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We nonperturbatively calculate the wave-function renormalization in the two-dimensional O(3) sigma
model. It is evaluated in a box with a finite spatial extent. We determine the anomalous dimension in the
finite-volume scheme through an analysis of the step-scaling function. Results are compared with a
perturbative evaluation, and reasonable behavior is observed.
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I. INTRODUCTION

In the late 1980s and early 1990s methods were
developed to extract information at infinite volume from
the information about a system in a finite box. One way is
to calculate the scattering phase shift [1], and another is to
determine the running coupling constant [2]. The latter
describes a renormalization group (RG) evolution of the
renormalized coupling as a response to changes in the box
size. The workability of this method might give us foresight
into the existence of an RG equation that describes the box-
size dependence of the N-point Green function. It will be
useful to describe a spatially extended object in a finite box;
examples include a deuteron and an Efimov system [3]. For
the latter, the infinite size of the object is essential, and thus
we cannot avoid a discussion of the box-size dependence in
a study with a lattice simulation.

The end goal of our study is to establish such an RG
equation. For this purpose, we use the two-dimensional
O(n) sigma model. However, until now the wave-function
renormalization has not been discussed in the context
where the system has been put in a finite box. To establish
an RG equation, one might need information about the
scale dependence of the wave-function renormalization,
which is called the anomalous dimension. The present work
aims to give a nonperturbative evaluation of the anomalous
dimension as a first step in constructing the RG equation.

Before we begin, we should summarize the basic proper-
ties of the two-dimensional O(n) sigma model [4] from the
standpoint of perturbative studies. Renormalizability and
asymptotic freedom were established in the middle 1970s
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[5,6]. Asymptotic freedom is important to guarantee the
applicability of the perturbative expansion in the high-energy
region. Renormalization above two dimensions was also
discussed in Refs. [7,8]. The infrared (IR) divergence was
regularized with a magnetic field in these studies. A vanish-
ing of the magnetic field activates the IR divergence again.
However, renormalization in the minimal subtraction (MS)
scheme [9] requires only the cancellation of ultraviolet (UV)
divergence. If we restrict ourselves to evaluating the renorm-
alization factor, the IR divergence is not a problem. On the
other hand, if we focus on a physical quantity like a mass gap,
the IR divergence is a serious problem.

The IR divergence originates from the low dimensionality
of the system. The Mermin-Wagner theorem forbids sponta-
neous symmetry breaking in two dimensions [10]. The
perturbative expansion with a fixed direction for the mag-
netization cannot be justified. As a result, the IR divergence
remains in the Green function of the pion mode. It was
conjectured by Elitzur [11] and proved by David [12] that the
O(n)-invariant Green function including the sigma mode is
IR finite. Then, the O(n)-invariant Green function in a finite
box was discussed, and the value of the mass gap was
evaluated [2,13-16]. In these studies, particular attention was
paid to the treatment of the zero mode. There are several
methods, including adding compact extra dimensions [13],
separating the collective motion of the magnetization [14],
using a background field [15,16], or introducing the IR-
cutoff mass by using lattice regularization [2]. We add that
some of these works are more recent than others [17-20].

At present, there is no difficulty in evaluating the mass gap
of the two-dimensional O(n) sigma model in a finite box
regardless of whether it is done perturbatively or nonpertur-
batively. The mass gap can be used to define the renormalized
coupling and discuss the scale dependence of it [2]. On the
other hand, having the O(n)-invariant two-point Green
function, it is also easy to evaluate the amplitude. Then,
we can define the wave-function renormalization from the
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amplitude, and discuss the scale dependence. This is just the
theme addressed in the present study.

This article is organized as follows. In Sec. II, we
introduce the two-dimensional O(n) sigma model. Then,
we briefly describe a renormalization in the finite-volume
(FV) scheme and the procedure to determine the evolution
of the parameters of the theory. In Sec. III, we explain
details of our Monte Carlo simulations. In Sec. IV, we show
the results for the wave-function renormalization in addi-
tion to results for the renormalized coupling. We also
discuss their scale dependence. In Sec. V, we give our
conclusions.

II. MODEL, RENORMALIZATION SCHEME,
AND SCALE DEPENDENCE

A. Two-dimensional O(n) sigma model

The two-dimensional O(n) sigma model is formally
described by the Euclidean action

1

S = 5. / Px0,h(x) - 0,b(x) (u=0.1). (1)

Here ¢p(x) = (¢;(x),i = 1, ..., n) is the n-component field
with the constraint

$(x)-¢(x) = 1. (2)

The dot symbol denotes the scalar product of n-component
vectors. The system is put in a finite box with temporal
extent 7 and spatial extent L. We assume that 7 is
sufficiently large compared to L. In the present work,
we impose the Neumann boundary condition (NBC) for the
temporal direction, and the periodic boundary condition
(PBC) for the spatial direction,

0
a—xo¢(.X(),X1) =0 (X() S 8/\,),

Plxo.x +Ln) = d(xx) (n€z), (3
where OA, represents the temporal boundary. The reason
why we use the NBC in the temporal direction is to realize
the O(n)-invariant state at OA,. As a result, states other
than the spin-1 state do not contribute to the two-point
Green function. The NBC is also called the free boundary
condition.

As we said in Sec. I, the O(n)-invariant Green
function should be used to avoid the IR divergence. The
O(n)-invariant two-point Green function is defined by

Giny () = (@ (x) - $()). (4)

where the angled brackets refer to the expectation values
over the configurations of the ¢ field. We consider the
zero-momentum projected Green function,

1 .
Giny(X03 y0) = ﬁ/dﬂdme_”"(“ UGiny (x5 ) s
-

(5)

With the NBC for the temporal direction, it can be
written as

Ginv<x0;y0) — Ae_Mb’O_xo‘ + O(e—(4n’/L)\y0—x0\)‘ (6)

For our purpose, the mass gap M and the amplitude A are
needed. Energies of the excited states are known to be at
least 4/ L. With a finite L, they are large enough to ignore
the contributions to G, (xq; yo)-

B. Renormalization scheme

The renormalization of the two-dimensional O(n) sigma
model is done by the replacement

7 = Z}ok- (7)
b(2) = (Z8)r(2). (8)

Here g3 is the renormalized coupling, and ¢g(z) is the
renormalized field. There is a finite arbitrariness in choos-
ing them. This arbitrariness can be removed by setting

values for g and the wave-function renormalization Zﬁ at
an energy scale u. Such conditions are called renormaliza-
tion conditions. The definition of y in the MS scheme is
given in the Appendix.

In the present study, we consider the renormalization
conditions at y = 1/L as

n—1

Tgév(#)h,:m =M, 9)

Zb (W) o1/ = A. (10)

M and A are the mass gap and amplitude, respectively,
which are determined from the measured value of the
O(n)-invariant two-point Green function. The renormal-
ized coupling in Eq. (9) was first proposed in Ref. [2] where
it was called the FV coupling. In the following, we refer to
Egs. (9) and (10) as the renormalization in the FV scheme.
As long as there is no confusion, we write the argument of
gt and Z%, as L, but not 1/L.

The f function and the anomalous dimension describe
the u dependence of the renormalized parameters on the
fixed bare parameters g*> and ¢b(x). They are defined as

br() Eﬂigﬁ(ﬂ)’ (11)
2\ — d ¢
}’R(QR) = ﬂ@anR(ﬂ% (12)
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respectively. In the FV scheme, they are written as
2 d ,
Brv(9iv) = —L—giy(L), (13)
dL
2 d ¢
rrv(9ev) = —L——InZgy (L), (14)
dL
by using 4 = 1/L in Egs. (11) and (12).

C. Scale dependence

The step-scaling function (SSF) describes how param-
eters of a theory evolve when the scale is changed. We
consider two types of SSFs: ¢/ and ¢?. They are defined
through

gGiv(sL) = o*(s. giy (L)), (15)
Zhy(sL) = o (s. Gy (L)) Zin (L), (16)

with a scaling factor s. 69(s, g&,) was proposed in Ref. [2],
and 6% (s, g%y ) is motivated by Ref. [21]. They are related to

Prv (gl%v) and ypy (gl%V) by

005, g)

Brvlo?(s. i) =~ TSI i)
HU(/) N 2
pov (s, i) = —s T LIN) g

respectively. However, the SSFs are directly related to
values measured in a Monte Carlo simulation, in contrast to
PBrv(gy) and yey(gay)-

If Beyv(ghy) and ygy(gky) are perturbatively known,
09(s, giy) and o?(s,gk,) can be evaluated. Using the
abbreviation u = g%, to simplify the expression, we con-
sider the perturbative expansions of fgy(u) and ygy(u),

Pev(u) = —u’ ZﬂFV.iui,
i=0

vev(u) = —u 2 VeVl (19)
and those of the SSFs,
o9(s,u) =u+ uialg(s)u““l,
i=0
o (s,u) =1+ iaf’(s)u“’l. (20)
i=0

By substituting Egs. (19) and (20) into Egs. (17) and (18),
and by comparing the coefficients at the same order of u,
we obtain

Gg(s) = Prvolns,
o1(s) = Ppy 1 Ins + ﬁ%v,o(ln 5)%,
5
‘73(5) = PryvoIns + EﬂFV,OﬁFV.l (Ins)* + ﬁ%\,wo(ln 5)?,
(21)

and

ag’(s) =Ypvolns,
QP 1
‘71/ (8) =ypyiIns + 5 (Bev.o + 7ev0)7rvo(Ins)?,

5?(9 =ypvolns

+ (Brv.oreva + Yevoreva + Bevarevoe/2)(Ins)?

1
+ 3 (Bevo + 7ev0) (Brvo + 7rvio/2)rEvo(Ins)?,
(22)

up to the three-loop order. Note that all of the coefficients in
o’(s) and 6?(s) are not independent due to the con-
straint 699 (5,51, u) = 69 (s,,069(s, u)).

Later, we will need the perturbative evaluation of
69¢(s,u). Using Eq. (20) [with Egs. (21) and (22)] they
are evaluated as

n—2 n—2
Prvo = R Prv.i = a2
_(n=1)(n-2) _ n—1
Prva = 873 > YEV,0 = P
Yevi =0, Yeva =0, (23)

and 69 (s) = 0 for i > 3. We denote these SSFs as 6% (s).
The derivation of Eq. (23) is given in the Appendix.

III. DETAILS OF MONTE CARLO
SIMULATIONS

A. Setup

We set n =3. The calculation is performed on the
(T/a) x (L/a) lattice with T = 5L. Here a is the lattice
spacing, and is determined from the bare coupling ¢*. Due
to the discretization, the action is changed to

Siald] = —%Zrﬁ(x) batp.  (24)

where x moves all of the lattice space-time points, and i is a
unit vector in the y direction. The NBC is imposed for the
temporal direction, and the PBC for the spatial direction. In
Table I, we list (1/¢%, L/a) which are used in the present
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TABLE I. The (1/g¢%, L/a) values that are used in the present

calculation.

Set 1/¢ L/a

A 2.0786 6,7,8,9,10, 11, 12
2.1043 7,8,9, 10, 11, 12, 13, 14
2.1275 8,9,10, 11, 12, 13, 14, 15, 16
2.1625 10, 12, 14, 16, 18, 20
2.1954 12, 14, 16, 18, 20, 22, 24
2.2403 16, 18, 20, 22, 24, 26, 28, 30, 32

B 1.9637 6,7,8,9, 10, 11, 12
1.9875 7,8,9, 10, 11, 12, 13, 14
2.0100 8,9, 10, 11, 12, 13, 14, 15, 16
2.0489 10, 12, 14, 16, 18, 20
2.0794 12, 14, 16, 18, 20, 22, 24
2.1260 16, 18, 20, 22, 24, 26, 28, 30, 32

C 1.8439 6,7,8,9, 10, 11, 12
1.8711 7,8,9, 10, 11, 12, 13, 14
1.8947 8, 9,10, 11, 12, 13, 14, 15, 16
1.9319 10, 12, 14, 16, 18, 20
1.9637 12, 14, 16, 18, 20, 22, 24
2.0100 16, 18, 20, 22, 24, 26, 28, 30, 32

D 1.7276 6,7,8,9, 10, 11, 12
1.7553 7,8,9, 10, 11, 12, 13, 14
1.7791 8, 9,10, 11, 12, 13, 14, 15, 16
1.8171 10, 12, 14, 16, 18, 20
1.8497 12, 14, 16, 18, 20, 22, 24
1.8965 16, 18, 20, 22, 24, 26, 28, 30, 32

E 1.6050 6,7,8,9, 10, 11, 12
1.6346 7,8,9, 10, 11, 12, 13, 14
1.6589 8, 9,10, 11, 12, 13, 14, 15, 16
1.6982 10, 12, 14, 16, 18, 20
1.7306 12, 14, 16, 18, 20, 22, 24
1.7800 16, 18, 20, 22, 24, 26, 28, 30, 32

calculation. As we will mention in Sec. IVA, we classify
them into five sets (“A,” “B,” “C,” “D,” and “E”’) depending
on the value of the renormalized coupling. The heat bath
algorithm is used to update ¢ configurations, and even sites
and odd sites are alternately updated. After a thermalization
by 5000 sweeps, we calculate

Gl(rizz(t) :%Z¢(tsrc’xl) '¢(l,y1) (25)

X1)1

on the ith configuration at every 100 sweeps. We set
tye/a = L/a. The total number of samples is 999 950 for
each parameter set. The expectation value of Eq. (25) is
nothing less than the O(n)-invariant two-point Green
function.

B. Autocorrelation

We consider the autocorrelation function of Gl(;)v(t)

— (Giny (1)) (G (1)

— (Ginv(1)))];

where the angled brackets denote the expectation value

(26)

(Ginl1)); = D Gl ). 27)
i=1

The function A(j) represents the correlation between
Gi(r?v(t)’s separated by the j-time measurements. For a
precise analysis, we introduce the integrated autocorrela-

tion time,

i) =5+ (28)

1

~A()
= A(0)
27, (00) will indicate the separation where the measure-
ments can be regarded to be independent.

In Fig. 1, we give 27;,(j) for some values of
(1/¢>,L/a). To guarantee a reliable analysis, N > j is
required, and we adopt N = 100000. The statistical error is
evaluated using the single-eliminated jackknife method.
The autocorrelation time becomes large near the continuum
limit, and thus we show the data for 1/g? that gives the
smallest lattice spacing from the sets A and E. For each
(1/¢*,L/a), the situations with (¢ — ty.)/a = 10, 20, and
30 are shown. The data with large (¢ — #.)/a do not give a
significant contribution to the evaluation of the mass gap
and amplitude. We consider that the verification at
(t—ty.)/a =10-30 is sufficient. We confirm, from
Fig. 1, that 27, (c0) is at most about 10 with our simulation
parameters. For the sake of safety, we evaluate the
statistical errors on the mass gap and amplitude by the
jackknife method with a bin size of 50 samples in
the following analysis.

C. Fit range

For the O(N)-invariant two-point Green function, we
carry out the fit considering the correlation between the
different time slices with the variance-covariance matrix. We
denote the fit range as [f,yin : fmax]- For all of the parameter
sets, (fmax — tse)/a@ = 3(L/a) — 1 is chosen to avoid con-
tamination from the temporal boundary. On the other hand,
tmin should be determined from the behavior of y?/Nys.
We increase t,,;, from 1, and adopt the value when y? /Ny
falls to the vicinity of 1. An example for (1/¢*,L/a) =
(2.2403,32) is shown in Fig. 2. For this parameter set,
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1/g? = 2.2403, L/a =16
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FIG. 1. 2t;,,(j) for some values of (1/¢?, L/a). We show the data for 1/¢? that give the smallest lattice spacing from the sets A and E.
For each (1/¢%, L/a), the situations with (¢ — ty.)/a = 10, 20, and 30 are shown.

(tmin — tac)/@ = 12 is adopted, and the fitted value is shown  addition to the physical extent L. To take the continuum

by the horizontal dotted lines. limit later, we classify the numerical data into five sets (“A,”
“B,” “C,” “D,” and “E”). The classification is based on the
IV. NUMERICAL RESULTS value of g2y in the smallest L for each 1/g>. We denote the

smallest L as L. In Tables II-VI, we show g%V(L,L /a)

A. Data of SSF p . .
] 4 .a © ) . and ZI’fV(L,L/a) measured with various (1/¢%, L/a). We
We obtain the mass gap in the lattice unit Ma and the ;¢ jist ¥*/Ng in the fit.

amplitude A by fitting Eq. (6) to the data of the O(n)- We can determine SSFs by using Egs. (15) and (16).
invariant two-point Green function. The renormalized — [owever they are the SSFs on a lattice. We need to
coupling ggy can be extracted from Ma using Eq. (9), extrapolate the lattice SSFs to the continuum ones. In
and the wave-function renormalization Z{?V from A using  preparation, in each set we line up g%y (L, Lo/a) with the
Eq. (10). On a lattice, g, and Zﬁv depend on L/a in  specific value. As an example, we consider the set A in
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1/g? = 2.2403, L/a = 32

3.0 T

a0fy jadopted T <
SR S ?’;++;~,+,+¢s+a4a+,+awe+¢++++++++++++++++++++++++++++++%+++++ﬁ+ﬁ+++++WMH% {;
T e i
ot iy

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90
(tmin'tsrc)/a

FIG.2. Anexample of the fit-range dependence. y2 /N 4 in the fit
is shown in the top panel, and the fitted mass gap Mya is in the
bottom panel. For this parameter set, (#,,i, — g )/a =12 is adopted.

Table I1. We adopt u(, = 0.6755 as the specific value. By using
SSFs, we can evolve g& (Lo, Ly/a) = 0.6752-0.6756 to
gy (soLo, soLo/a) = ufy with some factor s. In this situation,
sq 1s nearly equal to 1, so we can safely use the perturbative
expression for the continuum SSFs. By solving u, =
o3(50, gy (Lo, Lo/a)) numerically with Newton’s method,
we determine s,. Then, we evaluate the lattice SSFs by

9(s. uy. a/Lo) = op(so. Gy (sLo. sLo/a)).  (29)

Z¢(S u' Cl/LO) _G;/:(So,glsz(SLo,SLO/(Z)>Z;{3V(SLO,SL0/Q)
s 0 - p .
o9 (s0.g%y (Lo.Lo/a)) Zly (Lo. Lo/ a)
(30)

In the present study, s = L/ L, is a factor greater than 1 but not
more than 2. The statistical errors are roughly estimated from

TABLE I. g2y (L,L/a) and Z&, (L, L/a) for various (1/g%,L/a) of set A.

1/¢2 = 2.0786 1/g2 = 2.1043
L/a ey Zpy 2%/ N L/a Giv zly 2/ Nyt
6 0.67562(44) 0.736987(89) 0.90(51) 7 0.67546(52) 0.71670(12) 0.83(45)
7 0.68841(53) 0.71269(12) 0.92(48) 8 0.68627(72) 0.69617(22) 1.92(67)
8 0.70089(50) 0.692435(98) 1.11(48) 9 0.69730(46) 0.678804(79) 1.06(44)
9 0.71109(47) 0.674314(80) 1.03(43) 10 0.70611(53) 0.66287(10) 1.00(41)
10 0.72053(54) 0.65817(10) 1.04(42) 11 0.71506(51) 0.648882(87) 1.38(45)
11 0.73019(52) 0.644050(89) 0.97(38) 12 0.72442(49) 0.636262(75) 0.81(33)
12 0.73917(59) 0.63109(11) 0.58(28) 13 0.73101(56) 0.624345(94) 0.85(33)
14 0.73940(54) 0.613753(83) 0.98(33)
1/ = 2.1275 /¢ = 2.1625
L/a v zly 2/ Nyt L/a Gy zby 22/ Nge
8 0.67564(48) 0.700346(95) 1.30(52) 10 0.67532(50) 0.672916(98) 0.94(40)
9 0.68502(45) 0.682692(78) 1.18(46) 12 0.69241(47) 0.647087(74) 0.54(27)
10 0.69352(52) 0.66698(10) 1.08(42) 14 0.70607(51) 0.625249(80) 1.41(40)
11 0.70200(50) 0.653087(87) 1.63(49) 16 0.71807(48) 0.606667(65) 1.49(38)
12 0.71110(48) 0.640655(75) 0.59(28) 18 0.72879(61) 0.590271(93) 0.68(25)
13 0.71862(55) 0.629024(93) 1.09(37) 20 0.74184(51) 0.576403(61) 1.44(33)
14 0.72579(53) 0.618446(82) 1.01(34)
15 0.73228(51) 0.608579(73) 0.96(32)
16 0.73815(50) 0.599474(67) 1.29(36)
1/ = 2.1954 1/@ = 2.2403
L/a 912:\/ Z?V 2/ Nyt L/a 9%\/ Zﬁv X*/Na
12 0.67551(46) 0.652903(72) 0.55(27) 16 0.67526(68) 0.62115(14) 1.11(34)
14 0.68986(43) 0.631629(58) 1.02(34) 18 0.68645(58) 0.605781(89) 0.65(24)
16 0.70072(47) 0.613205(64) 2.01(44) 20 0.69597(62) 0.591990(94) 0.99(28)
18 0.71007(60) 0.597037(92) 0.75(26) 22 0.70598(53) 0.579779(65) 1.25(30)
20 0.72075(64) 0.582953(96) 0.85(26) 24 0.71253(64) 0.568376(86) 1.08(27)
22 0.73000(62) 0.570317(82) 0.97(26) 26 0.71991(62) 0.558049(75) 0.90(23)
24 0.73715(74) 0.55872(11) 0.91(25) 28 0.72725(74) 0.548606(95) 0.82(22)
30 0.73428(72) 0.539910(85) 1.17(25)
32 0.73919(76) 0.531715(89) 1.18(24)
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TABLE IIl. g%, (L, L/a) and Z% (L, L/a) for various (1/¢% L/a) of set B.

1/ = 1.9637 1/§ = 1.9875
L/a giv Z?V 2%/ Nyt L/a Ibv ng 2/ Nyt
6 0.73747(63) 0.71909(17) 0.54(41) 7 0.73929(57) 0.69777(13) 1.12(53)
7 0.75339(58) 0.69344(13) 0.50(35) 8 0.75316(65) 0.67613(16) 0.96(46)
8 0.76891(55) 0.67183(10) 0.82(42) 9 0.76653(51) 0.657341(85) 1.56(53)
9 0.78230(52) 0.652625(87) 0.77(37) 10 0.77661(58) 0.64026(11) 0.80(36)
10 0.79236(71) 0.63504(16) 0.80(37) 11 0.78893(56) 0.625564(94) 0.77(34)
11 0.80587(57) 0.620335(95) 1.45(46) 12 0.79912(64) 0.61190(11) 0.79(33)
12 0.81642(66) 0.60642(12) 0.75(32) 13 0.80946(62) 0.59952(10) 1.05(36)
14 0.81904(60) 0.588191(89) 0.97(33)
1/ = 2.0100 1/ = 2.0489
L/a ey ZPy 2%/ N L/a Gy zpy 2/ Ny
8 0.74019(53) 0.68055(10) 1.29(52) 10 0.73761(66) 0.65247(15) 0.72(35)
9 0.75190(49) 0.661754(84) 0.79(38) 12 0.75740(60) 0.62503(11) 0.76(33)
10 0.76117(68) 0.64466(16) 0.58(32) 14 0.77468(57) 0.602081(86) 1.23(38)
11 0.77292(55) 0.630250(92) 1.07(40) 16 0.78772(80) 0.58195(15) 0.74(28)
12 0.78414(53) 0.616994(80) 0.80(33) 18 0.80339(68) 0.565226(98) 0.87(28)
13 0.79270(60) 0.604552(99) 0.82(32) 20 0.81694(73) 0.55012(10) 1.08(30)
14 0.80228(59) 0.593399(88) 1.30(39)
15 0.80917(76) 0.58254(14) 0.98(33)
16 0.81636(83) 0.57284(16) 1.30(37)
l/g2 = 2.0794 1/g2 =2.1260
L/a ey Zpy 2*/Na L/a Giv zly 2/ Nyt
12 0.73826(59) 0.63119(11) 0.55(28) 16 0.73845(58) 0.599035(88) 1.00(32)
14 0.75515(55) 0.608666(84) 0.95(33) 18 0.75124(63) 0.582660(95) 1.05(31)
16 0.76813(78) 0.58894(15) 0.94(32) 20 0.76170(67) 0.567950(98) 0.93(27)
18 0.78243(66) 0.572381(96) 0.80(27) 22 0.77400(66) 0.555121(85) 1.25(30)
20 0.79442(71) 0.55745(10) 1.05(29) 24 0.78255(78) 0.54314(11) 0.94(25)
22 0.80650(69) 0.544151(87) 1.02(27) 26 0.79209(76) 0.532309(95) 1.01(25)
24 0.81634(81) 0.53195(11) 0.75(23) 28 0.80000(90) 0.52232(12) 1.10(25)
30 0.80918(87) 0.51320(11) 0.86(21)
32 0.81889(84) 0.505102(95) 0.83(20)
TABLE IV. @¢2y(L,L/a) and Z& (L, L/a) for various (1/¢% L/a) of set C.
l/g2:1.8439 1/92:18711
L/a ey ZPy 2%/ N L/a i zp, 2/ Ny
6 0.81779(72) 0.69774(19) 0.59(42) 7 0.81674(80) 0.67550(23) 0.67(42)
7 0.8368(10) 0.66928(36) 1.30(61) 8 0.83601(60) 0.65282(11) 1.14(49)
8 0.85636(91) 0.64610(27) 1.09(51) 9 0.85232(57) 0.632517(92) 0.70(36)
9 0.87577(58) 0.626062(94) 1.01(43) 10 0.86582(78) 0.61411(17) 1.05(43)
10 0.89178(68) 0.60762(12) 0.95(40) 11 0.88066(75) 0.59823(14) 0.72(33)
1 0.90702(65) 0.59134(10) 1.12(41) 12 0.89595(72) 0.58385(12) 0.56(28)
12 0.92297(74) 0.57669(13) 0.93(36) 13 0.90939(70) 0.57061(11) 0.73(30)
14 0.92210(68) 0.558491(97) 1.06(35)
l/g2 = 1.8947 l/g2 =1.9319
L/a Gy Zhy 72/ Nt L/a Ry Zg, 72/ Nt
8 0.81744(59) 0.65790(11) 0.93(44) 10 0.81599(74) 0.62809(17) 1.10(44)
9 0.83262(55) 0.637830(91) 1.01(43) 12 0.84231(67) 0.59917(12) 0.72(32)
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TABLE 1V. (Continued)

1/¢* = 1.8947 1/¢* = 1.9319
L/a Giy zly 2/ N L/a G zp, 2/ Ny
10 0.84622(76) 0.61976(17) 0.84(38) 14 0.86368(73) 0.57445(12) 1.23(38)
11 0.86124(62) 0.60431(10) 1.22(43) 16 0.88138(89) 0.55311(16) 0.95(32)
12 0.87416(70) 0.58991(12) 0.81(33) 18 0.90137(76) 0.53532(11) 1.06(31)
13 0.88743(68) 0.57696(11) 1.15(38) 20 0.92031(82) 0.51936(11) 0.91(27)
14 0.89816(66) 0.564864(94) 1.02(34)
15 0.90795(85) 0.55333(15) 1.00(33)
16 0.91855(93) 0.54310(17) 0.86(30)
1/g® = 1.9637 1/¢% = 2.0100
L/a 912:\/ Z?\/ Zz/Ndr‘ L/a 9]2:\/ Z(lé)v )(2/Ndf
12 0.81642(66) 0.60642(12) 0.75(32) 16 0.81636(83) 0.57284(16) 1.30(37)
14 0.83773(61) 0.582484(90) 0.80(30) 18 0.83360(70) 0.55586(10) 0.76(26)
16 0.85333(86) 0.56138(16) 1.10(34) 20 0.84805(75) 0.54043(11) 0.82(26)
18 0.87205(73) 0.54388(10) 0.78(26) 22 0.86180(74) 0.526669(91) 1.21(29)
20 0.88871(80) 0.52819(11) 0.93(27) 24 0.87336(88) 0.51403(12) 1.00(26)
22 0.90454(77) 0.514099(93) 1.16(29) 26 0.88646(85) 0.50271(10) 0.95(24)
24 0.91761(93) 0.50112(12) 0.92(25) 28 0.8965(10) 0.49211(13) 1.17(26)
30 0.90739(98) 0.48235(11) 0.87(21)
32 0.92037(95) 0.47385(10) 0.92(21)
TABLE V. ¢ (L,L/a) and Z%(L,L/a) for various (1/g* L/a) of set D.
1/¢ =1.7276 1/¢ = 1.7553
L/a Giv zpy 2/ Nyt L/a Gy zpy 2/ Nyt
6 0.91813(82) 0.67343(21) 0.96(54) 7 0.91732(73) 0.65013(16) 1.76(66)
7 0.94527(76) 0.64314(16) 1.27(56) 8 0.94251(68) 0.62534(12) 0.88(43)
8 0.97343(71) 0.61815(13) 1.36(53) 9 0.96594(65) 0.60345(10) 1.01(43)
9 0.99753(66) 0.59562(10) 0.53(31) 10 0.98462(90) 0.58341(19) 0.99(42)
10 1.01974(78) 0.57552(13) 0.70(34) 11 1.00482(86) 0.56624(16) 1.17(42)
11 1.04285(76) 0.55802(11) 0.93(37) 12 1.02561(83) 0.55070(14) 0.92(36)
12 1.06385(86) 0.54171(14) 0.94(36) 13 0.10457(81) 0.53651(12) 0.84(32)
14 1.06333(79) 0.52324(11) 1.90(47)
1/g* = 1.7791 1/g> = 1.8171
L/a 912:v Z(gv 22/ Nyt L/a 912=v Z(gv 2/ Nge
8 0.91775(66) 0.63133(12) 1.10(48) 10 0.91626(83) 0.60044(18) 1.08(43)
9 0.93942(63) 0.609855(99) 0.89(40) 12 0.95094(77) 0.56913(13) 0.82(34)
10 0.95722(87) 0.59030(19) 1.00(42) 14 0.98082(97) 0.54265(18) 0.67(29)
11 0.97698(70) 0.57354(11) 0.97(38) 16 1.00748(80) 0.52021(11) 1.04(32)
12 0.99454(81) 0.55794(13) 0.84(34) 18 1.03295(88) 0.50068(11) 0.72(25)
13 1.01269(78) 0.54394(12) 1.15(38) 20 1.05874(95) 0.48347(12) 0.92(27)
14 1.02894(77) 0.53101(10) 1.38(40)
15 1.04460(98) 0.51874(16) 1.07(34)
16 1.05967(84) 0.50782(11) 1.00(32)
l/g2 = 1.8497 1/g2 = 1.8965
L/a v i 2%/ Nyt L/a Iiv Zpy 2/ Ngt
12 0.91781(74) 0.57834(13) 0.79(33) 16 0.91747(94) 0.54374(17) 1.39(38)
14 0.94411(69) 0.552425(97) 0.82(31) 18 0.93771(79) 0.52531(11) 0.85(28)
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TABLE V. (Continued)

1/¢* = 1.8497 1/ = 1.8965
L/a Gy zp, 2* /N L/a Gy zpy 2/ Ny
16 0.96708(99) 0.52991(18) 0.92(31) 20 0.95696(86) 0.50888(11) 1.23(31)
18 0.99091(83) 0.51113(11) 0.74(26) 22 0.97658(84) 0.494351(98) 1.14(29)
20 1.01343(91) 0.49428(12) 1.01(29) 24 0.9918(10) 0.48081(13) 0.88(24)
22 1.03716(89) 0.47935(10) 1.04(27) 26 1.00912(98) 0.46880(10) 1.03(25)
24 1.0539(11) 0.46540(13) 1.15(28) 28 1.0244(11) 0.45765(12) 0.90(23)
30 1.0401(11) 0.44730(12) 1.05(24)
32 1.0560(11) 0.43810(11) 1.47(27)
TABLE VI. g2y (L,L/a) and Zly(L,L/a) for various (1/g%,L/a) of set E.
1/¢% = 1.6050 1/¢* = 1.6346
L/a 912:v Z({:}v 2/ Nyt L/a 912:v ng 2/ Nge
6 1.05866(98) 0.64252(24) 1.58(70) 7 1.0574(11) 0.61760(29) 0.36(31)
7 1.10194(90) 0.60934(18) 1.16(54) 8 1.09602(81) 0.59098(14) 1.14(49)
8 1.14332(85) 0.58142(14) 1.78(61) 9 1.12986(76) 0.56664(11) 1.28(48)
9 1.18096(80) 0.55636(12) 0.64(34) 10 1.16218(90) 0.54500(15) 0.77(36)
10 1.21769(95) 0.53412(15) 1.12(43) 11 1.19398(87) 0.52598(13) 0.72(33)
11 1.2535(11) 0.51437(19) 0.72(33) 12 1.2261(10) 0.50844(16) 1.32(43)
12 1.2896(11) 0.49645(16) 1.37(44) 13 1.25752(99) 0.49268(14) 0.9234)
14 1.28756(97) 0.47814(12) 1.26(38)
1/4 = 1.6589 1/ = 1.6982
L/a Giy zly 2%/ N L/a Gt zl, 2/ Nyt
8 1.06073(78) 0.59846(13) 0.80(41) 10 1.05950(82) 0.56631(14) 0.78(36)
9 1.09148(73) 0.57462(11) 0.66(35) 12 1.10810(90) 0.53170(14) 1.42(44)
10 1.12050(87) 0.55344(14) 0.66(33) 14 1.15522(86) 0.50309(11) 0.65(27)
11 1.14998(84) 0.53491(12) 1.21(42) 16 1.19819(97) 0.47839(12) 1.19(35)
12 1.17791(97) 0.51778(15) 0.69(31) 18 1.2397(11) 0.45698(13) 0.91(29)
13 1.20647(94) 0.50241(13) 1.12(38) 20 1.2813(12) 1.43811(14) 0.90(27)
14 1.23363(92) 0.48817(12) 1.47(41)
15 1.2582(12) 0.47455(19) 1.25(37)
16 1.2810(14) 0.46181(22) 1.26(37)
/4 = 1.7306 1/ = 1.7800
L/a Giy zp, 2/ N L/a Gy zp, 2/ Ny
12 1.05944(86) 0.54277(14) 0.86(35) 16 1.05797(84) 0.50805(11) 1.18(34)
14 1.10256(82) 0.51503(11) 0.84(31) 18 1.08760(93) 0.48799(12) 0.77(26)
16 1.1338(12) 0.48998(20) 0.70(27) 20 1.1172(10) 0.47038(13) 0.91(27)
18 1.1731(10) 0.46981(12) 1.0931) 2 1.14777(87) 0.454904(84) 1.0127)
20 1.2083(11) 0.45137(13) 0.99(28) 24 1.1707(12) 0.44014(14) 0.93(25)
22 1.2470(11) 0.43537(11) 0.75(23) 26 1.1976(12) 0.42709(12) 1.03(25)
24 1.2772(13) 0.42008(15) 0.92(25) 28 1.2213(13) 0.41507(13) 1.36(28)
30 1.2472(12) 0.40391(11) 1.11(24)
32 1.2712(13) 0.39383(12) 0.81(20)
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TABLE VIL  X9(s. u)).a/Lo) and £%(s, u). a/Lq) for set A (ul, = 0.6755).

LO/a = 6 Lo/a =17
s pY >4 s X9 >
7/6 0.68829(75) 0.96704(20) 8/7 0.68631(95) 0.97135(35)
8/6 0.70076(73) 0.93956(18) 9/7 0.69735(78) 0.94712(20)
9/6 0.71095(71) 0.91498(17) 10/7 0.70616(82) 0.92488(22)
10/6 0.72039(76) 0.89308(19) 11/7 0.71512(80) 0.90537(21)
11/6 0.73004(75) 0.87392(18) 12/7 0.72447(79) 0.88776(20)
12/6 0.73902(80) 0.85634(20) 13/7 0.73106(84) 0.87113(22)
14/7 0.73945(83) 0.85635(21)
Lo/a:7 L()/CZZIO
K 29 > s 29 >
9/8 0.68488(73) 0.97480(17) 12/10 0.69260(77) 0.96161(18)
10/8 0.69337(78) 0.95236(20) 14/10 0.70628(80) 0.92914(19)
11/8 0.70185(76) 0.93253(18) 16/10 0.71828(78) 0.90152(18)
12/8 0.71094(75) 0.91479(17) 18/10 0.72900(86) 0.87715(21)
13/8 0.71847(80) 0.89818(19) 20/10 0.74207(80) 0.85653(19)
14/8 0.72562(78) 0.88308(19)
15/8 0.73212(77) 0.86900(18)
16/8 0.73799(76) 0.85600(18)
Lo/(l = ]2 Lo/a = ]6
s 9 >4 s 9 >
14/12 0.68985(70) 0.96742(14) 18/16 0.6867(10) 0.97525(26)
16/12 0.70071(73) 0.93920(15) 20/16 0.6962(10) 0.95304(27)
18/12 0.71007(81) 0.91444(18) 22/16 0.70624(98) 0.93337(25)
20/12 0.72074(84) 0.89286(19) 24/16 0.7128(10) 0.91501(26)
22/12 0.73000(83) 0.87351(18) 26/16 0.7202(10) 0.89838(26)
24/12 0.73714(92) 0.85574(21) 28/16 0.7275(11) 0.88317(28)
30/16 0.7346(11) 0.86917(27)
32/16 0.7395(11) 0.85597(28)
TABLE VIIL.  ¥9(s, uy, a/Lg) and =4 (s, up, a/Lg) for set B (ug = 0.7383).
Lo/ﬁl = 6 Lo/a =7
K pY > s 9 >
7/6 0.75426(98) 0.96428(30) 8/7 0.75214(96) 0.96903(29)
8/6 0.76981(96) 0.93420(28) 9/7 0.76547(86) 0.94215(22)
9/6 0.78323(94) 0.90746(26) 10/7 0.77552(91) 0.91770(24)
10/6 0.7933(11) 0.88298(33) 11/7 0.78780(90) 0.89666(23)
11/6 0.80687(97) 0.86251(28) 12/7 0.79796(95) 0.87710(25)
12/6 0.8175(10) 0.84313(30) 13/7 0.80826(93) 0.85938(24)
14/7 0.81781(92) 0.84318(24)
Lo/a:8 Lo/a:10
s 9 ¢ s 9 ¢
9/8 0.74995(81) 0.97245(19) 12/10 0.7581(10) 0.95790(28)
10/8 0.75916(94) 0.94738(27) 14/10 0.77545(99) 0.92270(26)
11/8 0.77085(85) 0.92627(20) 16/10 0.7885(11) 0.89182(33)
12/8 0.78200(84) 0.90685(19) 18/10 0.8042(11) 0.86616(28)
13/8 0.79052(88) 0.88861(21) 20/10 0.8178(11) 0.84299(29)
14/8 0.80004(87) 0.87227(20)
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TABLE VIIL (Continued)

Lo/a:8 Lo/a:10
s 9 ¢ s 9 ¢
15/8 0.80689(99) 0.85635(26)
16/8 0.8140(11) 0.84212(28)
Lo/a = ]2 Lo/a = 16
Ky >9 p4 s 39 N4
14/12 0.75519091) 0.96431(21) 18/16 0.75109(95) 0.97267(21)
16/12 0.7682(11) 0.93305(29) 20/16 0.76155(97) 0.94812(22)
18/12 0.78247(98) 0.90682(23) 22/16 0.77384(97) 0.92671(21)
20/12 0.7945(10) 0.88316(24) 24/16 0.7824(11) 0.90672(24)
22/12 0.8065(10) 0.86210(23) 26/16 0.7919(10) 0.88863(22)
24/12 0.8164(11) 0.84277(26) 28/16 0.7998(11) 0.87196(26)
30/16 0.8090(11) 0.85674(24)
32/16 0.8187(11) 0.84323(24)
TABLE IX. X9(s,ug, a/Ly) and =P (s, ug, a/Lg) for set C (ug = 0.8166).
Lo/a = 6 Lo/a =7
s 9 > K 29 >
7/6 0.8355(13) 0.95926(58) 8/7 0.8359(12) 0.96644(37)
8/6 0.8550(13) 0.92610(47) 9/7 0.8522(12) 0.93639(35)
9/6 0.8744(11) 0.89743(30) 10/7 0.8657(13) 0.90914(41)
10/6 0.8903(11) 0.87103(32) 11/7 0.8805(13) 0.88563(39)
11/6 0.9055(11) 0.84774(31) 12/7 0.8958(12) 0.86435(37)
12/6 0.9214(12) 0.82678(33) 13/7 0.9092(12) 0.84476(37)
14/7 0.9219(12) 0.82682(36)
Lo/a:8 Lo/a:10
s %9 ¢ s x9 ¢
9/8 0.83175(92) 0.96953(21) 12/10 0.8430(12) 0.95392(32)
10/8 0.8453(11) 0.94209(30) 14/10 0.8644(12) 0.91453(32)
11/8 0.86030(97) 0.91863(22) 16/10 0.8821(13) 0.88053(37)
12/8 0.8732(10) 0.89678(25) 18/10 0.9021(12) 0.85218(31)
13/8 0.8864(10) 0.87710(24) 20/10 0.9211(12) 0.82675(33)
14/8 0.89713(99) 0.85874(23)
15/8 0.9069(11) 0.84123(29)
16/8 0.9175(12) 0.82569(32)
Lo/a =12 Lo/a =16
s =9 ¢ s 9 ¢
14/12 0.8379(10) 0.96052(24) 18/16 0.8338(13) 0.97034(32)
16/12 0.8535(12) 0.92571(32) 20/16 0.8483(13) 0.94341(32)
18/12 0.8723(11) 0.89685(26) 22/16 0.8621(13) 0.91937(31)
20/12 0.8889(12) 0.87096(27) 24/16 0.8736(14) 0.89731(34)
22/12 0.9048(11) 0.84773(26) 26/16 0.8867(14) 0.87753(33)
24/12 0.9178(12) 0.82632(29) 28/16 0.8967(15) 0.85903(36)
30/16 0.9077(14) 0.84198(35)
32/16 0.9207(14) 0.82714(34)
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TABLE X. X9(s.u}. a/Lo) and £%(s. ul). a/Ly) for set D (u}y = 0.9176).

Lo/a=6 Lo/a=1
s 29 >4 s 29 >
7/6 0.9447(13) 0.95505(39) 8/7 0.9428(12) 0.96185(30)
8/6 0.9728(13) 0.91796(36) 9/7 0.9662(12) 0.92817(28)
9/6 0.9969(13) 0.88453(34) 10/7 0.9849(13) 0.89734(38)
10/6 1.0191(13) 0.85469(36) 11/7 1.0052(13) 0.87092(34)
11/6 1.0422(13) 0.82873(36) 12/7 1.0260(13) 0.84700(32)
12/6 1.0631(14) 0.80452(38) 13/7 1.0461(13) 0.82517(31)
14/7 1.0637(12) 0.80476(30)
L()/a:8 L()/CZZIO
K 9 > K 29 >
9/8 0.9393(11) 0.96599(24) 12/10 0.9524(13) 0.94778(36)
10/8 0.9571(12) 0.93501(35) 14/10 0.9824(15) 0.90361(42)
11/8 0.9768(11) 0.90847(25) 16/10 1.0091(14) 0.86618(34)
12/8 0.9944(12) 0.88376(29) 18/10 1.0347(14) 0.83360(36)
13/8 1.0125(12) 0.86160(27) 20/10 1.0606(15) 0.80490(37)
14/8 1.0288(12) 0.84112(26)
15/8 1.0444(13) 0.82170(33)
16/8 1.0595(12) 0.80439(28)
Lo/a = ]2 Lo/a = 16
s 9 P4 s 9 ¢
14/12 0.9439(12) 0.95521(27) 18/16 0.9378(15) 0.96610(36)
16/12 0.9668(14) 0.91629(37) 20/16 0.9571(15) 0.93587(37)
18/12 0.9907(13) 0.88382(29) 22/16 0.9767(15) 0.90915(35)
20/12 1.0132(13) 0.85469(30) 24/16 0.9919(16) 0.88424(38)
22/12 1.0369(13) 0.82889(29) 26/16 1.0093(16) 0.86215(37)
24/12 1.0536(14) 0.80476(33) 28/16 1.0246(16) 0.84165(38)
30/16 1.0403(17) 0.82261(39)
32/16 1.0562(16) 0.80567(38)
TABLE XI. X9(s, ug, a/Ly) and ¢ (s, ug, a/Ly) for set E (uy = 1.0595).
LO/a = 6 Lo/d =7
s 9 > s 9 ¢
7/6 1.1029(16) 0.94831(46) 8/7 1.0983(17) 0.95677(51)
8/6 1.1443(16) 0.90480(42) 9/7 1.1323(17) 0.91727(48)
9/6 1.1820(16) 0.86577(41) 10/7 1.1648(18) 0.88216(50)
10/6 1.2188(17) 0.83113(44) 11/7 1.1968(17) 0.85129(49)
11/6 1.2548(18) 0.80037(48) 12/7 1.2291(18) 0.82282(51)
12/6 1.2909(17) 0.77243(46) 13/7 1.2607(18) 0.79723(50)
14/7 1.2909(18) 0.77363(50)
Lo/a:8 Lo/a=10
s 9 > s 9 >
9/8 1.0902(13) 0.96023(29) 12/10 1.1081(15) 0.93888(35)
10/8 1.1191(14) 0.92487(32) 14/10 1.1552(14) 0.88836(31)
11/8 1.1485(14) 0.89396(30) 16/10 1.1982(15) 0.84474(33)
12/8 1.1764(14) 0.86538(34) 18/10 1.2397(16) 0.80695(35)

114506-12

(Table continued)



NONPERTURBATIVE EVALUATION FOR ANOMALOUS ... PHYS. REV. D 97, 114506 (2018)

TABLE XI. (Continued)

L()/a:8 L()/LZZIO

K 29 ¢ s X9 >é
13/8 1.2048(14) 0.83973(32) 20/10 1.2813(16) 0.77362(37)
14/8 1.2319(14) 0.81597(31)

15/8 1.2564(16) 0.79323(40)
16/8 1.2791(17) 0.77197(45)

K 9 >4 K X9 >
14/12 1.1026(15) 0.94887(32) 18/16 1.0892(15) 0.96045(32)
16/12 1.1339(17) 0.90272(44) 20/16 1.1190(15) 0.92574(33)
18/12 1.1731(16) 0.86557(34) 22/16 1.1496(15) 0.89521(28)
20/12 1.2083(16) 0.83158(36) 24/16 1.1727(17) 0.86611(35)
22/12 1.2471(16) 0.80210(35) 26/16 1.1996(17) 0.84037(33)
24/12 1.2773(18) 0.77393(40) 28/16 1.2234(17) 0.81670(35)

30/16 1.2494(17) 0.79469(34)
32/16 1.2735(18) 0.77481(35)
Do (s, uy) Oop (s, ug) 2 [dop(sg,uy) 2
A (5.t 0/Lo) — \/ 2oA0) D08 t0) | [P t) 31
4 2 ¢ 2
A (s, uh, afLg)) = {A <05<801>> vl} N {65;(301) A <v1>} , (32)
op (50, Ug)/ Yo op (50, up)  \Vo

The symbol A denotes the statistical error. We denote g2y (Lg, Lo/a) as ug, gay (sLg, SLo/a) as u;, Z;’ﬁv(LO, Ly/a) as vy, and
Z;’?V(SLO, sLq/a) as v, to simplify the expressions. A(al‘f(so, uy)/ o"ps(so, ug)) is estimated from

¢ ¢ 2
op (S, U 1 Job(sg, U
(sl \/ AP + | Ht) aw)] | (33)
op (50, Uo) op (50, Up) u
where the coefficient E is defined as
¢ p) ¢ 1 P ¢ ¢ ) ¢ 96Y 9
_ op (50, u1) Oop(s0, o) op (50, u1)  0p(so. ur) Oop(so,ug)\ dop(so. ug)/Ou
E=-5 2 ou \7 s 0 29 907 AL,
op (0. o) u op (0. o) § op (50, o) § op (S0, o)/ Ds

In Tables VII-XI, we give X9(s,u;.a/L,) and Z‘/’(s,u(),a/Lo) for various (Ly/a,s) of each set. Each set corresponds
to u = 0.6755 for set A, ug, = 0.7383 for set B, uj, = 0.8166 for set C, ug, = 0.9176 for set D, and u(, = 1.0595 for set E.

In Fig. 3, we show the s dependence of £9(s, u(, a/L) and (s, uy, a/Ly) for various (u, Ly/a). While the data points
of (s, ufy,a/Ly) are almost located on a single curve independent of Lg/a, the data points of X9(s, uj, a/L,) show a
larger fluctuation. One reason for this is that the renormalized coupling g3y is defined by multiplying L/a by the
dimensionless mass gap Ma. As a result, the uncertainty of Ma due to the fit-range dependence is amplified in the value of
gry- However, X9(s, uf, a/L,) might have a (Ly/a) dependence beyond this uncertainty. In Sec. IV B, we discuss the
(Lo/a) dependence of X9(s, u), a/Ly) and (s, u,a/L,), and evaluate the values at (s, a/Ly) = (2,0).

B. Continuum limit

The continuum limit is nothing less than the limit a/Ly — 0. We extract the values of %% (s, uf),a/Ly) at (s,a/Ly) =
(2,0) by fitting for each u;. We use the following fitting forms:
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FIG. 3. s dependence of X9(s, uj, a/Lg) and X% (s, u),a/Ly) for various (uj, Ly/a).
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Z9(s, uy, a/Ly) = ugy + ZWk(Sv a/Lo)Z{(up),  (35)
%

(s, up.a/Lo) =1+ Y Wils.a/Lo)Xf(up).  (36)
k

The function W (s,a/L,) is defined by

W (i) (8- @/ Lo) = (Ins)(a/Lo)* . (37)
fori=1,...,ih and j =0, ..., juax — 1. These are moti-
vated from Egs. (200~(22). 2¢(u}) and =7 (u}) are free
parameters. They are determined for each u(, by minimizing
x7, that is, by solving the linear simultaneous equation

> AW ()20 () = B (uy), (38)
1

with

AL () = z W (s,a/Lo)W,(s,a/L,) (39)

s.afLy Az (s, up, a/Lg))*

By = 3 0/ L) = (s W5/ L)

safLy A(Z (s, up, a/Lo))?

(40)

Here £9%(s,uj,a/L,) denotes the expectation value of
99 (s,up,a/Ly). {up, 1} means u, for B{(u}), and 1 for
B (u}y). The summation is taken over (s, a/Ly) used in the
measurement.

We must pay special attention to the evaluation of the
statistical errors of X99(s,u(,0). When (Ins) takes a
nonzero value, the correlation between the fitting param-
eters must be considered. The variance-covariance matrix
for the parameter ¥/?(u)) can be described by
(A%?(u))~". Thus, the statistical errors are evaluated as

A9 (5, up, 0))2 =Y (A" (uf) )/ Wi(s, 0)Wi (s, 0).
k.l

(41)

Equations (17) and (18) suggest that we can evaluate
the p function and the anomalous dimension at

TABLE XII.

The fitting results of Egs. (35) and (36) with (i, Jmax) =

o9(s, uh) = 29(s, ufy,0) with % (u})) determined by the
fit. We evaluate the expectation values as

0ZI(s, ug, 0) OW,(s,0) o,

—s e N TR D s 40
s Os s - Os k(MO)’ ( )
OInZ? (s, up, 0) s OW(5,0) _p

— = — =9 (uy).
g ds z¢(s,u6,0)§k: a5 o)

(43)

The statistical error of —sOX9(s, ug,, 0)/0s is evaluated as

A <—s O%9(s, uy, O)) 2
Os

= PR

On the other hand, to evaluate the statistical error of
—s0In 2% (s, uf), 0)/Os, we use the approximation (In £%)~
>% — 1, and calculate

» / 2 ¢ / _ 2
A(_Saan (s,u0,0)> N (—s O(Z? (s, uy, 0) 1))

Os Os
=523 (A% (up))i!
Kl

% 3Wk(s, 0) aW[(S, 0)
s s

. (45)

From Tables VII-XI, we find |[£? — 1| < 0.23 for uj =
0.6755-1.0595. To compensate for the underestimation due
to the approximation, we multiply the evaluation of
A(—sOInZ? (s,u(,0)/0s) by the factor 1+0.23%>=1.0529.

In Table XII, we give the fitting results for Egs. (35) and
(36) with  (imax. jmax) = (2,2). We show o¢9(2,up) =
29(2, up),0) and 6?(2, up) = Z#(2, uf), 0) for each uj. We
also list the B function and the anomalous dimension
at 69(2, upy) = Z9(2, uy, 0).

(2,2). We show ¢9(2, u}) = 29(2, uf), 0) and 6% (2, uf)) =

¢ (2, up, 0) for each uj. We also list the f function and the anomalous dimension at 69(2, uf,) = 29(2, uy, 0).

) 0.6755 0.7383 0.8166 0.9176 1.0595
272/ Ny; for 29 1.57 1.20 1.15 1.33 1.60

272/ Ny; for =4 1.33 1.69 2.07 1.31 2.18

09(2, u)) 0.73932(59) 0.81688(68) 0.91793(83) 1.05414(95) 1.2716(11)
o (2, u}) 0.85580(14) 0.84272(16) 0.82635(21) 0.80520(23) 0.77470(24)
Py (69(2, up)) —0.0939(37) —0.1251(43) —0.1595(53) —0.2310(61) —0.3741(69)
rev(69(2,u)) 0.23698(93) 0.2593(11) 0.2943(14) 0.3342(16) 0.4031(16)
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C. Scale dependence

We discuss the continuum SSFs with s = 2, which were
obtained in the analysis of Sec. IV B. In Fig. 4, we give a
comparison between the Monte Carlo simulations and the
perturbative evaluation. 6¢(2, g2y ) and 6% (2, g ) are shownin
the top and bottom panels, respectively. It can be observed that
the perturbative evaluation approaches the result from
Monte Carlo simulations as the order increases. Moreover,

we fit
2 n—2
(In 2)> + u3< e (In2)
(n— 2 g
+—= ln2 + g ut2ed, (46)

4ﬂ
4
(In 2)) +Y utle?  (47)

i=1

op(2,u) = u + u? <n2_ﬂ

6;’3(2, u)=1+ u(—

to the Monte Carlo data, where ¢/ (2 <i<5) and 6?
(1 < i £ 4) are free parameters in the fit. We use the universal
forms independent of the renormalization scheme for the first
three terms of 6% (2, g2, ), and the first two terms of 67 (2, g%, ).
2/ Ngsinthefitis 0.40fore?(2, gy ),and 0.024 foro? (2, giv ).
The fitting result is also shown in Fig. 4.

We consider the scale dependence of g2y and Z%’V. The
SSFs are determined by the fit to Egs. (46) and (47), and are
expected to be sufficiently precise in the range gk, =
0.67-1.27. With the SSFs, we determine g%V(ZkLmin) and
Zﬁf\,(ZkLmin) (k=0,...,5) using Egs. (15) and (16). Here
L., is defined by L., =2 L. With mL,, =
0.5557(13). m is the mass gap at infinite volume. The
value of mL,, corresponds t0 g2y (L) = 1.2680, and is
taken from Ref. [2]. In addition, we set Zl‘ffV(LmaX) =1.0.
Note that the values of g2y (L) and Z;@V(Lmax) are set
without statistical errors. The statistical errors of g (L)

and Z%, (L) are recursively estimated by

1
[8()-%(2’ u)/au]u:gév (L)

Algiy(L)) =

SSF for ng2
1.30 ‘ T ‘

o
three loop "
two loop -
E oneloop - A
1.20 foop
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] s
2 100 F e A
E:L s
o) e
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0.90 F s ]
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Il Il Il | | ) ‘ ‘
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FIG. 4. SSFs obtained from Monte Carlo simulations and pertur-
bative evaluation. 69(2, g2y ) and 6? (2, g%, ) are shown in the top and
bottom panels, respectively. The one-loop evaluation is described by
the blue dotted curve, the two-loop one by the green dashed curve,
and the three-loop one by the red solid curve. The result fitted to
Egs. (46) or (47) is given by the black dashed-dotted curve.

VA (g (L)

+[A (0} (2. gty (L)), (48)

A(ZEy(L)) =

a2, gey(L))) denotes the statistical error due to those
from the fitting parameters. For the estimation, we include a
contribution from the correlation between the parameters, as
we have done in Sec. IV B. In Table XIII, the values of
mx 2L, g2y (2% L) and Z0, (2K L) (k=0,....5)
are listed. In Fig. 5, these data are plotted. We also show the
results obtained by numerically integrating Eqs. (13) and

AR L) 79 o] (49)

; ¢ 2
a%’(z,g%V(L»www(w d ALy

|
(14) from mL,;, =0.017366 with the perturbative
Prv(gy) and yey(ghy). We observe that the Monte Carlo
data behaves reasonably in comparison with the perturbative
evaluation.

Finally, we discuss the f function and the anomalous
dimension. In principle, we can obtain them by differ-

entiating g2, (L) and ZZ%, (L) with respect to L. However,
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TABLE XIIL. g%, (2*L,y,) and Zl‘f-’V(Z"me) (k=0,....,5) de-
termined with the SSFs by using Egs. (15) and (16). We set
oy (Lmax) = 1.2680 and ZgV(Lmax) = 1.0 without statistical

errors at Ly = 2°Liin. Goy(Lmax) = 1.2680 corresponds  to
ML = 0.5557(13).

m X 2kLmin gl%V (szmin) Zl(é)v(2kLmin)
0 0.017366(41) 0.67548(76) 2.6916(13)
1 0.034731(81) 0.73917(74) 2.3035(11)
two 0.06946(16) 0.81829(80) 1.94076(87)
3 0.13893(33) 0.91982(81) 1.60311(66)
4 0.27785(65) 1.05738(63) 1.29005(39)
5 0.5557(13) 1.2680 1.0

Scale dep of 2
140 P Irv '

three loop
1.30 F

120

QFVZ(L)
8
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Scale dep of ZFV¢
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220
2.00 ¢

1.80
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1.40
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0.80 L .
0.01 0.10 1.00

mL

FIG. 5. Scale dependence of g%, and ng. In addition to the
results from Monte Carlo simulations, we also plot the results
obtained by numerically integrating Eqs. (13) and (14) from
mL = 0.017366 with the perturbative Bpy(gy) and ypy(ghy)-
The one-loop evaluation is described by the blue dotted curve, the
two-loop one by the green dashed curve, and the three-loop one
by the red solid curve.

the functional forms of g2y (L) and Z%, (L) are compli-
cated, and thus performing the differentiation numerically
seems to be difficult. We alternatively use the data for
Prv(09(2, up)) and ypy (69(2, ugy)) determined in Sec. IV B.
In Fig. 6, the results from the Monte Carlo simulation are
shown. The perturbative evaluation is also shown for
comparison. We again observe reasonable behavior,
although the statistical errors are relatively large compared
to those of the SSFs or the renormalized parameters. It is
possible to fit fry(giy) and ypy(ghy) and determine the
coefficients. However, we only have five data points in the
present study. It is difficult to determine them with
sufficient statistical precision, and thus we do not perform
the fit. We leave the precise determination of the coef-
ficients as a future task.

B function
-0.05 T T T T T

three loop

Bev (92
o
B

-0.35 F
]
-0.40 F 3
_045 1 1 1 1 1
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9rv
anomalous dimension
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< 035
>
[T
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£ 0.30
0.25
020 1 1 1 1 1
0.7 0.8 0.9 1.0 1.1 1.2 1.3
Irv

FIG. 6. Pry(67(2,up)) and ygy(69(2,up)) determined in
Sec. IV B. The former is shown in the top panel, and the latter
in the bottom panel. The perturbative evaluation is also plotted for
comparison. The one-loop evaluation is described by the blue
dotted curve, the two-loop one by the green dashed curve, and the
three-loop one by the red solid curve.
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V. CONCLUSION

We have studied the finite box-size effects on the
wave-function renormalization of the two-dimensional
O(3) sigma model. We have analyzed the SSF, which
was proposed in a successful analysis of the renormalized
coupling of the same model [2]. The SSF of the wave-
function renormalization factor, Z;ff\,, was determined with
sufficient precision and its scale dependence was studied.
We have compared the results with the perturbative
evaluation and found a good agreement between them.
The g function and the anomalous dimension were deter-
mined and it was found that their behaviors are also
consistent with the perturbative evaluation.

Our analysis shows that the RG description of Z"g\,
works well, and thus it gives further evidence for the
existence of an RG equation that describes the box-size
dependence of the N-point Green function. A concrete
construction of the RG equation will be addressed in a
forthcoming report [22].

To conclude, we give some prospective views. The RG
equation in few-body quantum systems will be a useful tool
for the analysis of spatially extended objects, such as
(loosely) bound two- or few-body systems and the Efimov-
like critical behaviors of the system, as we have mentioned
in Sec. I. The analyses of the finite box-size effects should
also have realistic physical meaning, as they are not
artifacts or systematic errors. A well-known example is
the finite-temperature system, where the finiteness in the
imaginary time direction plays a key role. There the RG
equation for the box-size parameter could be a new
powerful tool for studying the temperature dependences.
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APPENDIX: PERTURBATIVE EVALUATION

1. Preparation

To clarify the notation, we give a brief description of the
action, Feynman rules, Green functions, and boundary
condition.

zZ= / 5(@2(2) — 1)dep(z)]e5

-/l
_ / lgdn(2)] exp [— / { 9,1 0,1

We use dimensional regularization, so that Eq. (1) must
be extended to a d-dimensional action,

) = 53 [ A0 0,5() (0 =0..cd = 1)
(A1)

Here the system is put on

A={zlzo€[-T/2.T/2].z;€[0.L] fori=1,...d—1}.

(A2)

As we have said in Sec. I, particular attention must be
paid to the treatment of the zero mode. The zero mode
comes from the degree of freedom where the ¢ field is
rotated by the same matrix over all points of space-time. To
separate it, we use an O(n) rotation matrix Q which is
independent of the space-time points, and parametrize the

¢ field as
b =01 -¢r(@).om) . (A3)
#(z) = (mi(z),i=1,...,n—=1) is the (n — 1)-component

field. In the following, we use also the dot symbol for the
scalar product of (n — 1)-component vectors. As long as
there is no confusion, we use the abbreviation, e.g.,
n=nx-rx. According to Refs. [14,23], we consider the

identity

1= /d"mﬁ" (m—#/ddng(z)) (A4)

Substituting Eq. (A3) into Eq. (A4), we obtain

1=5,_ 1[1_[5( i l/ddzn,.)]
(n—1)g* / ddmz}’

2TL!
where §,,_; is the surface area of an (n — 1)-dimensional
unit sphere. Note that the identity (AS) is satisfied even in
the interior of the path integration with respect to the
field. By applying Eq. (A5) to the partition function, we
have

X exp [— (A5)

%}exp[—/ {6”8 +%%H

2 (9,7 2)2 1
1-

% o F200) 01 —gznz)H
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. )
~(Feynman rules) )
propagator
(x,i) v = §iGIx;y)
vertices
. . (n-1)g2
Ooi) —— () = ZTLﬁ 8
(x1,i1) (x3,i3)
_ g 143 1,4 243 2.4
(x2,i2) x4 Tshiz Sisie [0uOu +0u0y + 30y + 040y lx=xe=xs=xt
L J

FIG. 7. Feynman rules read off from the action (A7) up to O(g?). x and y represent the coordinates. i and j denote the number of

components for the z field. The cross symbol denotes a vertex due to the zero mode. The filled circle denotes a vertex due to the term

§(I(9“gﬂ2 )2 Vertices linked by dotted lines are located at the same coordinate.

:S,,_l/ lgdn(z [115< TLI- ‘/ddzm)]

1

X exp [—/ddz{%aﬂn-aﬂn—i—%l(aﬂzzf += 5"(0) n(l - ¢*n )—i—wnz}]. (A6)

2741

The factor with the delta functions excludes the zero mode of the x field. To compensate, we must include an extra
Vg 2

interaction term, 2TL" ¥

Due to Eq. (A3), & must satisfy the condition |z| < 1/g. However, starting from the final expression of Eq. (A6), we are
no longer constrained by the condition. It can also be understood from the free-field part of Eq. (A6) that |z| < 1 gives the
main contribution to the path integration, and |z| ~ 1/g provides an exponentially small contribution. Thus, the range of
integration can be safely extended to

We have §9(0) = 0 with the dimensional regularization." Thus, we do not need to consider the interaction due to the
integral measure, 6¢(0) In(1 — g>z?), in the following discussion. Note that if we use lattice regularization, the IR cutoff
mass g/a is introduced due to 6*(0) = 1/a® and enables us to isolate the momentum zero mode in a finite volume. The
action for the z field can be written as

1 (n=Dg , ¢ @7
— d., | m 2 H
Sz /d Z[zaﬂn‘ ot + STLA] 81 —9271'2
1 -1 2 2
- / d’z [2 Oym - ' + 7('2’“ dZ? 7+ —98 (9,7%)* + (’)(g‘*)} : (A7)

In Fig. 7, we summarize the Feynman rules that we can interpret from this action. The details of the & propagator, G(x, y),
are discussed a bit later.

"We can write 59(0 = [ g;’i, 1= [ é’i’)ﬂ, iii: = [ (gi’)‘ (K* + a?) [ dte” <"2+" ) with an arbitrary nonzero parameter a. After
changing the order of 1ntegrat10n and domg the k integration, we have 67(0) = 5717 [4 [¢° dre™ 2l (e dre =4/ 21,
When Re(d) < 0, these integrations converge, and we obtain 6¢(0) = 0. Considering §7(0) as an analytical function of d, we can

continue it to Re(d) > 0. Then, we have §¢(0) = 0 for any complex dimension d.
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We define the expectation value of an operator O as

(0) :% / lgd(2)] [ﬁ&(— 4 / ddzfriﬂ 5% 0

i=1

S o[- f 50|

i=1

« e—fd"z%c‘?”mc‘)ﬂno{l g /dd

07| 0 .

(A8)

In the following, the coefficient of (¢*)' is denoted by (0O);

with a non-negative integer i.
From Eq. (A8), the free & propagator,

(mi(X)7;(¥))o = 6;;G(x;), (A9)

. 2
satisfies

1/(TL*")ein~
G (x) =

22, and ¢,,,(x) are the eigenvalue and eigenfunction of

Oip(x) = —22(x) (A15)
with the boundary condition
9 hpx) =0 (= £T/2)
8X0 0, o *0 = ’
¢(xo.x +Ln,) = p(xo.x) (n, € Z9). (Al6)

The normalization of ¢,,(x) is taken such that the
orthonormal condition

>The constant term, TL“ T
zero mode. Consider a formal solution G(z) =

appears due to the exclusmn of the
oinz

TL" ! ZP#O
One can confirm the appearance of the constant term from the

. = [J.eirz P
calculation .of 0.G(2) = 7777 2 pso 1%21 = — o 2o+
#szoellkz — _5d(Z) + #.

2/(TL1)e > cos(p,,
2/(TL")el* sin(p,,xq)

To determine G(x;y), the boundary condition must be set.
We adopt the NBC for the temporal direction, and the PBC
for the spatial direction,

0
——G(x0.x;50.y) =0 (xo=+£T/2),

axo
0
a—G(xo»xWo,,V) =0 (yo==£T/2),
Yo

G(xO’x+Lnx;y0’y +Lny) = G(x07x§y0’)’) (nxvny € Zd_l)'

(A1)
Then, G(x;y) can be written as
G(xy) = Z /12 G (V)P (x), (A12)
( ( ) mn
with
22 + _mn —2anernEZ"—1
mn pm qn pm - T ’qn - L ’
(A13)
and
(m =0),
Xo) (m: even but not zero), (A14)
(m: odd).
/ ddx¢:zn (x)¢m’n’ (x) = 5mm’5nn’ (A17)
A
is satisfied.
It is useful to separate G(x;y) as
G(x;y) = Gz(x03¥0) + Gn(x3y), (A18)

where Gy(xp;y) is a contribution from the momentum
zero mode (m # 0, n = 0),

Grx0i30) = 3 21 B 0ualx). (A19)

m#0 "m0

and Gy(x; y) is the one from the momentum nonzero mode

(n #0),

GN(x y) ZZ/’LZ d)mn y)¢mn( ) (AZO)

m  n#0

After some calculations, we obtain
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1 _|x0—y0|+x(2)+y%
L4t 2 2T

)= 3 {R(x -

m=—0oo

+ R(xo +yo + 2m + 1)T,x —y)},

T
Gz(x03 y0) = +E>’ (A21)

Yo+ 2mT,x —Yy)
(A22)

with the nonzero mode propagator in the limit of infinite
temporal extent

Z Ldlz

e~ lullz0l+iguz
5o lan]

(A23)
|

Equation (A22) can be interpreted that R(z) is padded in
the temporal extent 7 in such a way as to satisfy the NBC.
In addition, if we use the zero-mode propagator in the limit
of infinite temporal extent,

1 1
lim —e~®l%l,
2Ld 1 w—=0" W

r(z9) = (A24)

instead of R(z) in Eq. (A22), we can reproduce Eq. (A21).
The O(n)-invariant two-point Green function defined by
Eq. (4) can be written as

Gun(03) = 1+ (a0 - 20)) =3 (2(0) =3 0 ) +° (PR = w0} - § w0 ) + Ol

= 142 (a2 - 5 @ =5 @O )+ (a0 20D, = 5 (), - 5 (20D,

1 1

F PR =5 @D = § T 0)) + O

The final expression of Eq. (A25) is perturbatively evalu-
ated in Secs. A2 and A 3.

2. Evaluation at O(g?)

It is instructive to follow the derivation of the O(g?)
contribution to the O(n)-invariant two-point Green func-
tion. The contribution is given by the second term in
Eq. (A25). We refer to the contributions (z(x) - 7z(y))o.
(m%(x))o, and (m%(y)), as “a,” “b,” and “c,” respectively.
The diagrammatic description is given in Flg. 8. We project
the total momentum in the external line to zero. Each
contribution can be calculated as

1
Pa<1) :W/dd_lx/dd_lyG(X;y)|x0——‘r.yo—+r’

(A25)

|
except for the coefficient in Eq. (A25), the coefficient in the
brackets of Eq. (A8), the multiplicity of the spin compo-
nent, and the statistical factor. Here we adopt x, = —7
and y, = +7.

We do not need to consider the momentum nonzero
mode for P,(7),

1 2 T
PA(T) = GZ(XO;y0)|x0:—1,y(,:+T - F |T| + = + 12

(A27)

On the other hand, the momentum nonzero mode is needed
for Py(7) and P.(z). Dropping the terms that are exponen-
tially small for T — oo, we have

1
— d—1 d—1 .
Po(e) = Tz / dx / ¢ yGEx) gymr Py(t) = G (%03 X0) yy=r + ON (5 0) e
1 a1 d—1 1 (22 T
P.(7) = T d'x [ dyG(y;¥)ly—ter  (A26) =\t )T R(0), (A28)
( N\ N )
a C
O @
X y X )c/) X y
. J L J . J
FIG. 8. The diagrammatic description of the O(n)-invariant two-point Green function at O(g*). The open circle denotes the external

space-time point.
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Pe(7) = Gz(y0: ¥0) lyy=tr + GNV3 ¥) |yt

1 2 T
LT (_ 12) +R(0).

In the derivation of Egs. (A28) and (A29), the condition
-T/2 <t < T/2 was used.

The factors multiplying each P(z) are given by

(A29)

Fo=¢x1x(n-1)x1,
Fo=(-¢/2) x1x (n—=1)x1,

F.=(=¢*/2) x1x(n—=1)x 1. (A30)

Thus, the total contribution at O(g?) can be written as

e [ 4 [ @0 e00),

- FaPa(T) + FyPy(z) + F.P.(z)
= {_(n - 1R(0) = (n—1) <L|;-|‘>} :

Note that the terms proportional to 7 cancel. This fact
means that the divergence at 7 — oo (IR divergence)
vanishes by treating the O(n)-invariant Green function.
It should also be noted that the terms proportional to 7>
cancel. The appearance of the 7> terms in Py(z) and P, (7) is
due to the use of the NBC. Such a cancellation does not
occur if we use the periodic boundary condition for the
temporal direction.

(A31)

3. Evaluation at O(g4)

The O(g*) contribution to the O(n)-invariant two-point
Green function is given by the third term in Eq. (A25). We
refer to the contributions (z(x) - z(y)),, (m*(x));, (&> ()},

(2 ()7 (3))o» (2 (1)), and (a(3))g a5 “a” b e
“e,” and “f,” respectively. Moreover, we subdivide each
contribution into groups based on the type of interaction or
the pattern of contraction. The diagrammatic description is
shown in Fig. 9. We again project the total momentum in the

external line to zero, and introduce the abridged notation

Intz[f(
d—1 d—1
2(d-1 /d /d xy Xo==7.yo=+7"
Int3[f(xyz
dl/ddl/ddl/dd xyzxo—fyo+f

(A32)

Then, each contribution can be calculated as

Po(7) = Int[02G(x;2)G (25 ¥)0,G (25 2)
+ 982G(x;2)G(z:9) PGz 2)
+ G(x;2)04G(2:y)04G(z: 2)
+ G(x;2)01G(z:y)02G(z; 2)].

= Int3[95G(x;2)G(23y)02G(z: 2)
+ 92G(x;2)0,G(z;:y)G(z; 2)
+ G(x;2)G(z; )01 92G(z; z)
+ G(x;2)0,G(z;y)0,G(z; 2)].

Py(7) = In[G(x;2)G(z:y)],

Pal (T)

Pyo(7) = Int3[02G(x;2)G(z;x)04G(z: 2)
+ 02G(x;2)G(z;x)02G(z; 2)
+ G(x;2)04G(z;x)01G(z: 2)
+ G(x;2)01G(z;x)02G (23 2)],

Py (1) = Int3[02G(x;2)G(2;x)02G (23 2)
+ 02G(x;2)9,G(z;x)G(z: 2)
+ G(x;2)G(z;x)0,02G(z; 2)
+ G(x;2)0)G(z;x)04G (23 2)],

Piy(7) = Int3[G(x; 2)G(z; )],

Py(7) = Ints[0;G(y; 2)G(23¥),G(z3 2)
+ 02G(y;2)G(z:y)02G(z;2)
+ G(y;2)9,6(2;5)9,6(z; 2)
+ G(y:2)0,G(2:)9:G(z: 7)),

P (7) = Int3[02G(y;2)G(2; ¥) 902G (25 2)
+0,G(v:2)0,G(2:y)G(z: 2)
+ G(y;2)G(z;y)0502G(z; z)
+ G(y;2)04G(z:y)04G(z: 2)],

«(7) = Ini;[G(y; 2)G(z:y)].

Pyo(7) = Inty [G(x; )G (y; y)],

Pygi(7) = Ini[G(x; y) G (x; y)],

Py (7) = Inty[G(x; x) G (x; x)],

Pei(7) = Inty[G(x; x) G (x; x)],

Pro(7) = Iniy[G(y; y)G (y: )],

Py (7) = In[G(y; y)G(y; y)], (A33)

except for the coefficient in Eq. (A25), the coefficient in the
brackets of Eq. (A8), the multiplicity of the spin component,
and the statistical factor. Here the superscript in the partial
differential symbol means
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r N\ N\ “
a0 al a2

U z Y ) U z ) U z Y)
bo ) ( b1 ) b2

e}
\
< .
N
0]
0
X0

\_ J J )
N 7 N
do d1
O O =—
X y
\_ ) \_ )
e0 ( el 1 ( f0 A 1
G I .
X y . y ) \ X y y y

0G(u,v)
ou

ignored for the derivation of some of the P(z)’s at
this order. In addition, it should also be noted
that  9§95G7 (X5 Yo)|xy=y, = 7#r6(0) vanishes due to
5(0) = 0 with the dimensional regularization.

The total contribution at O(g*) can be written as

G (u,v)=

The explicit forms of each P(z) in Eq. (A33) and the
multiplying factor F are summarized in Table XIV.
Note that R(xg + yo = T,x —y) in Eq. (A20) cannot be
|

94ﬁ/d""x/dd‘1y<¢(x)~¢(y>>1 =g (n_l)R(0)2+(n—1)R(O)< id >+(”_1)2< il ﬂ (A35)
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TABLE XIV. The explicit forms of each P(z) in Eq. (A33) and the multiplying factor F. The prime in ), means that the p = 0
contribution is excluded from the summation. Note that == (3’ I%) is nothing less than R(0).

Diagram P(7) F
a0 e (G — 45+ 5+ )

) ) (= g+ )+ (5 1) (= )] ~ e
al Lﬂ%[(éﬁ T+___+th£(2)

HE) DG =5 +5) + (5 ) () ~(n—1)g*
a2 -G+ E -+ ) _lelpgt
b0 L f’ 1 [(GTZ + 12+ 1440) (Zp LZ)( )

T T (=2 + (5, (- >1 SIS
bl -5+ + (S NG+

+<z,/,:><4rz>+<z L) Ll
> # [(= 3T_T + T?T + 7T230) + (22 ﬁ) ()] + (;;zzig“
<0 oo G+ 5+ 1) + (5 30) (= 5+ 39)

+(2p'ﬁ><—%> + (5, ) (= )] NI
cl m e -5+ i) + O, E+H)

() ) ) + (5, 23] ST,
< (- F+ 5+ ) + (5 5 ()  —
do G+ + (5 HOP SR
dl %-u( —T+ ) +=Dd
0 5+ D)+ (5, ) OF o
el TG +5)+ (S, HOP e
fo e+ D) + (5, B OF — =
f m G+ h) + (5 e (e

4. Evaluation of R(0)

Here we evaluate R(0), which appears in Eqs. (A31) and (A35). The discussion in this subsection is based on Ref. [20].
From Eq. (A23), we have

1 dgy 1 .
R(z)=—— iqozo+iq,z
) L"“Z/ 27 Bt

S oodqo 5
— d/’{ |:/ _e_XQ()‘HQOZO] |: = C_Mn""lqn :|
(z+ w2 1
= / dA[(4rh)Fe ] {(4;:1 -4 Z e _F]' (A36)

0 wezd!

We change the variable from 1 to u = 4z/L?. Then, we have
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2

! /oo d ‘le_”TO
= uu—2e Lu
4m(uL )" Jo

fe I 2 o]

Wu

R(z)u~42

(A37)

where an arbitrary scale y with dimensions of mass is
introduced to make R(z) dimensionless. u is called the
renormalization scale.

We consider the case where z = 0. We define the function

(o)
l/t) = Z e—mmz_

n=—00

(A38)

Using the relation S(u) = u~'/25(u™"), we obtain

R(O)u-42) — 74;:(#2 = A ® duu2[$(u)e1 — 1),
(A39)
Moreover, we introduce the notation
) = [f(w)ly O<u<l),
e S R LT

where [f(u)], and [f(u)], denote the leading asymptotic
parts of f(u) at u - 0 and u — oo, respectively. Then,
Eq. (A39) can be rewritten as

R(0)p1"=2

S S R S
S 2a(uLl) | d-2
1 o0
+§/ duu‘l/z[S(u)d_l}sub} (A41)
0
We expand S(u)?~!

1 1 l X
= - -1+ d-2 ij},
Zﬂ(yL)d_z{ d-2 JZ:O:( ) Jj!

(A42)

with respect to (d — 2), and obtain

R(0)u~4=2

with

X, = % /O ™ a2 () (n S() ] (A43)

As we will see later, X, and X; do not appear in the final
expression of the f function and anomalous dimension up to
the O(g°) order of the renormalization factor. Thus, we do
not give the numerical values of X, and X;. We add that X,
can be written in an analytical form,

Xp = 1 —%(1n4n+l’"(1)). (A44)

Finally, expanding (uL)~(?~2) with respect to (d —2), we
obtain

RO = { s+ ToluL) + (d = 2)Y, (kL)
+0O((d - 2)2)}, (A45)
where we use the following functions:
Yo(uL) = (Xo = 1) + (Inpl), (A40)
Y (uL) =X, — (Xo — 1)(InuL) —%(mﬂL)Z. (A47)

5. Renormalization in the MS scheme

In Eq. (A25) [using Egs. (A31) and (A35)], the O(n)-
invariant two-point Green function was given as a series of
the bare coupling ¢°. It might be preferable to rewrite it in
terms of the renormalized coupling. As the UV property is
not affected by properties of the box such as the size or the
boundary condition, it is possible to use the MS scheme for
the renormalization. The O(¢®) renormalization factor of
the O(n) sigma model was already given in Ref. [25]. The
renormalization is done by making the replacements

Tu? = s s (A48)
$(2) =(Zss) s (). (A49)
with
y n—2 (n—2)2
Aus =1t pa—) gﬁ“ { (d-2) 42 (d-2)
(n—2)(n+2) 7(n—2)?
{ 963 (d—2) ' 487%(d—2)?
+ (n_2)3 ] 6 +0O( 3 ) (A50)
8723 (d—2)° 9Ims 9Ims )
Zhs =1 +m9§/{s +(’1_(163(,12_)2_)ng
(n=1)(n=-2) (n=1)(n-2)
+ [ 325(d=2) | 245 (d=2)
n—1)(n*-2n
O ) e Otk (431

u, which was introduced in Sec. A 4, is also used to make 91%/[5
dimensionless. Note that the MS scheme focuses on only the
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elimination of the UV divergence, and thus the coefficients in
Egs. (A50) and (AS51) contain only the pole terms.

Using Egs. (A48) and (AS50), the zero-momentum
projected  O(n)-invariant Green function G, (xo;
Y0)|y=—z.y,—+c Can be rewritten as

(ML)_<d—23](Tn_1)

n—1 n—1
1443 — Y Y, (uL

+(—(Vl—1)+(d—2)(n—1)(ln,uL))<| N

(n=1)(n=3) _ (n=1)
+ s [( 4ﬂ2(d—2)§ 4n*(d-2)

n— n—1)>
ot =" ) )

+%<'i') }+O(9Ms)

In Eq. (A52), we abbreviate O((d —2)?) terms in the
coefficient of ¢35, and O(d — 2) terms in that of gyg.

For the later discussion, we summarize the f function
and the anomalous dimension. In general, the perturbative
expression in the R scheme can be written as

Yo(uL)

+

(A52)

Pr(gr) = - gk Z IR Prois (AS3)
R) = —92R Z ngiVR,i (A54)
i=0

with the dimensional regularization. For the MS scheme,
each coefficient is given by

n—2 n—2 n=2)(n+2
ﬂMsx):Z—ﬂv Pus,1 = A2 Prysp= %
(AS5)
n—1 3(n=1)(n-2
IMSO= T yms, =0, 7/MS,2:_$,
(A56)

up to the O(g¥,5) order of the renormalization factor. By,
and yys, were first derived in Ref. [25]. The derivation is
straightforward from Egs. (A48), (A50), and (AS51).

6. Renormalization in the FV scheme

The zero-momentum projected O(n)-invariant Green
function can be reexpressed using the mass gap M and
the amplitude A as

Ginv(XO;y0>|x0:—r.y0:+r = Ae~2M, (A57)
Using the expansion
M=) gisM;,  A=1+) gliA (A58)
i=1 i=1

the right-hand side of Eq. (A57) can be expanded as
e -2, ()

+ Gus [Az —2L(AM,| + M,) < |>

2
+ 2LM? <|Li|> } + O(g¥s)- (A59)
Comparing Eqgs. (A52) and (A59), we obtain
n=1 (d-2)(n-1)
Mi==r oL kL),
(n=1)(n=-2) 1
M, = 57 x5 -Yo(uL). (A60)
_ n-—1 n—1 (d-2)(n-1)
A= 27(d - 2) o Yo(uL) —ﬂ_Yl(/"L)?
(n=1(n=-3 (n-1)
= L
= ula-2p a(d-2) o)
n—1 (n—1)?
g Yolul)? === =Y, (uL). (A61)
We abbreviate O((d—2)?) terms in M, and A, and O(d—2)

terms in M, and A,.

Until now, the perturbative evaluation of the mass gap
in a finite box has been given at the O(gy,s) order [13,16],
the O(gls) order [2,15,19], and the O(g¥;g) order [17].
The O(g¥;s) expression is

n-—1
M ==~ [gs + GisC1 + dusCa + Olghus)).  (A62)
with
n—2
C = 0 Yo(uL),
C, 3(n-2)

Cy=Cl+ 2= A63
2= e (A63)

Our evaluation in Eq. (A60) is consistent with C; in
Eq. (A63) at d = 2.

The mass gap M does not depend on the arbitrarily
introduced p. This fact means that the ¢ dependence in C;
cancels with that in g3, and M leaves only the L
dependence. The situation is the same for the amplitude A.
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We introduce the FV scheme. The y and L dependences
in each coefficient C; appear only through the form of uL
even at a higher order. Thus, if we set the renormalization
scale by p = 1/L, the coefficient ¢; = C;| u—1/1 @ constant
independent of y and L. Then, we can consider the new
renormalized coupling

Gev = Gus <1 + ngvisci)'
i=1

Moreover, with another constant coefficient a; = A;|,_, /; ,
we can introduce the new wave-function renormalization

(A64)

o0

Zl'fv =1+ Zgﬂsai.

i=1

(A65)

These is nothing less than the renormalization in the FV
scheme, which has been discussed in Sec. II B.

7. p function and anomalous dimension
in the FV scheme

We discuss the f function and the anomalous dimension
in the FV scheme. The f# function in the FV scheme is
converted from that in the MS scheme by

Prv (Q%V) = Pus (912\45) ~2 (A66)

Substituting Eqs. (A53) and (A64) into Eq. (A66), atd = 2
we obtain

ﬂFV.O = ﬂMS,O’ ﬂFV,l = ﬂMS.ly

Peva = Pusp — Pusi¢i — ﬂMS,o(Cz - C%) (A67)

up to O(g¥;s) of the renormalization factor. Then, we have

n—2 n-—2

(n=1)(n-2)
ﬁFV,OZ P ﬁpv,lzm, —

ﬁFV,Z - 871'3

(A68)

using Egs. (A55) and (A63). We note that Eq. (A68) was
first given in Ref. [2].

The anomalous dimension in the FV scheme is converted
from that in the MS scheme by

d
rev(98v) = rms(9hs) + Bus (9vs) Wln n(gvs) (A69)
MS

with n = Z{f\, / Z&S. The difference of the renormalization
scheme only affects the finite part. Thus, in the expansion
of

n=1+ Zglz\/is”i,

i=1

(A70)

each coefficient #; has no pole terms at d = 2. In fact, the
coefficients are

n—1
2r

n—1

871’2 (XO - 1>2

(A71)

m=- (Xo—1), N =

up to O(gis) from Egs. (A51) and (A65). Substituting
Eqgs. (A53), (A54), (A64), and (A70) into Eq. (A69), we obtain

YEV,0 = YMS.05 YRV = YMs,1 — YMs,0C1 T Pus o
YEv2 = Yms2 — 2rmsaC1 — Yumso(ca — 2¢)

+ Bus.im + Puso(2na — 3 = 2n1¢1) (A72)

up to O(g¥;s) of the renormalization factor. Then, we have

B n—1
YFVO = DI

Yeva =0, Yeve =0, (A73)

using Egs. (ASS5), (A56), (A63), and (A71).

[1] M. Liischer, Commun. Math. Phys. 105, 153 (1986); Nucl.
Phys. B354, 531 (1991).

[2] M. Liischer, P. Weisz, and U. Wolff, Nucl. Phys. B359, 221
(1991).

[3] V. Efimov, Phys. Lett. B 33, 563 (1970).

[4] M. Gell-Mann and M. Levy, Nuovo Cimento 16, 705
(1960).

[S]1 A. M. Polyakov, Phys. Lett. B 59, 79 (1975).

[6] A. A. Migdal, ZhETF 69, 1457 (1975) [Sov. Phys. JETP 42,
743 (1975)].

[7]1 E. Brézin and J. Zinn-Justin, Phys. Rev. Lett. 36, 691
(1976); Phys. Rev. B 14, 3110 (1976).

[8] E. Brézin, J. Zinn-Justin, and J. C. Le Guillou, Phys. Rev. D
14, 2615 (1976).

114506-27


https://doi.org/10.1007/BF01211097
https://doi.org/10.1016/0550-3213(91)90366-6
https://doi.org/10.1016/0550-3213(91)90366-6
https://doi.org/10.1016/0550-3213(91)90298-C
https://doi.org/10.1016/0550-3213(91)90298-C
https://doi.org/10.1016/0370-2693(70)90349-7
https://doi.org/10.1007/BF02859738
https://doi.org/10.1007/BF02859738
https://doi.org/10.1016/0370-2693(75)90161-6
https://doi.org/10.1103/PhysRevLett.36.691
https://doi.org/10.1103/PhysRevLett.36.691
https://doi.org/10.1103/PhysRevB.14.3110
https://doi.org/10.1103/PhysRevD.14.2615
https://doi.org/10.1103/PhysRevD.14.2615

CALLE JIMENEZ, OKA, and SASAKI

PHYS. REV. D 97, 114506 (2018)

[9] G. ’t Hooft, Nucl. Phys. B61, 455 (1973).

[10] N.D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966).

[11] S. Elitzur, Nucl. Phys. B212, 501 (1983).

[12] F. David, Commun. Math. Phys. 81, 149 (1981).

[13] M. Liischer, Phys. Lett. B 118, 391 (1982).

[14] P. Hasenfratz, Phys. Lett. B 141, 385 (1984).

[15] E.G. Floratos and D. Petcher, Nucl. Phys. B252, 689
(1985).

[16] E. Brézin and J. Zinn-Justin, Nucl. Phys. B257, 867 (1985).

[17] D.S. Shin, Nucl. Phys. B496, 408 (1997).

[18] F. Niedermayer and C. Weiermann, Nucl. Phys. B842, 248
(2011).

[19] F. Niedermayer and P. Weisz, J. High Energy Phys. 04
(2016) 110.

[20] F. Niedermayer and P. Weisz, J. High Energy Phys. 06
(2016) 102.

[21] S. Capitani, M. Liischer, R. Sommer, and H. Wittig, Nucl.
Phys. B544, 669 (1999); B582, 762 (2000).

[22] S.C. Jimenez, M. Oka, and K. Sasaki (to be published).

[23] P. Hasenfratz and H. Leutwyler, Nucl. Phys. B343, 241
(1990).

[24] J. Zinn-Justin, Quantum Field Theory and Critical
Phenomena, 4th ed. (Clarendon, Oxford, 2002).

[25] S. Hikami and E. Brézin, J. Phys. A 11, 1141 (1978).

114506-28


https://doi.org/10.1016/0550-3213(73)90376-3
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1016/0550-3213(83)90682-X
https://doi.org/10.1007/BF01208892
https://doi.org/10.1016/0370-2693(82)90210-6
https://doi.org/10.1016/0370-2693(84)90268-5
https://doi.org/10.1016/0550-3213(85)90468-7
https://doi.org/10.1016/0550-3213(85)90468-7
https://doi.org/10.1016/0550-3213(85)90379-7
https://doi.org/10.1016/S0550-3213(97)00197-1
https://doi.org/10.1016/j.nuclphysb.2010.09.007
https://doi.org/10.1016/j.nuclphysb.2010.09.007
https://doi.org/10.1007/JHEP04(2016)110
https://doi.org/10.1007/JHEP04(2016)110
https://doi.org/10.1007/JHEP06(2016)102
https://doi.org/10.1007/JHEP06(2016)102
https://doi.org/10.1016/S0550-3213(98)00857-8
https://doi.org/10.1016/S0550-3213(98)00857-8
https://doi.org/10.1016/S0550-3213(00)00163-2
https://doi.org/10.1016/0550-3213(90)90603-B
https://doi.org/10.1016/0550-3213(90)90603-B
https://doi.org/10.1088/0305-4470/11/6/015

