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Finite-temperature corrections to the effective potential and the energy-momentum tensor of a scalar
field are computed in a perturbed Minkoswki spacetime. We consider the explicit mode decomposition of
the field in the perturbed geometry and obtain analytical expressions in the nonrelativistic and
ultrarelativistic limits to first order in scalar metric perturbations. In the static case, our results are in
agreement with previous calculations based on the Schwinger-DeWitt expansion which indicate that
thermal effects in a curved spacetime can be encoded in the local Tolman temperature at leading order in
perturbations and in the adiabatic expansion. We also study the shift of the effective potential minima
produced by thermal corrections in the presence of static gravitational fields. Finally, we discuss the
dependence on the initial conditions set for the mode solutions.
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I. INTRODUCTION

Finite-temperature corrections to the effective potential
in quantum field theory play a fundamental role in the
description of phase transitions in the early Universe. In
particular, symmetry restoration at high temperatures is an
essential ingredient of the Higgs mechanism for electroweak
symmetry breaking. In flat spacetime, such thermal correc-
tions were computed for the first time in the seminal papers
of Dolan and Jackiw [1] and Weinberg [2] using thermal
Green functions methods. The possibility of extending those
methods to more realistic scenarios incorporating spacetime
curvature meets certain difficulties since finite-temperature
field theory is only well defined provided the geometry
possesses a global timelike Killing field. Thus, for example,
for static or stationary spacetimes, the thermal Green
functions method has been applied for homogeneous and
isotropic Einstein static spaces in [3]. These methods were
extended to conformally static Robertson-Walker back-
grounds in [4]. The conditions for the construction of a
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thermal field theory in more general expanding universes
(not strictly static) were discussed in [5,6], where the
adiabatic techniques were introduced.

An alternative approach to the adiabatic expansion for
thermal field theory in general curved spacetime is the so-
called Schwinger-DeWitt [7,8] expansion of the effective
action. Both approaches are known to agree in the results
for the ultraviolet divergences in zero-temperature field
theory. The Schwinger-DeWitt expansion, being a local
curvature expansion, is manifestly covariant, but it is not
sensitive to the global properties of the spacetime such as
the presence of boundaries and does not contain informa-
tion about the nonlocal part of the effective action. Going
beyond the Schwinger-DeWitt approximation requires
brute force methods based on explicit mode summation
[9]. Thus, for example, in [10], phase transitions in
homogeneous but anisotropic Bianchi I and Kasner cos-
mologies were studied using explicit modes sum. In recent
works [11,12], we started this program in the case of weak
inhomogeneous gravitational fields by studying the one-
loop corrections to the vacuum expectation value (VEV) of
the energy-momentum tensor and the effective potential of
a massive scalar field. Thus, in [11], using a regularization
procedure based on a simple comoving cutoff, a non-
vanishing contribution of metric perturbations to the
effective potential was obtained. However, the renormal-
ization procedure required the use of noncovariant counter-
terms. In contrast, dimensional regularization was used in
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[12] to isolate the divergences, applying techniques devel-
oped specifically to deal with nonrational integrands. In this
case, the renormalized effective potential, being explicitly
covariant, did not contain contributions from the inhomo-
geneous gravitational fields at the leading order in metric
perturbation and in the adiabatic expansion in both static
and cosmological spacetimes.

In this work, we extend these methods to include
finite-temperature effects. The inclusion of the Bose-
Einstein factor, accounting for the statistical distribution
of the energy states, produces a smooth behavior of all
quantities involved at large energies, making it unnec-
essary to apply any regularization technique (once the
vacuum contribution is renormalized). As mentioned
above, in order to compute the aforementioned contri-
bution, we apply the “brute force” method described in
[11,12], i.e., performing a summation over the perturbed
modes of the quantum field obtained as solutions of the
Klein-Gordon equation. We are able to get analytical
expressions for the effective potential and the energy-
momentum tensor in the nonrelativistic and the ultra-
relativistic limits. In the static limit, we find that local
gravitational effects can be taken into account through the
Tolman temperature [13]. This is in accordance with
computations of the energy-momentum tensor of a scalar
field at finite temperature in a static spacetime using the
Schwinger-DeWitt approach, [14,15]. However, we also
obtain the explicit time dependence of the expectation
values for finite times, which shows that the Tolman
temperature can only be defined in the asymptotic time
regions.

The work is organized as follows. Section II describes
the general approach to compute an expectation value over
a thermal state in a perturbed FRW metric. The particular
expressions to be computed in the case of static spacetimes
are presented in Sec. III. Sections IV and V explain the
approximations applied to obtain the final result in the
nonrelativitic and ultrarelativistic limits, respectively. Shifts
in the minimum of the effective potential produced by
thermal correction are discussed in Sec. VI. Our conclu-
sions are presented in Sec. VIL

II. FINITE-TEMPERATURE CORRECTIONS

Given a scalar field ¢, with potential V(¢), its classical
action in a (D + 1)-dimensional spacetime with metric
tensor g,, can be written as

s = [ @i 000.0-vie)). )

As is well known, the solutions ¢ :(fb of the classical
equation of motion,

O + V'(¢) =0, (2)

are those that minimize the action. On the other hand,

quantum Aﬂuctuations around the classical solution
o = ¢ — ¢ satisfy the equation of motion,
(O +m*($))éh = 0. (3)
with
m*(p) = V" (). (4)

Let us consider a metric which can be written as a
scalar perturbation around a flat Robertson-Walker back-
ground,

ds? = () {[1 +20(n. %)) = [1 ~2¥(r.x)]dx>}.  (5)

where 7 is the conformal time, a(#) the scale factor, and ©
and W are the scalar perturbations in the longitudinal gauge.
Given this geometry, the mode solutions d¢; to (3) can be
found using a WKB approximation to first order in metric
perturbations and to the leading adiabatic order as [12]

S (n, %) = 56 (0, X)(1 + Py(n,x) + i66,(n.x)), ~ (6)
where

1 1 eik~x—i fﬂ oy (n")dy
(22)P7% a(n) =12/ 20,

o (n.x) =
(7)

are the unperturbed mode solutions with
wi(n) = k> + m>a*(). (8)

The explicit expressions for P(y,x) and 86, (1, x) in
Fourier space are shown in Appendix A.

The effects of quantum fluctuations on the classical field
configuration can be taken into account using the one-loop
effective potential [12,16]

Val®) = v+ [ amor). O

where V(¢) is the tree-level potential and the expectation
value of the operator (5¢?) is taken over a particular
quantum state of the field. Taking into account (6) and (7)
and assuming that the quantum state has a fixed number of
particles per mode n;, the one-loop contribution to the
effective potential reads
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1 [m*d) 1 1 [m*d) 1
— d252:/ dz/de
zA V) = Gapar 2 fy " 2

2 27\P-1)/2

where we have defined

“ L . _
Punp) = / (1= 8) 0P p). (1)

where ¥ = k - p/(kp) and including the general integration
measure in D dimensions.

From now on, we consider a thermal quantum state.
Then, the number of particles per mode is given by the
Bose-Einstein distribution,

1

ewk/T_ 1’ (12)

T _

n, =
where T is the temperature of the state, for the moment
understood as a parameter of the Bose-Einstein distribution

(see next section).

Let us define V,(¢) as the one-loop quantum vacuum
contribution, i.e.,

Vi (43) =
(13)

o
X
0

and Vy(@) as the term that includes finite-temperature
corrections,

n 1 27[(D—1)/2 m2(9)
VT(¢) = ) A dm2

(2z)Pa®~ (i) T((D - 1)/2

o 1+ P
x/ dkkD_ln,{—+ «(7.p) , (14)
0 k> +m?a*(n)

so that we can write the one-loop effective potential at finite
temperature as

Veir (@) = V() + Vi(9) + V(). (15)

It is important to notice that both the vacuum and the
thermal contributions have a homogeneous term, corre-
sponding to the background geometry, and an inhomo-
geneous one, proportional to the perturbations. Then,

1 1

(2m)PaP~ () T((D - 1)/2)2

1+ 2P;(n,p)
k> + m*a*(n)
@) o fe (1 ) 1+ P(n.p)
/) dm A Ak 5+ m ) S e (10)
Vi() = Vi) + Vi(9). (16)
V(@) = Vi) + Vi(d). (17)

The homogeneous part due to vacuum effects V" (¢), after
applying the minimal substraction scheme MS in dimen-
sional regularization with D = 3 + ¢, is given by [12]

vih = o0) n (’";@) 3o

A detailed analysis of the inhomogeneous part of the
vacuum Vi() was performed in [11] with a cutoff
regularization and in [12] using dimensional regularization.
When a cutoff A is used, the result turns out to be
proportional to m2(¢)A2® in the static case; i.e., only
the quadratic divergence appears. In dimensional regulari-
zation, we find to first order in perturbations and to the
leading adiabatic order that

Vi(d) =0 (19)

in agreement with the absence of logarithmic divergences
in the cutoff case.

In this work, we focus on the thermal contribution
VT((}). The corresponding inhomogeneous contribution
can, in turn, be split in the terms proportional to ® and ¥ as

Vi(§) = Vi) + V(@) + VE(@) (20)

It is important to note that expression (9) defines the
potential except for the addition of an arbitrary function
which could depend on the spacetime coordinates and the
temperature. This function does not modify the dynamics
of the field (2) since it does not introduce any dependence
on m(g).

In the same fashion, the thermal contribution to the
components of the energy-momentum tensor can be
obtained from the expressions given in Ref. [12] including
the number of particles per mode n!, thus,

1 k2 k-p
(I"4(0.9) = p1.0) = 7 [ 4P (—+ )w [1 2wy 1 2mp) + 25 Laop)| 1)
(27)P aP+! 2 k w? w%

k
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(r*,(n.p)) = L]

Let us divide the energy-momentum tensor, in the same
way as for the potential case, in a vacuum contribution,
which does not depend on the number of particles per mode
ng, and a thermal contribution.

(T",(n.p)) = (26)

<Tﬂv('l7 p)>vac + <Tllv(7]’ p)>T
each one having a homogeneous and an inhomogeneous
part. It can be shown [12] that the energy-momentum tensor
of the vacuum is given by (T*,(17,P))vac = Pvac®,» Where
the energy density p,,. and pressure p,,. are given in the
MS renormalization scheme with D = 3 + ¢ by

m* ) m? 3
= — O _— - —.
oan? | 2\,2) T2
This implies that the inhomogeneous part of the vacuum
contribution is zero when dimensional regularization is
used, therefore metric perturbations do not contribute to the

leading adiabatic order. In this paper, we compute the
homogeneous and inhomogeneous parts of (T*,(1,p))7-

Pvac = ~Pvac (27)

III. STATIC SPACETIMES

Although the expressions for the perturbed solutions
given in Appendix A are valid for general perturbed FRW
spacetimes, in this work we focus on static spacetimes; i.e.,
we will take @ = 1 and ® = ®(x), ¥ = ¥(x). The general
case is of great interest for cosmological scenarios, never-
theless the time dependence of the scale factor increases the
complexity of the computations, making extremely difficult
to obtain analytical expressions. In addition, in order to
define a thermodynamic temperature, there must be a
timelike Killing vector field; namely, the spacetime must
be static or stationary.

In order to compute VT(Q;,’)) and the energy-momentum
tensor (T*,(n, p)); thermal contributions, our first step will
be to expand the P, (n, p) and 66, (n, p) functions in powers
of pn (Appendix B). These expansions allow us to find a
common structure of the integrals involved.

2
n{) {ﬁ (1+2%(p) +2P;(n,p)) + 2i

1 k-p
— D T :
_(zﬂ)DaDJrl/d k(i"’”k) {ki<1+2Pk(’7vP)+2l w%

K14 2w(p) + 2Pnp)) +i

= )DaDH/de @—I—n{) [Z—i(l +2Pk(mp))}

kipi

MMmﬂ (22)

MMmQ+mMMmﬂ (23)

kip; +k;p;
”’w”’wn,p)} (24)

(25)

|
A. Effective potential

Taking into account (B1) and (10), it is clear that we have
to deal with the following kind of integrals,

1 [m () © 1 1 (k2 2n
—/ dmz/ dkkP~! ——— — [ — n
2 Jo 0 e /T — 1wy \ oy Wy,

a=0,1,2,... n=01,2, (28)

to compute the finite-temperature correction to the effective
potential.

It is convenient to use the dimensionless variables
u=w;/T and x = m/T instead of k and m, respectively.
In terms of these new variables, the integral reduces to
(extracting a global factor 7P+1)

1+2n
Ifx‘n:/ dx/ du —lu2“+2”(u —x

where X = m(¢)/T.
It is also useful to interchange the order of integration of
this integral and divide it in the following way,

(o [ o o)

1+2n
X <—1W<” _ )D/2+a ])’ (30)

)D/2+a—1 ,

(29)

X
Ian_

where the first part takes into account the contribution from
modes with energies below the mass of the field, while the
second part includes the contribution from modes with
energies above the mass of the field.

B. Energy-momentum tensor

To compute the energy-momentum tensor, the following
integrals appear:
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k 2a m 2n
() ()
1 @y, ()%

= 1
D-1
/0 dkkP
n=01,2. (31)

a=0,1,2,...

Using the same dimensionless variables # and x, we get
(also extracting a global factor TP*1)

JX = ood 1 x> 2 2\D/2+a-1 32
fo= [T s (- XL (32
Only modes with energies above the mass of the field
contribute to the energy-momentum tensor.

In the following, we compute the integrals /2, (30) and
J({ » (32) in the nonrelativistic and the ultrarelativistic
limits.

IV. NONRELATIVISTIC LIMIT
A. Effective potential

In the nonrelativistic limit m(¢)/T — oo (or X — o0),
the contribution from modes with energies above the
mass of the field is exponentially damped because of the
Bose-Einstein factor; hence, the leading contribution in the
nonrelativistic limit is given by the first part of (30) when
taking X = oo,

1+2n
Igon / du/ dx el 1u2a+2n(

I'(D/2 + a)n!
(D/2+a+n—|—1)D'€(D+ ) (33)

— x2)D/2a-

where {(x) is the Riemann Zeta function.

Therefore, using expression (10) together with the result
for the integral (33) and the expansion of P, (1, p) (B1), we
obtain (assuming D = 3) for the leading contributions after
resummation of the series in py

(@) = —T4 (34)
TS
(35)
/ 4 X 6 _ cos
=57 ”K@w @m) (pn)
3 6
+<(pf1) (m))sm(pﬂ)} (36)

Note that there is no dependence on the field (which may
appear through mass terms). Therefore, these expressions
do not affect the field dynamics and they can be neglected.
On the other hand, even though we are considering static

backgrounds, there is an explicit time dependence of the
result. This can be traced back to the particular mode choice
in (Al) and (A2). In particular, taking the # — oo limit,
which corresponds to setting initial conditions for the
modes in the remote past, we recover static results for
the effective potential.

In the static limit # — oo, the following expression is
obtained:

1) (@) = —T“(l —490(p)). (37)

It can be shown that the leading inhomogeneous effect in
the static limit only depends on the @ potential and, in fact,
it can be obtained from the homogeneous result replacing
the temperature by the local Tolman temperature [13],

Tolman — \/TE = T(] - (I)(p)) (38)
Notice, however, that in the results for finite time given
in (35) and (36), the explicit time dependence of the
effective potential prevents the introduction of a Tolman

temperature.
The next-to-leading correction, V(TNL>
O(T/m(g)), can be obtained by applying a modified

version of the Laplace method to the following integral,l

, including terms

1+2n
X 00 A~ _ —u _ v2\D/2+a-1
Ia,n - Ia.n - / du/ dxe 2a+2n (l/t X ) /

—/ duze“ {sz/u(l—l—nD/Z—l—a)
X

I+ n)F(D/2+a)]
I(D2+a+n+1)]

(39)

where we have replaced the Bose-Einstein factor by the
Boltzmann factor. B_(a, b) is the incomplete Beta function.
When u/X > 1, the integrand is exponentially damped as
e™/X_ Then, we Taylor expand the expression inside the
brackets around X?/u® = 1 to obtain

. 0 1 b X2 D/2+a
I, — I3, ~ —[( duD+2ae_“u (1 —;)

—_/ood exp[—u—f—Dlog( )
b

(B

'"The symbol =~ stands for an approximation in the Taylor
sense, while ~ stands for an asymptotic approximation, namely
the quotient between both results equals 1 in the appropriate limit.

+ 2a
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FIG. 1.
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Left panel: Points correspond to the numerical value of the thermal contributions to the potential proportional to ® and ¥

taking m((;’)) /T = 10, whereas the solid lines represent the leading approximations (35) and (36). Right panel: Points are the difference
between the numerical values of tl}e potential and the approximations (35) (blue points) and (36) (black points) for m(¢)/T = 10. The
next-to-leading correction for m(¢)/T = 10 up to (pn)? (dashed lines) and (p#;)*° (solid lines) is shown for comparison.

The expression inside the exponential has a maximum at
u~X when X — o0.” Taylor expanding the argument of
the exponential around u = X up to order O(u) (including
the logarithmic divergence), the integration in u can be
performed to get the following result,

Ig(m _ Igc?n ~ _23(D/2+a)+lF(D/2 + a)e—X
XD+1
X
(4X — D + 6a)P/ i1
~ _20/2+a—1F(D/2 + a)e'XXD/Z‘a,

(41)

which does not depend on n. Because of the factor XP/2~¢
in the last expression, the expansion in pxn mixes with the
expansion in X(= m(¢)/T).

Finally, the next-to-leading contribution to the potential
for pn < 1 is given by

A 4 . m(d)\ 32
Ve (@) = - ﬁ e~m@)/T (@)
x (1 +3¥(p) —(p—;)zcb(p)) (42)

A better approximation for smaller values of X is obtained
if we do not drop @ in the denominator in (41). This
improved approximation is shown in Fig. 1 (right panel). It

Here we are dropping a term linear in « in the expression for
the maximum. This means that we cannot allow @ — 0. Since a
is related with the order of the expansion in p#, the results are
only valid if the series appearing in (B1) is truncated at some
order such that <« X. Although it could be done for arbitrary a,
it would not be very useful if the expression cannot be resummed.
Nevertheless, it will be shown that the /-term is suppressed by a
factor l/X’, thus only the first terms are relevant in this limit
(X —» ).

is important to note that each order in (p#) is suppressed by
a factor [T/m(¢)] with respect to the previous order,
because of the mixing discussed above. For instance, the
correction proportional to ¥ does not depend on (p7n) to
leading order in [T/m(¢)] [see Eq. (42)], then the depend-
ence on (pn)? proportional to ¥ is suppressed by a factor
[T/m(¢)] with respect to the (pn)? correction proportional
to @, as shown in Fig. 1 (right panel).

Because of the mixing between the expansion in
X(=m(¢)/T) and py we cannot obtain a result valid
for arbitrary scales p and times 7. However, it is possible to
obtain the static result by taking the limit 7 — oo directly on
(10). According to this procedure, we get

a9 3/2
T (@)Y
22732 T

< (1-Fom) - (@)@(p)).

As can be checked in a straightforward way from (43),
also for the next to leading contribution in the static limit,
the inhomogeneous correction can be obtained from the
homogeneous result by replacing the temperature with the
Tolman temperature [13].

Vrwe) () =

(43)

B. Energy-momentum tensor

The leading order of the energy-momentum tensor is
already exponentially damped, since only modes with
energies above the mass of the field contribute. We write
the integral (32) as

0 2n
Jgf’n ~ /X due™" e (u? - XZ)D/2+"‘_1 (44)
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where the Bose-Einstein factor has been replaced by the Boltzmann factor. Applying the Laplace’s method again

we get

% D
S EXZ”/ dueXp[—u—Z(a+n— 1) log(u) + (E—l—a— 1) log (u? —X2)]
X

XD+1

~ 23(D/24+a)-1T(p 24 -X
(D2 + e e

~ 2D/2+a—lr<D/2 4 a>e—XXD/2—a+l

Then, taking into account the expressions given in Sec. II
and the result (45), the energy-momentum tensor for
pn < 1 is given by

Pr = <T00(777P)>T
ECO
2V273/? T
2
x (1 +3‘I‘(p)—(p;) CD(p)) (46)
—pr= <T"~(f1,p)>
jr(m(@)
2\/_7?/2 < T )
2
< (14500 - 0m) @)

T* P
= TO , ~— e_m(¢>/T (
Pr < 0(’7 p)>T 2\/571_3/2
' r @
_ = (T'.(n, P
Pr < (’7 p)>T 2\/2773/2

Once again, in the static limit, the inhomogeneous correc-
tions, depending only on the @ potential and can be
obtained from the homogenous one by introducing the
Tolman temperature.

V. ULTRARELATIVISTIC LIMIT
A. Effective potential

In the ultrarelativistic limit, m((z)) /T — 0 (or X — 0), the
dominant contribution comes from modes with energies
higher than the mass of the field. Therefore, the second part
of (30) gives

D + 6a + 8n — 6)P/>+a

(45)
[

4 (N2
T o=z @) i)
(48)

i T4 h)/T (¢) 3/2

T~ =5 e @ (M)

< (Ppip))r®(p) i#j (49)

where p; and p; are the energy density and pressure
produced by the thermal corrections. We have only retained
the leading order in m(¢) /T Further corrections O((pn)?)
are suppressed by a factor (m (45) JT).

In the nonrelativistic case, it is not possible to take the
static limit in the final expressions since we only have the
results for pn < 1 as discussed before. However, the static
expression can be obtained by taking the static limit in the
original expressions (25)

@> 5/2 (1 —%d)(p) - <@> <I>(p)> (50)
<@>3/2<1 —3§5<I>(p) - <@>©(p)). (51)
X, ~ [(m du Axdx ! 1%@2 — X2)D/2tan]
[(W du%inz/u (1+n.D/2+a)
e

where we have expanded the incomplete Beta function
B_(a, b) for X < 1 in the last line. The leading contribution
comes from n = 0. Replacing the lower limit of integration
by 0 we get in that limit
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1
where Li,(z) is the polylogarithm function.
Therefore, from (30) and using the expansion of P (1, p)
in (B1) and the result (53), we can resum this contribution
to get the leading contribution

Vi @) == (@) (54
Ve =T (@)zcb(p) < (1) s
Vi@ =15 (") wi < (100) s

The explicit time dependence of the general results
obtained in a static metric can be traced back to the initial
conditions of the modes. Taking the limit # — oo in (55)
and (56), the initial conditions are washed out and the
remaining correction in Fourier space is

4 /m 3V 2
VT(L)((%) = 5_4 (%) (1-2@(p)). (57)

In this case we can also obtain the inhomogeneous result by
replacing the temperature by the local Tolman temperature
[13] in the homogeneous result.

To get the real space result in the static limit, one has to
compute the Fourier transform of the complete expression
and then take the static limit, # — co. Following this
procedure, it is possible to get the real space result for
arbitrary perturbation (see Appendix C) which reads

. PN\ 1 1
V;l‘(NL) (¢) =T (@) {_E +

T

3 3
Ve (@) = T (M) ®(p) [—i Uopm) = 1) + s

3272

127 3272

4 (o
VT(L)(Q?’) = ! < (¢)

2
i T) (1-20(r).  (58)

Therefore, as expected, the static limit and the Fourier
transform commute [compare (57) and (58)]. This is a
general conclusion for the functions in Fourier space
appearing in this paper due to the results of Appendix C.

In real space, the corrections due to Newtonian pertur-
bations ®y(p) and ¥y (p) given by

Oy (p) = Wy(p) = 42 Y (59)

inside the light cone (r < |n|) are

~

Vi@ =15 (") oyt (1) o1

Vi@ =15 (") e (1) @

In

while on and outside the light cone (r > |5|) are

V?(NL)(&) =0 (63)
4 () 2
VL@ =15 (") . o

The next-to-leading order corrections can be obtained by
computing the first part of Eq. (30) plus next-to-leading
terms coming from Eq. (52) (see Appendix D). Finally,
after resummation of the series expansion (B1) we get for

Ve, [up to O((m/T)%)]

@) (log<%> +?—1— 7+log(4ﬂ)>] (65)

M) (cos(pn) — 1) + = <@>2P’7J 1 (P”)] (66)

T 720\ T

7 (22) -y i 4 L () G 2

ﬁ (m(&)

"I (i) =3 (67)

where y is Euler’s constant and J,, (x) Bessel functions. The leading and next-to-leading inhomogeneous thermal corrections

of V are shown in Fig. 2.
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Considering Newtonian perturbations ®, and Wy, in
real space we get for the region inside the light cone

(r <1np

V?EVNL) (65) =T (@

1 1 [
X [E ~ g2 aresin (W) } (68)

) oo

(70)

Yy m(p)\’ 1
Vi @ =1 (") < =g ] o
Here for simplicity we have only shown the O(m/ T)3
contributions.

|

In the static limit # — co one gets

T (m(rfﬁ)

. 3
Vroin(@) = —) (1-o@). (12

T

which is also valid in real space replacing ®(p) by ®(r)
(see Appendix C). Here again we find that the inhomo-
geneous result can be obtained by replacing the temperature
in the homogeneous contribution by the local Tolman
temperature.

B. Energy-momentum tensor

The leading contribution is given by the integral (32)
when n =0

o 1 1
X 2 2\D/2+a—1
Jao —[( duieu_ l—uza_z(u — X?)b/7+

B
:/ du (u*> + (1 =D/2 —a)X?)
0 e —1

=T(D-1)[(D-1)DED + 1)

+(1=D/2—a)¢(D - 1)X?] (73)
where we have replaced the lower limit of integration by 0
and expanded the integrand around X = O in the second
line. Therefore, we get for the energy-momentum tensor

pr_ (T(.p))r 7 (1 _ao(p) + 250 g0 +‘P<p>>)

T4 T4 =30

pn

=55 () 1 (2eostom + o) 4 cos(pn) - 2(0)| (74)
b 0Pl 2 (1 - i)+ U o) 4w )
~ 55 () 1 (Geostom + 5 o) 4 (Seostom + 5 - 2)o)| 9
(. p))r p;i\ 27% in
(R (300) 3% (22 - S (op) + (o)
i\ L (m@)\] i sin(pn) _ cos(pn)
#(12) 5 (52) [sntprrotw) + (singpn) + 252 -2 Y| (a)
(T'j-0))r _ (2 pipi\ 22 (sin(pn) , jcos(pn) ., sin(pn) PYANE m(p)\?
Tt _< p? 15( e (o) >(®(p>+q](p))+( p2>12< T )
sin(pn) sin(pn) _sin(pn) _ cos(pn) o
) K pn _Cos(pn)>cp(p)+<6 o e () _Cos(p”)>q‘(p)} AT
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® V2 form(@)/ T =0.1
£ - — Eq.55 form(®)/ T =0.1
fen}
— —8F
X 2
o~ -9 ao
> )
h 10 E x n
LI RAAAAAAAAAAL
2 ———— 3 vavvvvvvvvv
® VI form(@)/T=0.1 g
{ 1 — Eq. 56 form(¢) / T = 0.1 'g
=] ~ ) o Residuals V2 (O(m/T)%)
0 b
RS o Residuals V¥ (O(m/T)*)
%; 1F ] — Correction o« ® (O(m/T)%)
A — Correction o ¥ (O(m/T)%)
h 10 20 30 40 50 60 70 80 0 zb 46 éo 80
pn pn
e Residuals V$ (O(m/T)*) e Residuals V? (O(m/T)%)
© Residuals V¥ (O(m/T)*) 0.004 e Residuals V¥ (O(m/T))
— Correction o« @ (O(m/T)*) — Correction o ® (O(m/T)*)
vlfﬁ-\ 0.05¢ — Correction oc ¥ (O(m/T)*) ] "‘,’\ — Correction o< ¥ (O(m/T)°)
=] S 0.002F
RS S
AR
§ § 0.000 V V
3] 3]
-0.002 +
-0.004 . . .
0 20 40 60 80
pn

FIG. 2. Left upper panel: Points show the numerical value of the thermal contribution to the potential taking m(¢)/T = 0.1 and the
continuous line corresponds to the approximations in (55) and (56). Right upper panel: Difference between the numerical value of the
potential for m((?)) /T = 0.1 and the approximations (55) (blue points) or (56) (black points). The next-to-leading corrections
[O((m/T)3)] given by (66) (green solid line) and (67) (red solid line) for m(q?ﬁ) /T = 0.1. Left bottom panel: Difference between the
numerical value and the O((m/T)3) approximation (blue and black points). The O((m/T)*) correction is plotted as a solid line. Right
bottom panel: Difference between the numerical value and the O((m/T)*) approximation (blue and black points). The O((m/T)’)
correction is plotted as a solid line.

"), L (m(g%))Z 1 (2 o) + 2 )| (78)

T T 2

which does not correspond to a perfect fluid.?
In real space, we have for Newtonian perturbations inside the light cone (r < |5])

%:% ;’;{1—4K1 W)(I)N() ﬁ‘PN(r)}}—%(@)2[1—2@\,(1’)—1—4#‘1’,\,(1’)] (79)

fom - S| (- o] 55 () -2 5ot S|

(80)

i 2 m($)\>
(T 0(7’17‘; r)r ~ i 0;[3 (@ (r) + Py(r))] - %7]2 (%) 9;(rP¥y(r)) (81)

The energy-momentum tensor given by Eqs. (74)—(77) is conserved.
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(T',(n.0)r =

T4 —_300|11|3 0;0;[r (Py(r) + ¥y (r))]
L (m(@))? L
240[y <T> OBr¥y(e) i)
(82)
(T, (nx)r 1 (m(@))? r
ror= () [1-20- e
+ 2mqf,v(r)]. (83)
Outside the light cone (r > |57]), we get
pr_ (T%(n.1))y
T4 T4
7’ m(¢)\?
=T AW ()~ 5, <$> 14 6%,(r)] (84)

L (@ﬂl L) )

m =TT (@ (r) + Wy (r))

1 (@) s, (¢N<r> +§wN<r>) (36)

_|_

Ti~ , T 27[2 2
LE))r o 220 5,0y (1) + Wi ()

(MY 00, (0uw 1 2000 i)

T
(87)

@yl , 1 (@) [1+2% (). (88)

and on the light cone (r = |5|), the results are

pr_ (T%(n.1)r
T T4

pr_ (Thi(n.x)r
T4__ T4

gg(l +4%¥y(r)) —% (—) ’ {1 —%@N(r) +3‘PN(r)]

(T';(n.x))r  22%7°

0;0;(@y(r) + Py(r))

™ 225
P (m(@)\’ !
L (T) 90, <<I>N(r) + 5%(!‘))
i#] 42)
/Z m(P)\?
w %(@) 1 4+29y(1)].  (93)

In the static limit, the energy density and pressure are

pr_ (T%(n.p))r

™ T

<2040 - (") (120w 0
% _ <Tii(;;p)>T

1 =40m) - (") (1 -20m) o9

W m(P)\?
LA 253(@) (1-20(p)). (%)

the nondiagonal terms being zero. Once again, these results
can be interpreted as being the corresponding energy
density and pressure for a classical gas at the local
Tolman temperature [13] in agreement with [14,15]. The
same expressions for the static limit apply in real space (see
Appendix C).

VI. THERMAL SHIFT OF THE EFFECTIVE
POTENTIAL MINIMA

Once the effective potential is obtained, the value of the
field for which

Veff/(gb) =0 (97)
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determines the value attained by the classical field ¢.
The inhomogeneous contributions to the effective potential
will now induce a spatial dependence on ¢ which can be
written as

~

d(n.x) = gy + Ad(n, x), (98)

where ¢, is the minimum of the potential in the absence of
metric perturbations, but including the one-loop correc-
tions, i.e.,

Vi (do) = V' (o) + V(o) + Vi (o) =0, (99)

then to first order in metric perturbations and taking into
account that V{ = 0 in dimensional regularization, we get

V) 1w
Ap=—-—T2 — _ e
DT T V(G dp

dvi.
. 2
d=dodm

b=
(100)

Thus, the relative classical field variation is given by the
temperature correction

V" (¢h) dVY
ngf”(fzo) dm?

Ap = (101)

=y

The perturbation is therefore proportional to the third
derivative of the tree-level potential, so that variations in
the field expectation value are only generated in theories
with self-interactions.

In the nonrelativistic limit and in the static limit we get in
Fourier space

. DT ()2
Apr(n,p) = W <T>
n T2
v — | D(p). 102
x (%)(V};ﬁ,,( ¢0)) ®). (102

In the ultrarelativistic limit, we obtain for arbitrary 7

~

- () [ o

()]

which in the static limit reduces to

Ag(n.p) =

(103)

V) (T
A¢(p) - 12 (ngf,,($0>

>¢(p>, (104)

valid also in real space replacing ®(p) by @(r). In
particular, in real space, we get for Newtonian potentials
inside the light cone (r < |n|)

V(T
Ap(n.r) = — 12 <V2ff”(éﬁo)>

x [(er - 1>d>N(r) n er‘I’N(r)} . (105)

while outside and on the light cone (r > |5|)

v T
8d(n.r) = -/ (ngf,,(%))wr»

(106)

Thus, we see that outside and on the light cone (r > |r|), the
result reduces to minus the static limit result (104). Inside
the light cone (r < |n|), the thermal shift depends on time
and approaches asymptotically the static case.

From these results we see that there is a negligible shift in

the classical field (}5 at low temperature because of the
exponential suppression, however, depending on the form
of the tree-level potential, the shift generated by metric
perturbations in the ultrarelativistic limit could be relevant
in certain cases.

Now, let us focus on the critical temperature of the phase
transition 7, defined by [16]

Veff(fz’o + A‘%) = Ve (0) (107)

where Vg, q?ﬁo and Aq?ﬁ depend on the temperature 7.
Expanding Eq. (107) around the critical temperature in
the absence of metric perturbations 70, we get for the
leading order

Vii(do) = Vi (0) (108)
which is the definition of T?. Considering the next to
leading order and solving for 67, = T, — T, we obtain the

following expression for the shift in the critical temperature
produced by metric perturbations4

Vig(do)
6T, = ——<27 | 109
) 1%

It can be shown (see Appendix E) that in the static limit

“To get this expression we have redefined the effective
potential by adding a function of the temperature in such a
way that V2;(0) = 0 and - V"(0) = 0 for every 7. This does
not change the dynamics of the field since the aforementioned
function of the temperature does not depend on the field ¢
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Vieff(é\ﬁa))
% (ngf(¢0))

therefore, in that case, the shift in the critical temperature is
given by

— —To(p) (110)

ST,
T?

— o(p). (111)

i.e., once again the curvature perturbation ¥ does not
contribute to the shift.

VII. CONCLUSIONS

Considering a scalar field at finite temperature in an
inhomogeneous static spacetime, we have computed the
one-loop corrections to the effective potential and to the
energy-momentum tensor induced by static scalar metric
perturbations around a Minkowski background to first
order in metric perturbations. To this aim, we have applied
the formalism developed in [11,12]. In particular we have
used the explicit expressions for the perturbed field modes
together with the assumptions of adiabatic evolution of the
field. In order to obtain analytical expressions, the non-
relativistic and ultrarelativistic limits have been considered.

In the nonrelativistic limit, we obtained the corresponding
expressions in the static limit and also the limits for large-
scale perturbations (small p) or times close to the initial time.
In the ultrarelativistic limit, we obtain the complete results
for arbitrary p and 5 up to O(m/T)>. In the static limit, our
results agree with those in [14,15] which were obtained by
means of the Schwinger-DeWitt expansion. The energy
density and pressure in the static limit are consistent with
a local thermal distributions at the local Tolman temperature.
Besides, our results are sensitive to the initial conditions set
at the initial time for the mode solutions.

We have also discussed the space-dependent shift in
the classical field induced by the metric perturbations. As
expected, in the nonrelativistic limit the shift is Boltzmann
suppressed. However, in the ultrarelativistic case and
depending on the shape of the potential, the shift could
be non-negligible.

The results of the paper have shown that mode summa-
tion is a useful technique to obtain explicit expressions for
one-loop quantities at zero and finite temperature. Unlike
the more standard Schwinger-DeWitt expansion, this
method allows to calculate not only the local contributions
to the effective action, but also the finite nonlocal ones
which will appear at second order in the perturbative
expansion. Future work along this line will allow to explore
this possibility.
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APPENDIX A: PERTURBED MODE SOLUTION

The expression for P (n,p) and 60, (n,p) is given by
[12] (see also [17,18]),

n i yHi(n'. p)
Pi.(n,p :/ e~ k-pB(na) dyy/
«(-p) 0 2 (')

i e—ik‘Dﬁk(ﬂvO)Pk(O,p)’ (AD)
80, (n.p) = / ! kBB G, (1, p)df
0
+ e—ik-Pﬂk('?vO)&gk(O, p)7 (AZ)

where P;(0,p), 60,(0,p) are the initial conditions, and

o dyf
ﬂk(”f? 7]1) - /;7, Cl)k(l’[/) (A3)

2

0ut1.0) = =i Lot + D= ] ¥op) (A9

Ti(n.p) = p*66i(n.p) — ik - p[®(n.p) — (D —2)¥(n.p)]
(A6)

kZ
Gulr.p) = o [@01.p) + 1, ¥p) | (A7)
k

P, (0, p) is fixed by the orthonormalization condition of
the modes while 660, (0, p) remains arbitrary. The arbitrari-
ness in 56,(0,p) can also be absorbed in a change of the
lower integration limit in (A2). As we will see, only setting
the time origin to 5, — —oo, which is equivalent to taking
n — oo, corresponds to the exact static limit.

Full details about the solutions (A1) and (A2), and about
the orthonormalization condition, are given in [12].

APPENDIX B: EXPANSION IN py
FOR STATIC SPACETIMES

The following expansions have been used for the
computation of the potential and the energy-momentum
tensor,
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Py(n.p) = <3 - i—;) ¥(p)

1 ikpk =
dx Pi(
/—1 x( a)i ) ¢ ’1’ g 21

(i)

{7%“ (214 1)m

T 0(D) (@) YD)

(21=1)k

59k n,p

+§:—(_])l (pn)?
220+ 1)!

x [(2k* + (3 + 21)k?m?) (@ (p) + ¥(p)) +

2’0: 1)l+1 l+1 ik-p
Wk

1=

591((7]’ p) =-2
=0

1 ikpx =
dx 80, (n,p) =2
[ Jooomw =23 5

=1

1 ikpk =
dx 80 (n,p) =—4
/_1 x( p > (r.p Z 21+

=1

Both }A)k (1’],

appearing in the computation, while the remaining ones can
be obtained from these expressions.

)and [!, d2(%2%)50, (i, p) are the main terms

(1)

APPENDIX C: MULTIPOLE EXPANSION AND
FOURIER TRANSFORM

1. Fourier transform in three dimensions

In this discussion we follow [19]. The Fourier transform
of a function f(r) is defined as’

1) = [ Prsee (1)
Then, the inverse transform is given by
d’p ‘

= T C2

)= [ Gt (2)

With the usual abuse of notation for using the same label for
the function and for its Fourier transform. Note the nonunitary
convention (the factor 1/(2z)3 is introduced when going from
Fourier space to real space).

>~ (=) kN ayn
Z(zzﬂ)!("”)y(w_k) TR

P

(BI)

‘®(p) + 3k} (@(p) +¥(p)) + k2m*((20+3)¥(p) +2(I+2)@(p)))

(B2
) o (D) + E(0(0) + ¥(p) (B3)
(Z)ew+ (o) @m+ven|  ®o
o e ()| () o+ () (@@ +vwn]. 89
VL) ow+ () @)+ ven|. @9

lVVe are interested in the following integrals,
In®) = [ Srf) V@ ()
) = [ ST, )

where Y, (X) are the usual spherical harmonics. Using the
Rayleigh expansion,

o0

et = (20 +1)ilji(pr)Py(p - B),
1=0

(C5)

where j;(x) are spherical Bessel functions and P;(x) are the
Legendre polynomials, the addition theorem for spherical
harmonics,

4z d
21+1 =

Py(p-t) = m(®)Y5,(0),  (CO)

and the orthonormalization of the spherical harmonics,

/dQ Y* (ﬁ)Yl’m’ (f’) = 5ll’5mm’v (C7)
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I1,,,(p) and I,,,(r) can be written as

Lin(B) = 47(=i)'Y 1 () / a2 f(nilpr) (C8)

-l

Ilm( ) o a2

Yin(®) / ® dppF(p)ii(pr). (C9)

2. Multipole expansion in Fourier space

An arbitrary potential generated by a finite static matter
distribution p(x) can be written as a multipole expansion
in spherical coordinates in the region outside the matter

distribution as
IS GO [ 42, .
—E g =,/ —Y 1
r Lo Lo rl 2l+1 lm(r> (C O)

where (), are the spherical multipole moments of the mass
distribution given by

3./
Oim 1/21_’_1 (r )d°r (C11)

The Fourier transform of the potential is

00 - l
Az ; A .
2; 21_1 Zllep 2l—|—1 lm(p)
(C12)
where we have used the following result,
—Ar -2
. e 5 € . 4
llil(l)l‘ 0 drr r(l+l)Jl(pr)_(2l—1)!!’ (C13)

where we have introduced a regularizing factor e~ [which
in fact it is only necessary for / = 0, the remaining cases
being convergent].

To get the results for potential and energy-momentum
tensor in real space we have to compute the following
integrals:

1 sin(pn)
| OO G
p'=pn 1

1 in(p’
3 | oW Gy

Taking into account the multipole expansion of the
potential in Fourier space (C12), it can be shown for each
multipole that the integral will be proportional to

eip-rd3p

wr/igdp’. (Cl4)

1 0 - sin(p’)
HIA dp’e j-p[)/zp/l 2 (p )2k+1 ][(p/r/”), (Cls)

n

where we have introduced a regularizing factor e . Since
the spherical Bessel functions of the first kind are finite, in
particular at the origin, we get that in the static limity — oo,
the integral goes to zero. The same argument applies for the
integrals involving cosine functions.

APPENDIX D: NEXT-TO-LEADING TERMS IN
THE ULTRARELATAVISTIC LIMIT

Next to leading-order corrections can be obtained by
expanding the Bose-Einstein factor and performing the
integration term by term. For instance, the integrals we are
interested in are of the following form,

o f(@)
. eXi

X4

-, (D1)

where i = u/X and X = m(¢$)/T. Using the Taylor
expansion of the Bose-Einstein factor,

-y
k=0 k!
the next-to-leading corrections in X can be obtained as far
as the integrals are convergent. B; are the Bernoulli
numbers. The function f(it) appearing in the calculations

behaves as N% in the limit & — oo; therefore, the integrals
can be performed up to k = 2.

=z| ::’

(D2)

APPENDIX E: EXPRESSION FOR Vi,
AND & Vi IN THE STATIC LIMIT

Let us deﬁne (following [16])

0212 — 22
JD<)C) :/X 2(61'{7—1)(1” (El)
FO(X) = / " (x)d. (E2)
0

Then, in the static limit we have

yho— 4T_7:2 F <@> (E3)
and
Vi = 4T42 {ZF( ) (@) +FGED (@)] @(p), (E4)

which can be read from Eq. (10). The derivative with
respect to the temperature of the homogeneous effective
potential is given by
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d R
(Vi)

:4T_; [4F<1> <@) - (@) 0 (@ﬂ (ES)

The second term in the right-hand side of the last equation
can be written as

—oF() (@) _ pn <@>
(E6)

where we have used the following property of J(*)(x)

oJ¥) (x)
Ox

= —yxJ2) (x) (E7)

Therefore, Eqs. (ES) and (E6) give us

Vgl
T @) o) (E8)
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