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Based on the general form of the Bethe-Salpeter wave functions for the bound states consisting of two
vector fields, we obtain the general formulas for the decay widths of molecular states composed of two
heavy vector mesons with arbitrary spin and parity into a heavy meson plus a light meson. In this approach,
our attention is still focused on the internal structure of heavy vector mesons in the molecular state.
According to the molecule state model of exotic meson, we give the generalized Bethe-Salpeter wave
function of molecular state as a four-quark state. Then the observed Yð3940Þ state is considered as a
molecular state consisting of two heavy vector mesons D�0D̄�0 and the strong Yð3940Þ → J=ψω decay
width is calculated. The numerical result is consistent with the experimental values.
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I. INTRODUCTION

In present particle physics, the investigation of the
structure of exotic meson is of great significance and the
possible alternative interpretations beyond quark-antiquark
state have been proposed [1–6]. Using the most general
form of the Bethe-Salpeter (BS) wave functions for the
bound states composed of two vector fields of arbitrary spin
and definite parity [7], we have investigated the molecular
states composed of two heavy vector mesons and obtained
their masses and BS wave functions in Refs. [7,8]. It is
obvious that our previous works are incomplete since the
decay widths of the molecular states have still not been
calculated. In this paper, we shall give an appropriate and
accurate approach to investigate the strong decay of the
molecular state of two heavy vector mesons into a heavy
meson and a light meson.
Quantum chromodynamics (QCD) is the fundamental

theory of strong interaction, and it is the most reasonable
and fascinating to study the exotic meson from QCD. In
this work, we will investigate the exotic meson as far as
possible from QCD. Then the heavy meson is a bound state
consisting of a quark and an antiquark and the meson-
meson molecular state is actually composed of four quarks.
However, the previous works [1–3] about the hadronic
molecules seldom considered the internal structure of the
mesons in the molecular state. In quantum field theory,
Mandelstam’s approach is a technique for evaluating the
matrix element of a product of field operators and their

derivatives between two bound states [9]. Considering the
molecular state as a four-quark state and applying
Mandelstam’s approach, we obtain the general formulas
for the matrix elements between this four-quark state and
another bound state and evaluate the decay width of
molecular state composed of two heavy vector mesons
with arbitrary spin and parity into a heavy meson plus a
light meson. When the decay width of exotic meson is
much less than its mass, one can apply the perturbation
theory to calculate the decay width for this physical
process. The Hamiltonian describing the decay interaction
is not considered at first, the BS approach can be used to
investigate the molecular state. After obtaining the BS wave
function of the molecular state, we consider the decay
interaction and calculate the decay width. For this present
purpose, we have to obtain the generalized Bethe-Salpeter
(GBS) wave function of molecular state as a four-quark
state. From the hadronic molecule structure, the GBS wave
function for four-quark state should be the product of the
BS wave function for the bound state of two heavy mesons
and the BS wave functions of these two heavy mesons. To
quantitatively calculate the bound state matrix element, we
require the exact normalization of BS wave function for the
molecular state composed of two heavy mesons.
Then this approach is applied to investigate an interest-

ing process: the decay of Yð3940Þ into J=ψω [10,11]. The
structure of Yð3940Þ does not fit the cc̄ charmonium
interpretation [12] and we assume that the Yð3940Þ state
is a molecular state consisting of two heavy vector mesons
D�0D̄�0. As in the effective theory at low energy QCD, we
consider that the light vector meson ω is a pointlike particle*chen_xzhao@sina.com
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and investigate the light meson interaction with the light
quarks in these two heavy mesons, which is consistent with
our previous works. Finally, the matrix element between
two bound states and the strong decay width can be
calculated without an extra parameter. In the framework
of QCD, we systemically investigate the decay of molecule
state composed of two heavy vector mesons into a heavy
meson plus a light meson, and the calculated decay width
ΓðYð3940Þ → J=ψωÞ is consistent with the experimental
values. Therefore, this work provides powerful theoretical
support for the molecule state model of Yð3940Þ from
QCD. Since the BS approach is derived in relativistic
quantum field theory, this nonperturbative method can be
used to investigate the other exotic states XYZ [13].
The paper is organized as follows. In Sec. II we give the

general matrix element between four-quark state and

two-quark bound state. Section III gives the GBS wave
function of molecular state as a four-quark state. In Sec. IV
the approach is applied to investigate the decay mode
Yð3940Þ → J=ψω. After obtaining the BS wave function of
heavy meson J=ψ and the normalizations of BS wave
functions, we calculate this decay width. Our numerical
result is reported in Secs. Vand VI presents the conclusion.

II. GENERAL BOUND STATE MATRIX ELEMENT

Consider that a bound state with spin j and parity ηP is
composed of two heavy vector mesons and this molecular
state decays to a heavy meson and a light meson. As in
effective theory at low energy QCD, we investigate the light
meson interaction with the light quarks in heavy mesons
and the interaction Lagrangian is

Leff
I ¼ ig00
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The effective quark current J corresponding to the light
meson can be obtained. Then the heavy vector mesons in
molecular state should be bound states of a light quark and
a heavy quark and the molecular state should be considered
as a four-quark state; the heavy meson in the final state
should be a bound state of two heavy quarks. Applying
Mandelstam’s approach, we can obtain the general for-
mulas for the matrix elements of arbitrary quark current J
between four-quark state and two-quark bound state

hQjJðxiÞjPi ¼
Z

d4y1d4y2d4x1d4x3d4x4d4x2

× χ̄Qðy1; y2ÞTðy1; y2; xi; x1; x3; x4; x2Þ
× χPðx1; x3; x4; x2Þ; ð2Þ

where jPi and jQi are four-quark state and two-quark
bound state, respectively; P and Q are their total momenta,
χPðx1; x3; x4; x2Þ and χQðy1; y2Þ are GBS and BS wave
functions, Tðy1; y2; xi; x1; x3; x4; x2Þ is the irreducible part
of Green’s function, shown as Fig. 1. In Fig. 1, V represents
the heavy vector meson with massM1 and V̄ 0 represents the
antiparticle of heavy vector meson V 0 with mass M2, MS
represents the vector-vector molecular state, H and L
represent the heavy and light mesons in the final state,
respectively.

The BS wave function of the heavy meson in the final
state is

χQðy1; y2Þ ¼ h0jTHCðy1ÞH̄Dðy2ÞjQi

¼ 1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQÞp eiQ·YχQðyÞ; ð3Þ

where H is the heavy quark operator and its superscript
is a flavor label, EðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
, Y ¼ η01y1 þ η02y2,

FIG. 1. General matrix element of quark current J between four-
quark state and two-quark bound state. The solid lines denote
quark propagators; the unfilled ellipses represent Bethe-Salpeter
amplitudes; and the filled ellipse represents the irreducible part of
Green’s function.
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y ¼ y1 − y2, η01;2 are two positive quantities such that η
0
1;2 ¼

mC;D=ðmC þmDÞ and mC;D are the heavy quark masses.
Extended to the four-quark bound state, the GBS wave
function can be defined as

χPðx1; x3; x4; x2Þ ¼ h0jTHCðx1ÞQ̄Aðx3ÞQBðx4ÞH̄Dðx2ÞjPi;
ð4Þ

which also can be written as

χPðx1;x3;x4;x2Þ¼
1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp eiP·XχPðX0;x;x0Þ; ð5Þ

where Q is the light quark operator and its superscript
is a flavor label, X ¼ η1ðη001x1 þ η003x3Þ þ η2ðη004x4 þ η002x2Þ,
X0 ¼ ðη001x1 þ η003x3Þ − ðη004x4 þ η002x2Þ, x ¼ x1 − x3, x0 ¼
x2 − x4, η1 þ η2 ¼ 1, η001;3 ¼ mC;A=ðmC þmAÞ, η002;4 ¼
mD;B=ðmD þmBÞ and mA;B are the light quark masses.
For the sake of convenience, we assume that the final

light meson is a vector meson with momentum Q0, whose
field operator is Aμ, and the Lagrangian for the interaction
of light vector meson with quarks should be

LIðxiÞ ¼ igQ̄AðxiÞγABμ QBðxiÞAμðxiÞ: ð6Þ

Then the effective quark current in Eq. (2) is JμðxiÞ ¼
Q̄AðxiÞγABμ QBðxiÞ and the two-particle irreducible Green’s
function is

Tðy1; y2; xi; x1; x3; x4; x2Þ
¼ h0jTHCðy1ÞH̄Dðy2ÞQ̄AðxiÞγABμ QBðxiÞH̄Cðx1Þ
×QAðx3ÞQ̄Bðx4ÞHDðx2Þj0iT; ð7Þ

which can be evaluated by means of perturbation theory. In
present work, we retain only the lowest order term in the
expansion of the right-hand side of Eq. (7), shown as in
Fig. 2. It is straightforward fromEq. (7) and Fig. 2 to identify
the lowest order value of Tðy1; y2; xi; x1; x3; x4; x2Þ as

T0ðy1; y2; xi; x1; x3; x4; x2Þ
¼ SCðy1 − x1Þ−1δð4Þðx3 − xiÞγABμ

× δð4Þðxi − x4ÞSDðx2 − y2Þ−1; ð8Þ

where the inverse propagator Sðy − xÞ−1 satisfies

Sðy − xÞ−1 ¼ δð4Þðy − xÞðγ · ∂x þmÞ: ð9Þ

Thus the bound state matrix elements of JμðxiÞ are given in
lowest order by

hQjJμðxiÞjPi ¼
Z

d4y1d4y2d4x1d4x3d4x4d4x2χ̄Qðy1; y2ÞT0ðy1; y2; xi; x1; x3; x4; x2ÞχPðx1; x3; x4; x2Þ

¼
Z

d4y1d4y2χ̄Qðy1; y2ÞðγC · ∂y1 þmCÞγABμ ðγD · ∂y2 þmDÞχPðy1; xi; xi; y2Þ: ð10Þ

Making the Fourier transformation, we obtain the BS wave function of the heavy meson in the momentum representation

χQðq1; q2Þ ¼
Z

d4y1d4y2χQðy1; y2Þe−iq1·y1e−iq2·y2 ¼
1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQÞp ð2πÞ4δð4ÞðQ − q1 − q2ÞχðQ; qÞ; ð11Þ

where q1 and q2 are the momenta of the quark and antiquark, respectively; q ¼ η02q1 − η01q2 is the relative momentum
between quark and antiquark. Furthermore, the GBS wave function of four-quark bound state in the momentum
representation is

χPðp1; p3; p4; p2Þ ¼
Z

d4x1d4x3d4x4d4x2χPðx1; x3; x4; x2Þe−ip1·x1e−ip3·x3e−ip4·x4e−ip2·x2

¼ 1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp ð2πÞ4δð4ÞðP − p1 − p3 − p4 − p2ÞχðP; p; k; k0Þ; ð12Þ

FIG. 2. The lowest order term of the two-particle irreducible
Green’s function.
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where p1, p3, p4, p2 are the momenta of four quarks;
p, k, k0 are the conjugate variables to X0, x, x0,
respectively; and p ¼ η2ðp1 þ p3Þ − η1ðp4 þ p2Þ, k ¼
η003p1 − η001p3, k0 ¼ η004p2 − η002p4. In the hadronic molecule
structure, p is the relative momentum between two
heavy vector mesons in molecular state, k and k0 are
the relative momenta between quark and antiquark
in two heavy vector mesons, respectively, shown as
in Fig. 3.
Then the bound state matrix elements of JμðxiÞ in

Eq. (10) become

hQjJμðxiÞjPi ¼
Z

d4y1d4y2
1

ð2πÞ8
Z

d4q1d4q2χ̄Qðq1; q2Þe−iq1·y1e−iq2·y2ðγC · ∂y1 þmCÞγABμ ðγD · ∂y2 þmDÞ

×
1

ð2πÞ16
Z

d4p1d4p3d4p4d4p2χPðp1; p3; p4; p2Þeip1·y1eip3·xieip4·xieip2·y2

¼ 1

ð2πÞ16
Z

d4p1d4p3d4p4d4p2χ̄Qðp1; p2ÞðiγC · p1 þmCÞγABμ ðiγD · p2 þmDÞ

× χPðp1; p3; p4; p2Þeip3·xieip4·xi ; ð13Þ
where q1 ¼ p1 and q2 ¼ p2. Substituting Eqs. (11) and (12) into (13), we obtain the bound state matrix elements of JμðxiÞ
in the momentum representation

hQjJμðxiÞjPi ¼
1

ð2πÞ11
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQÞp 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp

Z
d4kd4pχ̄ðQ; qÞSCðp1Þ−1γABμ SDðp2Þ−1χðP; p; k; k0ÞeiðP−QÞ·xi ; ð14Þ

where SðpÞ is the quark propagator, SðpÞ¼
1=ðiγ ·pþmÞ, q¼η001ðη1PþpÞþk−η01Q, p1¼η001ðη1PþpÞþ
k, p2 ¼ ðη2P − pÞ − ½P −Q − η003ðη1Pþ pÞ þ k�, p3 ¼
η003ðη1Pþ pÞ − k,p4 ¼ P −Q − η003ðη1Pþ pÞ þ k and k0 ¼
η004ðη2P − pÞ − ½P −Q − η003ðη1Pþ pÞ þ k�. This is shown
in Fig. 4.

III. GBS WAVE FUNCTION
FOR FOUR-QUARK STATE

From Fig. 3, one can find three two-body systems in
molecular state: a meson-meson bound state and two
quark-antiquark bound states. The BS wave functions of
these two-body systems can be defined as χPðp0

1; p
0
2Þ,

χp0
1
ðp1; p3Þ, χp0

2
ðp4; p2Þ, respectively. Similar to Eq. (11),

the BS wave function for the bound state of two heavy
vector mesons has the form

χPðp0
1; p

0
2Þ ¼

1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp
× ð2πÞ4δð4ÞðP − p0

1 − p0
2ÞχðP; pÞ; ð15Þ

and the BS wave functions of two heavy vector mesons
are

χp0
1
ðp1; p3Þ ¼

1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Eðp0
1Þ

p
× ð2πÞ4δð4Þðp0

1 − p1 − p3Þχðp0
1; kÞ; ð16Þ

FIG. 3. Generalized Bethe-Salpeter wave function for four-
quark state in the momentum representation.

FIG. 4. The lowest order matrix element between bound states
in the momentum representation.

XIAOZHAO CHEN and XIAOFU LÜ PHYS. REV. D 97, 114005 (2018)

114005-4



χp0
2
ðp4; p2Þ ¼

1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Eðp0
2Þ

p
× ð2πÞ4δð4Þðp0

2 − p4 − p2Þχðp0
2; k

0Þ; ð17Þ

where p0
1 and p0

2 are the momenta of two vector mesons,
respectively, p0

1 ¼ η1Pþ p, p0
2 ¼ η2P − p and η1;2 ¼

M1;2=ðM1 þM2Þ.
In Ref. [7], we have given the general form of the BS

wave functions for the bound states composed of two
massive vector fields with spin j and parity ηP, for
ηP ¼ ð−1Þj,

χj¼0
λτ ðP; pÞ ¼ 1

N j ðT1
λτϕ1 þ T2

λτϕ2Þ; ð18Þ

χj≠0λτ ðP; pÞ ¼ 1

N j ημ1…μj ½pμ1…pμjðT1
λτϕ1 þ T2

λτϕ2Þ
þ T3

λτϕ3 þ T4
λτϕ4�; ð19Þ

and, for ηP ¼ ð−1Þjþ1,

χj¼0
λτ ðP; pÞ ¼ 1

N j ϵλτξζpξPζψ1; ð20Þ

χj≠0λτ ðP; pÞ ¼ 1

N j ημ1…μjðpμ1…pμjϵλτξζpξPζψ1

þ T5
λτψ2 þ T6

λτψ3 þ T7
λτψ4 þ T8

λτψ5Þ; ð21Þ

where N j is the normalization, ημ1…μj is the polarization
tensor describing the spin of the bound state, the subscripts
λ and τ are derived from these two vector fields, the
independent tensor structures Ti

λτ are given in Appendix A,
ϕiðP · p; p2Þ and ψ iðP · p; p2Þ are independent scalar
functions. For the heavy vector mesons, the authors of
Ref. [14–17] have investigated these bound states com-
posed of a dressed-quark and -antiquark and obtained their
BS amplitudes [16,17]:

ΓV
λ ðp0

1; kÞ ¼
1

N V

�
γλ þ p0

1λ

γ · p0
1

M2
V

�
φVðk2Þ;

ΓV̄ 0
τ ðp0

2; k
0Þ ¼ 1

N V̄ 0

�
γτ þ p0

2τ

γ · p0
2

M2
V̄ 0

�
φV̄ 0 ðk02Þ; ð22Þ

where ΓV
λ ðp0

1; kÞ and ΓV̄ 0
τ ðp0

2; k
0Þ are transverse

(p0
1λΓV

λ ðp0
1; kÞ ¼ p0

2τΓV̄ 0
τ ðp0

2; k
0Þ ¼ 0), N V and N V̄ 0

are the
normalizations, φVðk2Þ ¼ φV̄ðk2Þ ¼ expð−k2=ω2

VÞ and ωV
is a parameter fixed by providing fits to the observables. The
BS wave functions of heavy vector mesons are

χλðp0
1; kÞ ¼

−i
γC · p1 − imC

1

N V

�
γλ þ p0

1λ

γ · p0
1

M2
V

�

× φVðk2Þ
−i

γA · p3 − imA
;

χτðp0
2; k

0Þ ¼ −i
γB · p4 − imB

1

N V̄ 0

�
γτ þ p0

2τ

γ · p0
2

M2
V̄ 0

�

× φV̄ 0 ðk02Þ −i
γD · p2 − imD

: ð23Þ

It should be noted that in Refs. [16,17] the BS amplitudes of
heavy mesons are obtained in Euclidean space.
Applying the Feynman rules, we can obtain the GBS

wave function for four-quark state from Fig. 3

χPðp1; p3; p4; p2Þ ¼
ð2πÞ12
ð2πÞ3=2

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp

× δð4ÞðP − p1 − p3 − p4 − p2Þ
× χλðp0

1; kÞχλτðP; pÞχτðp0
2; k

0Þ: ð24Þ

Comparing this equation with Eq. (12), we obtain

χðP; p; k; k0Þ ¼ ð2πÞ8χλðp0
1; kÞχλτðP; pÞχτðp0

2; k
0Þ: ð25Þ

Up to now, for the molecular state composed of two heavy
vector mesons with arbitrary spin and definite parity, we
obtain the concrete form of its GBS wave function
describing the four-quark state. Obviously, Eq. (25) can
be extended to arbitrary meson-meson bound state.

IV. THE DECAY MODE Yð3940Þ → J=ψω

As an illustration, we investigate the decay process
Yð3940Þ → J=ψω in this section. Assuming that the
Yð3940Þ state is a S-wave molecule state consisting of
two heavy vector mesons D�0 and D̄�0, we have obtained
the mass of this molecular state by solving the BS equation
and deduced that the spin-parity quantum numbers of the
Yð3940Þ system are 0þ in Ref. [7]. The charmed mesonD�0
in molecular state is composed of c-quark and u-antiquark
and the heavy vector meson J=ψ in the final state is a bound
state of cc̄. In Fig. 4, V and V̄ 0 become D�0 and D̄�0,
respectively; H becomes J=ψ and L becomes ω; and in
Eq. (14) the flavor labels C ¼ D and A ¼ B represent
c-quark and u-quark, respectively. The Lagrangian for the
interaction of ω meson with u-quark should be

Lω
I ðxiÞ ¼ igωQ̄AðxiÞγAμQAðxiÞAω

μ ðxiÞ: ð26Þ

Then the bound state matrix elements of vector current
become
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hQjJμðxiÞjPi ¼
1

ð2πÞ11
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQÞp 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp

Z
d4kd4p

× χ̄ðQ; qÞSCðp1Þ−1γAμSCðp2Þ−1
× χðP; p; k; k0ÞeiðP−QÞ·xi : ð27Þ

The GBS wave function for four-quark state is

χðP;p;k;k0Þ¼ ð2πÞ8χλðp0
1;kÞχ0

þ
λτ ðP;pÞχτðp0

2;k
0Þ

¼ ð2πÞ8 −i
γC ·p1− imc

1

N D�0

�
γλþp0

1λ

γ ·p0
1

M2
D�0

�

×φD�0ðk2Þ −i
γA ·p3− imu

1

N 0þ ðT1
λτF 1þT2

λτF 2Þ

×
−i

γA ·p4− imu

1

N D̄�0

�
γτþp0

2τ

γ ·p0
2

M2
D̄�0

�

×φD̄�0ðk02Þ −i
γC ·p2− imc

; ð28Þ

where mc;u are the constituent quark masses, ωD�0 ¼
1.50 GeV [17] and the momentum of this bound state is
set as P ¼ ð0; 0; 0; iMÞ in the rest frame. The BS wave
function of the physically observed J=ψ meson has the form

χðQ; qÞ ¼ εκνðQÞχνðQ; qÞ

¼ εκνðQÞ −i
γC · q1 − imc

1

N J=ψ

�
γν þQν

γ ·Q
M2

J=ψ

�

× φJ=ψ ðq2Þ
−i

γC · q2 − imc
; ð29Þ

where εκ¼1;2;3
ν ðQÞ is the polarization vector of heavy vector

meson J=ψ and εκðQÞ ·Q ¼ 0. Becausewe consider that the
heaviest quark carries all the heavy-meson momentum as in
heavy-quark effective theory (HQET) [18], thesemomenta in
Eq. (14) become

p0
1 ¼ P=2þ p; p0

2 ¼ P=2 − p;

q1 ¼ Q=2þ q; q2 ¼ Q=2 − q;

p1 ¼ P=2þ pþ k; p2 ¼ Q − P=2 − p − k;

p3 ¼ −k; p4 ¼ −k0;

k0 ¼ Q − P − k; q ¼ P=2 −Q=2þ pþ k: ð30Þ

In this paper we consider that the BS wave function of
J=ψ has the form given in Refs. [16,17], however, the
parameter ωJ=ψ has not been determined. Fortunately, a
credible wave function of J=ψ from lattice QCD has been
given in a series of studies [19–21] and we can obtain the
value of ωJ=ψ as follows. In Refs. [20,21] the wave function
of J=ψ is considered as the equal-time cc̄ BS wave function
in the coordinate representation, which is equivalent to the
instantaneous approximation of BS wave function in the
momentum representation. From Eq. (29), we obtain

χνðQ; qÞ ¼ −i
γ · ðQ=2þ qÞ − imc

1

N J=ψ

�
γν þQν

γ ·Q
M2

J=ψ

�

× φJ=ψðq2Þ
−i

γ · ðQ=2 − qÞ − imc
; ð31Þ

where q is the relative momentum between c-quark and c-
antiquark, Q is set as the momentum of the heavy meson in
the rest frame, q and Q are not the momenta presented in
the decay process. The heavy vector meson wave function
in instantaneous approximation can be obtained from the
BS wave function χνðQ; qÞ in Eq. (31) [22]

ΨJ=ψ
i ðqÞ ¼

Z
dq4

1

4
trfγiχiðQ; qÞg i ¼ 1; 2; 3: ð32Þ

To be consistent with the lattice QCD, we obtain the three-
vector wave function of J=ψ in Euclidean space

ΨJ=ψ ðqÞ ¼
Z

dq4
1

N J=ψ exp

�
−q2 − q24
ω2
J=ψ

�

×
q2=3þ q24 −M2

J=ψ=4þm2
c

ðq2 þ q24 þm2
c þM2

J=ψ=4Þ2 − q24M
2
J=ψ

ffiffiffi
3

p
q̂;

ð33Þ
where q̂ is the unit momentum. The q4 integral can be
numerically calculated and the wave function in the
coordinate representation ΨJ=ψðrÞ can be obtained.
Multiplying ΨJ=ψ ðrÞ by the spatial distance r and then
comparing the numerical result with the wave function of
J=ψ shown as Fig. 2 in Ref. [21], we obtain the param-
eter ωJ=ψ ¼ 0.826 GeV.
Now, we consider these normalizationsN J=ψ ,N D�0

, and
N 0þ . In Refs. [16,17] the BS equation for quark-antiquark
state is treated in the ladder approximation, the reduced
normalization condition for the BS wave function of J=ψ
meson expressed as Eq. (31) is

−i
ð2πÞ4

1

3

Z
d4qχ̄νðQ; qÞ

×
∂

∂Q0

½SðQ=2þ qÞ−1SðQ=2 − qÞ−1�χνðQ; qÞ ¼ 2Q0;

ð34Þ
where the factor 1=3 appears for the three transverse
directions are summed. Similarly, for D�0 meson, its BS
wave function can be written as

χνðQ; qÞ ¼ −i
γ · ðQþ qÞ − imc

1

N D�0

�
γν þQν

γ ·Q
M2

D�0

�

× φD�0ðq2Þ −i
γ · ð−qÞ − imu

; ð35Þ

and the reduced normalization condition is

XIAOZHAO CHEN and XIAOFU LÜ PHYS. REV. D 97, 114005 (2018)

114005-6



−i
ð2πÞ4

1

3

Z
d4qχ̄νðQ; qÞ ∂

∂Q0

½SðQþ qÞ−1�Sð−qÞ−1χνðQ; qÞ ¼ 2Q0: ð36Þ

In Ref. [7] we have obtained the BS wave function of the molecular state D�0D̄�0 with 0þ

χ0
þ

λτ ðP; pÞ ¼
1

N 0þ ½T1
λτF 1ðP · p; p2Þ þ T2

λτF 2ðP · p; p2Þ�; ð37Þ

and also employed the ladder approximation to solve the BS equation. The reduced normalization condition for χ0
þ

λτ ðP; pÞ is
−i

ð2πÞ4
Z

d4pχ̄λτðP; pÞ
∂

∂P0

½ΔFλλ0 ðP=2þ pÞ−1ΔFττ0 ðP=2 − pÞ−1�χλ0τ0 ðP; pÞ ¼ 2P0; ð38Þ

where ΔFβα0 ðpÞ−1 is the inverse propagator for the vector field with mass m. The propagator for the vector field ΔFαβðpÞ ¼
ðδαβ þ pαpβ

m2 Þ −i
p2þm2−iϵ and ΔFβα0 ðpÞ−1 satisfy the relation ΔFαβðpÞΔFβα0 ðpÞ−1 ¼ δαα0 , and we obtain

ΔFβα0 ðpÞ−1 ¼ i

�
δβα0 −

pβpα0

p2 þm2

�
ðp2 þm2Þ: ð39Þ

For the scalar functions F 1 and F 2, we can obtain two individual equations [7]

F 1ðP ·p;p2Þ¼ 1

ðP=2þpÞ2þM2
1− iϵ

1

ðP=2−pÞ2þM2
2− iϵ

Z
d4q0

ð2πÞ4V1ðp;q0;PÞF 1ðP ·q0;q02Þ;

ðP=2−pÞ2F 2ðP ·p;p2Þ¼ 1

ðP=2þpÞ2þM2
1− iϵ

1

ðP=2−pÞ2þM2
2− iϵ

Z
d4q0

ð2πÞ4V2ðp;q0;PÞðP=2−q0Þ2F 2ðP ·q0;q02Þ;

where V1ðp; q0;PÞ and V2ðp; q0;PÞ are derived from the interaction kernel between D�0D̄�0. Though in Ref. [7] we solved
these two equations in instantaneous approximation and obtained these wave functions Ψ0þ

1 ðpÞ ¼ R
dp0F 1ðP · p; p2Þ and

Ψ0þ
2 ðpÞ ¼ R

dp0ðP=2 − pÞ2F 2ðP · p; p2Þ, it is easy to obtain F 1 and F 2 from Ψ0þ
1 and Ψ0þ

2 , respectively.
After obtaining the parameter ωJ=ψ and these normalizations, we can calculate the bound state matrix elements of JμðxiÞ

expressed as Eq. (27) and they become

hQjJμðxiÞjPi ¼
−1

ð2πÞ3
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQÞp 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp εκ�ν ðQÞMνμeiðP−QÞ·xi ; ð40Þ

where

Mνμ ¼
Z

d4kd4p
1

N J=ψ

φJ=ψðq2Þ
p2
2 þm2

c

1

p2
1 þm2

c

1

N D�0
φD�0ðk2Þ
k2 þm2

u

1

N D̄�0
φD̄�0ðk02Þ
k02 þm2

u

1

N 0þ

× Tr

�
½γ · p2 þ imc�

�
γν þQν

γ ·Q
M2

J=ψ

�
½γ · p1 þ imc�f½ðp0

1 · p
0
2Þγτ − ðγ · p0

2Þp0
1τ�F 1ðpÞ

þ ½p02
1 p

02
2 γτ þ ðp0

1 · p
0
2Þðγ · p0

1Þp0
2τ − p02

2 ðγ · p0
1Þp0

1τ − p02
1 ðγ · p0

2Þp0
2τ�F 2ðpÞg

× ½γ · ð−kÞ þ imu�γμ½γ · ð−k0Þ þ imu�γτ
�
: ð41Þ

The trace of the product of 8 γ-matrices should contain 105 terms. Using Mathematica, we calculate this trace and the result
is given in Appendix B. In this work, the p integral is also calculated in instantaneous approximation. It is some difficult to
straightly compute the integral including vectors and we give a simple approach as follows. Since the tensor Mνμ only
depends on P and Q, it can be expressed in Minkowski space as

Mνμ ¼ gνμf1ðP;QÞ þ PνQμf2ðP;QÞ þ PνPμf3ðP;QÞ þQνPμf4ðP;QÞ þQνQμf5ðP;QÞ; ð42Þ
where fiðP;QÞ are the scalar functions. Multiplying Eq. (42) by these tensor structures gνμ, PνQμ, PνPμ, QνPμ, QνQμ,
respectively, we can obtain a set of equations
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gνμMνμ ¼ h1 ¼ 4f1 þ ðP ·QÞf2 þ P2f3 þ ðP ·QÞf4 þQ2f5;

PνQμMνμ ¼ h2 ¼ ðP ·QÞf1 þ P2Q2f2 þ P2ðP ·QÞf3 þ ðP ·QÞ2f4 þQ2ðP ·QÞf5;
PνPμMνμ ¼ h3 ¼ P2f1 þ P2ðP ·QÞf2 þ P2P2f3 þ P2ðP ·QÞf4 þ ðP ·QÞ2f5;
QνPμMνμ ¼ 0 ¼ ðP ·QÞf1 þ ðP ·QÞ2f2 þ P2ðP ·QÞf3 þQ2P2f4 þQ2ðP ·QÞf5;
QνQμMνμ ¼ 0 ¼ Q2f1 þQ2ðP ·QÞf2 þ ðP ·QÞ2f3 þQ2ðP ·QÞf4 þQ2Q2f5; ð43Þ

where hi are numbers. After numerically calculating hi and solving this set of equations, we obtain the values of fi.
Finally, we obtain the lowest order transition matrix element for the decay mode Yð3940Þ → J=ψω

i
Z

d4xihω; J=ψ jLω
I ðxiÞjYð3940Þi ¼ i

Z
d4xi

1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQ0Þp e−iQ
0·xiεκ

0�
μ ðQ0ÞhQjigωJμðxiÞjPi

¼ 1

ð2πÞ3=2
gωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðQ0Þp 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðQÞp 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp ð2πÞ4δð4ÞðP −Q −Q0Þ 1

ð2πÞ3 ε
κ0
μ ðQ0ÞεκνðQÞMνμ;

ð44Þ

where εκ
0
μ ðQ0Þ is the polarization vector of ω meson with mass Mω, EðQ0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q02 þM2

ω

p
, EðQÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þM2

J=ψ

q
and the

meson-quark coupling constant g2ω ¼ 2.42 was obtained within QCD sum rules approach [23]. Then the decay width for
this process becomes

Γ ¼
Z

d3Qd3Q0ð2πÞ4δð4ÞðP −Q −Q0Þ g2ω
2EðQ0Þ

1

2EðQÞ
1

2EðPÞ
1

ð2πÞ6
X3
κ0¼1

X3
κ¼1

jεκ0μ ðQ0ÞεκνðQÞMνμj2

¼ 1

ð2πÞ
g2ωQ2

ω

4M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ω þM2
ω

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ω þM2
J=ψ

q WðQ2
ωÞ; ð45Þ

where Q2
ω ¼ ½M2 − ðMJ=ψ þMωÞ2�½M2 − ðMJ=ψ −MωÞ2�=ð4M2Þ. Using the transverse condition εκðQÞ ·Q ¼ 0 and the

completeness relation, we obtain

WðQ2
ωÞ ¼ f�1f1

	
4þ Q2

M2
J=ψ

þ Q02

M2
ω
þ ðQ ·Q0Þ2

M2
ωM2

J=ψ



þ f�2f2

	
P2Q2 þ ðP ·QÞ2Q2

M2
J=ψ

þ P2ðQ ·Q0Þ2
M2

ω
þ ðP ·QÞ2ðQ ·Q0Þ2

M2
ωM2

J=ψ




þ f�3f3

	
P4 þ P2ðP ·QÞ2

M2
J=ψ

þ P2ðP ·Q0Þ2
M2

ω
þ ðP ·QÞ2ðP ·Q0Þ2

M2
ωM2

J=ψ




þ ðf�1f2 þ f�2f1Þ
	
P ·Qþ ðP ·QÞQ2

M2
J=ψ

þ ðP ·Q0ÞðQ ·Q0Þ
M2

ω
þ ðP ·QÞðQ ·Q0Þ2

M2
ωM2

J=ψ




þ ðf�1f3 þ f�3f1Þ
	
P2 þ ðP ·QÞ2

M2
J=ψ

þ ðP ·Q0Þ2
M2

ω
þ ðP ·QÞðP ·Q0ÞðQ ·Q0Þ

M2
ωM2

J=ψ




þ ðf�2f3 þ f�3f2Þ
	
P2ðP ·QÞ þ ðP ·QÞ3

M2
J=ψ

þ P2ðP ·Q0ÞðQ ·Q0Þ
M2

ω
þ ðP ·QÞ2ðP ·Q0ÞðQ ·Q0Þ

M2
ωM2

J=ψ



; ð46Þ

where P ¼ ð0; 0; 0; iMÞ, Q ¼ ðQω; i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ω þM2
J=ψ

q
Þ and Q0 ¼ ð−Qω; i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ω þM2
ω

p
Þ.

V. NUMERICAL RESULT

The constituent quark masses mc ¼ 1.55 GeV, mu ¼ 0.33 GeV, the meson masses Mω ¼ 0.782 GeV,
MD�0 ¼ 2.007 GeV, MJ=ψ ¼ 3.097 GeV [24]. In this work, we employ the value of ωD�0 given in Ref. [17] rather than
the one in Ref. [16]. Using the approach introduced in our previous work [7], we recalculate the mass of the molecular state
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D�0D̄�0 with 0þ and obtain M ¼ 3.942 GeV. Then by
doing the numerical calculation, we obtain that the decay
width of the Yð3940Þ is ΓðYð3940Þ → J=ψωÞ ¼ 66 MeV.
Our approach involves the meson-quark coupling con-

stant gω and the parametersωD�0 , ωJ=ψ in the BS amplitudes
of heavy vector mesons which have been fixed by provid-
ing fits to observables, so there is not an adjustable
parameter. The calculated mass and decay width of the
Yð3940Þ state are consistent with the experimental data,
while the values of its mass and width in experiments are
M ¼ 3.943 GeV, Γ ¼ 87 MeV [10] and M ¼ 3.914 GeV,
Γ ¼ 34 MeV [11]. The deduced quantum numbers of the
Yð3940Þ system are also consistent with the results given in
Ref. [25]. Therefore, we can reasonably conclude that the
Yð3940Þ state is very probably a molecular state composed
of D�0D̄�0.

VI. CONCLUSION

The general formulas for the decay widths of molecular
states composed of two heavy vector mesons with arbitrary
spin and parity into a heavy meson plus a light meson is
given. Taking into account the internal structure of heavy
vector mesons in the molecular state and using the general
form of the BS wave functions for the bound states
consisting of two vector fields, we obtain the general form
of the GBS wave functions for four-quark states describing
this molecular structure. Then assuming that the exotic state
Yð3940Þ is a D�0D̄�0 molecular state, we numerically
calculate the decay width ΓðYð3940Þ → J=ψωÞ, which is

in good agreement with experiments. So far, we have
established a complete and accurate theoretical approach
from QCD to investigate the molecular state composed of
two heavy vector mesons. In the future, one can use the
general form of the GBS wave functions for four-quark
states to investigate arbitrary decay mode of the molecular
state including the strong and radiative decays. More
importantly, the nonperturbative contribution from the
vacuum condensates can be introduced into the BS wave
functions and the irreducible part of Green’s function, and
then the calculated bound state matrix element contains
more inspiration of QCD.
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APPENDIX A: THE TENSOR STRUCTURES IN
THE GENERAL FORM OF THE BS WAVE

FUNCTIONS

The tensor structures in Eqs. (18)–(21) are given
below [7]

T1
λτ ¼ ðη1η2P2 − η1P · pþ η2P · p − p2Þgλτ − ðη1η2PλPτ þ η2Pλpτ − η1pλPτ − pλpτÞ;

T2
λτ ¼ ðη21P2 þ 2η1P · pþ p2Þðη22P2 − 2η2P · pþ p2Þgλτ

þ ðη1η2P2 − η1P · pþ η2P · p − p2Þðη1η2PλPτ − η1Pλpτ þ η2pλPτ − pλpτÞ
− ðη22P2 − 2η2P · pþ p2Þðη21PλPτ þ η1Pλpτ þ η1pλPτ þ pλpτÞ
− ðη21P2 þ 2η1P · pþ p2Þðη22PλPτ − η2Pλpτ − η2pλPτ þ pλpτÞ;

T3
λτ ¼

1

j!
pfμ2…pμjgμ1gλðη21P2 þ 2η1P · pþ p2Þ½ðη22P2 − 2η2P · pþ p2Þðη1Pþ pÞτ

− ðη1η2P2 − η1P · pþ η2P · p − p2Þðη2P − pÞτ�
− pμ1…pμj ½ðη22P2 − 2η2P · pþ p2Þðη21PλPτ þ η1Pλpτ þ η1pλPτ þ pλpτÞ
− ðη1η2P2 − η1P · pþ η2P · p − p2Þðη1η2PλPτ − η1Pλpτ þ η2pλPτ − pλpτÞ�;

T4
λτ ¼

1

j!
pfμ2…pμjgμ1gτðη22P2 − 2η2P · pþ p2Þ½ðη1η2P2 − η1P · p

þ η2P · p − p2Þðη1Pþ pÞλ − ðη21P2 þ 2η1P · pþ p2Þðη2P − pÞλ�
− pμ1…pμj ½ðη21P2 þ 2η1P · pþ p2Þðη22PλPτ − η2Pλpτ − η2pλPτ þ pλpτÞ
− ðη1η2P2 − η1P · pþ η2P · p − p2Þðη1η2PλPτ − η1Pλpτ þ η2pλPτ − pλpτÞ�;
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T5
λτ ¼ ðη2P · p − η1P · p − 2p2Þpfμ2…pμjϵμ1gλτξpξ þ ð2η1η2P · pþ η2p2 − η1p2Þpfμ2…pμjϵμ1gλτξPξ

þ pfμ2…pμjϵμ1gλξζpξPζpτ þ pfμ2…pμjϵμ1gτξζpξPζpλ;

T6
λτ ¼ ðP · pÞpfμ2…pμjϵμ1gλτξpξ − p2pfμ2…pμjϵμ1gλτξPξ þ pfμ2…pμjϵμ1gλξζpξPζpτ − pfμ2…pμjϵμ1gτξζpξPζpλ;

T7
λτ ¼ ðη2P2 − η1P2 − 2P · pÞpfμ2…pμjϵμ1gλτξpξ þ ð2η1η2P2 þ η2P · p − η1P · pÞpfμ2…pμjϵμ1gλτξPξ

þ pfμ2…pμjϵμ1gλξζpξPζPτ þ pfμ2…pμjϵμ1gτξζpξPζPλ;

T8
λτ ¼ P2pfμ2…pμjϵμ1gλτξpξ − ðP · pÞpfμ2…pμjϵμ1gλτξPξ þ pfμ2…pμjϵμ1gλξζpξPζPτ − pfμ2…pμjϵμ1gτξζpξPζPλ:

APPENDIX B: TRACE OF A PRODUCT OF 8 γ-MATRICES

If a; b; c; d; e; f; g; h are 8 arbitrary 4-vectors, we compute the trace

Trγ · aγ · bγ · cγ · dγ · eγ · fγ · gγ · h

¼ 4ða · hb · gc · fd · e − a · gb · hc · fd · e − a · hb · fc · gd · eþ a · fb · hc · gd · eþ a · gb · fc · hd · e

− a · fb · gc · hd · eþ a · hb · cf · gd · e − a · cb · hf · gd · eþ a · bc · hf · gd · e − a · gb · cf · hd · e

þ a · cb · gf · hd · e − a · bc · gf · hd · eþ a · fb · cg · hd · e − a · cb · fg · hd · eþ a · bc · fg · hd · e

− a · hb · gc · ed · f þ a · gb · hc · ed · f þ a · hb · ec · gd · f − a · eb · hc · gd · f − a · gb · ec · hd · f

þ a · eb · gc · hd · f þ a · hb · fc · ed · g − a · fb · hc · ed · g − a · hb · ec · fd · gþ a · eb · hc · fd · g

þ a · fb · ec · hd · g − a · eb · fc · hd · g − a · gb · fc · ed · hþ a · fb · gc · ed · hþ a · gb · ec · fd · h

− a · eb · gc · fd · h − a · fb · ec · gd · hþ a · eb · fc · gd · hþ a · hb · gc · de · f − a · gb · hc · de · f

− a · hb · dc · ge · f þ a · db · hc · ge · f þ a · gb · dc · he · f − a · db · gc · he · f þ a · hb · cd · ge · f

− a · cb · hd · ge · f þ a · bc · hd · ge · f − a · gb · cd · he · f þ a · cb · gd · he · f − a · bc · gd · he · f

− a · hb · fc · de · gþ a · fb · hc · de · gþ a · hb · dc · fe · g − a · db · hc · fe · g − a · fb · dc · he · g

þ a · db · fc · he · g − a · hb · cd · fe · gþ a · cb · hd · fe · g − a · bc · hd · fe · gþ a · fb · cd · he · g

− a · cb · fd · he · gþ a · bc · fd · he · gþ a · gb · fc · de · h − a · fb · gc · de · h − a · gb · dc · fe · h

þ a · db · gc · fe · hþ a · fb · dc · ge · h − a · db · fc · ge · hþ a · gb · cd · fe · h − a · cb · gd · fe · h

þ a · bc · gd · fe · h − a · fb · cd · ge · hþ a · cb · fd · ge · h − a · bc · fd · ge · hþ a · hb · ec · df · g

− a · eb · hc · df · g − a · hb · dc · ef · gþ a · db · hc · ef · gþ a · eb · dc · hf · g − a · db · ec · hf · g

− a · eb · cd · hf · gþ a · cb · ed · hf · g − a · bc · ed · hf · gþ a · db · ce · hf · g − a · cb · de · hf · g

þ a · bc · de · hf · g − a · gb · ec · df · hþ a · eb · gc · df · hþ a · gb · dc · ef · h − a · db · gc · ef · h

− a · eb · dc · gf · hþ a · db · ec · gf · hþ a · eb · cd · gf · h − a · cb · ed · gf · hþ a · bc · ed · gf · h

− a · db · ce · gf · hþ a · cb · de · gf · h − a · bc · de · gf · hþ a · fb · ec · dg · h − a · eb · fc · dg · h

− a · fb · dc · eg · hþ a · db · fc · eg · hþ a · eb · dc · fg · h − a · db · ec · fg · h − a · eb · cd · fg · h

þ a · cb · ed · fg · h − a · bc · ed · fg · hþ a · db · ce · fg · h − a · cb · de · fg · hþ a · bc · de · fg · hÞ:

XIAOZHAO CHEN and XIAOFU LÜ PHYS. REV. D 97, 114005 (2018)
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