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We study supersymmetric Wilson loops in d = 3, ' = 3 harmonic superspace, leading to a construction

of a supersymmetrized generalization of the %—BPS Wilson loop for A/ =3 gauge theories. This also

includes the generalization of the é—BPS loop for ABJM theory. We perform a “one-loop” computation of
the vacuum expectation value of this operator directly in superspace and compare with the known A" = 2
localization results at large N. This comparison also lets us identify certain fermionic contributions that do

not receive any subleading corrections.
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I. INTRODUCTION

The power of supersymmetry to simplify computations
and gain insights cannot be overstated. It sheds light on
hidden structures and illuminates relationships among seem-
ingly different objects. A perfect example of this power is
given by the Wilson loops/scattering amplitudes duality in
d = 4, N' = 4 super-Yang Mills (SYM) theory. Even though
evidence for such a duality existed [1-6], only after the
construction of a supersymmetrized Wilson loop (WL) in
superspace [7,8] has the duality been confirmed
for all helicity sectors of the amplitude. In three dimensions,
while similar evidence in the case of the four-point ampli-
tude/four-gluon Wilson loop for A/ = 6 ABJM theory [9]
exists [10,11], extending beyond four points immediately
forces us into the remaining sectors (in terms of R-symmetry
instead of helicity) of the theory. This motivates us to
construct supersymmetric Wilson loops in superspace.

After the introduction of ABJM theory, various Wilson
loop operators with different amounts of preserved super-
symmetry were studied extensively. Earlier efforts dealt
with construction and perturbative computations of %—BPS
WL [12-15]. Localization was applied to evaluate the
vacuum expectation value (vev) of this WL in [16], and the
results were found to match the perturbative calculations at
the large N limit. %—BPS operators were constructed later in
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[17] and more calculations followed in [18,19] where even
finite N contributions were computed. Being “cohomolog-
ically equivalent” to the é—BPS operator, the localization
results do not differ for these two operators. In [20], a
classification was given for Wilson loops preserving
various amounts of supersymmetry in N =2,...,6
Chern-Simons (CS) matter theories. New Wilson loops
in A = 4 theories have been constructed recently in [21].

In this ever-expanding literature of construction, classi-
fication, and computation involving Wilson loops, we
present here a supersymmetrization of the simplest WL
operator in three-dimensional CS matter theories including
ABJ(M) theories. Such an attempt has been made in [22]
for the ABJM theory in the framework of “ordinary” N =6
superspace. It was also pointed out that there are at least
three reasons why such a WL cannot be dual to the
scattering amplitudes of ABJM theory. The main issue is
the nonchiral nature of the superspace that leads to torsion,
which does not allow a straightforward identification of the
kinematics on the two sides of the duality [23]. So we
content ourselves with the well-studied framework of
N =3 harmonic superspace [24,25] to construct the
supersymmetrized Wilson loop.' This is to have as much
manifest (off-shell) supersymmetry as possible along with a
notion of chirality (or “harmonic analyticity”) built in.

In the next section, we consider a warm-up exercise of
constructing a supersymmetrized WL in N = 2 superspace
and a sample localization computation. Then we review
the d = 3, N/ = 3 harmonic superspace in Sec. III before
constructing the supersymmetrized %—BPS WL in Sec. IV.

This leads to a generalization for -BPS WL in ABJ(M)

'"Harmonic Superspace was originally constructed for d = 4,
N = 2 supersymmetric theories in [26].
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theories. In Sec. V, we compute perturbatively the one-loop
vev of this new WL operator directly in harmonic super-
space. Finally, we compare the perturbative result with
localization computation and comment on future outlook
in Sec. VL

II. WARM-UP

We construct here a supersymmetrized Wilson loop
operator in d =3, N =2 superspace with coordinates
{x#(x")), 6,6}, where the vector index u = 0, 1, 2 and
spinorial index a =1, 2 correspond to the SO(2,1) ~
SL(2,R) group” Though it is rather straightforward, we
think this analysis has not appeared in the literature in this
form so we discuss it as a warm-up exercise leading to the
less trivial AV = 3 superspace in the next section.
|

W(x, 0,0)

~ dimR

trRPexp/dr {;kﬁﬂAaﬂ + 07A, + || W | =

The N = 2 supersymmetry algebra has the following
set of gauge-covariant superspace derivatives: {D, (D).

D,.D,}. These satisfy the following algebra:

{Dav Z_)ﬂ} = iD(xﬂ + E'aﬂW; {Da, Dﬂ} = 0
[D,. D] = s¥Wr
[D,.D,] =iF,,. (2.1)

The Jacobi identities give further relations among the
field strengths W, W% and F,. One such relation is
D,W = —iW, along with the chirality constraint
D,W; =0 [27,28].

The supersymmetrization of the familiar %—BPS Wilson
loop in chiral superspace then looks like

trgPe", (2.2)

1
dim R

where xZﬂ = x% +i0*6P. We can do the component analysis of the connections and field strengths, leading to the fields of
N =2 vector multiplet {a,4,0,4,,4,, D} along with the field strength f

W, =o; DW| = 4 DW| = 4 D, DyW| = fop + €4pD
b(aA/;)l = aaﬂ, 7_) . A| = 0, ’Z_DZAQ‘ = /1(1; Dab . A‘ = j’a; DG@ZAQ‘ =D
Aaﬁl aaﬁ, DaAaﬁI = /1/;, DaAaﬁ‘ = ﬂ'ﬂ’ DaDﬁAaﬁ‘ =D. (23)

Here | denotes that all ’s are set to vanish. Also relevant is D(al_)zAﬂ)‘ = fqp- It is now trivial to verify that the 6-

independent piece of the exponent in (2.2) reduces to the well-known bosonic expression: [ dr(ix*A, + |¥|o).
It can be easily checked that the W(x, 6, §) preserves some supersymmetry:

SW = €e'D,W(x.0,0) ~ trRP{eW / dr <8”Dy {;XﬁﬁAaﬁ +60°A, + |XA|W} ) }

~ trRP{eW / dr(ie* (i, + |)'cA|8aﬁ)Wﬁ)}.

In arriving at the last step, we have used the algebra (2.1) to
convert covariant derivatives acting on connections into the
corresponding field strengths, and terms that look like field-
dependent gauge transformations of the connections, i.e.,
x4PD,s(e7A,), are dropped as W(x, 6, 0) is gauge invari-
ant. The BPS condition for the purely bosonic WL requires
x*(t) to be an infinite line in Minkowski space or a great
circle on $3 and one can choose it to satisfy |x| = 1[16,20].
Since (2.4) for the supersymmetrized case results in a
similar equation, we will also consider |¥*| = 1. This does

>The vector x* can be traded for a real second-rank symmetric
tensor x* = x*(y,)* with the help of d = 3 “gamma” matrices.
We do not need the explicit basis but the relation x"/’xaﬂ =
—2x#x, = —2|x|* will be quite useful to know.

(2.4)

[
not determine 6(z) completely but only up to a function of

7 0(t) = f(2)0,, O(z) = f~(2)0,.” Hence, constant sol-
utions for & can still be found for these configurations,
where the condition &*(i/,; + |¥*|e,5) = O projects half of
the degrees of freedom, thus preserving two real degrees of
freedom, i.e., -BPS.

Given the Lagrangian and propagators of [27,28], one
should be able to compute the vev of the WL (2.2)
perturbatively in superspace as well as in components at

’It is most likely that one needs to consider superconformal
transformations of the WL operator to fully determine the 0(z)
profile consistent with the circular bosonic WL. We do not pursue
this exercise here. Thus, we will not evaluate the 7 integrals
explicitly and leave all the 7 dependence of the coordinates intact.
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different 0 orders. However, we will skip this analysis here
and comment on the nonperturbative analysis instead.
Using the localization results of [16] where a N =2
theory on §* (of radius r) is considered, we can obtain
an exact result for the vev of the supersymmetrized Wilson
loop. Since the path integral is localized on the vector

multiplet’s scalar field 6 = constant and D = —2, we have
- 1 -, -
W(x,0,0) = dimRtrRPexp/dr {ExzﬂﬁaﬁﬁD

+0- (00 + 00°D) + |xa|(c + 0 91))} .
(2.5)

Even though we do not know f(z) explicitly, we can
evaluate (W(x,0,0)) formally. Let us denote everything
in the exponent by @c, with © = L [ dz(1 +176,0, +
0-0-0-0+0- 06%) (also set r = 1). The path integral
reduces to a matrix model in terms of eigenvalues 4; of ¢
(we choose ABJM for concreteness, which has two U(N)’s
as gauge groups and +k as the two Chern-Simons levels),

= 1 ~ N N32
W(x,0.0)) / dA;dd; (e =34 ) A (2)2

~ NINZ
202 () % Zriae (26)
where o = —@ = 27i % We refer the reader to [16] for the

definitions of various factors in the above result as we are
interested in its perturbative limit only. To obtain a
perturbative a expansion, we can expand (V) in A and
compute the vev using the orthogonal polynomials method
(note that (A%) = O(at)):

W(x,0,0)) =1 +1®2a

2
1 1 1 1
_ |2 L ez b 2\t 2
[6<1+2Nz>® 24<2+N2>®}a
+ O(a?). (2.7)
Rewriting ©® = 1+ 19, we get (note 9° = 0)
W( ¢99)>—1+l 8+'9—2
x,0,0)) =1+ Tl
1 1 1 1/1 1\ 82 5
‘{ﬂ(”ﬁ)*?""a(fm)z]“
+O(). (2.8)

In the above expression, we have removed the bosonic
term at O(a) by multiplying the result by an overall phase
e, which is necessary in matching the perturbative
computation [16]. Note that we do not remove the whole

9-dependent term at O(a), since as we will see later there
are indeed fermionic contributions at O(a) in perturbative
computation. We will return back to this result in Sec. VI.

III. REVIEW OF N =3 HARMONIC
SUPERSPACE

Now, we turn to A/ = 3 supersymmetry. We collect here
the necessary ingredients from three-dimensional N = 3
harmonic superspace literature along with a few explicitly
worked out details that will be relevant for us in later
sections.

A. N =3 harmonic superspace

The ordinary d =3, N =3 superspace with coordi-
nates {x* ,0%} has the following algebra of superspace
derivatives:

{D¥, D};l = i(e*el! + £le/*) 0,

=04 +1670,. (3.1)
To obtain constrained superfields in the form of Di® =0,
it is useful to consider the case where D is given by a
simple partial derivative, indicating the independence of @
on certain variables. The obstacle to having a representation
of Dg as a partial derivative is its anticommutator algebra.
This can be overcome by the introduction of SU(2)/U(1)
harmonics . These bosonic variables satisfy

utluy =1, uj“'uii =0, (3.2)
where the raising and lowering of the SU(2) index i is done
by contracting with the invariant tensor €”/. (The contracted
i among u’s will be suppressed most of the time.) These
new variables are to be integrated away using the following

rules:
/dul =1, /duua...ua =0.

In other words, only the SU(2) invariant polynomial with
vanishing U(1) charge survives the integration. The har-
monic variables allow us to linearly recombine the 3 x 2
fermionic coordinates into three new SL(2,R) doublets
grtt = uiiujiej-’}, 60 = u”uj‘H?;. The upshot is that
doing the same for the covariant derivatives, the super-
symmetry algebra now reads,

(3.3)

(DF+, D57} = 2y,
{Di*. D7} =0,

{Dg’ D/(}} = _iaa/iv

{D;*.D}} =0, (3.4)
where one finds that we can SU(2) covariantly isolate a
doublet of commuting fermionic derivatives, for example
D} . This implies that we can have a representation for the
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covariant derivatives where D} is a simple partial deriva-

tive. This is referred to as the “analytic basis,” and it is
given as the following:
Oup — 53/3
D;r+ — a;r+
DY - { D~ =0, +2i0-d (3.5)
DY = — 100 + 6"},

We defined x}; = xo + i0/," 0" In the analytic basis, we

obtain constrained superfields by imposing the ‘analytic’
constraint D *® = 0, which now implies that ® does not
depend on 6,:

DO =0= ®=0( 057,00 u). (3.6)

aﬂ’

The introduction of harmonic variables also introduces
R-symmetry covariant derivatives, and are given by4

Dii — aii — I/ti 9 DO

F o = [D™, D).

(3.7)

These have nontrivial commutator algebra with the fer-
mionic derivatives’

(D=, DFF| =2D0,  [D**:,DY =DE:.  (3.8)

1 _
EDgDﬂ A++\ = a{l/)’; (
1

1
(D=~ 2A++ =3 -
2( a ) | ¢ )

(DO 5 (D PPA™ = 3X

B. Chern-Simons matter theories

To study gauge theories, we gauge-covariantize the full
superspace derivatives D — D = D + A, which define the
relevant field strengths:

{Di*. D5~} = 2iDyp + 265 W°, (DL, D)} = —iDyy.
(3.9)
{Di*. D5} =0, {Di*. D)} = £e,,WH. (3.10)

The covariant derivatives, and the field-strengths, transform
as D — e"De™". Choosing a suitable gauge-frame (from
7 — A)suchthat AJt = 0 allows us to define analytic super
fields covariantly while maintaining its implication of
independence on 0;7: D/t® = D/*® = 0. Note that
choosing such a gauge generates (new) harmonic connec-
tions A**, from which all other connections can be
obtained through Bianchi identities. In particular, A™
turns out to be the unique analytic (DFTATT = 0) pre-
potential in this formalism. The prepotential transforms
under a gauge variation as usual,

AT = Dt fe™* = §,ATT = =D, (3.11)
where 4 is an analytic gauge parameter. A convenient gauge
is the Wess-Zumino gauge in which the prepotential has the
following component expansion [25]:

1

(3.12)

This is clearly the A" = 3 vector multiplet with fields (a,, 4. 250 i, X)), Of course, ¢p=~ = uyu; " and so on.
It is now possible to write every other connection and field strength in terms of the analytic prepotential A™+. We start

with the following connections:

DY =[D. D] = A (u) = ) (—1)"

1
204 = [D. D] = Af = =5 D{FAT

D" =D, DY = A;” =D A}

(a"7p)

ATt AR
/dul ,,,,, T 1+ T s T
" (u ”1)(”1 us ). (uyu™)

- DA +[AT,AY).
~iDyy = {Dy. Dy} = Agp = 21D, A) = —iD(, DA™

0D, (3.13)

DY is strictly speaking not a covariant derivative on SU(2)/U(1). It should be treated as the subgroup generator that defines the U(1)

charge for a given operator or field, as in D®@) = g®(9),

>For completeness, their explicit forms in the analytic basis are given as

D*t - D =

a:ti + 21911“90/}8‘4 + 290(16:Ei + 9:&:&(180
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Then the covariant field strengths can be derived from the
connections as follows:

DITWHt =D Wt =0 = W is analytic.
1
Wt = EDz;ﬁLAoa —

WO = %’D“WJr+ and

1
(DA

W= =D~W’ (3.14)

The N = 3 matter multiplet consists of two complex
scalars f' transforming as a doublet under SU(2) and their
fermionic partners ', which are encoded in the following
hypermultiplet superfield,

1 N

gt =r"% Digt =y EDSD“qﬂ = —i0upf",

gt =-f" Dyt =g 217 Dyq") = i0apf
(3.15)

where f*=uffl, ff=uif,
fermions.

For the ABJM theory, we have two sets of g™, with
a = 1, 2. In this representation, the SO(6) R-symmetry is
broken: SO(6) - SU(2)g X SU(2).y, and the ABJI(M)
action for Uy (N) x Ug(M) theory:

and similarly for the

ext’

S:SmWH—&ﬂﬁﬂ+g/%HWﬂﬁwﬂ,

(3.16)
kSN (=1)"
A++ 3,76
Scsl | = i r;—n /d xd°0du,
Afur A++
1
) (ugud)’ (3.17)
(D gt )5 = D™ (g™ )k + (A )5 (qt)8
= (g™ )A(AR S, (3.18)

where A € U(N), A € U(M), and g** have “opposite”
gauge charges under the two gauge groups. From the
action, one finds the following equations of motion,

68 — v++q+a =0 68

411
Dgy TOSATT =W

w4 aq =

(3.19)

with proper ordering of gg to match the gauge indices of
W/ % The latter equation of motion implies that scalars
from the vector multiplet get equated to biscalars of
the matter multiplet. One such relation will be relevant
for later use:

wo = lD——W++
2
27 0
= ¢’ = —7”?7(( w) ) (wl £*))
_ 2 (ujuf + uj*u,:)ﬂfk“. (3.20)

This crucial relation is responsible for generating the well-
known sextic potential involving f’s once ¢’s are integrated
out from the ABJM action.

The CS theories coupled to matter can be quantized
directly in superspace [25], and the resulting propagators
read

<-+ +> LMTLMEL (3 21)
91 49> 27l \/ﬁ’ :
i1
ATFATH) = = R (055 (1), (3.22)
where

p = X — x4 — 21670

2i o a a 0,
g (r)or 03— (upud oy 6
1

— (uf 7))
+ (ufuz) 0505 ).

05+ (oY

(3.23)

The p* has quite a complicated expression but in the
presence of 8%(07;7)6(u;, u,), it simplifies in the vector
propagator to the following:

a ap + n0(a 50,
p7 = (XA/)IZ - 21‘91( 92ﬁ>

S = 2l —dixly - 0000 + 4020, (3.24)

The vertices are easily read from the relevant actions.

IV. SUPER-WILSON LOOP

There are two main types of Wilson loop operators
that can be considered for d = 3 Chern-Simons theories
[12,16,17 20]'GYtype(1—BPS for N'=2,3,4,6)and DT
type (still 3-BPS for A" =2, 3 but {-BPS for N = 4, 6).
We will focus only on the former case here. The g-BPS
Wilson loop is usually written for A" =3 CS theory as
follows,

W s3(x) =

1
trRPexp/dT{ (1/3 (z/}+ y11¢]

(4.1)

dimR
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where y;; = y;; are 3 SU(2) coordinates. For this operator to locally preserve any supersymmetry, the SUSY parameter el
needs to be a solution of

)'c"‘ﬁe;j + i@k = 0, (4.2)
provided that |x| = [y|. To incorporate the condition on ||, we can rewrite the scalar term in WL as [ dz|x|(u; u7)p!?)
using the harmonic coordinates on SU(2).

Now, we are ready to write down the most general supersymmetrized expression for a Wilson loop (such that (4.1) is its
bosonic component):

W(x, 05*,0%) =

-1, a Nt+a 4 —— nO0a i L.
dimRtrRPexp/dr[TxA’ PAus+ 0 AT+ 6 Ag—i—;ui UFATT —|—§|xA|W0 . (4.3)

The usual BPS condition on the bosonic WL (@7 @\, s3(x) = 0), which results in (4.2), translates to el pi)
W3 =0 (along with x — %) in superspace for obvious reasons (see [29] for an explicit proof). Let us see what that
implies for (4.3),

-1

E(ij)yD}(,ij>W(x’ 0+, 0%) / dr [T )'CA,aﬁg(ij)r]:;fZ} + é++ag(ij)y_7:}(}£)~“ + éOag(ij)yf£f£>~0

1 . i
2154 i plid) o
+ _0 —|—2|x"‘|£ D, WO,
_7_—51./')4150

where we use F 4 p to represent the field strength arising from the (anti)commutator of {D,, Dg|. As we did for the case of
N =2 WL, we have ignored here terms that look like field-dependent gauge transformations. Since we know that only
F 9;2 =F ff‘ii = 0, we can have only one of the 6 terms above in the Wilson loop. This means either e+ or €” can be the
only unbroken SUSY. However, choosing &, we find that 9 _, [25] contains not only the Dy W* term but also DSt W=, so
the above variation cannot vanish. Thus, we are left with e™ and the remaining couple of terms do vanish in this case

because
v = —i(eyaD/;‘WO + €,sD;~ W), (4.4)
which implies
l. . .. .
—ExA”’ﬁeJr”fﬁﬁ + |5 et Dy WO = et (i Ve, D WO 4 |54 Dy W)
= ief T (AN — i|XA|e“ﬁ)D/;‘WO =0. (4.5)

This expression vanishes (for arbitrary W?) in a way similar to the A = 2 case, and we preserve half of the complex spinor
&7, Thus, the final result for the supersymmetric generalization of the %—BPS Wilson loop is

1 -1 . , 1
— __ yAap tHa g —— +i i ++ _|yA 0
Wiys pF RtrRPexp/dr{4 ¥APAL+O0TTALT + Ei uriFA +2|x |W } (4.6)

To compare with the usual bosonic WL operator, we write the above in component fields:
— . 1
W3 ~ trgPexp / dz [;xaﬂaﬂﬁ F OO0 4 SR+ 0020 + o<92>] . (4.7)

The difference starts at terms of order 8 containing fermionic fields ( ;(f{ ) and at % order with bosonic fields (¢*/). Higher-
order terms will contain 4,, X" fields too.

With this construction, we can readily give the supersymmetrized generalization of the %—BPS WL operator for N’ = 6
ABJM theory in N' = 3 harmonic superspace:
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-1, - . 1,
Wl/6 = mtf,gp@Xp/dT[(TxA'aﬁAaﬁ + 9++ A;_ + Z MiluiiA;$ —l—z |)CA|WO>L + (L - R):| . (48)
+

This operator reduces to the canonical bosonic operator in ABJM theory with the matter coupling term M7 C,;C’, where
MY = diag(—1,—1, 1, 1) (up to the factor 27) if the u matrix further satisfies u;” = (13 )" = u(z). To show this, we need to
use the equation of motion for A** (3.19) and (3.20) along with a change of notation from f’ — C; as discussed in [24].
(Without the constraint on u, this operator has more content due to W' containing not only ¢'> = MJC,C’ but also ¢'!
and ¢*2.)

V. COMPUTATION

In this section, we will compute the one-loop vacuum expectation value of the Wilson loop W, /3. The constraint on u will
also be imposed so the operator and the expected vev slightly simplify (with R being the fundamental representation of
U(N) gauge group):

1 -1, VS G
Wi —NtrRPexp/dr{TxA’“ﬂAaﬂ—i—H“’ A +§|xA|W0] (5.1)

1 -1, . 1.
W, 3) :1+ﬁ/dﬁd¢2<(T A-A+0++-A“—l—§|xA|W°>l(~~~)2> T (5.2)

An important subtlety that occurs repeatedly in the computation is when D} (u) = ul*ujDﬁ{ acts on an analytic
superfield which depends on another harmonic variable, say (65,89, u’). The result is not the naive zero since, using
(utu~) = 1 and repeated Schouten identities, one can rewrite

Dt (u) = (u’*u")zui*ufof
= ("= Dt (u') + (u ") Dgm (u') = 2(ut ™) (utu' ) DG(u')], (5.3)

where we have converted the harmonic dependence of the derivative from u to . Note that the charges match on both sides
separately for u’s and #’s. Thus, for any analytic superfield ® (0", 69, u’), we have

D (u)@(u') = (w2 (D~ @](u') = 2(u* /™) ('t u' ") [Do@] (u'). (5.4)
Similar manipulations lead to the following list of identities:
(D () PO(u)

Di(u)® (')
D™ (u)®(u')

(a2 ((whu P ((DF7 @) () = 4wt u'™) ('t u ™) [D™"* D] (') +4(u u'™)?[(Dg)* @] (u'))
(') (uu*) (D@ (') + (1 = 2(u* ") (') [De@] (')
(u=u* )2 (D5~ @](u') = 2(u~u'*) (uu'~) [Da@] (u'). (5.5)

For the sake of convenience, we list generating expressions for component expansions of some connections and field
strengths below [that is, keeping only a single A*™ in (3.13) and (3.14)]:

Agy(u) = ~i[DY, DI AT (u) = i / du[DO, Dy AT ()

Az () = ~5 [(D™DF* + 2DA~](w)

__ / i [% (DAY () + 2%[1)3A+ﬂ(”/)
W ) = = (DA~ ()
1

- / du [t (D7) 2AT ] () — 4(ut /=) () [D - DOAT] ()], (5.6)
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Note that all the fields depend on the same € coordinate. The components can be obtained from the above expressions by
using (3.12) and performing not only the D-algebra but some harmonic algebra too. The simplest component to obtain is the
vector: A“/’I = 2ia,p. To get the scalars, we need to perform slightly more involved algebra:

W++| — —%/du’(u*u’+)2[(D;_)2A++](u’) _ 3/du’(u+u/+)2¢__(u’) — u;ruzd)(jk) — ¢++;

1 1 .
WO, = ED__W++‘ =3 (ujuf + ufu;)qﬁ"’d = ¢
W = D WO, = (5.7)

Other components can be similarly obtained, which we leave as an exercise and refer the reader to [30] for useful identities
involving harmonic variables.

Now we turn to evaluating various contributions to (W, ,3). First, let us consider the contribution from the vector
connection. In general, we have from (3.13):

. Y . ) __ __
xZﬁ,'lxz,2<Al,aﬂA2,y5> = _xZé1x£,2<D(l)aDTﬂ+Al DgyD;5+A2 )
= —i¥ lfcffz< / g 2P (AT () / ay 212D ()47 (1) > (5.8)
s (ufut)? (3 0%)
Using (5.6), we find
. Y . Y __ I
x3€1x2,2<Al,aﬂA2,75>(]) = _xfflx,}:},2/du[l)(1)al)lﬁ Aﬁ](”)/dv[l)gyDza A" ](v)
L |
= 3 / duDY, DY, Dijy Dy —— 5 (03)
o 2m\/2p?
_ —jCaﬂ )-Cyﬁ €ﬂ5(ix?2 - 9?08)(1}' _ )'C(z/} )-Cy(s g/jég(l)aegy . (5 9)
AT A DA

—p—_1 —2 p—282(g++) — a4 3P ;16 A sm osn D 1
We used here D™Dy~ = 5€,5D77% D™726%(07") = 4, X1 X4 845X 4 ~ EmnpXp1 X4 2% 12 = 0, and expanded - in

powers of #°’s. The next term (quadratic in A*™) in the expansion of A~~ also contributes

caf oyS a1 Fan(lxh)? —ixdy - 6069 4-160°69%)°
xfflxg.z <A1,aﬂA2775>(2) = 4ﬂ2|.)CA |6 4 . (510)
12

Let us sketch how we got this result. We require that all 5*(6,5") be canceled so higher orders of A™" cannot contribute as
there are not enough D~ derivatives in (A ,4A, ) to cancel more than two such & functions. After expanding D(l)warﬁ+

using the identities given above, doing two harmonic integrals using the harmonic § functions in the two propagators and
then hitting the two 8%(0;,") with correct D==’s, we are left with
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(=(ug v 2w ul ) (W) + (uwfw*)? (v uf) (vhuy)

(= 02 0 ) (915 gy + (040 (04 107) w1 P 00)

<Al,(lﬁA2,y5><2) N/dUdW

(o) O] ) (0w s 07) v )V 20720

—(u o) Whur) (g v ) (W ug)epstay + (v717) (W Uy )€y €as)

)(W+u5)8(158/}y + (U+u5)(w+u§r)8(zye/}5)

o [y TN (5

(vFw*)2(2p?)

=((uywH) (uyv™) + (v w)) (v wh)eg eq5

+(u w ) (vt (0w e g5

N/dvdw

(W 2(20?)

A2 A 0000 o 10209022
N£ay£ﬁ5_£a}/£/f6(|xl2| —ixyy - 070, + 70770, ) )

p* |X?2|6

Keeping track of various signs and numerical factors above,
we get (5.10).

Let us now evaluate the second contribution to (W) due
to the charged fermionic connection. Using the fact that we
need enough D,~ to get relevant terms, we ignore terms
with DY in the expansion of A~ in (5.6):
0++93—ﬂ+ (AI““A;_ﬂ>

la

e s / du u'uy Do utuy p=F i5*(0,,")
la Y2p M+MIL 1 u+u;r 2 o0 /_2/72
— ot ot <”1_”§> ety |? — ixt - 6965 + 411‘9(1)26(2)2‘

) uy 27xiy

(5.11)

The u factor in parentheses might look divergent upon
imposing the constraint on the u matrix discussed in
the previous section, but using an explicit parametrization,
one can show that it instead limits to unity up to a U(1)
“charge factor.” We will, however, leave this factor as
it is to account for the correct U(1) charges along
with an understanding that there is no nontrivial u
dependence.

The third contribution to (W) due to a mixed contraction
of the two connections vanishes:

_ . __(utuzy\ 8% (01;)
(ALagpAy ") = —i / duDj, Dy <W>D2 S

2m\/2p?
N _(x?lo'(agg” + %9(1)((19(2)2)5;,}) /d M+I/l£
27|xf, |} utuy

=0. (5.12)

The fourth contribution to (W) due to the scalar field
strength is

a1 [ 2 (WWS) )

1. . __ e __
:6_4|XA,1||XA,2|D1 DLHAl D; Dz+/3+2A2

il 3-8+ )
27r|x‘{‘2|3

(1=2(u)uy ) (uyu3)).

(5.13)

This is a contribution from the linear term in A~ and is
straightforward to compute. Like (A,4A,5), we get a second
contribution from the contraction of quadratic terms in A™~
here too:

a1 1342 (WWE) )
__Paa [laal (|t |* = ixd - 0963 + 169°65%)°
An|xy[®

x (1= 2(uj uy ) (uyuz)).

(5.14)

This computation proceeds very similarly to the case of the
vector connection, but there are more terms; we sketch
them below (again, various signs and numerical factors
need to be tracked):
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(W?W3>(2>N/dsz:DHZ[AH(U ()AH(UZ)]/ 12D__D2+/f+2[A++( wi)AT (w,)]

CRRIGEICED G w) O wh) (w3 ud)
utot)d. utv)h.
D (0D (0o [ (01 2 0|
o)

2 ui)(ug v7) (v v3) (0] uy)

1
i~ [ oy LIV P P s
(ui o) (i o3) (w3 ui ) (w3 of ) (v 03 ) (v3 ug )p?
S R s L
1 2 1.2 (”T”;)z ﬂ2
1
~(2- 4(uiu§)(uru5));-

Similarly, we can compute two more mixed contractions between the two connections and W°, but only one is
nonvanishing:

o (ixty - 69 =10969%), o
<A]a W(2)> =~ 12 27;,'|XA2|32 2 (u] u;)(ul u2)' (515)
12

One more contribution to (VW) needs to be considered (at the order being studied), and this one includes a 3-point vertex

insertion:

</d715€A.1 'Al/dTZjCA.Z'A2/dT3jCA,3 'A3>

afp +yé - -
= /d7123xA/1xA2xA3/d11123(D D A++> (D?D(S A++)2(D2Dﬂ A++)3

~ / - / o(DYDF™), (DYD5™), (DD}, / o d®0,

—— |x01
/d2 /d3U(Ul vy)(v3v3)(vf ”1)/d3xo(D Dy 123H

) -
~ [ @it [ aoiet) s o eros

i(x01) g, (X02) 503 1 03

dwi 3 8 (9&+)5(Ui’ w;)
(wiws)(wywy)(wiw() i V205
+i(xy) - (01077) =50,7%072

|x0i|3

)(vyv3) (v3 7)) (v7v7) (0703 ) (v327)

x /d3x0 <(x01)ﬁ7(x02)5x(x03)/1a_

|Xo01 |3|x02|3|x03 |3

The second to last line is obtained after performing the
| d%@y in the previous line with the help of three 6*(6;;")’s,
canceling the divergent harmonic denominator. The last
line then follows by converting DY — D . in cyclic order
and acting on the numerator, thus picking out eight terms.
The f d*v integral produces only a numerical factor. Note

|X01 |3|x02|3|x03|3

0707051052070
. 1Yy 72,6 3.1 3(1) (516)

|Xo01 |3|x02| \x03|

that the first term in the integral [ d*x, is the only
“bosonic” piece given by the well-known integral (6.12)
of [15].

Finally, collecting all the results at one-loop order (we
suppress u-dependent factors from (WOW°) to keep the
expression below manageable), we have
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14z N

Wigalw.05,60) =1 45502

2 ik 2

— ixy - 0105 +

d {xAﬁleZSﬁtsgla 0, + 1kall¥a2l (0} + 67 - 65 + 65%)
7,47

2”|x?2\
s

+9++ 9 (” uz) s 2
Tt

1 Uy

27r|x’1*2|3

07T (ixy - 09 = 5000 ian| + [5a|03 " - (ixty - 6 - 567°69)
2l P (uruy ) (uuz) ™

116T[2N2/dT dr {XA] XAZ
T AT 12 A 1662

2 k2

xA le 2xA/13 (x01 )ﬂy(xoz)ax(xoz)m

[at[[*azl <1 _

2|x]2|2

2iy - e?eg>

|x/1‘2|2

o o

VI. COMMENTS

We have constructed a %—BPS supersymmetrized
Wilson loop operator in d =3, N' =3 harmonic super-
space for CS theories. This operator readily generalizes
the %—BPS operator for ABJM theories. We were also
able to use the power of harmonic superspace to
compute the one-loop perturbative corrections directly
in superspace.

Using the component expansion of A/ = 3 connections
and field strengths, and just focusing on the localization
locus discussed in Sec. II (6=¢° and D= X" = -9,
we can see that the ;3 given in (5.1) reduces to (2.5)

once we identify 6,  with #+*, =~ Then one can expect

that

Wy a) = +Hs }a
H St N2)+411'9 é(i N2>i2]az
+ 0. (6.1)

At order a2, we can directly compare the “bosonic” factor
5% _ 572°N?

55 = ¢ above to the corresponding perturbative
expression in (5.17). They exactly match once we perform
the integrals in the latter case for a circular WL, i.e.,
x# = (0, sin(z), cos(z)) as one might expect.’

Formally, both (5.17) and (6.1) have nonvanishing
“fermionic” contributions at O(a) and O(a?). However,
without knowing the explicit profile functions of 8(z) and
u(t), we cannot proceed further. However, we can identify
a contribution at O(a?) that does not receive any O(3)

®We refer the readers to [15] for evaluation of the relevant
integrals.

4 x 1673 |xo; [*[x02[*[x03 ]

0(9’2)}. (5.17)

corrections.” These are the O(68) terms in the & piece of
(6.1) and comparing with (5.17), we can give an explicit
expression for these terms:

21
'9|O(0é) 2 dr,dr,
« (X1 - Xp = |551||562|)x?g(91,a91,ﬂ - 92,aé2,ﬂ)
|x12|4

i
_@/d1123x1ﬁx2 KA

/ d3x (XOI)ﬂy(x02)5K93,Aé3,a + 2 more terms
0 .

|x01 |3 |x02 |3 |x03 ‘3

(6.2)

The fermionic pieces from the term proportional to
(%41 %42 — |%a.1][%4a2|) do not contribute above because
the combination 6@ is independent of 7 as discussed in
Sec. II. Such fermionic contributions to the Wilson loop
operators do not seem to have been considered in d = 3,
but similar terms have appeared in the d = 4, N’ = 4 SYM
literature, specifically in the study of supersymmetrized
Maldacena-Wilson loops [29,31]. Thus, a careful study of
the 7 dependence of the § and u coordinates that is
consistent with the “bosonic” circular WL is required to
understand how the general perturbative result (5.17)

"We do not have O(%) terms at O(a) either, but that could still
be treated as a phase factor. The striking feature of the term at
O(a?) is that it remains unchanged even after the removal of the

O(a) phase:
o[ (s L) le L5 9,
24 N) Ta"Te\2T N ) 4|

+ 0.

Whj) =
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reduces to the simpler localization result (6.1) at various 6
orders.® We leave this exercise for future work.

One can also ask whether the construction of a %—BPS
WL with “supermatrix” structure [20] is feasible in
harmonic superspace. Our preliminary analysis suggests
that the U(1) charge structure of the supersymmetry
parameters (e**, e’) and the matter superfield ¢* is an
obstacle to constructing a straightforward generalization.
As mentioned in the Introduction, a motivation to study
such supersymmetrized WL operators is to probe the
Wilson loops/scattering amplitudes duality in ABJM

$This is the case when the conjectured equality (6.2) would
hold, and we assume that the consistency would require 8°(z) to
vanish.

theory. The expectation is that polygonal WL operators
with certain bifundamental vertex insertions would be dual
to the ABJM scattering amplitudes. The matter superfield
(¢g™)® in bifundamental representation provides a natural
candidate for such insertions. However, this leads to some
superficial divergences that need to be tamed. Progress on
these aspects will be reported elsewhere.
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