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Weak equivalence principle (WEP) is, for the first time, tested by astrometry on quasars in the sky
measured in two wavelengths. Compared to previous WEP tests based on the Shapiro time delay of
massless particles, this one has profound superiority that nearly 1 700 quasars with best measured positions
commonly in the optical and radio bands are available. It ensures that, among the tests with photons, this
one can give the most significantly robust bound on possible violation of WEP.
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I. INTRODUCTION

Belonging to ternary pieces of the Einstein equivalence
principle, the weak equivalence principle (WEP) states that
the trajectory of a freely falling test body does not depend
on its composition and internal structure [1,2]. It was
recently tested by a space-borne Eötvös experiment with
two test masses [3]. It can also be tested by massless
particles with different properties such as unequal frequen-
cies in the context of the parametrized post-Newtonian
(PPN) formalism and any possible violation of WEP is
characterized by the difference between values of the PPN
parameter γ of these massless particles [1]. Such a
frequency-dependence of γ can arise in quantum gravity
but is also expected to be suppressed by powers of the ratio
of the frequency to the Planck mass, making it hardly
observable [4]. Nevertheless, some theories (e.g., [5–7])
argue that it might manifest at the scale that is many orders
of magnitude lower than the Planck scale.
Pioneered by supernova 1987A tests of WEP [8,9], the

γ-dependent Shapiro time delay has been intensively
employed nowadays (e.g., [10,11]). However, the number
of available astroparticle and high energy events for this
particular kind of test is very limited, maximally up to
Oð20Þ [12]. Therefore, unlike the Eötvös experiment [3],
the outcomes of Shapiro delay tests are lack of significantly
statistical robustness even though some upper limits of the
violation were found to be extremely small [13,14].
In this work, a new test of WEP by astrometry is

presented. Rather than focusing on Shapiro time delay, I
consider directions of incoming photons. This direction
contains unperturbed part and relativistic light bending
which depends on γ in the PPN formalism [1]. Any
difference between the directions of one source respectively
measured in different wavelengths might indicate possible

violation of WEP which can be described by differential
value of γ.
To fulfill such an astrometric test, two officially pub-

lished quasars catalogues with the highest precision and
accuracy in the optical and radio bands are used. Recently,
Gaia Data Release 2 (GDR2) was just available [15]. The
celestial reference frame of GDR2 (GCRF2) is defined by
more than half a million extragalactic sources with unprec-
edentedly low uncertainties in their positions, making it the
best reference frame in the optical band today [16]. More
than two thousand sources in GCRF2 have radio counter-
parts in the second realization of the International Celestial
Reference Frame (ICRF2) [17,18] which is the best openly
available reference frame in the radio band now. The optical
positions match to the radio ones at the level well below
sub-milliarcsecond for most common sources [16]. The
number of these common sources with best positions
overwhelms the size of data sets of Shapiro time delay
tests and guarantees much more significantly statistical
robustness for the astrometric test.

II. THEORY

For a static observer at the barycenter of the Solar
System, a given extragalactic source in one of the cata-
logues with coordinates right ascension and declination
ðα; δÞ has its observed unit coordinate direction as

−n ¼ ðcos δ cos α; cos δ sin α; sin δÞT; ð1Þ

where the aberration due to the observer’s motion and the
light deflection caused by the gravitational bodies in the
Solar System (that is dominated by the Sun) have been
properly corrected and removed in the processing of
observational data based on standard relativistic astrometric
models for constructing the catalogue (e.g., [19]). However,
light deflections caused by gravitational bodies outside
the Solar System are not taken into account. In the*yixie@nju.edu.cn
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PPN formalism, the (negative) unit direction has two
contributions:

n ¼ σ þ δσpN; ð2Þ

where σ is the unperturbed unit tangent vector of the light
ray at the emission and δσpN is the sum of all post-
Newtonian gravitational effects due to the bodies outside
the Solar System on the photon’s trajectory. It makes a big
difference between astrometric and time delay tests because
light deflection is not a cumulative effect. Since different
gravitational bodies can deflect the photon in various
directions, the deflection effect will not necessarily grow
for far away sources, which is contrary to time delay.
Therefore, such a circumstance demands very precise
modeling of the gravitational potential on the light of sight
all the way from the source to the observer. The non-
cumulative property of light deflection seems to make
astrometry not very sensitive for the test; however, plenty of
all-sky distributed sources with increasingly improved
positions might alleviate this restriction. In practice, it
would be extremely difficult to include all of gravitational
potentials into the theoretical consideration which might
introduce a lot of uncertainties. While the inclusion of an
averaged gravitational potential fluctuation from the large-
scale structure can improve the results from time delay tests
[20], the noncumulative property renders the resulting
improvement from such an inclusion for an astrometric
test undetermined that will be left for future detailed
investigation. Therefore, only most massive and significant
gravitational deflectors will be taken into account here.
If it is assumed that the largest contribution to δσpN come

from the spherically symmetric components of the gravi-
tational fields of these most massive bodies, it can be
obtained as (in geometrized units of G ¼ c ¼ 1) [19]

δσpN ¼ −ð1þ γÞ
X
A

MA
dA
jdAj2

�
1þ σ ·

roA
jroAj

�
; ð3Þ

whereMA is the mass of body A; roA ¼ xo − xA, and xo and
xA are respectively the positions of the observer and the body
A; and dA ¼ σ × ðroA × σÞ. As the closest andmostmassive
gravitational bodies, the Milky Way, the Virgo Cluster and
the Laniakea Supercluster of galaxies [21] are adopted
as the deflectors and denoted respectively with subscripts
“M,” “V,” and “L” for short. They were also chosen as the
gravitational bodies in the Shapiro delay tests [8–11,14,22].
The mass, distance, and coordinates of the Milky Way are
taken asMM ¼ 6 × 1011 M⊙ [23], roM ¼ 8.32 kpc [24] and
ðαM;δMÞ¼ð17h45m40.s0409;−29°00028:}118Þ [25]. While
the Virgo Cluster withMV ¼ 1.2 × 1015 M⊙ is a part of the
Laniakea Supercluster with total mass ML ¼ 1017 M⊙, its
direction ðαV; δVÞ ¼ ð12h27m; 12°430Þ and distance roV ¼
16.5 Mpc are both far away from the center of Laniakea
ðαL; δLÞ ¼ ð10h32m;−46°000Þ and roL ¼ 77 Mpc so that

they are separately treated. This point-mass approximation
of these gravitational potentials was assessed to be valid for
sources far from the deflectors [8,9,14,22].
Intergalactic and galactic media can also cause

wavelength-dependent light bending. Although the detailed
all-sky map of refractive indices is barely known, it is
reasonably expected that the dispersive effects of the
Galactic medium decreases roughly with the increment
of distance to the Galactic plane. Before a well-established
dispersion map becomes available, its noise has to be
mitigated by removal of sources very close to the plane.
With measurements in Gaia’s unfiltered optical G band

and in the ICRF2’s radio band, the unit direction n has its
respective values nðGÞ and nðRÞ whose difference yields
γðGÞ − γðRÞ, indicating any possible violation of WEP.

III. DATA SETS

The ESA Gaia mission is mapping the sky in the optical
band [26]. Based on observations collected during the first
22 months of operational phase, its second data release
GDR2 provides astrometry for more than 1.3 billion
sources and radial velocities for more than 7.2 million
stars [15]. On the contrary to its first data release (GRD1)
[26,27], such an astrometric solution no longer depends on
the Tycho-2 Catalogue. It is also improved with median
positional uncertainties of 0.04 milliarcsecond (mas) for
bright sources and of 0.7 mas for faint sources [28]. Its
celestial reference frame, GCRF2, consists of the positions
of 556 869 sources in GDR2 with median positional
uncertainties of 0.12 mas for G < 18 mag and of
0.5 mas at G ¼ 20 mag [16]. Belonging to these sources,
2 327 ones match to a subset of ICRF2 sources in the radio
band. ICRF2 contains 3 414 radio quasars observed by very
long baseline interferometry with an accuracy floor of
40 microarcsecond (μas) [17,18]. These two frames respec-
tively realized in the optical and radio bands globally agree
with each other at the level of several tens of μas [16]. For
the majority of the common sources, their optical positions
match to the radio ones at the level lower than 1 mas or even
better; however, there exist some discrepant sources [16].
These optical-radio offsets arise for a number of intrinsic

and extrinsic reasons even without any violation of WEP. In
fact, it could be expected that such “noise” is much louder.
The offsets between centroids of radio and optical emission
can have their astrophysical origins due to jet structure of
quasars and synchrotron opacity [29,30] in which little is
still known about the underlying physics. It was found
[31–33] that double sources, confusion sources, pro-
nounced extended structures, dust structures and the
surrounding bright distribution of light can also account
for these offsets. A case study on about 10 discrepant
sources commonly in GDR1 and ICRF2 confirmed that
their positions are damaged by poor observation due to low
brightness and false detection due to confusion with nearby
brighter sources [31], but origins of nearly 200 other
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discrepant sources remain unclear. For the discrepant
sources commonly in GCRF2 and ICRF2, a further inves-
tigation on their individual causes is still unavailable. It
would be very challenging to completely eliminate this
contamination since these astrophysical and environmental
disturbances can hardly be well handled at least in the
current stage. Therefore, the whole sample of 2 327
common sources between GCRF2 and ICRF2 is adopted
for the astrometric test in order to prevent an artificial and
biased outcome towards a null-result from prior choosing
sources with good agreement in the optical and radio bands.
The systematics uncertainties caused by these disturbances
will be assessed and estimated by a nonparametric stat-
istical method in the next section.
This sample needs to be further narrowed down in order

to ensure the point-mass approximation for the deflectors
and to reduce the dispersive effects. Hence, sources are
chosen according to their angular distances to the deflectors
beyond 15 degrees based on the angular sizes of the
deflectors and according to their Galactic latitude larger
than 20 degrees for avoiding the Galactic plane. Such limits
seem to be somewhat conservative. It is no doubt that after
fine-tuning the sample of sources and criteria for choosing
sources, a better bound on the violation of WEP can be
obtained, which is, however, out of the scope of this work.
After filtering with the limits of point-mass approxima-

tion for the deflectors and of the sources’ Galactic latitude,
there are finally selected 1 697 common sources in GCRF2
and ICRF2 left for statistical inference on the violation
of WEP.

IV. RESULTS

It is straightforward to estimate γðGÞ − γðRÞ and its
standard deviation based on the aforementioned dataset by
the weighted least-squares method. However, such an
estimator and its statistical uncertainty might be biased
due to the absence of systematic uncertainties in the
statistical inference. It is important to assess the systematics
which originate from theoretical and observational aspects.
Systematics from theoretical unmodeling and mismod-

eling and the ways to mitigate them in the data preparation
have been addressed previously, while systematics from
observations are much more complicated. It was claimed
[26] that it has to wait towards the end of the Gaia mission
when all calibration will be successfully handled so that its
systematic effects can be controlled down to μas level.
Meanwhile, independent analyses on ICRF2 with different
softwares found that some sources in the southern hemi-
sphere suffer from “declination bias” up to a few hundreds
of μas, for which the reason is still not fully understood (see
[34] for a recent discussion).
Therefore, nonparametric statistical methods [35] for

computing standard errors and confidence intervals could
be an appropriate way to deal with these poorly-known
systematics until knowledge of them is dramatically

improved. The jackknife is a resampling method for
estimating the bias and variance of an estimator. The bias
of the estimator can be estimated from differences between
the estimator with all of observations and the ones with
some observations removed [36,37]. The jackknife method
was recently employed in the lunar laser ranging experi-
ments on the standard-model extension for estimating the
contributions of systematics [38,39].
More specifically, the delete-mj jackknife method [40] is

taken. This method is valid when the sample is divided into
g groups with different sizes. It is supposed that θ̂n is an
estimator of a parameter θ based on the sample of n
observations. The bias-corrected estimators of θ and its
variance are

θ̂JðmjÞ ¼ gθ̂n −
Xg
j¼1

�
1 −

mj

n

�
θ̂ðj�Þ ð4Þ

and

σ̂2JðmjÞ ¼
1

g

Xg
j¼1

1

hj − 1

�
hjθ̂n − ðhj − 1Þθ̂ðj�Þ − gθ̂n

þ
Xg
k¼1

�
1 −

mk

n

�
θ̂ðk�Þ

�
2

; ð5Þ

where θ̂ðj�Þ is an estimator of θ based on a sample with mj

observations in the group j removed and hj ¼ n=mj.
In the present analysis, the estimator is the weighted

least-squares estimator, the parameter is γðGÞ − γðRÞ and
the whole sample is all of the finally selected common
sources in GCRF2 and ICRF2 with n ¼ 1 697. The all sky
is divided into 8 equal areas: four in the southern hemi-
sphere and four in the northern one. In each hemisphere,
each area covers 6 hours in the right ascension from 0h to
24h. According to the area which a source belongs to, the
data set can be divided into 8 groups for the delete-mj

jackknife.
For the finally selected common sources in GCRF2 and

ICRF2, it is obtained that

γðGÞ − γðRÞ ¼ ð−5.8� 0.3jstat � 4.4jsysÞ × 10−6; ð6Þ

where the estimator is given by the weighted least-squares
method and its statistical and systematic uncertainties are
respectively estimated by the weighted least-squares
method and the jackknife method. The estimator by
the jackknife method based on the same sample is
γðGÞ − γðRÞ ¼ −6.8 × 10−6. While the estimators from
these two methods are consistent, its systematics uncer-
tainty is over 10 times larger than the statistical one,
implying the existence of possible incompleteness in the
theoretical model and uncleaned interference in the data set.
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As a preliminary demonstration of effect due to the
optical-radio offsets probably caused by barely known
systematics, a subset with 1 493 sources is chosen from
the finally selected common sources by the unnormalized
and normalized optical-radio angular differences within
10 mas and 4.1 in which the normalized difference is
dimensionless (see [31] for details). With the same
statistical methods, this subset yields γðGÞ − γðRÞ ¼
ð−3.2� 0.3jstat � 0.5jsysÞ × 10−6 where the jackknife
method gives almost the same estimator as the weighted
least-squares one. Despite the decrement of its size by
loss of about 200 sources, it gives a smaller estimator and
much less systematics in the statistical sense. Although
the outcome from such a refined subset is biased and
only considered as a consistency check of the bound
obtained before, it suggests that sources with large
optical-radio offsets require further detailed case studies
one by one.
One interesting and intermediate result is that, during the

jackknifing the finally selected common sources, one
estimator of γðGÞ − γðRÞ with sources in the southern
hemisphere removed is smaller by a factor of 2 than the
ones with sources in the northern excluded, which indi-
rectly supports the existence of “declination bias”.

V. CONCLUSIONS

WEP is, for the first time, astrometrically tested by
extragalactic sources in the sky measured in the two wave-
lengths. The profound superiority of such a test is that nearly
1 700 sources with best measured positions are commonly
available in the optical and radio bandswhich guarantees the
significant robustness of the resulting bound on the possible
violation ofWEPdelivered by bias-corrected nonparametric
statistical method. The forthcoming update on the data
releases of Gaia and ICRF will further improve the
capability of astrometry in the test of fundamental physics
and search for low-frequency gravitational wave [41] and
local substructure of dark matter [42].
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