
 

Deflection of light by rotating regular black holes
using the Gauss-Bonnet theorem

Kimet Jusufi,1,2,* Ali Övgün,3,4,5,6,† Joel Saavedra,3,‡ Yerko Vásquez,7,§ and P. A. González8,∥
1Physics Department, State University of Tetovo, Ilinden Street nn, 1200 Tetovo, Macedonia

2Institute of Physics, Faculty of Natural Sciences and Mathematics,
Ss. Cyril and Methodius University, Arhimedova 3, 1000 Skopje, Macedonia

3Instituto de Física, Pontificia Universidad Católica de Valparaíso, Casilla 4950, Valparaíso, Chile
4Physics Department, Arts and Sciences Faculty, Eastern Mediterranean University,

Famagusta, North Cyprus via Mersin 10, Turkey
5Physics Department, California State University Fresno, Fresno, California 93740, USA

6Stanford Institute for Theoretical Physics, Stanford University, Stanford, California 94305-4060, USA
7Departamento de Física y Astronomía, Facultad de Ciencias, Universidad de La Serena,

Avenida Cisternas 1200 La Serena, Chile
8Facultad de Ingeniería y Ciencias, Universidad Diego Portales, Avenida Ejército Libertador 441,
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In this paper, we study the weak gravitational lensing in the spacetime of rotating regular black hole
geometries such as Ayon-Beato-García (ABG), Bardeen, and Hayward black holes. We calculate the
deflection angle of light using the Gauss-Bonnet theorem (GBT) and show that the deflection of light can
be viewed as a partially topological effect in which the deflection angle can be calculated by considering a
domain outside of the light ray applied to the black hole optical geometries. Then, we demonstrate also the
deflection angle via the geodesics formalism for these black holes to verify our results and explore the
differences with the Kerr solution. These black holes have, in addition to the total mass and rotation
parameter, different parameters of electric charge, magnetic charge, and deviation parameter. We find that
the deflection of light has correction terms coming from these parameters, which generalizes the Kerr
deflection angle.
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I. INTRODUCTION

Since Einstein discovered the general theory of relativity
in 1915 [1], Einstein’s theory has been subjected to
numerous experimental tests. It turns out that experimental
results are quite well in agreement with theoretical pre-
dictions of this theory, starting from astrophysics observa-
tions, and also a number of other precise confirmed
experiments [2–5]. Some of the predictions are exciting:
gravitational waves which were recently detected by LIGO
[3,4], and gravitational lensing and bending of light, black
holes, wormholes and others. The gravitational lensing has
been studied previously in the literature using different
types of spacetimes with strong lensing or weak lensing.
In this paper, we focus on the weak gravitational lensing

using the Gauss-Bonnet theorem (GBT), also known as the

Gibbons-Werner method (GWM). Because black holes
cannot be observed directly, one way to ensure their
existence is to study the geodesic equations of light rays
in the curved spacetime geometry due to the presence of
black holes. In this way, one can extract valuable informa-
tion from black holes and detect their features. Weak
gravitational lensing is an interesting method; however,
in most of the cases, the strong lensing regime is needed;
strong lensing provides more information from an exper-
imental point of view to detect other exotic objects or ultra-
compact objects such as boson stars [6]. In the near future,
scientists expect to detect the horizon of a black hole using
the Event Horizon Telescope (EHT) [7]; so, this topic has
acquired a great interest, and many authors focus on it to
obtain correct results [8–39].
Recently, Gibbons andWerner [40] changed the standard

viewpoint related to the way we usually calculate the
deflection angle. They showed that one can calculate the
deflection angle in a very elegant way; namely, they have
used the GBT in the context of optical geometry. The
physical significance relies in the fact that one can view the
bending of a light ray as a global effect, which is different
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from the standard viewpoint where the bending of light is
usually associated within a region with a radius compared
to the impact parameter. In this method, one shall only
focus on a nonsingular domain outside of the light ray. For
asymptotically flat spacetimes the deflection angle can be
calculated by the following equation:

α̂ ¼ −
Z Z

S∞

Kdσ;

where K is the Gaussian optical curvature and dσ is the
surface element of the optical geometry. Note that the
above expression for the deflection angle holds in the case
of asymptotically flat spacetimes, whereas in the case of a
nonasymptotically flat metric, only finite distance correc-
tions can be studied. Very recently, Werner has been able to
extend this method to cover Kerr black holes using the
Finsler-Randers-type metric. More specifically, he has
applied Nazım’s method to construct a Riemannian mani-
fold osculating the Randers manifold [41]. In addition, this
method has been extended to the wormhole geometries and
nonasymptotically flat spacetimes with topological defects
[42]. This method has been used in a number of papers
[43–53]; among others, we note that the GBT has been used
in interesting papers by Ishihara et al. [54–56], in which the
deflection angle for finite distances for static (including the
presence of the cosmological constant) and stationary
metrics is studied in a rather different setup.
Classical singularities in general relativity break down

the laws of physics. Singularities appear from the cosmo-
logical Big Bang theory to black holes where they are
hidden behind the event horizon of a black hole. It is widely
believed that quantum mechanics forbids the physics-
ending singularities, but until today the problem of singu-
larities remains an open problem in physics. To overcome
the problem of singularities in black holes, many physicists
have tried to construct regular black holes even in the
context of classical general relativity. In this line of research
we point out the Ayon-Beato-Garcia black hole (ABG)
[57,58], Bardeen regular black holes [59] and Hayward
regular black holes [60], which were obtained by finding a
new mass function, and we obtain the deflection angles
[61–66] in order to explore the difference with the Kerr
black hole solution in the weak gravitational lensing. In
doing so, we extend the GBT method to rotating black
holes with electric and magnetic charge for the first time.
This paper is organized as follows. In Sec. II we start by

reviewing some of the basic concepts related to Finsler
geometry. By introducing the ABG-Randers optical metric
and followed by the Gaussian optical curvature we

calculate the deflection angle. We study also the geodesic
equation to verify our results. In Sec. III, we evaluate the
deflection angle in the spacetime of a Bardeen black hole.
In Sec. IV, we perform the same analysis for the Hayward
regular black hole. Hence, we finalize our results in Sec. V.

II. DEFLECTION ANGLE OF ROTATING
REGULAR ABG BLACK HOLE

In this section, first we use the rotating Ayon-Beato-
García spacetime, which is a nonsingular exact black hole
solution of Einstein field equations coupled to a nonlinear
electrodynamics, and satisfy the weak energy condition.
The metric of the ABG black hole is written in the form
[61,62]:

ds2¼−fðr;θÞdt2þ Σ
Δ
dr2−2asin2θð1−fðr;θÞÞdϕdt

þΣdθ2þ sin2θ½Σ−a2ðfðr;θÞ−2Þsin2θ�dϕ2; ð2:1Þ

with

fðr; θÞ ¼ 1 −
2mr

ffiffiffi
Σ

p

ðΣþQ2Þ3=2 þ
Q2Σ

ðΣþQ2Þ2 ; ð2:2Þ

Σ ¼ r2 þ a2cos2θ; ð2:3Þ
Δ ¼ Σfðr; θÞ þ a2sin2θ: ð2:4Þ

The ABG black hole metric can be further simplified by
setting θ ¼ π=2; in that case the function fðrÞ takes the form

fðrÞ ¼ 1 −
2mr2

ðr2 þQ2Þ3=2 þ
Q2r2

ðr2 þQ2Þ2 ; ð2:5Þ

Σ ¼ r2; ð2:6Þ
Δ ¼ ΣfðrÞ þ a2: ð2:7Þ

We wish now to recast our ABG metric into the Finsler-
Randers type metric of the general form [41],

F ðx; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζijðxÞvivj

q
þ βiðxÞvi; ð2:8Þ

provided ζijβiβj < 1, in which ζij gives the Riemannian
metric to be calculated from the ABG metric, while βi
represents a one-form. If we solve Eq. (2.1) for the null
geodesic case i.e., ds2 ¼ 0, and the problem is simplified to
study the deflection of light in the equatorial plane by
letting θ ¼ π=2. In that case, we find the following ABG-
Randers optical metric:

F
�
r;ϕ;

dr
dt

;
dϕ
dt

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
a2ð1 − fðrÞÞ2

fðrÞ2 þ Σ − a2ðfðrÞ − 2Þ
f

��
dϕ
dt

�
2

þ Σ
ΔfðrÞ

�
dr
dt

�
2

s
−
að1 − fðrÞÞ

fðrÞ
dϕ
dt

: ð2:9Þ
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The physical significance of the ABG-Randers optical
metric F relies in the remarkable feature of the Finsler
geometry, namely it provides a way to actually compute the
null geodesics. In other words, there is a link of finding null
geodesics in our physical metric (2.1) with the problem of
finding the null geodesics of a ABG-Randers optical metric
which can be seen by recalling Fermat’s principle. As
dt ¼ F ðx; dxÞ, Fermat’s principle of least time in the
context of general relativity suggests that the null geodesics
can be found from the following condition:

δ

Z
γ
dt ¼ δ

Z
γF

F ðx; _xÞdt ¼ 0: ð2:10Þ

Hence, it is clear that the Rander-Finsler metric F
naturally appears in the problem of finding null geodesics
and generalizes Fermat’s principle. The Randers-Finsler
metric is characterized by the Hessian,

gijðx; vÞ ¼
1

2

∂2F 2ðx; vÞ
∂vi∂vj ; ð2:11Þ

where x ∈ M, v ∈ TxM. To this end we need to apply
Nazım’s method which allows us to construct a Riemannian
manifold ðM; ḡÞ that osculates the ABG-Randers manifold
ðM;F Þ. For this purpose, we need to choose a vector field
v̄ tangent to the geodesic γF , such that v̄ðγF Þ ¼ _x. In that
case the Hessian reads

ḡijðxÞ ¼ gijðx; v̄ðxÞÞ: ð2:12Þ
It is obvious that the choice of the vector field is not

unique and affects the optical metric components, but the
crucial result which should be noted is that a geodesic of the
Randers manifold γF is also a geodesic γḡ of ðM; ḡÞ (see
[41] for details):

ẍi þ Γi
jkðx; _xÞ_xj _xk ¼ ẍi þ Γ̄i

jkðxÞ_xj _xk ¼ 0; ð2:13Þ

or γF ¼ γḡ. One can choose the nonsingular region SR ⊂ M
to be bounded by the light ray γF and a curve γR in a radial
distance R from the coordinate origin. Furthermore, these
curves can be parameterized as follows [41]:

γF∶xiðtÞ ¼ ηiðtÞ; t ∈ ½0; l�; ð2:14Þ

γR∶xiðtÞ ¼ ζiðtÞ; t ∈ ½0; l⋆�: ð2:15Þ

In particular one can introduce τ ¼ t=l along the geo-
desic γF which belongs to the interval ∈ ð0; 1Þ and
similarly τ⋆ ¼ 1 − t=l with the interval ∈ ð0; 1Þ along
the curve γR. This means that one can pair each point
ηiðτÞ on γF with ζiðτ⋆Þ on γR if we set τ ¼ τ⋆. In other
words, one can show that there exists a family of smooth
curves xiðσ; τÞ, such that for a pair of each point there is
precisely one curve which touches the boundary curve
(see Fig. 1).

In addition we can say that xiðσ; τÞ touches the curve γF
at the boundary when ηiðτÞ ¼ xið0; τÞ, where σ is a new
parameter. Then the following relation holds:

_ηiðτÞ ¼ dηi

dt
ðτÞ ¼ dxi

dσ
ð0; τÞ: ð2:16Þ

Likewise, we can say that xiðσ; τÞ touches the curve γR
when ζiðτÞ ¼ xið1; τÞ. This suggests that

_ζiðτÞ ¼ dζi

dt
ðτÞ ¼ dxi

dσ
ð1; τÞ: ð2:17Þ

In general, one can construct a smooth and nonzero
tangent vector field,

v̄iðxðσ; τÞÞ ¼ dxi

dσ
ðσ; τÞ; ð2:18Þ

with a family of smooth curves which satisfy the following
relation [41]:

xiðσ; τÞ ¼ ηiðτÞ þ _ηiðτÞσ þAðτÞσ2 þ BðτÞσ3
þ yiðσ; τÞð1 − σÞ2σ2; ð2:19Þ

with

AðτÞ ¼ 3ζiðτÞ − 3ηiðτÞ − _ζiðτÞ − 2_ηiðτÞηiðτÞ;
BðτÞ ¼ 2ηiðτÞ − 2ζiðτÞ þ _ζiðτÞ þ _ηiðτÞ:

That being said, and keeping in mind that our metric is
asymptotically flat, we can choose an equation for the light
rays as follows:

rðϕÞ ¼ b
sinϕ

; ð2:20Þ

with b being the impact parameter. From the light ray
equation one can deduce the following components for the
vector field:

FIG. 1. Integration domain SR, namely the equatorial plane
ðr;ϕÞ, in which α̂ is the total deflection angle and b is the impact
parameter.
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v̄r ¼ dr
dt

¼ − cosϕ; v̄ϕ ¼ dϕ
dt

¼ sin2ϕ
b

: ð2:21Þ

It is worth noting that the choice of the vector field is
dictated by the light ray equation rγ. Note that our particular
equation of the light ray represents a straight line approxi-
mation, and this will be important in the final result for the
deflection angle. In other words, due to the straight line

approximation we expect our deflection angle to be correct
in leading order terms.

A. Gaussian optical curvature

We shall now continue to compute the metric compo-
nents. To this end, we need to combine Eqs. (2.11) and
(2.21), yielding the following nonzero components:

ḡrr ¼ −
2½−2ðmþ r

4
Þðsin4ϕr2 þ b2cos2ϕÞ3=2 þ amr2sin6ϕ�
rðsin4ϕr2 þ b2cos2ϕÞ3=2

−
½18ðmþ r

9
Þðsin4ϕr2 þ b2cos2ϕÞ5=2 − 7ð13ðmþ r

13
Þr2sin4ϕþ b2cos2ϕðmþ r

7
ÞÞr2sin6ϕ�Q2

r3ðsin4ϕr2 þ b2cos2ϕÞ5=2 ; ð2:22Þ

ḡrφ ¼ 2acos3ϕm

rðsin4ϕr2þb2cos2ϕ
b2 Þ3=2

−
b3aQ2cos3ϕð17sin4ϕmr19 þ sin4ϕr20 þ 11r17cos2ϕb2mþ cos2ϕb2r18Þ

r20ðsin4ϕr2 þ b2cos2ϕÞ5=2 ; ð2:23Þ

ḡφφ ¼ 2r½−2amr2sin6ϕ − 3ab2mcos2ϕsin2ϕþ ðmþ r
2
Þðsin4ϕr2 þ b2cos2ϕÞ3=2�

ðsin4ϕr2 þ b2cos2ϕÞ3=2

−
Q2½7ðmþ r

7
Þðsin4ϕr2 þ b2cos2ϕÞ5=2 − 3asin2ϕΞðr; a;mÞ�

rðsin4ϕr2 þ b2cos2ϕÞ5=2 ; ð2:24Þ

where

Ξ ¼ 6

�
mþ r

9

�
r4sin8ϕþ 15cos2ϕ

�
mþ r

9

�
b2r2sin4ϕþ 7b4cos4ϕ

�
mþ r

7

�
: ð2:25Þ

The determinant is given as

det ḡ ¼ −
6r4ma sin6ϕþ 6b2amr2cos2ϕ sin2ϕþ 33ð− 2

11
mr2 − 1

33
r3Þðsin4ϕr2 þ b2cos2ϕÞ3=2

rðsin4ϕr2 þ b2cos2ϕÞ3=2

−
Q2½−51r2ðmþ r

11
Þa sin6ϕ − 45b2acos2ϕðmþ r

15
Þsin2ϕþ 33ðmþ r

11
Þðsin4ϕr2 þ b2cos2ϕÞ3=2�

rðsin4ϕr2 þ b2cos2ϕÞ3=2 : ð2:26Þ

The Gaussian optical curvature then can be found by noticing the relation R̄rϕrϕ ¼ K det ḡ. In other words, we can
compute K as follows:

K ¼ 1ffiffiffiffiffiffiffiffiffi
det ḡ

p
� ∂
∂ϕ

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
ḡrr

Γ̄ϕ
rr

�
−

∂
∂r

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
ḡrr

Γ̄ϕ
rϕ

��
: ð2:27Þ

Our computation reveals the following result:

K ¼ −2
m
r3

þ 3
Q2

r4
þ 12

Q2m
r5

þ 15aGðr;ϕÞ
r5

: ð2:28Þ

Note that the first term corresponds to the Schwarzschild black hole, whereas the second and third term give the charge
contribution, and finally the last term is a consequence of the rotation. Note that the function Gðr;φÞ is rather complicated
expression which is found to be
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Gðr;ϕÞ¼−
sin2ϕ

ðsin4ϕr2þb2cos2ϕÞ9=2
��

11Q2mr8

10
þ1

2
Q2r9−

2

5
mr10

�
ðsinðϕÞÞ16−1

2
r6b2

�
Q2mþ1

5
Q2r−

2

5
mr2

�
ðsinðϕÞÞ14

þ r6b2ðcosðϕÞÞ2
�
Q2mþ11Q2r

10
þ2

5
mr2

�
ðsinðϕÞÞ12þ42b3r5ðcosðϕÞÞ2ðsinðϕÞÞ11

5

�
Q2mþ5Q2r

42
−
4mr2

21

�

þ9r4b2

2
ðcosðϕÞÞ2ðsinðϕÞÞ10

��
−
10Q2mr2

9
−
2

9
Q2r3þ4

9
r4m

�
ðcosðϕÞÞ2þb2

�
Q2mþ 1

15
Q2r−

2

15
mr2

��

þ84r5b3ðcosðϕÞÞ4ðsinðϕÞÞ9
5

�
Q2mþ5Q2r

42
−
4mr2

21

�
þ96r4b4ðcosðϕÞÞ4ðsinðϕÞÞ8

5

�
Q2mþ1

8
Q2r−

5mr2

96

�

−
21r3b5ðcosðϕÞÞ4ðsinðϕÞÞ7

5

�
Q2m−

5Q2r
21

þ2

7
mr2

�
−2r2b4ðcosðϕÞÞ4

�
−9Q2mr2ðcosðϕÞÞ2

þb2
�
Q2m−

1

5
Q2rþ2

5
mr2

��
ðsinðϕÞÞ6−42r3b5ðcosðϕÞÞ6ðsinðϕÞÞ5

5

�
Q2m−

5Q2r
21

þ2

7
mr2

�

−
7r2b6ðcosðϕÞÞ6ðsinðϕÞÞ4

10

�
Q2m−

20Q2r
7

þ18mr2

7

�
þ1

5
ð7Q2þ2r2Þrb7ðcosðϕÞÞ6mðsinðϕÞÞ3

þQ2b8ðcosðϕÞÞ8ðmþ r=5Þ−5r2b6ðcosðϕÞÞ8
�
Q2m−

1

5
Q2rþ2

5
mr2

�
ðsinðϕÞÞ2

þ1

5
ð14Q2þ4r2Þrb7ðcosðϕÞÞ8msinðϕÞ

�
: ð2:29Þ

Note that the Gaussian optical curvature depends on the
black hole parameters, a, m, and Q2. In the next section we
are going to evaluate the deflection angle with the help of
the above result.

B. Deflection angle

Theorem: Let ðSR; ḡÞ be a non-singular and simply
connected domain over the osculating Riemannian mani-
fold ðM; ḡÞ bounded by circular curve γR and the geodesic
γḡ. Let K be the Gaussian curvature of ðM; ḡÞ, and κ the
geodesic curvature of ∂SR ¼ γḡ ∪ γR. Then, the GBT can
be stated as follows [40,41]:Z Z

SR

Kdσ þ
I
∂SR

κdtþ
X
k

αk ¼ 2πχðSRÞ: ð2:30Þ

As we have already noted that dσ gives the surface ele-
ment, αk represents the kth exterior angles, χðSRÞ is known
as the Euler characteristic number. The geodesic curvature
basically determines the deviation from the geodesic. By
definition we have κðγḡÞ ¼ 0 because γḡ is a geodesic. Of
particular importance is the geodesic curvature of γR in a
radial coordinate R from the coordinate origin. It can be
calculated via

κðγRÞ ¼ j∇_γR _γRj: ð2:31Þ

We can choose γR ≔ rðφÞ ¼ R ¼ const, and in that case
the radial part yields

ð∇_γR _γRÞr ¼ _γϕRð∂ϕ _γ
r
RÞ þ Γ̄r

ϕϕð_γϕRÞ2: ð2:32Þ

It is noted that the first term vanishes, and the second
term can be calculated by the unit speed condition i.e.,
ḡϕϕ _γ

ϕ
R _γ

ϕ
R ¼ 1. Because our optical geometry is asymptoti-

cally Euclidean we find that κðγRÞ → R−1 as R → ∞. The
other point is the fact that as R → ∞, the sum of jump
angles (αO), to the source S, and observer O, yields αO þ
αS → π [40]. For constant R, the optical metric gives

lim
R→∞

dt ¼ lim
R→∞

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð1 − fðrÞÞ2

fðrÞ2 þ Σ − a2ðfðrÞ − 2Þ
f

s

−
að1 − fðrÞÞ

fðrÞ
�
dϕ → Rdϕ; ð2:33Þ

where we have used the fact that

lim
R→∞

fðRÞ → 1: ð2:34Þ

Finally one can shows that

lim
R→∞

κðγRÞ
dt
dϕ

→ 1: ð2:35Þ

Note that by construction, the source S and the observer
O are assumed to be in the asymptotically Euclidean
region, thus the last equation clearly reveals our assump-
tions that our optical metric is asymptotically Euclidean.
Having computed the geodesic curvature from GBT it
follows
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Z Z
SR

KdSþ
I
γR

κdt ¼R→∞
Z Z

S∞

Kdσ þ
Z

πþα̂

0

dϕ ¼ π;

ð2:36Þ

resulting with

α̂ ¼ −
Z Z

S∞

Kdσ: ð2:37Þ

After substituting the Gaussian optical curvature (2.28)
into the last equation we find

α̂ ≃ −
Z

π

0

Z
∞

b
sinϕ

�
−2

m
r3

þ 3
Q2

r4
þ 12

Q2m
r5

þ 15aGðr;ϕÞ
r5

�

×
ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ: ð2:38Þ

Solving the nonrotating part in the above integral we find

I1 ¼ −
Z

π

0

Z
∞

b
sinφ

�
−2

m
r3

þ 3
Q2

r4
þ 12

Q2m
r5

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dφ

¼ 4m
b

−
3πQ2

4b2
−
16Q2m
3b3

: ð2:39Þ

The rotating part gives

I2 ¼ −
Z

π

0

Z
∞

b
sinφ

�
15aGðr;ϕÞ

r5

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dφ

¼ � 4ma
b2

� 9896maQ2

15b4
: ð2:40Þ

The total deflection angle is found to be

α̂ ¼ 4m
b

−
3πQ2

4b2
� 4ma

b2
þOðQ2; a; mÞ; ð2:41Þ

where the signs of positive and negative stand for retro-
grade and prograde light rays.

C. Geodesics

The equations of the geodesics can be derived from
the Lagrangian of a test particle [67]. For motion in the
equatorial plane, that is, θ ¼ π=2 and _θ ¼ 0, the
Lagrangian results to be

2L ¼ −fðrÞ_t2 þ r2

Δ
_r2 − 2að1 − fðrÞÞ _ϕ _t

þ ½r2 − a2ðfðrÞ − 2Þ� _ϕ2; ð2:42Þ
where _q ¼ dq=dτ, and τ is an affine parameter along the
geodesic. As the Lagrangian (2.42) is independent of the
cyclic coordinates (t, ϕ), then their conjugate momenta
(Πt, Πϕ) are conserved. Then, the equations of motion are
obtained from _Πq − ∂L

∂q ¼ 0 and yield

_Πt ¼ 0; _Πϕ ¼ 0; ð2:43Þ

where Πq ¼ ∂L=∂ _q are the conjugate momenta to the
coordinate q and are given by

Πt¼−fðrÞ_t−að1−fðrÞÞ _ϕ≡−E;

Πr¼
r2

Δ
_r and

Πϕ¼−að1−fðrÞÞ_tþðr2−a2ðfðrÞ−2ÞÞ _ϕ≡L; ð2:44Þ

where E and L are dimensionless integration constants
associated with each of them. So, the Hamiltonian is given
by

H ¼ Πt_tþ Πϕ
_ϕþ Πr _r − L; ð2:45Þ

2H ¼ −E_tþ L _ϕþ r2

Δ
_r2 ≡ −m̄2: ð2:46Þ

Now, by normalization, we shall consider m̄2 ¼ 0 for
photons. Therefore, we obtain

_t ¼ 2a2E − aLþ Er2 þ aðL − aEÞfðrÞ
a2 þ r2fðrÞ ; ð2:47Þ

_ϕ ¼ aEþ fðrÞðL − aEÞ
a2 þ r2fðrÞ ; ð2:48Þ

_r2 ¼ að2aE2−2ELÞþE2r2−fðrÞðL−aEÞ2
r2

: ð2:49Þ

The distance of the closest approach r0 for the metric
(2.1) can be obtained from _r ¼ 0, which yields

r0
b
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

�
a
b

�
2

þr20

�
1−

a
b

�
2
�

Q2

ðQ2þr20Þ2
−

2m

ðQ2þr20Þ3=2
�s
;

ð2:50Þ

where b ¼ L=E is the impact parameter.
Now, following [29] the bending angle can be deter-

mined by the expression

α̂ ¼ 2

Z
∞

r0

���� dϕdr
����dr − π; ð2:51Þ

which yields

α̂ ¼ 4m
b

−
3πQ2

4b2
� 4ma

b2
þOðQ2; a; mÞ; ð2:52Þ

where we use the change of variables u ¼ r0=r; then, we
substitute the impact parameter given by Eq. (2.50), and
we expand in Taylor series around m, a, and Q. Finally, we
consider r0 ≈ b. In Fig. 2 we plot the deflection of light in
the background of a rotating regular ABG black hole by
solving numerically Eqs. (2.48) and (2.49).
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III. DEFLECTION ANGLE BY ROTATING
REGULAR BARDEEN BLACK HOLE

In this section, we study the deflection angle by rotating
Bardeen regular black hole. The spacetime metric of the
rotating Bardeen regular black hole reads [62]:

ds2 ¼ −
�
1 −

2Mbr
Σ

�
dt2 −

4aMbrsin2θ
Σ

dtdϕþ Σ
Δ
dr2

þ Σdθ2 þ
�
r2 þ a2 þ 2a2Mbrsin2θ

Σ

�
dϕ2; ð3:1Þ

where

Σ ¼ r2 þ a2cos2θ; ð3:2Þ
Δ ¼ r2 − 2Mbrþ a2; ð3:3Þ

Mb ¼ m

�
r2

r2 þ g2⋆

�
3=2

; ð3:4Þ

in which g⋆ is the magnetic charge due to the nonlinear
electromagnetic field. In this case, we find the following
expression for the optical metric:

F
�
r;ϕ;

dr
dt

;
dϕ
dt

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4

ΔðΔ − a2Þ
�
dr
dt

�
2

þ r4Δ
Δ − a2

�
dϕ
dt

�
2

s
−

2mar
Δ − a2

�
r2

r2 þ g2⋆

�
3=2 dϕ

dt
; ð3:5Þ

ḡrr ¼ −
2½−2ðmþ r

4
Þðsin4ϕr2 þ b2cos2ϕÞ3=2 þ amr2sin6ϕ�
rðsin4ϕr2 þ b2cos2ϕÞ3=2 −

g2⋆m½3ar2sin6ϕþ 6ðsin4ϕr2 þ b2cos2ϕÞ3=2�
r3ðsin4ϕr2 þ b2cos2ϕÞ3=2 ;

ḡrϕ ¼ 2ab3cos3ϕm

rðsin4ϕr2 þ b2cos2ϕÞ3=2 −
3ab3cos3ϕmg2⋆

r3ðsin4ϕr2 þ b2cos2ϕÞ3=2 ; ð3:6Þ

ḡϕϕ ¼ 2r½−2amr2sin6ϕ − 3ab2mcosϕsin2ϕþ ðmþ r
2
Þðsin4ϕr2 þ b2cos2ϕÞ3=2�

ðsin4ϕr2 þ b2cos2ϕÞ3=2

−
3g2⋆m½−2ar2sin6ϕ − 3ab2cos2ϕsin2ϕþ ðsin4ϕr2 þ b2cos2ϕÞ3=2�

rðsin4ϕr2 þ b2cos2ϕÞ3=2 : ð3:7Þ

With the determinant

det ḡ¼ r2−
6rm½asin2ϕ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos4ϕr2þðb2−2r2Þcos2ϕþ r2

p
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos4ϕr2þðb2−2r2Þcos2ϕþ r2
p þ9g2⋆m½asin2ϕ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos4ϕr2þðb2−2r2Þcos2ϕþ r2

p
�

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos4ϕr2þðb2−2r2Þcos2ϕþ r2

p : ð3:8Þ

Then the Gaussian optical curvature is

K ¼ −
2m
r3

þ 18mg2⋆
r5

þ 27amSðr;ϕÞ
r5

; ð3:9Þ

with

FIG. 2. Deflection of light in the background of a rotating
regular ABG black hole with E ¼ 2, L ¼ 5, m ¼ 0.3, Q ¼ 0.1
and a ¼ 0.1. The circle corresponds to the closest approach
(r0 ¼ 2.158) to the black hole.
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Sðr;ϕÞ ¼ −
sin2ϕ

ðsin4ϕr2 þ b2cos2ϕÞ7=2
��

14g2⋆r6
9

− 2=9r8
�
ðsinðϕÞÞ12 − 1=6b2r4ðg2⋆ − 2=3r2ÞðsinðϕÞÞ10

þ 31b2r4ðcosðϕÞÞ2ðsinðϕÞÞ8
9

�
g2⋆ þ

4r2

31

�
þ
�
2b3g2⋆r3 −

8b3r5

9

�
ðcosðϕÞÞ2ðsinðϕÞÞ7

þ 1=3ð−5r2ðcosðϕÞÞ2 þ 2b2Þb2r2ðcosðϕÞÞ2ðg2⋆ − 2=3r2ÞðsinðϕÞÞ6

þ
�
4b3g2⋆r3 −

16b3r5

9

�
ðcosðϕÞÞ4ðsinðϕÞÞ5 þ 1=18ð97g2⋆ − 18r2Þb4r2ðcosðϕÞÞ4ðsinðϕÞÞ4

þ 1=3b5rðcosðϕÞÞ4ðg2⋆ þ 2=3r2ÞðsinðϕÞÞ3 þ ðcosðϕÞÞ6b6g2

þ 5=3b4r2ðcosðϕÞÞ6ðg2⋆ − 2=3r2ÞðsinðϕÞÞ2 þ 2=3b5rðcosðϕÞÞ6ðg2⋆ þ 2=3r2Þ sinðϕÞ
�
: ð3:10Þ

Substituting these relations from GBT it follows the
integral

α̂ ≃ −
Z

π

0

Z
∞

b
sinϕ

�
−
2m
r3

þ 18mg2⋆
r5

þ 27amSðr;ϕÞ
r5

�

×
ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ: ð3:11Þ

We can split this integral in two parts. The nonrotating
contribution yields

I1 ¼ −
Z

π

0

Z
∞

b
sinφ

�
−
2m
r3

þ 18mg2⋆
r5

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ

¼ 4m
b

−
8g2⋆m
b3

: ð3:12Þ

For the second integral we find

I2 ¼ −
Z

π

0

Z
∞

b
sinϕ

�
Sðr;ϕÞ
4r11

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ

¼ � 4ma
b2

∓ 24mag2⋆
b4

: ð3:13Þ

Finally the total deflection angle of rotating Bardeen
regular black hole is

α̂ ¼ 4m
b

−
8g2⋆m
b3

� 4ma
b2

þOðm; a; g2⋆Þ: ð3:14Þ

A. Geodesics equations

In this case, the Lagrangian associated with the motion
of particles in the equatorial plane (θ ¼ π=2 and _θ ¼ 0)
results to be

2L ¼ −
�
1 −

2Mb

r

�
_t2 −

4aMb

r
_t _ϕþ r2

Δ
_r2

þ
�
r2 þ a2 þ 2a2Mb

r

�
_ϕ2; ð3:15Þ

where _q ¼ dq=dτ, and τ is an affine parameter along the
geodesic. Because the Lagrangian (3.15) is independent of
the cyclic coordinates (t, ϕ), then their conjugate momenta
(Πt, Πϕ) are conserved. Then, the equations of motion can
be obtained from _Πq − ∂L

∂q ¼ 0, and we obtain

_Πt ¼ 0; _Πϕ ¼ 0; ð3:16Þ
where Πq ¼ ∂L=∂ _q are the conjugate momenta to the
coordinate q and are given by

Πt ¼ −
�
1 −

2Mb

r

�
_t −

2aMb

r
_ϕ≡ −E; Πr ¼

r2

Δ
_r

and Πϕ ¼ −
2aMb

r
_tþ

�
r2 þ a2 þ 2a2Mb

r

�
_ϕ≡ L;

ð3:17Þ
where E and L are dimensionless integration constants
associated with each of them. Therefore, the Hamiltonian is
given by

H ¼ Πt_tþ Πϕ
_ϕþ Πr _r − L; ð3:18Þ

2H ¼ −E_tþ L _ϕþ r2

Δ
_r2 ≡ −m̄2: ð3:19Þ

Now, by normalization, we consider m̄2 ¼ 0 for photons.
Thus, for photons we obtain

_t ¼ −2aMbLþ Er3 þ a2Eð2Mb þ rÞ
rðr2 − 2Mbrþ a2Þ ; ð3:20Þ

_ϕ ¼ 2aMbE − 2MbLþ rL
rðr2 − 2Mbrþ a2Þ ; ð3:21Þ
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_r2 ¼ 2ðL − aEÞ2Mb þ ða2E2 − L2Þrþ E2r3

r3
: ð3:22Þ

The distance of the closest approach r0 for the metric
(3.1) can be obtained from _r ¼ 0, which yields

r0
b
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
a
b

�
2

−
2m
r0

�
1 −

a
b

�
2
�

r20
g2⋆ þ r20

�
3=2

s
; ð3:23Þ

where b ¼ L=E is the impact parameter.
Therefore, the bending angle Eq. (2.51) is given by

α̂ ¼ 4m
b

−
8g2⋆m
b3

� 4ma
b2

þOða;m; g2⋆Þ; ð3:24Þ

where, similar to the previous case, we use the change of
variables u ¼ r0=r, and next, we substitute the impact
parameter given by Eq. (3.23), then, we expand in Taylor
series around m, a, and g⋆, and finally, we consider r0 ≈ b.
In Fig. 3 we plot the deflection of light in the background of
a rotating Bardeen black hole by solving numerically
Eqs. (3.21) and (3.22).

IV. DEFLECTION ANGLE BY ROTATING
REGULAR HAYWARD BLACK HOLE

In this section, we investigate the deflection angle
by rotating Hayward regular black hole. The spacetime
metric of the rotating Hayward regular black hole
reads [62]:

ds2 ¼ −
�
1 −

2Mhr
Σ

�
dt2 −

4aMhrsin2θ
Σ

dtdϕþ Σ
Δ
dr2 þ Σdθ2 þ

�
r2 þ a2 þ 2a2Mhrsin2θ

Σ

�
sin2θdϕ2; ð4:1Þ

where

Σ ¼ r2 þ a2cos2θ; ð4:2Þ
Δ ¼ r2 − 2Mhrþ a2; ð4:3Þ

and in the equatorial plane the mass function is given by

Mh ¼ m
r3

r3 þ g3
; ð4:4Þ

where g is the rotation parameter. We find the following expression for the optical metric:

F
�
r;ϕ;

dr
dt

;
dϕ
dt

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4

ΔðΔ − a2Þ
�
dr
dt

�
2

þ r4Δ
Δ − a2

�
dϕ
dt

�
2

s
−

2mar
Δ − a2

�
r3

r3 þ g3

�
dϕ
dt

; ð4:5Þ

with metric components,

ḡrr ¼ −
2½−2ðmþ r

4
Þðsin4ϕr2 þ b2cos2ϕÞ3=2 þ amr2sin6ϕ�
rðsin4ϕr2 þ b2cos2ϕÞ3=2 þ 2mg3ðar2sin6ϕ − 2ðsin4ϕr2 þ b2cos2ϕÞ3=2Þ

r4ðsin4ϕr2 þ b2cos2ϕÞ3=2 ;

ḡrϕ ¼ 2macos3ϕ

rðsin4ϕr2þb2cos2ϕ
b2 Þ3=2

−
2macos3ϕg3

r4ðsin4ϕr2þb2cos2ϕ
b2 Þ3=2

; ð4:6Þ

FIG. 3. Deflection of light in the background of a rotating
regular Bardeen black hole with E ¼ 2, L ¼ 5, m ¼ 0.3, g⋆ ¼
0.1 and a ¼ 0.1. The circle corresponds to the closest approach
(r0 ¼ 2.154) to the black hole.
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ḡϕϕ ¼ 2r½−2amr2sin6ϕ − 3ab2mcos2ϕsin2ϕþ ðmþ r
2
Þðsin4ϕr2 þ b2cos2ϕÞ3=2�

ðsin4ϕr2 þ b2cos2ϕÞ3=2 ð4:7Þ

−
2mg3½−2ar2sin6ϕ − 3ab2cos2ϕsin2ϕþ ðsin4ϕr2 þ b2cos2ϕÞ3=2�

r2ðsin4ϕr2 þ b2cos2ϕÞ3=2 : ð4:8Þ

The determinant is given by

det ḡ¼ r2−
6rm½asin2ϕ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos4ϕr2þðb2−2r2Þcos2ϕþ r2

p
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos4ϕr2þðb2−2r2Þcos2ϕþ r2
p þ6g3m½asin2ϕ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos4ϕr2þðb2−2r2Þcos2ϕþ r2

p
�

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos4ϕr2þðb2−2r2Þcos2ϕþ r2

p : ð4:9Þ

Our computation reveals the following relation:

K ¼ −2
m
r3

þ 20
mg3

r6
þ 36amHðr;ϕÞ

r6
; ð4:10Þ

in which

Hðr;ϕÞ ¼ sin2ϕ

ðsin4ϕr2 þ b2cos2ϕÞ7=2
�
ð5=4g3r6 − 1=6r9ÞðsinðϕÞÞ12 þ ð−1=12g3r4 þ 1=12r7Þb2ðsinðϕÞÞ10 þ ðcosðϕÞÞ6b6g3

þ 10=3r4b2ðcosðϕÞÞ2ðg3 þ 1=10r3ÞðsinðϕÞÞ8 þ 7=6r3ðg3 − 4=7r3Þb3ðcosðϕÞÞ2ðsinðϕÞÞ7
þ 1=3r2b2ðcosðϕÞÞ2ðg2 þ grþ r2Þð−5=2r2ðcosðϕÞÞ2 þ b2Þðg − rÞðsinðϕÞÞ6

þ 7=3r3ðg3 − 4=7r3Þb3ðcosðϕÞÞ4ðsinðϕÞÞ5 þ 13=3r2
�
g3 −

9r3

52

�
b4ðcosðϕÞÞ4ðsinðϕÞÞ4

þ 1=3rb5ðcosðϕÞÞ4ðg3 þ 1=2r3ÞðsinðϕÞÞ3 þ ð5=6g3r2 − 5=6r5Þb4ðcosðϕÞÞ6ðsinðϕÞÞ2

þ 2=3rb5ðcosðϕÞÞ6ðg3 þ 1=2r3Þ sinðϕÞ
�
: ð4:11Þ

Going through the same procedure the deflection angle can be calculated by the following integral:

α̂ ≃ −
Z

π

0

Z
∞

b
sinϕ

�
−2

m
r3

þ 20
mg3

r6
þ 36amHðr;ϕÞ

r6

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ: ð4:12Þ

After we evaluate the first integral we find

I1 ¼ −
Z

π

0

Z
∞

b
sinφ

�
−2

m
r3

þ 20
mg3

r6

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ ¼ 4m

b
−
15mπg3

8b4
: ð4:13Þ

The second integral gives

I2 ¼ −
Z

π

0

Z
∞

b
sinϕ

�
36amHðr;ϕÞ

r6

� ffiffiffiffiffiffiffiffiffi
det ḡ

p
dr dϕ ¼ � 4ma

b2
: ð4:14Þ

Consequently the total deflection angle of rotating Hayward regular black hole results in

α̂ ¼ 4m
b

−
15mπg3

8b4
� 4ma

b2
: ð4:15Þ

A. Geodesics equations

The Lagrangian associated with the motion of particles in the equatorial plane (θ ¼ π=2 and _θ ¼ 0) of a rotating regular
Hayward black hole is given by

2L ¼ −
�
1 −

2Mh

r

�
_t2 −

4aMh

r
_t _ϕþ r2

Δ
_r2 þ

�
r2 þ a2 þ 2a2Mh

r

�
_ϕ2; ð4:16Þ
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where _q ¼ dq=dτ, and τ is an affine parameter along the
geodesic. Similar to the previous analysis the Lagrangian
(4.16) is independent of the cyclic coordinates (t,ϕ). So, their
conjugate momenta (Πt, Πϕ) are conserved. Then, the
equations ofmotion are obtained from _Πq − ∂L

∂q ¼ 0 andyield

_Πt ¼ 0; _Πϕ ¼ 0; ð4:17Þ
where Πq ¼ ∂L=∂ _q are the conjugate momenta to the
coordinate q, which is given by

Πt ¼ −
�
1 −

2Mh

r

�
_t −

2aMh

r
_ϕ≡ −E;

Πr ¼
r2

Δ
_r; and

Πϕ ¼ −
2aMh

r
_tþ

�
r2 þ a2 þ 2a2Mh

r

�
_ϕ≡ L; ð4:18Þ

where E and L are dimensionless integration constants
associated with each of them. Thus, the Hamiltonian is
given by

H ¼ Πt_tþ Πϕ
_ϕþ Πr _r − L; ð4:19Þ

2H ¼ −E_tþ L _ϕþ r2

Δ
_r2 ≡ −m̄2: ð4:20Þ

Now, by normalization, we consider m̄2 ¼ 0 for photons.
So, we obtain

_t ¼ rEðr2 þ a2Þ − 2aðL − aEÞMh

rðr2 − 2rMh þ a2Þ ; ð4:21Þ

_ϕ ¼ 2aEMh þ rL − 2LMh

rðr2 − 2rMh þ a2Þ ; ð4:22Þ

_r2 ¼ rðE2ða2 þ r2Þ − L2Þ þ 2MhðL − aEÞ2
r3

: ð4:23Þ

In this case, the distance of the closest approach r0 for
the metric (3.1) obtained from _r ¼ 0 yields

r0
b
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
a
b

�
2

−
2m
r0

�
1 −

a
b

�
2
�

mr30
g3 þ r30

�s
; ð4:24Þ

where b ¼ L=E is the impact parameter.
Therefore, the bending angle Eq. (2.51) yields

α̂ ¼ 4m
b

−
15mπg3

8b4
� 4ma

b2
: ð4:25Þ

Here we use the change of variables u ¼ r0=r; we sub-
stitute the impact parameter given by Eq. (4.24) and expand
in Taylor series around m, a, and g; finally, we consider

r0 ≈ b. In Fig. 4 we plot the deflection of light in the
background of a rotating Hayward black hole by solving
numerically Eqs. (4.22) and (4.23).

V. CONCLUSION

In this paper, we have investigated the deflection angle of
light by rotating regular black holes such as Ayon-Beato-
García, Bardeen and Hayward black hole. Starting from the
physical metrics we have found the corresponding Rander-
Finsler-type metric which basically provides a way to
compute the deflection angle in terms of GBT. We have
extended Werner’s geometric method by including the
electric charge Q, magnetic charge g⋆, and deviation
parameter g which generalizes the expression for the
Gaussian optical curvature, optical metric components,
and finally the deflection angle.
In particular we have found that for the rotating regular

black holes the total deflection angles are

α̂ABG ¼ 4m
b

−
3πQ2

4b2
� 4ma

b2
þOðQ2; a; mÞ; ð5:1Þ

α̂B ¼ 4m
b

−
8g2⋆m
b3

� 4ma
b2

þOða;m; g2⋆Þ; ð5:2Þ

α̂H ¼ 4m
b

−
15mπg3

8b4
� 4ma

b2
þOða;m; g3Þ; ð5:3Þ

for the ABG, Bardeen and Hayward regular black holes,
respectively. Thus, as these black holes have in addition to
the total mass and rotation parameter, different parameters

FIG. 4. Deflection of light in the background of a rotating
Hayward black hole with E ¼ 2, L ¼ 5, m ¼ 0.3, g ¼ 0.1 and
a ¼ 0.1. The circle corresponds to the closest approach
(r0 ¼ 2.153) to the black hole.
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such as electric charge, magnetic charge, and deviation
parameter, the deflection of light has correction terms
coming from these parameters which generalizes the
Kerr deflection angle,

α̂K ¼ 4m
b

� 4ma
b2

: ð5:4Þ

It is worth noting that our results show that the deflection
angle is smaller than the Kerr deflection angle (see Fig. 5).
In other words the contribution coming from the black hole
parameters such as Q, g⋆ and g, is different in magnitude;
however, in all three cases the light rays always bend

outward from the black holes which is indicated by the
minus sign. In Fig. 5, we show the behavior of the
deflection angle of the light for the regular black hole
geometries as a function of the impact parameter. We
observe that discrepancies could exist between predictions
for the value of the deflection angle of the light for regular
black holes for small values of the impact parameter, in
which the deflection angle is smaller than the Kerr
deflection angle. However, such discrepancy decreases
when the impact parameter increases. In addition, we have
checked our results of the deflection angle using the
geodesics formalism, and we have shown it to be exact
in leading order terms.
It is important to realize that the agreement between

these two methods breaks down for second order terms; for
example, in the case of a rotating Bardeen regular black
hole the geodesic approach gives δα̂B ¼∓ 12mag2⋆=b4,
whereas with the Gauss-Bonnet theorem one finds
δα̂B ¼∓ 24mag2⋆=b4. Such inconsistency is to be expected
considering the fact that one must choose a different
equation for the light ray rγ which incorporates the black
hole parameters. We plan in the near future to extend our
analytical analysis in the Gauss-Bonnet theorem to the
second order terms to remove such an inconsistency.
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