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It has been shown that the disk-level S-matrix elements of one Ramond-Ramond (RR) and two Neveu-
Schwarz-Neveu-Schwarz (NSNS) states could be found by applying the Ward identity associated with the
string duality and the gauge symmetry on a given component of the S matrix. These amplitudes have
appeared as the components of six different T-dual multiplets. It is predicted in the literature that there are
some nonzero disk-level scattering amplitudes, such as one RR (p − 1) form with zero transverse index and
two NSNS states, could not be captured by the T-dual Ward identity. We explicitly find this amplitude in
terms of a minimal context of the integral functions by the insertion of one closed string RR vertex operator
and two NSNS vertex operators. From the amplitude invariance under the Ward identity associated with the
NSNS gauge transformations and T-duality, we also find some integral identities.

DOI: 10.1103/PhysRevD.97.106014

I. INTRODUCTION

D-branes are of specific interest in vacuum construction.
They are localized objects on which strings can end. We
will consider the stable D-branes that carry the RR charges
[1]. The dynamics of the D-branes of type II superstring
theories at the lowest order in α0 is given by the world-
volume theory which is the sum of Dirac-Born-Infeld
(DBI) and Chern-Simons (CS) actions [2–5].
It has been shown that the higher-order corrections to the

D-brane play a pivotal role in determining the consistency
of string compactifications. Without taking these terms
properly into account, one would not reach correct con-
clusions about the space of valid constructions of string
vacua [6]. Such conclusions could be learned about these
higher-order terms by taking the known terms and applying
T-duality to them [7,8] or computing the terms directly by
evaluating scattering amplitudes [6,9,10]. In this paper, we
will concentrate on the latter approach. Thus, we must
evaluate scattering amplitudes in which various string fields
interact with a D-brane. We will confine ourselves to tree-
level calculations, so the corresponding amplitudes are
given by incorporation of multiple string vertex operators
on a disc world sheet. We are following [10–12], where the
formalism was developed and some simple calculations of
amplitudes were done. Similar to the computations in these
references, the final goal is to find the corresponding
Dp-brane effective actions. In [13], we will use string
dualities to present all the gauge invariant completion
amplitudes of three closed strings (one RR and two
NSNS) in the form of T-dual multiplets that are needed
to find the four derivative corrections to the D-brane action.

The complex integrals appearing in the amplitude could
have closed expressions only in an expansion in α0. So we
will obtain the string amplitudes in closed form only in this
limit. The disk-level S-matrix element of one RR (p − 3)-
form with two, one and zero transverse indices and two
NSNS states has been studied in [6,11,12,14]. In [15] we
found that these three parts of the amplitude appear as the
first components of three different T-dual multiplets. Three
other T-dual multiplets have been found in [15] in which
the first components of them are not the corresponding
amplitudes of RR (p − 3)-form. The amplitudes have one,
five and fourteen integrals for the first, the second and the
third parts, respectively. The integrals in the second part
satisfy two constraint equations, and the integrals in the
third part satisfy eight constraint equations. The T-dual
Ward identity connects these three parts to the amplitudes
of the RR (p − 1)-form, (pþ 1)-form, (pþ 3)-form, and
the RR (pþ 5)-form. The sum of all multiplets does not
satisfy the Ward identity corresponding to the RR gauge
transformation. This indicates that there should be another
T-dual multiplet. T-duality predicts that the first component
of this multiplet must be the corresponding amplitude
of the RR (p − 1)-form which carries zero transverse
index. We showed that this amplitude could not be captured
by T-duality and Ward identities corresponding to the
NSNS gauge transformations [15].
From the invariance of string amplitudes under the parity

transformation, it is easy to see that string amplitudes
involving RR (p − 1)-form are only nonvanishing if one
NSNS field is graviton (or dilaton) and another one is BNS
field [14]. We are going to calculate this disk world-sheet
amplitude by the insertion of one closed string RR vertex
operator and two NSNS vertex operators.*babaeivelni@guilan.ac.ir
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The paper is arranged as follows: In Sec. II, we start by
reviewing the approach for three closed string amplitude
including one RR and twoNSNS vertex operators in the RNS
world-sheet formalism. In Sec. III, by considering this
approach, we calculate the corresponding amplitude of scalar
RR (p − 1)-form. In addition to all the integral functions that
emerged in the amplitude of other cases of three closed string
amplitudes, somenew integral functions appear in this case for
the first time. We introduce these new integral functions in
Sec. IV and, from the amplitude gauge invariance under the
NSNS gauge transformations and amplitude T-dual covari-
ance, we find some identities between these integral functions.

II. THREE-POINT AMPLITUDES

Scattering amplitudes, which explain the interaction of
strings with a D-brane, are speculated as the string vertex
operator insertions on a disk world sheet with Dirichlet and
Neumann boundary conditions. These boundary conditions
have a major role in finding the world-sheet propagators in
the conformal field theory frame. In the following, we are
going to study a general case of three closed amplitude of
one RR and two NSNS states and introduce an approach to
find relevant amplitudes. Then, using this approach we will
calculate our interesting amplitude.
In such cases, one can find the tree-level string scattering

amplitudes by calculating the correlation functions of the
relevant vertex operators on disk. Considering the back-
ground charge of the disk world sheet, we have to pick out
the vertex operators in one of the following pictures:

Vð−1=2;−1=2Þ
RR Vð−1;0Þ

NSNS V
ð0;0Þ
NSNS; Vð−1=2;−3=2Þ

RR Vð0;0Þ
NSNSV

ð0;0Þ
NSNS:

We work in the latter picture where the symmetry of the
NSNS states is manifest. We perform the computation in the
above two different pictures. By considering the identities
found in Sec. IV, we confirm that in each case the results
agreewith the other case. Using a conformal transformation,
the amplitude can be demonstrated as a correlation function
in the upper half-complex plane with the real axis as the
world-sheet boundary. The amplitude can be written as

A∼ðP−H1ðnÞMpÞAB

×
Z

d2z1∶V
−1=2
A ðp1;z1Þ∶V−3=2

B ðp1 ·D;z̄1Þ∶

×ðε2 ·DÞα1α2
Z

d2z2∶V
α1
0 ðp2;z2Þ∶Vα2

0 ðp2 ·D;z̄2Þ∶

×ðε3 ·DÞα3α4
Z

d3z3∶V
α3
0 ðp3;z3Þ∶Vα4

0 ðp3 ·D;z̄3Þ∶ ð1Þ

The above holomorphic components are given by

V−1=2
A ðp1; z1Þ ¼ e−ϕðz1Þ=2SAðz1Þeip1·X;

V−3=2
B ðp1 ·D; z̄1Þ ¼ e−3ϕðz̄1Þ=2SBðz̄1Þeip1·D·X;

and

Vα
0ðpi; ziÞ ¼ ð∂Xα þ ipi · ψψαÞeipi·X;

Vα
0ðpi ·D; z̄iÞ ¼ ð∂Xα þ ipi ·D · ψψαÞeipi·D·X; i ¼ 2; 3

where XαðzÞ (and Xαðz̄Þ), ψαðzÞ (and ψαðz̄Þ) and ϕðzÞ (and
ϕðz̄Þ) are bosons, fermions and picture ghosts, respectively.
The indices A; B; � � � are the Dirac spinor indices and

P− ¼ 1
2
ð1 − γ11Þ is the chiral projection operator, and

H1ðnÞ ¼
1

n!
ε1μ1���μnγ

μ1 � � � γμn

Mp ¼ �1

ðpþ 1Þ! ϵa0���apγ
a0 � � � γap ð2Þ

where ϵ is the volume (pþ 1)-form of the Dp-brane. Here
the matrix Dμν is a diagonal matrix that agrees with ημν in
directions along the brane (Neumann boundary conditions)
and with −ημν in directions normal to the brane (Dirichlet
boundary conditions). In this notation, Dμi ¼ −δμi, Dμa ¼
δμa and thus Dμν ¼ Vμν − Nμν.
The correlators in (1) could be calculated by using the

standard world-sheet propagators and theWick-like rule [11].
By calculating the X-correlators, one finds that there is
conservation of themomenta along the brane. SLð2; RÞ group
is the conformal symmetry of the upper half-complex plane.
Thevolumeof this group,where the amplitude is dividedby it,
could be removed after carrying out the correlators [11].
Considering all possible combinations of Gamma matrices
that appear in the amplitude, one can find that the amplitude
(1) was constructed from the following term,

ðH1ðnÞMpÞABðγα1���αmC−1ÞABA½α1���αm�; ð3Þ

whereA½α1���αm� is an antisymmetric combination of the NSNS
momenta p2, p3 and/or the polarizations ε2, ε3.
Considering (2), one can find that the above sentence

would be zero except for n ¼ p� 3, n ¼ p� 1 and
n ¼ pþ 5. Using the linear T-dual Ward identity associ-
ated with the NSNS gauge transformations, we found the
amplitudes corresponding to these cases in some special
cases and presented them in terms of six T-dual multiplets
in [15]. Our findings in [15], were in agreement with the
explicit scattering calculations performed in [6,10–12,14].
One can find that the sum of the six multiplets does not

satisfy the Ward identity corresponding to the RR gauge
transformation. This indicates that there should be another
T-dual multiplet whose first component is the amplitude
corresponding to Cðp−1Þ with zero transverse index. This
scalar RR amplitude could not be captured by the T-dual
Ward identity. So, we have to find this amplitude by explicit
scattering calculation. The inability of the T-dual Ward
identity to construct the S matrix indicates that the
appearance of new integral functions in the scalar RR
Cðp−1Þ amplitude could be expected.
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III. S-MATRIX ELEMENT OF ONE SCALAR
RR ( p − 1) FORM AND TWO NSNS STATES

In this case, n ¼ 0, p ¼ 1 and m ¼ 2. There is not any
contraction between the RR potential and the volume form.
From these considerations, one can find that the nonzero
form of the sentence (3) would be as follows:

32ϵa0a1A½a0a1�:

The correlation functions that contribute in the amplitude
(1) then appear as the following,

ðPÞβ1���βqh∶SA∶SB∶ψβ1ψ
½α1∶ � � �iXαqþ1���α4�; ð4Þ

where P’s are multiplication of NSNS momenta and X ’s
are the correlators of X’s. The value of m in the amplitude
of our interesting case, indicates that q ¼ 1;…; 4 must be
contributed. We must evaluate the above correlation func-
tions for all allowed values of q and then find the
subamplitudes corresponding to q’s. The amplitude of
interest would be found by adding these subamplitudes:

A ¼ A1 þA2 þA3 þA4: ð5Þ

Let us begin with q ¼ 4.

A. q= 4

By carefully using the Wick-like rule in (4) for q ¼ 4,
one can find that the multiplication of NSNS momenta
includes four momenta as

P4 ¼ ðp2Þ½β1ðp2 ·DÞβ2ðp3Þβ3ðp3 ·DÞβ4� þ ð2 ↔ 3Þ: ð6Þ

In this case, the NSNS polarizations contracte with
the ψ correlators and relevant momenta multiplication.
Considering the standard world-sheet propagators, one can
find a nonzero correlator of X. It is easy to check that this
result satisfies the SLð2; RÞ transformation. So we can map
the results to disk with unit radius. After fixing the SLð2; RÞ
symmetry as [16] in which z1 ¼ 0, the result for the
correlator of X takes the form1

X4 ¼ jz2j2p1·p2 jz3j2p1·p3ð1 − jz2j2Þp2·D·p2ð1 − jz3j2Þp3·D·p3 jz2
− z3j2p2·p3 j1 − z2z̄3j2p2·D·p3 ≡ X :

We can choose the coordinate z2 ¼ r2 and polar coor-
dinate z3 ¼ r3eiθ [11]. Under this fixing the measure in (1)
changes as

d2z1d2z2d2z3 → r2dr2r3dr3dθ;

0 < r2; r3 < 1; 0 < θ < 2π ð7Þ

and X4 changes as

K≡ r22p1·p2r32p1·p3ð1 − r22Þp2·D·p2ð1 − r32Þp3·D·p3

× jr2 − r3eiθj2p2·p3 j1 − r2r3eiθj2p2·D·p3 : ð8Þ

This function is symmetric under exchanging the
momentum labels 2, 3. Replacing in (4) the correlator
(8) and the momentum multiplication (6) and then using
Wick-like rule, one can find that the amplitude (1) gets the
following subamplitude,2

A4 ∼ 4ϵa0a1p1 · N · εS3 · N · p1½−2pa1
2 ðp1 · N · εA2 Þa0

þ p1 · N · p2ðεA2 Þa0a1 �I1; ð9Þ

where we use the conservation of momentum along the
brane, pa

1 þ pa
2 þ pa

3 ¼ 0. εA is the polarization of the
B-field, εS is the polarization of the graviton and I1 is an
integral function as [11]

I1 ¼
Z

1

0

dr2

Z
1

0

dr3

Z
2π

0

dθ
K
r2r3

: ð10Þ

where we fix the SLð2; RÞ symmetry by using (7).
It is clear that all terms in the above amplitude and in all

other amplitudes in this paper, have a scalar part including
integral function(s) and/or Mandelstam variable(s). The
other part we called the independent structure, including
the momenta, B-field polarization, and graviton polariza-
tion that carry two indices a0, a1. The amplitude (9) has two
independent structures in the form of ½ðpεSpÞðpεAÞa0ðpa1Þ�
and ½ðppÞðpεSpÞðεAÞa0a1 �.
The above integral function is the most simple integral

function that appears in the three closed string scattering
amplitude. It is also the only integral function that appears
in the scattering amplitudes corresponding to RR (p − 3)-
form, (p − 1)-form, (pþ 1)-form, (pþ 3)-form and
(pþ 5)-form with two, three, four, five, and six transverse

1From this correlator, it is clear that the six independent
Mandelstam variables appear in the amplitude of three closed
strings. On the other hand, there are seven physical string
channels, three open string channels pi ·D · pi and four closed
string channels ðp1 þ p2 þ p3Þ2 and pi · pj, i, j ¼ 1, 2, 3. One
can easily solve this ambiguity by using the following string
channel identities:

ðp1 þ p2 þ p3Þ2 ¼ 2p1 · p2 þ 2p1 · p3 þ 2p2 · p3

p1 ·D · p1 ¼ p2 ·D · p2 þ p3 ·D · p3 þ 2p2 · p3

þ 2p2 ·D · p3:

2Our conventions set α0 ¼ 2 in the string theory amplitudes.
Our index convention is that the greek letters ðμ; ν; � � �Þ are the
indices of the spacetime coordinates, the latin letters ða; d; c; � � �Þ
are the world-volume indices and the letters ði; j; k; � � �Þ are the
normal bundle indices.
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indices, respectively [11,17]. This integral is invariant
under the interchange of ð2 ↔ 3Þ. It is shown in [17] that
the T-dual Ward identity connects these amplitudes which
furnish a T-dual multiplet. In fact, the scattering amplitudes
that appear as the components of a T-dual multiplet carry
the same integral functions.

B. q = 3

In this case, the multiplication of NSNS momenta has
three momenta

P3 ¼ ðp2Þ½βiðp2 ·DÞβjððp3Þβk þ ðp3 ·DÞβk�Þ þ ð2 ↔ 3Þ:
ð11Þ

where i, j, k ¼ 1, 2, 3, 4 and i ≠ j ≠ k. After SLð2; RÞ
fixing z1 ¼ 0, the part of the X-correlator corresponding to
this case that involves holomorphic coordinate and momen-
tum is as follows,

�
ðpαi

1 þ ðp1 ·DÞαiÞ 1

z33̄

�
z̄3
z3

−
z3
z̄3

�

þ ðp2 ·DÞαi
�
z32̄
z2̄ 3̄

−
z3̄ 2̄
z2̄3

�
þ pαi

2

�
z32
z23̄

−
z3̄2
z23

�

þ ð2 ↔ 3Þ
�
X ; ð12Þ

where zij ¼ zi − zj.
Investigating the transformation of the ψ-correlator in

the Wick-like rule and the above X-correlator, one can
verify that the corresponding subamplitude is invariant
under the SLð2; RÞ transformation.
In the structures containing the world-volume contrac-

tion of p1 with NSNS polarizations and momenta, we can
use the conservation of momentum along the brane to write
them in terms of the world-volume contraction of p2 and
p3. Also, using this consideration and on-shell condition, it
could be found that the contraction of momentum with
corresponding NSNS polarization in the transverse direc-
tion is not an independent structure, i.e.,

pi · N · εi ¼ −pi · V · εi; i ¼ 2; 3: ð13Þ

So the structures containing the world-volume contraction
of the NSNS momenta with the NSNS polarizations, the
transverse contraction of the NSNS momenta with the
noncorresponding NSNS polarizations, and the transverse
contraction of the RR momentum with the NSNS polar-
izations would appear as independent structures.
So the corresponding subamplitude A3 could be found

by replacing in (4) the momentum multiplication P3 and
correlatorXαi and then calculating the correlator of ψ ’s. We
see that, in addition to the structure forms in A4, the
structures inA3 appear as the following forms: ½ðpεSεApÞ×
ðpa0Þðpa1Þ�; ½ðppÞðpεSÞa0ðpεAÞa1 �; ½ðppÞðpa0ÞðpεSεAÞa1 �;
½ðppÞðpa0ÞðpεAεSÞa1 �; ½ðtrεSÞðppÞðpa0ÞðpεAÞa1 �, and
½ðtrεSÞðppÞðppÞðεAÞa0a1 �. The integral functions in this
subamplitude that represent the relevant open and closed
string channels are I2, I3, I4, and I7. The explicit form of
these integrals (as in (10) for the integral I1) are given in
[11,17]. The symmetries of the integrals under the inter-
change of ð2 ↔ 3Þ are such that I2 ↔ I3 and I4 ↔ I7.
The amplitudes corresponding to the RR (p − 3)-form,

(p − 1)-form, (pþ 1)-form, (pþ 3)-form and (pþ 5)-form
with one, two, three, four and five transverse indices,
respectively, carry the same collection of the above integral
functions. These amplitudes can be expressed in terms of
two T-dual multiplets. The related gauge symmetries con-
nect the corresponding components of these multiplets [17].

C. q= 2

The multiplication of NSNS momenta has two momenta
here

P2 ¼ ðp2Þ½βiððp3Þβj þ ðp3 ·DÞβj�Þ þ ð2 ↔ 3Þ: ð14Þ

Using the standard world-sheet propagator of X’s, the part
of the X-correlator corresponding to this case that contains
holomorphic coordinate and momentum becomes as
follows:

�
1

z33̄z22̄

�
z3z2
z̄3 z̄2

½ðp1 ·DÞαiðp1 ·DÞαj þ pαi
1 p

αj
1 þ ðp1 ·DÞαiðp1Þαj � þ

z32̄z23̄
z2̄ 3̄z3̄ 2̄

½ðp2 ·DÞαiðp2 ·DÞαj þ ðp2 ·DÞαiðp3 ·DÞαj �

þ 2

�
z2z32̄
z̄2z2̄ 3̄

�
½ðp1 ·DÞαiðp2 ·DÞαj þ pαi

1 ðp2 ·DÞαj � þ 2

�
z2z32
z̄2z23̄

�
½ðp1 ·DÞαipαj

2 þ pαi
1 p

αj
2 � þ

z32z23
z23̄z32̄

½pαi
2 p

αj
2 þ pαi

2 p
αj
3 �

þ 2
z32z23̄
z23̄z3̄ 2̄

pαi
2 ðp3 ·DÞαj

�
þ ηα1α3

z23z32
þ ηα2α3

z2̄3z32̄
þ ηα2α4

z2̄ 3̄z3̄ 2̄
þ ð2 ↔ 3Þ

�
X ; ð15Þ

where i, j ¼ 1, 2, 3, 4 and i ≠ j.
Using the fact that the above correlator contracts with the NSNS polarization tensors and considering all permutations of

αi in (4), one observes that the contribution of the above correlator in the corresponding subamplitude is as eight different
terms, but two pairs of these terms are equal.
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Considering the conservation of momentum along the
brane and the on-shell conditions and also using the Wick-
like rule for the correlation function involving four ψ’s and
two S’s, the subamplitude corresponding to q ¼ 2, namely
A2, appears in terms of the structure forms ½ðtrεSÞðpa0Þ×
ðpa1ÞðpεApÞ�; ½ðpa0ÞðpεSÞa1ðpεApÞ�, and ½ðppÞðppÞ×
ðεSεAÞa0a1 �, in addition to the structure forms in preview
subamplitudes. The subamplitude A2 has eight indepen-
dent integral functions J ;J 1;J 2;J 3;J 4;J 5;J 12;J 13,
and J 14 (in which J 15 ¼ J 13 − J 14 and J 16 ¼
J 13 þ J 14) whose explicit forms are given in [12]. The
symmetries of the integrals under the interchange of
ð2 ↔ 3Þ are such that J ;J 3;J 13;J 14 are invariant,
J 1 ↔ J 4, J 2 ↔ J 12, and J 5 ↔ −J 5.
It is shown in [15] that there are three T-dual multiplets in

which all 11 components contain the above 14 integral
functions. The components of these multiplets are the
amplitudes corresponding to the RR (p − 3)-form, (p − 1)-
form, (pþ 1)-form, (pþ 3)-form, and (pþ 5)-form with
zero, one, two, three, and four transverse indices, respectively.

D. q= 1

In this case, the multiplication of NSNS momenta has
one momentum as

P1 ¼ ðp2Þβi þ ðp2 ·DÞβi þ ð2 ↔ 3Þ; ð16Þ

and the part of the X-correlator corresponding to this case
that involves the holomorphic coordinate and momentum
can be found in Appendix A.

To find the corresponding subamplitude A1, we encoun-
ter a new contraction of some terms of the above correlator
with NSNS polarizations. This indicates that we would
have some new integral functions in A1. However, we find
that no new structure appears in the subamplitude A1. In
fact, this subamplitude includes the familiar structures. By
considering the amplitude invariance under the Ward
symmetry and T-duality covariance of the amplitude, which
is explained in the next section, the number of new
independent integrals appearing in A2 is then reduced to
twelve integrals. We give these integrals the names:
K1;K2;…;K11. The symmetries of the integrals under
the interchange of ð2 ↔ 3Þ are such that K1 ↔ K2,
K3 ↔ −K3, K4 ↔ −K5, K6 ↔ K9, K7 ↔ K10, and
K8 ↔ K11. The explicit form of these new integral func-
tions appears in Appendix B.
To apply the Ward identity on the subamplitudes, it is

convenient to write the amplitude (5) in terms of four
different subamplitudes AI;AII;AIM, and AIIM where the
terms of these subamplitudes contain four different kinds of
scalar parts. The scalar parts in the first subamplitude have
one integral function; in the second subamplitude, they
have a combination of integral functions; in the third
subamplitude, they have one integral function and one
Mandelstam variable; and in the fourth subamplitude, they
have a combination of integral functions and Mandelstam
variables. Hence, it could be shown thatA4 andA3 have no
contribution to AII and also that A4 has no contribution to
AIIM. Since the results are long and elaborate, we list them
below without further commentary:

AI ¼ 4pa0
2 pa1

3 trðεS3 · VÞðp1 · N · εA2 · V · p3J 12 − p1 · N · εA2 · N · p3J 4 − 2p2 · V · εA2 · N · p3K5 − 2p2 · V · εA2 · V · p3K4

− 2p3 · V · εA2 · N · p3K8Þ þ 2pa0
2 pa1

3 ð2p1 · N · εS3 · N · εA2 · N · p1I2 − 2p1 · N · εS3 · V · εA2 · N · p1I3

− 4p1 · N · εS3 · N · εA2 · V · p2J 2 þ 4p1 · N · εS3 · V · εA2 · V · p2J 1 − p1 · N · εS3 · N · εA2 · N · p3J 15

− p1 · N · εS3 · V · εA2 · V · p3J 15 − 2p2 · V · εS3 · V · εA2 · V ·K9 − 2p2 · V · εS3 · N · εA2 · V · p2K10

− 2p2 · N · εS3 · V · εA2 · V · p2K10 − 2p2 · N · εS3 · N · εA2 · V · p2K9 þ 2p2 · V · εS3 · N · εA2 · N · p3K1

þ 2p2 · V · εS3 · V · εA2 · N · p3K2 − 2p2 · N · εS3 · V · εA2 · V · p3K2 − 2p2 · N · εS3 · N · εA2 · V · p3K1

þ 2p3 · V · εS3 · V · εA2 · V · p3K7 þ 2p3 · V · εS3 · N · εA2 · N · p3K7 − p1 · N · εA2 · V · εS3 · N · p2J 15

− p1 · N · εA2 · N · εS3 · V · p2J 15 − 4p1 · N · εA2 · V · εS3 · V · p3J 12 þ 4p1 · N · εA2 · N · εS3 · V · p3J 4

þ 8p2 · V · εA2 · V · εS3 · V · p3K4 þ 8p2 · V · εA2 · N · εS3 · V · p3K4Þ þ 4ðp1 · N · εA2 Þa0ð2pa1
1 p2 · N · εS3 · V · p3J 4

− pa1
1 p2 · V · εS3 · N · p2J 15 þ 2pa1

1 p2 · V · εS3 · V · p3J 12 þ ð2pa1
2 þ pa1

3 Þp1 · N · εS3 · N · p2I2

− ð2pa1
2 þ pa1

3 Þp1 · N · εS3 · V · p2I3Þ þ 4ðp2 · V · εA2 Þa0ð4pa1
2 ðp1 · N · εS3 · N · p1ÞI7 − 4pa1

1 p1 · N · εS3 · V · p2J 1

þ 2pa1
1 p2 · V · εS3 · N · p2K10 þ pa1

1 p2 · V · εS3 · V · p2K9 þ pa1
1 p2 · N · εS3 · N · p2K9

þ 4pa1
1 p2 · V · εS3 · V · p3K4 þ 4pa1

1 p2 · N · εS3 · V · p3K5 − 2ð2pa1
2 þ pa1

3 Þp1 · N · εS3 · N · p2J 2Þ
− 2ðp3 · V · εA2 Þa0ð2pa1

2 p1 · N · εS3 · N · p1I2 þ pa1
3 p1 · N · εS3 · V · p2J 15 − 4pa1

2 p1 · N · εS3 · V · p3J 4

− 2pa1
1 p2 · N · εS3 · N · p2K1 þ 2pa1

1 p2 · V · εS3 · V · p3K7 − 2pa1
1 p2 · V · εS3 · N · p2K2Þ
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þ 2ðp3 · N · εA2 Þa0ð2pa1
2 p1 · N · εS3 · N · p1I3 − pa1

3 p1 · N · εS3 · N · p2J 15 − 4pa1
2 p1 · N · εS3 · V · p3J 12

− 2pa1
1 p2 · V · εS3 · V · p2K2 − 2pa1

1 p2 · V · εS3 · N · p2K1 − 2pa1
1 p2 · N · εS3 · V · p3K7Þ

þ 4ðp1 · N · εS3Þa0pa1
2 ð−p1 · N · εA2 · N · p3I2 þ p1 · N · εA2 · V · p3I3 − 2p2 · V · εA2 · V · p3J 1

þ 2p2 · V · εA2 · N · p3J 2Þ þ 2ðp2 · V · εS3Þa0pa1
1 ðp1 · N · εA2 · N · p3J 15 − 2p2 · V · εA2 · V · p3K9

− 2p2 · V · εA2 · N · p3K10 − 2p3 · V · εA2 · N · p3K2Þ þ 2ðp2 · N · εS3Þa0pa1
1 ðp1 · N · εA2 · V · p3J 15

− 2p2 · V · εA2 · V · p3K10 − 2p2 · V · εA2 · N · p3K9 − 2p3 · V · εA2 · N · p3K1Þ; ð17Þ

AII ¼ 2pa0
2 pa1

3 ðp1 · N · εS3 · N · εA2 · V · p3ð4J − J 16 þ 2J 5Þ − p1 · N · εS3 · V · εA2 · N · p3ðJ 16 þ 2J 5Þ
þ 2p3 · V · εS3 · V · εA2 · N · p3ð2K8 þK6Þ þ 2p3 · V · εS3 · N · εA2 · V · p3ð−2K8 þK6Þ
þ p1 · N · εA2 · V · εS3 · V · p2ð4J − J 16 − 2J 5Þ − p1 · N · εA2 · N · εS3 · N · p2ðJ 16 − 2J 5ÞÞ
− 2ðp1 · N · εA2 Þa0pa1

1 ðp2 · V · εS3 · V · p2ð−4J þ J 16 þ 2J 5Þ þ p2 · N · εS3 · N · p2ðJ 16 − 2J 5ÞÞ
þ 2ðp3 · V · εA2 Þa0ðp1 · N · εS3 · N · p2½pa1

2 ð2J − J 16Þ þ pa1
3 ð4J − J 16 þ 2J 5Þ�

− 2pa1
1 p2 · N · εS3 · V · p3ð−2K8 þK6Þ − pa1

2 p1 · N · εS3 · V · p2ð8J þ J 15ÞÞ
þ 2ðp3 · N · εA2 Þa0ðpa1

2 p1 · N · εS3 · V · p2ð2J − J 16Þ − pa1
3 p1 · N · εS3 · V · p2ðJ 16 þ 2J 5Þ

þ pa1
2 p1 · N · εS3 · N · p2ð8J − J 15Þ − 2pa1

1 p2 · V · εS3 · V · p3ð2K8 þK6ÞÞ
þ ðp2 · V · εS3Þa0ðp1 · N · εA2 · V · p3½pa1

2 ð3J − J 16 − J 5Þ þ 2pa1
3 ð8J − J 16 − 2J 5Þ�Þ

− 2ðp2 · N · εS3Þa0ðp1 · N · εA2 · N · p3½pa1
2 ðJ 16 − 2J 5Þ þ pa1

3 ð4J þ J 16 − 2J 5Þ�Þ
− 8ðp1 · N · εS3Þa0pa1

2 p3 · V · εA2 · N · p3ðJ þ J 5Þ ð18Þ

AIM ¼ 4ðp2 · N · εS3Þa0ð−tI2ðp1 · N · εA2 Þa1 þ 2tJ 2ðp2 · V · εA2 Þa1Þ þ 4ðp2 · V · εS3Þa0ðtI3ðp1 · N · εA2 Þa1
− 2tJ 1ðp2 · V · εA2 Þa1Þ þ 4ðsJ 4trðεS3 · VÞðp3 · N · εA2 Þa0pa1

3 − sJ 12p2 · V · εS3 · V · p3ðεA2 Þa0a1Þ ð19Þ

AIIM ¼ −2ðp1 · N · εS3 · V · εA2 Þa0ð−vðJ 16 þ 2J 5Þpa1
1 − uJ 15p

a1
1 þ 4vJpa1

2 þ 2sI3p
a1
3 Þ

þ ðp1 · N · εS3 · N · εA2 Þa0ð2uJ 16p
a1
1 − 4uJ 5p

a1
1 þ 2vJ 15p

a1
1 þ 4sI2p

a1
3 þ 8uJ ð2pa1

2 þ pa1
3 ÞÞ

þ 2ðp1 · N · εA2 · V · εS3Þa0ðuJ 16p
a1
2 − 2uJ 5p

a1
1 þ vJ 15p

a1
2 − 2tI3p

a1
2 − 2uJ ð2pa1

2 þ 3pa1
3 ÞÞ

þ 2ðp1 · N · εA2 · N · εS3Þa0ð2tI2p
a1
2 þ 2vJ 5p

a1
1 þ ð3pa1

2 þ pa1
3 ÞðuJ 15 þ vJ 16Þ þ 4vJ ðpa1

2 − pa1
3 ÞÞ

þ ðp2 · V · εS3 · V · εA2 Þa0ð−4pðK9 − 2K11Þpa1
1 þ 4vK2p

a1
1 − 4vK3p

a1
2 − 2tJ 15p

a1
2 þ 4sJ 5ðpa1

2 − pa1
3 Þ

þ 2sð2pa1
2 þ pa1

3 Þð4J þ J 16ÞÞ − 2ðp2 · V · εS3 · N · εA2 Þa0ðsJ 15ð2pa1
2 þ pa1

3 Þ − 2vK1p
a1
1 þ vK3p

a1
2

þ 2pK10p
a1
2 þ tðJ 16 − 2J 5Þpa1

2 Þ − 2ðp2 · N · εS3 · V · εA2 Þa0ðsJ 15ð2pa1
2 þ pa1

3 Þ þ tð−4J þ J 16 þ 2J 5Þpa1
2

þ vK3p
a1
2 þ 2pK10p

a1
1 þ 2uK2p

a1
1 Þ þ ðp2 · N · εS3 · N · εA2 Þa0ð−2sJ 16ð2pa1

2 þ pa1
3 Þ þ 4sJ 5ðpa1

2 − 3pa1
3 Þ

− 2tJ 15p
a1
2 þ 8vK2p

a1
1 þ 4uK1p

a1
1 − 2vK3p

a1
2 − 4uðK9 − 2K11Þpa1

1 − 16sJpa1
1 Þ

þ ðp3 · V · εS3 · V · εA2 Þa0ð−4vð2K8 þK6Þpa1
1 − 4uK7p

a1
1 þ 8sJ 12p

a1
3 Þ þ ðp3 · V · εS3 · N · εA2 Þa0ð−4vK7p

a1
1

− 4uð−2K8 þK6Þpa1
1 − 8sJ 4p

a1
3 Þ þ ðp2 · V · εA2 · V · εS3Þa0ð8tJ 1p

a1
2 þ 4ðvK10 þ uK9Þpa1

1 Þ
þ ðp2 · V · εA2 · N · εS3Þa0ð−8tJ 2p

a1
2 þ 4ðvK9 þ uK10Þpa1

1 Þ þ ðp3 · V · εA2 · V · εS3Þa0ð16sJpa1
1 − 2tJ 15p

a1
2

þ 4vK2p
a1
1 − 4pðK9 − 2K11Þpa1

1 − 2ð2pa1
2 þ pa1

3 ÞðsJ 16 þ 2sJ 5ÞÞ þ ðp3 · V · εA2 · N · εS3Þa0ð−4sJ 15p
a1
2

− 2tð−4J þ J 16 − 2J 5Þpa1
2 þ 4ðvK1 − pK10Þpa1

1 Þ þ ðp3 · N · εA2 · V · εS3Þa0ð−2sJ 15ð2pa1
2 þ pa1

3 Þ
− 2tðJ 16 þ 2J 5Þpa1

2 − 4ðpK10 þ uK2Þpa1
1 Þ þ ðp3 · N · εA2 · N · εS3Þa0ð2sð2pa1

2 þ pa1
3 Þð2J − J 16Þ

− 4sJ 5ð2pa1
2 þ 3pa1

3 Þ − 2tJ 15p
a1
2 þ 4ð2vK2 − pðK9 − 2K11Þ þ uK1Þpa1

1 Þ
þ ðεA2 Þa0a1ð−2p1 · N · εS3 · N · p1ðvI3 þ uI2Þ þ 2p1 · N · εS3 · V · p2ð2sI3 þ uJ 15 þ vð−2J þ J 16ÞÞ
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þ 2p1 · N · εS3 · N · p2ð−2sI2 þ vJ 15 þ uð−2J þ J 16ÞÞ − 4p1 · N · εS3 · V · p3ð2sI4 − vJ 12 þ uJ 4Þ
þ 2p2 · V · εS3 · V · p2sðJ − J 5Þ − p2 · N · εS3 · N · p2ðsðJ 16 − 2J 5Þ þ tJ 15Þ þ 4p2 · N · εS3 · V · p3sJ 4Þ
þ 2ðεA2 · V · εS3Þa0a1ððJ 16 − 2J 5Þðtv − usÞ þ J 15ðtu − svÞ þ 2stI3 þ 4usJ Þ þ 2ðεA2 · N · εS3Þa0a1ð2stI2

− ðJ 16 − 2J 5Þðsv − utÞ þ J 15ðtv − usÞ − 4tuJ Þ þ 2ðp2 · V · εS3Þa0ððp3 · V · εA2 Þa1ðtJ 15 þ sð−4J þ J 16 þ 2J 5ÞÞ
þ ðp3 · N · εA2 Þa1ðsJ 15 þ tðJ 16 þ 2J 5ÞÞÞ þ 2ðp2 · N · εS3Þa0ððp3 · V · εA2 Þa1ðsJ 15 þ tð−4J þ J 16 − 2J 5ÞÞ
þ ðp3 · N · εA2 Þa1ðtJ 15 þ sðJ 16 − 2J 5ÞÞÞ þ 4ðp1 · N · εS3Þa0ð2ð−vJ 2 þ uJ 1Þðp2 · V · εA2 Þa1
− ðsI3 þ vð−2J þ J 16Þ þ uJ 15Þðp3 · V · εA2 Þa1 þ ðsI2 − vJ 15 þ uð2J − J 16ÞÞðp3 · N · εA2 Þa1
þ ðvI2 þ uI3Þðp1 · N · εA2 Þa1Þ þ 4trðεS3 · VÞððtJ 12 − vK7 − uK6Þpa1

2 ðp3 · N · εA2 Þa0
þ ðp1 · N · εA2 Þa0 ½ðvJ 4 − uJ 12Þpa1

3 − ð2tI4 − vJ 4 þ uJ 12Þpa1
2 � þ 2ðp2 · V · εA2 Þa0 ½ð2tJ 3 þ vK5 þ uK4Þpa1

2

þ ðvK5 þ uK4Þpa1
3 � − ðp3 · V · εA2 Þa0 ½ðtJ 4 þ vK6 þ uK7Þpa1

2 þ ðsJ 12 þ ðK6 þK7Þðuþ vÞÞpa1
3 �Þ

þ 2trðεS3 · VÞðεA2 Þa0a1ððsð2tI4 − vJ 4 þ uJ 12Þ þ tð−vJ 12 þ uJ 4ÞÞÞ; ð20Þ

where we have used the following definitions for the Mandelstam variables:

s ¼ p1 · N · p2; t ¼ p1 · N · p3; u ¼ p2 · V · p3 p ¼ p2 · V · p2; q ¼ p3 · V · p3; v ¼ p2 · N · p3:

IV. CONSTRAINTS AND INTEGRAL IDENTITIES

It has been shown that scattering amplitudes are invariant
under the linear T-duality transformations on the external
states. Assuming that the NSNS fields are small perturba-
tions around the flat space, e.g., Gμν ¼ ημν þ hμν, and
applying the T-duality transformation along the Killing
coordinate y, the massless NSNS fields transforms
linearly as

h̃yy ¼ −hyy; h̃μy ¼ Bμy; B̃μy ¼ hμy;

h̃μν ¼ hμν; B̃μν ¼ Bμν ð21Þ

where μ, ν denote any coordinate other than y.
It has been speculated that the subamplitudes A1, A2,

and A3, including the familiar integral functions I i’s and
J i’s, could be predicted by T-dual Ward identity and that
the subamplitude A4 that has new integral functions could
not be predicted completely [15]. By applying the T-duality
transformations on the external directions of the total
amplitude (1) and considering the Ward identities corre-
sponding to its polarizations, one can find the T-dual
completion of this amplitude in which we are not interested
in this paper.
Now we are going to investigate the T-duality covariance

of the amplitudes that we found in this paper by applying
the T-duality transformation on the internal directions.
The internal directions mean the indices α, β, and γ appear
in the Mandelstam variables pαpα, in the structures pαεαμ,
pαεαβpβ, εμαεα

ν, pαεαβε
βμ, and pαεαβε

βγpγ . From the
T-duality rules, we know that the background fields are

independent of the Killing coordinates along which the
T-duality is applied [18]. So, apart from the last three
terms, it is easy to see this symmetry because the NSNS
polarization tensors contract either with the volume form or
with the momentum. The last three terms require further
investigation. One can find that the structures made of the
contraction of two NSNS polarization tensors should
appear as ðεA2 ÞμaðεS3Þaν þ ðεA3 ÞμnðεS2Þnν to be invariant under
the T-duality transformations. As a result, the amplitude
that we found in this paper would be T-dual covariance
if the structures εμαεαν, pαεαβε

βμ, and pαεαβε
βγpγ appear as

the following,

ðεA2 · V · εS3Þμν þ ðεA3 · N · εS2Þμν;
ðp · εA2 · V · εS3Þμ þ ðp · εA3 · N · εS2Þμ;
p · εA2 · V · εS3 · pþ p · εA3 · N · εS2 · p;

and the corresponding terms in the ð2 ↔ 3Þ part. One can
find that the amplitude (5) respects this symmetry.
A scattering amplitude should satisfy the Ward identity

associated with its polarizations [11]. Therefore, the
amplitude (5) should be invariant under the NSNS gauge
transformations. However, it satisfies the RR gauge trans-
formation when one includes the amplitude of the RR
(p − 1)-form with two transverse indices [17], and the
amplitude of the RR (p − 1)-form with one transverse
index [15].
By imposing the consistency of the amplitude (5) with

the NSNS gauge transformation, i.e., under replacing the
symmetric and antisymmetric NSNS polarization with

TREE-LEVEL DISK AMPLITUDE OF THREE CLOSED STRINGS PHYS. REV. D 97, 106014 (2018)

106014-7



ðεSÞμν → pμζν þ pνζμ; ðεAÞμν → pμζν − pνζμ; ð22Þ

the gauge invariant amplitude must be zero. Using this
condition, one finds the following identities,

−2tI1 þ 2qI4 þ vI2 − uI3 ¼ 0

−2sI2 þ vJ 15 þ 2pJ 2 þ uð−4J þ J 16 − 2J 5Þ ¼ 0

2sI3 − 2pJ 1 þ uJ 15 þ vðJ 16 þ 2J 5Þ ¼ 0

−2sI4 þ vJ 12 þ 2pJ 3 − uJ 4 ¼ 0

2sJ 12 þ vðK6 þ 2K8Þ − 2pK4 þ uK7 ¼ 0

−2sJ 4 þ vK7 − 2pK5 þ uðK6 − 2K8Þ ¼ 0

2sð−J þ J 5Þ þ vK2 þ 2pK11 þ uK1 ¼ 0;

ð23Þ

and similar relations under the interchange of ð2 ↔ 3Þ. The
first four identities that include the old integrals I i’s and
J i, have appeared before in [11,12,15], and the other ones
that include new integrals Ki’s are new identities. In
calculating the amplitude (5), we found two integral
functions including some tachyonic poles appearing in
the subamplitudes AIM and AIIM. On the other hand, there
were two integral identities, in addition to the above
identities, that could fix these two tachyonic integral
functions. From these additional identities, we could fix
these tachyonic integrals in terms of some familiar integrals
J i’s and Ki’s. The integral identities can be checked at low
energy. In performing this calculation, one needs the α0
expansion of the integrals that appear in the identities.
The α0 expansion of the integrals I i’s and J i’s have been
found in [10,14]. We find the corresponding expansion
for integrals Ki’s for the special kinematic setup where
u�v ¼ 0 and check the identities (23).
Considering properly the symmetries coming from

T-duality and Ward identities, it could be possible to write
an amplitude in terms of the minimal possible number
of integral functions. From these considerations, we
found that the amplitude (5) includes 24 nontachyonic
independent integral functions that satisfy 14 constraint

equations (23). From boundary state formalism, the disk-
level amplitude of an arbitrary RR state and two NSNS
vertex operators has been found in the interesting paper
[19], where the T-dual gauge symmetry was not taken into
account and the amplitude appeared in terms of a larger
context of integral functions in which some of them were
tachyonic integrals.
The T-dual Ward identity connects the amplitude (5) to

the amplitudes corresponding to the RR (pþ 1)-form with
one transverse index and RR (pþ 3)-form with two
transverse indices which furnish the following T-dual
multiplet,

A0ðCðp−1ÞÞ → A1ðCðpþ1Þ
i Þ → A2ðCðpþ3Þ

ij Þ;

where the number in the label of A refers to the number of
transverse indices of the RR potential. The components A1

and A2 carry the same integral that the first component A0

[amplitude (5)] carries. To find a gauge invariant form of all
elements of the above multiplet, and more generally the
amplitude of an arbitrary RR state and two NSNS, from
T-dual Ward identity or explicit calculation, one needs to
use the identities (23). Using the low-energy expansion of
the integrals appearing in the amplitudes, one can find the
α0 expansion of the amplitudes. Hence, this multiplet can be
analyzed at low energy to extract the appropriate couplings
of one RR and two NSNS states in the field theory at order
α02. We are not interested in finding the corresponding
couplings here and leave the details of these calculations for
future work.
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APPENDIX A: ON X CORRELATION

Here, we present the part of the X-correlator correspond-
ing to q ¼ 1 that involves holomorphic coordinates and
momenta.

X
�

1

Z2Z3

ðpα1
1 pα3

1 þ pα3
1 ðp1:DÞα1 þ pα1

1 ðp1:DÞα3 þ ðp1:DÞα1ðp1:DÞα3Þ þ 1

Z3Z̄2

ðpα2
1 pα3

1 þ pα2
1 ðp1:DÞα3 þ ðp1:DÞα2pα3

1

þ ðp1:DÞα2ðp1:DÞα3Þ þ 1

jZ2j2
ðpα2

1 pα1
1 þ pα2

1 ðp1:DÞα1 þ ðp1:DÞα2pα1
1 þ ðp1:DÞα2ðp1:DÞα1Þ

−
1

Z3Z22̄

ðpα3
1 pα2

2 þ ðp1:DÞα3pα2
2 − ðp1:DÞα3ðp2:DÞα1 þ pα3

1 ðp2:DÞα1Þ þ 1

Z2Z2̄3

ðpα1
1 pα2

3 þ ðp1:DÞα1pα2
3 − pα1

1 ðp2:DÞα3

− ðp1:DÞα1ðp2:DÞα3Þ − 1

Z̄2Z33̄

ðpα2
1 pα4

3 þ ðp1:DÞα2pα4
3 − pα2

1 ðp3:DÞα3 − ðp1:DÞα2ðp3:DÞα3Þ

þ 1

Z22̄Z33̄

ðpα2
2 pα4

3 − ðp2:DÞα1ðp3:DÞα3 − ðp2:DÞα1pα4
3 þ pα2

2 ðp3:DÞα3Þ þ 1

Z̄3Z2̄3

ðpα4
1 pα2

3 − pα4
1 ðp2:DÞα3
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þ ðp1:DÞα4pα2
3 − ðp1:DÞα4ðp2:DÞα3Þ − 1

Z3Z23̄

ðpα3
1 pα4

2 þ ðp1:DÞα3pα4
2 − pα3

1 ðp3:DÞα1 − ðp1:DÞα3ðp3:DÞα1Þ

−
1

Z̄2Z23̄

ðpα2
1 pα4

2 þ ðp1:DÞα2pα4
2 − pα2

1 ðp3:DÞα1 − ðp1:DÞα2ðp3:DÞα1Þ − 1

Z2̄ 3̄Z23̄

ððp2:DÞα4ðp3:DÞα1 − pα4
2 ðp3:DÞα2

− ðp3:DÞα1ðp3:DÞα2Þ − 1

Z33̄Z2̄ 3̄

ððp2:DÞα4ðp3:DÞα3 − pα4
3 ðp3:DÞα2 − ðp3:DÞα2ðp3:DÞα3Þ

þ 1

Z2Z̄3

ðpα4
1 pα1

1 þ pα4
1 ðp1:DÞα1 þ ðp1:DÞα1ðp1:DÞα4 þ pα1

1 ðp1:DÞα4Þ þ 1

Z̄2 Z̄3

ðpα4
1 pα2

1 þ pα4
1 ðp1:DÞα2

þ ðp1:DÞα4ðp1:DÞα2 þ ðp1:DÞα4pα2
1 Þ − 1

Z̄3Z22̄

ðpα4
1 pα2

2 − pα4
1 ðp2:DÞα1 þ ðp1:DÞα4pα2

2 − ðp1:DÞα4ðp2:DÞα1Þ

þ 1

Z23Z2̄ 3̄

ðpα3
2 ðp2:DÞα4 − pα1

3 ðp3:DÞα2 − ðp2:DÞα4pα1
3 þ pα3

2 ðp3:DÞα2Þ − 1

Z2̄3Z2̄ 3̄

ððp2:DÞα4pα2
3 − ðp2:DÞα3ðp3:DÞα2

− ðp2:DÞα3ðp2:DÞα4Þ þ 1

Z2̄3Z22̄

ððp2:DÞα1pα2
3 þ pα2

2 ðp2:DÞα3 − ðp2:DÞα1ðp2:DÞα3Þ

−
1

Z33̄Z23̄

ðpα4
3 ðp3:DÞα1 − pα4

2 ðp3:DÞα3 − ðp3:DÞα1ðp3:DÞα3Þ þ 1

Z̄2Z23

ðpα2
1 pα3

2 þ pα2
1 pα1

3 − ðp1:DÞα2pα3
2

þ ðp1:DÞα2pα1
3 Þ þ 1

Z3Z23

ðpα3
1 pα1

3 þ ðp1:DÞα3pα1
3 − pα4

1 pα3
2 Þ − 1

Z23Z2̄3

ðpα3
2 pα2

3 þ ðp2:DÞα3ðp3:DÞα1 þ pα1
3 pα2

3 Þ

−
1

Z22̄Z23̄

ðpα4
2 ðp2:DÞα1 − pα2

2 pα4
2 − pα2

2 ðp3:DÞα1Þ þ 1

Z2̄3Z23̄

ðpα4
2 ðp2:DÞα3 þ pα2

3 ðp3:DÞα1 − pα4
2 pα2

3 Þ

þ 1

Z23Z23̄

ðpα3
2 pα4

2 − pα4
2 pα1

3 − pα3
2 ðp3:DÞα1Þ þ 1

Z̄3Z23̄

ðpα4
1 ðp3:DÞα1 þ ðp1:DÞα4ðp3:DÞα1Þ

þ 1

Z̄3Z33̄

ðpα4
1 ðp3:DÞα3 þ ðp1:DÞα4ðp3:DÞα3Þ þ 1

Z̄3Z2̄ 3̄

ðpα4
1 ðp3:DÞα2 þ ðp1:DÞα4ðp3:DÞα2Þ

þ 1

Z̄2Z22̄

ðpα2
1 ðp2:DÞα1 þ ðp1:DÞα2ðp2:DÞα1Þ − 1

Z̄2Z2̄3

ðpα2
1 ðp2:DÞα3 þ ðp1:DÞα2ðp2:DÞα3Þ

þ 1

Z̄3Z23

ðpα4
1 pα1

3 − ðp1:DÞα4pα3
2 þ ðp1:DÞα4pα1

3 Þ − 1

Z2̄3Z33̄

ðpα2
3 pα4

3 − ðp2:DÞα3pα4
3 þ pα2

3 ðp3:DÞα3Þ

−
1

Z̄2Z2̄ 3̄

ðpα2
1 ðp2:DÞα4 þ ðp1:DÞα2ðp2:DÞα4Þ − 1

Z2Z23

ðpα1
1 pα3

2 þ ðp1:DÞα1pα3
2 Þ − 1

Z23
2
ðpα3

2 pα1
3 − ηα1α3Þ

þ 1

Z23Z22̄

ðpα2
2 pα3

2 − 2pα2
2 pα1

3 Þ − 1

Z2Z22̄

ðpα2
2 pα1

1 þ pα2
2 ðp1:DÞα1Þ þ 1

Z3Z2̄3

ðpα2
3 pα3

1 þ pα2
3 ðp1:DÞα3Þ

−
1

Z3Z33̄

ðpα3
1 pα4

3 þ ðp1:DÞα3pα4
3 Þ þ 1

Z23Z33̄

ðpα3
2 pα4

3 − pα1
3 pα4

3 Þ þ 1

Z23̄
2
ðηα1α4 − pα4

2 ðp3:DÞα1Þ

−
1

Z2Z23̄

ðpα1
1 pα4

2 þ ðp1:DÞα1pα4
2 Þ − 1

Z2Z33̄

ðpα1
1 pα4

3 þ ðp1:DÞα1pα4
3 Þ − 1

Z2̄ 3̄
2
ððp2:DÞα4ðp3:DÞα2 − ηα2α4Þ

þ 1

Z2̄3
2
ðηα2α3 − ðp2:DÞα3pα2

3 Þ þ 1

Z22̄Z2̄ 3̄

ððp2:DÞα1ðp3:DÞα2 þ pα2
2 ðp2:DÞα4

− ðp2:DÞα1ðp2:DÞα4 þ pα2
2 ðp2:DÞα4 − ðp2:DÞα1ðp2:DÞα4Þ − 1

Z23
2
ðpα3

2 pα1
3 − ηα1α3Þ þ ηα1α2

jZ2j4
þ ηα3α4

jZ3j4
−

1

Z22̄
2
pα2
2 ðp2:DÞα1

−
1

Z33̄
2
ðpα4

3 ðp3:DÞα3 − pα4
1 pα3

1 − pα4
1 ðp1:DÞα3 − ðp1:DÞα4pα3

1 − ðp1:DÞα4ðp1:DÞα3Þ

−
1

Z3Z2̄ 3̄

ðpα3
1 ðp2:DÞα4 þ ðp1:DÞα3ðp2:DÞα4 − ðp1:DÞα3ðp3:DÞα2 − pα3

1 ðp3:DÞα2Þ − 1

Z2Z2̄ 3̄

ðpα1
1 ðp2:DÞα4

þ ðp1:DÞα1ðp2:DÞα4 − ðp1:DÞα1ðp3:DÞα2 − pα1
1 ðp3:DÞα2Þ

�
:
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APPENDIX B: NEW INTEGRALS

In this appendix, we present the explicit form of the integrals appearing in subamplitudeA1. These combinations appear
naturally from the contractions,

K1 ¼
Z

d2z2d2z3
ð1 − jz2j2Þðð1þ jz3j2Þðz̄2z3 þ z2z̄3Þ þ 2jz3j2ð1þ jz2j2ÞÞ

jz2j2jz2 − z3j2jz3j2j − 1þ z̄2z3j2
;

K2 ¼
Z

d2z2d2z3
ð1 − jz3j2Þðð1þ jz2j2Þðz̄2z3 þ z2z̄3Þ þ 2jz2j2ð1þ jz3j2ÞÞ

jz2j2jz2 − z3j2jz3j2j − 1þ z̄2z3j2
;

K3 ¼
Z

d2z2d2z3
2jz2 þ z3j2ðjz2j2 − jz3j2Þ

jz2j2jz3j2jz2 − z3j4
;

K4 ¼
Z

d2z2d2z3
ð1þ jz2j2Þð1 − jz3j4Þ½2jz2j2ð1þ jz3j2Þ − ð1þ jz2j2Þðz̄2z3 þ z2z̄3Þ�

jz2j2jz3j2ð−1þ jz2j2Þð−1þ jz3j2Þj − 1þ z̄2z3j2jz2 − z3j2
;

K5 ¼
Z

d2z2d2z3
ð1 − jz2j4Þð1þ jz3j2Þ½ð1þ jz3j2Þðz̄2z3 þ z2z̄3Þ − 2jz3j2ð1þ jz2j2Þ�

jz2j2jz3j2ð−1þ jz2j2Þð−1þ jz3j2Þj − 1þ z̄2z3j2jz2 − z3j2
;

K6 ¼
Z

d2z2d2z3
−2ð1þ jz3j2Þðz̄22z23 þ z̄32z22 − jz3j2 − jz2j2 þ jz2j2jz3j2ð2 − jz2j2 − jz3j2ÞÞ

jz2j2jz3j2ð1 − jz3j2Þjz2 − z3j2j − 1þ z̄3z2j2
;

K7 ¼
Z

d2z2d2z3
2ð1 − jz2j2Þð1 − jz3j4Þðz̄2z3 þ z̄3z2Þ

jz2j2jz3j2ð1 − jz3j2Þjz2 − z3j2j − 1þ z̄3z2j2
;

K8 ¼
Z

d2z2d2z3
ð1þ jz3j2Þ½ðjz2j2 − jz3j2Þð1 − jz2j2jz3j2Þ þ ðz̄3z2 − z̄2z3Þ2�

jz2j2jz3j2jz2 − z3j2ð1 − jz3j2Þj − 1þ z̄2z3j2

K9 ¼
Z

d2z2d2z3
−2ð1þ jz2j2Þðz̄22z23 þ z̄32z22 − jz3j2 − jz2j2 þ jz2j2jz3j2ð2 − jz2j2 − jz3j2ÞÞ

jz2j2jz3j2ð1 − jz2j2Þjz2 − z3j2j − 1þ z̄2z3j2
;

K10 ¼
Z

d2z2d2z3
2ð1 − jz2j4Þð1 − jz3j2Þðz̄2z3 þ z̄3z2Þ

jz2j2jz3j2ð1 − jz2j2Þjz2 − z3j2j − 1þ z̄2z3j2
;

K11 ¼
Z

d2z2d2z3
ð1þ jz2j2Þ½ðjz2j2 − jz3j2Þð−1þ jz2j2jz3j2Þ þ ðz̄3z2 − z̄2z3Þ2�

jz2j2jz3j2jz2 − z3j2ð1 − jz2j2Þj − 1þ z̄2z3j2
;

where we apply the SLð2; RÞ symmetry fixing as [16] in which z1 ¼ 0.
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