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We study the eþe− → VP and eþe− → TP processes in the perturbative QCD approach based on kT
factorization, where the P, V and T denotes a light pseudoscalar, vector, and tensor meson, respectively. We
point out in the case of eþe− → TP transition due to charge conjugation invariance, only three channels are
allowed: eþe− → a�2 π

∓, eþe− → K��
2 K∓ and the V-spin suppressed eþe− → K�0

2 K̄0 þ K̄�0
2 K0. Cross

sections of eþe− → VP and eþe− → TP at
ffiffiffi
s

p ¼ 3.67 GeV and
ffiffiffi
s

p ¼ 10.58 GeV are calculated and the
invariant mass dependence is found to favor the 1=s4 power law. Most of our theoretical results are
consistent with the available experimental data and other predictions can be tested at the ongoing BESIII
and forthcoming Belle-II experiments.

DOI: 10.1103/PhysRevD.97.114016

I. INTRODUCTION

The exclusive processes of eþe− annihilating into two
mesons provide an opportunity to investigate various time-
like meson form factors. The form factor dependence on the
collision energy

ffiffiffi
s

p
sheds light on the structure of partonic

constituents in the hadron [1,2]. It means that these proc-
esses can be used to extract the relevant information on the
structure of hadrons in terms of fundamental quark and
gluon degrees of freedom. Another reason to study the eþe−
process is its similarity with annihilation contributions in
charmless B decays. In two-body charmless B decays,
annihilation diagrams are power-suppressed. However it
has been observed that in quite a few decay modes
annihilations are rather important [3–5]. Large annihilation
diagrams will very presumably give considerable strong
phases and as a consequence sizable CP asymmetries
are induced [6,7]. This fact has an important impact in
the CP violation studies of B meson decays. The eþe− →
VP, TP processes, where the P, V, and T denotes a light

pseudoscalar, vector, and tensor meson, respectively, have
the topology with annihilation diagrams in B decays, and
thus they can provide an ideal laboratory to isolate power
correction effects.
It is anticipated that hard exclusive processes with hadrons

involve both perturbative and nonperturbative strong inter-
actions. Factorization, if it exists, allows one to handle the
perturbative and nonperturbative contributions separately.
The short-distance hard kernels can be calculated perturba-
tively. With the nonperturbative inputs determined from
other sources, hard exclusive processes provide an effective
way to explore the factorization scheme. The factorization
theorem ensures that a physical amplitude can be expressed
as a convolution of hard scattering kernels and hadron
distribution amplitudes. However if one directly applies the
collinear factorization to the eþe− → VP, TP, the amplitude
diverges in the end point region x → 0. Here x is the
momentum fraction of the involved quark.
A modified perturbative QCD approach based on kT

factorization, called PQCDapproach for brevity, is proposed
[6–11] and has been successfully applied to many reactions
[5,12–27]. In this approach, the transverse momentum of
partons in the meson is kept to kill endpoint divergences.
Then the physical amplitude is written as a convolution of
the universal nonperturbative hadronic wave functions and
hard kernels in both longitudinal and transverse directions.
Double logarithms, arising from the overlap of the soft and
collinear divergence, can be resumed into Sudakov factor,
while single logarithms from ultraviolet divergences can be
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handled by renormalization group equation (RGE). With
Sudakov factor taken into account, the applicability of
perturbative QCD can be brought down to a few GeV. In
this work, wewill study the eþe− → VP and eþe− → TP in
the perturbative QCD (PQCD) approach [6–11] based on kT
factorization.
The rest of this paper is organized as follows. In Sec. II,

we first collect the input parameters including decay
constants and light-cone wave functions. Then we present
the PQCD framework and give factorization formulas for
the timelike form factors. Numerical results and detailed
discussions are presented in Sec. III. The last section
contains the conclusion.

II. PERTURBATIVE QCD CALCULATION

A. Notations

We consider the eþe− → VðTÞP, in which VðTÞ is a
vector (tensor) meson with momentum P1 and polarization
vector ϵμ (polarization tensor ϵμν), and P denotes a
pseudoscalar meson with momentum P2 in the center of
mass frame. The collision energy is denoted as Q ¼ ffiffiffi

s
p

.
In the standard model, such processes proceed through
a virtual photon or a Z0 boson. At low energy withffiffiffi
s

p
∼ a few GeV, the amplitude is dominated by a photon.

In this case the hadron amplitude is parameterized in terms
of a form factor:

hVðP1; ϵTÞPðP2Þjjemμ j0i ¼ FVPðsÞϵμναβϵνTPα
1P

β
2: ð1Þ

Notice that in Eq. (1) the vector meson is transversely
polarized. We have adopted the convention ϵ0123 ¼ 1 for
the Levi-Civita tensor.
For a tensor meson, its polarization tensor ϵμν can be

constructed via the polarization vector

ϵμð0Þ ¼
1

mT
ðjP⃗T j; 0; 0; ETÞ;

ϵμð�Þ ¼ 1ffiffiffi
2

p ð0;∓1;−i; 0Þ: ð2Þ

Using the Clebsch-Gordan coefficients [28], one has

ϵμνð�2Þ ¼ ϵμð�Þϵνð�Þ;

ϵμνð�1Þ ¼
ffiffiffi
1

2

r
½ϵμð�Þϵνð0Þ þ ϵμð0Þϵνð�Þ�;

ϵμνð�0Þ ¼
ffiffiffi
1

6

r
½ϵμðþÞϵνð−Þ þ ϵμð−ÞϵνðþÞ�

þ
ffiffiffi
2

3

r
ϵμð0Þϵνð0Þ: ð3Þ

In the calculation it is convenient to introduce a new
polarization vector ξ:

ξμðλÞ ¼
ϵμνðλÞqν
P1 · q

mT; ð4Þ

where q ¼ P1 þ P2 is the four momentum of the virtual
photon and q2 ¼ s. Then Eq. (3) becomes

ξμð�2Þ ¼ 0; ξμð�1Þ ¼ 1ffiffiffi
2

p Q2η

2m2
T þQ2η

ϵμð�Þ;

ξμð0Þ ¼
ffiffiffi
2

3

r
Q2η

2m2
T þQ2η

ϵμð0Þ; ð5Þ

where η ¼ 1 −m2
T=Q

2, with mT as the mass of the tensor
meson. Here the mass of the pseudoscalar meson has been
neglected. The new vector ξ plays a similar role with the
ordinary polarization vector ϵ, regardless of some dimen-
sionless constants.
Then like Eq. (1), one can define the TP form factor as

hTðP1; λÞPðP2Þjjemμ j0i ¼ FTPϵμναβξ
νðλÞPα

1P
β
2; ð6Þ

in which the final state tensor meson is also transversely
polarized.
Using the form factors in Eqs. (1), (6), one can derive the

cross sections for eþe− → VP, TP

σðeþe− → VPÞ ¼ πα2em
6

jFVPj2Φ3=2ðsÞ; ð7Þ

σðeþe− → TPÞ ¼ πα2em
3

�
sη

2m2
T þ sη

�
2

jFTPj2Φ3=2ðsÞ; ð8Þ

with the fine structure constant αem ¼ 1=137, and

ΦðsÞ ¼
�
1 −

ðmVðTÞ þmPÞ2
s

��
1 −

ðmVðTÞ −mPÞ2
s

�
: ð9Þ

B. Decay constants and light cone wave functions

Decay constants for a pseudoscalar meson and a vector
meson are defined by:

hPðpÞjq̄2γμγ5q1j0i ¼ −ifPpμ; ð10Þ

hVðp; ϵÞjq̄2γμq1j0i ¼ fVmVϵμ;

hVðp; ϵÞjq̄2σμνq1j0i ¼ −ifTVðϵμpν − ϵνpμÞ: ð11Þ

Tensor meson decay constants are defined as [29]

hTðP; λÞjjμνð0Þj0i ¼ fTm2
Tϵ

ðλÞ�
μν ;

hTðP; λÞjj⊥μνδð0Þj0i ¼ −if⊥T mTðϵðλÞ�μδ Pν − ϵðλÞ�νδ PμÞ: ð12Þ

The interpolating currents are chosen as
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jμνð0Þ ¼
1

2
ðq̄1ð0ÞγμiD

↔

νq2ð0Þ þ q̄1ð0ÞγνiD
↔

μq2ð0ÞÞ; ð13Þ

j⊥†
μνδð0Þ ¼ q̄2ð0ÞσμνiD

↔

δq1ð0Þ; ð14Þ

with the covariant derivative D
↔

μ ¼ D⃗μ − D⃖μ with D⃗μ ¼
∂⃗μ þ igsAa

αλ
a=2 and D⃖μ ¼ ∂⃖μ − igsAa

αλ
a=2.

The pseudoscalar and vector decay constants can be
determined from various reactions, π− → e−ν̄, τ− →
ðπ−; K−ρ−; K�−Þντ and V0 → eþe− [28]. For tensor mes-
ons, their decay constants can be calculated in QCD sum
rules [30,31] and we quote the recently updated results
from Ref. [29]. Results for decay constants are collected in
Table I.
The light-cone distribution amplitudes (LCDAs) are

defined as matrix elements of nonlocal operators at the
lightlike separations zμ with z2 ¼ 0, and sandwiched
between the vacuum and the meson state. The two-particle
LCDAs of a pseudoscalar meson, up to twist-3 accuracy,
are defined by [32]

hPðpÞjq̄2βðzÞq1αð0Þj0i

¼ −iffiffiffiffiffiffiffiffiffi
2NC

p
Z

1

0

dxeixp·z½γ5=pϕA
PðxÞ þm0γ5ϕ

P
PðxÞ

þm0γ5ð=n=v − 1ÞϕT
PðxÞ�αβ; ð15Þ

where n, v are two lightlike vectors. The final-state P meson
is moving on the n direction with v the opposite direction. x
is the momentum fraction carried by the quark q2. The
chiral enhancement parameter m0 ¼ m2

P=ðmq1 þmq2Þ, is
used in our work as mπ

0 ¼ 1.4� 0.1 GeV, mK
0 ¼ 1.6�

0.1 GeV [33,34].
We use the following form for leading twist LCDAs

derived from the conformal symmetry:

ϕA
PðxÞ¼

3fPffiffiffiffiffiffiffiffiffi
2NC

p xð1−xÞ½1þaP1C
3=2
1 ðtÞþaP2C

3=2
2 ðtÞ�; ð16Þ

where NC¼3 and t¼2x−1. C3=2
i ði ¼ 1; 2Þ are Gegenbauer

polynomials, with the definition

C3=2
1 ðtÞ ¼ 3t; C3=2

2 ðtÞ ¼ 3

2
ð5t2 − 1Þ: ð17Þ

The Gegenbauer moments at μ¼1GeV are used as [33,34]:

aπ1 ¼ 0; aK1 ¼ 0.06�0.03; aπ;K2 ¼ 0.25�0.15: ð18Þ

In this paper, we will study the collision at
ffiffiffi
s

p ¼ 3.67
and 10.58 GeV, and then it is plausible to adopt the
asymptotic forms for twist-3 DAs for simplicity:

ϕP
PðxÞ ¼

fP
2

ffiffiffiffiffiffiffiffi
2Nc

p ; ϕT
PðxÞ ¼

fP
2

ffiffiffiffiffiffiffiffiffi
2NC

p ð1 − 2xÞ: ð19Þ

As for the η − η0 mixing, we use the quark flavor basis
with the mixing scheme [35,36]:

�
η

η0

�
¼ UðϕÞ

�
ηq

ηs

�
¼

�
cosϕ − sinϕ

sinϕ cosϕ

��
ηq

ηs

�
: ð20Þ

The mixing angle is ϕ ¼ 39.3°� 1.0° [35,36] and

ηq ¼
1ffiffiffi
2

p ðuūþ dd̄Þ; ηs ¼ ss̄: ð21Þ

Their decay constants are defined as:

h0jn̄γμγ5njηnðPÞi¼
iffiffiffi
2

p fnPμ; h0js̄γμγ5sjηsðPÞi¼ ifsPμ:

ð22Þ

In the following calculation, we will assume the same wave
functions for the nn̄ and ss̄ as the pion’s wave function,
except for the different decay constants [35,36] and the
chiral scale parameters [37]:

fn ¼ ð1.07� 0.02Þfπ; fs ¼ ð1.34� 0.06Þfπ;
mn

0 ¼ 1.07 GeV; ms
0 ¼ 1.92 GeV: ð23Þ

Similar with pseudoscalar mesons, the two-particle
LCDAs for transversely polarized vector mesons up to
twist-3 are parametrized as [38,39]:

hVðp; ϵTÞjq̄2βðzÞq1αð0Þj0i

¼ 1ffiffiffiffiffiffiffiffiffi
2NC

p
Z

1

0

dxeixp·z½ϵT=pϕT
VðxÞ þmVϵTϕ

v
VðxÞ

þmViϵμνρσγ5γμϵνTn
ρvσϕp

VðxÞ�αβ: ð24Þ

The twist-2 LCDA can be expanded as:

TABLE I. Decay constants of the relevant light mesons (in units of MeV).

fπ fK fρ fTρ fω fTω fK� fTK� fϕ fTϕ fa2 fTa2 fK�
2

fTK�
2

131 160 209� 2 165� 9 195� 3 145� 10 217� 5 185� 10 231� 4 200� 10 107� 6 105� 21 118� 5 77� 14
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ϕT
VðxÞ ¼

3fTVffiffiffiffiffiffiffiffiffi
2NC

p xð1 − xÞ½1þ a⊥1 C
3=2
1 ðtÞ þ a⊥2 C

3=2
2 ðtÞ�;

ð25Þ

with Gegenbauer moments at μ ¼ 1 GeV [40,41]:

a⊥1K� ¼ 0.04� 0.03; a⊥1ρ ¼ a⊥1ω ¼ a⊥1ϕ ¼ 0;

a⊥2K� ¼ 0.11� 0.09; a⊥2ρ ¼ a⊥2ω ¼ 0.15� 0.07;

a⊥2ϕ ¼ 0.06þ0.09
−0.07 : ð26Þ

As for the twist-3 LCDAs, we will also use the
asymptotic forms:

ϕv
VðxÞ ¼

3fV
8

ffiffiffiffiffiffiffiffiffi
2NC

p ½1þ ð2x − 1Þ2�;

ϕp
VðxÞ ¼

3fV
4

ffiffiffiffiffiffiffiffiffi
2NC

p ð1 − 2xÞ: ð27Þ

For a generic tensor meson, the LCDAs up to twist-3 can
be defined as [22]:

hTðp;�1Þjq̄2βðzÞq1αð0Þj0i

¼ 1ffiffiffiffiffiffiffiffiffi
2NC

p
Z

1

0

eixp·z × ½=ξT=pϕT
TðxÞ þmT=ξTϕV

T ðxÞ

þmTiϵμνρσγ5γμξνTn
ρvσϕa

TðxÞ�αβ: ð28Þ

These LCDAs are related to the ones given in [29]:

ϕT
TðxÞ ¼

fTT
2

ffiffiffiffiffiffiffiffiffi
2NC

p ϕ⊥ðxÞ; ϕV
T ðxÞ ¼

fT
2

ffiffiffiffiffiffiffiffiffi
2NC

p gðvÞ⊥ ðxÞ;

ϕa
TðxÞ ¼

fT
8

ffiffiffiffiffiffiffiffiffi
2NC

p d
dx

gðaÞ⊥ ðxÞ: ð29Þ

The asymptotic forms will be used in the calculation:

ϕk;⊥ðxÞ ¼ 30xð1 − xÞð2x − 1Þ; ð30Þ

gðaÞ⊥ ðxÞ ¼ 20xð1 − xÞð2x − 1Þ; gðvÞ⊥ ðxÞ ¼ 5ð2x − 1Þ3:
ð31Þ

In the above, we have only discussed the longitudinal
momentum distributions. It is reasonable that the transverse
momentum also plays an important role. Thus we will
include the transverse momentum dependent parton distri-
butions (TMDs) of the final-state light mesons. Following
Ref. [1], we assume no interference between the longitudinal
and transverse distributions, and thus one can use the
following Gaussian forms to factorize the wave functions
[42,43]:

ψðx;bÞ ¼ ϕðxÞ × exp

�
−

b2

4β2

�
; ð32Þ

ψðx;bÞ ¼ ϕðxÞ × exp

�
−
xð1 − xÞb2

4a2

�
: ð33Þ

In the above equation ϕðxÞ is the longitudinal momentum
distribution amplitude, and the exponential factor describes
the transverse momentum distribution. The parameters β and
a characterize the shape of the transverse momentum
distributions. The parameter β is expected at the order of
ΛQCD and related with the root of the averaged transverse
momentum square hk2

Ti1=2. If we choose hk2
Ti1=2 ¼

0.35 GeV, β2¼ 4GeV−2. According to Ref. [43], the size
parameter a follows a−1 ≃

ffiffiffi
8

p
πfM, where fM is the decay

constant of the related hadron.

C. PQCD calculation

In the PQCD scheme, a form factor can be written as the
convolution of a hard scattering kernel with universal
hadron wave functions. In small-x region, the parton
transverse momentum kT is at the same order with the
longitudinal momentum. Once kT is introduced in the hard
kernel, a transverse momentum dependent (TMD) wave
function is requested. Then the form factor is factorized as:

FðQ2Þ ¼
Z

1

0

dx1dx2

Z
d2kT1d2kT2ΦM1

ðx1;kT1; P1; μÞHðx1; x2;kT1;kT2; Q; μÞΦM2
ðx2;kT2; P2; μÞ

¼
Z

1

0

dx1dx2

Z
d2b1

ð2πÞ2
d2b2

ð2πÞ2 PM1
ðx1;b1; P1; μÞHðx1; x2;b1;b2; Q; μÞPM2

ðx2;b2; P2; μÞ: ð34Þ

Equation (34) is the Fourier form in the impact parameter b space. Here ΦMi
ðxi;kTi; Pi; μÞ and PMi

ðxi;bi; Pi; μÞ are both
the hadron wave functions, relying on kT and b respectively.
Double logarithms arising from the overlap of soft and collinear divergences, can be resumed into Sudakov factor

[44,45]:

PMi
ðxi;bi; Pi; μÞ ¼ exp½−sðxi; bi; QÞ − sð1 − xi; bi; QÞ�PMi

ðxi;bi; μÞ: ð35Þ
The Sudakov factor sðξ; bi; QÞ, ξ ¼ xi or 1 − xi, is given as [46,47]:
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sðξ; b; QÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
þ Að2Þ

4β21

�
q̂

b̂
− 1

�
−
Að1Þ

2β1
ðq̂ − b̂Þ − Að1Þβ2

4β31
q̂

�
lnð2b̂Þ þ 1

b̂
−
lnð2q̂Þ þ 1

q̂

�

−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γ−1

2

��
ln

�
q̂

b̂

�
þ Að1Þβ2

8β31
½ln2ð2q̂Þ − ln2ð2b̂Þ�; ð36Þ

where the notations have been used:

q̂≡ ln

�
ξQffiffiffi
2

p
ΛQCD

�
; b̂≡ ln

�
1

bΛQCD

�
: ð37Þ

The running coupling constant is given as

αs
π
¼ 1

β1 logðμ2=Λ2
QCDÞ

−
β2
β31

ln lnðμ2=Λ2
QCDÞ

ln2ðμ2=Λ2
QCDÞ

; ð38Þ

and the coefficients AðiÞ and βi are

β1¼
33−2nf

12
; β2 ¼

153−19nf
24

;

Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
−
π2

3
−
10

27
nfþ

8

3
β1 ln

�
eγE

2

�
: ð39Þ

Here nf is the number of the quark flavors and γE is the
Euler constant.
Apart from the double logarithms, single logarithms

from ultraviolet divergence emerge in the radiative correc-
tions to both the hadronic wave functions and hard kernels.
These are summed by the renormalization group (RG)
method:
�
μ
∂
∂μþβðgÞ ∂∂g

�
PMi

ðxi;bi;Pi;μÞ¼−2γqPMi
ðxi;bi;Pi;μÞ;

ð40Þ
�
μ
∂
∂μþ βðgÞ ∂

∂g
�
Hðx1; x2;b1;b2; Q; μÞ

¼ 4γqHðx1; x2;b1;b2; Q; μÞ: ð41Þ

Here the quark anomalous dimension is γq ¼ −αs=π. In
terms of the above equations, we can get the RG evolution
of the hadronic wave functions and hard scattering ampli-
tude as

PMi
ðxi;bi;Pi;μÞ¼ exp

�
−2

Z
μ

1=bi

dμ̄
μ̄
γqðαsðūÞÞ

�

× P̄Mi
ðxi;bi;1=biÞ; ð42Þ

Hðx1; x2;b1;b2; Q; μÞ ¼ exp

�
−4

Z
t

μ

dμ̄
μ̄
γqðαsðūÞÞ

�

×Hðx1; x2;b1;b2; Q; tÞ; ð43Þ

where t is the largest energy scale in the hard scattering.
Then from Eqs. (35) and (42), the large-b behavior ofP can
be summarized as

PMi
ðxi;bi; Pi; μÞ ¼ exp½−Sðxi; bi; Q; μÞ�PMi

ðxi;bi; 1=biÞ;
ð44Þ

with

Sðxi; bi; Q; μÞ ¼ sðxi; bi; QÞ þ sð1 − xi; bi; QÞ

þ 2

Z
μ

1=bi

dμ̄
μ̄
γqðαsðμ̄ÞÞ: ð45Þ

Furthermore, QCD loop corrections for the electromag-
netic vertex can induce another type of double logarithms

(a)

(d)

(b)

(f)

(c)

(e)

FIG. 1. Feynman diagrams for eþe− → VP, TP. In the first
four panels, a hard momentum transfer occur through the highly
virtual gluon. In the last two panels, the neutral vector meson is
generated by a photon.
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αsln2xi. They are usually factorized from the hard ampli-
tude and resummed into the jet function StðxiÞ to further
suppress the endpoint contribution. It should be pointed out
that Sudakov factor from threshold resummation is uni-
versal and independent on the flavors of internal quarks,
twist, and topologies of hard scattering amplitudes and the
specific process [48–52]. The following approximate para-
metrization is proposed in [53] for the convenience of
phenomenological applications

Stðx;QÞ ¼ 21þ2cΓð3=2þ cÞffiffiffi
π

p
Γð1þ cÞ ½xð1 − xÞ�c; ð46Þ

in which the c is a parameter depending on Q.
Reference [54] proposed a parabolic parametrization of
the Q2 dependence:

cðQ2Þ ¼ 0.04Q2 − 0.51Qþ 1.87: ð47Þ

The threshold resummation modifies the end point behav-
ior of the hadron wave functions, rendering them vanish
faster in this region.
Taking into account all the above ingredients, one can

obtain the analytic results of the first four diagrams in Fig. 1
in kT factorization:

Fa ¼ 16πCFQ
Z

1

0

dx1dx2

Z
∞

0

b1db1b2db2EðtaÞhðx̄1; x2; b1; b2ÞStðx2Þfr1½ϕpðaÞ
1 ðx1; b1Þ − ϕv

1ðx1; b1Þ�ϕA
2 ðx2; b2Þg; ð48Þ

Fb ¼ 16πCFQ
Z

1

0

dx1dx2

Z
∞

0

b1db1b2db2EðtbÞhðx2; x̄1; b2; b1ÞStðx̄1Þ

× fr1x̄1½ϕpðaÞ
1 ðx1; b1Þ þ ϕv

1ðx1; b1Þ�ϕA
2 ðx2; b2Þ − 2r2ϕT

1 ðx1; b1ÞϕP
2 ðx2; b2Þg; ð49Þ

Fc ¼ −16πCFQ
Z

1

0

dx1dx2

Z
∞

0

b1db1b2db2EðtcÞhðx̄2; x1; b2; b1ÞStðx1Þ

× fr1x1½ϕpðaÞ
1 ðx1; b1Þ − ϕv

1ðx1; b1Þ�ϕA
2 ðx2; b2Þ þ 2r2ϕT

1 ðx1; b1ÞϕP
2 ðx2; b2Þg; ð50Þ

Fd ¼−16πCFQ
Z

1

0

dx1dx2

Z
∞

0

b1db1b2db2EðtdÞhðx1; x̄2;b1;b2ÞStðx̄2Þfr1½ϕpðaÞ
1 ðx1;b1Þþϕv

1ðx1;b1Þ�ϕA
2 ðx2;b2Þg; ð51Þ

where EðtiÞ and h are given as

Eðx1; x2; b1; b2; Q; tiÞ ¼ αsðtiÞ exp½−S1ðx1; b1; Q; tiÞ − S2ðx2; b2; Q; tiÞ�; ð52Þ

hðx1; x2; b1; b2; QÞ ¼
�
iπ
2

�
2

Hð1Þ
0 ð ffiffiffiffiffiffiffiffiffi

x1x2
p

Qb1Þ½θðb1 − b2ÞHð1Þ
0 ð ffiffiffiffiffi

x2
p

Qb1ÞJ0ð
ffiffiffiffiffi
x2

p
Qb2Þ

þ θðb2 − b1ÞHð1Þ
0 ð ffiffiffiffiffi

x2
p

Qb2ÞJ0ð
ffiffiffiffiffi
x2

p
Qb1Þ�; ð53Þ

where J0 and Hð1Þ
0 are both Bessel functions. We take x̄ ¼

1 − x for short and define ri ¼ mi=Q, with the index i ¼ 1,
2 for the cases of final state meson is vector(tensor) or
pseudoscalar meson. The factorization scale t is chosen as
the largest mass scale involved in the hard scattering:

ta ¼ maxð ffiffiffiffiffi
x2

p
Q; 1=b1; 1=b2Þ;

tb ¼ maxð ffiffiffiffiffi
x̄1

p
Q; 1=b1; 1=b2Þ;

tc ¼ maxð ffiffiffiffiffi
x1

p
Q; 1=b1; 1=b2Þ;

td ¼ maxð ffiffiffiffiffi
x̄2

p
Q; 1=b1; 1=b2Þ: ð54Þ

If the final state meson is not a strange meson, the
distribution amplitudes are completely symmetric or anti-
symmetric under the interchange of the quark and antiquark’s
momentum fraction x and 1 − x. Then one can obtain

FaðVPÞ ¼ FdðVPÞ; FbðVPÞ ¼ FcðVPÞ; ð55Þ

FaðTPÞ ¼ −FdðTPÞ; FbðTPÞ ¼ −FcðTPÞ: ð56Þ

The contributions from a photon radiated from the
interaction point into a vector meson, shown as the last
two panels in Fig. 1, might be sizable. Although these
diagrams are suppressed by αem, they are enhanced by
the almost on-shell photon propagator (1=m2

V) compared
with the gluon propagator in the first four diagrams (∼1=s)
[55–58]. These two amplitudes can be calculated in
collinear factorization due to the absence of endpoint
singularities in these two diagrams. In particular, they
are equal after integrating out the momentum fractions:
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Fe ¼ Ff ¼ 12πα2emfPfV
mVs

ð1þ aP2 Þ: ð57Þ

Finally, the form factors for the explicit channels of
eþe− → VP process are combinations of the six amplitudes
Fa−f:

Fρþπ− ¼ Fρ−πþ ¼ 1

3
½FaðρπÞ þ FbðρπÞ�; ð58Þ

Fρ0π0 ¼
1

3
½FaðρπÞþFbðρπÞ�þ

1

6
½FeðρπÞþFfðρπÞ�; ð59Þ

FK�þK− ¼ 2

3
½FaðK�KÞ þ FbðK�KÞ�

−
1

3
½FcðK�KÞ þ FdðK�KÞ�; ð60Þ

FK�−Kþ ¼ −
1

3
½FaðK�KÞ þ FbðK�KÞ�

þ 2

3
½FcðK�KÞ þ FdðK�KÞ�; ð61Þ

FK�0K̄0 ¼ FK̄�0K0 ¼ −
1

3
½FaðK�KÞ þ FbðK�KÞ�

−
1

3
½FcðK�KÞ þ FdðK�KÞ�; ð62Þ

Fωπ0 ¼ ½FaðωπÞ þ FbðωπÞ� þ
1

18
½FeðωπÞ þ FfðωπÞ�;

ð63Þ

Fϕπ0 ¼
ffiffiffi
2

p

18
½FeðϕπÞ þ FfðϕπÞ�: ð64Þ

The form factors for eþe− → VðTÞηð0Þ are mixtures of
the ηq and ηs components:

FVðTÞη ¼ cos θFVðTÞηq − sin θFVðTÞηs ; ð65Þ

FVðTÞη0 ¼ sin θFVðTÞηq þ cos θFVðTÞηs ; ð66Þ

where V ¼ ρ0, ω, ϕ and

Fρ0ηq
¼ ½FaðρηqÞ þ FbðρηqÞ� þ

5

18
½FeðρηqÞ þ FfðρηqÞ�;

ð67Þ

Fρ0ηs
¼ −

ffiffiffi
2

p

6
½FeðρηsÞ þ FfðρηsÞ�; ð68Þ

Fωηq ¼
1

3
½FaðωηqÞþFbðωηqÞ�þ

5

54
½FeðωηqÞþFfðωηqÞ�;

ð69Þ

Fωηs ¼ −
ffiffiffi
2

p

18
½FeðωηsÞ þ FfðωηsÞ�; ð70Þ

Fϕηq ¼ −
5

ffiffiffi
2

p

54
½FeðϕηqÞ þ FfðϕηqÞ�; ð71Þ

Fϕηs ¼ −
2

3
½FaðϕηsÞ þ FbðϕηsÞ�

−
1

27
½FeðϕηsÞ þ FfðϕηsÞ�: ð72Þ

Similarly, based on Eq. (56), form factors of the eþe− →
TP channels can be written as:

Faþ
2
π− ¼ −Fa−

2
πþ ¼ ½Faða2πÞ þ Fbða2πÞ�; ð73Þ

FK�þ
2
K− ¼ 2

3
½FaðK�

2KÞ þ FbðK�
2KÞ�

−
1

3
½FcðK�

2KÞ þ FdðK�
2KÞ�; ð74Þ

FK�−
2
Kþ ¼ −

1

3
½FaðK�

2KÞ þ FbðK�
2KÞ�

þ 2

3
½FcðK�

2KÞ þ FdðK�
2KÞ�; ð75Þ

FK�0
2
K̄0 ¼ FK̄�0

2
K0 ¼ −

1

3
½FaðK�

2KÞ þ FbðK�
2KÞ�

−
1

3
½FcðK�

2KÞ þ FdðK�
2KÞ�: ð76Þ

The abbreviations a2, K�
2 correspond to the tensor meson

a2ð1320Þ and K�
2ð1430Þ, respectively.

III. NUMERICAL RESULTS AND DISCUSSIONS

Using Eqs. (48)–(51), and other input parameters, we can
calculate cross sections for the processes eþe− → VP and
eþe− → TP. In Table II, we have collected the results for
cross sections at

ffiffiffi
s

p ¼ 3.67 GeV, together with the exper-
imental data from CLEO-c collaboration [59,60] (see
Ref. [61] for BES measurements), and the results atffiffiffi
s

p ¼ 10.58 GeV, together with the data measured by
Belle [62] and BABAR [63] collaborations. As we have
discussed before, three different types of transverse
momentum distribution functions were used, denoted as
S1, S2, and S3, respectively. S1 denotes the calculation
without intrinsic transverse momentum distribution, S2 and
S3 are obtained with the distributions in Eqs. (32) and (33),
respectively. Theoretical errors are obtained by varying
ΛQCD ¼ ð0.25� 0.05Þ GeV, and the factorization scale t
from 0.75t to 1.25t (without changing 1=bi).
A few remarks are in order.
(i) Results at different center of mass energy

ffiffiffi
s

p
can be

used to study the 1=sn dependence of cross sections.
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From our results at
ffiffiffi
s

p ¼ 3.67 and 10.58 GeV, the
averaged value is about n ¼ 4.1 for eþe− → VP and
n ¼ 3.9 for eþe− → TP.1 This favors the 1=s4

scaling, which is consistent with the constituent
scaling rule [64,65]. The fitted result from exper-
imental data is n ¼ 3.83� 0.07 and 3.75� 0.12 for
eþe− → K�ð892Þ0K̄0 and ωπ0, respectively [62].

(ii) From Table II, we can see that, cross sections for
many processes are large enough to be measured,
such as the eþe− → ρπ, ρη, ωπ and a�2 π

∓ atffiffiffi
s

p ¼ 10.58 GeV, and eþe− → a�2 π
∓, K��

2 K∓ atffiffiffi
s

p ¼ 3.67 GeV. We suggest the experimentalists to
measure these channels especially at BESIII [66]
and Belle-II in future.

(iii) For the channels eþe− → K��K∓, there are very
poor measurements from CLEO collaboration [60],
since the charged K� meson is reconstructed by
three–body decays: K�� → K0π� → 3π, with large
systematic uncertainties. Our results are larger than
the central of experimental data. We hope the future
experimental measurements can clarify this differ-
ence more clearly.

(iv) If we neglect the photon-enhanced amplitudes Fe;f,
and assume the flavor SU(3) symmetry, one has the
relations for cross sections: σðωπ0Þ∶σðρ�π∓Þ∶
σðρ0π0Þ∶σðK��K∓Þ∶σðK�0K̄0 þ K̄�0K0Þ ¼ 1∶2=9∶
1=9∶2=9∶8=9.

(v) At
ffiffiffi
s

p ¼ 3.67 GeV, we have σðeþe−→ρ�π∓Þ¼
2σðeþe−→ρ0π0Þ, while the photon-enhanced contri-
bution becomesmore important at

ffiffiffi
s

p ¼ 10.58 GeV,
and the ratio σðeþe− → ρ�π∓Þ=σðeþe− → ρ0π0Þ is
approximately 2.5.

(vi) In the SU(3) limit, we expect σðωπ0Þ=
σðK�0K̄0 þ K̄�0K0Þ ¼ 9=8 > 1, however our calcu-
lation has indicated that the cross section σðωπ0Þ is
smaller than that for eþe− → K�0K̄0 þ K̄�0K0 by a
factor of 2 to 3. One reason arises from the fact that
the decay constants fπfω is about 30% smaller than
fKfK� . The chiral scale parameter mK

0 will further
enhance the cross sections.

(vii) On the experiment side, the ratios RVP and RTP are
introduced to explore the SU(3) symmetry breaking
effect in the eþe− → K�K and eþe− → K�

2K proc-
esses, with the definition

RVP ¼ σðeþe− → K�ð892Þ0K̄0Þ
σðeþe− → K�ð892Þ−KþÞ ;

RTP ¼ σðeþe− → K�
2ð1430Þ0K̄0Þ

σðeþe− → K�
2ð1430Þ−KþÞ : ð77Þ

In the PQCD framework, this ratio can be written as

R¼
���� ðFaþFbÞþðFcþFdÞ
2ðFaþFbÞ−ðFcþFdÞ

����
2

¼
�����
1þFcþFd

FaþFb

2−FcþFd
FaþFb

�����
2

: ð78Þ

In SU(3) symmetry limit, the wave functions of K,
K�, and K�

2 is symmetric or antisymmetric under the
exchange of the momentum fractions of quark and
antiquark, and thus the relations in Eq. (55) are
obtained. Then one can drive RVP ¼ 4. One source
of the SU(3) symmetry breaking is that the s quark is
heavier than qð¼ u; dÞ quark and carries more
momentum in the final state meson, therefore the
gluon which generates s̄s is harder than the q̄q one.
In this case, the coupling constant in the s̄s process is
smaller. Consequently, the amplitude jFa þ Fbj will
be smaller than jFc þ Fdj, and thus RVP is expected
larger than 4.

From Table II, one can obtain theoretical results
for RVP:

RVPð
ffiffiffi
s

p ¼ 3.67 GeVÞ ≃ 5.99;

RVPð
ffiffiffi
s

p ¼ 10.58 GeVÞ ≃ 5.76: ð79Þ

(viii) At
ffiffiffi
s

p ¼ 3.67 GeV, the CLEO-c collaboration [60]
has measured the ratio:

RExp
VP ð

ffiffiffi
s

p ¼ 3.67 GeVÞ ¼ 23.5þ17.1
−26.1 � 12.2; ð80Þ

with very large error-bar. Its central value is signifi-
cantly larger, but within the errors it is consistent
with our theoretical results. Belle collaboration gives
the results at

ffiffiffi
s

p ¼ 10.52, 10.58, and 10.876 GeV,
respectively [62]

RExp
VP > 4.3; 20.0; 5.4: ð81Þ

Note that in the region near 10.58 GeV, Belle result is
significantly larger than our expectation,whichmight
come from theϒð4SÞ resonance contribution. Off the
ϒð4SÞ resonance, the experimental results are con-
sistent with our theoretical calculations. Especially
for eþe− → ωπ0, results for theBorn cross sections in
Ref. [62] indicate that the contribution of ϒð4SÞ
resonance is significant in this channel.

(ix) Due to the charge conjugation invariance, we have the
relations for the eþe− → TP transition amplitude
given in Eq. (56). Thus only three channels are
allowed: eþe−→a�2 π

∓, eþe−→K��
2 K∓, andeþe−→

K�0
2 K̄0þK̄�0

2 K0.
If one further assumes V-spin symmetry, the

process eþe− → K�0
2 K̄0 þ K̄�0

2 K0 is highly sup-
pressed sinceFa þ Fb ∼ −ðFc þ FdÞ. From Table II,
one can obtain theoretical results for RTP:

RTP ≲ 10−4: ð82Þ1We correct here the improper statement in Ref. [1].
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This is consistent with the Belle data [62]:

RExp
TP < 1.1; 0.4; 0.6: ð83Þ

(x) The theoretical uncertainties in our calculation are
mainly from the uncertainties of the meson wave
functions. The longitudinal distribution amplitudes
in exclusive B decays will give about 10%–20%
uncertainties [43]. When the transverse momentum
distribution functions are introduced in Eqs. (32)
and (33), the contribution from the large-b region
will be suppressed. This suppression makes the
PQCD approach more self-consistent. Comparing
the different results in Table II, one can observe
severe suppressions especially at

ffiffiffi
s

p ¼ 3.67 GeV:
the suppression is about 50% for S2 and about 40%
for S3. Since the results depend on the explicit
form of transverse momentum distribution, more
accurate transverse momentum dependent wave
functions and more experimental results would
be valuable.

(xi) In this calculation, we have limited ourselves to the
leading-order accuracy. The next-to-leading order
(NLO) calculation is complicated [67–69] that will
be presented in a future publication. As an estima-
tion of the size of the NLO contribution, we vary
ΛQCD and the factorization scale t in Eq. (54):
ΛQCD ¼ ð0.25� 0.05Þ GeV, and changing the hard
scale t from 0.75 to 1.25t (without changing 1=bi).
We find that our results are not sensitive to these
variations. It implies that the NLO contributions are
presumably not very large.

(xii) In this calculation, we have used the LCDAs derived
from the QCD sum rules, while there have been
Lattice QCD calculations of the Gegenbauer mo-
ments of the LCDAs for the light pion/kaon and ρ
mesons [70–73]. These results are collected in
Table III. We evolve the lattice QCD results to
μ ¼ 1 GeV, using the renormalization group equa-
tion for the Gegenbauer moments an:

anðμÞ ¼ anðμ0Þ
�
αsðμÞ
αsðμ0Þ

�ðγn−γ0Þ=β0
; ð84Þ

with β0 ¼ 11 − 2
3
Nf, and one-loop anomalous

dimension

γn ¼ CF

�
1 −

2

ðnþ 1Þðnþ 2Þ þ 4
Xnþ1

j¼2

1

j

�
: ð85Þ

In the above γ0 is the anomalous dimension of the
local current. As a comparison the QCD sum rules
results are also given in this table. From this table,
we can see that all these results are well consistent
with each other. From a phenomenological view-
point, using the Lattice QCD results for LCDAs will
not induce sizable corrections, especially compared
to other uncertainties. However one should in
principle use the lattice QCD results when available.

(xiii) In our calculation, we have included the twist-3
light-cone distribution amplitudes, which are pro-
portional to the meson mass or chiral scale param-
eter. Higher-order meson mass corrections have
been neglected. In Ref. [74], a comprehensive
analysis of the exclusive process γγ� → f2 has been
presented, in which the meson mass corrections have
been taken into account. On the one hand, at the
energy

ffiffiffi
s

p ¼ 3.67 GeV, meson mass corrections
might play an important role [74], while at high
energy with

ffiffiffi
s

p ¼ 10.58 GeV, we expect the mass
effects are less important. On the other hand, at the
energy

ffiffiffi
s

p ¼ 3.67 GeV, the perturbative QCD ex-
pansion in αs may not work well either and thus
sizable corrections are anticipated. To have a precise
prediction for the cross section of processes at

ffiffiffi
s

p ¼
3.67 GeV must take into account all these correc-
tions. In addition, it is not clear to us whether the kT
factorization are valid for higher power corrections.
Thus using the results in this work one should bear
in mind that the power corrections might be large
especially at

ffiffiffi
s

p ¼ 3.67 GeV.

IV. CONCLUSION

Hard exclusive processes eþe− → VP and eþe− → TP
at center of mass energy

ffiffiffi
s

p ¼ 3.67 and 10.58 GeV are
investigated in the perturbative QCD framework in this

TABLE III. Gegenbauer moments for the pion/Kaon and ρ meson.

Lattice QCD Lattice QCD (μ ¼ 1 GeV) QCD sum rules [33,34]

aπ2ð2 GeVÞ ¼ 0.1364ð154Þð145Þ [72] 0.1896� 0.0294 0.25� 0.15
aπ2ð2 GeVÞ ¼ 0.233ð29Þð58Þ [71] 0.3239� 0.0901
aπ2ð4 GeVÞ ¼ 0.201ð114Þ [70] 0.3519� 0.1996
aK1 ð2 GeVÞ ¼ 0.061ð2Þð4Þ [71] 0.0791� 0.0058 0.06� 0.03
aK1 ð4 GeVÞ ¼ 0.0453ð9Þð29Þ [70] 0.0705� 0.0047
aK2 ð4 GeVÞ ¼ 0.175ð18Þð47Þ [70] 0.3064� 0.0881 0.25� 0.15
a⊥2ρð2 GeVÞ ¼ 0.101ð22Þ [73] 0.1404� 0.0306 0.15� 0.07
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work. For the wave functions of the light mesons involved
in the factorization amplitudes, we have employed various
models of transverse momentum dependence of wave
functions. At the center of mass energy

ffiffiffi
s

p ¼ 3.67 GeV,
two different transverse momentum distribution functions
can give about 50%and 40%suppressions, respectively. The
value RVP and RTP obtained from our results are consistent
with the experimental data. We found that our theoretical
results favor the 1=s4 scaling law for the cross sections.Most
of our results are consistent with the experimental data and
the others can be tested at the ongoing BESIII and forth-
coming Belle-ILL experiments.
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