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Effects of modified gravity on the turnaround radius in cosmology
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We revisit the concept of turnaround radius in cosmology, in the context of modified gravity. While
preliminary analyses were limited to scalar-tensor/F(R) gravity, we extend the definition and the study of

this quantity to a much broader class of theories including also quantum R? gravity. The turnaround radius
is computed in terms of the parameters of the theory, and it is shown that a deviation not larger than 10% of
this quantity from its value in Einstein’s theory could constrain the model parameters and even rule out

some current theories.
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I. INTRODUCTION

Modifying general relativity (GR) is a necessity from the
theoretical physics point of view. In fact, virtually all
attempts to quantize GR modify the Einstein-Hilbert action
by adding extra dynamical fields or nonlocal terms, or by
introducing higher order derivatives in the field equations
(see [1] for review). These corrections are not necessarily
Planck-scale suppressed. For example, the simplest string
theory, the bosonic string theory, reduces to an w = —1
Brans-Dicke gravity in its low-energy limit [2,3], and the
F(R) theories of gravity that are nowadays popular to
explain away dark energy are nothing but scalar-tensor
theories in disguise [4-10].

A significant body of experimental efforts aiming to test
gravity at all possible astrophysical and cosmological scales
has emerged in the past decade. There is little doubt,
however, that the main motivation to question GR comes
from cosmology. The present acceleration of the universe
discovered in 1998 with type Ia supernovae requires an
explanation. While a cosmological constant A offers a
possible explanation in principle, it is peppered with
enormous fine-tuning problems, which has led to the
introduction of the completely ad hoc concept of dark
energy (see [11] for a review). Many authors, dissatisfied
with these approaches, have turned to the possibility of
modifying gravity at large scales [12,13] (see also [4—10,14]
for reviews). Modulo some fine-tuning, the idea works in
principle, but many modified gravity models (and many dark
energy models as well) fit the observational data. Therefore,
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one would like to avail oneself of all the tests of gravity that
become available, at all scales and in all regimes, to obtain
the correct scenario. In this context, the turnaround radius
may be useful.

The concept of turnaround radius has been around for
many years under various names (see, e.g., [15-22]): radius
of the “zero velocity surface” or of the “effective sphere of
influence of a cosmic structure,” “zero gravity radius,”
“critical radius,” “maximum size of large scale structures,’
“maximum size of bound cosmic structures,” and “maximum
turnaround radius.” The literature seems to have settled on
the term “turnaround radius,” which we adopt. Its study has
emerged only recently as a possible way to test dark energy in
GR by comparing theoretical predictions with astronomical
observations [23-25].

In an accelerating Friedmann-Lemaitre-Robertson-
Walker (FLRW) universe, there is a maximum physical
(areal) radius, called turnaround radius rty such that any
spherical shell of dust (composed of test particles following
radial timelike geodesics) located outside rr, and given
zero radial velocity initially cannot collapse but is forced to
expand forever by the cosmic acceleration. A similar dust
shell located inside the turnaround radius, instead, will
collapse. The turnaround radius constitutes the maximum
possible radius of a bound structure in an accelerating
FLRW universe. Early comparisons of the theoretical
turnaround radius in the GR-based ACDM model with
celestial objects have been carried out [23-25] but the
astronomical error is quite large. Nevertheless, the method
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is quite promising in principle. Within GR, the concept of
the turnaround radius has been made precise, more rig-
orous, and gauge invariant (to first order in the perturba-
tions of an exact FLRW cosmos) by using an approach
[26,27] based on the Hawking-Hayward quasilocal energy
[28-30]. The numerical value of the turnaround radius
estimated in this way, however, turns out to be quite
close to that estimated with the previous method [26,27].
The definition of quasilocal energy in GR is not unique
(see [31] for a review), but it is reassuring that the
Hawking-Hayward construct and the Brown-York quasi-
local mass (in an appropriate gauge) provide the same
answer to first order in the cosmological perturbations [32]
(higher order calculations are futile in view of the large
observational errors in the determination of the turnaround
radius).

Even more interesting is the fact that the turnaround
radius can, in principle, be used to discriminate between
GR and alternative theories of gravity. Preliminary analyses
of the turnaround radius in scalar-tensor and F(R) gravity
and others were performed in Refs. [33-36]. Unfortunately,
the status of quasilocal energy (which is already nonunique
in GR [31]) is not clear in modified gravity, in spite of some
attempts to generalize this definition within the restricted
context of scalar-tensor theories [37-42]. Therefore, in
modified gravity one is forced, at least for the moment, to
give up the quasilocal energy approach and to pursue other
approaches. Recently, it was reported that the upper bound
set by GR on the turnaround radius is significantly
exceeded in the galaxy group NGC 5353/4 [43,44]. The
need to take into account the error introduced by the
nonsphericity of the system has been emphasized [45],
together with the fact that one should expect a distribution
of the value of the turnaround radius among different
astronomical systems and, therefore, an excess in this
quantity would be significant from the statistical point of
view rather than for individual systems [46,47]. Currently,
the observational search is focusing on galaxy groups
with weblike structures in their neighboring zones, and
six more groups exceeding the general-relativistic predic-
tion for the turnaround radius have been reported [47]. In
view of these very promising observational developments
and of the potential consequences as a probe of the correct
theory of gravity it is worth studying this subject more
in depth.

In GR and in an asymptotically de Sitter spacetime the
turnaround radius depends on the cosmological constant,
the gravitational coupling, and the mass contained inside
this radius. It is important to realize that, in modified
gravity, both the effective cosmological constant and the
gravitational coupling are changed from their GR values
[27,33]. Therefore, by comparing the turnaround radius in
modified gravity theories with the size of large scale
structures, we constrain the modified gravity theory.

Lacking a clear concept of quasilocal energy when we
leave the GR context, as already noted, we resort to a

different definition of turnaround radius than the one of
[27]. The idea is that, at the turning radius, the gravitational
force balances the inertial force generated by the accel-
erating expansion of the universe. Here, we consider the
generalization of the turnaround radius for F(R) gravity
and R + R? + R, R" gravity and its generalizations (like
one-loop corrected quantum R? gravity). In Ref. [34], only
the asymptotically de Sitter spacetime background was
considered, where the effective cosmological constant and
the effective gravitational coupling are constant. In this
paper instead, we consider power-law expansion in F(R)
gravity, where the effective gravitational “constant” is time
dependent and therefore the expression of the turnaround
radius changes from that in GR coupled with a cosmo-
logical fluid. Even in the case of R + R? + R, R' gravity,
which includes the square of the Ricci tensor introducing
new degrees of freedom, the Schwarzschild—de Sitter
spacetime is an exact solution. We investigate the possible
observational constraints on the parameters of the models
coming from the turnaround radius. A problem arising in
these models is that we observe the effective coupling
constant as defined by Newton’s law and, therefore, it is
difficult to distinguish the modified gravity theory from
Einstein gravity in the de Sitter spacetime background
using the turnaround radius. This fact tells us that we need
to find the coupling constant in the Einstein-Hilbert term
with independent methods.

The plan of this paper is as follows. In the next section,
we review the turnaround radius and discuss the case of
F(R) gravity, especially in a power-law expanding uni-
verse. Section III derives general formulas for a broad class
of gravitational theories, while Sec. IV focuses on a par-
ticular model of R? gravity including the Ricci-squared
term. Section V constrains a yet more general class of
models that represent one-loop corrected R? gravity, and
Sec. VI contains a discussion and the conclusions. We use
the metric signature —+++ and units in which the speed of
light ¢ assumes the value unity. Gy is Newton’s constant,
and otherwise we follow the notation of Ref. [48].

II. GENERALIZATION OF
TURNAROUND RADIUS

For the spherical and (locally) static Schwarzschild-like
metric written in curvature coordinates

1
A(r)

ds* = —A(r)dt* + dr? + rdeé), (2.1)

where dQ?, = d6* + sin? @d¢? is the line element on the
unit 2-sphere, the turnaround radius rr4 (an areal radius) is
defined by r = rp, which satisfies the condition [34]

0= A'(rra). (2.2)
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This is because A(r) is related with the effective gravita-
tional potential ¢ by
A(r) =1 +2¢. (2.3)

In particular, in the case of the Schwarzschild—de Sitter
spacetime,

(2.4)

with Newton’s gravitational constant Gy, the de Sitter
length parameter /, and the mass M of the gravitational
source, we find [24,25]

rin = GNMI2. (2.5)
Following previous literature, we discuss a spherical

inhomogeneity embedded in a spatially flat FLRW back-
ground universe with line element

ds* = —dt* + a*(t)(dr* + rde%z))

(2.6)
and scale factor a(r). The turnaround radius can be
regarded as the radius where the gravitational force

- GNmM

g r2 ’

(2.7)

acting on a test mass m or an observer, balances the inertial
force generated by the expansion of the universe and
discussed for the big rip [49] and the little rip [50,51],

Fin = rm—= rm(H + H?).
a

(2.8)
Here H is the Hubble rate, H = a/a where an overdot
denotes differentiation with respect to the comoving time ¢
of the FLRW background. In the case of the de Sitter
universe, where H = 1/I, the equation expressing the
balance F, = Fj, reproduces the well known result of
Eq. (2.5). In a more general expanding universe, we obtain
the following expression of rr:

5 _ GuM
Ty

(2.9)

Equation (2.9) can be used, for example, in the universe
with the power-law expansion. This criterion for the turn-
around radius is conceptually different from previous
definitions given in the literature [24,25,27] in the context
of GR, although the numerical value of this quantity can be
numerically close to that computed with other definitions in
some physically interesting situations.

As is clear from the expression of the inertial force (2.8),
F;, is repulsive in an accelerating expanding universe,
a > 0, but in a decelerating expanding universe, d < 0, as
in the matter/radiation-dominated universe, the inertial
force F;, becomes attractive, the turnaround radius rrp
does not exist, and we do not obtain any constraint. Even in
an accelerating universe, the inertial force becomes smaller
as time passes if the effective equation of state (EoS)
parameter w = P/p (where p and P are the energy density
and pressure of the cosmic fluid, respectively) is larger
than —1, ie., for —1 <w < —1/3, and the turnaround
radius becomes larger. An interesting point in F(R) gravity
is that the effective gravitational coupling G o« 1/F'(R)
is time dependent. For example, if F(R) behaves as
F(R) ~R* with a constant a, F'(R) x R*! o t2(@1)
because R = 6(H + 2H?) behaves as R « 2. Therefore,
we find

r, o 2072), (2.10)

Then, if @ > 2, the turnaround radius rt, becomes larger as
time passes but becomes smaller if @ < 2. We should note
that if F(R) behaves as F(R) ~ R“, the scale factor a
behaves as [6,13]

(2.11)

when we neglect the contribution from the matter; therefore
a > 2 corresponds to a phantom universe and 1 < a < 2 to
a quintessence one. A general a corresponds to Einstein
gravity coupled with a perfect fluid with the effective
equation of state parameter,

(6a* — 11a+7)
Weff = — .
T 3(a—1)2a—1)

(2.12)

In the case that matter with the EoS parameter w couples
with F(R) gravity, the effective EoS parameter is

I+w
Weip = —1 + P

(2.13)

In both cases (2.12) or (2.13), if wey < —1/3, the inertial
force (2.8) becomes repulsive and there appears the turn-
around radius (2.9). We should note that, even if the
expansion of the universe is identical, the behavior of
the turnaround radius is different in F(R) gravity and in
Einstein gravity coupled with a perfect fluid. When
Einstein gravity couples with only one kind of perfect
fluid with a constant EoS parameter w # —1, the Hubble
rate H always behaves as H  t~!. Then, Eq. (2.9) tells us
that, in GR,

Faa & 12, (2.14)
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which is different from the expression (2.10) of F(R)
gravity. If @ > 6, the turnaround radius r1, in F(R) gravity
is larger than the corresponding radius (2.14) in Einstein
gravity, and, therefore, comparatively larger bound struc-
tures can form more easily in the universe. On the other
hand, if @ < 6, the turnaround radius ry, in F(R) gravity is
smaller than the radius (2.14) in FEinstein gravity and
the size of bound structures in the universe becomes
smaller.

The concept of the inertial force (2.8) generated by the
expansion of the universe has been introduced in the
investigation of the little rip [50,51]. In the little rip
scenario, the Hubble rate H goes to infinity in the infinite
future t — 4o, while H diverges at a finite future r — ¢, in
the big rip scenario. Anyway, as H becomes larger and
larger, which means H > 0, the turnaround radius (2.9)
becomes smaller and smaller. In Eq. (2.9), we have
considered the balance between the Newtonian force and
the inertial force (2.8). If the radius becomes of the order of
the human size, say, the electromagnetic force between
molecules becomes stronger than the gravitational force,
and then we need to consider the balance between the
electromagnetic force and the inertial force. If the size of
the turnaround radius becomes of the order of the nuclear
size, we further need to consider the balance between
nuclear and inertial forces.

III. A CLASS OF MODELS

We now consider the following class of models of
gravity:

1
S=3 [ dxV=GF(R)+ GRIRWR™) + Sper: (3.1)

By varying the action (3.1) with respect to the (inverse)
metric ¢*, one obtains the fourth order field equations

0= 5 0,lF(R) + GIRIR,oR™] ~ 2G(R)RR,
—[F'(R) + G'(R)R,,R]R,,
+(V,\V, = g, V?)[F'(R) + G'(R)R,,R"]
+V,V?IG(R)R,,) + V,V’(G(R)R,,]

- V2[G(R)R,,] — 9, V*V°[G(R)R,,] + K*T,,. (3.2)

Here we have used the following formulas:

1
5R/w = E [vp(vuégup + vt/&gup) - vzé‘gﬂv - vyvv<golégpi)] ’
(3.3)

SR = =54, R + VAV*Sg,, — V2(483,,). (3.4)

When T, = 0, if we assume that the scalar curvature and
the Ricci tensor are covariantly constant,

12 3
R 21_2’ R;w :l_zg;w’ (35)
we obtain the algebraic equation for 1/12,
1 36G'(Ry)]| 3 12

If a real positive solution 1/ 12 exists, the de Sitter and the
Schwarzschild—de Sitter spacetimes (2.4) are solutions of
Eq. (3.2), with

2GgM  r?
_ Geff _r_ (37)

2’

A(r)=1 .

except for the fact that Newton’s gravitational constant Gy
is now replaced by the effective one G-

In order to define the effective gravitational constant
G, we consider the perturbation of Eq. (3.2),

G = Guv + h;w' (38)

Because

1
5F;y = Egld(vﬂhui + vvhﬂ/l - vﬂh;w)’ (39)

we obtain

SR = —h,, R* + V*V*Nh, — V2(¢"h,,),

1

5R;w = E [vp(vphup + vvh;tp) - vzh;w - vyvv(gplhp/l)]

[vuvphw + vl/vphﬂﬂ - vzh;w - v}lvl/ (gﬂlh/)i)

_1
2

—2R"/ h;, + R’ h,, + R’ ,h,,]. (3.10)

Then we find
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1 1
0 = S AF(R) + GRIR, R} + 5 g AF (R) + G (R)Ryo R} (—hgy RE1 + VeV, = V(o))

—2G'(R)R\R,,(—heyR¥" + VeV h, — V(g1 he, )

- % {F'(R) + G'(R)R,cR? }H{V?(V,yh, + V1)) = VPl =V, V(¢ hy0) }
—2G(Ro)R,"{V?(Vyhy, + V,hy,) = V2 hy, =V, V(¢ hy) }
—2G(Ro)R,"{V*(V,h,, +V, h,,) = V*h,, —V,V (¢"*h,)}

—{F"(R) + G"(R)R ,R*°} R, (—=h,R*" + VV'he, — V*(ghs,))

+ ViV, = gu VO{(F"(R) + G"(R)R xR ) (=hg,R*" + V*NV'"hg, — V(g hg,)) }
+ V,V?{G'(R)R,,(—hg,R"" + VV"he, — V?(ghe,)) }

+ V,V?{G'(R)R,,(—hg,R"" + V¢V he, — V?(ghe,)) }

— VH{G'(R)R,,(—hgR¥" + ViV he, — V2 (g he,)) }

— 9w VPV {G' (R)R,;(—he, RS 4+ VNV he — V2 (*he, )}

— 9uwG(R)R,*R"hgy + 2G(R)R, R, he, + 2G'(R)R *R"he,R,,

+(V,V, = 9, V?*)(G'(R)R,*R""h,)

1
+ EgWG(R)R/"’{V'f(V,,hmf + Voh,e) = V2h,, =V, NV, (¢"hs,)

— G(R{VE(V, hye + VY, hye) = VPh,, —V V,(¢he) IR,/

~ GRY(VE(Y s+ Vuhye) — Vi, = V¥, (6hs) )RR,

G RIRAVE(V e+ V) = Py = 9,9, (10, R,

F (%Y, = 0 VG RIR T g+ T ) = Py = 9, 9,(7hi,)})
+ V,V{G(R){VE(V hye + V,hye) = V?h,, —V,V,(¢he,)

+ V,VP{G(R){VE(V, hye + V,h,e) = VPh,, =V ,V,(¢""hg,) }

= VHGRVE(T e + Vile) = Vo = UV, (he)} )

— GV VAGRY (VE(V i+ Vihye) = Vo =V, V()

= (h, V?* = 9,,he, VEVI{F'(R) + G'(R)R,,R"}

2 (8,58~ 0,u") (Ve + Vyhey = Vi) (F(R) + G (R)R )

- % {29%(Vihyy + Vol = Vil )V (G(R)R,) + YV, (he) VE(G(R)RY)) + V, (hg V¥ (G(R)R",,))

+ V(¢ (§H(Vhoy + Vohy = Vihg, ) (G(R)R) + g*(V,hyy + Vb, — V,h,) (G(R)R,)))

+ V(@ (9N phor + Vohyy = Vihgs, ) (GR)Ry,) + g4 (Vo by + Vb = Vil ) (G(R)R,,)))

—2he, VEVI(G(R)R,,) = (9 (Vehyy + Vyhey = Ve )V (G(R)R,,)

+ g4 (Vehyy + Vyhg = Vihg )V (G(R)Ry) + g% (Vehyy + YV, he = Vihe, )V, (G(R)R,))

= V(g4 (Vyhys + Vil = Vil ) (G(R)R) + ¢4 (Vyhy + Vo by, = Vihy, ) (G(R)R,))

+ 21, VPN (G(R)R 5) = 29,1 VEV (G(R)R",) = 9,97 9 (Ve hyy + V ey = V1, )V (G(R)R,,)

= 9w V(G (GH(Vehyy + Ve = Vihe, ) (G(R)R) + 0 (Vohoy + Vohey — Vi, ) (G(R)R,)))

+ k2T, (3.11)
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In the de Sitter background (3.5), Eq. (3.11) assumes the simplified form,

36 1
0==
2 z 2

1 36 72

2

1 3
i (F(Ro) + G(R0)> +=9uF'(Ry) <—th + VEVThy, — Vzh)

Y (F,(RO) + l_4G/(R0> + ITG(RO)) {VP (vﬂh’l/p =+ vuhyp) - vzh/u/ - vyvu(gpﬂhpl)}

36 3
(PR 436" R ) (V9. = 07 = 2 ) (- 20+ VW~ V1)

12

l2
9
l4

6 3 9
+ —G’(RO)(V”VD - gﬂyvz) <—l—2h + V'fvﬂhgn - Vzh) - FgﬂVG(RO)h +

18 54
l_4G<RO)h;w + l_ég;wGl(RO)h

6

3
+ —G’(RO)(VHV,, - gﬂyvz)h + Z—ZG(RO)gW(ZV‘EV”h&, - Vzh) - l—2G(R0){V5(V,,h”§ + V”hmf) - Vzhm, - Vﬂvyh}

6 3
+ G (Ro) (vﬂvy ~9uV? =7 gW> (VEVhgy — V2h) + G(Ro)V, VP {{VE (Ve + V) = VP, = V,V, 1} }

+ G(Ry)V VP {VE(V by + YV, he) = V2hy,, =V NV, b} — G(Ry)VH{VE(V by +V, hye) = V?h,, —V,V, h}

6
— G(Ry) 9 V'LV jhye + Vhye) —=VPh,, =V VY b} + ﬁG(RO)(vuvﬂhpv +V,Vh,, —V?h,, +g,VVh,,)}

+ KT,

In the weak-field, slow-motion limit of GR the linearized
Einstein equations reduce to V2h, = -2«°T,, [48].
Hence, the coupling of the graviton to matter is given
by the coefficient of Vzh,w in the linearized field equa-
tions (3.12) of our gravity model (where we discard time
derivatives and spatial derivatives of order higher than
second). The result is

L _ 1 {F’(RO)+§<2G(R0)+G/§f0)>} (3.13)

87[Geff N p 12

Then the turnaround radius (2.5) is expressed as
V%A = (;effMl2
B K*MI?
87 [F’(RO) +3 (G L 2G(RO))]

(3.14)

As a partial consistency check of our Eq. (3.13), consider
the special case of F(R) = R* gravity. While this model is
a good approximation of Starobinsky inflation F(R) =
R + uR? in the early, strongly curved universe, it is well
known that this theory (or, in d spacetime dimensions,
F(R) = R%? [52]) does not admit a Newtonian limit [53]
and suffers from other problems as well [54—56]. Indeed, the
exponent n of F(R) = R" gravity is severely constrained by
the precession of Mercury’s perihelion to be [57-60]

n—1=(27+45)x107", (3.15)

(3.12)

|
while the criterion F”(R) >0 necessary to avoid the
notorious Dolgov-Kawasaki instability requires n > 1
[13,61,62]. For the pathological model with F(R) = R?
and G(R) = 0, Eq. (3.13) gives

K2

Geff :m (316)
In order to take the Newtonian limit, one must be able to
consider a Minkowskian background, an assumption that
complements our Eq. (3.8) and that is implemented when
gy becomes the Minkowski metric 7,,. This Minkowski
background can be seen as a de Sitter space with zero
curvature and G diverges as Ry — 0, which shows that the
pathological theory F(R) = R?> without Newtonian limit
leads to inconsistencies in our equations, as it should be.

In the following sections we consider more concrete
models.

IV. R +R? +R, R* MODEL

Let us consider now the model [1,63]

1
S = W/dﬁtxv —g[R-A+ aR® + me/le] + Smatters
(4.1)

where a and b are constants and S, denotes the matter
action. This theory is known to be multiplicatively renor-
malizable quantum gravity (for a review, see [1]) which still
has some unresolved issues with unitarity.
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One could add to this Lagrangian density a term propor-
tional to the Kretschmann scalar RMW/,R/“’“ﬁ, but this does
not make the action more general. In fact, in four spacetime
dimensions, the integral of the Gauss-Bonnet combination

X = / d'x \ _g(Rz — 4R, R + RﬂvrIﬁRﬂmﬁ) (4.2)

is a constant topological invariant, which allows one to
eliminate the Kretschmann term and reduce the action

1
S'=53 / d*x\/=g[R— A+ aR? + bR, R* + cR,, R

+ Smatterv (43)
where ¢ is another constant, to an action integral of the form
(4.1) with new coefficients a’ = a — ¢ and b’ = b + 4c.

It is known that the model (4.1) contains a scalar mode
and also a massive spin two ghost mode, in addition to the
massless spin two mode, which is the usual graviton
familiar from GR. The existence of this ghost mode tells
us that this model is not unitary and is therefore incon-
sistent. This model is, however, regarded as a low-energy
effective theory and, if we include the higher order
corrections and nonperturbative effects, we may obtain a
consistent theory.

Because
F(R)=R-A+ aR?, G(R) = b, (4.4)
Eq. (3.6) is reduced to
3 A
== ——; 4.
0 12 2 ’ ( 5)
that is, if 1/ # 0,
6
2=_, 4.
P== (4.6)

Equation (3.13) gives also the effective gravitational
coupling G as

2

K
81Geiy = ———7———, 4.7
et T T 2 (a + 3b) (47)
while the turnaround radius is
3EM
3 * (4.8)

AT Al + 2 (a+3b)]

In Ref. [34], it is required that the maximum turnaround
radius in any alternative theory of gravity be, at most, 10%
smaller than the corresponding radius (2.5) in GR,

rTA Z 09(GNM12)1/3 (49)
Applying this criterion here yields the constraint
Gegy S O.182GN' (4.10)

Here Ry is the scalar curvature of the geometry describing
the de Sitter spacetime that solves the alternative theory of
gravity and A is the cosmological constant in GR, A = 3//?
in the definition of [34]. In the case of the action (4.1),
Eq. (4.8) in conjunction with the constraint (4.9) yields

1
— > 07, 4.11
1+2(a+3b) "~ (.11)

which gives a constraint on the parameters a and b in the
model (4.1). We should note, however, that we have
estimated the effective gravitational coupling G as given

by the coupling of %, which may give Newton’s law. If we
2

%
can know directly any parameter «-, a, or b by any
independent procedure, Eq. (4.11) produces a more realistic
constraint on the model. For example, it is not so clear
whether the effective gravitational coupling G in the
solution describing the Schwarzschild—de Sitter spacetime
(3.7) is identical with G in (4.7). The effective gravita-
tional coupling G in (3.7) depends on the definition of the
mass M in the modified gravity theory.
In the case of the critical gravity theory [64],

1 P 3P

- = b=-3a=—=—, 4.12
a a A 2 ( )

the scalar mode does not propagate and the massive spin
two mode of the general R + R? + R, R" gravity becomes
massless. Then, Eq. (4.12) tells us that

1 1 K>
=— 871G = —,
TG efr 33

— , 4.13
1+2(a+3b) 33 (4.13)

and therefore Eq. (4.11) is not satisfied.
V. A MORE GENERAL MODEL

Instead of the action (4.1), we consider the case that the
constants A, a, and b depend on R,

S = / d*x 2;/(32 [R — A(R) + a(R)R* + b(R)R,, R"]

+ Smatten (51)

that is,
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F(R) = K(zg)z [R = A(R) + a(R)R?]
G(R) = - (13)2 b(R). (5.2)

(Similar to the previous section, adding a term CR”W,;R””’/”
with constant coefficient ¢ to the Lagrangian density does
not add in generality.) We now write x in Eq. (3.1) as k. In
the model consisting of one-loop corrected quantum R?
gravity of Refs. [1,65], we have

K(R)* ~ 15 (1 + A7),

Therefore, we obtain

F(R) ~ R(1 + 20f27)"7" = Ao(1 + Aofp7) 705
+ aoR2(1 + lOﬂZT)y
~ bo(1 + Aopr1),

and Eq. (3.6) then yields

G(R) (5.6)

o(1 + A0270)*"" = Ag(1 4 Aofr70) "

+ aogR§(1 + AoPato)]

1
=-[R
0 2[

3
7 (14 208270)*"" 4 2agRo (1 + Aopr7o)

K(R)PA(R) ~ k5 Ao (1 + Zoa7) ™%, (5.3)
a + 077202 (1 + Aofr70) "5
a(R) D (1 4 o). oba( oBa270)
(R) Ko Ao Oﬁz -155
b(R) by +0.55—==(1 + Aofato) > + apdofaRo |,  (5.7)
K(R)ZNF(I +)‘O)B2T)v (54)
0 where
where
R
7o = 7, In| =2 (5.8)
133 Ri|
ﬁz = -, T=1 In| — (55)
10 R, It is difficult to solve Eq. (5.7) but if we choose
_p 2 : _
The R-dependent coefficients represent one-loop renorm- Ry =Ry =12/F, that is, 7o = 0, Eq. (5.7) reduces to
alization group (RG) coupling constants. The second 3-0.772f, 1 36aylf
interpretation of the same model is just a more complicated -z - Ao (5 +0. 14/10,32) A (5.9)
version of modified gravity that includes the Ricci-
squared term. which can be solved with respect to [?, obtaining
,  3=077p, £ V(3 =0.77206,)? = T2a0APrAo(1 + 0.2810,)
- = . (5.10)
2A0(1 4 0.284¢f3,)
|
In Eq. (5.10), the upper (+4) sign corresponds to the  and the turnaround radius is given by
classical limit (4.6). On the other hand, Eq. (3.13) gives
1 1 }"3 SHKZMZZ
0.77
8”Geff i {(1 + 20270)" " + 2ayRy (1 4 ApPr70) TA = 1+ 24a0 +0.774ofa + 0551\10240/3212 N 12a0/10/)’2 N 7122 bo
+0.7720f2(1 + 20f270) (5.13)
ﬂz _
105520082 (448155 agopoR
(1 of270) ohoP2Ro which provides the constraint, as in Eq. (4.11),
72
+ 5 bo(1 + Aopamo) | - (5.11)
! 12 J42
Then, if we choose R, = R, we find 1+ 24a° +0.7740p, + OSSAUMZ + 12“?; o2 Bby A
24 05504012 314)
1 1 A
L1 2290 4 0 775p, 4 022 D0toPol”
87Gur K P 12 . L o
124l If we assume that the correction from Einstein gravity with
+ a?z of 2 bo} (5.12)  atruly constant cosmological constant A = A, Eq. (5.10)
gives
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P =2 (1=0314oB, — 4aplofalg).  (5.15)

> w

Then combining with (5.14), we obtain the constraint
24610 0.55/\0/10/)7212

? 12
+ 8a0/10ﬂ2A0 + 24A0b0 S 04,

+ 1084, +
(5.16)

as in (4.11).

VI. DISCUSSION AND CONCLUSIONS

Given the degeneracy between dark energy and modified
gravity models attempting to explain the present acceler-
ation of the universe, and the current level of theoretical and
experimental effort aiming to detect and study, or to
constrain, possible deviations of gravity from Einstein’s
theory [14,66—68], the turnaround radius of large structures
in cosmology could be very useful. Two approaches to the
turnaround radius in the context of GR ([24,25] and
[26,27]) produce more or less the same numerical results.
The second approach, being based on the Hawking-
Hayward quasilocal energy is gauge independent to any
degree of approximation compatible with current and
foreseeable astronomical observations [26,27]), but it
becomes ill defined in modified gravity. For this reason,
we used an alternative definition of turnaround radius in our
analysis in the context of modified gravity models.

Three previous works [33—-35] were restricted to scalar-
tensor or F(R) gravity (the latter is an incarnation of the
former class of theories). Here we discuss more general

classes of theories containing also the square of the Ricci
tensor and mixed terms. Allowing terms in R, R*" to be
present in the action introduces extra degrees of freedom in
comparison with pure F(R) or scalar-tensor gravity.

An important realization is that, even when the cosmic
expansion is identical in GR and in a modified gravity
model, in general the time dependence of the turnaround
radius in the latter is different from that of the correspond-
ing turnaround radius in GR coupled with a perfect fluid,
because the effective gravitational coupling becomes time
dependent.

To fix the ideas, we have imposed that the deviation of
the turnaround radius in modified gravity from its GR value
is not larger than 10% (this figure may be debatable given
the large error in the observational determination of the
turnaround radius [45], but it serves the purpose of
illustration). The constraint that we derive would already
put the critical gravity scenario of Ref. [64] in jeopardy.
Similarly, more complicated models will be constrained by
the turnaround radius if and when reliable astronomical
observations of this quantity become available.
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