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We formulate the quantum field theory description of neutron-antineutron oscillations in the framework
of canonical quantization, in analogy with the Bardeen—Cooper—Schrieffer theory and the Nambu—Jona-
Lasinio model. The physical vacuum of the theory is a condensate of pairs of would-be neutrons and

antineutrons in the absence of the baryon-number violating interaction. The quantization procedure defines
uniquely the mixing of massive Bogoliubov quasiparticle states that represent the neutron. In spite of not
being mass eigenstates, neutron and antineutron states are defined on the physical vacuum and the

oscillation formulated in asymptotic states. The exchange of the baryonic number with the vacuum

condensate engenders what may be observed as neutron-antineutron oscillation. The convergence between
the present canonical approach and the Lagrangian/path integral approach to neutron oscillations is shown
by the calculation of the anomalous (baryon-number violating) propagators. The quantization procedure
proposed here can be extended to neutrino oscillations and, in general, to any particle oscillations.
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I. INTRODUCTION

The Bardeen—Cooper—Schrieffer (BCS) theory of super-
conductivity [1], especially in Bogoliubov’s treatment [2],
became well known to particle physicists by the work of
Nambu and Jona-Lasinio [3], who explored the analogy
between the equations of motion governing the electrons in
a superconductor near the Fermi level and the free Dirac
equation of a massive fermion in Weyl representation. The
spontaneous breaking of the U(1) symmetry associated
with the electric charge in the BCS theory is analogous to
the spontaneous chiral symmetry breaking in the Nambu—
Jona-Lasinio (NJL) model. Ever since, the BCS theory has
influenced particle physics in a way that is hard to
overestimate (see, e.g., Ref. [4]).

Another analogy that can be established, this time in the
language of Majorana fermions, is between the BCS
Lagrangian and the effective Lagrangian of neutron-
antineutron oscillations, which breaks baryon-number sym-
metry [5-12] (for a recent review, see, e.g., Ref. [13]).
Neutron oscillations are a topical issue in present-day particle
physics, mainly as a potentially observable window into the
baryon-number violating phenomena that led to baryogen-
esis. Experimental searches for neutron-antineutron conver-
sion have been performed both with free neutron beams and
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within nuclei [14]. At the European Spallation Source (ESS),
new experiments are being planned, aiming at improving by
3 orders of magnitude [15] the best bound on the oscillation
time (0.86 x 108 s), obtained at ILL-Grenoble. Searches for
neutron-mirror neutron oscillations [16] are also under
consideration [17]. Recently, theoretical models have been
proposed in which neutron-antineutron oscillations could
occur moderately rapidly, at levels near to current limits and
within reach of an improved search, around 10° — 100 s.
Such models may be supersymmetric [18], or involve large
extra dimensions [19], or rely on constraints from post-
sphaleron baryogenesis [20].

Without speculating about the possible source of
the baryon-number violation (which in principle can be
achieved by spontaneous breaking of symmetry connected
to a baryonic majoron [21]), the violation is usually consid-
ered to be explicit and not spontaneous. Nevertheless,
Bogoliubov’s formalism for the BCS theory can be adapted
to the description of the neutron-antineutron oscillations,
taking place via Bogoliubov quasiparticles of Majorana type,
which represent the primary fermionic excitations of the
system. The analogy between fermion oscillations with
Majorana pseudoscalar mass term and BCS theory has been
noted in the Lagrangian picture in [22,23], where a relativ-
istic equivalent of the Bogoliubov transformation [to which
we shall return in Sec. II, Eq. (2.5)] was used for the
diagonalization of the Lagrangian. This intuitive connection
is developed in this work into a general canonical quantiza-
tion formulation. The neutron and antineutron “states” are no
more definite states in the physical Fock space of the system;
however, they can be defined as a superposition of (physical)
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mass eigenstates, by extension of the would-be neutron/
antineutron states in the absence of the baryon-violating
interaction. The collective excitations of quasiparticles,
specific to BCS theory and the NJL. model, appear also in
the baryon-number violating ground state of neutron oscil-
lations. The condensate structure of vacuum for neutron and
neutrino oscillations was first analyzed and explored in [11].

For compactness of terminology, we shall call bare
neutrons the would-be neutrons in the absence of the
baryon-number violating interaction. This is in analogy
with the term bare electron, naming an electron without
interaction with the lattice, in the BCS theory. In this
language, the ground state of the baryon-number violating
Hamiltonian is a condensate of pairs of bare neutrons and
antineutrons, with opposite momenta and spins—the ana-
logues of Cooper pairs in the theory of superconductivity.

The approach described in this work can be applied as
the quantum field theory of the free oscillations of any type
of particles. Any oscillation phenomenon is a result of the
fact that the fields that interact and appear in the relativistic
construction of the Lagrangian are not fields with definite
mass, but mixings thereof. On the other hand, the massive
states are not observed individually, but only in time-
dependent superpositions, representing the oscillating
“particles.” The mixing is caused by some additional
interactions (baryon-number violating interaction in the
case of neutrons, lepton number violating in the case of
neutrinos, strangeness violating weak interaction in the
case of K, mesons, etc.), which are not taken into account
when the oscillating particles are produced. The vacuum
condensate is then the reservoir of fermionic number,
strangeness, etc., as well as of the extra chirality, which
gives their definite masses but indefinite quantum numbers
to the quasiparticles associated with the mass eigenfields.
The difference in the masses of the quasiparticles produces
the oscillation, which is essentially the oscillation of a
quantum number, realized through the exchange with the
vacuum condensate. We may say that the quasiparticles as
mass eigenstates create the observable kinematical effects,
while the oscillating particles are subject to the dynamical
effects included in the Lagrangian. The interaction prevents
the mass discrimination, and the lack of a “mass analyzer”
leads to what is perceived as particle oscillations.

The neutrino oscillations are the prototypical oscillation
phenomena that have been studied extensively over a long
time (for areview and an historical account, see Ref. [24]). A
quantum field theoretical framework has been developed,
and the prevailing picture consists in viewing the neutrino
oscillations as a single process encompassing production,
propagation, and detection, with the neutrino in the inter-
mediate (virtual) state. This approach was pioneered in
Ref. [25] (see also the reviews [26] and references therein for
an updated status). In spite of the concentrated effort and
several ingenious theoretical solutions, there are paradoxical
features [27] and questions for whose answer there is still
no consensus, such as the following: How are the flavor

neutrino states supposed to be defined? Are the flavor states
momentum eigenstates? Is it necessary that the massive
neutrinos which mix have equal energies? Are the flavor
states physical and in which sense? These are fundamental
issues arising about any oscillation process.

The quantization method described in this work provides
a natural and unequivocal answer to a crucial question: If
we know that a certain field is expressed as a definite
mixing of other fields, how do we define the states
corresponding to the former field in terms of the states
of the latter fields? The answer will be given in Sec. IV, and
it will turn out to have been impossible to guess without
invoking the power of the present quantization procedure.

II. LAGRANGIAN DESCRIPTION OF
NEUTRON-ANTINEUTRON OSCILLATIONS

The free neutron-antineutron oscillations are analyzed by
the quadratic effective Hermitian Lagrangian with general
AB = 2 terms added:

L="(x)iy"0,¥(x) —mP(x)¥(x)
—%el (W7 (x)C¥(x) +P(x)CPT (x)]

— sesleT T (x)CrsW(x) + e () Crs T (2)]
where m, €, ¢s, and a are real parameters, V(x) is the
neutron field, and C is the charge-conjugation matrix. The
Standard Model Lagrangian is invariant under the global
U(1) baryonic number transformations, under which the
neutron field transforms as ¥(x) — ¢¥(x). Clearly, under
such a transformation the terms proportional to €; and €5
in the Lagrangian (2.1) are noninvariant. They are the
only Lorentz-invariant baryon-number violating terms
that can be written, and they are Majorana mass terms of
scalar and pseudoscalar types. A pseudoscalar mass term
im"P(x)ys¥(x) can in principle be added as well, but we
shall omit it, as its role in this AB =2 Lagrangian is
supplanted by the €5 term. The baryon-number violating
terms are quadratic, but it is assumed that they are the
effective expression of an interaction whose details are
unknown. For this reason, when referring to those terms we
may use the term baryon-number violating interaction.

We shall adopt a charge conjugation invariant version of
the Lagrangian (2.1). With the traditional convention for
defining the charge conjugated spinor as

C¥(x)C" = ¥¢(x) = CPT(x),

(2.1)

(2.2)

the Lagrangian (2.1) is invariant under charge conjugation
only when a = 0; therefore, we fix the phase in this way.
Irrespective of the phase «, the Lagrangian (2.1) is parity
violating. This can easily be seen if we adopt the convention

PY(x, )P~ = yo¥P(—x,1). (2.3)

There is no phase convention for the definition of parity that
can render the Lagrangian invariant. Thus, the Lagrangian
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L ="P(x)iy"d,¥(x) — m¥(x)¥(x)
- %el [T (x)CP(x) + P(x)CPT (x)]

~ ST (R)Crs () + RO ()] (24)

is C invariant and P and CP violating. The P and CP
violation are in line with the expected electric dipole
moment for the neutron and cannot be eliminated from
the Lagrangian by any field redefinition. The effect is due
to the interplay of the “vector coupling” in the ¢; term and
the ““axial vector coupling” in the €5 term. Incidentally, if in
the Lagrangian (2.1) one takes either ¢; = 0 or €5 = 0, the
remaining Lagrangian can always be shown to be both P
and C invariant, by a redefinition of the phase of the
corresponding operations.

The diagonalization of the Lagrangian (2.1) and the
analysis of neutron-antineutron oscillations were per-
formed in detail in Ref. [22]. The P and CP violation of
the Lagrangian was shown not to have observable effects in
the free n — 7 transition probability (for recent discussions
of the discrete symmetries, especially CP, in neutron-
antineutron oscillations, see [22-31]). The Lagrangian
analysis in [22] involved the introduction of a relativistic
analogue of the Bogoliubov transformation, which mixes
the fields ¥(x) and W¢(x), and diagonalizes the €5 term:

"IJ(X) o Ccos @N(x) — 1y5 sin @Nc(x)
(w)) = eomoneca - posmenca ) @

where the fields N and N¢ are of Dirac type and

Sin20 = €4/ /m? +e§. The role of this transformation

is crucial in the exact Lagrangian analysis of neutron
oscillation. Also, in the context of the seesaw mechanism,
which is described by the Lagrangian (2.1) with @ = z/2,
a similar (but C-noninvariant) relativistic Bogoliubov trans-
formation proves essential in absorbing the C violation and
rendering the Majorana neutrino a proper eigenfield of the
charge conjugation operator on a new vacuum [23,32]. We
shall return to the details of the relativistic Bogoliubov
transformation in Sec. V, when comparing the results of
the Lagrangian and Hamiltonian formulations in the
calculation of the anomalous (baryon-number violating)
propagators.

Here, we collect only a few necessary formulas pertain-
ing to the Lagrangian formalism, which will be needed later
on. The equations of motion derived from the Lagrangian
(2.4) are

"It was shown in [22] that the partial diagonalization of the
Lagrangian (2.4), which removes the baryon-number violating €5
term, leads to a term of the type im'¥(x)ys¥(x), which may
reflect the effect of the QCD # vacuum.

(ir"0, —m)¥(x) — (€1 + iesys)¥<(x) =0,
(ir"0, — m)¥(x) = (€ + iesys)¥(x) =0, (2.6)
with W¢ = CP”. We rewrite them as
(ir'0, — (m + 1) — iesys)¥, (x) =0,
(ir'0, — (m —€;) + iesys)¥_(x) = 0, (2.7)
in terms of the Majorana fields
1
W)= L), @8)

V2

which satisfy Dirac equations with different masses and
thus diagonalize the Lagrangian (2.4). The mass eigenval-
ues are easily obtained by setting ¥ (x) = ¢”*¥_(p):

(# = (m+e) —iesys)¥,(p) =0,
0.

(F = (m—e) +iesys)P_(p) (2.9)

For ¥, (p) we note that
P —(m+e)—iesys =0,
which is rewritten as
P —iesys =m+ep.

From here we find, for ¥, (p),

p? =M% = (m+e)+ek, (2.10)
while for ¥_(p) we obtain

pP=M*=(m—e)* +ek (2.11)

Upon diagonalization, the Lagrangian (2.4) becomes

1

L= [\ij+(x)i7’”ayqj+<x) - MY, (0)¥(x)]

2
+ - [P_(x)iy"0,¥Y_(x) - M_P_(x)¥_(x)]. (2.12)

| =

Thus, the Lagrangian description leads to the expression
of the neutron field W(x) as mixing of the free massive
Majorana fields ¥ (x):

W(x) = % (¥, () + ¥_(2)).

The rest of this paper will be concerned with finding the
superposition of states of W, which represent the states
corresponding to the field W. For this purpose, we shall
have to pass to the Hamiltonian description of the model.

(2.13)
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In anticipation, let us still recall that a proper Dirac field
w(x) of mass m can always be written as the sum of two
Majorana fields with the same mass m, which are con-
structed as y . (x) = \/% (w(x) & w¢(x)). The neutron field

W(x), however, is the mixture of two mass-nondegenerate
Majorana fields, therefore not a Dirac field. The meaning of
the neutron and antineutron as “particle states” associated
with the field ¥(x) becomes more subtle.

III. HAMILTONIAN DESCRIPTION
AND VACUUM STRUCTURE

The direct way to canonically quantize the model
described by the Lagrangian (2.4) is by solving the
equations of motion (2.9), for the Majorana fields with
definite masses, and applying equal-time canonical anti-
commutators, which would lead to the algebra of the
creation and annihilation operators. The system is exactly
solvable. However, such a straightforward method would
obscure the baryon-number violation, as well as the
associated dynamical mass generation. For this reason,
we shall adopt a different method of canonical quantization,
which has the benefit of uncovering a more telling intuitive
picture of the oscillation phenomenon.

A. Canonical quantization and Bogoliubov
quasiparticles

The method that we are going to use is analogous to
the one developed by Bogoliubov for the treatment of the
BCS model [2] (for a pedagogical presentation, see, e.g.,
Ref. [33]) and by Nambu and Jona-Lasinio in their BCS-
inspired theory of dynamical generation of nucleon masses
[3] (see also [34]). In current parlance, it is based on the
unitarily inequivalent representations of canonical (anti)
commutators. An ample exposition thereof can be found in
the monograph [35]. Unitarily inequivalent representations
can exist only in systems with an infinite number of degrees
of freedom, in other words, in quantum field theory. In
contrast, in quantum mechanics, the Stone—von Neumann
theorem ensures that all representations of the canonical
commutators are unitarily equivalent. The existence of
unitarily inequivalent representations in quantum field
theory is an essential ingredient of Haag’s theorem [36].
Here, we shall summarize the main aspects needed for the
application to the neutron-antineutron oscillation model.

In the Heisenberg picture, the evolution of a fermionic
system is expressed by the time-dependent Heisenberg
fields, satisfying the equation of motion

i0,¥(x) = [¥(x), H], (3.1)
where H is the Hamiltonian of the system and the fields
W(x) satisfy equal-time anticommutation relations. The
Heisenberg fields act on the Fock space of physical states,
i.e., those states that correspond to observable free particles.

They are obtained by the application of creation operators
to the physical vacuum of the model. Consequently, the
Fock space has to satisfy the requirement that the
Heisenberg fields are expressed in terms of creation and
annihilation operators of the physical free particles. (It is
perhaps more familiar to think that the Heisenberg fields
are expressed by a Dyson expansion in terms of incoming
or outgoing physical fields.) When this condition is
fulfilled, the total Hamiltonian of the system takes the
form of a free Hamiltonian. This is one of the essential
features of the Heisenberg picture and will provide us the
basis for solving the baryon-number violating model
defined by the Lagrangian (2.4). The method described
below is called the self-consistent method, in the sense that
it relies on the self-consistency between the Hamiltonian
and the choice of the Fock space of physical particles [35].

In practice, we obtain first the classical Hamiltonian of
the system starting from the Lagrangian. Then we choose a
candidate for the physical field (i.e., a field that satisfies a
certain free field equation of motion) and quantize it
canonically. We go to the Schrodinger picture and express
the Hamiltonian in terms of the creation and annihilation
operators of the candidate field. It is clear that there are
infinitely many free fields to choose from, each defined by
a different mass. Typically, one makes a meaningful
selection by considering the solution of the free part H
of the total Hamiltonian H (see, for example, Ref. [37]). If
the Hamiltonian is not diagonal, then the candidate field is
not the physical field. What we need to do is to diagonalize
the Hamiltonian. Upon diagonalization, the Hamiltonian
will be expressed in terms of the creation and annihilation
operators of the true physical fields, acting on the true
ground state of the model. The physical Fock space can be
constructed and the problem is solved (the return to the
Heisenberg picture being then straightforward). The diag-
onalization is achieved by establishing certain relations
between the creation and annihilation operators of the
candidate field and those of the true physical field. These
turn out to be Bogoliubov transformations, preserving the
canonicity of the algebra. The quanta of the physical fields
will therefore be Bogoliubov quasiparticles. The two sets of
canonical operators are related by a transformation that
seemingly is unitary. However, it turns out that they act as
creation and annihilation operators in two orthogonal
Fock spaces, constructed on orthogonal vacua, and there-
fore the transformation is not unitarily implementable [35].
For this reason, the two Fock spaces are said to be unitarily
inequivalent representations of the canonical algebra.

Although there are in principle an infinity of unitarily
inequivalent representations, it should be stressed once
more that only one representation is physical, and that is the
one in which the Hamiltonian is diagonal. The correspond-
ing vacuum is the one and only vacuum of the theory
(except the case when there is spontaneous breaking of
symmetry).
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All the assertions in the above summary will be sub-
stantiated below on the concrete model defined by the
Lagrangian (2.4). We shall also draw some parallels with
the BCS theory or the NJL model whenever these parallels
may prove illuminating.

1. Hamiltonian

We start by writing the Hamiltonian corresponding to the
baryon-number violating Lagrangian (2.4):

H— / Br(—P ()i 0, W (x) + mP(x)P(x))
n / d3x%(‘PT(x)C‘P(x) ()P (x))

+ [ @i W) + TP (1),

= Hy+ Hy, (3.2)

where H stands for the Dirac Hamiltonian of a field with
the mass m, while H ¥ represents the baryon-number

violating part.

2. Choice of a candidate physical field

The next step is to pick up a candidate y/(x) for the role
of physical field. The meaningful choice out of the arbitrary
possibilities is to take y(x) as the would-be neutron field in
the absence of the baryon-number violating interaction.
This is the solution of the free Dirac equation with mass 1,

(ir'0, —m)y(x) =0,

in other words, the eigenfield of the free Dirac Hamiltonian
H,in (3.2). Hence, we proceed by going to the Schrodinger
picture, at t = 0, and making the identification [2,34,37]

¥(x,0) = w(x,0),

(3.3)

(3.4)

in the Hamiltonian (3.2). In this way, we can naturally
assign baryonic quantum numbers to the quanta of the field
w(x), which will be called bare neutrons and antineutrons.
Moreover, in the limit €;, €5 — 0, the states associated with
the field ¥(x) coincide with the states associated with y(x).
Consequently, we shall have a handle to define what is
meant by neutron and antineutron when the baryonic
number is violated.

We expand the Hamiltonian (3.2) in terms of the modes
of the bare neutron field,

& .
w(x,0) = /W;(%(P)“A(P)e'p'x

+ b (p)va(p)e™),
which is written in helicity basis (see Appendix A), with

w,=+/p*+m?*. The charge conjugated spinor y* = Cyp”,
with the conventions from Appendix A, is

(3.5)

& :
we(x,0) = / mgsgnﬂ(m(p)uz(p)e’”

+aj(p)v;(p)e™PX).

The operators a,a’,b,b” are creation and annihilation
operators on a vacuum |0), which we may call particle
vacuum,

(3.6)

a,(p)|0) = b;(p)|0) = 0. (3.7)
and satisfy ordinary anticommutation relations:
{a,(p), ay(k)} = 8,48(p — k),
{b:(p), b} (K)} = 5,46(p — k), (3.8)

all the other anticommutators being zero. The states

a;(p)|0) and  b}(p)[0)

represent bare neutron and antineutron states, respectively,
of mass m and definite momentum and helicity. We assign
baryonic number +1 to the bare neutron states and —1 to
the bare antineutron states. In analogy with the theory of
neutrino oscillations, we may think about the Fock space of
states built on the vacuum |0) as a space of flavor states.

(3.9)

3. Mode expansion of the Hamiltonian
Using (3.5) and (3.6) in (3.2), we find, with the help of

the relations (A14),
Hy = / x> (@ (p)a; (p) + b (p)b2(p))  (3.10)
A

and

Hy= [ @3 |en 2 st w20, o) + b} (p)es (o)
A

P

— iey s (ay(p)a; (—p) + () (—p) + b;(p)b;(—p) + b} ()b} (-p))

2a)p

+ sgnd= (a;(p)a(~p) — @} (p)a}(~p) + b; (p)b(=p) — b} ()b} (-p)) |.

(3.11)
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The baryon-number violating part of the Hamiltonian is, as
expected, nondiagonal. The terms containing a (p)b,(p)+
b!(p)a,(p) indicate the neutron-antineutron transition.
The rest of the nondiagonal terms suggest the pairing
of neutrons and antineutrons, in the manner of the
Cooper pairs in the BCS theory.2 We omit the vacuum
energy and present throughout the Hamiltonian in
normal form.

We may proceed from here to the diagonalization, but it
is technically advantageous to take into account the hint
provided by the equations of motion (2.7), namely that the
fields which diagonalize the Lagrangian are Majorana
fields. Therefore, we shall reexpress the Hamiltonian
(3.2) in terms of the creation and annihilation operators
associated with the degenerate Majorana fields of mass m
into which the Dirac field w(x) can be split.

We note that the convention adopted for the charge
conjugation transformation leads to the following action on
the creation and annihilation operators:

Chy(p)C™" = sgnia,(p).
(3.12)

Ca;(p)C~" = sgnib,(p).

d*p

v (x,0) = /W;(QMA([’)
dp

w_(x,0) = /W;(bm(l’)

As a result, we obtain the creation and annihilation
operators of the Majorana fields y(x) defined by

1
x) = —(p(x) Ty (x)), 3.13
e (x) ﬁ(w() we(x)) (3.13)
identified by the subscript ,;, in the form
(p) = —= (a;(p) + senib ()
a =—(a ,
mi\P NG AP gnAb, (P
1
b =—(a — sgnib . 3.14
mi(P) ﬁ( 4(P) — sgnib,(p)) (3.14)
The inverse of the above transformation reads
1
a;(p) = ﬁ(am(P) + by (p))s
1
sgnib,(p) = 7 (ama(P) = baa(P))- (3.15)

At t = 0, the Majorana fields y(x,0) are expressed as

uy(p)e™* + sgnial,, (p)v;(p)e~P™).

Using the formulas (3.15) we recast the Hamiltonian (3.2) in terms of the Majorana operators:

H= / d3p; Kwp +e g) ay,(p)ay:(p) + (wp —€ g) bi1,(P)baa(p)

P

+ (6—5 sgni — ie, L) (apa(P)ama(=P) + bara(P)bary(—p))

2 260p

_ (%5 sgni + ie; %) (a};(P)a}y,; (=p) + by, (p)b;{“(—p)):| _

p

In this form, the ay,- and by, -type operators are disen-
tangled and we can diagonalize each set separately.
Incidentally, in the BCS language the expression

0 ze—ssgnxl—l-ielL

3.18
) 2Q, (3.18)

is the analogue of the gap function [33].

’In the BCS theory, the Hamiltonian is written in terms of the
creation and annihilation operators of the bare electrons, the
interaction with the lattice providing the nondiagonal terms.

uy(p)e™* — sgnib}, (p)v,(p)ePX). (3.16)
p
(3.17)
4. Diagonalization of the Hamiltonian
and Bogoliubov transformations
We diagonalize the Hamiltonian as
H= [ ¢35 0A0) + 5B BB
2
(3.19)

by adopting the following Bogoliubov transformations,
suggested by the form of the Hamiltonian (3.17):
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A;(p) = af ayy(p) + iBf e ay, (—p),

B,(p) = agbua(p) + ify e bjy, (—p), (3.20)
where a?f and ﬁg are complex coefficients and J;, are real.
They all depend in principle on the helicity, but we omit the
helicity index. The quantities €] and € are real, having
the meaning of energies to be determined. In order for the
new operators to satisfy the canonical anticommutation
relations

{A;(p). A} (K)} = 5,28(p — k),
{Bﬁ(p),B}(k)} = 8,26(p — k),

with all the other anticommutators being zero, the coef-
ficients in (3.20) have to satisfy the conditions

(3.21)

oy 2+ 185 2 = 1.

o >+ 1B > = 1. (3.22)

In other words, the conditions (3.22) ensure that the
transformations (3.20) are canonical. Typically, conditions
(3.22) suggest that the Bogoliubov transformations are
rotations in the space of creation and annihilation operators,
for which a customary notation [35,37] is

ay = cosqy,

_— : +
o ﬂp = —singy,
a

> = COS @y, Py = —sing;. (3.23)

We shall diagonalize the part of the Hamiltonian depend-

ing on a,, aL. Introducing the Ansatz (3.20) into (3.19),
we find

/ dpy QFAL(p)A(p)
A
~ [ @r>-5llaf Pal®)aws(p)
A
+ |ﬁg|2am(—p)ab(—p)
— i(a}) By e ajy, (p)ay, (—p)
— i (ﬂp) P ay, (p)ay,(—p)]. (3.24)

Identifying the coefficients with those in (3.17), we arrive at
the following equations:

3 + me,
o P = 1B P =~ —
Qi w,
QF ()i (cos 8, + isin ) = —e; —— + i = sgni
p \Up ) Pp p p) = €15, lzsgn,
p
ot (B (cos 8, — isin§,) = —€; ~— — i S sgni.
nr P P 2w, 2

p
(3.25)

From the last two relations in (3.25) we infer that o) and
can be taken to be real, leading to

P
ay fy cos b, = —€ 7260 o
ay fy sind, = 2] + sgni.
Thus, we obtain
€5(l)p
tan 5, = —sgnl , 3.26
nd, = —sgnd (3:26)
from where
tan5
sin g, = Sgn,1€752’
,/1+tan26 es+etl
P
R
cos &, = (3.27)
,/l—l-tan €5+€1m
With these results we return to (3.25) and find
1 p’
al = €+ e, (3.28)
’ 205 By @p
which we insert into the first equation of (3.25):
1 ( 2) w}+me;
—————— (et +é€? B =—"—— (3.29)
QB )\ g ’ Qo

Equations (3.28) and (3.29), together with the requirement
of canonicity (3.22), are satisfied by the real expressions

L Q;)r + CUp me;
X = ra +
ZQP 2a)pr

Qf —w me
p P 1
=— - , 3.30
Po \/ 2Q7) 20,9 (3:30)
where
QF =\/p*+M3, with M2 =(m+e)*+€3.  (3.31)

Inspecting the Hamiltonian (3.17), we notice that the
part depending on by, bL is identical to the part depending
on ay, aL, up to the substitution €; — —e;. As a result,
we infer immediately the form of the corresponding
coefficients:
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o = \/Ql;—l—a)p_ me; ’
2Q7 2w,

Q- —w me
_ P P 1
_ 32
Py \/ 20, a0y (3.32)
where
Q) =\/p*+MZ%, with M2=(m—¢)*+e3. (3.33)

5. The physical vacuum and the Fock space
of the quasiparticles

The set of operators that diagonalize the Hamiltonian act
on a new vacuum |®,), which satisfies

A, (p)|®o) = B;(p)|®y) =0, (3.34)

(am( )am(—[’))

therefore,

|q)0> = NHP,A(I -+ R;ajm(p)ajm

Recalling (3.22), we note that

(Ol(ay +ipye”

= (Ol(lag > + 185 P)10) = 1.,

leading to the normalized quasiparticle vacuum in the form

(ijz/l(P)b/Tm(—P))" =0,

and represents the physical vacuum of the model. The physi-
cal particle states are Bogoliubov quasiparticles, of Majo-
rana type, with the definite masses M2 = (m £ ¢,)* + €2.

The relation between | @) and the bare particles’ vacuum
|0) is derived by assuming that the vacuum of quasiparticles
is written as an arbitrary superposition of pairs of Majorana
particles associated with the fields y.(x):

@) = NI, ;eFr 4P, (P) Ribi, )by (-P)0) (3.35)

where N is a normalization constant. Using (3.34) and
(3.20), one finds that R;; = —iff;f % /. Pauli’s principle
implies that

for n > 1;

P))(1+ Ry by, (p)b}y,(—p))|0). (3.36)
Py, (p)aya(— P))( lﬁ+ lé"“jwz(l’)“juz(—[)mw
© \(|a+|2 + |ﬂp |261M/1(P)61M/1(P)T61M,1(—P)am(—l’))|0>
= (0[(Jf [ + IBF12(1 + ajy, (P)ans(p)) (1 + a}y,(—p)a;(—p)))|0)
— iffe®ray,, (p)ay,(—p))(ay — ifyebl,,(p)bjy, (—p))|0). (3.37)

@) =Ty (a5

Just as in the BCS theory, the phase of the “Cooper pairs”
of bare Majorana particles is given by the phase of the gap
function (3.18). This phase, in the present case, is fixed by
the choice of the parameters m, €, €5 in the Lagrangian
(2.4) and for each pair depends on the momentum of its
constituents. The physical vacuum is therefore unique.3

The bare Majorana particles composing the pairs have
opposite momenta and spins, consistent with the Poincaré
invariance that implies energy momentum and angular
momentum conservation.

’In contrast, in the BCS theory or NJL model, the phase of the
gap function is arbitrary due to the U(1) symmetry of the
Lagrangian, and its variation leads to an infinity of degenerate
vacua, which is the essence of the spontaneous breaking of
symmetry.

The Fock space built on the vacuum |®,) consists of
Majorana particle states with two different masses, M | and
M_, given by (3.31) and (3.33):

(3.38)

These quasiparticles, with an indefinite baryon number, are
the only physical particles in the model. Neutron and
antineutron do not exist as particle states.

6. Vacuum condensate and baryon-number violation

Coleman’s theorem states that “the invariance of the
vacuum is the invariance of the world” [38]. We therefore
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expect to see violation of the baryonic number in the
vacuum condensate. As mentioned earlier, the bare neutron
and antineutron states have definite baryonic numbers. On
the other hand, the baryonic number is undefined for the
states of bare Majorana particles, a}, ,(p)|0) and b]TW(p) |0).
We may attempt to rewrite the vacuum condensate as
superposition of pairs of bare neutrons and antineutrons,
a}(p)a}(—p)|0> and bz(p)bj(—p)m). To this end, we
insert (3.14) into the Bogoliubov transformations (3.20)
and find

A,(0) = = (a0 (p) + i e ()
- g7< $ba(p) + B b} (-p)).
Bi(p) = = (5a(p) + ifrea(-p))
- (ogbalo) + iy b (D). (339)

The requirement on the physical vacuum (3.34) then
implies

(a5 a,(p) + iy e a)(—p))|@y) = 0.

(o b,(p) + iBy e b} (—p))|®y) = 0. (3.40)
simultaneously with

(aya,(p) + ify e a)(—p))|@,) = 0.

(ap ba(p) + iy e b} (—p))|®o) = 0. (3.41)

As long as af #a, and B # f3,, relations (3.40) and
(3.41) are in conflict. Consequently, for the general case
with arbitrary €; and ¢5 parameters, we have to content
ourselves with the expression (3.37) for the vacuum
condensate.

In the specific case when ¢; = 0, we notice that

Q +w
. P p
ay =a, = o
p
Q —w
ﬁi — ﬂ — P P’
p p 2Qp
sind, = —sgn, cos 5, = 0. (3.42)

This is the only instance when the relations (3.40) and
(3.41) are compatible and the physical vacuum can be
written as

ap - Sgn}bﬂpa;r (p)a;(_p))
b, (~p))|0),

[P0 le,~0 = Tp.a(

x (a, = sgn; 8,0} (p) (3.43)

with the pairs or bare neutrons and antineutrons carrying
baryon number 42, and thus explicitly exhibiting the
baryon-number violation.*

7. Unitary inequivalence of representations

Let us calculate the inner product of the two vacua, using
(3.37) and taking into account (3.7), (3.30), and (3.32):

(0] Do) =TTy z g |lexy |

1 me; \ /2 w, me \/?
=11, 1 142 _
2( +Q++ Ny ) ( +Q; 0,y
dp 1 ®,  me
—e( [ 5 DY HGE

Bz

In the large momentum limit,

(3.44)

[5(1+gk+ )]

51+ g—; - ;:S;)] ~1— SZJ; 5, and the exponential diverges

as exp [—(e7 + €2) [ dp], which leads to the orthogonality
of the two vacua,

(0]g) = (3.45)

The Fock spaces built on the bare vacuum |0) and on the
quasiparticle vacuum |®,) are, consequently, also orthogo-
nal. (This can easily be confirmed by taking the inner
product of two arbitrary states belonging to the two spaces.)
The latter is the physical one, while the former is an
auxiliary space, an artifact of the quantization method.
Although the bare particle states cannot be found among
the physical states, this does not mean that the bare
operators cannot act on the physical vacuum. The operators
a,a’,b,b’ act on |®,) through their relations to the
quasiparticle operators, i.e., the inverse Bogoliubov trans-
formations (3.49) together with (3.15), always creating and
annihilating particles with masses M. and never bare
particles of mass m. This feature will be used further in
defining neutron and antineutron states in Sec. IV.

4Incidentally, if €1, €5 << m and we expand the coefficients of
the general Bogoliubov transformation (3.20) to second order in
€, and €5 [see (4.6) below], we find again a; =ap and 7 = By,
and the vacuum condensate can be recast in a form similar to
(3.43). In Ref. [11], for example, the physical vacuum was

derived in this approximation, for e5 = 0.

015019-9



ANCA TUREANU

PHYS. REV. D 98, 015019 (2018)

B. Heisenberg fields

Having diagonalized the Hamiltonian (3.17) in the
Schrodinger picture, we can now easily move to the
Heisenberg picture. We have obtained the solutions of
the Hamiltonian (3.2) as two nondegenerate Majorana
fields. Their time evolution is given by

Y, (x,0)e " =W (x,1). (3.46)
The corresponding creation and annihilation operators
evolve as

A(p,t) — ’H’A( ) —iHt :A(p)e—iggt’
A'I‘(p’t) thA ( ) —iHt :A'I'(p>ei9;;t’
B(p.1) = ’H’B( Je —iHt _ B(p)e™ iQ;t,
Bi(p.1) = e™B(p)e™™ = B'(p)e'™'.  (3.47)

where we used H in the form (3.19). Thus, the primary
time-dependent Majorana fields will read

)e—i(Qgt—p»x)

¥, (x,1) —/WWZ(M(P)U
4 )
+ sgniA] (p)V,(p) e/ % PX)),

)e—i(Qgt—px)

d3
Y_(x.1) = / Wﬁng(pwp

— sgniB] (p)V,(p)e/®1—2x)), (3.48)

with the spinors U, (p), V,(p) and U,(p). V,(p) satisfying
the equations of motion (2.7) in momentum space.
Inverting the Bogoliubov transformations (3.20), namely

i e Al (—p).
iy e’5PB;(—p),

aw(p) = a;;Aﬂ( ) —

by, (p) = oy B,(p) — (3.49)

we obtain the time evolution of the operators ay;(p),
by(p):

a(po1) = ag Ay(p)e ™' — i %Al (—p)e™ ™,

bua(p. 1) = oy B(p)e™ ™" — i e B} (—p)e®’. (3.50)

Using (3.15) and (3.50), we can express the time-dependent
a,(p.t).b,(p. 1) as well.

C. Diagonalization of Hamiltonian
and primary Majorana fields

In the typical cases of a mass shift of Dirac fermions by
vacuum condensate encountered in the NJL model [3,34],
the Bogoliubov transformations relating the creation
and annihilation operators of different masses can be
obtained by two equivalent procedures. One of them is what

we have described above: having derived the Hamiltonian
of the system, H = H, + H,,, the field ¥, (x) is replaced in
the Hamiltonian, at t = 0 (Schrodinger picture), by the
solution yp(x) of the equation of motion i0,yp(x) =

lwp(x), Hy], i.e

¥p(x,0) = yp(x.0), (3.51)
and the Hamiltonian is subsequently diagonalized by using
Bogoliubov transformations. The quasiparticle operators that
diagonalize the total Hamiltonian will be the creation and
annihilation operators of the field ¥, (x), which satisfies the
equation of motion i0,¥p(x) = [¥p(x), H]. Typically, the
bare field yp(x) and the quasiparticle field ¥, (x) are free
Dirac fields with different masses. In this way, one finds the
solution Wp(x) without solving directly its equation of
motion. This method is essentially a relativistic extension
of Bogoliubov’s approach to the theories of superfluidity and
superconductivity [2].

The second procedure is the one used in the work of
Nambu and Jona-Lasinio [3]: knowing the Hamiltonian H,
one solves the equation of motion i0, ¥y (x) = [¥p(x), H],
and subsequently identifies its solution, at r = 0, with the
solution of i,y p(x) = [wp(x), Hy]. In other words, one
imposes the “boundary condition” (3.51) to the two known
solutions. In this case, the purpose is strictly to find the
Bogoliubov transformations and the relation between
the bare particle vacuum and the quasiparticle vacuum.
The results are the same as those obtained by the
Hamiltonian diagonalization method.

The mixing of fields in the baryon-number violating
model that we have been analyzing requires more care in
the application of the procedures outlined above. We have
seen that the Hamiltonian diagonalization procedure suc-
ceeds when using the identification [3],

¥(x,0) = w(x,0).

Recall that the field y/(x) is a Dirac field of mass m, while
W¥(x) is not a Dirac, nor a Majorana, field. In effect, the field
W(x) does not satisfy a simple equation of motion, but an
equation in which it is mixed with its charge conjugate
P<(x), Eq. (2.6). A “rotation” of the creation and annihi-
lation operators of y(x) does not take us to new creation
and annihilation operators, because there are no such
operators for the field W(x). This is an indication that
the second procedure outlined above cannot work with the
boundary condition [3].

In hindsight, we realize that the actual identification of
fields for which [3] was standing was

¥, (x,0)

=w.(x,0), (3.52)

where v, (x) satisfy
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(iy#ay - m)W:I:(x) =0
and W (x) satisfy Egs. (2.7),

(ir8, = (m +€) =
(l')/”a” - (m

iesys) ¥, (x) =
—ey) +iesys)P_(x) =

’

0
0.

We call the fields Y., primary Majorana fields, as they are
the simplest combinations of the neutron field ¥ and its
charge conjugate W¢, which satisfy uncoupled equations of
motion. The two nondegenerate primary Majorana fields
can be related to the two mass-degenerate bare Majorana
fields by different rotations of the creation and annihi-
lation operators. In Appendix B we shall prove that the
Bogoliubov transformations (3.20), with the coefficients
specified by (3.30) and (3.32), can be found also by the
second procedure outlined above, starting from the boun-
dary condition (3.52).

We emphasize specifically the role of the primary
Majorana fields, because in certain situations one can
choose other combinations of Majorana fields that diago-
nalize the Lagrangian as well. For example, when €; = 0,
€5 # 0, the Lagrangian is diagonal in terms of W. (x), but
also in terms of the Dirac-type fields N(x) which satisfy the
Dirac equation (5.14) (see the discussion in Sec. VA) and
are related to ¥ and W¢ by the relativistic Bogoliubov
transformation (2.5). Because of the simplicity of the
equation of motion for N(x), it may be tempting to use
the relativistic Bogoliubov transformation as the basis for
the boundary condition at ¢ =0, namely to make the
identification

(ﬂ§%>—<§$30
(cos ON(x.0) — iys sin ON¢(x, 0) ) _

cos ON°(x,0) — iys sin ON(x, 0)
(3.53)

In this case, the resulting transformations between the
operators of w(x) and those of N(x) are essentially
incompatible, in the sense that the two annihilation oper-
ators of N(x), say Ay,(p) and By,(p), do not destroy
the same vacuum condensate |®q). This inconsistency
does not appear if one adheres to primary fields and
formula (3.52).

The identification of primary fields is an essential step in
treating any quantum systems with mixings of fields, such
as the seesaw mechanism Lagrangian or various models of
neutrino mixing and oscillation.

IV. NEUTRON STATES IN PHYSICAL FOCK
SPACE AND THE n -5 TRANSITION
PROBABILITY

When we embed the quadratic Lagrangian (2.4) into the
Standard Model, the field ¥(x) plays the role of neutron
field and takes part in the neutron interactions already
present there. At the same time, we have to give up the
picture of the neutron as a particle with definite mass and
flavor. It is then necessary to redefine the notion of neutron
and antineutron, when there are no creation and annihila-
tion operators for them.

The only possibility for a consistent definition is to
associate the neutron and antineutron with the field ¥(x), in
other words, to define these states by their dynamical
relations with the other particles with which they interact.
The natural procedure is to use the Schrodinger picture
identification [3],

¥(x,0) = w(x,0),

together with the consistency requirement that, in the limit
when the baryon-number violating interaction vanishes
(i.e., €1, €5 = 0), one recovers the bare, or flavor, neutron
state defined on the vacuum |0). In practice, we start by
Fourier transforming the field y(x,0):

Px
/(2 )3/2 ey (x,0)
o Z a/l' l/t/y

P ¥

)+ by(=p)0;(—p))-

Upon multiplication by you,(p) and the use of relations
(A13), we find

xw@ﬁﬂmw@r—ﬂwy (4.1)

v%%(/éxﬂd

The operator in the left-hand side of (4.1), acting on the

vacuum |0), produces the bare neutron state a| (p)|0). We
shall therefore adopt it as the definition of the “neutron
creation operator’ on the physical vacuum,’ in which case it
is preferable to also replace w(x,0) by ¥(x,0),

SIn Ref. [11], the definition of the neutron state is (with our

wp 3

P ([ 5L e (x,0))u,(p) =
a; “(p) + i2sgnib,(—p). However, this expression does not give
sensible results when applied to multiparticle (antineutron) states
in the limit when the baryon-number violating interaction
vanishes; therefore, it cannot be a proper neutron creation
operator in any setup. Moreover, it is not applicable to the case
when bare particles are massless.

notations and conventions)
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0.0 = e ([ G ¥ 0) Jrotwio
P
— a}(p)|®0)
- % (a5 AL (p) + a5 B (p))|®0). (42)

with the coefficients given by (3.30)—(3.33). In writing
the final expression of (4.2), we used (3.15), (3.34), and
the inverses of the Bogoliubov transformations (3.49).
Similar considerations for the antineutron state lead to
the definition

_ B 1 Px —
(0.2 = semi ([ e P 0)
< ()]0) = b (p)]@y)

_ %sgm;fx;(p) — @ B} (p))| o).

(4.3)

We took advantage of the fact that, in spite of the a- and
b-type operators not being creation and annihilation oper-
ators on the physical vacuum |®), this does not prevent us
from defining their action on this vacuum, which is
achieved through the inverse Bogoliubov transformations.
Thus, neutron and antineutron states are naturally defined
on the physical Fock space.

The oscillation amplitude between neutron and antineu-
tron is obtained by letting the neutron state evolve
and sampling the amount of antineutron in it at an arbitrary
time #:

A

wn = (A(p. A)|n(p. 2).1) = (A(p. 4)|e”|n(p. 4)). (4.4)

Using (4.2) and (4.3), as well as the Hamiltonian in the
form (3.19) and its action on the quasiparticle states (3.38),
we obtain

1 . .
Ay = 5 sgnil(ag e % — (o)1), (4.5)

with the various coefficients and energies given by (3.30)—
(3.33). This is the general expression, valid for any values
of the parameters m, €, and €5 in Lagrangian (2.4).

To come to a more familiar expression of the transition
amplitude, we shall consider €;, €5 < m and expand (4.5)
to second order in €; and €s. In this order,

Q= \/wf):l:Zmel + €l + €2

me; 1 3m*\ , €
~ lt—5+-—=5|1-—7 e+
“p { a)f, 2w[2, ( wg )61 2(1)%

meq
= a)p |:1 + F + A(e%, €§):| s

p

Q +w me, 1 o me,
(af)? =2 2L =+ <1i2>

2Qr 20,7 2 207 >

1 <p2

Rl ——s5e? €2 ). (4.6)
2 2 -1 5
dop \w;

Returning with (4.6) into (4.5), we find the transition
amplitude

i 2 ¢ 1 P2
A - — —isen —lmp(l+A(ef,e2))t 1 - 2 2
o 1sente ’ 40)3 > AT

P
. em
xsin| —1 ),
wp

leading to the neutron-antineutron transition probability

o (em
P,; = sin® (1 t).
@p

The probability formula (4.8) shows that the neutron-
antineutron transition is practically unaffected by the
(CP-violation) parameter ¢s5. The result coincides with the
usual free oscillation probability obtained in the framework
of quantum mechanics in the same limit, i.e., €, €5 <K m.

When ¢; = 0 and €5 # 0, the free transition probability
vanishes exactly, as can easily be seen from (4.5), taking
into account that in this case o = o and Q = Q7 [see
(3.42)]. This is, of course, expected, because the two
primary Majorana fields are in this case degenerate in
mass. However, as we shall see in the next section, the
anomalous baryon-number violating propagator will still be
nonvanishing [22,39].

(4.7)

(4.8)

V. ANOMALOUS PROPAGATOR

The purpose of this section is to show that the canonical
quantization procedure outlined in Secs. Il and IV is
compatible with the results obtained in the Lagrangian/path
integral approach. This comparison will give more support
to the definition that we adopted for the neutron and
antineutron states. Ordinarily, by the token of fermion
number conservation, in the perturbative Standard Model,
we expect the propagator ¥ (x),

(T9 (x)®(y)) = O(xo — yo) (¥ (x)'¥(y))

=000 —x0)(Y()¥(x)),  (5.1)
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to vanish. However, since baryon-number conservation is
now violated, the above propagator is nonzero. The
calculation of this propagator in the canonical framework
described above and by means of the manifestly relativistic
Lagrangian formalism/path integral will show the coinci-
dence of the two approaches.

3 3
(@l (5. 0%(3.010) = [ 2SS s
AL

x (@[} (p. 1)

% (K)vy(p)ay (ke

For our purpose, it is sufficient to calculate, in the
Hamiltonian formulation, the transition amplitude
(®|¥¢(x,1)P(y. 0)|®,) and compare it with the result
of the path integral approach.

Using [3], (3.5), and (3.6), we find

“XTRY) b (p. )by (K)uy (p) 0y (K)e!PXKY)

+ ) (p, 1)by (K)vy(p) 0y (K)e XK 4 b, (p, t)af, (K)uy(p)iiy (K)e P> KV D). (5.2)
With the help of (3.15) and (3.50), we obtain the vacuum values involved in (5.2):
(@olaj (p, 1)a (k)| Po) :E( o Py e e N + o By e e 1)5,,5(p + k),
i . o+ . o
(@b (p. )by (k)| Do) = —5( ag ple e ! + o fre e ®1)5,,5(p + k),
(®o|aj (p, 1)sgniby (k)| Do) = (ﬂ;ﬂk T2 e~ Ih 1 — frpr eIt =% )5, 5(p — k),
(@|sgnib, (p. 1)a), (k)|®g) = 2(0530’1?3 D — o ap e )5, 8(p — k). (53)
Hence, we find the vacuum-to-vacuum transition amplitude which reads in general
(Dg|P(x, t) (y,0)|®y) = / 27) 32 Z[Sgn/l +ﬂ;e—i5pe—i9 t+a Pye —is, igﬁt)v,l(p)b_t,l(—p)e_ip'(x_w
- sgn/li (o B ee™™ ! + o Bre® e )u, (p)v,(—p)e® *Y)
1 N —\2 ,—iQs = —ip-(x—
5 (B2 ® ! = (55) ™% v, (p)a(p)e ™ XY
1 iQt —iQ- - in(x—
5 (a2 — (ag) ™%y (p) 7, (p)e ) (5.4)
|
with the coefficients given by (3.27), (3.30), and (3.32). leading to the equations of motion:
A. Mass-degenerated Majorana (iy"0, —m — iesys)¥. (x) = 0,
quasiparticles (¢; =0, ¢5 # 0) (iyf‘@” —m + iesys)P_(x) = 0. (5.6)
The comparison is more transparent if we consider
specific cases. The most interesting and illuminating is We defi
the case when e¢; = 0. Then, the Majorana quasiparticles ¢ deline
are degenerate in mass and the neutron-antineutron oscil- '
lation does not happen (see Sec. IV). However, as discussed m = iesys = Me*20rs (5.7)
in [22,39], the anomalous propagator derived in the
Lagrangian framework is nonvanishing. with
The Lagrangian in this case is
L =P(x)iy"d,¥(x) — m¥(x)¥(x) M = \/m*+ €. (5.8)

l

es[PT(x)Crs¥(x) + P(x)Crs¥T(x)].  (5.5)

The equations of motion can be recast in the form
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(iy"d, — M)e*®rs(¥(x) F ¥¢(x)) =0. (5.9

We thus identify the combinations of Majorana type

- 1 .
= — 975 (P(x) = P°(x)),
=5 (W(x) = ¥(x))
- 1 .
o= ——e O (Y(x) + ¥ (x)), 5.10
7 (W(x) +¥(x)) (5.10)
which satisfy the standard Dirac equation
(ir*9, — M)P.(x) = 0. (5.11)

Thus we have the exact solutions of the field equations,
0T, (x) + erB_(x))
[~ (x) — 5P _(x)]. (5.12)

The Majorana fields ¥, (x) can also be mixed into a Dirac-

type of field N(x), with a shifted mass M = vVm? + €2,
N(x) = \%(liu (x) + ¥_(x)).
Ne(x) = \%(liu(x) —_ (). (5.13)

satisfying in its turn the simple Dirac equation

M)N(x) = 0.

We can than rewrite (5.12) as

¥(x) cos ON(x) — iys sin ON*(x) s 1s
(‘I"‘(x)) <cos®NC(x) — iys sin@N(x))' (5.15)

This transformation, mixing the relativistic neutron field
and its charge conjugated, has been named ‘“relativistic
Bogoliubov transformation” [22,29]. It is easy to see that it
preserves the anticommutators, and therefore it is canoni-
cal. In the form quoted above, it is covariant under charge
conjugation transformation. It has been used in [22] to
analyze the neutron oscillations in the Lagrangian descrip-
tion; a charge-conjugation violating version of it has been
used in [23] to provide a two-step solution to the seesaw
mechanism.

Because of the simplicity of the equation of motion
satisfied by the field N(x), the relativistic Bogoliubov
transformation (5.15) leads us immediately to the form of
the anomalous propagator for ¢; = 0,

(iy"d), — (5.14)

4
(T () B(y)) = / AP __E1s _pipteey),

5.16
(2r)* p*—=M?* +ie (5.16)

for which we used

(TP (x)P(y)) = (TP (x)¥(y))

= / d'p ‘ e~ ip(xy)
r)*p—M + ic '

Recall that the propagator theory based on equation of
motion, or the path integral quantization, gives the above
covariant 7" product, while the canonical quantization
leads to the usual 7 product (5.1), which specifies precisely
the equal-time limit of the correlation. The two products
coincide if the 7* product vanishes in the limit py — oo,
which is the case also in our situations.

On the one hand, starting with the covariant propagator
(5.16), we easily find

. _ d p dp e_ip(x_y>
(¥ (x. 1) (3.0 [By) = €57 / 5 f( L5

(5.17)

2r) 27 pi-Q2
. AP o i
(5.18)

where I'(€2,) is the contour in the complex p, plane which
includes the pole of the integrand at Q,, and extends to —ico
in the lower half-plane.

On the other hand, starting from the general formula (5.4)
in the Hamiltonian approach, we obtain

0)[®o)

d’)
- / 27) 32(0 Zapﬂp va(=P)i(p)

—zth+1p-(x—y)

(o ¥ (x. 1) ¥(y,

+ u;(p)0;(=p)le

& .

o, (5.19)

where we specified the coefficients for the case e; = 0 as

follows:
Qr=Q, = \/p*+m*+ €,

Q +w
oy =aq, = 2L,
p P zgp
Q —w
By =Py ==/ =55
p p ZQP
sin§, = —sgn, cos 8, = 0, (5.20)

and we also used (A16) and (A17).

The coincidence of the results (5.18) and (5.19) indicates
the agreement of the Lagrangian approach, with the use of
the relativistic Bogoliubov transformation (5.15), and the
Hamiltonian formalism via Bogoliubov quasiparticles and
vacuum condensate developed above. In this case, the
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neutron-antineutron conversion takes place in virtual states,
and it is strictly an effect of the vacuum condensate, which
violates the baryon-number conservation. Interestingly, the
relativistic Bogoliubov transformation does not have any
role in the Hamiltonian description.

B. Mass nondegenerate Majorana quasiparticles
(€1 #0,e5=0)
For completeness, we include also the calculation of the

anomalous propagator for the typical neutron-antineutron
|

d*p i

oscillation setup, with €5 = 0. In this case, the equations of
motion for the primary Majorana fields are simply

(W”au - M )Y, (x)
(ir'0, —M_)¥_(x) =

’

0
0, (5.21)
with My = m £ €;. The anomalous propagator of the
neutron field is easily obtained with the help of the relations
(2.8) and the ordinary propagators

WP 0) = [ e, (522)
as
= 1 [ d 1 1 A
(TP (x)¥(y)) = —/ p4 - _ ) emir(r), (5.23)
2) Qr)*\p—M, +ie p—M_+ie
We note that
§ &’p dpy _; P+ M.
Oy|W.(x, )V, (y,0)|D —i/ j{ 2P0 p-ipla—y) 2T TP
@t Ea O =i [ S et FE O,
d’p —iQEr+ip-(x—y) (O
== gz T @0 —p ey M), (5.24)
P
We shall consider the above amplitudes in the limit €; < m and in the first order in €;. In this approximation,
! + 1 p> m
m—i(QpYo—P'J’ﬂLMﬂz) :2—a)p (wpro—p-v+m)Le 2 2P )|
P p p
Then,
(@, 003,00 = [ 5 EE i [igin (171 +m)
s ) = | —=— P i - OV —D - m
0 y 0 (27[)32a)p w, pfo =P -7
2
€m p m
— €] Cos <w—pt w—g—l—w—gp-y)]. (5.25)

We calculate now the same amplitude starting from the canonical quantization result (5.4), up to the first order in €, in

which case

Sh
N—
(3]
R
—
|
m
—1to
’w:

(a
and
sing, =0,

We obtain, using (A18) and (A19),

p p
%m, OfpjE ;jfzﬁz—% (5.26)
cos 8, = 1. (5.27)
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(@ By, 0)) = [ e

_sin <€;’: t> ui(p)ﬁz(l’)}

3
= /dif)e—iwpt+ip»(x_y) i sin em
(27)2w, s

€m PP m
—€cos| —1)|{—=+—=5PY
@p @p @D

This coincides with formula (5.25), and thus the two
approaches again prove compatible.

VI. DISCUSSION AND CONCLUSIONS

The phenomena of particle oscillations are highly
peculiar, in the sense that the particles which are supposed
to oscillate do not exist as well-defined states in the
quantum field theory. It is perhaps more accurate to speak
about the oscillations of a flavor quantum number than
about the oscillations of particles. Actually, one of the
recurring questions in the theory of neutrino oscillations is
how to define the flavor neutrino states, when the flavor
fields are given as known mixtures of massive fields. The
answer can be found by using the canonical quantization
procedure described in this work. Specifically, in the
baryon-number violating case of the neutron-antineutron
oscillations, the neutron field ¥(x) is a mixing of massive
Majorana fields ¥, (x) [which diagonalize the Lagrangian
(2.4)] according to Eq. (2.13),

W(x) = \% (¥, (1) + ¥_ ().

On the other hand, we have found that the neutron
and antineutron states associated with W¥(x) are mixings
of states associated with W, (x) according to Egs. (4.2)

and (4.3):
L[ty | me
V2 I\ 29

n(p. ) g a

Q- + w me;
+ ( B - _>BI(p)} Do),
20, 20,9,
1 QF +w me
,ﬂ - i P p 1 AT
Q +o me > '
P p 1 f
- — - = Bq(p)} Do),
( 20, 20,9

where |®,) is the physical vacuum of the model, A" and BY
are the creation operators corresponding to the Majorana

= \/p* + m?,

fields W, and W_, respectively, and w,

e ey s (1) e o)) = (0)7s )
A

P

—t)(wp}'o—l)'J/er)
p

)

Qr = \/ p + 2.
not self-evident just by knowing the mixing of fields,
but it is unambiguous, once the appropriate quantization
scheme is employed.

The present canonical quantization approach to the
neutron-antineutron oscillations is based on the theory of
unitarily inequivalent representations inspired by the BCS
theory of superconductivity [1,2] and the Nambu—Jona-
Lasinio model [3] (see also [34]). In this formulation, the
physical particles are Bogoliubov quasiparticles with def-
inite masses. The neutron field is a mixing of two mass-
nondegenerate Majorana fields; consequently it cannot be a
proper Dirac field. Flavor (in this case, baryonic number) is
introduced into the theory by the would-be neutron fields in
the absence of the baryon-number violating interaction.
These fields provide one of the two inequivalent repre-
sentations of the creation and annihilation operators used in
the analysis, and it should be emphasized that it is a
nonphysical representation.

The intuitive picture is the following: the physical free
Majorana particles, or Bogoliubov quasiparticles, are states
in a Fock space, built on a vacuum that is a coherent
superposition of bosonic pairs of bare neutrons and anti-
neutrons, with opposite momenta and spins. The vacuum
violates baryon-number conservation, since the pairs carry
baryonic number +2. In this Fock space, the neutron and
antineutron are defined using only the physical vacuum and
the neutron field in the Lagrangian, which gives the
dynamical relation of the neutron to the other particles
in the Standard Model. Neutron and antineutron states are
superpositions of Bogoliubov quasiparticles, satisfying the
consistency requirement that, in the limit of vanishing
baryon-number violating interactions, they are identical to
the Standard Model neutron and antineutron states. The
oscillation takes place due to the mass splitting between the
Majorana particles, which is an effect of the vacuum
condensate, that acts also as a reservoir of baryonic number.

The analogy with the BCS theory is only partial. The
BCS ground state is a state of matter—the interaction
couples the electrons in Cooper pairs and provides the
energy gap that renders the system superconducting.
The physical particles are the same, i.e., electrons with a

+ (m+ep)? This mixing of states is

015019-16



QUANTUM FIELD THEORY OF OSCILLATIONS: ...

PHYS. REV. D 98, 015019 (2018)

well-defined mass, with or without the interaction. On the
other hand, in relativistic models, the only physical states
are quasiparticle states. The bare (or flavor) particles simply
do not exist, either individually or in pairs. This can easily
be seen by the fact that we could have chosen initially a
different unitarily inequivalent representation than the
one corresponding to the bare particles and the result of
diagonalization would have been exactly the same. Hence,
the vacuum condensate is a technical device that mimics the
effect of the interaction in breaking the baryon-number
symmetry and generating the mass splitting and/or the mass
gap for the quasiparticles.

One of the lessons learned from this analysis is that
the identification of the primary fields is influenced by the
conserved symmetries of the model. For instance, in the
case of neutron-antineutron oscillations considered here,
Lagrangian (2.4) is C invariant, and the primary fields are C
eigenfields. In the case of the seesaw mechanism for
neutrinos, when charge conjugation is violated but the
lepton number violation is still given by Majorana mass
terms, the C violation has to be absorbed by the vacuum, in
order for the physical fields to be eigenfields of charge
conjugation. This is achieved in the Lagrangian approach
by the relativistic Bogoliubov transformation [23,32].
Recently, an alternative analysis of the vacuum condensate,
based on the relativistic Bogoliubov transformation, was
performed in [40] for the C-violating model of the seesaw
mechanism for neutrinos [whose Lagrangian is (2.1), with
a = n/2]. It would be interesting to apply the formulation
of the present work also for the seesaw mechanism [41].

The quantization by path integral methods in the
Lagrangian formalism [39] and the present canonical
formalism converge, as it was shown by comparing the
anomalous propagators obtained in the two approaches. In
our canonical description, the relativistic Bogoliubov trans-
formation that is used for the (partial) diagonalization of the
Lagrangian [22,39] does not play any role. The advantage
of the canonical formalism is that it allows us to define the
neutron and antineutron states and the vacuum condensate
offers a richer picture. Flavor states are defined only as
auxiliary notions, which bring the baryonic number into the
picture, and their Fock space is unphysical. An alternative
procedure in the context of neutrino mixing has been
developed in [42] (see also [43] and references therein, and
[44] as well for a critique of the method), invoking unitarily
inequivalent representations, but in which the flavor Fock
space features as a physical space. The technical details are
at variance with the approach presented in our work.

The method of quantization for oscillating particle
systems described in this work can be easily applied to
mixings of Dirac neutrinos. Regarding the seesaw mecha-
nism, a possible extension of the method will provide also
a clarification of the charge conjugation violation by the
vacuum condensate. We plan to study these issues
elsewhere.
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APPENDIX A: CONVENTIONS FOR SPINORS

We work with the Dirac representation of the y matrices:
(5 ) (0 0)
"“\o o) "=\ o)
B ( 0 60)
5= o 0)

where ¢° = 1,,, and ¢/, i = 1, 2, 3 are the Pauli matrices.
The solution of the Dirac equation

(A1)

(70, — m)y(x) = 0 (A2)
is written in mode expansion as
d3p —ipx
w(x) = /W;(Ga(l’)”a(l’)e r
+bj(p)vi(p)e™). (A3)

where 1= :l:% are the helicity eigenvalues and

po = w, = +/p> +m?, with the notation p = |p|. The
spinors u,(p) and v;(p) are helicity eigenvectors,

S-p S-p
u;(p) = Auy(p), TW(P) =—v(p). (A4)
with the spin matrix
PR o 0
Sl = —Zl = . . AS
=7 0 (a3)
The left- and right-handed helicity spinors read
21
wp) = /o, Fm( ).
wp-‘rmZT
Xl
Ml(p):\/wp+m P )
a)p+m)(¢
~ o
vT(p):\/a)p—Fm pr] s
1
Py,
0,(p) = oy T m(“’vj;j ) (A6)

where the symbol 1 denotes the right-handed spinor, while
J denotes the left-handed spinor. We use the helicity basis
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0 ,—it 0 ,—it
cosse™" —singe "
)(¢=’I¢=<.el¢), )@:'M:( 0 i )
singe" cosse’
(A7)

with @ and ¢ being the polar and azimuthal angles of
the momentum vector, p = (psinécos ¢, psinfsin g,
pcos ). The basis spinors y; and 7, satisfy

(@-ps=2ipy;.  (6-p)m = —2ipn; (A8)
and are normalized as
Z;)(/v = 7];’1/1’ =36,y, where , A/ =+-. (A9)
We note as well the relations
)(T)(-; +)(¢)(I = 1y, (A10)
— -
i =1d = (e Mg )75 O

The helicity spinors for the inverted momentum vector
—p are obtained by taking @ - 7z —6 and ¢ - 7+ ¢ in
(A6), and they read as follows:

o= ).

wp+m l/IT
m
uy(-p) =iyJo,+m{ ,
wp+m ”i
__>p
UT(_p) — a)p + m( mp+m)(T ) ,
21
Py,
oulop) = i/ () (A12)
Xl
The helicity spinors are normalized as
0 (P)uy (p) = 20,5,
u;(p)vy(-p) =0, (A13)
and satisfy the relations
i;(p)uy(p) = 2méyy,
U;(p)vy(P) = —2md,y,
i1;(P)vy(=p) = —2ip sgnidyy
0,(p)uy (=p) = =2ipsgnidyy (A14)

as well as

i;(p)ysuy(p) =0,
7,(p)rsvy(p) = 0,
i, (p)ysvy(—p) = 2iw O
0,(p)ysuy(—p) = —2iwpdy. (A15)
We also have the relations
__p P %12 )
_ . @y+m p w,+m X
ZMmmw—mww( Ppw)
2 2x2 T wptm p
(A16)
p_dp 1
_ wp+m p 2x2
> w(p)oy(-p) = i(w, +m) [ .
A & 212><2 E_2P
(wp+m) @,+m p
A17)

> “sgniv;(—p)ii(p)
i

_(ULﬂnl2><2 (o im)z%
= i(w, + m) b ! . (ALB)

Bl
ngnflw p)7;(-p)
P_q ap
) wptm 2x2 p
= L(a)p +m) v ap b 4 (A19)
(wp+m)> p wytm 2x2
Under the parity transformation,
rou;(p) = iu_y(—p),
rova(p) = —iv_;(—p), (A20)
such that the parity operation acts as
Py (x, )P~ = yop(=x, 1), (A21)
if
Pa;(p. )P~ = ia_;(-p.1).
Pb,(p,1)P~! = ib_;(—p,1). (A22)

Under the classical charge conjugation transformation,
we have

= sgniv;(p).
= sgndu;(p),

C; (p)
C7; (p) (A23)

such that
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Cy(x)C = Cp" (x)
d3p —ipx
=/W;Sgnﬂ(ba(p>w(p)e P
+aj(p)vy(p)e™), (A24)
with
Ca;(p)C™" = sgnib;(p),  Cby(p)C™" = sgnia,(p).
(A25)

APPENDIX B: BOGOLIUBOV COEFFICIENTS
FROM SOLUTIONS OF EQUATIONS
OF MOTION

As explained in Sec. III C, the Bogoliubov transforma-
tions can be found alternatively by equating the explicit
solutions of the equations of motion governed by the free
Hamiltonian H, and by the total Hamiltonian H. This
procedure was used by Nambu and Jona-Lasinio [3] (see
also [36]) for going from massless to massive free Dirac
fields. In this appendix we confirm that this alternative
procedure works in the case of the baryon-number violating
system with C invariance described by the Lagrangian
(2.4), as long as we apply it to primary Majorana fields and
not to the mixed field ¥(x).

For the sake of transparency, we shall consider two
simpler cases, €5 = 0 and e; = 0, respectively. In the first
case, we use a top-down approach, which consists in
imposing the boundary condition and deriving the
Bogoliubov transformation. In the second case, we use a
bottom-up approach, proving the compatibility of the
Bogoliubov transformations (considered to be known) with
the boundary condition and the solutions of the equations
of motion.

1. Primary fields with scalar Majorana mass
(€1 #0,€e5=0)
The primary fields are Majorana fields, satisfying the

free Dirac equations
|

1 (@ M)

(ir'0, =M, )¥(x)
(iy"0, — M_)¥_(x)

07
0, (B1)

with Mi =m :l:€1.

The natural identification of fields in the Schrodinger
picture is then

Y. (x.0) = . (x,0), (B2)

where W (x,0) satisfy the equations of motion (B1), and
w4 (x,0) satisfy the Dirac equation with mass m, having
the expressions (3.16). These solutions are easy to find and
quantize. For example,

v.(x0)= [ w)j’i”m xS (4,(p) U, (p)
A
+ sgniA} (—p)V,(-p)).
d*p

w.(x,0) = /Wrﬁ"p"‘zwm(p)m(p)

A

+ sgnial, (—p)v;(-p)), (B3)
where
(F =M, )U,(p) =0,
(F+M,)V,(p) =0, (B4)

and we shall consider them of the form (A6), with m
replaced by M. and w, replaced by Q. Using (B2) and
(B3), we find

Ai0) = 5 e Vi h)ans(p)

+ sgnAi (B5)

1
IS U (p)vi(—p)aj,, (—p).

Comparing this expression with (3.20), we infer that (BS5)
represents the Bogoliubov transformation for e5 = 0. Let us
calculate the coefficient of a,;,(p) in (BS), using (A6) with
the appropriate adjustments for U,(p):

» +m) +p?

U (p)u,(p) =

2./Q w

2/Qfw, /(QF +M,)(w
1 (Qy + M, + o, —m)(w

p+m)
l[,er)

T /2% w,

V2@ + M (@

o +m)

\/W\/

meq

_ QF + w, N
2Q;

2Q7 w,

p +m)(Qy + o, +€) +

9

(@p —m)(Qy + @ —€))]

(B6)
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which is indeed identical to a]‘j from (3.30), for 5 = 0. All
the other coefficients will be similarly found to agree with
those obtained by the method of Hamiltonian diagonaliza-
tion in (3.30) and (3.32). For m = 0, one obtains the
Bogoliubov coefficients of the Nambu—Jona-Lasinio model
[3], with the distinction that in that case the vacuum
condensate is formed by pairs of massless particles
(nucleons) and antiparticles of opposite spin and momenta,
since the usual U(1) symmetry is preserved by the
Lagrangian at all stages of the analysis.

2. Primary fields with pseudoscalar Majorana mass
(€1=0, e5 #0)
Now we consider the primary Majorana fields satisfying
the equations of motion

iy, — (m + iers)| ¥, (x) = 0,
=0.

[iy"0), — (m — ieys)|¥_(x) (B7)

We expand ¥, (x,0) according to (3.48) with ¢; = 0, as

& .
%mmz/@ﬁﬁﬁiwixumw@

A

+ sgnlA}(—p)V,(-p)). (B8)

where Q, = |/p? + m* + ¢} and

(7 = (m+iesys))U,(p) =

(#+ (m +iesys))V,(p) = (B9)

om0 v (2

we find from (B9) that

8'p—i€5
U =
5(P) Q,+m
3'p—i€5
\% =— B10
=T (B10)

or

2Ap — ies
=—U
P Q,+m
—2ip—1
o Y l€5v

B11
Q,+m ( )

if we require the spinors U,(p) and V,(p) to be eigen-
vectors of the helicity operator as well.

Similarly, ¥_(x,0) has the mode expansion

%mm—/agé%ﬁfmgwmmm@

— sgniB}(-p)7,(-p)). (B12)
where

(/= m = ics)) ) = 0.

(§+ (m—iers)V,0) =0.  (B13)

In this case, for
~ f]A (p)
0. = (')
Ug(p)
we find from (B13) that

~ c-Pp + i€5 ~

U U ,
s0) =75, al)

Vup) = 2P iy ) (B14)
A p - Qp + B )

which become, for helicity spinors,

~ 2113 + i€5 ~

U =—U ,
5(P) Q, +m A(P)

~ —2/11) 4 i€5 ~

\% =V . B15
A(P) Q, +m 5(P) ( )

We can impose now the boundary conditions at ¢ = 0,

Y. (x,0) =y (x,0),

where . (x,0) are given by (3.16). By equating the
solutions according to (B16), we expect to obtain the
Bogoliubov transformations (3.20) for ¢; =0, i.e.,

(B16)

A(p) = ayap;(p) + sgniByaj,, (—p).

B,(p) = apby,(p) + SgMﬂprz(—P), (B17)
with
Q +w Q —w
_ P P _ p p
®=\"2, P\, G

In contrast to the preceding subsection, we shall adopt
this time a bottom-up approach, proving the consistency of
the boundary condition (B16) with the Bogoliubov trans-
formations (B17). To this end, we start from y(x,0)
written in terms of a,,;, a;,u and by, bjw, asin (3.16). We
consider the Bogoliubov transformations (B17) known, and
apply their inverses
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ay;(p) = apAA(P) — sgnif,A ( P).bui(p) = apBl(p) - sgn/lﬂprl(—p). (B19)

The resulting solutions have to be W, (x, 0), i.e., solutions of the equations of motion (B7), if the boundary conditions (B16)
are compatible with the Bogoliubov transformations (B17). We have only to confirm whether that is indeed the case, by
verifying if the conditions (B11) and (B15) are fulfilled.

Let us proceed with yw_ (x,0):

3
v (x.0) = / @[p‘fz%mem*;wm(wp) + sgndaly,(=p)v;(=p)).

& .
= [ e s p) = seni AL B )

+ sgni(ayA] (—p) + sgniB,A;(p)) vy (—p)).

-/ ﬁ%emzmw(p) + Bra(-2)A(P)

+ sgnd(ay,(-p) = s (9))A] (D)),
3
= | G AU ) + s Vi)

— ¥, (x,0). (B20)

U,(p) = \/g(apuz(p) + Bovi(—P))s V(p) = \/%(apw(p) = Poit;(—p))- (B21)
P P

It remains now to check whether U,(p) and V,(p) defined by (B21) do satisfy the conditions (B11). Let us verify this for

U+ (p), using (A6), (A12), and (BI8):
Q, +a)< X1 )_Z_ Qp—wp<—w—pﬂmm>
e ) 2Q, P

U \/ p T m
1, +m< Qp + oy +lw+mVQP_wP))(T> (B22)
2 (va+wpwp+m_’va_wp)ZT

This spinor is a solution of (B9), provided that it satisfies (B11) for 4 = 1/2, i.e.,

,/Qp—i—wpwp%—i\/gp—wp  p—ies

Qp + wP + inI—)}—m QP +m

Thus, we identify

(B23)

Q, —w,

This equality is straightforwardly confirmed. All the other spinors defined by (B21) are similarly proven to satisfy (B1 1.8
By similar considerations starting from y_(x, 0), one proves that

Us(p) = %(apbu(p) ~Bva(=p)).  Vilp) = \/%(apw(m + Bpus(=p)) (B24)
P

satisfy the corresponding equations of motion (B15).

®The expression (B22) justifies why we preferred to adopt the bottom-up approach: the form of the solution for which the Bogoliubov
transformations (B17) are obtained would be very difficult to guess based only on the conditions (B11).
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