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We consider the description of form factors of local and Wilson line operators (Reggeon amplitudes) in
N = 4 Supersymmetric Yang-Mills theory within the framework of four-dimensional ambitwistor string
theory. We present the explicit expressions for string composite operators corresponding to stress-tensor
operator supermultiplet and Wilson line operator insertion. It is shown that corresponding tree level string
correlation functions correctly reproduce previously obtained Grassmannian integral representations. As a
by-product we derive four-dimensional tree-level scattering equation representations for the mentioned form
factors and formulate a simple gluing procedure used to relate operator form factors with on-shell amplitudes.
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I. INTRODUCTION

Recently twistor string theories [1,2] played a crucial
role in understanding and discovery of mathematical
structures underlying scattering amplitudes in A = 4 super
Yang-Mills and N = 8 supergravity in four dimensions.

Based on Witten’s twistor string theory Roiban, Spradlin,
and Volovich (RSV) got the integral representation of
N = 4 Supersymmetric Yang-Mills theory (SYM) tree level
N*-2MHYV amplitudes as integrals over the moduli space of
degree k — 1 curves in super twistor space [3,4]. Further
generalization of the RSV result was performed by Cachazo,
He and Yuan (CHY) via the introduction of so-called
scattering equations [5-9]. Within the latter N' = 4 SYM
amplitudes are expressed in terms of integrals over the
marked points on the Riemann sphere, which are localized
on the solutions of mentioned scattering equations. Next the
CHY formulas were shown to come naturally from ambit-
wistor string theory [10,11], which was also used to obtain
loop-level generalization of scattering equation representa-
tion [12-21]. Another close direction in the study of
scattering amplitudes is related to their representation in
terms of integrals over Grassmannians [22-27].
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First, this representation allows natural unification
of different Britto-Cachazo-Feng-Witten (BCFW) [28,29]
representations for tree level amplitudes and loop level
integrands [22,23]. Second, it is ultimately related to the
integrable structure behind the A/ =4 SYM S matrix
[30-34]. Moreover, the Grassmannian integral representation
also naturally relates perturbative ' =4 SYM and twistor
string theories amplitudes[26]. Finally, the Grassmannian
integral representation of scattering amplitudes has led to the
discovery of the geometrical structure of the N' =4 SYM §
matrix (so-called amplituhedron) [35-42].

All results mentioned above are extremely relevant not
only from a pure theoretical but also from a more practical
point of view. For example, these results provide us with
relatively compact analytical expressions for n-point tree
level amplitudes in gauge theories with N <4 Super
Symmetry (SUSY) (including QCD), which in turn could
be used to compute corresponding loop level amplitudes
(see for a review [43]). It is important to note that all results
mentioned above were almost impossible to obtain by
standard textbook Feynman diagram methods.

The ideas and methods described above can be applied
not only to the scattering amplitudes of on-shell states
(S-matrix elements) but to form factors of gauge invariant
operators (local or none local) as well. The form factors of
local gauge invariant operators are quite developed topics
in the literature; see [44-52] and references therein. The
general practice when studying form factors is to consider
the case of local gauge invariant color singlet operators.

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.97.126013&domain=pdf&date_stamp=2018-06-20
https://doi.org/10.1103/PhysRevD.97.126013
https://doi.org/10.1103/PhysRevD.97.126013
https://doi.org/10.1103/PhysRevD.97.126013
https://doi.org/10.1103/PhysRevD.97.126013
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

L. V. BORK and A.I. ONISHCHENKO

PHYS. REV. D 97, 126013 (2018)

However, one may also consider gauge invariant (the
representation under global gauge transformation is not
necessary singlet) nonlocal operators, for example, Wilson
loops (lines) or their products [53—-65]. An insertion of a
Wilson line operator will then correspond to the off-shell or
Reggeized gluon in such a formulation. These objects
should be more familiar to the reader as gauge invariant off-
shell amplitudes [53-62] (also known as Reggeon ampli-
tudes in the framework of Lipatov’s effective Lagrangian),
which appear within the context of k; or high-energy
factorization [66—69] as well as in the study of processes at
multi-Regge kinematics.

Up to the moment we already have scattering equation
(connected prescription) representations for the form fac-
tors of operators from stress-tensor operator supermultiplet
and scalar operators of the form Tr(¢™) [70,71]. Also the
connected prescription formulas were extended to Standard
Model amplitudes [72]. Besides, there are several results
for the Grassmannian integral representation of form
factors of operators from stress-tensor operator supermul-
tiplet [73-76] and Wilson line operator insertions [63,64];
see also [65] for a recent interesting discussion of duality
for Wilson loop form factors.'

The purpose of this work is to further pursue the string
based approach to N = 4 super Yang-Mills and other four-
dimensional gauge theories. Namely, we want to derive
Grassmannian integral and scattering equation representa-
tion ([74,75] and [63,64]) of form factors and correlation
functions of local and Wilson line operators in N =4
SYM starting from four-dimensional ambitwistor string
theory. Recently we have already provided such a deriva-
tion for the case of the Reggeon amplitude (Wilson line
form factors) in [84]. This paper contains both extra details
of the latter derivation together with its extension to the
case of the form factors of local operators. In addition, we
further investigate the relation between on-shell amplitudes
and form factors and suggest a procedure that allows one to
reconstruct (at tree and possible loop level) form factors
and correlation functions of Wilson line operators starting
directly from on-shell scattering amplitudes.

This paper is organized as follows: in Sec. II we
introduce necessary definitions for the form factors of
operators from stress-tensor supermultiplet and Wilson line
operators.

In Sec. III, to make an article self-contained, we proceed
with the recalling of general four-dimensional ambitwistor
string theory formalism [11].

In Sec. IV we discuss our motivation to introduce the
so-called gluing procedure—an operation, introduced for
the first time in [84], that is given by convolution of
the ambitwistor vertex operators with some function of

'A very close subject is the twistor and Lorentz harmonic
chiral superspace formulation of form factors and correlation
functions developed in [77-83].

external kinematical data. Based on this gluing procedure
we present expressions for string theory generalized vertex
operators (string theory composite operators) correspond-
ing to the ' = 4 SYM field theory stress-tensor operator as
well as give some additional details regarding derivation of
the results of [84]. Using these new string vertex operators
we compute corresponding tree level string theory corre-
lation functions and show that they correctly reproduce the
results of previously obtained Grassmannian integral rep-
resentations of stress tensor supermultiplet form factors
[74] as well as form factors and correlation functions of
Wilson line operators [63,64].

Section V contains a detailed review based on [26] about
the relation between Grassmannian integral and RSV
(scattering equation) representations of the on-shell ampli-
tudes, which play a very important role in our construction
as well. At the end of the section we briefly discuss one
simple self-consistency check of our construction.

In Sec. VI we further discuss the gluing procedure. We
show that one can formally apply it (a convolution with
some function of external kinematical data) directly on the
level of on-shell amplitudes represented as the sum of
BCFW terms (both at tree and, probably, integrand level).
We formalize this by introducing the notion of gluing
operator A. Using the gluing operator we reproduce several
previously obtained [53,63,64] results for Wilson line form
factors (Reggeon amplitudes) including the three-point
correlation function of Reggeized gluons.

Finally, in Sec. VII we present our conclusion and dis-
cuss possible future research directions. Appendices A
and B contain the computational details of the form factor
gluing procedure.

II. FORM FACTORS OF LOCAL AND
WILSON LINE OPERATORS

In this work we are interested in the ambitwistor
string description of form factors of the Wilson line and
local operators in N' =4 SYM. N’ =4 SYM is a max-
imally supersymmetric gauge theory in four space-time
dimensions [85,86]. Its 16 on-shell states (their creation/
annihilation operators) could be conveniently described
using A/ = 4 on-shell chiral superfield [87],

. | | _
Q=g+ iyt + 5'7A'73¢AB + gﬂAﬂBﬂceABCDWD
| T _
+ = Tiafigliciipe® Py (2.1)

41

Here, g*, g~ denote creation/annihilation operators of gluons
with 4+1 and —1 helicities, y* are creation/annihilation
operators of four Weyl spinors with negative helicity —1/2,
w4 are creation/annihilation operators of four Weyl spinors
with positive helicity, and ¢*? stand for creation/annihilation
operators of six scalars (antisymmetric in the SU(4)g
R-symmetry group indices AB). All N'=4 SYM fields
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transform in the adjoint representation of the SU(N.) gauge
group. In what follows we will also need superstates defined
by the action of superfield creation/annihilation operators on
a vacuum. For the n-particle superstate we have
|QIQZQn> EQ1Q2Q”|O> (22)
Form factors of Wilson line operators are generally used
to describe gauge invariant off-shell or Reggeon amplitudes
[53-62]. The Wilson line operators used to describe off-

shell Reggeized gluons are defined as [60]

. 1
W (k) = /d4xe’x'kTr{—tCPexp

g

x [\i/gi/_:dsp-Ab(x+sp)tb]}, (2.3)

where #° is the SU(N,.) generator” and we also used the
so-called kr decomposition of the off-shell gluon momen-
tum k, k% # 0,

k' = xp* + k4. (2.4)
Here, p is the off-shell gluon direction (also known as the
gluon polarization vector), such that p> = 0, p - k = 0, and

x € [0, 1]. Such decomposition is generally parametrized
by an auxiliary light-cone four-vector ¢*, so that

q-k
P

and ¢>=0.

Ki(q) = k" = x(q)p* with x(q) =

LS

(2.5)

As momentum k% is transverse with respect to both p# and
g" vectors, one can decompose it into the basis of two
“polarization” vectors® as [53]

u * u
K (q) _x{plrlal & {glrtlp] <61|k|p}’
2 [pdl 2 {ap) {ap)
[pd]
It is easy to see that k> = —«xx* and both x and x* are

independent of auxiliary four-vector ¢* [53]. Another
useful relation, which is a direct consequence of ky
decomposition and will be used often in practical calcu-
lations later on, is

klp) = |plx*.

Note that the Wilson line operator we use to describe off-
shell gluon is colored. It is invariant 6V (k) = O under

(2.7)

The color generators are normalized as Tr(#1”) = 5.
*Here we used the helicity spinor decomposition of lightlike
four-vectors p and g.

local infinitesimal gauge transformations 6A, = [D,.x]
with y decreasing at x — oo. At the same time it transforms
under global adjoint transformations of SU(N.) with
constant y as [56,57]
5Wp(k) = g[Wp(k)v)(]- (2.8)
The form factor of Wilson line operator or gauge
invariant amplitude with one off-shell and n on-shell gluons
is then given by [60]

A (15, n* ({kiv e e} Wy (K)0),

(2.9)

’gZJrl) =

where the asterisk denotes off-shell gluon, while p, k, and ¢
stand for its direction momentum, and color index. Next
({ki,€i 030 | =®™, (k;, €, c;| and (k;, €;, c;| denote the
on- shell gluon state w1th momentum k;, polarization vector
€7 or &/, and color index c;. Also in the case when there is
no confus10n in the position of the Wilson line operator
insertion, the latter will be labeled just by g*. Form factors
with multiple Wilson line insertions or amplitudes with
multiple off-shell gluons can be represented in a similar
fashion,

Apin(1E L om™, g Ghm)
<{kl’€l’ l}l 1|HW;]]++"; j+m)|0>’ (210)
where p,.,, is the direction of the ith (i = 1, ..., n) off-shell

gluon and k; ., is its off-shell momentum. As a function of
kinematical variables this amplitude is written as

m+n( ,92+m)
A +n({/1n/1u :t 61}11 15 {k"/lzv,j"’117.,j7 Cj},;":fﬁ'ﬂ),
(2.11)
where 4, ;, 4, ; are spinors coming from helicity spinor

decomposition of polarization vector of jth Reggeized
gluon. In the case when only off-shell gluons are present
(the correlation function of Wilson line operator insertions)
we have

A0+n (gl )

Oy, (k1) - - Wy, (k,)[0).

(2.12)
Of course, it is also possible to consider color ordered
versions of Wilson line form factors, while the original off-
shell amplitudes (Wilson line form factors) are then
recovered using color decompositi0n4:

4See, for example, [63,88].
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n+m(1i ) i’ g;kn+l’ ce gj;ﬂn)
_ gn—2 Z tr(t%(l) .. t%mm})
UESIHrm/Z'H»m
X Al (0(1%), e 0(gh ). (2.13)

Note that in the planar limit this decomposition is valid for
both arbitrary tree and loop level amplitudes.

In the case of N' = 4 SYM one may also consider other
than gluons on-shell states from the N = 4 supermultiplet.
The corresponding N' = 4 SYM superamplitudes are then
given by

Anin(Qis s + Gnim)

QI [[W,,., (kni)0),
j=1

*
Qs G 1s o

—(Q, - (2.14)

and the explicit dependence of A}, (R, ..., g},.,,) ampli-
tude on kinematical variables takes the form

m+n(gl7 ceey gfn-‘rn)
_A:;H-n({/ll?)“t’ﬂ}l l’{ Jj? ]7/’/1]7,]' ;nz-t:+l)'

The above superamplitude contains not only component
amplitudes with on-shell gluons but also all amplitudes
with other on-shell states from the A/ = 4 supermultiplet.
The helicity spinors A;, 4; encode kinematics of on-shell
states, while #; encodes their helicity content. Off-shell
momentum k; and light-cone direction vector p; = /1,,,,»;1,,,,»
encode information related to Wilson line operator inser-
tion. So, in what follows we will be considering the
partially supersymmetrized version of amplitudes (2.10)
with on-shell states treated in a supersymmetric manner,
while Wilson line operators (“off-shell states”) are left
unsupersymmetrized. The component amplitudes contain-
ing gluons, scalars, and fermions may then be extracted as
coefficients in the 77 expansion of the A;, ., superamplitude
similar to the case of ordinary on-shell amplitudes and
super form factors.

While our present consideration should be applicable5
not only to the Wilson line but to arbitrary local operators,
here for concreteness we will restrict ourselves to the case
of operators from a stress-tensor operator supermultiplet.
When considering the latter the general practice is to focus
on the chiral part of this multiplet. Using the harmonic
superspace approach [89,90] it is given by [90-93]

(2.15)

1
T(x,0") =tw(ptTpt) +- §(9+) L, (2.16)
where u}?, u;“/ is a set of harmonic coordinates para-
metrizing  coset W@)’XU(I) and 09 = 0ul”,

5 . . . . .
See corresponding discussion in the Conclusion.

079 = 03uz”. Here, A is the SU(4); index, a and @
are SU(2) indices, and + denote U(1) charges. For
example, et = ¢pMBuu®, where ¢*8 is the scalar
field from the A/ = 4 Lagrangian. The color ordered form
factors of operators from the chiral truncation of stress-
tensor operator supermultiplet F, are then given by

Fn(Qh '--7Qn;T> = <Ql inT(q,}/_)|O>
- Fn({/livzh F]i}lr'lzl;{q’ y_})’

where {;,4;,7;}", are kinematical and helicity data of
the on-shell states, g is the operator momentum, and y~
parametrizes the operator content of the chiral part of
N =4 SYM stress-tensor operator supermultiplet. Here,
we have also performed the Fourier transformation from
variables x, 0% to g, y~ [91,92]. The full physical form
factor may then be restored from its color ordered version
using standard color decomposition formula

(2.17)

F (917"‘ gn Z tr ta n))
€S,/ Z,
x F,(6(Q),...,6(R,);7), (2.18)

where S,/Z, denotes all noncyclic permutations of n
objects. As in the case of off-shell amplitudes, this formula
is valid for both arbltrary tree and loop level form factors in
the planar limit.® At least at tree level the form factors of the
full stress-tensor operator supermultiplet can be recon-
structed if the explicit form of (2.17) is known [91].

III. FOUR-DIMENSIONAL AMBITWISTOR
STRINGS

A. General formalism

As was already mentioned in the Introduction, to
describe form factors of local and Wilson line operators
we will be using the four-dimensional ambitwistor string
theory originally formulated in [11]. Here for completeness
we will discuss essential details of dimensional ambitwistor
string theory. Our presentation of this theory here closely
follows [11], and we refer the interested reader to this
original paper and [94] for further details.

The target space of four-dimensional ambitwistor string
is given by projective ambitwistor space PA. The latter is
the supersymmetrized space of complex null geodesics in a
complexified Minkowski given by a quadric Z-W =0
inside the product of twistor and dual twistor spaces

PT x PT* quotient by relative scaling Z - 9, — W - Oy:
PA={(ZW)eTxT|Z-W=0}/{Z-0,—W-9y}.
(3.1)

°At loop level one should take into account appropriate powers
of t'Hooft coupling constant g*N ., which were suppressed here.
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In the case of N supersymmetries Z = (1,,u% x") €
T=C*™", W=(@ly)eT, and Z-W=2Aa%+
13y + x'%7,, where y, y are fermionic, a =0, 1, @ =0,
I, and r=1,...,\ is the R-symmetry index. The point
(x,0, é) in nonchiral super Minkowski space corresponds
to a quardric CP' x CP' parametrized by (A, 1) spinors.
The correspondence is realized by the standard twistor
incidence relations

p = i(x% + i070%) ),

=0, (3.2)

A% = —i(x" =070y, 7. =0%. (3.3)
It is easy to check that this quardric lies in Z - W = 0.
The four-dimensional ambitwistor string consists from
world-sheet spinors (Z, W) with values in T x T* and
GL(1,C) gauge field a acting as a Lagrange multiplier for
the constraint Z - W = 0. In the conformal gauge the action

is given by7

1 _ _
S:/W-8Z—Z-6W+aZ-W+S,, (3.4)
2 b

where 0 = d60; (o, 6 are some local holomorphic and
antiholomorphic coordinates on Riemann surface X) and S
is the action for a world-sheet Kac-Moody current algebra
J€Q'Z, Ky ® g) for some Lie algebra g. Here Ky
denotes the canonical bundle on surface X and the
remaining world-sheet fields take values in

ZeQE K QT), (3.5)
We Qs K2 @ T, (3.6)
a€Q(D), (3.7)

where powers of the canonical bundle denote field con-
formal weights. The above action is invariant under a gauge
symmetry,

7l > er 7!, W, = e 7W,, a—a—20y, (3.8
that separates the target space into equivalence classes with
respect to the action of Z - 0, — W - Oy,. The gauge fixing
of world-sheet diffeomorphism symmetry8 and the above
gauge redundancy via standard Becchi-Rouet-Stora-Tyutin
(BRST) procedure leads to the introduction of the standard

It is obtained by chiral pullback of contact structure on
ambitwistor space © = £ (Z-dW — W - dZ) [11]. Note that sim-
ilar action first appeared in [2] in the context of open twistor
string theory. _

*In a general gauge, the & operator in (3.4) is replaced by
operator J; = 0 + &0 parametrizing the world-sheet diffeomor-
phism freedom.

reparametrization (Virasoro) (b, c) together with GL(1)
(u,v) ghost systems:
c € IQ'(Z, Ty),

v e (=),  (3.9)

b e IQ°(Z, K%), u e QA (L, Ky), (3.10)
where T’y denotes the tangent bundle on surface X and
MQ°(X, E) denotes the space of fermion-valued sections of

E. The full world-sheet action is then given by
1 _ _ _ _
S:2/W-@Z—Z-8W+b8c+uav+51, (3.11)
TJs
and the BRST operator takes the form

Q:%CT+UZ-W+Qgh, (3.12)

where T=W-0Z—-Z-0W+T; is the world-sheet

stress-energy tensor.

B. String vertex operators and their
correlation functions

To calculate string scattering amplitudes we need vertex
operators. In general they are given by first-quantized wave
functions of external states translated into world-sheet
operator insertions. Penrose transform allows us to relate
solutions to massless field equations in Minkowski space to
cohomology classes on projective twistor space. In the case
of Yang-Mills theory ambitwistor string vertex operators
are obtained by pairing pullbacks of general ambitwistor
space wave functions a € H'(PA, O) [0-closed world-
sheet (0,1) forms] with Kac-Moody currents J - T, to get
V.= JsaJ-T,. For two types of momentum eigenstates
(pullbacks from either twistor or dual twistor space) we
get [11]

ds,

V, = /_52(% _ saﬂ)eisﬂ([;da]ﬁ’ﬁw)_] T, (3.13)
S(l

= ds, = = 3N i ({fida)+E,1)

V,= | —26*(4, — sgA)eSa Btz . T, (3.14)
Sa

where §(z) = 0(1/2xiz) for complex z. Note that these
vertex operators are Q closed’ and satisfy {Q.V,} =
{0.V',} =0. To facilitate further comparison with
Grassmannian integral representation, it is convenient to
introduce a slightly different representation for the second

°It should be noted that in general this theory is anomalous
and has nonzero central charge, so that 0% # 0 [11,94], but one
can adjust the central charge of Kac-Moody current algebra to get
0% =0 at least for a lower genus Rieman surface [10].
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vertex operator. It is obtained by a Fourier transform' of
the #’s into 7’s:

~ d
V., —/ Ya LW (D = Sallila = Sa)eBePhal J . T,
s[l

(3.15)
In the case of A/ = 3 these vertex operators together encode
all 16 degrees of freedom of N'=4 SYM theory. For
N = 4, on the other hand, each of them contains all N = 4
SYM on-shell states. In our consideration of A" = 4 SYM
to obtain maximally supersymmetric superamplitudes we
will use the second option and these vertex operators
interchangeably.

NK2MHV superamplitudes may then be obtained, for
example, as correlation functions of k operators from dual
twistor space and n — k operators from twistor space [11]
(here and below we omit color structures and already work
with color ordered objects):

A=WV

ViVt - V). (3.16)

Instead of computing the infinite number of contractions
required by exponentials in vertex operators, it is conven-
ient to take exponentials into the action as sources,

k
[ isiidto=o)+
Zh=o1

The corresponding equations of motion from this new
action are then given by

n

Z isp(b‘;lp] +)(77]p)5(6_6p)'

p=k+1

k
0,2 =0 pu.y) = Zs, 2:,0,0)8(c —0;),  (3.17)
O, W = 0(ji, 1. 7) = 5,(0,1,.71,)8(c —c,). (3.18)
p=k+1

As (Z, W) fields are world-sheet spinors the solutions to the
above equations are unique11 and given by

k
Si(ﬂl,0,0)
7 = A u,y) = , 3.1
©)= ) =MD (319)
N n 0,1,.7
Wo) = (ig) = 3 2l0eln) (35,
p=kr1 %79

Then the path integrals over (Z, W) fields localize on the
solutions (3.19) and (3.20), while the current correlator
contributes the Parke-Taylor factor and for the color
ordered on-shell amplitude we get [11]

"%Note that in [11] instead a Fourier transform for the first
operator from #’s to #’s was performed. The Grassmann part of
the delta function is defined as usual: &'V (77) = [T, 7,

""There no fermion zero modes on sphere.

1 n

o / ds,do,
"k ] VoIGL(2,C)

sa(aa - 6a+1>

=1

n

X H 8*(4, — s,A(c,))

p=k+1

XH(SZWA S ICAN

i=1

—sg(0:).  (3.21)

Note that ghosts ¢ and v develop'? n. =3 (number of
conformal Killing vectors on sphere) and n, =1 zero
modes correspondingly, which result in the GL(2,C)
quotient above. In terms of homogeneous coordinates on
Riemann sphere 6, = 1(1,6) the W and Z fields rescaled
by a factor of 1/s could be written as

R

=1 i p=ktl (00))

(3.22)

where (ij) = 0,,0¢. Then the final formula for the above
amplitude takes the form [11]

1 o d’c, T
Ank = / VoIGL(2. C)H(aa—l-l) [ &0, =4)

p=k+1

X H FN (A = Aoy), 7

i=1

—1(0)). (3.23)
The scattering equations then follow from the support of
the delta functions,

ko - P(6,) = 2625Poi(04) = 26A52a(04)a(04) = 0.
(3.24)

It is important to note that the exact form of scattering
equations themselves and scattering equation representa-
tions for amplitudes depends on which particle vertex
operators were taken as V; and which as V; in (3.16).
So, we have several equivalent representations for Ay ,.
Their existence, as we will see in Sec. V, is related to the
GL(k) “gauge invariance” of Grassmannian integral rep-
resentation for scattering amplitudes.

IV. GENERALIZED VERTEX OPERATORS

In the previous section we saw the explicit form of the
world-sheet vertex operators that corresponds to the on-
shell states of the A' = 4 SYM field theory. In this section
we will suggest construction of composite world-sheet
operators in the ambitwistor string theory that will corre-
spond to local and nonlocal gauge invariant operators in
N =4 SYM.

“This is easy to see with the help of the Riemann-Roch
theorem recalling that deg Ty = —deg Ky = 2g — 2, where g is
the genus of the Riemann surface.
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In [70] it was conjectured that it may be possible to
obtain such operators considering appropriate terms in
operator product expantion (OPE) of standard vertex
operators (namely, OPE for Kac-Moody -currents).
Also ideologically similar attempts to construct generali-
zation of vertex operators that should describe off-
shell states was taken in [95,96] in the context of bosonic
string theory. We, however, found such OPE based
approaches unfitting for our purpose, though we do not
claim that one cannot eventually succeed considering this
direction.

Instead we want to leave the world-sheet structure of
operators intact and consider external kinematics as only
adjustable parameters. Namely, as our new generalized
vertex operators V&".. we want to consider the convolution
of products of vertex operators V; (3.13) with “target space
wave functions” w({4;,4;,1;}....)—some rational func-
tions on ambitwistor space. Here by “convolution” we
mean the integration with respect to components of on-shell
momenta p; = A;4; on which vertex operators depend13

vgen/ ({2} )] [V afery e @
— ll/ i l’}'h g e lVOl[GL(l)] nz- .

i

Here we will understand integration with respect to d24,d24;
as multidimensional contour integrals which in turn will be
evaluated by residues. We will sometimes refer to this
convolution as gluing operation. The ... in y corresponds
to possible dependence on parameters other than on-shell
supermomenta A;, A;, n;. To describe local and nonlocal
operators in N' =4 SYM field theory target space wave
functions y should carry appropriate quantum numbers, so
it is natural to take them in the form proportional to
minimal form factors—tree level form factors of the
corresponding operator with the minimal possible number
of on-shell states. Such objects can be found from general
symmetry arguments in the same lines as MHV; and
MHV; amplitudes [97] or simply by explicit evaluation."*

Another heuristic argument in favor of such a con-
struction is the following: to obtain a vertex operator in
ordinary string theory we usually consider a product of an
appropriate polarization vector with a combination of
world-sheet fields. For example, in the case of bosonic
string theory the vertex operator V,, describing the graviton
state is given by

BThe conjectured vertex operator should also belong to BRST
cohomology because the action of the Q operator trivially com-
mutes with the convolution considered here and the action of Q
on V& reduces to the action of Q on individual V;.

Of course, it would be highly desirable to obtain some
universal geometrical description of such target space wave
functions. The possible direction to obtain such a description
is to consider an appropriate polynomial solution of the classical
(self-dual) equation of motion [98].

14 r— eg:yvym V;w = \/.agahaaxuahxu exp(ip/)xp)9

(4.2)

g

where X* are world-sheet fields, p” are on-shell momenta
of graviton, and €/ is the polarization vector of graviton
corresponding to momenta p”. In suggested construction
the target space wave functions y is some kind of genera-
lization of the polarization vector of the corresponding
state, but instead of an ordinary scalar product we have
integrations with respect to on-shell degrees of freedom we
want to eliminate and instead of local world-sheet operator
V,, we are considering multilocal operators [[;V;.

The suggested construction in principle should describe
any gauge invariant operator in ' =4 SYM field theory.
Initially it was successfully tested for the Wilson line
operators (Reggeon state creation/annihilation operators)
[84]. Here we want to give more details about derivation of
this result as well as consider another new simple but
important example of application of our construction.
Namely, we want to suggest world-sheet generalized vertex
operators that should describe the N' = 4 SYM field theory
stress-tensor supermultiplet.

A. Generalized world-sheet vertex operator for
N =4 SYM field theory Wilson line operator

Following the conjectures presented above for construc-
tion of generalized vertex operator VWL which should
describe the field theory Wilson line operator, we have to
choose target space wave functions y proportional to the
minimal Wilson line A3, ;. Namely, we will consider

w({4;.4;, i k. Apdp}) = Ao (0. Q1 Q1)

x color projectors.

(4.3)

This choice of y was first considered in [84]. Here, as was
mentioned before, and in Appendix A we will give a more
detailed derivation of the results of [84].

So proceeding this way the ambitwistor string general-
ized vertex operator VW for field theory Wilson line
operator insertion could be written as

WL . d2)“/d2j7 4~ A% *
Vi,H—l = H VO][GL(] )] d njAZ,ZJr] (g ’ Qi’ Qi+1)|ﬂ—>—l
Jj=i
X V1V1+1 TaTb_)ifabrT(_)Tu, (4.4)

where the vertex is supposed to be inserted at points o,
0.1, c is the color index of off-shell gluon, and we have
used projection of the tensor product of two adjoint on-shell
gluon color representations onto off-shell gluon adjoint
color representation. Also because the on-shell state con-
tents of V; and V; are identical, we actually consider
combinations V;V; |, Vivi+1, and ]7i17i+1 in the definition
of VWL on equal footing. The minimal off-shell amplitude

ii+1
A3,5.1(9%, 9, Q;41) is given by [63]
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Az 2+1(9 QanH)

8k + ki + Aip1Aisn) 6

1 ﬁ 0 {54(]( + Ak + /1i+1/~1i+1)58(1p'~7p + Aifli + Aigaflir)
K"

(piy(ii + 1){i + 1p)
(T (pi 4 1) + i (i)

Here p is the off-shell gluon direction and «* was defined in
Sec. II when introducing kr decomposition of the off-shell
gluon momentum k. It should be noted that each of the V
operators above could be exchanged for the V' operator, so
that this vertex operator representation is not unique. Note
also that the ambitwistor string vertex operator we got is
nonlocal, which may be related to the fact that the Wilson
line is a nonlocal object itself. The integrations over helicity
spinors 4;, 4; can be performed explicitly. The details of this
computation can be found in Appendix A; see also [74].
|

=4 —I—ﬂzlﬂ,
(1+51) E
Aigi =4+ A, Ai
+1 Zin ﬂ]ﬂz £ +1
with
z  (Elk o
4i=4p 4= Ep)’ n.="p iy
where 1; =

A = ﬁlii +

(é] is some arbitrary spinor. It is useful to identify it with the spinor A

(pi)(it +1)(i +1p)

After integrations we get (here and below we always
assume the action of the projection operator 8;7: acting

on V¥ and all correlation functions containing it)

dﬂ dp; 1
ll+] - 2 ﬁll ﬂzﬂz V1V1+1 TaTb_,lfathc_)Tc
(4.6)
where
(L+51) 5 N _
ﬂZ : /:1i+1’ U _ﬂlzi’ (47)
= _ﬁliiﬂ _ﬁlﬂﬁiv Niy1 = ﬂ1ﬂzi7 (4.8)
_ = _ (plk _
- /15’ /:1i+1 - <§p> ) ZHI =0, (49)

coming from helicity spinor

decomposition of auxiliary vector ¢ arising in k; decomposition of off-shell gluon momentum .
The off-shell amplitude with one off-shell and n on-shell legs is then given by the following ambitwistor string correlation
function (let us remind the reader that we are considering an already color ordered object):

Ap = (f;l...

ViVig -

Vi) (4.10)

Evaluating the first ambitwistor string correlator of on-shell vertexes with the help of (3.21) we get

dﬁz dg, 1 1

Ak,n+1 -

p=k+1

We want to remind the reader that in this formula
kinematical variables {/1,,/1,,17, depend on f; and
p, according to (4.7)—(4.9).

Next we want to perform integrations with respect to 3,
and f, to obtain formulas similar to (3.23). It is rather
complicated to perform integrations over f; and /3, in the
expression above due to the nonlinear structure of delta

i= n+1

By p2p, VoIGL(2, C)

n+2 n+2
d d
/ e [ 8y - spilo
u+1)

(4.11)

H(SZM—M ) 7i; = 5:7(07)).

|
function arguments with respect to #; and f3,. So we want to
linearize them first. For this purpose we are introducing
unity decomposition in the form [26]

1
— dkx(n+2)CdekL det L n+25k><(n+2)
VoIGL(k) / (det L)

x (C—=L-C"[s, o)), (4.12)
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where the integral over the L matrix is an integral over GL(k) linear transformations and CV[s] denotes the Veronese map
from (C?)"*2/GL(2) to Gr(k,n + 2) Grassmannian [26] (see also [70]),

¢
o
CV[s,o] = | a"[s1,01] 0"[s2,0] 0" [$p42,0012] |,0"[s,0] = . ’ (4.13)
fﬁk_l
where [4,70]
k
=57 ] (e;-0)". i€ (L.h), (4.14)
J=Li#
k
&=si[[(e;—0)". i€(k+1ln+2). (4.15)
j=1
Rearranging (4.11) we can write it as
A - (p) [dp, [dp 1 1
kit =5 | 5y | By B VoIGL(K)
K P B1 Bip2 VoIGL(k)
x /dkx(n+2)CF(C)5k><2(C . Z)akx4(c . ;7,)5(n+2—k)><2(ci . /1), (416)
where
1 w2 ds,do
F(C) = 4 gk (C — L - CV[s,0]), 4.17
O R vero) | by ( el 1)
and
B k n B n+2 n+2
6“%C%)EII§<§:%JQ, st2=kx2(cL . ) = r[$<§:¢ﬁ>’
a=1 i=1 b=k+1 =1
k n+2
§oHC 1) = H54< caiﬁi)a (4.18)
a=1 i—1

where the C*- matrix is defined by identity C - (C+)T =0
and it is assumed that all matrix manipulations are
performed after GL(k) gauge fixing. The delta functions
above should be thought of as §(x) = 1/x, so that the
corresponding contour integral computes the residue at
x = 0[99]. Note that now arguments of delta functions are
linear in integration variables c,;. Also it is implemented
that appropriate integration contour I" is chosen for
d**(+2)C integration. We will label such a contour as
Iy, We will make some comments about explicit
construction of I}, in the next section.

Next, by construction F(C) contains (k —2) X (n — k)
delta function factors forcing the integral over C’s to have a
Veronese form [26]. In general F(C) is a rather complicated
rational function of minors of the C matrix; see the

discussion in Sec. V. However, it could be shown that
the choice of F(C) in the form

1
k+1)--

F(C) = (4.19)

(1---

correctly reproduces the results of subsequent integration
over Grassmannian (C matrixes). Here we use standard
notations (i ---i;) to denote minors of the C matrix
constructed from columns of C with numbers iy, ..., ik.ls
Because of this important step in our construction, we give

K2 (n+2--k—1)

">We hope there will be no confusion with previous definition

(ij) = 0,05 used in d’c, integrals over homogeneous coordi-

nates on Riemann sphere.
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a detailed discussion of this derivation, based on [99] in the
next chapter.

Now we can perform a change of variables c,; that
will simplify dependence on f; and f, in the integrand
(linearize the dependence on f#; and 3, in the denominator),
so that the integrals can be evaluated by residues. The
computational details of this change of variables can be
found in Appendix A.

To evaluate the residues we found it most convenient to
use the notion of composite residue [22]. For that purpose
let us define the set S of points in C", such that § = {z|z €
C",s(z) = 0} and s(z) is some holomorphic function (in
our case polynomial). Next, consider n form w = h(z)/
s(z)dz, where dz = dz; A ---dz, and h(z) is some other
J

holomorphic function (in our case it is some rational
function), and define the (n — 1) form,

res;[w] = (=1)/”" (ah(sz()z)>

with dzjy=dzy A+~ ANdzjoy ANdzj A+ Adz,. Using
this definition iteratively we may define (n — m) forms as

(4.20)

dzj;).
S

res” (@] = res,,o - - - ores; o). (4.21)

These forms are also known as composite residue forms.
Considering our integral (4.16) as such a residue form

o) [ [ SHC-HFC - PETICT ) 422)
K* BB VolGL(k) (1-+-k)---(n—k+2--n+1)---(m+2---k—1)" '
where we used notations for minors of C matrix,
m+21--k=1)=04+p)n+11--k=1)+pfr(n+21---k=-1), (4.23)
(n—k+2--mn4+1)=mn—-k+2-n+1)+pn—k+2---nn+2), (4.24)
and for kinematical variables
& = i i=1,..n, Aoy = Aps by =6
s = ~ k . k
i, =4, i=1,..n, 4n+1:<<§—1|7>, /:1”+2:—§§—p>,
Qi =17, i=1,..n, QH] =l Qn+2 =0, (4.25)
we can take residue as resy —_joress, . This will give us the following result:
resg __joresy, olw] = Ay, (4.26)
or more explicitly
X 0 §2(C- i)ékx4(c . ﬁ)é(n+2—k)><2(CJ_ )
Al = /sz VollGL()] N (k) n T k=) (n 21 k=1)" (427)
where'®
Reg — (P (n+ 21 k= 1) (4.28)

K (1l k—1)

This expression is in complete agreement with our previous derivation [63]. We will make some comments on the choice of
integration contour I}, in Sec. V.

16Rf:g. notation for this combination of minors is chosen because such insertion regulates the behavior of Ay , . ; with respect to the
soft holomorphic limit in kinematical variables with labels n + 1 or n + 2 [63].
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Using (4.27) as the starting point we can perform the
inverse operation—that is, taking partial integrations
and reducing the integral in (5.8) to the integral over
Gr(2,n+2) Grassmannian,'’

n+2 Reg.V n+2 -
o°(A —4
Ains1 = / aa+ ) VOIGL(2,C) I] &@z,-40)

p=k+1
X H52\4 A —Uo)n —7(0)), (4.29)
where Reg" factor is given by
k 1

k* (kn+2)

and doubly underlined functions are defined as

*
Ak m-+n

/ Ak m+2n)
— ————Reg(m+1, ...,
5, VOUGL(K)]

n+2 (O,EF,Q )
i i

p=k+1

k
Gpp=) "Gy @k

1131

(00,)

(4.31)

This should be equivalent to taking integrals over f;
and f, directly in (4.11). Equation (4.29) can also be
considered as RSV (scattering equation) representation for
the Wilson line form factor. Scattering equations in this
case are given by (3.24) where A(c)’s and 1(s)’s are taken
from (4.31).

The result for the case of amplitudes with multiple off-
shell legs A7 ., could be obtained along the same lines as
previous discussions. In the case with first m particles on-
shell and last n being off-shell, making identical assump-
tions as in the n =1 case about the form of the F(C)

function, we would get for A7, ,

m+n)

5kX2(C . Z)5k><4(c . ﬁ)é(m+2n—k)><2(cj_ . i)
— = — , 4.32
X(1~~~k)--~(m~~m+k—1)(m+1---m—i—k)~--(m+2n-~~k—1) ( )
where the external kinematical variables are chosen as
A = Ais i=1,....,m, /:1m+2j_1:/1pj, /:1m+2j:§j’ j=1,...n
- . . Nk . koL
&':A‘h izla"'vmv Z +2_1:<§j’ ’n+]7 kA4 +2:_M’ .]:17~ 7n7
= el <ijj> s <§jl’j>
Q,‘ =1, 1= 1, ,m, Zm—&-Zj—l = 77,7/_, 2m+2j = O, ] = 1, e n (433)
and the Reg(m + 1, ...,m + n) function is given by the products of ratios of minors of the C matrix:
Reg(m +1,...,m+n) = HReg(j +m),
j=1
Reg(j = . 4.34
eg(j+m) K (2j—1+m2jt1tm---2j+k—1+m) (4.34)

This result also coincides with the Grassmannian integral representation for A}

%man first conjectured in [64]. Also note that if

the number of V)"fljrl operators is greater than V;, which is given by k, then the correlation function is equal to 0. V; from
which V¥ may be constructed also are taken into account. It is also possible to rewrite this result in RSV (scattering

equation) form:

n+2 2 \% m+2n
d R L ..., -
km+n / o, eg (m + m —+ }’l) | | 52(/_11) _ 4(0]7))
(aa+1) VoIlGL(2,C) et

k
x [18%*@, - ilo:).n
i=1

~ (o).

(4.35)

""The Gr(2, n + 2) Grassmannian is embedded into the Gr(k, n + 2) Grassmannian again with the help of the Veronese map; see, for

example, [70].
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where

£ . . (€ip;) (k2j =1+ m)
Reg"(m+1,....m+n) = | | Reg"(j + m), Reg'(j +m ’* ,
( )= IIreei ) Gem = 2

(4.36)

and doubly underlined functions of ¢ as before are defined in (4.31). Note that now doubly underlined kinematical variables
in (4.31) should be taken from (4.33). At the end, we want to stress that the explicit form of (4.30) and (4.36) is not unique
and is in fact related to the GL(k) gauge choice in (4.27) and (4.32).

B. Generalized world-sheet vertex operators for A'=4 SYM field theory
stress-tensor supermultiplet operators insertion

Let us now consider different choice of target space wave functions y. Namely, let us choose y as

w25 LY {07 Y) = Fap (@4, @015 T) x color projectors. (4.37)

Here F',, is the minimal form factor of operators from the N' = 4 SYM stress tensor supennultiplet.18 This choice of target
space wave function should correspond to the world-sheet generalized vertex operator VST which should describe the

insertions of operators from the ' = 4 SYM stress-tensor supermultiplet in the on-shell amplitude, i.e., the corresponding
form factor

i+1 dzl d2/1] .
H+1 / LVo 1[GL(1 d ’7./‘F2,2(Qi’Qi+1§7)|/1—>—,1vivi+1 TOTh 5% 15 (4.38)

where, as in the previous case, the vertex is supposed to be inserted at points o;, 6;, 1 and we have used projection of the
tensor product of two adjoint on-shell state color representations onto singlet color representation. Note that the initial
correlation function of vertex operators (3.16) is a colored object. The singlet projection considered here will effectively
lead to the situation when on the level of color ordered objects we will have to consider all possible positions'® of 1%
(“gluing positions™) starting from i = 1 up to i = n + 1. The minimal form factor F;,(€;, Q;, ;7 ) itself is given by [74]

Fps(Q. Q3 T) = 8(4)5* (7 )52(/11+1)54( ) (4.39)

with (¢ and y~ are the operator’s momentum and supermomentum correspondingly)

s (i+1lq R o
di=7i— , i S L R + =gt 4.40
ATAT iy T T i =i (4.40)
5o (ilq i .
Aiv1 = Aig1 — Git 1)’ Mipy = Mig1 — Git 1)’ Mipy = Mit1- (4.41)

Integrating over helicity spinors 4;, 1; we get

VST | = —(Ea&p) / i, / BV oo, (4.42)

where

1 <§B|‘1+ P> (alq
BiBr—1(Epéa)  Pifr—1(6aSh)

Ai = Ea — Pi&p, A = (4.43)

More accurately it is chiral truncation [91].
"Let us remind the reader that we consider combinations V; Vit Vi V,+ 1, and V;V,., in the definition of V3T | on equal footing.
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- 1 (€alq b (€slg
g D , 4.44
i1 = & = Pada T BBy — 1 (Enés) +ﬂ1ﬂ2 —1(&péa) .

and
S 1 (Ealr~ Pr  (alr” Pt —0 4.45
-1 (€BSa) " P1Br — 1{Eap)’ & ’ 44
o L (Galr” B (Eslr~ P —0 4.46
Tirt S A (449

PP —1(Esép)

The evaluation of the string correlation function with stress-tensor vertex operator insertion (here we are a considering color
ordered object)

Fn= V1 ViV --'VnVEL’HQ + other gluing positions (4.47)

closely follows the corresponding calculation for the case of the Wilson line vertex operator insertion presented above. We
also want to simplify arguments of delta functions. For that purpose we introduce unity decomposition [26] in the form
(4.12) and use conjecture that F(C) can be chosen as (4.19). This give us the following expression:

__ 2 42 e X2 (. G\ skxd (L 5\ snt2—k)x2 (AL
Fro = ~&aol? [ 492081 | oapaor FIORC D (C s 22(ct )

+ other gluing positions. (4.48)

Note once more that here in the expression above in all terms 4;, 4;, 77; are functions of #; and f3, according to (4.43)—(4.46).
In the first term explicitly written here i = n + 1, in the second i = n, etc. After an appropriate change of variables, which is
given in Appendix A, we can rewrite (4.48) as (similar to the previous case we understand integration over f3;, 3, as residue
form w, though in this case it does not bring any simplifications)

_ dp, N dp, d>m2c X /7Y skx !5\ §(n+2—k)x /
w——@ﬁw{/u_ﬂﬁﬁ/Vdmeﬂﬁzw.@$4wu@5+2k%CL4)
1

th lui itions. 4.49
(L k) (n—kt2 - nntD)--(m42l.k—q)  Cherglung positions (4.49)

X

Here the following notations were used for minors:

(n—k+2---nn+1)=n—-k+2---nn+1)-p(n—k+2---nn+2),
M+21 k=1 =n+21k=1)=fo(n+11---k—1), (4.50)

and for kinematical variables,

L=k i=l.n A =& A=
s s . = (¢slq 5 (alq
A =4 i=1,...,n, A== , A == ,
= =t (Epéa) =2 (éaép)
s et . PO Sy
no= i i=l..n zn+1 =0, 2n+2 o
. L (Eply~ L (Ealy™
=17y, i=1,...n, nmo=- , == . 4.51
=i =n+1 (EBéa) =n+2 (64éB) ( )

Taking residues at f] = % and 5 = % we reproduce the result of [74] (computational details can also be

found in Appendix A)
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Fk,n = reSﬂ] =ﬁT OreSﬂzzﬂT [a)], (452)
where (here we write explicitly only the first term corresponding to ViSJT+1 positioned in i =n + 1)
dkx(”+2)c 5k><2(C . Z>5k><4<c . ﬁ)é(n+2—k)><2(cj_ . /_1)
Fi,= Re — = —
K j-l;ic"cr;'VOl[GL(k)] g(l~-k)(2~~k—|—1)---(n+2~-~k—1)
-+ other gluing positions, (4.53)
with®
Y n—k+2---nn+1)(n+21---k—-1
Reg = (£465)° -4 ! ! (4.54)

1-Y’ C(n—k4+2--

nn+2)(n+11---k=1)"

The additional label in /%" corresponds to the fact that for each term corresponding to different V, ir1 Dositions

k,n+2

integration contours should be, in general, chosen separately [74].
Using expression (4.53) obtained above as in the previous discussion, we can perform the inverse operation—that is, take
partial integrations and reduce the integral in (5.8) to the integral over Gr(2, n + 2) Grassmannian

n+2 n+2 k
Reg - s
&4 -2 842, = A(o)).n = ¥(o;

T B | ey e | (ST Al) § LR G )

+ other gluing positions, (4.55)
where the Reg factor is now given by [70]
Y n(jn4 1) 5 (n+ 2i)

Reg = I Y= 4.56
eg <5A§B> 1—v izngnJr%HnHl ( )

and doubly underlined functions are defined as in the case
of Wilson line insertion,

k (2.0, 3 nt2 (o,gp,g)

@’/;’;0:2@’ oo L) =y —
= (00)) S (00y)

(4.57)

This should be equivalent to direct calculation of S,
integrals in (4.10). This also can be considered as an analog
of RSV (scattering equation) representation of form factors
of the stress tensor supermultiplet operator.

Let us remind the reader once more that in the formula
above the term + other gluing positions denotes all other
insertion positions of the minimal form factor in the color
ordered on-shell amplitude. Note that the original string
correlation function contains all these terms corresponding
to different gluing positions from the very beginning.

At the and of this section let us make the following
comment regarding results presented in the literature

OSimilar to the previous case Reg insertion regulates the soft
holomorphic limit with respect to kinematical variables with
labels n+ 1 and n + 2 [73].

[70,100]. Scattering equation representation obtained here
is different from the main result of [70] (see 2.11 there). We
want to stress that we reproduce results of [74] starting
from the vertex operator correlation function and our
definition of generalized vertex operator (4.37), at least
if we fix “appropriate” integration order and will take
integrals with respect to f;, in (4.48) as the last one.
Scattering equation representation (4.55) also obviously
coincides with the results of the application of the Veronese
map to individual terms of Grassmannian representation of
[74]. We also have checked that we reproduce answers for
next to maximally helicity violating (NMHV) n=3, 4, 5
point and next to next to maximally helicity violating
(NNMHV) n = 4 point form factors, similar to [74] if we
use the integration ordering described above. We think that
both scattering equation representations, i.e., [70] and
(4.55), give in the end (after integration) identical results,
and the explanation to this is that the different functions can
have a coinciding subset of residues.

C. Symmetry properties of form factors and
correlation functions in A" =4 SYM

Here we want to share some observations regarding
the properties of the results obtained for the form factors
and correlation functions with respect to dual conformal
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symmetry. It is known [31] that the tree level amplitudes
in NN=4 SYM are invariant with respect to dual
conformal transformations, which can be considered as
the consequence of integrability of N' =4 SYM [32,34].
At first glance, the results obtained in [63,64] and
reproduced here in (4.27) and (4.32) are in general not
|

A*

dual conformal invariant. The dual conformal invariance
will be restored only in the soft holomorphic limit
[53,63] with respect to auxiliary on-shell momenta
Pe = EE. To illustrate this statement let us transform
(4.27) into momentum twistor representation [63]. The
result will be given by

ﬁ = @y o[Cknials
2,n+1
C / d*k=2)x(n+2) p 1 SH-2B-2)(D . Z) 4.58)
(0] = , .
e r Vol[GL(k —2)] 1 + %_Wa%_?;_kz—)ﬁ (1 k=2)--(n+2--k=-3)
with
k=2 n+2
J2ME2(p . 2) = T o' <Z Da,-Z,-) : (4.59)

=1 i=1

where momentum (super)twistors Zi, ..

., Z, describe the on-shell momenta of particles and Z,,, Z,,, describe

the off-shell momenta carried by the Wilson line operator insertion [63,74]. Their bosonic components are given by
(ApsXy414,) and (&, x,.,&) correspondingly. Factor (p&)/(pl) can be written as a product of the bosonic
components of Z, and Z,., Z,,, with infinity twistor I, [35], which, at first glance, is explicit indication
of the breakdown of dual conformal invariance. A similar situation also occurs for the stress tensor supermultiplet
form factors [74].

Note, however, that the Wilson line form factors and correlation functions should be independent of the particular
choice |£) [53,63]. This allows one to choose |£) = |1) and cancel out the (p&)/(pl) factor. As an explicit example let
us consider the ratio A, /A3 4, of the form factors written in momentum twistor representation (see [63] for details):

Afp 1 1
SHLQ Q) = [13456] + [12356] + [12345]. (4.60)
* &) (1345 &) (1235
Azap I+ <,€1§ 234S6§ I+ <,1:1§ gzsseg
After substitution |£) = |1) we obtain
Aan (Q,....Q4. %) = L 13456] + L. [12356] + [12345] (4.61)
* v nods Ys) = 1345 1235 ' :

A3 44 1+ 23456; 1+ —<2356;

which should be dual conformal invariant. Note that in the
expression above Zg = (41, x¢4; ), due to the choice of |&),
so Zg scales identical to Z; and the ratios (1345)/(6345),
(1235)/(6235) should be dual conformal invariant.

Such a choice of |£), however, may be singular in a sense
that in the intermediate expression when one transforms
(4.27) into (4.58) one can encounter 0/0 uncertainties. Note
also that the same considerations as above are also true for
the stress tensor supermultiplet form factors [74].

In the light of recent results [101,102] these observations
still give us hope that the dual conformal invariance can be
observed, in some form, in all correlation functions and
form factors of the gauge invariant operators including the
cases considered here.

V. GRASSMANNIANS, SCATTERING
EQUATIONS, AND LINK REPRESENTATIONS

In derivation of Grassmannian representations (4.27) and
(4.53) from ambitwistor string world-sheet correlation
functions (4.10) and (4.47) it was crucial that we can
choose the F(C) function in the form of (4.19). So for self-
consistency here we want to present a detailed discussion
and give arguments that such a choice is indeed possible.
Our discussion will be based mostly on [26], so if the reader
is familiar with the content of [26] he/she can skip reading
to the end of this section where explicit example is
considered for the Wilson line field theory operator form
factor with n +2 = 6 and k = 3.
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Let us look at the case of the Wilson line operator form
factors and consider (4.16). For stress tensor supermultiplet
operator form factors we will have a similar expression but
with different 3, , dependence. For fixed values of f; ,
parameters the integrand of (4.16) looks like

dkx n+2)C
Int =
1 / VoIGL(k)

X 5n+2 k) ><2(CJ_ /1)

F(C)6%2(C - 2)6%4(C - 7)
(5.1)

All dependence on f3 , is accumulated in this expression in
{2, Zom;}12 | and is given by (4.7). Here

dSthb

Sa(f’b - 6b+1)

— m)’ (5.2)

1 n
F(C) = /VolGL(Z, C) ;Hl

xHé( Cai =~

acf
i€g

with f, g denoting index sets f =1,...,kand g =k + 1,

..n+2*" Note that F(C) is completely kinematically
independent and will have the same form also for the case
of stress tensor supermultiplet form factors. In fact Int is
identical to the RSV representation of the n + 2 point
N*2MHYV amplitude: Int = A, ,, (it is implemented that
appropriate integration contour I" is chosen) with appro-
priately chosen kinematics. So let us forget for now about
P, integrals completely and concentrate on the RSV
representation of A, ,,,. Let us transform the expression
for (5.1) into a form more suitable for our purpose. For that
it is convenient to rearrange delta functions of kinematical
constraints in the form [22]

5k><2(C X 1)5(”“"()X2(Ci X /1)

n+2
=& (Z ,1.,-2.,) J(A7)
j=1
/ Ak=2)(n— kTAH5 Cyi—C

aef

ieg

alzlkin)).  (53)

where J (/1,;1) is the Jacobian of transformation and
cqi(r|kin) is a general solution of the underdetermined
system of linear equations [22,103]

*'This particular form of f and g is related to the GL (k) gauge
choice. Namely, f contains the numbers of columns constituting
the unity matrix. The different choices of f and g sets with given
total numbers of elements #f = k, #9 =n — k + 2 in each set
correspond to different gauge choices and also to different
rearrangements of V, and f/a vertex operators among themselves
in the correlation function. All gauges should lead to the same
result.

Caiﬂa = _li’

Caili = _za’ (54)
with a € f, i € g. The solution depends on external kine-
matical data 4;, 4; as well as on the arbitrary (k — 2)(n — k)
parameters 7. The explicit form of ¢,;(z|kin) for general n
and k can be found in [103]. For example [22], for
n+2=6,k=3,fe€(1,3,5),and g € (2,4,6), we have
cqi(7lKin) = ¢} + €44, a,€11,1, (@1 02) [1112] 7, Where ¢}; is some
particular solution of (5.4). Using the representation (5.3)
we can remove integration over d**("+2C/Vol[GL(k)].
Next, let us for simplicity fix helicities of external particles
in such a way that Grassmann delta functions 8 go to 1.2
All these manipulations reduce our initial expression
(5.1) to

n+2
Agpin = & (Z ,1]4}1.,)1(/1 y
j=1

x / d6-20-07, F(C)
I

(5.5)

l’(llHC(ll (leln)

with the appropriate choice of integration contour I

Now one can try to evaluate the function F(C) for
general values of n and k in terms of matrix elements c,;
[103]. It is a rather complicated expression. The most
studied case is k = 3 [4,26,104], and it is believed that for
k > 3 the behavior will be essentially the same as in the
k = 3 case [26]. Then let us also concentrate on the k = 3
case as representative, yet a simple enough example. In this
case we can rewrite the F(C) function in terms of minors of
the C matrix and get [26,104]

B 1
FE0) = HCO) Se- Suta
e (12)(237 = 1) TT (130)
H(C) = (n+ In+21)(123)(234) (5.6)
and (j=6,....,n+2)
;= (j=2j—1j)(j12)(23j = 2)(j — 113)
- (= 11NH(123)(3j-2j-1)(j2j=2). (5.7

Note that it is different from our choice (4.19).

Let us summarize what we have learned so far. We have
explicitly evaluated integral (5.2) for k =3 and found
that the result of evaluation is naively different from what
we have conjectured. Presumably k& > 3 will be no better.

“This is always possible for appropriate GL(k) gauge and
external state choices. For example, for n +2 =6, k = 3, and
f=2,4,6, g=1, 3, 5 the appropriate choice of the external
particle helicities will be (+ — + — +—) [22].
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To see how this contradiction resolves, let us consider
representation of the amplitude Ay ,,, in terms of the
integral over Grassmannian Gr(k, n + 2)

A dkx(n+2) C
kn+2 7 /r , Vol[GL (k)]

5kX2(C'£)5kX4(C'
k) (nr 1

)5(n+2—k)><2(cj_ . é)
“(nt 2l k1)
(5.8)

7
k

Using the same manipulations as before [namely, (5.3) and
(5.4)] we will arrive at a similar expression (5.5) [26], but
with different forms of the F(C) function, which we will
denote now as Fg,(C),

n+2
Apiry = &* <Z ,1,.1,) J(2.7)
j=1

X / 20T F G (Ol (ekiny - (5:9)
Flree

k.n+2

where for k =3

PSR 1
Fér3(c) - H(C) S(, . 'Sn+2 )
N ne(12))(23j = 1)
H(C) = (n+ In+21)(123)(234)° (5.10)
and
S;=(-2j-1)(j12)(23j-2), j=6.,...n+2.
(5.11)

The F%.3(C) function is given by an essentially rearranged
cyclic factor [26],

1

Fe(€) = (123)(234) - - -

(n+212)° (5.12)

Note that now this form of F(C) corresponds to our
choice (4.19).

As a side note let us point out that one can consider
the §; or S ; function as the explicit construction of the
map S = (Sg, ..., S,42), S: C"3) s C*=3) which zeros
determine the 1ntegrat10n contour™ [' =T t{e,f iy

So the natural question is how can these different
expressions [F(C) and Fg,(C)] provide us with the

It is also important to mention that for k > 3 analogs of
(S6,---s Syyp) maps S: Ch=20=K) s C=2)"=K) may also be
constructed [103,105], and thus the explicit form of TS,
integration contours is known.

representation of the same object? The answer to this
question and also the resolution of our contradiction was
given in [26,104]. It turns out that there actually exists a
family of functions F*=3(Cltg,...,1,,2) depending on
parameters f, ..., t, 5, such that

1

Se(t6) - Supa(tusa)

16 (12))(237 = 1) T2 (130)
(n+ In+21)(123)(345)

(5.13)

Fk %(C|t67 .. n+2) H(C)

H(C) =

with (j =6, ...,

S;(1) =

n+2)

(/=27 - 1))(12)(23j =2)(j - 113)

— 4= 11)(123)(3j =2/ - 1)(j2j = 2), (5.14)

so that the result of evaluating by residues at zeros of the
S(t) = (Se(t6). ---» Spi2(ty12)) map the integral (5.5) is #;
independent [26],

o

for j=6,...,n+2.

d" 7y F=(Clis oo t)leyse, elking = O

(5.15)

The case t; = 0 corresponds to the representation of the
amplitude obtained from the Grassmannian integral repre-
sentation, while the case #; = 1 corresponds to the repre-
sentation obtained from scattering equation representation,

FF=3(C|t, .., 1)
and F*=3(CJ0,...,0) =

= F*=3(0),

FE3(C). (5.16)
The obtained relation thus supports the assertion that the
Grassmannian integral representation has a stringy origin.

As an illustration let us consider the simplest case k = 3,
n+2=26. In this case we have integral over single
complex parameter 7 [it is assumed that in all minors
the replacement c,; > c,;(z|kin) was performed],

B (135) 1
Aoz = /s(:)o @ (123)(345)(561) S(1)”
S(r) = 1(123)(345)(561)(246) — (234)(456)(612)(351),
(5.17)
where minors (123), (345), (561), and S(¢) are the linear

function of 7. According to Cauchy theorem, the different
residues are related with each other as

{S(0} = —{(123)} - {(345)} - {(561)}.  (5.18)
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Here {- - -} denotes the integral residue at the corresponding
pole. Note that for (123) = 0, (345) = 0, or (561) = 0 the
term in S(7) proportional to ¢ vanishes, and as a conse-
quence we have

0,{(123)} = 9,{(345)} = 90,{(561)} = 0. (5.19)

So, in the computation of the above integral we can put S(7)
to S(0) and get

(135) 1 1

(123)(345)(561) S(0) _ (123)---(612)° (5.20)

In the case n + 2 > 6 the situation is similar, but now one
must deal with multiple integrations over complex variables
and use global residue theorem [26,104]. The explicit
computations were also preformed for the k = 4 case in
[26], and it is believed that one can use the F(C) function in
the form of

F(C) = Fai(C)

1
T2kt ) (nt2-k—1) (5.21)

for general values of n and k, which is why we also used the
F(C) function in the form of (4.19) in our considerations in
the previous chapter. However, as far as we know there is
no general proof of this assertion.

Let us once more stress that in all considerations above
we never used the explicit form of kinematical dependence
of [i.e., the explicit form of the solution of (5.4)] minors of
matrix C. So the construction presented above will be valid
not only for the A, ,,,, amplitude but also for the integrand
of (4.16) and in the analogous expression for the form
factors of operators from the stress tensor supermultiplet,
where, in both cases, some 4’s and #’s are rational functions
of f) » parameters. This is why we can replace F(C) with
F,(C) according to (4.19).

At the end of this section, as an example, let us consider
the simple nontrivial case of n +2 = 6, k = 3 and check
that we indeed get the same result independent of whether
we faithfully use (5.2) or replace it with (5.21) as the F(C)
function in (4.16). Computing the string correlation func-
tion from the previous section for the A3, ; amplitude we
end up with the following expression [let us stress once
again that in this formula 4, ;.71 for i = 5, 6 are functions
of f, according to (4.7)]:

A _<§p>/dﬂ1Adﬁz 1 1
AL e BB, BB, VoIGL(3)

X / d3>*CCF(C)sP3(C - 2)

X 84 (C - 7)53*2(Ct - 1), (5.22)

where F(C) is given by (5.6) with n = 4. Performing the
change of variables (see also Appendix A) and evaluating
the composite residue at points res —_joresg, —, we end up
with

L ) a3 1
A = lo deF(C). F(O) = {133y345)561) 5
S = (123)(345)(561)(245) — (234)(456)(512)(351),
(5.23)

and all minors, according to (5.4), are functions of external
kinematical data defined as (4.25) with n = 4, k = 3. If we
replace F(C) with (5.12) according to our previous dis-
cussion, we will obtain

o= [a0

(612) 1
(512) (123)--- (612)°

where F'(C) = (5.24)

which is equivalent to (5.23) as expected, after an appro-
priate choice of I', which should encircle poles at (123),
(345), and (561). Also from this example we see that in
the case of A3, off-shell amplitudes we can explicitly
construct integration contours for their Grassmannian
integral representations [i.e., the maps S = (S, ..., S,.»),
S:C"3) » C("=3), whose zeros determine the integration
contours Fgre,f 1> in (5.8)]. The latter are given by

$; = (j -2 - 1j)(j12)(23j - 2),

Spia = (nn+1n+2)(n+112)(23n).

j=6,...n+1,
(5.25)

This expression is easily obtained by considering integra-
tion contour (Sg,...,S,.,) for the n+ 2 point on-shell
amplitude and accounting for the Reg~ (n+212)/
(n + 112) factor. It is believed that in the case k > 3 the
integration contours can be constructed in a similar fashion.

At the end of this section let us make the following
remark. Conditions (5.14) in general and for n +2 = 6 in
particular can be interpreted as conditions for six points that
lie on a conic. For example,

S(1) = (123)(345)(561)(246)

— (234)(456)(612)(351) =0 (5.26)

is the condition that six points in Grassmannian CP? lie on a
single conic (any general five points determines a conic, so
this is a condition that point 6 also belongs to the conic). It is
natural to ask if there is any geometrical interpretation for

S = (123)(345)(561)(245) — (234)(456)(512)(351) = 0,
(5.27)
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which appears in our construction. We found the conditions
on matrix C to be of Veronese form, § = 0 are equivalent to
0¢ = 05, and oy, ..., 05 are arbitrary (here as in [26] we
rescaled all s; to 1); i.e., we interpret this condition as point 6
belongs to the conic and coincides with point 5. This is
probably not very surprising. The dimensionality of the
Grassmannian is related to the number of independent
kinematical variables. In the case of off-shell amplitudes
(Wilson line form factors) we use axillary spinors 4, and 4.
in the description of off-shell momenta. But in the final result
dependence on ; drops out [53,63,64], so effectively we
have fewer variables than naively expected.

VI. GLUING PROCEDURE AND AMPLITUDES

Let us return once again to the formula (4.16). We have
seen in the previous sections that if we leave integrals with
respect to f3; , intact and concentrate on integrations with
respect to ds,do,, the result (after an appropriate choice
of integration contours) will be proportional to the A; .,
on-shell amplitude where the dependence on S, is con-
densed in kinematical variables {li,ii,ni};’:nzﬂ [see (4.7)
and (4.9)].

So we can think of some integral operator A which
directly transforms on-shell amplitudes into Wilson line
form factors and correlation functions:

(6.1)

We will call this operator the gluing operator and will
label it Azx,m' Label i corresponds to the position of the
kinematical variables on which this operator acts. Another
way to introduce this operator is simply to consider
convolution (in the seance of discussion at the beginning
of Sec. IV) of the A3, 1 minimal off-shell amplitude with

some function of {;,4;,7;}. In this sense the gluing
operation (for Wilson line form factors and correlation
functions) discussed in Sec. IV is given by the action of the
gluing operator.

From a practical point of view it is useful because one
can immediately utilize a large library of answers for
on-shell amplitudes into Wilson line form factors and
correlation functions, which in turn can be interpreted as
Reggeon amplitudes.

Note also that a similar procedure should work for the
form factors of operators from the stress tensor super-
multiplet, i.e., for different choices of the y target space
wave function, which participates in the gluing procedure,
though we will not discuss it in detail. We leave this topic
for a separate publication. Here we will concentrate on the
simplest case of Wilson line form factors and correlation
functions.

So more formally let us define gluing operator
Ay ai2l -] acting on the space of functions f of

{2, Aiy ;i Y12 variables as

n+1 n+2 22+1

/ ”*2 d?2,d*},; d“

21 vollGL(1)]

< f ({2 i "*2) (6.2)

Performing integration over ;1n+1, ;1n+2, flpr1, and 7,40
variables as in Appendix A we get

5 _(pé) [apy dp, 1 = \nt2

An+l.n+2{f} - K ﬁl N—= ﬁZ ﬂzﬁZ ({ 17117 1} : )| ’
(6.3)

where |, denotes substitutions {4, 4. n;}1 T2 >

{4:(B). 4:(B). 7:(B) Y01 with

dni1(B) =4+ Pad iy

n+1(ﬁ) ﬂl—nJrl ( ;2ﬂl)in+2’

i i L 0+A)

’7n+1(ﬂ> = _ﬁ12n+1 n+2(ﬂ) —n+2 ﬂlﬂzl /:1n+1,

Ania () = —ﬁlinH —ﬁlﬂzinﬂ, flnia(B) = ﬂlﬁanH
(6.4)

and

ek
At = Aps by = @p)’ n, ="Mp>
_ s _ (plk ——_—
inu = e, Snt2 T <§p> Loto (6.5)

Here we also understand integration with respect to 3 ; as a
residue form, and we will always evaluate it at points
res, _oresy, —_j. After this formal introduction we are

ready to consider several examples of action of Ai,,- 41 on
on-shell amplitudes.

A. Tree level

So let us test how our gluing operator works on some
explicit examples. The simplest case is given by the action
of A on k = 2, n + 2 = 4 point amplitude A, ,. We expect
that we will reproduce the A5, , off-shell amplitude
(Wilson line operator form factor) by the action of operator
Ay -] on the A, 4 on-shell amplitude. Note also that the
next steps are actually identical for all k = 2 amplitudes
with arbitrary 7. Indeed, in the case of the A, , amplitude
we have

58(41234)
12)(23)(34)(41) '

Ay a(Qy, ..., Q) = 8 (p123a) ( (6.6)
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Introducing notations>*

Prn= zpi = ziiji» Pln= P%,m qi-n = Ziiﬁi, (6.7)
i=1 i=1 i=1
the A, 4 amplitude with |, substitution applied takes the form
8% (q12p) B2
Asul, = (po +k Pl . 6.8
2l = P T ) 5 52 280) (02) (012018 + (1 A1) (1) 0
Now, evaluating the integral over 8, f, by means of composite residue res; __joress, o[- - | we get
A o 58(‘112;») s «
A34[A2’4(Ql, ceey 94)] =6 (p]z + k) K*<12> reSﬁzzooreSﬁlz_l [60] = A2’2+1 (Q] , Qz, g3>, (69)
where
dp, N d
o — Pr A dp, ’ (6.10)
BaBi((2p) + B2 (28)) (B1A2(18) + (1 + 1) (1p))
and (the projector 8;‘17 acting on A3, ., is implemented)
1 8%(q12p)
Aj Q,,Q,,q5) =8 k) ———"P . 6.11
2.2+1( 1 2 93) (P12+ )K* <P1><12><2P> ( )

This is in agreement with results of [53,63] for A3, .

Proceeding in a similar way let us consider the action of An+ln+2 onthe A, ., on-shell amplitude. We expect that the result

*

will be given by the A

An+ln+2 [A2.n+2(gl s eees Qn+2)] = Az.n—}—l (Ql )

This is once more in agreement with the results of [53,63]
for A5, ..

Proceeding further in a similar way we can also reproduce
other results obtained from BCFW recursion [53,63] for
component off-shell amplitudes (Wilson line operator
form factors) A3;,,(17273%g;) and A5, (172374 g5)
[53,63]. We expect to obtain them from the on-shell
amplitudes A35(172737475%) and A;6(172737475767)
by means of the action of Ays[- - -] and Asg[- - -] correspond-
ingly. Performing simple computations (the explicit details
and answers can be found in Appendix B) we see that indeed
the following relations holds:

AgslAs5(17273%4754)] = A3, (172737 g5). - (6.13)

*Here for simplicity we also drop spinorial and SU(4),
indices.

It can be obtained by simple spinor relabelings from a
previous example.

5nt1 Wilson line form factor. Indeed, it is easy”

to see that

Spra+k)  8qr.,)
Qg ) = - P ) 6.12
W= i) gy 1)
[
AsglA36(172737475761)] = A5, (17273747 g2),
(6.14)

in agreement with previously obtained results for Wilson line
form factors [53,63].

As a final example we would like to consider the case
with multiple gluing operations applied. Let us consider a
quite nontrivial example of such a situation; namely, let us
consider the correlation function of three Wilson line
operators A3 . 3(g}, g5. g3). According to our construction
of generalized world-sheet vertex operators, it should be
given by

A30:3(91. 95, 95) = VMITV3aVsg). (6.15)
It was first computed in [53] by means of BCFW recursion

and later reproduced in [64] from Grassmannian integral
representation. The result is given by
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Al 03(97. 5. 95) = 8 (ki + ko + k) (1 + P/ + P?)F,

<l71192>3 [P2P3]3
K3k (palki | p3l{p1|ks| p2] (P2l ki | P2]
(6.16)

f=

Here P’ is the permutation operator that now shifts all
spinor and momenta labels by +1 mod 3.

We want to show that A3, ; can be reproduced from the
NMHYVj point on-shell amplitude A3 4(172¥3747576") by
application of the following product of gluing operators
A120A340A56. Indeed (see Appendix B for details), the

following relation holds:
A3 043(9795-95) = (Ajp0As40Ase) [As 6 (172737475767,
(6.17)

where the A3 5(17273747576") amplitude is given by

Az = 8*(p1..¢)(1 + P2+ PHf,
(13)*[46]*
(12)(23)[45][56](3]1 + 2|6](1|5 + 6|4] p3ss
(6.18)

f=

and P is the permutation operator shifting spinor labels by
+1 mod 6.

So we have seen in multiple examples that are presented
at the beginning of this section that gluing operator Ai.,iH
allows one to convert on-shell amplitudes into Wilson line
form factors and correlation functions at tree level.

At the end of this subsection we would like to point out
the formal analogy between the action of A;;.| operators on
A, amplitudes and the action of R matrices on some
vacuum state of integrable spin chain. Indeed, it looks like

the A ;i+1 operator creates “‘excitation” (Wilson line operator
insertion) in the “vacuum” consisting from on-shell states.
We think that this analogy being properly investigated may
provide us with the answer to the question “what is the
appropriate description of Wilson line form factors in terms
of some integrable system?”

It is also interesting to note that the integration with
respect to f3;, p, variables, which was performed by taking
residues, is, in fact, equivalent to the choice of a specific
kinematical limit for the momenta p,,; and p,., of the
initial on-shell amplitude. If we naively take consecutive
limits f; - —1, f, — 0 in the definitions of momenta
Pui1(f) and p,.»(f), which is equivalent to residue
evaluation, we would get the finite result?®

pn+1 = /1 +14n+1’ pn+2 = j’ +24n+2‘

=n =n

(6.19)

*Note that if we would take the limits in opposite order, the
results for p,, .|, p,.» momenta would diverge, but the expression
for off-shell amplitudes would still be finite.

On the other hand, for all w forms that we have encountered
in previous examples we may use the global residue
theorem to relate multiple residues at f; = —1, f, =0
with the multiple residues at ; = 0, , = 0. If we take the
limits f#; — 0, f, — 0 (regardless of the order of limits) in
the definitions of p,_(f) and p,.,(ff) momenta, we will
get the singular result

Pnt1 = 'B—Zén—}—lén—ﬂ + 4n++2/:1n+2 + O(ﬂZ)’

1 ~
Pni2 = ’6_2/:111-0—1/:111—0—2 +/:1n+1/:1n+1 + O(ﬁz)’ (620)

which is equivalent to BCFW shift [n+ 1,n+2) of

Pnil = 4’1 +2£n +2 and p,, = én Hin ., momenta evaluated
at large z. The behavior of amplitudes in the limit 7 — oo
may be interpreted as a special kinematical limit with some
particles with large (complex) lightlike momenta traveling
in the soft background [106]. So in this sense our gluing
procedure is closely related to the specific high energy

kinematical limit of the ordinary on-shell amplitudes.

B. Integrands

So far we have seen that by means of gluing operator

A

A; ;41 we can convert on-shell amplitudes into Wilson
line form factors and correlation functions at tree level,
formally without any reference to ambitwistor string or
Grassmannian representation, though the explicit form of
this operator is, of course, motivated heavily by our
construction of generalized vertex operators.

But what about loops? Since our gluing operator acts in a
simple manner on rational functions, it is natural to try to
verify conjecture that using Ai.m we can convert inte-
grands of on-shell amplitudes into integrands of Wilson
line form factors and correlation functions as well.

To see whether this conjecture is reasonable, let us
consider the simplest possible example of k =2, n +1 =3
point one loop amplitude A;gll and show that the gluing

operator applied to the integrand of the Agﬁ amplitude will

give us the desired expression for the integrand of the
A;(zlll amplitude.

But first we need to obtain the integrand of the A;(ZI)H
amplitude itself. The easiest way to get it is to try to
reconstruct it from the k? channel unitarity cut. Considering
the latter (taking residues of the integrand with respect to
the gg)les of 1/I2 and 1/15 propagators; see Fig. 1) we
have

“"The necessary manipulations are similar to the case of the s-

channel cut of the Agﬁ amplitude. (pq) here stands for standard
Mincovskian scalar product.
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P1

P2

)
+1

FIG. 1. Unitarity cut of the A}
(p1+p2)? channel.

amplitude in the k>=

*(1 * *
Az,(2)+1|k2cm:/d4’lll d*n,As 5 (L, g ) A 4(1h.1.9.Q)

Tr(kp21)
(rh)(1L2)

The Tr factor can be transformed into k*(p + p,)* =
(p1 + p2)*(p, + p)? with the help of momentum conser-
vation k + p; + p, = 0, and k; decomposition conditions
(pk) = 0. Thus, the expression for the A;(ZI)H(QI ., g%)
amplitude is given by

=A35(lb.gY) (6.21)

*(1 * * *
A2,(2>+1(Q1’Q2’g ) =A%, (2, Q.9 )/le

(1 + P2)*(p2+ p)?
P(I+ po)*(I+ py + p2)*(pl)
(6.22)

which contains one loop scalar box integral with one of the
propagators, namely, 1//> replaced by its eikonal counter-
part 1/(pl); see Fig. 2.

Now let us turn to the integrand of the Agi amplitude:

A(ZQ(QI,._,,QU :A2,4(Q1,---,Q4)/le

(p1 4 P2)*(p2 + p3)?
P(I+ p2)*(1+ pi + p2)* (1= p3)?

(6.23)
p3 D2 P2
0 N
l, g l,
< 5 <
D
D
D
D
l—psY pltp U Ll+po
D
D
D
N b R
> 5 >
I+p1+p2 P I+ p1+p2
P4 n k P
(@) ()

FIG. 2. Scalar box integrals contributing to A(le) 41 and A;(lel

amplitudes correspondingly. The line with the coil denotes
eikonal propagator 1/(pl).

It should be noted that the notion of the integrand is
uniquely defined only in dual variables. So, to be accurate
we should consider the gluing operation in such variables
(momentum twistors) also. Here however, we will use
helicity spinors in a hope that possible loop momentum
rearrangement will not cause any trouble. It turns out that it
is indeed the case as we will see in a moment. Acting with

the A,, operator on the Agli( 1,2,3,4) integrand

Int = A, 4(Q. ... Q)
(p1+ p2)? (P2 +p3)* (6.24)
P(L+ p2)*(I+ py+p2)* (1= ps3)?
and using momentum definitions (B5) we get
Asg[Int] = A3, (21,2, 93)
(p1+p2)? (p2+p)° (6.25)

P(l+p)*(I+pi+p2)* (Ip)

which is exactly the integrand expression for the A;(zljr !
amplitude.

This example gives us hope that a more accurate and
general consideration of the gluing procedure at the level of
integrands will also be successful and will provide us with

the prescription for obtaining AW integrands from the

k.m—+n
l(cl,zwzn integrands by the application of

appropriate combinations of A;;,; operators.

corresponding A

VII. CONCLUSION

In this paper we presented results for the derivation
of scattering equations (RSV) and Grassmannian represen-
tations for form factors of local and Wilson line operators
in NN=4 SYM from corresponding four-dimensional
ambitwistor string theory. In the case of local operators
we restricted ourselves to the case of form factors of
operators from stress-tensor operator supermultiplet.
The obtained results are in agreement with previously
obtained Grassmannian integral representations. As a by-
product we discovered an easy and convenient gluing
procedure, which allows us to obtain the required form
factor expressions from already known amplitude expres-
sions. The construction of composite string vertex oper-
ators for the analyzed local or Wilson line operators was
inspired by the mentioned gluing procedure. An interest-
ing future research direction, which we are planning to
pursue, will be to consider pullbacks of composite
operators defined on twistor or Lorentz harmonic chiral
superspace [77-83]. We hope that our consideration
along these lines could be extended to arbitrary local
composite operators.

Next, it would be very interesting to fully uncover the
geometrical picture behind Grassmannian and scattering
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equation representations for form factors of local and
Wilson line operators. It is interesting to see if the
amplituhedron picture could be extended to all possible
gauge invariant observables in N =4 SYM, for which
representations under global gauge transformations may
differ from singlet representation.

Having obtained scattering equation representations, one
may wonder what is the most efficient way to get final
expressions for particular form factors with a given number
of particles and their helicities. In the case of amplitudes we
know that it is given by computation of global residues with
the methods of computational algebraic geometry [107-
109]; see also [105]. It would be interesting to see how this
procedure works in the case of tree level form factors and
their loop level integrands, and to provide necessary details
needed when writing computer codes.

Finally, it would be interesting to consider loop corrections
to form factors of Wilson line operators (gauge invariant off-
shell amplitudes). Also, it is extremely interesting to see how
the presented approach works in other theories, for example,
in gravity and supergravity (see recent discussion [110] of
super gravity (SUGRA) amplitudes in a similar context
considered here), where in the case of gauge invariant off-
shell amplitudes we have a well developed framework based
on a high-energy effective Lagrangian [111-115]; see also
[116-120] for similar research along this direction.
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APPENDIX A: GLUING PROCEDURE AND
GRASSMANNIANS

In this appendix we are going to present computational
details from Sec. IV of the main text.

d*)d%2,;

n+2
Az,n+1 = / W d4ﬁiA;2+1 (g*’ Qn+l s Qn+2) |/1—>—/1Ak.n+2’

i=n+1

n+1l n+2
<
—
n 3 2 1 n 3 2 1
FIG. 3. Gluing procedure.

Before proceeding with actual formulas, let us make the
following remark. The gluing procedure (gluing operator)
introduced in [74] was, in fact, implicitly used to obtain
both the Grassmannian integral representation for form
factors of operators from the stress tensor supermultiplet
[74] and off-shell amplitudes with one leg off-shell [63].
The idea was to take a top-cell diagram for amplitude,
perform a sequence of square and merge/unmerge moves
until we get a box (assume it is possible for the diagram
under consideration) on the boundary, and replace it with
the corresponding minimal form factor or off-shell ampli-
tude. Graphically, this relation reads™ Fig. 3 where the box
at the legs n 4+ 1 and n + 2 was replaced for the sake of
concreteness. We got a similar relation of form factor on-
shell diagrams to the amplitude on-shell diagrams in
[73,76] based on the soft limit procedure. The correspond-
ing box diagram was deformed by an extra soft factor, so
that it became equivalent to the corresponding minimal
form factor.

It turns out, however, that there is a simpler gluing
procedure, which we used in our consideration. Namely, we
can glue (perform the on-shell phase space integration—
perform convolution with) minimal form factor or off-shell
amplitude directly to the amplitude top cell diagram with-
out cutting off the boxes mentioned above.

Now let us return to actual computations. Let us consider
the case of Wilson line operators first. Let us consider
(4.11) once more. If we choose F(C) according to (4.17),
we can rewrite (4.11) as®’

(A1)

where Ay, ., stands for the corresponding Grassmannian integral—top-cell diagram (which can be evaluated into the
N*¥=2MHV 7 + 2 point on-shell amplitude if the appropriate integration contour is chosen),”

2We have borrowed this nice picture from [74].

»Without loss of generality we may choose the off-shell leg to lie between legs 1 and n.

Here we left the integration contour unspecified.
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4 B / dkx(n+2)C 5k><2(c X Z)ﬁkX4(C . ;'71)5(n+2—k)x2<cj_ . ﬂ.) (Az)
bnt2 = P NVolGL(K)] (1 k)2 k+1)---(n+2--k—=1)"

and the minimal off-shell vertex A3, (g%, n+ 1,n +2) is given by [63]

1 a¥3c  §HC-DE(C-7)5H(CE-A)

A§,2+1 (9*7 Qn+17 QVH—Z) = _*/
k* ) Vol[GL(2)] (pn+ 1)(n+ 1n+2)(n+2p)
1 [dp,dp ~ ~
== | G 0y Biduis = BB 2)8 (Gi1)3 (o)

K b Pa

X 8 (Fys1 + Priiip)8* (nsa + Bollns) (A3)
with 4, 1= ;I,H, 1+ <n<f:2+‘,2l‘f1> and /, o= ;In+2 + <n<ffﬂﬂf2>. Here p is the off-shell gluon direction and k is its momentum.

Now, the integration steps up to final integrations in f; and /3, follow closely those in [63]. That is, performing integrations
over A,.1, Ayaa, fipey, and 7,5, we get

- (n+2lk i (n+ 1]k

Ao =——nrsr g TR A4

i (n+2n+1) 2T i+ ln+2) (Ad)
ﬁrH»l = _ﬂlﬁp’ ﬁn+2 = ﬁlﬁ2ﬁp' (AS)

The Vol[GL(1)]? redundancy in the remaining integrations over A is removed using their parametrization as in [74]

anrl = §A _ﬁf‘agB’ A’n+2 = 53 _ﬂ4§Av (A6)

where &, and £ are two arbitrary but linearly independent reference spinors. Then (n + 1 n+2) = (B34 — 1)(Eg&a),

/ Py P
Vol[GL(1)] Vol[GL(

1)] = _<5A§B>2/dﬂ3dﬁ4v (A7)

and

* _
Ak,rHrl -

L [ C Ay,

K ASE VoI[GL(k)] 1 p> (1= p3ps)?

x 8% (A, + P1(1 + BaPa)éa — B1(Ba + P3)Ep)
1

S22t - NS4 (C - )snt2kx2 (oL L ). A
k)2 k=1) (€~ )F(C ) (C-4) (A8)

Here, we introduced the following notation:

1 Ps
it = 1 - psp, Ch1 +1_—ﬁ3ﬂ4cn+2’ Clivt = Cryy = BaCirin,
1 p
Cia = 1 - psp, Coa + 1_—;3'34(:"-%1’ C'ra = Cora = B3Cryy, (A9)

and

=n+l1 =n
s s 3 (&plk 3 (Ealk
A‘- - li’ L= 17 , 1, P4 ’ i = - b}
= = (Epéa) 2 (Epéa)
.= i, i=1,...,n, ., =i h.,= 0. (A10)
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The factor of 1/(1 — f33,)?* in (A8) is the Jacobian from reorganizing the C* - 1 delta functions (see [74] for further details).
Next, rewriting the first delta function in (AS8) as

8 (Ap + Pr(1+ Pofs)én = P1(Br + B3)Ep)

1 (€ap) ) ( (&) 1>
=0 ————=+p )0 ———t+—, All)
Bib2(Eas) ( P T (
choosing &4 = 1, g = £, and taking integrations over f33, 4, we get
A* B 1 <§ >/ Jx(n2) 0 dp,dp, 5k><2(cr '2)5]0(4(0 . Q)5(n+2—k)x2(cu_ él) (Alz)
bt e S0 NOllGLL fE (12 k1) (42 k= 1)
where now
1+p
Crit = =P1Coi1 + P152C0, Cry=Crp + ﬁ1ﬂ21 Crps
1+p
Cria=—PiCria + mlcwh C'l,=Ch,+pCL,, (A13)
and
éi:li, i=1,...,n, /:1n+l:lf” ,:1’1”:5,
5 5 (&l - {plk
A =12, i=1,...,n, A= A==,
- RN (9 ) B (5 )
.= i=1,...,n, ., = s .= 0. (A14)
Introducing the inverse C-matrix transformation
Cn+1 = C:1+1 +ﬁ2C/n+2a
1+
Cora =5 Cly + Gy (A15)

minors of the C matrix containing both n + 1 and n + 2 columns when rewritten in terms of minors of the C' matrix acquire
an extra — /),il factor. For example, for (n + 1-- -k —2) minor we have

(n+1-k=2)=—— (A16)

This will generate a total power of (f;)*~! in the numerator. Minors containing either n + 1 or n + 2 column transform as

1
(420 k= 1) = P G L k— ) (21 k= 1Y), (A17)
P>
(n—k+2--n+1)=n—-k+2--n+1)+pn—k+2---nn+2), (A18)
while all other minors remain unchanged (---) = (---)’. Finally, accounting for the Jacobian of transformation (—1-)

we get

B} _p) dC BBy oyt aknd s = 22 L
B =2 TG (DI DI

1
X

(1o k) o (n+2 k=

1>/<1 + Pt

(n—k+2---nn+2)
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Now, understanding the integral over f3; , as a residue form and taking resg __jores _o, we recover our result from [63]

* —
Ak n+1

/ d<n+2) ¢ 5kx2(c/ . Z)5kx4(cl . ’7])5(”+2—k)><2(C/L '/_1)
r

R = = = Al
we VOUGL(K)]  S(L-—k) - (n+ 1-—k=2)(n+21---k—1)’ (A19)

with

Ep)y(n+21---k-1)

© 1l k=1) (20)

Reg =

Now let us consider form factors of stress tensor supermultiplet operators. Let us consider (4.48). In this case we can write
it as

n+2 29 27
azyd°h; . .
Frn= / Hrl VollGL(1)] d*7iF0 (41,2095 T )|, _;Akns2 + oOther gluing positions, (A21)

where the minimal form factor F,,(Q,,1,,2;7) is given by (4.39). Performing next on-shell integrations for particles
n+ 1and n + 2 as above’' we get (here we are considering only a single term, corresponding to the gluing of minimal form
factor between legs 1 and n; other terms come from gluing between legs i and i +1,i=1---n—1)

> [ dBidps g2 0 83(C- (T - s (- 4) (A22)
s [ / = o A22
A ) (= piBa)? ) VOl[GL(K)] (1-+-k) (2 k4 1) (n+2---k=1)
where
Co=——7—Coy+——F— b C't  =CL, —p,CH
n+l 1 - 54, n+1 1=p.p OHER n+l1 n+1 2% 042>
1 P
oS g G = G G (a23)
and
ilzil7 lzl”"?”? é’1+] :§A’ én+2:§39
77 , 7 (€slq = (Ealq
14:/11', 121,...,11, i = - s i — = ,
- —t ($Béa) e (64p)
~+ 4+ . ~+ . ~4 .
q - ’71 ) l 17 L n, En—&-l Oy ZVH—Z — Y,
=15, i=1,...n, n- :—@Bly n :—<§A|y . (A24)

The transition from the integration over the C matrix to the integration over the C' matrix is again done similar to the case of
the off-shell amplitude considered above. This way our form factor is written as

d*UC ABABy  n sy A s o (D)2
_<§A§B>2/V01[GL(k)] (1 _/}1/32) 5k Z(C ,/:1>5k 4(C 2)5 +2—k Z(CJ_ /:1)

1

X
(n—k+42--nn+2) n+11--k-1
(1o k) o (20 k= 1) (1= B B (1 - o s e])

See [74] for details.
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L’”H, and f, = (2 Lkol) e reproduce the result of [74]

Finally, taking residues at f; = (k2 ) m

dk><(n+2)C 5k><2(c . Z)5k><4(c . ;])5(n+2—k)><2(cj_ . /_1)
Fkn—/ Reg — = —, (A25)
Vol[GL(k)] (I-k)2-k+1)---(n4+2--k-1)
where now
Y (n—k+2---nn+1)(n+21---k-1)
Rego = L Y = . A26
ee = {&abs) Ty (n—k+2-nnt2)(n+1l--k—1) (A26)

In the formula above we assumed a sum over different top-cell forms corresponding to different gluing positions of the
minimal form factor. Note that the string correlation function knows about these different top cells by construction.

APPENDIX B: GLUING OPERATOR FOR THE TREE AMPLITUDES

In this appendix we present computational details for the application of gluing operator A; ;. to the tree level on-shell
amplitudes. First of all, let us once more define A,-JH:

n+2 p 27 g4

n d“A,d° A, d*n

Ai,i+1[f] = / A22 X f({/lnﬂl’ n; n+2) (Bl)
1 Vorer e

Performing integration over Znﬂ, ;1”+2, fln+1. and 7, ., variables as in Appendix A, we get

5 (pé) [ dp d/)’z B 2
A - I A ’ /Il’ i *? Bz
where |, denotes substitutions {A;, 4;,7;}/=2, | > {4:(B), 2:(B). i1 (B}, with
- ~ 1+ p) = .
B) =y Py TP =P+ P ) = -p
) =1,,+0), Ini2(B) = =P, ., = P1Pak iini2(B) = Prbai (B3)
"+2 —n+2 ﬁ]ﬂz =n+1’ n+2 - 12042 1728, 410 Mn+2 e QQ,H,I’
and
= (£|k I = (p|k By
/:1n+1 = /117’ /:1n+1 = @’ Qn = ;7[7; /:1n+2 = /1‘5’ én+2 = @ ’ Qn+2 =0. (B4)

We understand integration with respect to 3| , as a residue form, and we will always evaluate it at points resg, _goress —_;.
The following formulas are useful in computations. The transformed momenta for n + first and n 4 second particles are
then given by

- 1+p 5 ~ ~
Pn+1(ﬂ> = —ﬂ@wliﬂ“ + Tlinﬂ’lnﬂ _ﬁ1ﬂ24n+24n+1 + (1 +ﬁ1)/:1n+2/:1n+2’
B ~ 1+p ~
Pui2(B) = =Pid, HA, —Tinﬂ Ayir FB1BPA, HA L+ (L+BOL A (BS)

and using definitions above it is easy to see that

k= /1n+1 (ﬂ);lnﬂ (ﬂ) + /1n+2(:6)/~1n+2 (ﬂ)v
/lpﬂp = ﬂn+l (ﬁ)ﬁn+l (ﬁ) + /1n+2<:8)’7/n+2 (ﬂ)’ (B6)

for all values of f#, and f,.
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First of all, let us make a comment for example (6.9) considered in the main text that the gluing operation commutes with
projectors on particular physical particles provided we identify n+ 1 and n + 2 particles with gluons with —+

polarizations. Indeed from the previous example we have [53,63] [Ay4 = A 4(), ..., 2y)]
A A 54(p12 + k) * — %
05,05 AlAz4] = A[07,05 Ar 4] = (1) TSI @] = A3, (172753), (B7)

where @ is now given by

w— ((2p) + B2(28))*dp, A dp,
Babi(B12(18) + (1 + p1)(1p))

Now let us proceed with more involved examples considered in the text and reproduce results for A% 3, (17273%g;) and
A5 ,41 (17273747 g5) amplitudes from [63]. In the case of the A5, (17273%g;) amplitude we have to start with the

A35(172737475%) amplitude (here and below ¢! = (p¢&)),

(B8)

35)*

05,07,07,A35(Q, ..., Qs) = A3 5(17273%4757) = 5*(p1gass) (B9)

A [12][23][34][45][51]°
so that
5* +k)p? *c7Up3] + B, [34))*
Aqs(1-2-3+454)], = —— (P123 + k)Bipa(k"c _[IPJ B2 (34]) - ‘ (B10)
k2e= 12][23](=p152[34] + (1 + B1) ™ k" [Bp])([1p]c™ k" + Ba[14])
Now, recalling that k> = —x*k, we get [63]
A &*(p123 + k) [p3]°
Ays[A35(172731475T)] = = A} 17273%g}), Bl11
45[ 3,5( )] K[12][23][p1] 2,3+1( 94) ( )
and the integration with respect to f’s was performed by taking composite residue res; __jores; |- - -.
In a similar fashion for the A35(172%¥3747576") amplitude we have
(9;38348%5143,5(91, ey 96) - A3‘5(1+2+3_4_5_6+) - A + B, (B12)
with
L BIE2AP 8(pig)
[45][56]  (12)(23)pi5(1]2 +3]4]°
4)2)3 5
(56)(61) [23][34]p7 4(112 + 34]
Next, it is not hard to see that [[x| = (3|(1 +2), |y) = (3+4)|2]]
= Biba([px]e™'x* + Bo[54])° 5 (pioss + k)
T Tk (BiBa[43] + (14 Bi)[Aplke) (12)(23) p4 (12 + 3]4]
B, = BiB({py) + B2 (Ey))? 8 (piosa + k) (B14)

(16812 + (1+ 1) (p1)) [23][34] p34(1]2 + 3[4]
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Now, defining

([px]e™"x* + o [5x])° dp> A dp,

O T (B8] + (L pBpc ) pifs
((py) + po(&v))? dp, N dp,
= , 15
G c((1E)B1f2 + (1 +p1)(p1))  Bipa (BIS)
we get
a 5 (p1a3at+k) 1

resy __joresy, o|wy]

A |Al=
oAl =y 23) 2 (1 2+ 3 T
1 8 (p1osa+k)(3]1+2[p]?

— Bl6
< (12) (23)[ap]p? 5 112+ 3] (B16)
and
R 5 +k 1
Asq[B] = (P1g34 +4) resy, —_joresy, —o[@p)]

[23] [34]p%’4(1 |2+3|4] ¢ k"
_ I 8 (piasa + k) (p|3 +4/2)?

_ . B17
< (1) 23]B4]p2 (12 + 314 (BI7)
So, as expected [63],
AsglAs5(172737475°67)] = A%, (12+374-g5).
(B18)

As a final example, let us consider the following
example. Let us reproduce the A3, ;(g7.95.935) Wilson
line correlation function from the A3 5(17273747576™) on-
shell amplitude. According to our previous discussion,
A3 3 could be written as

A30.3(91.95.95) = (A12°A34°A56)[A3,6(1_2+3_4+5_6+)H’
(B19)

where the A3 4(17273747576") amplitude is given by

Ase = 8'(prg) (1 + P>+ PYf, f

- (13)4[46)*
= (1223 A5T6] 311 + 26115 T 6/l B2

and P is the permutation operator shifting spinor labels by
+1 mod 6. The algebraic manipulation related to the

actions of AiiJrl operators are identical to those already
discussed. The factors 1/f3f, in the definition of gluing
operators will cancel with corresponding factors in the
amplitude after substitutions are applied, while integrals are
evaluated by composite residues resg —_joresg,_g. So, in
what follows we will present only the results of applying
gluing operators Aiiﬂ to the on-shell amplitude. For the f
term we have

Asslf] = 6*(P1osa + k3)
« (13)*4p5)?
K3(12)(23) (3|1 + 2| p3](1]k3]4] p1as

(B21)

and

(A34°A56) [f }
=8 (pat+ky+k3)

) (1p2)*[paps)? . (B22)

3(12)(2p2) (2|1 + 2| p3](1] k3| p2](p2lks| p2]

Note that the ordinary propagator 1/ p?,; transformed into
eikonal one 1/(p,k3) after the action of the gluing operator.
Finally

(A1p0A340A56)[f] = 8* (k) + ko + K3)

(P1p2)*[p2ps)’
K3K] <P2|k1 |P3] <P1 |k3 |P2] <P2|k1 |P2] '
(B23)

where we used that (p;|ks|ps] = (palki|p,]. Other terms
can be obtained by similar computations or just by careful
relabeling of indexes. The final result takes the form

A% s = (A1poAs0Ase)[As 6 (17213747576
= 8*(ky + ko + k3) (1 + P' + P?)f,

(P1p2)’[P2p3)’
K3KT<P2|k1 |p3){p1lks| p2)(p2lki| 2]

f= (B24)
Here P’ is the permutation operator that now shifts all
spinor and momenta labels by +1 mod 3. The expression
obtained is in full agreement with previous computations

using both Grassmannian integral representation [64] and
BCFW recursion [53].
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