvalues of B0, c�ðB0Þ, and
the related column of the if-constraints reads

0Φ ≔ P−1
0

� SΦ
PΦ

�
¼ D0P−1

0

�
R⊥⊥

εk̄ m̄ n̄Rk̄ m̄ n̄⊥

�
; ð3:15Þ

where P0 is the matrix that diagonalizes B0, D0 ¼
P−1
0 B0P0.

2. Spin-1 pair

Similarly, after transforming AΦ⊥{̄ |̄ into AΦk̄ ≔
εk̄

m̄ n̄Φ⊥m̄ n̄, Eq. (3.12b) becomes

AΦ{̄ ¼ ðb2 þ b5Þε{̄m̄ n̄R⊥m̄⊥n̄ þ ðb̄2 − b̄5ÞR{̄⊥; ð3:16Þ

and the matrix form of Eqs. (3.16) and (3.13b) reads

� AΦ{̄
VΦ{̄

�
¼ B1

�
ε{̄
m̄ n̄R⊥m̄⊥n̄

R{̄⊥

�
; ð3:17aÞ

where

B1 ≔
�

b2 þ b5 b̄2 − b̄5
−ðb̄2 − b̄5Þ b4 þ b5

�
;

detB1 ¼ ðb4 þ b5Þðb2 þ b5Þ þ ðb̄2 − b̄5Þ2: ð3:17bÞ

As before, the critical parameters are c�ðB1Þ, and the
if-constraints are determined by the matrix P1 that
diagonalizes B1,

1Φ{̄ ≔ P−1
1

� AΦ{̄
VΦ{̄

�
¼ D1P−1

1

�
ε{̄
m̄ n̄R⊥m̄⊥n̄

R{̄⊥

�
: ð3:18Þ
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3. Spin-2 pair

To find the critical parameters in the spin-2 sector,
it is convenient to replace TΦ{̄ |̄ k̄ with the expression
TΦ{̄ k̄ ≔ Tðε{̄m̄ n̄Φm̄ n̄ k̄Þ. Indeed, TΦ{̄ k̄ refers to the same set
of velocities that appears in Eq. (3.12c),

TΦ{̄ k̄ ¼ ðb1 þ b2ÞTðε{̄m̄ n̄Rm̄ n̄⊥k̄Þ þ 2ðb̄1 − b̄2ÞTR⊥{̄⊥k̄;

ð3:19Þ

which allows Eqs. (3.12c) and (3.19) to be written in the
matrix form

� TΦ⊥|̄ k̄

TΦ|̄ k̄

�
¼ B2

� TR⊥|̄⊥k̄

Tðε|̄m̄ n̄Rm̄ n̄⊥k̄Þ

�
; ð3:20aÞ

where

B2 ≔
�

b1 þ b4 − 1
2
ðb̄1 − b̄2Þ

2ðb̄1 − b̄2Þ b1 þ b2

�
;

detB2 ¼ ðb1 þ b2Þðb1 þ b4Þ þ ðb̄1 − b̄2Þ2: ð3:20bÞ

Hence, the critical parameters are c�ðB2Þ, and the column
of if-constraints has the form

2Φ|̄ k̄ ≔ P−1
2

� TΦ⊥|̄ k̄

TΦ|̄ k̄

�
¼ D2P−1

2

� TR⊥|̄⊥k̄

Tðε|̄m̄ n̄Rm̄ n̄⊥k̄Þ

�
:

ð3:21Þ

(ii) The critical parameters in the curvature sector are
c�ðB0Þ; c�ðB1Þ, and c�ðB2Þ.

C. Critical parameters and if-constraints

Since the if-constraints belong to irreducible represen-
tations of 3d rotations, they are characterized by a specific
spin content. Their structure is best understood by grouping
them into pairs with definite spin, as shown in Table I. In
this classification, the parity eigenvalues are absent since
parity is not conserved.
The generic set of the critical parameters c�ðFÞ, F ¼ A,

B0, B1, B2, is defined provided the parity odd parameters in
F do not vanish; see Appendix D. Hence, the limit of the
final expressions c�ðFÞ when these parameters tend to zero
is not well defined. However, since in that case F is already
diagonal, one can identify c� directly from F.

The total number of the primary if-constraints is
10 × 3 ¼ 30, the same as the number of the parallel
canonical momenta (3.3). The if-constraints and the asso-
ciated critical parameters have a decisive influence on the
structure of the canonical Hamiltonian.

IV. HAMILTONIAN

The procedure for constructing the canonical (and total)
Hamiltonian in PGþ is well known [7,14,15,18], but its
extension to PG, although in principle straightforward, is
technically rather complicated.
Starting with the standard definition of the canonical

Hamiltonian density,

Hc ¼ πi
α∂0biα þ

1

2
Πij

α∂0ω
ij
α − bL; ð4:1Þ

one can rewrite it in the Dirac-ADM form,

Hc ¼ NH⊥ þ NαHα −
1

2
ωij

0Hij þ ∂αDα; ð4:2Þ

where N and Nα are the lapse and shift functions (see
Appendix C), and

Hij ¼ 2π½iαbj�α þ∇αΠij
α;

Hα ¼ πi
βTi

αβ þ
1

2
πij

βRij
αβ − bkα∇βπk

β;

H⊥ ¼ πi
k̄Ti⊥k̄ þ

1

2
Πij

k̄Rij⊥k̄ − JL − nk∇βπk
β;

Dα ¼ bi0πiα þ
1

2
ωij

0Πij
α: ð4:3Þ

Since H⊥ is the only term that depends on the form of the
Lagrangian, explicit construction of the whole Hc reduces
just to the construction of its dynamical piece H⊥. In this
process, we focus our attention on the “most dynamical”
case when all the critical parameters are nonvanishing
(that is, when none of the if-constraints becomes a true
constraint). Such an assumption is sufficient for our study
of the particle spectrum of PG. Extension of the formalism
to include vanishing critical parameters is outlined in
Appendix D.

A. Torsion sector

Isolating the torsion contribution to LG, one finds the
corresponding part of H⊥,

HT⊥ ¼ 1

2
ϕi⊥k̄T

i⊥k̄ − JL̄T2 − nk∇βπk
β; ð4:4aÞ

where L̄T2 ¼ LT2ðT̄Þ does not contain velocities. In order
to express the velocities in terms of the phase-space
variables, we decompose the first term into four irreducible
parts:

TABLE I. Critical parameters and if-constraints.

Spin Critical parameters If-constraints

0 a2, c�ðB0Þ Sϕ; ð0ΦÞ�
1 c�ðAÞ; c�ðB1Þ ðϕk̄Þ�; ð1Φk̄Þ�
2 a1, c�ðB2Þ Tϕ{̄ k̄; ð2Φ{̄ k̄Þ�
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ϕi⊥k̄T
i⊥k̄ ¼ ϕ⊥k̄T

⊥⊥k̄ þ 1

2
Aϕ{̄ε

{̄
m̄ n̄Tm̄ n̄⊥

þ Tϕ{̄ k̄
TT{̄⊥k̄ þ 1

3
SϕTk̄⊥k̄: ð4:4bÞ

If a1, a2 ≠ 0, the velocities from the last two terms can be
directly eliminated using Eqs. (3.6a) and (3.6d),

1

3
SϕTk̄⊥k̄ þ Tϕ{̄ k̄

TT{̄⊥k̄ ¼ 1

6a2
SϕSϕþ 1

2a1
Tϕ{̄ k̄

Tϕ{̄ k̄: ð4:5aÞ

Continuing with the first two terms in (4.4b), we note that
for detA ≠ 0, one can use the relation A−1 × ð3.8aÞ to
eliminate the velocities. Introducing the notation
φk̄ ≔ ðϕ⊥k̄;

Aϕk̄ÞT , the result takes a compact matrix form,

�
ϕ⊥k̄;

1
2
Aϕk̄

��
T⊥⊥k̄

εk̄m̄ n̄Tm̄ n̄⊥

�
¼ 3

2 detA
φT
k̄
Tφk̄;

T ≔
�
2a1 þ a2 ā1 − ā2
ā1 − ā2 −ða1 þ 2a3Þ=2

�
; detT ¼ 1

2
detA:

ð4:5bÞ

Hence, the resulting form of HT⊥ reads

HT⊥ ¼ 1

2
Jϕ2

T − JL̄T2 − nk∇βπk
β;

ϕ2
T ≔

1

6a2
SϕSϕþ 1

2a1
Tϕ{̄ k̄

Tϕ{̄ k̄ þ 3

2 detA
φT
k̄
Tφk̄: ð4:6Þ

B. Curvature sector

In a similar manner, one finds the curvature contribution
to H⊥:

HR⊥ ¼ 1

4
Φijk̄R

ij⊥k̄ − JL̄R2 − a0Rm̄ n̄
m̄ n̄ þ ā0εm̄ n̄ k̄R⊥m̄ n̄ k̄;

ð4:7aÞ

where L̄R2 ¼ LR2ðR̄Þ does not contain velocities, and

Φijk̄R
ij⊥k̄ ¼ 2

3
SΦR⊥⊥ − AΦk̄ε

k̄ m̄ n̄R⊥m̄⊥n̄ þ 2TΦ⊥|̄ k̄
TR⊥|̄⊥k̄;

−
1

6
PΦε{̄ |̄ k̄R

{̄ |̄⊥k̄ þ VΦ{̄R{̄ k̄⊥k̄

−
1

2
TΦ{̄ k̄Tðε{̄m̄ n̄Rm̄ n̄⊥k̄Þ: ð4:7bÞ

Summing up the scalar and pseudoscalar term from the
expression (4.7b) and using the relation B−1

0 × ð3.14aÞ to
eliminate the velocities, one obtains

2

3
SΦR⊥⊥ þ 1

6
PΦε{̄ |̄ k̄R

{̄ |̄ k̄⊥ ¼ J
1

6 detB0

ð0ÞΦTR0
ð0ÞΦ;

R0 ¼
�
−4ðb2 þ b3Þ 2ðb̄2 − b̄3Þ
2ðb̄2 − b̄3Þ b4 þ b6

�
; detR0 ¼ 4 detB0;

ð4:8Þ

where ð0ÞΦT ≔ ðSΦ; PΦÞ.
Similarly, the sum of the axial vector and vector term,

combined with B−1
1 × ð3.17aÞ, yields

− AΦk̄ε
k̄ m̄ n̄R⊥m̄⊥n̄ þ VΦ{̄R{̄⊥ ¼ −J

1

detB1

ð1ÞΦT
{̄ R1

ð1ÞΦ{̄;

R1 ¼
�

b4 þ b5 −ðb̄2 − b̄5Þ
−ðb̄2 − b̄5Þ −ðb2 þ b5Þ

�
; detR1 ¼ − detB1;

ð4:9Þ

where ð1ÞΦT
{̄ ¼ ðAΦ{̄; VΦ{̄Þ.

Finally, using B−1
2 × ð3.20aÞ, the sum of the two tensor

terms is given by

2TΦ⊥|̄ k̄
TR⊥|̄⊥k̄ −

1

2
TΦ{̄ k̄Tðε{̄m̄ n̄Rm̄ n̄⊥k̄Þ

¼ J
1

4 detB2

ð2ÞΦT
{̄ k̄R2

ð2ÞΦ{̄ k̄;

R2 ¼
�
4ðb1 þ b2Þ 2ðb̄2 − b̄1Þ
2ðb̄2 − b̄1Þ −ðb1 þ b4Þ

�
; detR2 ¼ −4 detB2;

ð4:10Þ

where ð2ÞΦT
{̄ k̄ ≔ ðTΦ⊥{̄ k̄;

TΦ{̄ k̄Þ.
Summing up the above three contributions, one obtains

the expression for HR⊥ as

HR⊥ ¼ 1

4
JΦ2

R − JLR2ðR̄Þ − a0Rm̄ n̄
m̄ n̄ þ ā0εm̄ n̄ k̄R⊥m̄ n̄ k̄;

Φ2
R ≔

1

6 detB0

ð0ÞΦTR0
ð0ÞΦ −

1

detB1

ð1ÞΦT
{̄ R1

ð1ÞΦ{̄

þ 1

4 detB2

ð2ÞΦT
{̄ k̄R2

ð2ÞΦ{̄ k̄: ð4:11Þ

The complete expression H⊥ ¼ HT⊥ þHR⊥ will be used
in Sec. VII to formulate the conditions for the positivity of
energy of the isolated spin modes.

C. Consistency conditions

The complete canonical Hamiltonian of PG, with
H⊥ ¼ HT⊥ þHR⊥, is calculated by assuming that none of
the critical parameters is vanishing. In the next step, one
can construct the total Hamiltonian that generates the
temporal evolution of dynamical variables. Since the only
primary constraints are the sure constraints (3.2), the total
Hamiltonian is given by
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HT ¼ Hc þ uiπi0 þ
1

2
uijΠij

0; ð4:12Þ

where ui and uij are canonical multipliers.
By construction, the componentsHij,Hα, andH⊥ of the

canonical Hamiltonian do not depend on the unphysical
variables bi0 and ωij

0. Hence, by demanding that the
primary constraints be preserved during the time evolution,
one finds the set of secondary constraints,

H⊥ ≈ 0; Hα ≈ 0; Hij ≈ 0: ð4:13Þ

General arguments, based on the existence of local
Poincaré invariance, show that these constraints are first
class [13]; see also [28]. Hence, the Dirac consistency
algorithm is completed at the level of the secondary
constraints (4.13).
The present PG model has N1 ¼ 20 first-class con-

straints and N2 ¼ 0 second-class constraints. Since the
number of the Lagrangian variables is N ¼ 40 (16 tetrad,
plus 24 connection components), the number of the
Lagrangian d.o.f. is N� ¼ ð2N−2N1−N2Þ=2¼ 20. They
are the same as those found in the weak field approximation
of PG: 2 massless spin-2 modes and 18 massive torsion
modes (two spin-0, six spin-1, and ten spin-2 modes).
However, we shall show that not all of these d.o.f. are
physically acceptable, in contrast to earlier expectations
[25]. To do that, we will first calculate the mass eigenvalues
m2

�ðJÞ for the torsion modes with spin J ¼ 0, 1, 2.

V. LINEARIZED FIELD EQUATIONS

In this section, we start our analysis of the particle
spectrum of PG by deriving the weak field approximation
of the gravitational field equations (2.4) around the
Minkowski background M4; for consistency, we assume
Λ0 ¼ 0. Such an approximation is based on the following
weak field expansion of the basic dynamical variables,

biμ ¼ δiμ þ b̃iμ þO2; ωij
μ ¼ ω̃ij

μ þO2:

To simplify the notation, we omit writing the tilde sign and
the symbol O2, with an implicit understanding of their
effects. Furthermore, we find it technically convenient to
use the following abbreviations:

An ¼ an − a1; Bn ¼ bn − b1;

Ān ¼ ān − ā1; B̄n ¼ b̄n − b̄1: ð5:1Þ

A. First field equation

In the first field equation (2.4a), the covariant momentum
associated to torsion has the form

Himn ¼ 2a1Timn þ
2

3
A2ðηimVn − ηinVmÞ þ 2A3εimnlAl;

− ā1Tirsε
rs
mn −

2

3
Ā2εimnsVs

þ 2Ā3ðηimAn − ηinAmÞ; ð5:2Þ
where ā2 ¼ ā3 yields Ā2 ¼ Ā3. Then, after calculating the
linearized form of Ei

ν,

Ei
ν ¼ 2a0Gν

i − ā0ðRmnkiε
mnkν þ hiνXÞ

¼ 2a0Gν
i − 2ā0Xi

ν;

the linearized (1ST) takes the form

Ein ¼ ∂mHimn − 2a0Gni þ 2ā0Xin

¼ −2a1∂mTinm þ 2

3
A2ð∂iVn − ηin∂VÞ

− 2A3εinmk∂mAk þ 2

3
Ā2εinmk∂mVk

þ 2Ā2ð∂iAn − ηin∂AÞ − 2a0Gni

þ 2ðā0 − ā1ÞXin ¼ 0; ð5:3Þ

where we used (E3), and ∂V ≔ ∂iVi, ∂A ≔ ∂iAi.

B. Second field equation

Using the formulas obtained in the weak field approxi-
mation,

∇μ
LHij

μn ¼ 2a0ðTn
ij − δni Vj þ δnjViÞ

− ā0εijrsðTn
rs − δnrVs þ δnsVrÞ;

2H½ij�n ¼ −
4

3
ð2a1 þ a2Þηn½iVj� þ 2ða1 þ 2a3ÞεijnkAk

−
4

3
Ā2εijnkVk − 4Ā3ηn½iVn�; ð5:4Þ

the linearized form of (2ND) reads

Eijn ¼ ∂mH0
ijmn þ 2a0ðTn

ij − δni Vj þ δnjViÞ
− ā0εijrsðTn

rs − δnrVs þ δnsVrÞ þ 2H½ij�n ¼ 0:

ð5:5aÞ
Using the double duality relations for the curvature, see

Appendix C in Ref. [29], the term ∂mH0
ijmn is found to have

the form
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∂mH0
ijmn ¼ ðb2 þ b1Þ∂mðηirΨjs − ηjrΨisÞεrsmn þ

1

6
B3εijmn∂mX

þ ðb4 þ b1Þ½ð∂iΦjn − ηin∂mΦjmÞ − ði ↔ jÞ� þ 1

6
B6ðηjn∂i − ηin∂jÞR

þ B5½ð∂iR̂½jn� − ηin∂mR̂½jm�Þ − ði ↔ jÞ� − B̄5∂mðηirR̂½js� − ηjrR̂½is�Þεrsmn

þ ðb̄2 − b̄1Þ½ð∂iΨjn − ηin∂mΨjmÞ − ði ↔ jÞ� þ 1

6
B̄3ðηjn∂i − ηin∂jÞX

− ðb̄4 − b̄1Þ∂mðηirΦjs − ηjrΦisÞεrsmn −
1

6
B̄6εijmn∂mR: ð5:5bÞ

VI. PARTICLE SPECTRUM

The particle spectrum of PG contains important infor-
mation of its physical content. Recently, Karananas [25]
made a detailed analysis of this problem by extending the
spin-projection operator formalism, used earlier in the
context of PGþ [12], and applying it to study the PG field
excitations around the Minkowski background. His work
resulted in the mass formulas for the spin-0, spin-1, and
spin-2 massive torsion modes, together with the related
restrictions on the parameter space, stemming from the
requirements for the absence of ghosts and tachyons.
In this section, we study the same problem by analyzing

the linearized field equations along the lines presented in
[5]. The obtained results are tested by verifying their
compatibility with the expressions for the critical param-
eters found in the canonical analysis, whereas the absence
of ghosts and tachyons is studied in the next section.

A. Spin-0 modes

The spin-0 sector is determined by the traces of the
field equations Ein, ∂iEijn, and ∂kð⋆EÞkln, where ⋆Ekln ≔
ð1=2ÞεklijEijn is the dual of Eijn:

− a2∂V − 3ā2∂Aþ a0Rþ ā0X ¼ 0;

ðb4 þ b6Þ□Rþ ðb̄3 − b̄2Þ□X þ 4ð2a0 þ a2Þ∂V
þ 12ðā2 − ā0Þ∂A ¼ 0;

ðb2 þ b3Þ□X − ðb̄3 − b̄2Þ□R − 12ða0 þ 2a3Þ∂A
þ 8ðā2 − ā0Þ∂V ¼ 0: ð6:1Þ

With X ¼ 3∂A, the first equation can be used to express R
in terms of ∂V and ∂A, whereupon the remaining two
equations are written in the matrix form as

ðK0□þ 4a0N0ÞU ¼ 0; ð6:2aÞ

K0¼
�
a2ðb4þb6Þ −3a0ðb̄2− b̄3Þ−3ðā0− ā2Þðb4þb6Þ
a2ðb̄2− b̄3Þ 3a0ðb2þb3Þ−3ðā0− ā2Þðb̄2− b̄3Þ

�
;

N0¼
� ð2a0þa2Þ −3ðā0− ā2Þ
−2ðā0− ā2Þ −3ða0þ2a3Þ

�
; U¼

�∂V
∂A

�
:

ð6:2bÞ

The determinants of K0 and N0 are given by

detK0 ¼ 3a0a2½ðb4 þ b6Þðb2 þ b3Þ þ ðb̄2 − b̄3Þ2�;
detN0 ¼ −3½ð2a0 þ a2Þða0 þ 2a3Þ þ 2ðā0 − ā2Þ2�:

ð6:2cÞ

For detK0 ≠ 0, one can multiply (6.2a) by K−1
0 , and obtain

the Klein-Gordon equation for the massive spin-0 torsion
modes,

ð□þM0ÞU ¼ 0; M0 ¼ 4a0K−1
0 N0: ð6:3Þ

The masses of these modes are given by the eigenvalues of
the mass matrix M0,

m2
�ð0Þ ¼

1

2

�
trM0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtrM0Þ2 − 4ðdetM0Þ

q �

¼ 2a0
detK0

�
trf0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtrf0Þ2 − 4 det f0

q �
; ð6:4aÞ

where f0 ≔ ðdetK0ÞK−1
0 N0, and

trf0 ¼ 3a0ð2a0 þ a2Þðb2 þ b3Þ− 12a0ðā0 − ā2Þðb̄2 − b̄3Þ
− 3½a2ða0 þ 2a3Þ þ 2ðā0 − ā2Þ2�ðb4 þ b6Þ;

detf0 ¼ ðdetK0ÞðdetN0Þ: ð6:4bÞ

It is interesting to note that detK0 is proportional to the
product of two critical parameters, a2 and detB0, character-
izing the spin-0 sector of the set of if-constraints (see
Table I). Hence, when the critical parameters vanish, we
have detK0 ¼ 0, the mass eigenvalues (6.4) become
infinite, and consequently, the spin-0 modes do not
propagate. In the linear regime, this mechanism provides
a Lagrangian description of the dynamical role of if-
constraints.
As a further test of our mass formula (6.4), we calculated

its form in the parity-even sector ðā0; ān; b̄nÞ ¼ 0, and
found the well-known result for the spin-0� torsion modes:

m2þð0Þ ¼
4a0ð2a0 þ a2Þ
a2ðb4 þ b6Þ

; m2
−ð0Þ ¼ −

4ða0 þ 2a3Þ
ðb2 þ b3Þ

:
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B. Spin-1 modes

To understand the linearized dynamics of the spin-1 sector, it is convenient to start with the antisymmetric part of (1ST),
E½ij�, and its dual, ⋆Eij. Taking derivatives of these equations yields

1

3
ð2a1 þ a2Þð□Vj − ∂j∂VÞ þ Ā3ð□Aj − ∂j∂AÞ þ 2A0∂iR̂½ij� þ 2Ā0∂iX½ij� ¼ 0;

ða1 þ 2a3Þð□Aj − ∂j∂AÞ − 2

3
Ā2ð□Vj − ∂j∂VÞ − 2A0∂iX½ij� þ 2Ā0∂iR̂½ij� ¼ 0:

Then, the solutions for ∂mR̂½mi� and ∂mX½mi� are found to be given in the matrix form as

2

�−∂mR̂½mi�
∂mX½mi�

�
¼ Gð□Ui − ∂ið∂UÞÞ; Ui ¼

�
Vi

Ai

�
; g ≔ A2

0 þ Ā2
0;

G ≔
1

g

� 1
3
½A0ð2a1 þ a2Þ − 2Ā0Ā2� ½A0Ā2 þ Ā0ða1 þ 2a3Þ�

− 1
3
½Ā0ð2a1 þ a2Þ þ 2A0Ā2� −½Ā0Ā2 − A0ða1 þ 2a3Þ�

�
: ð6:5Þ

Next, consider the trace of (2ND), ηjkEijk, and of its dual, ηjk⋆Eijk. Using the identities (E4), these trace components
take the form

− 2ðb4 þ b5Þ∂mR̂½mi� þ 2ðb̄2 − b̄5Þ∂mX½mi� þ
1

2
ðb4 þ b6Þ∂iR −

1

2
ðb̄2 − b̄3Þ∂iX

þ 2ð2a0 þ a2ÞVi − 6ðā0 − ā2ÞAi ¼ 0; ð6:6aÞ

− 4ðb̄2 − b̄5Þ∂mR̂½mi� − 4ðb2 þ b5Þ∂mX½mi� þ ðb̄2 − b̄3Þ∂iRþ ðb2 þ b3Þ∂iX

− 8ðā0 − ā2ÞVi − 12ða0 þ 2a3ÞAi ¼ 0: ð6:6bÞ

Using the expressions for ∂mR̂½mi� and ∂mX½mi� found in (6.5), and the expression for R determined by the trace of (1ST),
Eqs. (6.6) multiplied by −2g can be written in the matrix form as

ðK1□ − 4gN1ÞUi þ ðL1 − K1Þ∂ið∂UÞ ¼ 0; ð6:7aÞ

where

K1 ¼ B0
1ðgGÞ; B0

1 ≔ −2
�

b4 þ b5 b̄2 − b̄5
2ðb̄2 − b̄5Þ −2ðb2 þ b5Þ

�
;

N1 ¼
� ð2a0 þ a2Þ −3ðā0 − ā2Þ
−4ðā0 − ā2Þ −6ða0 þ 2a3Þ

�
; Ui ¼

�
Vi

Ai

�
;

L1 ¼ −
g
a0

�
1 0

0 2

�
K0 ¼ −4gN1M−1

0 : ð6:7bÞ

The determinants of K1 and N1 are given by

detK1 ¼
8

3
gðdetAÞðdetB1Þ;

detN1 ¼ −6½ða0 þ 2a3Þð2a0 þ a2Þ þ 2ðā0 − ā2Þ2�: ð6:7cÞ

When detK1 ≠ 0, one can multiply Eq. (6.7a) by K−1
1 and obtain the matrix Klein-Gordon equation for the massive spin-1

torsion modes,

M. BLAGOJEVIĆ and B. CVETKOVIĆ PHYS. REV. D 98, 024014 (2018)

024014-10



ð□þM1ÞŨi ¼ 0; M1 ≔ −4gK−1
1 N1;

Ũi ≔ Ui þM−1
0 ∂iU; ∂iŨi ¼ 0: ð6:8Þ

The eigenvalues of the mass matrix M1 are given by

m2
�ð1Þ ¼

−2g
detK1

�
trf1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtrf1Þ2 − 4 det f1

q �
; ð6:9aÞ

where f1 ≔ ðdetK1ÞK−1
1 N1, and

det f1 ¼ ðdetN1ÞðdetK1Þ;
trf1 ¼ 4ðb2 þ b5Þ½ð2a0 þ a2Þ½ða0 − a1Þða1 þ 2a3Þ − ðā0 − ā1Þ2� þ 2ða0 − a1Þðā0 − ā2Þ2�

þ 4ðb4 þ b5Þ½ða0 þ 2a3Þ½ða0 − a1Þð2a1 þ a2Þ − 2ðā0 − ā1Þ2� þ 2ða0 − a1Þðā0 − ā2Þ2�
þ 8ðb̄2 − b̄5Þ½−ð2a0 þ a2Þða0 þ 2a3Þðā0 − ā1Þ þ 2½ða0 − a1Þ2 þ ðā0 − ā1Þ2�ðā0 − ā2Þ
− 2ðā0 − ā1Þðā0 − ā2Þ2�: ð6:9bÞ

The determinant of K1 is the product of two critical
parameters associated to the spin-1 sector (see Table I).
A discussion of what happens when at least one of these
parameters vanishes is given in Appendix D.
In the parity even sector, our mass formula (6.9) yields

the familiar result for the spin-1� torsion modes:

m2þð1Þ ¼
6ða0 − a1Þða0 þ 2a3Þ
ða1 þ 2a3Þðb2 þ b5Þ

;

m2
−ð1Þ ¼

6ða0 − a1Þð2a0 þ a2Þ
ð2a1 þ a2Þðb4 þ b5Þ

:

C. Spin-2 modes

Although, in principle, the analysis of the spin-2 sector is
not much more complicated than the one for the spin-1
case, the fact that there are lots of variables makes the
general procedure rather complex and difficult to follow. In
Ref. [27], the mass eigenvalues of the spin-2 torsion modes
were found by studying a class of exact wave solutions,
defined by an ansatz that creates only the tensorial
irreducible part of the torsion, whereas the vector and
axial vector parts vanish. This motivates us to simplify the
present discussion by considering a dynamical system with
vanishing spin-0 and spin-1 modes, Vi ¼ 0 and Ai ¼ 0.
The physical content of such a system is described solely
by the spin-2 tensor tijk (Appendix A). Such a technical
simplification does not influence the final result for the
spin-2 mass eigenvalues.
The adopted assumptions have two additional conse-

quences: X ¼ 0, which follows from X ¼ 3∂A; and R ¼ 0,
which follows from the trace of (1ST). To analyse the
spin-2 sector, we need the symmetrized version of (1ST),

−a1Θik − a0Φik þ Ā0Ψik ¼ 0; ð6:10Þ

where Θik ≔ ∂mtikm ¼ ∂mTðikÞm, as follows from the def-
inition (A1) of tikm. Moreover, we also need two equations
that follow from (2ND), ∂mEmðikÞ, and ∂mð⋆EÞmðikÞ:

ðb1 þ b4Þ½□Φik − 2∂ði∂mΦkÞm� þ B̄2½□Ψik − 2∂ði∂mΨkÞm�
− 2A0Θik − 2Ā0Ψik ¼ 0; ð6:11aÞ

ðb1 þ b2Þ½□Ψik − 2∂ði∂mΨkÞm� − B̄4½□Φik − 2∂ði∂mΦkÞm�
− 2Ā0Θik þ 2A0Ψik ¼ 0: ð6:11bÞ

SinceΦik has a nontrivial Riemannian part associated to the
massless graviton, a proper description of the torsion spin-2
modes is obtained by using Eq. (6.10) to eliminateΦik from
Eqs. (6.11):

ðb1 þ b4Þ□ð−a1Θik þ Ā0ΨikÞ þ a0B̄2□Ψik

− 2a0ðA0Θik þ Ā0ΨikÞ ¼ 0; ð6:12aÞ

a0ðb1 þ b2Þ□Ψik − B̄2□ð−a1Θik þ Ā0ΨikÞ
− 2a0ðĀ0Θik − A0ΨikÞ ¼ 0: ð6:12bÞ

These equations can be compactly represented in the matrix
form as

ðK2□þ 2a0N2ÞUik ¼ 0; ð6:13Þ

where

K2 ≔
�

a1ðb1 þ b4Þ −Ā0ðb1 þ b4Þ − a0ðb̄2 − b̄1Þ
−a1ðb̄2 − b̄1Þ Ā0ðb̄2 − b̄1Þ − a0ðb2 þ b1Þ

�
;

N2 ≔
�
A0 Ā0

Ā0 −A0

�
; Uik ≔

�Θik

Ψik

�
:
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For detK2 ≠ 0, Eq. (6.13) is equivalent to

ð□þM2ÞUik ¼ 0; M2 ≔ 2a0K−1
2 N2; ð6:14Þ

where M2 is the mass matrix of the spin-2 torsion mode.
The matrices K2 and N2 are of the same form as

those found in Ref. [27], Eq. (4.50), up to inessential
differences in conventions. Hence, the mass eigenvalues
are also the same. Expressed in terms of the matrix
f2 ¼ ðdetK2ÞK−1

2 N2, they are given by

m2
�ð2Þ ¼

a0
detK2

�
trf2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtrf2Þ2 − 4 det f2

q �
; ð6:15aÞ

where

det f2 ¼ ðdetK2ÞðdetN2Þ;
trf2 ¼ −a0ða0 − a1Þðb1 þ b2Þ − 2a0ðā0 − ā1Þðb̄2 − b̄1Þ

þ ½−a1ða0 − a1Þ þ ðā0 − ā1Þ2�ðb1 þ b4Þ:
ð6:15bÞ

As expected, the determinant of K2 is proportional to the
product of the critical parameters given in the third line of
Table I,

detK2 ¼ −a0a1 detB2; detN2 ¼ −ðA2
0 þ Ā2

0Þ: ð6:16Þ

In the parity-even sector, the above formulas produce the
well-known result,

m2þð2Þ ¼
2a0ða0 − a1Þ
a1ðb1 þ b4Þ

; m2
−ð2Þ ¼

2ða0 − a1Þ
b1 þ b2

:

The above procedure can be extended to the case
with nonvanishing spin-0 and spin-1 terms. After a
straightforward but rather clumsy calculation, we found
that the new terms do not influence the mass eigenvalues,
they only modify the spin-2 state Uik. A compact form of
the result reads

Uik → Ũik

≔ Z

�
Ūik − G∂ðiUkÞ þ

1

3
HðM−1

0 ∂i∂kU þ ηikUÞ
�
;

ð6:17aÞ

where

Z ≔
1

a1

�
−a0 Ā0

0 a1

�
; Ūik ≔

�Φik

Ψik

�
;

H ≔
1

a0

�
a2 3ðā2 − ā0Þ
0 −2a0

�
: ð6:17bÞ

The role of Z is to replace Φik in Ūik by its form obtained
from the symmetrized (1ST). The spin-2 nature of Ũik is
ensured by the properties ∂iŨik ¼ 0, ηikŨik ¼ 0. In fact,
these properties are sufficient to completely determine Ũik.

D. Comparison with Karananas’ mass formulas

Our mass formulas are found to be consistent with the
expressions for the canonical critical parameters, displayed
in Table I. A more detailed test can be conducted by
comparing them to the recent calculations of Karananas
[25]. The first step in this direction is to compare the
Lagrangian (5) in Ref. [25] with our expression (B1).
Although the procedure is straightforward, a number of
misprints found in Ref. [25] complicate the process.
Nevertheless, we established the following correspondence
between the related parameters:

a0 ¼ λ; ā0 ¼ Λ ¼ 0;

a1 ¼ λþ t1; a2 ¼ 2ð−λþ t3Þ;
a3 ¼ ð−λþ t2Þ=2;
ā1 ¼ −2t5; ā2 ¼ ā3 ¼ −t4;

b1 ¼ 4ðr1 − r3Þ; b2 ¼ 4r3;

b3 ¼ 4ðr2 − r3Þ; b4 ¼ 4ðr1 − r3 þ r4Þ;
b5 ¼ 4ðr3 þ r5Þ; b6 ¼ 4ðr1 − r3 þ 3r4Þ;
b̄1 ¼ r7 − 3r8; b̄2 ¼ b̄4 ¼ r7 þ r8;

b̄3 ¼ b̄6 ¼ −4r6 þ r7 þ r8; b̄5 ¼ −3r7 þ r8: ð6:18Þ

The remaining part of the comparison is rather simple. By
substituting the above expressions into Eqs. (6.4) and (6.9),
one finds that the resulting mass eigenvalues for the spin-0
and spin-1 torsion modes exactly reproduce the respective
result that Karananas gives in his Appendix A. Moreover,
we also found that, with the exception of minor differences,
our mass formula (6.15) for the spin-2 modes is in agree-
ment with his result (A.3.5); see also subsection IV.E in
Ref. [27]. Although the difference is small, it might be
responsible for more serious discrepancies in the physical
properties of the spin-2 modes, found in the next section.

VII. PHYSICAL RESTRICTIONS ON THE
SPACE OF PARAMETERS

In this section, we study the physical requirements of
the absence of ghosts (E > 0), the absence of tachyons
(m2 > 0), and the reality (m2 real) in the spectrum of
torsion modes. Our approach is based on the Hamiltonian
analysis developed in Secs. III and IV, subject to the
assumption that all the critical parameters are nonvanish-
ing, or equivalently, that all the torsion modes are propa-
gating. In what follows, we shall examine whether such an
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assumption is compatible with the adopted physical
requirements.
Our general strategy is the following. The conditions of

the positivity of energy can be read from the dynamical
component HR⊥ of the canonical Hamiltonian; see
Eq. (4.11). By introducing the matrices

FJ ≔
1

detBJ
RJ; J ¼ 0; 1; 2;

these conditions can be expressed by demanding that the
eigenvalues of Fj be positive. Using the general formula
for the eigenvalues of a 2 × 2 matrix [see (3.9)], one can
express these conditions in a more practical form as

EJ > 0∶ detFJ > 0; trFj > 0: ð7:1Þ

The absence of tachyons is effectively described by the
conditions of positivity of the eigenvalues m2

�ðJÞ of the
mass matrices MJ:

m2
�ðJÞ > 0∶ detMJ > 0; trMJ > 0: ð7:2Þ

Moreover, the presence of square roots in the mass
eigenvalues requires to check their reality:

m2
�ðJÞ real∶ ðtrMJÞ2 − 4 detMJ > 0: ð7:3Þ

By applying these general physical criteria to the specific
spin-J sectors, one obtains a set of restrictions on the
original Lagrangian parameters. An important goal of our
analysis is to clarify the issue of their mutual (in)consis-
tency. We shall always use a0 > 0, the condition that
ensures the correct limit to GR.

A. Spin-0 sector

1. Positivity of energy

The energy of the spin-0 modes is positive if the
eigenvalues of the matrix F0 ¼ R0= detB0 are positive.
Since detR0 ¼ 4 detB0, the first condition detF0 > 0
implies that detB0 > 0, or, equivalently,

ðb2 þ b3Þðb4 þ b6Þ þ ðb̄2 − b̄3Þ2 < 0; ð7:4aÞ

⇒ ðb2 þ b3Þðb4 þ b6Þ < 0: ð7:4bÞ

Then, the second condition takes the form tr R0 > 0. In
combination with Eq. (7.4b), it yields the relations

b2 þ b3 < 0; b4 þ b6 > 0; ð7:5Þ

which coincide with those appearing in PGþ. The inde-
pendent conditions are the condition Eq. (7.4a) and, for
instance, the first one in Eq. (7.5),

ðb2 þ b3Þðb4 þ b6Þ þ ðb̄2 − b̄3Þ2 < 0; b2 þ b3 < 0:

ð7:6Þ

These two conditions coincide with the first two relations
found in Eq. (48) of Ref. [25] (the third relation is
redundant).

2. Positivity of m2
�ð0Þ

The mass matrix M0 of the spin-0 torsion modes has the
form (6.3),

M0=4a0 ¼ K−1
0 N0 ¼

1

detK0

f0; detK0 ¼ −3a0a2 detB0:

ð7:7Þ

The positivity of its eigenvalues is expressed by the
conditions detM0 > 0 and trM0 > 0:

detN0

detK0

> 0;
1

detK0

trf0 > 0: ð7:8Þ

Since detB0 > 0, they take the form

a2 detN0 < 0; ð7:9aÞ

a2trf0 < 0: ð7:9bÞ

As shown in Appendix F, these general conditions can be
transformed into an unexpectedly simple form, in which the
parameters ðbnb̄nÞ are completely absent:

a2½ð2a0 þ a2Þða0 þ 2a3Þ þ 2ðā0 − ā2Þ2� > 0;

a2ð2a0 þ a2Þ > 0: ð7:10Þ

Returning to the parameters introduced in Eq. (6.18), this
result takes the form

ðt3 − λÞðt2t3 þ t24Þ > 0; ðt3 − λÞt3 > 0:

The first formula is equivalent to Karananas’s result [25],
but the second one is different.

B. Spin-1 sector

1. Positivity of energy

Starting with F1 ≔ R1= detB1 and using detR1 ¼
− detB1, the first condition for the positivity of energy,
detF1 > 0, reads

detB1 ≡ ðb2 þ b5Þðb4 þ b5Þ þ ðb̄2 − b̄5Þ2 < 0; ð7:11aÞ

⇒ ðb2 þ b5Þðb4 þ b5Þ < 0: ð7:11bÞ
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The second condition, written as trR1 < 0 and combined
with Eq. (7.11b), yields

b2 þ b5 > 0; b4 þ b5 < 0; ð7:12Þ

which is the PGþ result. As the two independent con-
ditions, we choose

ðb2 þ b5Þðb4 þ b5Þ þ ðb̄2 − b̄5Þ2 < 0; b4 þ b5 < 0:

ð7:13Þ

Again, there is a complete agreement with the first two
relations in Eq. (49) of [25], whereas the third relation is
redundant.

2. Positivity of m2
�ð1Þ

To make the technical exposition more compact, we
introduce the following notation:

μ2 ≔ 2a0 þ a2; μ3 ≔ a0=2þ a3;

k2 ≔ 2a1 þ a2; k3 ≔ a1=2þ a3:

detA ¼ −2½k2k3 þ ðā1 − ā2Þ2�;
detN1 ¼ −12½μ2μ3 þ ðā0 − ā2Þ2�:

The mass matrix of the spin-1 torsion modes was found in
subsection VI B,

M1 ¼ −4gK−1
1 N1 ¼ −

4g
detK1

f1;

detK1 ¼
8

3
gðdetAÞðdetB1Þ; ð7:14Þ

with g≡ A2
0 þ Ā2

0. The positivity of the mass eigenvalues is
expressed by the requirements

detN1

detK1

> 0;
1

detK1

trf1 < 0: ð7:15Þ

Since detB1 < 0, these conditions are equivalent to

ðdetAÞðdetN1Þ < 0; ð7:16aÞ

ðdetAÞtrf1 > 0: ð7:16bÞ

The expression for trf1 is given in subsection VI B; see also
Appendix F.
A simple inspection of Eq. (7.16a) shows that it can be

realized by detA < 0, detN1 > 0, or vice versa, whereas,
as shown in Appendix F, Eq. (7.16b) can be replaced by
a much simpler expression. The resulting conditions,
equivalent to Eq. (7.16), are defined in (F7):

ðiÞ k2k3 þ ðā1 − ā2Þ2 < 0; μ2μ3 þ ðā0 − ā2Þ2 > 0;

μ3k2A0 − 2μ3Ā2
0 þ A0ðā0 − ā2Þ2 < 0;

ðiiÞ k2k3 þ ðā1 − ā2Þ2 > 0; μ2μ3 þ ðā0 − ā2Þ2 < 0;

μ3k2A0 − 2μ3Ā2
0 þ A0ðā0 − ā2Þ2 > 0: ð7:17Þ

As before, they do not depend on the parameters ðbn; b̄nÞ.
Going over to the parameters defined in Eq. (6.18), the
relations (i) read

ðt1 þ t2Þðt1 þ t3Þ þ ðt4 − 2t5Þ2 < 0; t2t3 þ t24 > 0;

t2ðt21 þ 4t25Þ þ t1ðt2t3 þ t24Þ > 0:

The first two inequalities in the set (i) coincide with those
found in Ref. [25]; the third one is a bit different, but the
whole complementary set (ii) is missing.

C. Spin-2 sector

1. Positivity of energy

The first condition for the positivity of the eigenvalues
of F2 ¼ R2= detB2, detF2 > 0, combined with detR2 ¼
−4 detB2, takes the form

detB2 ≡ ðb1 þ b2Þðb1 þ b4Þ þ ðb̄2 − b̄1Þ2 < 0; ð7:18aÞ

⇒ ðb1 þ b2Þðb1 þ b4Þ < 0: ð7:18bÞ

The second condition combined with Eq. (7.18b) yields
relations that are also valid in PGþ,

b1 þ b2 < 0; b1 þ b4 > 0: ð7:19Þ

The two independent conditions are

ðb1 þ b2Þðb1 þ b4Þ þ ðb̄2 − b̄1Þ2 < 0; b1 þ b2 < 0:

ð7:20Þ

Comparing these conditions to the first two relations in
Eq. (50) of Ref. [25], one finds a complete agreement (the
third relation is redundant).

2. Positivity of m2
�ð2Þ

The mass matrix for the spin-2 modes is found in
subsection VI C:

M2 ¼ 2a0K−1
2 N2 ¼

2a0
detK2

f2;

detK2 ¼ −a0a1 detB2;

detN2 ¼ −½ða0 − a1Þ2 þ ðā0 − ā1Þ2�:

The positivity of the mass eigenvalues is expressed by the
requirements
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detN2

detK2

> 0;
2a0

detK2

trf2 > 0: ð7:21Þ

The condition detN2 < 0 implies detK2 < 0, whereupon,
relying on detB2 < 0, one obtains

a1 < 0; ð7:22aÞ

trf2 < 0; ð7:22bÞ

where trf2 is calculated in subsection VI C.

3. Is the spin-2 sector free of ghosts and tachyons?

Let us recall that in PGþ, the conditions a1 < 0 and b1 þ
b2 < 0 imply trf2 > 0, so that one of the two spin-2�
modes is always a tachyon, as is well known. In what
follows, we will prove, somewhat unexpectedly, that the
same conclusion also holds in the general PG.
To show this, we rewrite trf2 in a compact notation as

trf2 ¼ α2ðb1 þ b2Þ þ β2ðb̄2 − b̄1Þ þ γ2ðb1 þ b4Þ;
α2 < 0; ð7:23aÞ

where the coefficients α2, β2 and γ2 can be read from
Eq. (6.15b),

α2 ¼ −a0ða0 − a1Þ; β2 ¼ −2a0ðā0 − ā1Þ2;
γ2 ¼ −a1ða0 − a1Þ þ ðā0 − ā2Þ2;

and α2 < follows from Eq. (7.22a). Since b1 þ b4 > 0, one
finds

trf2
b1 þ b4

¼ α2
b1 þ b2
b1 þ b4

þ β2
b̄2 − b̄1
b1 þ b4

þ γ2: ð7:23bÞ

Having in mind the first relation in Eq. (7.20), written as

b1 þ b2
b1 þ b4

þ x2 < 0; x ≔
b̄2 − b̄1
b1 þ b4

;

we find it useful to rewrite Eq. (7.23b) in an equivalent
form,

trf2
b1 þ b4

¼ α2

�
b1 þ b2
b1 þ b4

þ x2
�
þ F2ðxÞ;

F2ðxÞ ≔ −α2x2 þ β2xþ γ2: ð7:23cÞ

A critical argument in our analysis comes from the
observation that the discriminant of the quadratic function
F2ðxÞ, Δ2 ¼ β22 þ 4α2γ2, is automatically negative,

Δ2 ¼ 4a0a1½ðā0 − ā1Þ2 þ ða0 − a1Þ2�
¼ −4a0a1 detN2 < 0: ð7:24Þ

Next, since α2 < 0 (the parabola F2 opens upward) and
Δ2=α2 > 0 (minimum of F2 is positive), it follows that
F2ðxÞ > 0 for any x. Hence, using Eq. (7.20), one obtains
the result

trf2 > ðb1 þ b4ÞF2ðxÞ > 0; ð7:25Þ

which contradicts to (7.22b). Thus,
S2. The two no-tachyon conditions in Eqs. (7.22a) and
(7.22b) are mutually exclusive; hence, the two spin-2
torsion modes cannot be simultaneously physical.

Such a conclusion is not in agreement with the result found
by Karananas [25].

4. No-ghost conditions: spin-2 versus spin-1 sector

The no-ghost conditions for spin-1 and spin-2 sectors are
in contradiction to each other. Indeed, Eq. (7.12) implies
that b2 > b4, whereas Eq. (7.19) implies that b4 > b2.
Hence, only one of these two sectors can be physical. The
result is in agreement with the Corrigendum in [25].

D. Reality conditions

The structure of the general reality conditions in
Eq. (7.3) looks rather cumbersome. However, after replac-
ing jtrf0j, jtrf1j, and jtrf2j with their minimal values,
calculated from the inequalities (F3), (F6), and (7.25),
respectively, the reality conditions in Eq. (7.3) transform
into

spin0∶ ðb4 þ b6Þ2a2 detN0 þ 12a0ð2a0 þ a2Þ2 detB0 < 0;

spin1∶ gðb2 þ b5Þ2ðdetAÞðdetN1Þ− 24α21 detB1 < 0;

spin2∶ ðb1 þ b4Þ2a1 detN2 þ 4a0ða0 − a1Þ2 detB2 > 0;

ð7:26Þ

see Sec. VI and Appendix F. These formulas are much
simpler than Eq. (7.3), but they represent only sufficient
conditions for the reality of the corresponding mass
eigenvalues.

VIII. SUMMARY AND CONCLUSIONS

In this paper, we investigated generic aspects of the
Hamiltonian structure of the general parity-violating PG,
and used them to study the torsion particle spectrum [30].
Making use of Dirac’s Hamiltonian approach, we iden-

tified the set of all if-constraints, the expressions that
become true constraints if the corresponding critical
parameters cn vanish. Both the if-constraints and the
associated critical parameters have a crucial influence on
the PG dynamics. Then, we constructed the generic form of
the canonical HamiltonianHc, determined by taking all the
critical parameters to be nonvanishing. An extension of the
procedure to allow for a proper treatment of the vanishing
critical parameters is outlined in Appendix D.
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Apart from being important by itself, the Hamiltonian
structure introduced here turns out to be intrinsically related
to the particle spectrum of PG. To examine that subject, we
first calculated the mass eigenvalues m2

�ðJÞ of the torsion
modes with spin J ¼ 0, 1, and 2, relying on the weak field
approximation of the gravitational field equations around
M4. As a test of the results, we verified that m2

�ðJÞ are
proportional to the inverse critical parameters 1=cn. As a
consequence, whenever some of cn vanish, the correspond-
ing values of m2

�ðJÞ become infinite, thereby preventing the
associated torsion modes from propagating. This is consis-
tent with the canonical effects of the vanishing critical
parameters in PGþ (in the weak field approximation). A

comparison of our mass formulas to those found by
Karananas [25] leads to the following conclusions:
(k1)For the spin-0 and spin-1 torsion modes, our results

confirm those of Karananas.
(k2)For the spin-2 modes, there are certain differences,

noted already in Ref. [27].
The absence of ghosts (positivity of energy) in the

particle spectrum is ensured by demanding the positivity
of the specific spin-J terms in the canonical Hamiltonian,
whereas the conditions for the absence of tachyons are
defined by the requirement m2

�ðJÞ > 0. A detailed analysis
shows that these requirements can be formulated as
follows:

Spin 0∶ ðb2 þ b3Þðb4 þ b6Þ þ ðb̄2 − b̄3Þ2 < 0; b2 þ b3 < 0;

a2½ð2a0 þ a2Þða0=2þ a3Þ þ ðā0 − ā2Þ2� < 0; a2ð2a0 þ a2Þ > 0.

Spin 1∶ ðb2 þ b5Þðb4 þ b5Þ þ ðb̄2 − b̄5Þ2 < 0; b4 þ b5 < 0;

ðiÞ ð2a1 þ a2Þða1=2þ a3Þ þ ðā1 − ā2Þ2 < 0; ð2a0 þ a2Þða0=2þ a3Þ þ ðā0 − ā2Þ2 > 0;

ða0 − a1Þ½ða0=2þ a3Þð2a1 þ a2Þ þ ðā0 − ā2Þ2� − 2ða0=2þ a3Þðā0 − ā1Þ2 < 0;

ðiiÞ an alternative set of conditions; obtained by ðiÞ → ð−1Þ × ðiÞ:
Spin 2∶ ðb1 þ b2Þðb1 þ b4Þ þ ðb̄2 − b̄1Þ2 < 0; b1 þ b2 < 0;

the conditions for the absence of tachyons aremutually exclusive: ð8:1Þ

The results for the absence of ghosts (first line in each spin
sector) are identical to those of Karananas, whereas the
formulas describing the absence of tachyons show a
number of less or more serious differences. In particular,
the whole set of conditions (ii) in the spin-1 sector is
missing in Karananas’s analysis, but the most important
difference is found in the spin-2 sector, where the two
conditions for the absence of tachyons are in contradiction
to each other, in contrast to Karananas’s conclusion.
The presence of square roots in the expressions for the

mass eigenvalues m2
�ðJÞ requires us to verify their reality.

A sufficient form of the reality conditions, compactly
presented at the end of Sec. VII, is much simpler than
their general form.
In conclusion, our analysis clarifies the structure of the

particle spectrum of the general PG by improving the results
found by Karananas, in particular the status of the spin-2
sector. On the other hand, elements of the Hamiltonian
structure introduced here, including its extension to the case
of vanishing critical parameters outlined in Appendix D, are
a good starting point for further investigation of the full
nonlinear dynamics of PG.
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APPENDIX A: IRREDUCIBLE DECOMPOSITION
OF THE FIELD STRENGTHS

The torsion tensor has three irreducible pieces:

ð2ÞTimn ¼
1

3
ðηimVn − ηinVmÞ;

ð3ÞTimn ¼ εimnkAk;

ð1ÞTimn ¼ Timn − ð2ÞTimn − ð3ÞTimn ¼
4

3
ti½mn�; ðA1aÞ

where

Vn ≔ Tk
kn; Ak ≔

1

6
εkrstTrst;

timn ≔ TðimÞn þ
1

3
ηnðiVmÞ −

1

3
ηimVn: ðA1bÞ

The Riemann-Cartan curvature tensor can be decomposed
into six irreducible pieces:
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ð2ÞRijmn ¼
1

2
ðηikΨjl − ηjkΨilÞεklmn;

ð3ÞRijmn ¼
1

12
Xεijmn;

ð4ÞRijmn ¼
1

2
ðηimΦjn − ηjmΦinÞ − ðm ↔ nÞ;

ð5ÞRij ¼ 1

2
ðηimR̂½jn� − ηjmR̂½in�Þ − ðm ↔ nÞ;

ð6ÞRijmn ¼
1

12
Rðηimηjn − ηjmηimÞ;

ð1ÞRijmn ¼ Rijmn −
X6
a¼2

ðaÞRijmn; ðA2aÞ

where

R̂im ≔ Ricim ¼ Rinm
n; R ≔ Ricmm;

Xij ≔
1

2
Rikmnε

kmn
j; X ≔ Xn

n;

Φij ≔ RicðijÞ −
1

4
ηijR; Ψij ≔ XðijÞ −

1

4
ηijX: ðA2bÞ

The above definitions are the tensor counterparts of the
corresponding formulas given in terms of the differential
forms; see [27,29]. They imply the following relations
characterizing the parity-odd sector:

Tijk⋆ð2ÞTijk ¼ Tijk⋆ð3ÞTijk;

Rijkl⋆ð2ÞRijkl ¼ Rijkl⋆ð4ÞRijkl;

Rijkl⋆ð3ÞRijkl ¼ Rijkl⋆ð6ÞRijkl; ðA3aÞ

and also

Tijk⋆ð1ÞTijk ¼ ð1ÞTijk⋆ð1ÞTijk;

Rijkl⋆ð1ÞRijkl ¼ ð1ÞRijkl⋆ð1ÞRijkl;

Rijkl⋆ð5ÞRijkl ¼ ð5ÞRijkl⋆ð5ÞRijkl: ðA3bÞ

APPENDIX B: ALTERNATIVE FORM OF
THE LAGRANGIAN

In this appendix, we rewrite our Lagrangian (2.6) in an
equivalent form that allows an easier comparison to the
literature [22,25]:

LG ¼ −ða0Rþ 2Λ0 þ ā0XÞ þ LT2 þ LR2 ;

LT2 ¼ h1TijkTijk þ h2TimnTnmi þ h3VmVn

þ εmnklðh̄4Ti
mnTikl þ h̄5Tmn

iTkliÞ; ðB1aÞ

LR2 ¼ 1

2
ðf1RijmnRijmn þ f2RijmnRimjn þ f3RijmnRmnij

þ f4RicimRicim þ f5RicimRicmi þ f6R2Þ

þ 1

2
εmnklðf̄7RmnklRþ f̄8RijmnRij

kl

þ f̄9RmnijRkl
ij þ f̄10RmnijRij

klÞ: ðB1bÞ

The parameters ðhn; h̄nÞ and ðfn; f̄nÞ can be expressed in
terms of the “irreducible” parameters appearing in
Eq. (2.6), as follows:

h1 ¼
1

6
ð2a1 þ a3Þ; h2 ¼

1

3
ða1 − a3Þ;

h3 ¼ −
1

3
ða1 − a2Þ;

h̄4 ≔ −
1

24
ð4ā1 þ ā2 þ ā3Þ; h̄5 ≔ −

1

6
ð2ā1 − ā2 − ā3Þ;

ðB2aÞ

and

f1 ≔
1

12
ð2b1þ 3b2þb3Þ; f2 ≔

1

3
ðb1−b3Þ;

f3 ≔
1

12
ð2b1− 3b2þb3Þ; f4 ≔−

1

2
ðb1þb2−b4−b5Þ;

f5 ≔−
1

2
ðb1 −b2−b4þb5Þ; f6 ≔

1

12
ð2b1− 3b4þb6Þ;

f̄7 ≔
1

24
ð2b̄1− b̄3− b̄6Þ; f̄8 ≔−

1

16
ðb̄1þ b̄2þ b̄4þ b̄5Þ;

f̄9 ≔−
1

16
ðb̄1− b̄2− b̄4þ b̄5Þ; f̄10 ≔−

1

8
ðb̄1− b̄5Þ:

ðB2bÞ

Relying on the existence of three topological invariants
(2.9), Karananas [25] imposed three conditions on the
Lagrangian parameters in (B1): ā0, f6, f̄8 ¼ 0.

APPENDIX C: ð3 + 1Þ DECOMPOSITION
OF SPACETIME

The dynamical content of canonical constraints is greatly
clarified by using a decomposition of tensor fields with
respect to the subgroup of 3d rotations in the spatial
hypersurface Σ0∶ x0 ¼ const.
Let eα be a basis of three coordinate tangent vectors in

Σ0, eα ¼ ∂αðα ¼ 1; 2; 3Þ, and n the unit normal to Σ0,
nk ¼ hk0=

ffiffiffiffiffiffi
g00

p
. The four vectors (n, eα) define the

so-called ADM basis of tangent vectors in spacetime.
The decomposition of the vector e0 in the ADM basis is
given by
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e0 ¼ Nnþ Nαeα; ðC1aÞ

where N and Nα, known as the lapse and shift functions,
respectively, are linear in bk0:

N ¼ e0n ¼ nkbk0 ¼ 1=
ffiffiffiffiffiffi
g00

q
;

Nα ¼ e0eβ3gβα ¼ hk̄
αbk0 ¼ −g0α=g00: ðC1bÞ

Introducing the projectors on n and eα, given respec-
tively by

ðP⊥Þlk ¼ nknl; ðPjjÞlk ¼ δlk − nknl;

one can express a spacetime vector Vk in terms of its
orthogonal (to Σ0) and “parallel” (living in the tangent
space of Σ0) components:

Vk ¼ nkV⊥ þ Vk̄; ðC2Þ

where V⊥ ≔ nkVk and Vk̄ ≔ Vk − nkV⊥. Here, we use a
convention that a bar over an index k denotes its parallel
projection, so that nkVk̄ vanishes. The objects V⊥ and Vk̄
are respectively a scalar and a vector with respect to 3d
rotations in Σ0.
Consider now a second-rank tensor, Xik. Its orthogonal-

parallel decomposition reads

Xik ¼ niX⊥k̄ þ ninkX⊥⊥ þ nkX{̄⊥ þ X{̄ k̄: ðC3Þ

Here, X⊥k̄ is a vector and X⊥⊥ a scalar with respect to 3d
rotations, whereas the irreducible parts of X{̄ k̄ are its trace,
antisymmetric, and traceless symmetric parts:

SX ≔ Xk̄
k̄;

AX{̄ k̄ ≔ X½{̄ k̄�; TX{̄ k̄ ≔ Xð{̄ k̄Þ −
1

3
η{̄ k̄X

m̄
m̄;

X{̄ k̄ ¼ AX{̄ k̄ þ TX{̄ k̄ þ
1

3
η{̄ k̄

SX: ðC4aÞ

As a consequence,

X{̄ k̄Y{̄ k̄ ¼ AX{̄ k̄
AY{̄ k̄ þ TX{̄ k̄

TY{̄ k̄ þ
1

3
SXSY: ðC4bÞ

Now, it is straightforward to extend these considerations
to any tensor. As a particularly interesting example, we
consider the spacetime tensor Xijk ¼ −Xjik, which is
decomposed into the set of spatial tensors ðX⊥|̄⊥; X⊥|̄ k̄;
X{̄ |̄⊥; X{̄ |̄ k̄Þ. The irreducible parts of X{̄ |̄ k̄ ¼ −X|̄ {̄ k̄ are
the pseudoscalar, the vector, and the traceless symmetric
tensor, respectively:

PX ≔ ε{̄ |̄ k̄X{̄ |̄ k̄;
VX{̄ ≔ X{̄ k̄

k̄;

TX{̄ |̄ k̄ ≔ X{̄ð|̄ k̄Þ þ
1

2
η{̄ð|̄VXk̄Þ −

1

2
η|̄ k̄

VX{̄: ðC5aÞ

The tensor part satisfies the cyclic identity TX{̄ |̄ k̄ þ TXk̄ {̄ |̄ þ
TX|̄ k̄ {̄ ¼ 0. The epsilon tensor ε{̄ |̄ k̄ is defined by ε{̄ |̄ k̄ ≔
ε⊥{̄ |̄ k̄ and satisfies the identities

ε{̄ |̄ k̄ε
m̄ n̄ k̄ ¼ −ðδm̄{̄ δn̄|̄ − δm̄|̄ δ

n̄
{̄ Þ;

ε{̄ n̄ k̄ε
m̄ n̄ k̄ ¼ −3δm̄{̄ ; εm̄ n̄ k̄ε

m̄ n̄ k̄ ¼ −6:

The related decomposition formulas read:

X{̄ |̄ k̄ ¼
4

3
TX½{̄ |̄�k̄ − ηk̄½{̄VX|̄� −

1

6
ε{̄ |̄ k̄

PX;

X{̄ |̄ k̄Y{̄ |̄ k̄ ¼
4

3
TX{̄ |̄ k̄TY{̄ |̄ k̄ þ VX{̄VY{̄ −

1

6
PXPY: ðC5bÞ

APPENDIX D: GENERAL CONSTRUCTION
OF H⊥

In this appendix, we discuss the general structure ofH⊥,
including the case when some of the critical parameters
vanish. In a simplified but self-evident notation, the
relations that define critical parameters have the following
typical form (see Sec. III):

φ ¼ FV; ðD1Þ

where

φ ≔
�
φ1

φ2

�
; F ≔

�
a b̄

c̄ d

�
; V ≔

�
V1

V2

�
:

Here, φ represents the if-constraints, V are the correspond-
ing velocities, and F is the matrix with eigenvalues c1, c2.
Since F is chosen to represent A, B0, B1 or B2, the
parameter c̄ is proportional to b̄, c̄ ¼ κb̄. If b̄ ¼ 0, the
matrix F is already diagonal, and the construction ofH⊥ is
quite simple. When b̄ ≠ 0, which is typical for the parity-
violating PG, the matrix F needs first to be diagonalized.
The diagonal form D of F is constructed as

D ¼ P−1FP; P ≔
�

−b̄ −b̄
a − c1 a − c2

�
;

D ¼
�
c1 0

0 c2

�
; ðD2Þ

where P is invertible provided detP ¼ b̄ðc2 − c1Þ ≠ 0, and

P−1 ¼ 1

detP

�
a − c2 b̄

−aþ c1 −b̄

�
:

Left multiplication of (D1) by P−1 yields

φ0 ¼ DV 0; ðD3aÞ
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where φ0 ≔ P−1φ and V 0 ≔ P−1V, or, equivalently,

φ0
1 ¼ c1V 0

1; φ0
2 ¼ c2V0

2: ðD3bÞ
To construct the related F-part of H⊥, note that its

typical form reads

HF⊥ ¼ φTQV ≡ φ0TðPTQPÞV 0; Q ≔
�
q1 0

0 q2

�
;

ðD4Þ
see Sec. IV. Further discussion depends on the specific
values of c1 and c2.
(1) When c1, c2 ≠ 0, Eq. (D1) implies V ¼ F−1φ, and

HF⊥ ¼ φTQF−1φ coincides with the result found in Sec. IV.
(2) The case c1 ¼ c2 ¼ 0 is rather trivial: both if-constraints
φ0
n become true constraints that appear in the total

Hamiltonian, butHF⊥ ¼ 0. (3) Finally, when only one critical
parameter vanishes (which requires detF ¼ 0), say c2 ¼ 0,
then φ0

2 ¼ 0 (a new constraint), V 0
2 remains undetermined,

and φ0
1 ¼ c1V 0

1. Hence, Eq. (D4) implies that

HF⊥ ¼ ðb̄2q1 þ d2q2Þ
1

c1
ðφ0

1Þ2 þ φ0
1ðb̄2q1 − adq2ÞV 0

2:

ðD5Þ
The result can be also expressed in terms of the original if-
constraints φn by noting that φ0

2 ¼ 0 implies φ0
1 ¼ −φ1=b̄.

The factor 1=c1 in the first term shows a typical dependence
on the critical parameters, known from PGþ, whereas the
second term, linear in the undetermined velocity V 0

2, can be
absorbed into the total Hamiltonian; see [14,15,23]. The
presence of an extra constraint φ0

2 requires us to complete the
whole consistency procedure.
In the context of the weak field approximation, the form

of HF⊥ in Eq. (D5) determines the no-ghost conditions for
the case (3):

detF ¼ ad − b̄ c̄ ¼ 0; σc1 > 0; ðD6Þ
where σ is the sign of (b̄2q1 þ d2q2) and c1 ¼ aþ d.
Now, we have a comment on kind of “non-analiticity” of

the above results. Since the assumption b̄ ≠ 0 ensures the
regularity of the matrix P, the diagonal matrix D in
Eq. (D2) has no valid limit for b̄ → 0. Hence, the
expressions for cn when b̄ ¼ 0 cannot be obtained by
taking the limit b̄ → 0 of the generic result. However, since
the matrix F for b̄ ¼ 0 is already diagonal, the critical
parameters cn can be obtained directly from F. The same
conclusion also holds for the form of HF⊥.

APPENDIX E: LINEARIZED BIANCHI
IDENTITIES

In Secs. V and VI, many technical simplifications were
obtained with the help of the linearized Bianchi identities,

εμνλρRij
νλρ ¼ 0; εμνλρ∂νTiλρ ¼ εμνλρRiνλρ; ðE1Þ

and their consequences. In particular, the first identity
implies that

∂kXik ¼ 0; ∂iGik ¼ 0; ðE2Þ
where Gik ≔ Ricik − ð1=2ÞηikR, and the second identity
yields

Xi
j ¼ −

1

2
εjkmn∂kTimn; X ¼ 3∂A;

εijmnRijmk ¼ 2Xk
n − δnkX;

2Ric½mn� ¼ −∂kTkmn þ 2∂ ½mVn�: ðE3Þ
As a consequence,

∂mΦim ¼ ∂mR̂½im� þ
1

4
∂iR; ∂mΨim ¼ ∂mX½mi� −

1

4
∂iX:

ðE4Þ

APPENDIX F: SIMPLIFIED CONDITIONS FOR
THE ABSENCE OF TACHYONS

In this appendix, we derive a simplified form of the
conditions (7.9) and (7.16), describing the absence of
tachyons in the spin-0 and spin-1 sectors, respectively;
the spin-2 sector is discussed in subsection VII C.

1. Spin-0 sector

The expression for trf0, found in subsection VI A, can be
represented in a suitable form as

1

3
trf0 ¼ α0ðb2 þ b3Þ þ β0ðb̄2 − b̄3Þ þ γ0ðb4 þ b6Þ;

ðF1aÞ
where

α0 ¼ a0ð2a0 þ a2Þ; β0 ¼ 4a0ðā2 − ā0Þ;
γ0 ¼ −½a2ða0 þ 2a3Þ þ 2ðā0 − ā2Þ2�:

After dividing this equation by ðb4 þ b6Þ > 0, one obtains

trf0
3ðb4 þ b6Þ

¼ α0
b2 þ b3
b4 þ b6

þ β0
b̄2 − b̄3
b4 þ b6

þ γ0:

By noting that the first relation in Eq. (7.6) can be written as

b2 þ b3
b4 þ b6

þ x2 < 0; x ≔
b̄2 − b̄3
b4 þ b6

;

we find it useful to rewrite Eq. (F1a) in the form

trf0
3ðb4 þ b6Þ

¼ α0

�
b2 þ b3
b4 þ b6

þ x2
�
þ F0ðxÞ;

F0ðxÞ ≔ −α0x2 þ β0xþ γ0: ðF1bÞ
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Further analysis is based on an important property of the
quadratic function F0ðxÞ, based on Eq. (7.9a); its discrimi-
nant, Δ0 ¼ β20 þ 4α0γ0, is always negative,

Δ0 ¼ −4a0a2½ð2a0 þ a2Þða0 þ 2a3Þ þ 2ðā0 − ā2Þ2�
≡ ð4=3Þa0a2 detN0 < 0: ðF2Þ
Similar considerations applied to a2trf0 modify

Eq. (F1b) by an overall multiplicative factor a2. To simplify
the discussion, we introduce a suitable notation: α00 ≔ a2α0
and F0

0ðxÞ ≔ a2F0ðxÞ. Note that the discriminant Δ0
0 of the

new function F0
0ðxÞ remains negative. Now, we are ready to

prove the following statement:
S0. Given Δ0 < 0, the condition α00 ≡ a2α0 > 0 is
equivalent to a2trf0 < 0.

To prove this equivalence, we start by assuming α00 > 0,
which implies

a2trf0 < 3ðb4 þ b6ÞF0
0ðxÞ: ðF3Þ

Moreover, the parabola F0
0ðxÞ opens downward, and

Δ0
0=α

0
0 < 0 (negative at vertex) ensures that F0

0ðxÞ < 0

for any x. Hence, a2trf0 < 0, what was to be shown.
The reverse statement a2trf0 < 0 ⇒ α00 > 0 can be

easily proven by reductio ad absurdum, that is, by showing
that α00 < 0 implies a2trf0 > 0, which is a contradiction.
The statement S0 allows us to replace Eq. (7.9b) with the

much simpler condition a2 > 0.

2. Spin-1 sector

For the spin-1 sector, we first rewrite trf1 in the form

1

4
trf1 ¼ α1ðb4 þ b5Þ þ β1ðb̄2 − b̄5Þ þ γ1ðb2 þ b5Þ;

ðF4aÞ
where

α1 ≔ 2μ3k2A0 − 4μ3Ā2
0 þ 2A0ðā0 − ā2Þ2;

β1 ≔ −4μ2μ3Ā0 þ 4ðA2
0 þ Ā2

0Þðā0 − ā2Þ − 4Ā0ðā0 − ā2Þ2;
γ1 ≔ 2A0μ2k3 − μ2Ā2

0 þ 2A0ðā0 − ā2Þ2:

After dividing by ðb2 þ b5Þ > 0, one can rewrite Eq. (F4a)
in a suitable form

1

4ðb2 þ b5Þ
trf1 ¼ α1

�
b4 þ b5
b2 þ b5

þ x2
�
þ F1ðxÞ;

F1ðxÞ ≔ −α1x2 þ β1xþ γ1; x ≔
b̄2 − b̄5
b2 þ b5

: ðF4bÞ

As a consequence of Eq. (7.16a), the discriminant Δ1 of the
quadratic function F1ðxÞ is automatically negative,

Δ1 ≔ 16ðA2
0 þ Ā2

0Þ½μ2μ3 þ ðā0 − ā2Þ2�½k2k3 þ ðā1 − ā2Þ2�

≡ 2

3
ðA2

0 þ Ā2
0ÞðdetN1ÞðdetAÞ < 0: ðF5Þ

To relate our considerations to the properties of
ðdetAÞtrf1, we multiply Eq. (F4b) by detA, and introduce
a suitable notation α01 ≔ ðdetAÞα1 and F0

1ðxÞ ≔ ðdetAÞ×
F1ðxÞ. The new discriminant Δ0

1 is also negative. Now, one
can prove the following statement:

S1. For Δ1 < 0, the condition α01 ≡ ðdetAÞα1 < 0 is
equivalent to ðdetAÞtrf1 > 0.

The proof goes as follows. Starting with α01 < 0, one
obtains

ðdetAÞtrf1 > 4ðb2 þ b5ÞF0
1ðxÞ: ðF6Þ

Then, by noting that the parabola opens upward (α01 < 0)
and Δ0

1=α
0
1 > 0 (positive at vertex), one concludes that

F0
1ðxÞ > 0. Hence, ðdetAÞtrf1 > 0.
As before, the reverse statement ðdetAÞtrf1 > 0 ⇒

α01 < 0 can be proven by showing that α01 > 0 leads to
ðdetAÞtrf1 < 0, which is a contradiction.
The condition Δ1 < 0, combined with ðdetAÞα1 < 0,

can be realized in two ways:

ðiÞ detA > 0; detN1 < 0; α1 < 0:

ðiiÞ detA < 0; detN1 > 0; α1 > 0: ðF7Þ
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