PHYSICAL REVIEW D 98, 024009 (2018)

Reconstruction method of f(R) gravity for isotropic and
anisotropic spacetimes

Saikat Chakraborty”
Department of Physics, Indian Institute of Technology, Kanpur 208016, India

® (Received 8 March 2018; published 6 July 2018)

We present the reconstruction method of f(R) gravity for the homogeneous and anisotropic Bianchi-I
spacetime, which was previously formulated only for homogeneous and isotropic Friedmann-Lemaitre-
Robertson-Walker spacetime. We argue in this paper that for anisotropic spacetimes, the total anisotropy
behaves as an independent metric degree of freedom (d.o.f.) on top of the average scale factor in f(R)
gravity. This is not like general relativity, where specifying the form of the average scale factor as a function
of time also specifies the total anisotropy as a function of time uniquely. We link this peculiar fact to an
interesting intertwining between the definition of Ricci scalar for anisotropic metric and anisotropy
evolution equation in f(R) gravity. Consequently, specifying an anisotropic solution of f(R) gravity
implies specifying both the average scale factor and the total anisotropy as functions of time. The
reconstruction method hence formulated is applied to two scenarios where anisotropy suppression is
important, namely, a quasi-de-Sitter expansion as required in inflation, and a power law contraction as

required in ekpyrotic bounce models.
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I. INTRODUCTION

The present universe is spatially homogeneous and
isotropic in large scales to a high degree of accuracy as
far as the observational evidences go, and can be very
well approximated by the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric. Still, possibility of some amount of
spatial anisotropy in some early epochs of the universe
cannot be ruled out. In fact, any “good” physical theory
must be general enough in nature so that the homogeneous
and isotropic universe arises as an attractor solution in the
phase space of more general solutions. Even if the initial
spacetime is anisotropic, there must be some mechanism of
anisotropy suppression in the theory one considers. We try
to tackle the problem in the reverse way. Provided that an
anisotropy suppression occurs, we present a formalism to
reconstruct a good theory of gravity.

Usually any preexisting anisotropy is assumed to be small
and incorporated only as cosmological perturbations in the
metric. Small metric anisotropy has traditionally been ana-
lyzed by the techniques of dynamical system analysis applied
to cosmology (for example, see Refs. [1-5]). A realistic
isotropic cosmology must be dynamically stable with respect
to small anisotropic perturbations. In other words a realistic
isotropic cosmology must arise as an attractor solution. This
approach has found a huge application in the field of infla-
tionary cosmology [6-9]. A great example is the cosmic no
hair conjecture, which states that the de-Sitter solution must be
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an attractor solution under general relativistic dynamics for all
homogeneous anisotropic models. Wald has been able to
prove it for all Bianchi models except Bianchi-IX (see [10]).
The attractor nature of the de-Sitter solution has also been
studied in Starobinski’s inflationary scenario, which incor-
porates R + aR? gravity [11-13]. Another area where an
isotropization mechanism becomes important is in the context
of the bouncing scenario [14—17], which is alternative to
inflation. Itis well known that in general relativity (GR) spatial
anisotropy evolves as a™®. So in an expanding universe,
anisotropy dies out quickly, but in a contracting universe,
anisotropy actually grows large with time, which, if not
suppressed, might foil a subsequent bounce. This is the case of
well-known Belinski-Khalatnikov-Lifschitz instability [18].
To restore the situation in the context of GR, usually an
ekpyrotic phase dominated by some ultrastiff matter compo-
nent is invoked. An ultrastiff matter component has an
equation of state greater than unity, so in a contracting universe
the energy density of the ultrastiff matter grows faster than the
anisotropy, and effectively suppresses it. Considering gravity
theories beyond GR, evolution of anisotropy in a contracting
universe has some interesting characteristics for R + aR?
gravity, which has recently been studied in [19].

In this paper also we deal with metric anisotropy in f(R)
gravity, but we take a different approach. We assume a
Bianchi-I model with some specific form of the average
scale factor together with some anisotropy that is getting
exponentially suppressed with respect to the average
Hubble parameter. We then show that, given the equation
of state parameter of the dominant matter contribution, it is

© 2018 American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.98.024009&domain=pdf&date_stamp=2018-07-06
https://doi.org/10.1103/PhysRevD.98.024009
https://doi.org/10.1103/PhysRevD.98.024009
https://doi.org/10.1103/PhysRevD.98.024009
https://doi.org/10.1103/PhysRevD.98.024009

SAIKAT CHAKRABORTY

PHYS. REV. D 98, 024009 (2018)

possible to reconstruct the f(R) gravity. Although getting a
compact form of f(R) may not always be possible,
nevertheless it is possible at least to reconstruct the function
f(R) term by term in a systematic manner. The recon-
struction method of f(R) gravity has been used previously
in literature for realizing some specific cosmological
evolutions in the isotropic FLRW case [20-25].

The paper is organized as follows. In Sec. II, we briefly
review the reconstruction method of f(R) gravity for the
isotropic case, followed by its application to toy models of
matter bounce and inflation in Sec. IIl. In Sec. IV, we
formulate the reconstruction method of f(R) gravity in the
presence of metric anisotropy, followed by its application to
the case of a power law contraction (mimicking a pre-
bounce ekpyrotic phase) and a quasi-de-Sitter expansion
(mimicking an inflation) in Sec. V. Next we conclude with
some discussion of the behavior of anisotropy in f(R)
gravity and its relevance to the present method.

II. RECONSTRUCTION METHOD FOR
THE ISOTROPIC CASE

Let us briefly review the reconstruction method of f(R)
gravity for the homogeneous and isotropic FLRW metric,

ds? = —di* + a*(1)[dx? + dx3 + dx3], (1)
where symbols carry the usual meanings. The equations of

its dynamics under f(R) gravity in the presence of an
isotropic fluid are

32 =5 ) 2

7 (P + Peurv) (2)

2+ 3H = = (P + Do) 3)
p—wp =0, 4)
p+3H(p+p) =0, (5)

where in the above equations

Rf'—f 3Hf'R
Peurv = D) - ’
K K

sz”/—i-ZHRf"—i—Rf" Rf/_f
Peurv = « - n (7)

Here an overdot denotes time derivative and prime denotes
derivative with respect to R. In the above, note that, once we
know the form of the function f(R), there are a total of
three functions of time, H(t), p(t), p(t) that govern the
dynamics. Existence of the two constraint equations (2) and
(4) implies that only one of these three functions is
independent, while the other two can be determined using

the constraint equations. For example, given a form of
f(R), we can use the constraint equations to write the
dynamical equation (3) as a differential equation in only
one single function H(t). Once we solve for the function
H(1), the functions p(r) and p(z) can be found using the
two constraint equations.

However, there may be cases when the form of f(R) is
not known a priori. Given some value of the parameter w,
we would like to derive a suitable form of f(R) so as to
realize a particular solution a(z). This program, i.e.,
specifying the solution a(t), the value of the parameter
o and finding the form f(R) that can realize this as a
solution, is called the reconstruction method. For the
isotropic case it works as follows. Using the definition
of peuv as in Eq. (6), the constraint equation (2) can be
written as a differential equation for f(R),

. R 1
3HRf"(R) + <3H2 - 5) J'(R) +5f(R)
— kpoa—>11e) =0, (8)
Let us define N = Ina(t), where the scale factor a(z) is a

known function of time. This relation can be inverted to
give t = t(N). We have then the following:

H(r) = N(1). ©)
H*(1(N)) = N*() = N2(t(N). (10)

Let H%(t(N)) = G(N). Therefore

HN) = 56/ (N) (1)

R(1(N)) = 6(H + 2H?) = 3G'(N) + 12G(N),  (12)

dR(t)

R(t(N)):d—N

N(t)=(3G"(N)+12G'(N))H (1), (13)
HR = (3G"(N) + 12G'(N))H? (1)
=3G(N)(G"(N) + 4G'(N)). (14)

Equation (12) can be inverted to yield N(R). Then Eq. ()
can be rewritten as

9G(N(R))[G"(N(R)) + 4G'(N(R))f"(R)
1

~3|GIN(R) + 3 G'(N(R) | F(R) + 3 /(R)

— Kp0€_3N(R>(1+m). (15)

For the vacuum situation the right-hand side of the above
equation vanishes. So the equation becomes homogeneous
and solving it becomes relatively easier.
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III. EXAMPLES FOR ISOTROPIC CASE

In this section the reconstruction method of f(R) gravity
for the isotropic case, as discussed in the previous section,
is applied in a bouncing scenario and in a quasi-de-Sitter
inflationary scenario.

A. Exponential bounce model: a(f) = (C > 0)

Reconstruction of f(R) gravity for this model has been
done in [22]. For this model,

N=lna=CP, (16)
H=N =2Ct, (17)

H?> = 4CN = G(N), (18)
R(N) = 12C(1 + 4N), (19)
G(N(R)) = % —_c. (20)

The reconstruction equation becomes

144C(R - 126)%— 3(R + 12C)%+6f
= 12kpg exp [—i(l+a))<]2RC—l>} (21)

If the matter contribution can be neglected, then the above
equation admits two polynomial solutions as follows:

1
R)=-2C+R-—R?,

(R —12C)2L; (L 1> , (22)

1l—= tolw

48C 4

where L¢(x) is the generalized Laguerre polynomial. An R?
theory with a negative coefficient of R?, such as the first
one, was shown to produce bouncing solutions in [26].
A general solution would be a linear combination of the
two solutions shown above.

The matter contribution usually cannot be neglected in a
matter bounce scenario. In that case Eq. (21) is inhomo-
geneous and finding the compact form of a particular
solution becomes much more complicated. Nevertheless,
an approximate compact form of f(R) can be obtained in
the limit N = 0 (near the bounce) and in the limit N - oo
(away from the bounce). Near the bounce R =~ 12C, so that
Eq. (21) becomes

72/ (R) — 6/(R) = ~12xpp. (23)

which has the solution

F(R) = 2kpy + C®/12, (24)

for some constant of integration C;. Away from the bounce
R > 12C, so that Eq. (21) becomes

144CRf"(R) — 3Rf'(R) + 6f(R) = 0, (25)
which admits a polynomial solution as follows:

RZ

SB) = R=gez

R
R(96C — R)Ei <48C> — 48Ce#c(48C —R).  (26)

In the above “Fi(x)” denote the exponential integral
function, which, for real nonvanishing values of x, is
defined as

Ei(x) = —/_ooe—_tdt.

x ¢

B. Quasi-de-Sitter expansion: a(t) = e’ = (Hy > 0)

For this model,

MZ
=1Ina=Hyt — — 1 2

N na 4 2 , ( 7)

. M?
M2

R(N) = 12H2 — M? — 4M°N, (30)
R+ M?

G(N(R)) = : (31)

12

Concentrating only a vacuum dominated quasi-de-Sitter
expansion, the reconstruction equation becomes

d*f

af
AM*(R + M?) —5 + (R — M?) ——
(R+ M) S5+ (R = M)

TRTM=00 (3

The above homogeneous equation has two linearly inde-
pendent solutions as follows:

M? 1
R)=—+R+—5R?,
f(R) 6 e
& 1k M? + R
¢ <ﬁei<§z+1> (M* + 6M2R + R*)Exf <271\;_>
+2MVM? + R(3M? + R)) : (33)
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In the above “Erf(x)” denote the error function defined as

2 X
Erf(x) = ﬁ/o e dt.

The first of the above solutions corresponds to the well-
known inflationary model by Starobinsky [27].

IV. RECONSTRUCTION METHOD IN THE
ANISOTROPIC CASE

Let us now formulate the reconstruction method of f(R)
gravity for the homogeneous and isotropic Bianchi-I
metric:

ds? = —dt* + a?(1)[e?dx? + e dx3 + 25 dxd],
(34)

where a( ) is the average scale factor and three functions

ﬂl, ﬂ2 ﬁ3 characterize the deviation from the average scale
factor in the three perpendicular dimensions. The total
amount of anisotropy in the metric is given by the quantity
ﬂl +ﬂ2 +ﬁ3 Observe that when ﬂ1 +ﬁ2 +ﬁ3 =0, ie.,

ﬂl ﬂz ﬂ3 = 0, the spatial coordinates can be suitably
rescaled to recast the above metric in the FLRW form.
The dynamics of the above metric for f(R) gravity in the
presence of an isotropic fluid can be described by the
following set of equations:

1. . .
3H = 5 (p + peany) + 5B+ B+ 550, (35)

f
. 1 . . .
2H +3H? = —%(p+pcm) ~5 (B HA ). (36)
p—wp=0, (37)
p+3H(p+p) = (38)
B + (3H + )ﬂl =0, (39)
. f//
pr + <3H + )ﬁz 0, (40)
. f// B
fs + <3H+ 7 )ﬁ3 0, (41)
ﬂ.l +ﬂ2 +ﬁ3 =0, (42)

where p.,v and p.., have the same definition as in the
FLRW case. Note that, once we know the form of the
function f(R), there is a total of six functions of time
H (1), p(1), p(1). p1 (1), (1), B3 (1) governing the dynamics.
Existence of the three constraint equations (35), (37),
and (42) implies that only three of them are independent.

From the constraint equation (42), it can be concluded that

only two of the ﬂ ’s are independent. However, observe that
both in the constraint equation (35) and the dynamical
equation (36), B’s appear only as the combination ﬁ 12 +
,322 + ﬂgz, which is the total amount of anisotropy.
Consequently, we conclude that it is only the total amount
of anisotropy which enters into the dynamics. It is easy to
check that the quantity x defined by x? = 7 + f55 + 3
obeys the dynamical equation of the same form as obeyed
by the Bi’s themselves:

f//
<3H+ 7 ) =0. (43)
The reader is advised to be careful not to confuse the
quantity x(¢) defined above with the notation x used to
denote the spatial coordinates of the metric as in Eq. (1)
or Eq. (34).

If we know the form of the function f(R) and concen-
trate only on the quantity x(z), we see that there is now a
total of four functions of time H(z), p(t), p(t), x(1)
governing the dynamics. Existence of the constraint equa-
tions (37) and (35) implies that only two of them are
independent. Without loss of generality, we can choose
them to be H(¢) and x(7). Given some form of the function
f(R), they can be determined by solving Egs. (36) and (43).
p(t) and p(¢) can then be found using the constraint
equations (35) and (37). However, if the form of f(R) is
not known a priori, but a suitable form has to be
determined so as to realize a particular solution, given a
particular value of the parameter w, then we have to
formulate the reconstruction program for the Bianchi-I
metric in Eq. (34). In this case, however, since H(¢), x(¢)
are two independent metric d.o.f., specifying a particular
solution implies specifying both these functions. Usually,
during a particular era given by the background evolution
a(t), we expect the dynamics to contain some kind of
isotropization mechanism so as to match with our observed
isotropic universe. In that case we can take x(¢) as

CUN) Ly
HG(N)

where N = Ina as in the isotropic case, and the constant A
is positive in a contracting universe and negative in an
expanding universe (assuming a =1 at time ¢ = 0).
Formulation of the reconstruction method in the anisotropic
case now follows the same route as in the isotropic case.
Equation (35) can be recast as a second order differential
equation in f(R),

3HRf"(R) + (3H2 - g -~ %x2> f'(R)

(44)

1
+ Ef(R) — kpoaF0) = 0. (45)

If H*(t(N)) = G(N), then
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H((N)) = 3G/ (N) (46)

R(t) = 6(H + 2H?) 4 x> = 3G'(N) + G(N)(12 + V),

(47)
R(t) = df;s,t) N(1) = BG"(N) + G/ (N)(12 + ™)
+ 2N G(NYH (D), (48)

HR = [3G"(N) 4+ G'(N)(12 + &’V) + 2e*NG(N)|H(r)
= G(N)BG"(N) + G'(N)(12 + &*¥) + 2e"NG(N)).
(49)

Equation (47) can be inverted to yield N(R). Then Eq. (45)
can be rewritten as

3G(N(R))[3G"(N(R)) + G'(N(R))(12 + ¢V (®))
+ 2N G(N(R))If"(R)
- | (345 oy + S vy i
n %f(R) — kpye-3NE(1+0) (50)

V. EXAMPLES FOR THE ANISOTROPIC CASE

In this section the reconstruction method of f(R) gravity
for the anisotropic case as discussed in the previous section
is applied in the isotropization scenario during an ekpyrotic
power law contraction era and a quasi-de-Sitter expan-
sion era.

A. Ekpyrotic contraction phase:
alt)=(-t)" t<0,0<m<1)

For this model,

N =lna = mln(~1) (51)
H() =N == (52)
HON) =" = =) ()
xX*(N) = G(N)eN = m?el=2/mN (54)

R(t(N)) = 6(H + 2H?) 4 x>
= e 2Nmem(2m — 1) + m?e™N].  (55)
Equation (55) is in general not invertible except for

the special cases m = % , % If one chooses to concentrate on
a sufficiently past epoch (i.e., N is a very large positive

quantity), then the second term in R(N) dominates, as
A > 0. Essentially this means that in the far past the leading
contributor to the Ricci scalar is metric anisotropy. In this
case Eq. (55) becomes approximately invertible and the
reconstruction program can be carried out. Note that, along
the same line of reasoning, Eq. (55) is also invertible if one
chooses to concentrate on an epoch close to the end of the
power law contraction phase (i.e., N is a very large negative
quantity). In that case the contribution from the first term
in R(N) dominates. But this is essentially the situation
when anisotropy becomes negligible with respect to the
Hubble parameter, and consequently the problem becomes
essentially reconstructing the f(R) gravity for an isotropic
evolution.

Concentrating on a sufficiently past epoch when the
anisotropy is much larger than the Hubble parameter,
Eq. (55) approximately becomes

R(N) = m?e#=2/mN (56)

which can be inverted to obtain
m R
N(R) = In| — |. 57
(R) (mﬂ—2> n(mz) (57)

G(N(R)) — mZe—ZN/m — mZmA/(ml—Z)R—Z/(m/I—Z)‘ (58)

Therefore,

Let us define y =25, k=2 —-3m(l + w). After some

pretty straightforward algebra, the reconstruction equa-
tion (50) can be recast in the following form:

AR)f"(R) + B(R)R'f'(R) + R f(R) = CRY.  (59)
where the coefficients A(R), B(R) have the form
A(R) = dy + Cl1R1+7, B(R) = bo + blleL}/’ (60)

and ay, a;, by, by and C are parameter dependent constants
having the following values:

12

ag = 12m> a; = —m*7,
4
bg = 6m1+27, bl = —1,
C = 2kpymrmi+e), (61)

To check whether a power law solution in R exists, one
must check the nature of the point R = 0 for Eq. (59).
Let us define

B(R by + bR
A(R) Cl() —|— CZ]R +r
1 R
O(R) = RY = (62)

A(R) o agp + alRlﬂ’ ’

and then note that, as R — 0,
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@i for y>0, P(R)—>0, Q(R)—>0; R=0 is an
ordinary point;
(ii) for =1 <y <0, RP(R) - 0, R?Q(R) - 0; R=0
is a regular singular point;
(iii) fory = —1, RP(R) and R*Q(R) tends to some finite
quantity; R = 0 is a regular singular point;
(iv) for y <=1, RP(R) - o0; R=0 is an irregular
singular point.
Therefore, in principle, for a power series solution to Eq. (59)
about R =0 to exist, y must satisfy y > —1. Since the
parameters m and A are both positive in this case, from
the definition of y, this implies m and A have to be chosen
such that A > 2. Recalling that x*>(N) = m2e=2/"V _ this
implies that anisotropy is not only getting suppressed with
respect to the Hubble parameter, but actually diminishing
with time. Since y, k and ky do not necessarily have to be
integers, it is difficult to find a generic series solution about
R = 0 or a polynomial solution. In the special case when the
rate of anisotropy suppression is much greater than the rate of
Hubble parameter increment during contraction (4 > %),
then y — 0 and R > 1. In this case,
A(R) ~ 6m*)R, B(R) ~ —R,

C = 2kpy, (63)

and the general solution of Eq. (59) is

. _R_
El(6m—R3/'l) e6).m3 64
o &)

f(R) =2kpy + C,R + C2R<
where C; and C, are two integration constants. In the above
“Fi(x)” denotes exponential integral function as defined
previously.

The cases m = 2,1,
following subsections.

are described separately in the two

1. Case I: A=2(m #13)
In this case, from Eq. (55),

R(1(N)) = eV [6m(2m — 1) + m*e*V/™]

= 6m(2m — 1)e 2N/m 4 m?. (65)
Inverting this,
6m(2m — 1
N(R) ﬂln{ m(2m . )], (66)
R—-—m
and therefore
R —m?)
N(R)) = 2 ,-2N/m :L 67
GIN(R)) = me2V/m =0 (6)

The reconstruction equation (50) becomes of the form

2(R = m)*f"(R) + (2m = 1)(R = 2m*) f'(R)

+ (2m = 12 f(R) = C(R — m?)>*, (68)
with
czl’;’zzz [6m(2m—1)]F, k:2—%m(1+a)). (69)

R = 0 is an ordinary point of the differential equation (68),
meaning a series solution about R = 0 is, although very
complicated, still in principle obtainable. The general
solution to the homogeneous part of the equation comes
in terms of Kummer confluent hypergeometric functions.
In the far past epoch (N > 0), however, R — m?, and in
this limit Eq. (68) becomes approximately homogeneous.
Then the two linearly independent solutions become

f(R) ~exp=+

(2m —1)(2m? + Vam* — 4m® = Tm? + 16m — 8 — m)R

2. Case II: m= %

In this case, from Eq. (55), we get
1

R(t(N)) = Ze(’l“‘)N. (71)

Inverting this,
N(R) = li JIn(4R), (72)

and therefore,
G(N(R)) = Lemanv — ga-ngerian. (73)

4(m —1)*m (70)

|
The reconstruction equation (50) becomes of the form

A(R)f"(R) = BR)f'(R) + f(R) = CRM*/4=) (74)

where the coefficients A(R), B(R) and the constant C are

A(R) =6 x 4/ U= RY(4=2)[12 x 44/ (=D R/ (4=4) 4 (1 —4)R],
B(R)=R—3x 4%/ (=1 R4/4=4),

C = 2kpd3(1He)/(4=2) (75)

To check whether a power law solution in R exists, one
must check the nature of the point R = 0 for Eq. (74). Let
us define
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QR)=——.  (76)

and recall that A > 0. It is straightforward to check that,
as R — 0,
(i) for >4, RP(R) - 0, R?Q(R) - 0; R=0is a
regular singular point;
(ii) for 0 <1 <4, RP(R) = oo, R?Q(R) = o0; R=0
is a irregular singular point.
Therefore for a power series solution in R to exist, 4 must
satisfy A > 4. Again, finding a generic compact form of
f(R) may not be possible. In the special case when the rate
of anisotropy suppression is much greater than the rate of
Hubble parameter increment during contraction (4 >> 4),
then R > 1. In this case,
B(R) =R,

3
A(R) 2R, C = 2kpy. (77)

and the general solutions is

2Ei(2) %
F(R) = xpo + CR + Cor (B €7 g
32 R
where C; and C, are two integration constants. In the above
“Ei(x)” denotes exponential integral function as defined
previously.

2
B. Quasi-de-Sitter expansion: a(¢) =efl! -&" (Hy > 0)

For this model, N and G(N) bears the same definition as
in the isotropic case. However, in the anisotropic case,

R(N) = -M? + (Hg - %M2N> (12 + ™), (79)

where A is negative in this case. Note that the above
expression is not in general invertible. For small N, i.e.,
within a very small time from the beginning of the expansion,
Eq. (79) is approximately invertible and we obtain

R +M? - 13H?
NR) =3’ (80)
3AH5 - 13M
and therefore,
M?*R + M* = 3)H}
G(N(R)) = 0. 81

Concentrating on only a vacuum dominated quasi-de-Sitter
expansion, the reconstruction equation takes the form

2
%—[c3(R+M2)+c4]ﬂ+f:0,

1R+ M) + ) o

(82)

where ¢y, ¢, ¢3, ¢4 are model dependent constants as
follows:

) <9/12Hg + 13M* — 9/1H5M2>
Cl - )

3AH3} — 13M?
36AH} — 13M?
= —6AH} | =2 —— ),
@ 0 ( 3AH2 — 13M° )
3AH} —TM?
3=,
7 3H2 - 13M?
184HY — 13M* + 3AH3M?
Cqp = — 0 2 2 g (83)
3AH5 - 13M
The Hubble slow roll parameter e is defined as € =
—%z%. As shown in Ref. [28], solving the horizon
0

and flatness problem of the big bang cosmology requires
the inflation to occur for at least 70 e-foldings, which places
the lower upper bound on the Hubble slow roll parameter
as € <7x1073. Taking e =7 x 1073 gives H, = 5M.
Therefore,

252 — 225+ 1
o oy (6257 =250 4 13)
754 - 13
9007 — 13
= —3750aM* [ ),
2 (754—13)
750 -7 113252 — 13
== = (22T 0 (84
ST 7s-13 (75/1—13) (84)

Close to the start of the quasi-de-Sitter epoch (N = 0),
R~ 13H} — M* ~324M?. In this limit, Eq. (82) admits
two linearly independent solutions which are as follows:

R(£V8219M* — 3750AM* + 8TM?)
50(75AM* — 13M*)

£(R) ~exp | )

VI. A REMARK ON THE RECONSTRUCTION
METHOD

In this section we make a general remark on the
reconstruction method we have used. Observe that, both
for the isotropic or the anisotropic case, the reconstruction
equation is a second order ordinary differential equation.
Therefore the general solution to a reconstruction equation
is of the form

f(R) = fo(R) + Cif1(R) + Cof>(R), (86)

where f(R) is the particular integral, f;(R) and f,(R) are
complementary functions of the differential equation and
C,, C, are arbitrary integration constants. The particular
integral appears because of the matter contribution. When
matter contribution can be neglected, the reconstruction
equation is homogeneous and the general solution can be
expressed as the linear combination of the complementary
functions. Let us assume that the functions fy(R), f;(R),
f2(R) can be Taylor expanded around R = 0 as

024009-7



SAIKAT CHAKRABORTY

PHYS. REV. D 98, 024009 (2018)

FolR) = Fol0) + Fo(OIR + 3 FHOR + -+,
F1R) = £1(0) + [1O)R + 3 FHOR + -+,
JolR) = £(0) + FLOIR + 3 FLOR + -

Therefore

F(R) = (f0(0)+ C1f1(0) + C2f>(0)) + (f5(0) + C1.f1(0)

+Caf ()R +3(F5(0) + C11(0) + Caf§(0) -+~

The choice of the two integration constants C; and C, is
at our hand. They can always be chosen such as to get
any desired value of the cosmological constant, and to
scale the coefficients such that the coefficient of R is unity.
Suppose we want the f(R) obtained by solving the
reconstruction equation to reduce to —2A 4+ R in low
curvature limit (where A > 0 is the cosmological con-
stant). Then we must set

f0(0) + Cf1(0) + Cof2(0) = =24, (87)
16(0) + C1£1(0) + Cof5(0) = 1. (88)

These two equations can then be solved to get the desired
numerical values of the integration constant C; and C,, so
that our theory successfully reduces to —2A + R in the low
curvature limit.

Also observe that the above pair of linear equations in
Cy, C, is similar to what we would have obtained by
demanding f(0) = —2A and f’(0) = 1. Therefore, when
solving a reconstruction differential equation numerically,
it may not even be required to find the particular integral
and the complementary functions separately. All we need is
to solve the differential equation numerically by imposing
the initial conditions

f0)==2A,  f(0)=1

VII. DISCUSSION AND CONCLUSION

In the present work we try to extend the reconstruction
technique of f(R) gravity, which was previously formu-
lated for homogeneous and isotropic FLRW background, to
the more general case of homogeneous and anisotropic
Bianchi-I background. Given some specific anisotropic
background solution, it is possible to reconstruct the
functional form of the action f(R). We again emphasize
that in general it might be hard to find a compact functional
form in most of the cases, but the modifications to the
Einstein-Hilbert action can at least be found term by term. It
must be emphasized that in a given problem just plain
application of the reconstruction method to find out a
solution for f(R) is not enough. One has to check for

various conditions for the physical viability of the f(R)
solution obtained, viz. f'(R) > 0, f(R) > 0.

Moreover, stability of the solution is another issue that
needs to be dealt with. Once the f(R) gravity correspond-
ing to an anisotropic solution is obtained, the stability of the
solution under that theory of gravity can be checked using
the same method as for the isotropic case (e.g., see [22,29]).
For the isotropic case the stability analysis is done by
examining the behavior of a small perturbation §G(N) to
the background solution H>(N) = G(N). We can use the
Friedmann equation to check whether the perturbed sol-
ution goes back towards the background solution asymp-
totically. In the anisotropic case the stability analysis will
be more involved. It is to be kept in mind that for the
anisotropic case both H*(N) = G(N) and x*(N) act as
independent metric d.o.f. in f(R) gravity. The form
x*(N) = e*NH?(N) was taken only on the assumption
suppression of anisotropy with respect to the average
Hubble parameter. A generic perturbation to the back-
ground solution will involve both §(H*(N)) = 6G(N) and
5(x*(N)). A generic method of stability analysis of the
anisotropic solutions needs to be formulated, which will be
dealt with in a later publication.

An important point to note here is the behavior of metric
anisotropy as an independent dynamic d.o.f. of the metric.
This is in stark contrast with what happens in GR. In GR
once the average scale factor a(7) is given, the total amount
of anisotropy x(z) in a Bianchi-I metric is uniquely
determined, since we have x(7) ~w+(l). In f(R) gravity,

however, even if the form of f(R) is known, the total
amount of anisotropy x(z) in a Bianchi-I metric is not
uniquely determined in terms of the average scale factor
a(t). This is because in f(R) gravity we have
x(1) ~W, so that the definition of x contains R.

But the definition of R for an anisotropic metric itself
contains x in it, namely R = 6(H + H 2) + x2. In fact, the
definitions of R and x for f(R) gravity are intertwined in
such a way that, even if the functions a(z) and f(R) are
known, it is impossible to find unique R(z) or x(z). The
interested reader is referred to [19] for novelties of such
anisotropic dynamics in metric f(R) gravity, where it was
shown that, even for the very simple case of R + aR?
gravity, there are in general three solutions for total
anisotropy x(¢) possible for a given average scale factor
a(t). If the function f(R) is not known a priori, then the
freedom of choosing f(R) can be traded to obtain any x(¢)
of our interest. Therefore, specifying a solution for the
anisotropic case implies specifying both the functions a(¢)
and x(1).

Another important point, which we have emphasized in
the last section, is that since the reconstruction equation is
second order for both the isotropic and the anisotropic case,
it yields two linearly independent solutions to the homo-
geneous part of the equation. Any linear combination of
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them is also a solution of the homogeneous part of the
equation. It is always possible to choose the integration
constants in a way to get any desired value of the
cosmological constant and make the coefficient of R is
unity.

In the present work, we have presented the formulation
of the reconstruction method of f(R) gravity assuming a
particular time law for the scale factor. A shortcoming of
this method is that even a very simple time law of the scale
factor may lead to a differential reconstruction equation that
has very complicated f(R) solutions. It might even be
impossible to find a general solution, as is the case with
many of the examples we have considered. A different
formulation of the reconstruction method of f(R) gravity
exists in literature, which is based not on any particular time
law of the scale factor, but on actual expansion parameters
that can be measured from the observations [30-33]. This
parameters are called cosmographic parameters. They are
the Hubble rate, deceleration parameter, jerk, snap and lerk
parameter, which are related to the first, second, third,
fourth and fifth derivative of the scale factor respectively.

In terms of this measured parameters the present time law
of the scale factor can be found by doing a Taylor
expansion around the present value of the scale factor,
which is assumed to be unity. In an f(R) cosmology the
coefficients of the higher powers of R in a series expansion
of f(R) can be related to these parameters. Therefore the
observed values of these parameters also give bounds on
the coefficients of the higher powers of R, and a series
solution for f(R) can be obtained. However, this approach
to reconstruct f(R) gravity has been formulated only for
the isotropic case, as all the cosmographic parameters
mentioned above are related to FLRW cosmology.
Extension of this approach to anisotropic Bianchi-I cos-
mology is still not found in literature.
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