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In this work, we show how states with conserved numbers of dynamical defects (strings, domain walls,
etc.) can be understood as possessing generalized global symmetries even when the microscopic origins of
these symmetries are unknown. Using this philosophy, we build an effective theory of a 2þ 1-dimensional
fluid state with two perpendicular sets of immersed elastic line defects. When the number of defects is
independently conserved in each set, then the state possesses two one-form symmetries. Normally, such
viscoelastic states are described as fluids coupled to Goldstone bosons associated with spontaneous
breaking of translational symmetry caused by the underlying microscopic structure—the principle feature
of which is a transverse sound mode. At the linear, nondissipative level, we verify that our theory, based
entirely on symmetry principles, is equivalent to a viscoelastic theory. We then build a simple holographic
dual of such a state containing dynamical gravity and two two-form gauge fields, and use it to study its
hydrodynamic and higher-energy spectral properties characterized by nonhydrodynamic, gapped modes.
Based on the holographic analysis of transverse two-point functions, we study consistency between low-
energy predictions of the bulk theory and the effective boundary theory. Various new features of the
holographic dictionary are explained in theories with higher-form symmetries, such as the mixed-
boundary-condition modification of the quasinormal mode prescription that depends on the running
coupling of the boundary double-trace deformations. Furthermore, we examine details of low- and high-
energy parts of the spectrum that depend on temperature, line defect densities and the renormalization
group scale.
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I. INTRODUCTION: STATES WITH
GENERALIZED GLOBAL SYMMETRIES

The enumeration of symmetries in a physical state of
interest is a crucial step in the construction of an effective
field theory that governs its dynamics. In particular, it is the
global symmetries, not the local gauge symmetries of the
underlying microscopic interactions, that are relevant for
the behavior of long-range excitations of that theory.
A particular example that we will refer to throughout this
work is magnetohydrodynamics (MHD) in dþ 1 ¼ 4
spacetime dimensions. MHD is an effective hydrodynamic
theory of plasmas—gas-like states of matter with screened

electromagnetic interactions. A purely symmetry based
construction of MHD was recently presented in Ref. [1],
of which the philosophy we continue in this work. The
essential ingredient is the concept of a generalized global
symmetry [2],1 which we will review in the context of
MHD and expand upon below.2

Relativistic MHD in d ¼ 3 without any externally
applied sources possess a conserved stress-energy tensor
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1See also Refs. [3–6] for earlier studies of generalized (higher-
form) global symmetries in the context of topological phases of
matter.

2Another symmetry-related ingredient in the choice of a state is
the symmetry-breaking pattern of spacetime symmetries. In a
relativistic fluid at finite temperature or density in dþ 1 space-
time dimensions, with d ≥ 3, the preferred (nonrelativistic)
choice of a rest-frame breaks the Lorentz group as SOðd; 1Þ →
SOðdÞ. The presence of an additional vector field, e.g. the
magnetic field in MHD, further breaks SOðdÞ → SOðd − 1Þ.
In d ¼ 2, such a symmetry breaking pattern only leaves a discrete
Z2 unbroken. In MHD in d ¼ 3 at T ¼ 0, the symmetry is
enhanced by a boost symmetry along magnetic field lines to
SOð1; 1Þ × SOð2Þ [1].
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∇μTμν ¼ 0, which corresponds to conserved energy and
momentum. Furthermore, a conserved number of magnetic
flux lines crossing a (spacelike) codimension-two surface
gives rise to a Uð1Þ generalized global symmetry with an
associated conserved (antisymmetric) two-form current
∇μJμν ¼ 0. Together, these two global symmetries can
be used in the construction of an effective theory of MHD
[1].3 Physically, the conservation is a result of the absence
of magnetic monopoles and in the standard language of
Maxwell’s electrodynamics, Jμν ¼ 1

2
ϵμνρσFρσ , where F ¼

dA, with A a one-form gauge field. The conservation of Jμν

is thus the (topological) Bianchi identity, dF ¼ 0. In a state
of matter with dynamical electromagnetism that contains
massless photons—i.e. the electromagnetic spectrum is at
least well approximated by the spectrum of operators near
the vacuum state—the statement that ∇μJμν ¼ 0 (d2A ¼ 0)
is a tautology. However, once this identity is understood as
arising from a global symmetry, then one can make use of it
in an effective theory of a complicated state with e.g. a
hydrodynamic description, regardless of whether A exists
in the spectrum or not. In precisely this way, MHD can
describe a plasma with gapped, massive photons, after we
write Jμν in a gradient expansion and treat ∇μJμν ¼ 0 as a
hydrodynamic conservation equation; a plasma state has no
photons in the extreme infrared (IR) part of the spectrum,
which makes A an inconvenient variable for writing down
the effective theory [1]. A massless photon should then be
thought of as a Goldstone boson of a spontaneously broken
generalized global symmetry in a phase with condensed,
tensionless magnetic flux lines (or strings). In this lan-
guage, the Maxwell action dA ∧ ⋆dA is an effective low-
energy action in a (generalized global) symmetry broken
phase, which nonlinearly realizes the symmetry A → Aþ
dα. This is a higher-form analogue of the usual scalar
Goldstone boson action dθ ∧ ⋆dθ with the nonlinearly
realized shift symmetry, θ → θ þ c. Furthermore, we note
that the order parameter which is able to distinguish
between a broken and an unbroken symmetry is an
expectation value of the ’t Hooft loop that encircles the
magnetic flux lines (or strings). In a symmetry preserving
state, the expectation value obeys the area law—it scales as
hWCi ∼ exp f−T Area½C�g. In the symmetry broken phase
with a string condensate and massless photons, it obeys the
perimeter law, hWCi∼expf−TPerimeter½C�g (see Ref. [2]).
Beyond the microscopic, particle-oriented motivation for

considering generalized global symmetries in effective
theories, from the purely geometrical point of view,
magnetic flux lines are one-dimensional strings and for
this reason, MHD is equivalent to a theory of a string fluid,
i.e. a hydrodynamic theory with a fluctuating conserved
number of strings [1,13,14]. The two theories lie within the

same universality class of effective IR theories in the sense
that they exhibit the same dynamics. This idea can be easily
generalized to states with a conserved number of fluctuat-
ing p-dimensional topological defects (strings, branes),
which have an associated conserved charge Q ¼ R

S ⋆J,
with S a d − p dimensional surface and J a (pþ 1)-form
current. The symmetry is then called a p-form symmetry.
Furthermore, one can imagine systems with multiple such
conserved quantities and a Uð1Þ ×Uð1Þ × � � � generalized
global symmetry group and multiple higher-form con-
served currents. Unlike in MHD, where the microscopic
origin of the generalized global symmetry is clear, here, it is
our goal to show the usefulness of such symmetries in
constructions and geometrical understanding of field the-
ories of states which readily appear in nature.
In this paper, we consider one of the simplest such cases:

an isotropic d ¼ 2 state with two sets of independently
conserved numbers of one-dimensional defects—i.e. two
one-form symmetries. Beyond a conserved stress-energy
tensor Tμν, the relevant generalized global symmetries in
this state form a Uð1Þ × Uð1Þ group with each Uð1Þ
characterized by a conserved two-form current JI , for
I ¼ f1; 2g:

∇μTμν ¼ 0; ∇μJ
μν
I ¼ 0: ð1Þ

At the ideal hydrodynamic level (see Ref. [1]), we can write
the constitutive relations for the three composite conserved
operators as

Tμν ¼ ðεþ pÞuμuν þ pgμν −
X2
I¼1

μIρIh
μ
I h

ν
I ; ð2Þ

JμνI ¼ 2ρIu½μh
ν�
I ; ð3Þ

where the two spacelike vectors hμI (both normalized to
hI;μh

μ
I ¼ 1) are macroscopic, hydrodynamic variables para-

metrizing the equilibrium directions of extended objects
charged under the twoUð1Þ one-form symmetries. Without
loss of generality, they are chosen to be orthogonal to the
fluid velocity, i.e. uμh

μ
I ¼ 0. The absence of anti-symmetric

h½μI h
ν�
J terms in (3) is required by factorization of the two

generalized global symmetries. The scalar functions ε, p, μI
and ρI are the energy density, pressure, two chemical
potentials and two densities of the line-defect fluxes, which
satisfy the thermodynamic relations

εþ p ¼ sT þ
X2
I¼1

μIρI; ð4Þ

dp ¼ sdT þ
X2
I¼1

ρIdμI: ð5Þ
3See Ref. [7] for a construction of relativistic MHD in the

language of electromagnetic fields, and relation to [1]. Related
past works include [8–12].
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We consider the scenario whereby in equilibrium, the two
sets of strings are perpendicular to each other, h1;μh

μ
2 ¼ 0,

and for simplicity, we choose the vectors hμI to point in x
and y directions for I ¼ f1; 2g, respectively (see Fig. 1).
The construction of the above theory of ideal hydrody-
namics from the point of view of the equilibrium partition
function is presented in Appendix A. For the purposes of
this work, we will not need the classification of the
constitutive relations (2) and (3) at higher orders in the
gradient expansion.4

What we will argue here is that as a string fluid is
equivalent to MHD, which is itself an effective theory of the
dynamics of plasmas with some complicated microscopic
quantum description, the setup studied here is equivalent to
a theory of long-range excitation of fluids with additional
properties of an elastic medium—a viscoelastic medium.5

While the effective theory discussed so far has been
insensitive to detailed physics at the scales of any poten-
tially underlying microscopic crystalline or lattice structure
immersed inside the fluid, the symmetries, which incor-
porate the existence of line defects, and the assumption that
the infrared (IR) limit is sufficiently well described by a
(hydrodynamic) gradient expansion of the relevant fields
can reproduce known features of elastic media, such as
transverse sound modes (transverse phonon excitations).
The analysis of these transverse excitations, which are
normally associated with Goldstone modes arising from
spontaneously broken spacetime symmetries (broken trans-
lations by a lattice), will be our main focus in this work.6

In analogy with the absence of spontaneous sym-
metry breaking of standard continuous global (zero-form)
symmetries in d ¼ 1, a generalized version of the

Coleman-Mermin-Wagner theorem states that a continuous
p-form symmetry cannot be broken when d − p < 2 [2].7

For this reason, one-form symmetries in d ¼ 2, which are
of interest to this work, cannot be spontaneously broken.
However, a two-form current J in d ¼ 2 can still be
expressed in terms of a topological identity of a “magnetic”
symmetry, as in the case of electrodynamics in d ¼ 3. In
d ¼ 3, J satisfies the Bianchi identity d⋆J ¼ 0 in both
broken and unbroken phases. In terms of a photon field, it
takes the form J ¼ ⋆dA. Similarly, in d ¼ 2, two-form
currents of the magnetic one-form symmetries that satisfy a
Bianchi-type identity d⋆JI ¼ 0 can be written as

d⋆JI ¼ dξI ¼ 0; ð6Þ

where ξI are the one-form analogues of the electromagnetic
field strength that, expressed as closed and exact forms,
become

ξI ¼ dψ I; ð7Þ

where ψ I are some zero-form (scalar) fields. Imagine now
that in the absence of matter—in our case an absent fluid
component of the state—there also exists an “electric”
symmetry, d⋆ξI ¼ 0, which is a zero-form symmetry with a
one-form current ξI . Expressions (6) and (7) then imply that
the scalars ψ I are massless and obey the equation
∂μ∂μψ I ¼ 0, which enables us to think of ψ I as the
Goldstone bosons of a spontaneously broken “electric”
symmetry. However, in the presence of matter (the fluid),
depending on the microscopic details of the theory, this
symmetry could become explicitly broken and all fields in
the theory generically gapped.8

From a point of view that is independent of the above
discussion of zero- and one-form symmetries, the intro-
duction of another set of massless scalar fields, which we
call ϕI , can be used to construct an effective action of a
fluid with spontaneously broken translational invariance or
a pure solid without the fluid component [19–23]. The
physical origins of the ϕI and ψ I fields are different. More
precisely, ϕI arise as a result of a spontaneous breaking of
translations and may only be invoked in reference to an
explicit presence of a lattice or a crystalline microscopic
structure in the state. On the other hand, the existence of ψ I
is in noway predicated upon broken translational symmetry
and these fields may exist in a theory with translational
invariance. As will be shown in Sec. II B, however, the two
effective actions (partition functions) with ψ I and ϕI can be

FIG. 1. The equilibrium configuration with two sets of
perpendicular lines. The number of these fluctuating extended
objects (defects) is conserved in each of the two mutually
perpendicular sets of strings, which gives rise to two independent
generalized global symmetries.

4For details on how one systematically classifies higher-order
terms in a theory of hydrodynamics, see e.g. [15–18].

5More precise definitions of viscoelasticity vary in the liter-
ature. In this work, we use the word viscoelasticity to refer to any
combination of fluid- and solidlike properties.

6We thank Jan Zaanen for numerous discussions regarding the
nature of solids and elasticity theory.

7We will not discuss the possibility of a potential BKT-type
phase transition in the breaking of higher-form symmetries in this
work.

8In a superfluid, a global zero-form Uð1Þ symmetry is
spontaneously broken and the associated one-form current is a
function of both the matter sector and the zero-form Goldstone
boson.
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equal. Hence, two independent points of view can lead to
equivalent effective actions. As already noted above, when
the fluid component is present, the situation is more
complicated and will depend on the microscopic details
of the state. We will further elaborate on these issues in
Sec. II B. For now, we only note that as we will argue in
Sec. II B, a more precise connection between the standard
theory of elasticity (with ϕI) and a one-form symmetry-
based description can be made by realizing that the elastic
theory itself possesses two (magnetic) one-form sym-
metries, with conserved two-form currents that are equiv-
alent to JI . Furthermore, and most importantly, we will
show that both descriptions of a viscoelastic material are
equivalent, at least at the linear level studied in this work.
To conclude the introductory discussion, we note that as

the Bianchi identity in d ¼ 3 electromagnetism embodies
the absence of monopoles, the conservation of JμνI in (1) in
the language of elasticity theory corresponds to the absence
of dislocations in a lattice of lines in Fig. 1 (see Sec. II B).
Furthermore, as in MHD [1], an external two-form field
modifies the conservation of the stress-energy tensor to

∇μTμν ¼
X2
I¼1

Hν
I;ρσJ

ρσ
I ; ð8Þ

where HI ¼ dbI are three-form field strengths of the two-
form fields bI;μν that can be used to gauge or source the
conserved two-form operators. Treating the identities (1)
[and (8)] as genuine global conservation laws allows us to
not only construct a hydrodynamic, low-energy effective
theory, but by following [24,25] to also build a holographic
bulk dual in which these symmetries and their associated
Ward identities are manifest. As we will show in Sec. III,
the dual embeds a low-energy viscoelastic state into a
theory with additional high-energy excitations. The sim-
plest incarnation of the statement that the holographic dual
does not describe a pure solid but a viscoelastic state
follows from considering the state at zero density of line
defects, ρI ¼ 0. In that case, as we will see in Sec. III C, the
system will exhibit diffusive properties of a standard
dissipative fluid. In fact, as is usual in holography, the
fluid component of the state remains particularly robust.9

At finite density, ρI > 0, the system will exhibit solid-like
features, such as the transverse sound mode. We note that in
contrast to holographic setups in which the theory is
engineered to have a spatially modulated phase transition
at low temperature [31–40], properties of an elastic
material, which will arise in perturbations around a homo-
geneous and isotropic background, are in this work a
consequence of global symmetries alone.

It should also be made clear that this work is not intended
as an exploration of new properties of fluids or solids, but as
a demonstration of the versatility of the language of effective
field theories with generalized global symmetries, both from
the point of view of field theory and holography. The
phenomenology of the hydrodynamic constitutive relations
and conservation laws presented in this section—i.e. the
effective field theory approach—will be examined in Sec. II.
In Sec. III, we then extend the discussion of the holographic
duals of states with generalized global symmetries which
were first constructed in Refs. [24,25] (and applied to
MHD), and study the simplest, analytically tractable holo-
graphic dual of the system of interest here.

II. EFFECTIVE FIELD THEORY

We begin our study of the theory set up in Sec. I by
analysing its collective excitations. Of main focus will be
the transverse sector of the retarded two-point correlation
function spectrum of conserved operators—i.e. the linear-
ized, long-lived excitations. The reason for focusing on the
transverse sector is that its behavior can be used to
distinguish between fluid- and solid-like properties of
states. In the former case, one finds diffusive modes and
in the latter case, propagating sound waves. The longi-
tudinal channel on the other hand always exhibits sound
modes. Beyond the exploration of the properties of the
linear spectrum, in the second part of this section, we will
make a closer comparison between the theory from Sec. I
and a theory of hydrodynamics with spontaneously broken
translational symmetry, as well as elasticity theory.

A. Transverse fluctuations

The spectrum of the retarded two-point stress-energy
tensor correlators in the transverse channel depends on the
coupled set of linearly perturbed hydrodynamic fields,T, μI ,
uμ and hμI , which, for a momentum chosen to point in the x-
direction, are odd under the parity transformation y → −y.
Analogous results for the longitudinal channel are presented
in Appendix B. The equilibrium state of interest to this work
is characterized by an isotropic and homogeneous choice of
the line defect densities and chemical potentials,

μ1 ¼ μ2 ¼ μ; ρ1 ¼ ρ2 ¼ ρ: ð9Þ
We note that these conditions could easily be relaxed if one
was interested in exploring the dynamics of more compli-
cated states.
At the ideal (nondissipative) level of the constitutive

relations (2) and (3), we find that the equations of motion
(1) reduce to the following system10:

9Holographic setups without pathologies are unconducive to
descriptions of solids or insulators even in the presence of strong
disorder [26,27] due to universal properties associated with event
horizons (see also [28–30]).

10The t-components of the two conservation equations
∇μJ

μν
I ¼ 0 give algebraic relations between δhμI and δμI . For

transverse perturbations, we find that δhx2 ¼ 0 and that δμ2 can be
expressed in terms of δT and δμ1.
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∂tδuy − V2
A∂xδh

y
1 ¼ 0; ð10Þ

∂tδh
y
1 − ∂xδuy ¼ 0; ð11Þ

where

V2
A ¼ μρ

εþ p − μρ
: ð12Þ

A Fourier decomposed plane-wave solution of Eqs. (10)
and (11) proportional to e−iωtþikx is a propagating linear
sound mode with the dispersion relation

ω ¼ �VAkþOðk2Þ; ð13Þ

which is analogous to the Alfvén wave in MHD
(see Ref. [1]).
By using the procedure of Kadanoff and Martin [41] (see

also [17]), one can then find the leading-order hydro-
dynamic approximation to the full retarded two-point
function of a transverse stress-energy tensor,

Gty;ty
TT;Rðω; kÞ ¼

μρk2

ω2 − V2
Ak

2
; ð14Þ

which can be used to find both the sound pole with the
dispersion relation (13) and the residue. The other trans-
verse correlator with the same pole structure, Gxy;xy

TT;R, can be
found by using the Ward identity kμG

μν;ρσ
TT;R ¼ 0. Gxy;xy

TT;R has a
nonzero real part at vanishing momentum, which will be
of importance below, and follows from the following
expression:

Gxy;xy
TT;Rðω; k ¼ 0Þ ¼ μρþOðωÞ: ð15Þ

It is important to keep in mind that the two-point functions
computed using the procedure of [41] do not include the
contact terms, i.e. all contact terms are subtracted.
Furthermore, we note that due to the coupling of the
hydrodynamic degrees of freedom at nonzero density, the
sound poles of (15) are also the poles of the transverse
hJμν1 Jρσ1 iR two-point functions. In total, the transverse
hydrodynamic sector of the full theory with our specific
choice of the momentum pointing in the x-direction
contains two modes—a pair of sound modes. The choice
of the polarization of the momentum decouples the
fluctuations of the hμ2 field, which can be set to zero.
For comparison, we note that the above features of the

transverse channel are markedly different from those in
uncharged and charged (under a zero-form symmetry)
relativistic fluids without a generalized global symmetry
and without a conserved two-form current Jμν. There, the
(first-order dissipative) hydrodynamic pole of both Gty;ty

TT;R

and Gxy;xy
TT;R is a diffusive mode ω ¼ −iDk2 and to leading

order at small ω, the equilibrium contact-term subtracted

Gxy;xy
TT;Rðω; k ¼ 0Þ ¼ −iωη, where η is the shear viscosity.11

The dispersion relation and the Gxy;xy
TT;R have no ideal

hydrodynamic contributions. From the point of view of
the theory of elasticity, the sound pole of Gty;ty

TT;Rðω; kÞ in
(14) and the non-vanishing real part of Gxy;xy

TT;Rðω; k ¼ 0Þ in
(15) can be interpreted as the dispersion relation of a
transverse phonon and as the shear elastic modulus,
respectively (see e.g. [42,43]).
Lastly, we note that the longitudinal channel contains

propagating sound modes (see Appendix B), as do gases,
fluids and plasmas. This property makes the longitudinal
channel a less useful diagnostic tool for distinguishing
solids or viscoelastic states from other fluidlike states of
matter.

B. Hydrodynamics with spontaneously broken
translational symmetry and the theory of elasticity

Phonons are Goldstone bosons associated with sponta-
neous symmetry breaking of translational symmetry [44].
Usually, they are employed to describe a theory of long-
range excitations in solids with a dynamically formed
microscopic lattice structure—details of which one expects
the effective IR theory to be insensitive to at length scales
much longer than the lattice spacing. In this extreme IR
limit, only the symmetries and the identification of long-
range modes distinguishes a fluid from a solid (see e.g.
[21,22,45–47]). Indeed, this is the sense in which we
interpret our theory from Sec. I to contain the knowledge
of well-known elastic properties such as a transverse sound
mode seen in Sec. II A. In this section, we show further
supporting evidence for making this claim.
Let us for now focus only on the elastic theory of a pure

solid. In its simplest form, the displacements of the
crystalline structure can be parametrized in terms of
Goldstones ϕI with an action (see Refs. [19,20])

S ¼ −
X2
I;J¼1

Z
d3xCμν

IJ∂μϕI∂νϕJ; ð16Þ

where Cμν
IJ is a state-specific tensor, which contains the

information about the elastic moduli. The theory possesses
two zero-form global symmetries, d⋆PI ¼ 0, with the one-
form currents PI—i.e. the momenta of the solid—given by
Pμ
I ¼ −Cμν

IJ∂νϕJ. As already discussed in Sec. I, a priori,
these fields cannot be directly equated with the Goldstone
bosons of spontaneously broken electric zero-form sym-
metries. However, both lines of reasoning can lead to equal

11In general, correlation functions depend on contact terms.
The hydrodynamic correlator Gxy;xy

TT;Rðω; kÞ, including contact
terms, can be obtained by varying Txy with respect to the linear
background metric perturbation δhxy. This procedure gives the
equilibrium pressure in the following limit: limω→0G

xy;xy
TT;Rðω; k ¼

0Þ ¼ p (see Ref. [17]).
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effective actions. Thus, the elastic theory should be thought
of as a specific example of theories that can be constructed
from considerations of Sec. I. In fact, a case in which the
compact Uð1Þ ×Uð1Þ electric zero-form symmetry cur-
rents could be directly related to PI is one in which an IR
state exhibits a periodic potential—a lattice. More pre-
cisely, the Uð1Þ group is isomorphic to the quotient group
R=Z, i.e.Uð1Þ ≅ R=Z. Such a structure imposes a periodic
identification of the microscopic fields, e.g. of some field
Φ, so that ΦðϕIÞ ¼ ΦðϕI þ lÞ, where l is the lattice
spacing. By setting the elastic tensor Cμν

IJ to take a special
form required by our choice of the state, the Goldstones ϕI
can then be identified with ψ I .
In the presence of matter, the situation becomes less

transparent and strongly dependent on the microscopic
details of the UV theory. Imagine coupling ψ I to a matter
sector in a way that the zero-form symmetries are explicitly
broken. In that case, the state can still break (spatial)
translational symmetry and ϕI can remain massless,
whereas the Goldstones ψ I would in the case of an
explicitly broken electric Uð1Þ ×Uð1Þ symmetry become
massive.
What is more important for the present discussion is the

fact that the action (16) also gives rise to two global
magnetic one-form symmetries of Eqs. (6) and (7), with ψ I
replaced by ϕI:

JμνI ¼ ϵμνρ∂ρϕI: ð17Þ

The essential requirement, which ensures the existence of
the symmetry, i.e. that ∂μJ

μν
I ¼ 0, is that the fields ϕI are

single-valued, or that ∂ ½μ∂ν�ϕI ¼ 0. This condition pre-
cisely encodes the absence of dislocations in a conventional
language of elasticity theory (see e.g. [20]). Hence, at least
in the absence of the fluid component of the state, the IR
limits of the two theories have the same symmetries. It
should be noted that as in the case of electrodynamics with
a massless photon field A, the symmetry in equation (17) is
a tautological identity due to the fact that JμνI is expressed in
terms of ϕI . On the other hand, however, the symmetry-
based formalism of Sec. I does not require the existence of
any such field (neither ϕI nor ψ I) and can be used to
describe a variety of different states.
Moving beyond the case of a pure solid and our

discussion of microscopic realizations of different sym-
metries, we proceed with a phenomenological discussion of
viscoelastic fluids, which are states with spontaneously
broken translational invariance that exhibit both fluid- and
solid-like properties. As already discussed in Sec. I, in the
effective description, it is standard to combine a theory of
the two massless scalar fields ϕI with a hydrodynamic
theory that includes the following (neutral) degrees of
freedom: uμ and T (see [48–50] and also [51]). In such a
state, the expectation values for the two ϕI are taken to be
hϕ1i ¼ αx and hϕ2i ¼ αy. Then, one can expand ϕI as

ϕI ¼ αðδiIxi þ πIÞ; ð18Þ

and instead of ϕI think of the two fields πI as the
(linearized) Goldstone bosons of spontaneously broken
spatial symmetries—i.e. the phonons that describe the
elastic modes of a solid structure—or consider ϕI as the
fields that realize the symmetry nonlinearly (see Ref. [22]).
Since the symmetry is broken spontaneously, the Ward
identity (energy-momentum conservation) of a fluid with
the hydrodynamic uμ and T fields is modified to

∂μTμνðuμ; T;ϕIÞ ¼ 0; ð19Þ

with the spatial part of stress-energy tensor (the stress
tensor) written as

Tij ¼ p0δij − ðB þ GÞð∂kϕ
kÞδij

− 2G½∂ðiϕjÞ − ð∂kϕ
kÞδij�; ð20Þ

where B and G are the bulk and the shear moduli of
the isotropic solid component of the system, respectively.
The expression in Eq. (20) is obtained by combining the
pressure term and the spatial component of the momentum
Tij ¼ Pi

Iδ
Ij, where the spatial component of the elastic

tensor Cμν
IJ for an isotropic system is positive-definite and

can be decomposed into [19,48]

Cij
IJ ¼ BδijδIJ þ GðδiIδjJ þ δiJδ

j
I − δijδIJÞ: ð21Þ

The parameter p0 is not the thermodynamic pressure p,
only the fluid component of the total pressure.12 Note also
that we have projected the “flavor index” I to the spatial
index i. In this notation, the elastic strain tensor is defined
as Uij ≡ ∂ðiϕjÞ and δUij ¼ ∂ðiπjÞ as the linearized fluc-
tuation of the tensor around the equilibrium configuration,
cf. Eq. (18). We also note that as already discussed around
Eq. (8), the conservation equation (19) encodes the absence
of dislocations.
What is now the status of the magnetic one-form

symmetries of the elasticity theory (16)? We claim that
as in the case of electrodynamics in d ¼ 3, the global one-
form symmetries remain unbroken in a viscoelastic state.
Even though both descriptions include these symmetries,
which should control their IR behavior, the two one-form
symmetries are normally not considered neither in the
theory of elasticity nor viscoelasticity. To make contact
between the two points of view, we first notice that the

12For a derivation of the constitutive relation (20) in the
presence of external transtional symmetry breaking, see [52–
55]. In analogy with the presently studied case with spontaneous
symmetry breaking, the parameter p0, as is conventionally
chosen, does not take into account the contribution from kinetic
terms of the scalar fields and is not equal to the thermodynamic
pressure of the system.
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modified hydrodynamic theory (with ϕI’s) has more field
variables than equations of motion, which requires one to
impose an equation connecting ϕi to the fluid variables. As
the construction is equivalent to the two-fluid model of
superfluidity, the equation that is chosen to connect them in
the transverse channel is the analogue of the Josephson
relation (see e.g. Chapter 8 of [48] or [51])13:

∂tπi ¼ δui; ð22Þ

where ui are the spatial components of the fluid velocity.
The system of equations is now closed, which allows us to
solve it. In the language of one-form symmetries, the
relation (22) follows from matching the “microscopic”
description of a solid (in terms of ϕI) with the effe-
ctive description written in terms of the hydrodynamic
fields. More precisely, we use the ideal part of the gra-
dient expansion of JμνI from (3) and equate it to JIμν
computed from (16). In the transverse channel, from the
xy-components of JμνI , we find

δJxyI ¼ 2ρIδu½xh
y�
I ¼ Kϵxyλ∂λδϕI; ð23Þ

which reproduces Eq. (22) after an appropriate choice of the
proportionality constant K. Thus, in the language of gen-
eralized global symmetries of Sec. I, the Josephson relation
(22) arises as a natural consequence of a global symmetry
and does not need to be imposed independently. In terms of
equation counting, there, uμ, T, μI and h

μ
I constitute in total

7 degrees of freedom while Eq. (1) naïvely gives 9 differ-
ential equations. However, the two equations∇μJ

μt
I ¼ 0 are

constraints, which allows for the system to be closed. In the
transverse channel, the two constraints directly play the role
of the (derivative of the) Josephson relation (22). In the
sound channel (see Appendix B), writing down the
Josephson relation in its conventional form requires us to
combine the constraints with a dynamical equation. Finally,
it is important to note that because of this clear symmetry-
related origin of the Josephson relation, dissipative correc-
tions to the ideal relation also follow systematically from the
hydrodynamic constitutive relations.14

Now, to show how the two descriptions match more
precisely in the transverse channel, the relevant set of
linearized differential equations that can be derived from
Eqs. (19), (20) and (22) is

χpypy
∂tδuy − 2G∂xδUxy ¼ 0; ð24Þ

2∂tδUxy − ∂xδuy ¼ 0; ð25Þ

where χpypy
is the transverse momentum susceptibility. It

follows immediately that the derivative of the Josephson
relation (25) is identical to the equation derived from the
conservation of the number of line defects (11) upon
identifying δhy1 ¼ 2δUxy. One also notices that these two
variables, δhy1 and δUxy, describe the same physical
deformation of the underlying “lattice” structure. See
Fig. 2 for an illustration. Moreover, the identification of
the one-point function hTxxi and the real part of the retarded
two-point function Gxy;xy

TT;R in the two languages implies that

p − μρ ¼ p0 − 2B; μρ ¼ G: ð26Þ

Thus, the above mapping between degrees of freedom and
variables used in the equations of state makes the systems
of equations (10)–(11) and (24)–(25) identical.
We can perform a similar matching between the formal-

ism of Sec. I and the theory of elasticity also in the
longitudinal channel. Details are presented in Appendix B.
Finally, we note that while we have shown that a theory

with generalized global symmetries can exhibit IR proper-
ties of an elastic medium, we leave a more detailed
comparison with various precise incarnations of nonlinear
elasticity theory and its extensions to more complicated
topological (lattice) structures to future works.

III. HOLOGRAPHY

We now turn our attention to constructing a holographic
dual of a state with a conserved stress-energy tensor and
two independently conserved two-form currents,
cf. Eq. (1), and verifying the consistency of its IR properties
with the effective field theory studied in Secs. I and II. This
part is a direct extension of the works in Refs. [24,25].

FIG. 2. A depiction of a transverse deformation of the line
defect structures (a transverse lattice displacement) used to
construct our theory in Section I, which is parametrized by
δhy1. In the language of conventional elasticity theory, this a shear
deformation of the lattice, i.e. the δUxy perturbation.

13In the two-fluid Landau-Tisza model of superfluids, the
Josephson relation reads uλξλ ¼ μ, where ξλ ≡ ∂λϕ is the super-
fluid velocity, ϕ is the Goldstone boson of a spontaneously
broken global Uð1Þ symmetry and μ the chemical potential (see
e.g. [46,56,57]).

14We also note that the Josephson relation in the transverse
channel is in the sense of equation-counting equivalent of the
magnetic Gauss’s law in 3þ 1-dimensional electrodynamics,
∇⃗ · B⃗ ¼ 0, which also follows from ∇μJμt ¼ 0.
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Here, however, we will work with a spatially isotropic
black brane in one lower dimension, i.e. four spacetime
bulk dimensions, which will make our discussion signifi-
cantly simpler than in the case of a dual of MHD with a
nonzero magnetic field [24] and partially analytically
tractable.

A. The bulk theory and holographic renormalization

We seek a four-dimensional bulk theory that is holo-
graphically dual to a state with a conserved stress-energy
tensor Tμν and two conserved two-form currents JμνI ,
I ∈ f1; 2g. As in [24,25], it is simplest to consider a
two-derivative theory with a fluctuating metric Gab and
two decoupled two-form bulk fields BI;ab, which source the
three dual conserved operators via the following terms in
the boundary generating functional:

R
d3xTμνgμν andP

2
I¼1

R
d3xJμνI bI;μν. The holographic dictionary relating

the boundary sources gμν and bI;μν to the bulkGab and BI;ab

will be made precise below.
The bulk action that we propose as a dual of a theory

with two Uð1Þ one-form generalized global symmetries
introduced in Sec. I is

S ¼ 1

2κ24

Z
d4x

ffiffiffiffiffiffiffi
−G

p �
Rþ 6

L2
−

1

12

X
I

HI;abcHabc
I

�
; ð27Þ

where HI ¼ dBI . Henceforth, for convenience, we will set
the Newton’s constant in a way that sets 2κ24 ¼ 1 and fix the
anti-de Sitter radius to L ¼ 1.
The theory (27) has an isotropic, asymptotically anti-de

Sitter black brane solution with the metric tensor

ds2 ¼ dr2

r2fðrÞ þ r2ð−fðrÞdt2 þ dx2 þ dy2Þ;

fðrÞ ¼ 1 −
m2

2r2
−
�
1 −

m2

2r2h

�
r3h
r3

; ð28Þ

sourced by the three-form field strength

H1;txr ¼ H2;tyr ¼ −m; ð29Þ

with all other components of HI;abc, which are not the
permutation of the indices of H1;txr or H2;tyr, equal to zero.
It should not come as a surprise that the background
geometry is the same as in the Hodge-dualized bulk theory
studied in [58].15

The holographic dictionary for the gravitational part of
the action (27), including the relevant Gibbons-Hawking
term, the counterterms and the asymptotic near-boundary
expansions of the metric, which determine the source and

the dual Tμν expectation value, are well known. Here, we
focus on the holographic dictionary for the two-form gauge
fields BI;ab by extending the discussion of [24,25]. We find
that their near-boundary expansions (for the fields with the
boundary spacetime components) are

BI;μν ¼ rJ I;μν þ B̂I;μν þOð1=rÞ: ð30Þ

By executing the procedure of holographic renormalization
(see Refs. [24,25,61]), we find that the equations of motion
for the bulk gauge fields,

∂að
ffiffiffiffiffiffiffi
−G

p
Haμν

I Þ ¼ 0; ð31Þ

directly imply the conservation of the (expectation value of
the) boundary two-form currents, hJμνI i. In terms of the bulk
fields, we find that

hJμνI i ¼ Hμν
I

r
¼ J μν

I ; ð32Þ

where in the notation of [24], HI;μν ≡ naHI;aμν and na ≡ffiffiffiffiffiffiffi
Grr

p
δar is a unit vector normal to the boundary surface.

The on-shell action computed from (27) also diverges
in the two-form field sector and one is required to intro-
duce the following boundary counterterms to cancel the
divergence:

S∂M ⊃
1

4κðΛÞ
X
I

Z
r¼Λ

d3x
ffiffiffiffiffiffi
−γ

p
HI;μνH

μν
I ; ð33Þ

where r ¼ Λ is the radial position at which we place the
boundary brane with the induced metric γab—i.e. the UV
cut-off—and κ is a cut-off Λ-dependent coupling constant
of which the meaning will become apparent below. After
substituting the near-boundary expansions into Eq. (33)
and using Eq. (32), we find that the boundary counter-
terms are double-trace deformations of the source termsP

I

R
d3xJμνI bI;μν:

S∂M ⊃
λðΛÞ
4

X
I

Z
d3xJI;μνJ

μν
I ; ð34Þ

where λ≡ Λ=κ is a scale-dependent coupling constant of
the boundary field theory double-trace deformations. The
bulk/boundary dictionary that we derived from holographic
renormalization is therefore again analogous to the higher-
dimensional situation studied in [24,25] where the coupling
multiplying the double-trace deformation—i.e. the boun-
dary Maxwell action F2—was the logarithmically running
marginal Uð1Þ coupling (the electric charge) of the
dynamical electromagnetic field which gauged the strongly
coupled matter sector.

15For other solutions in a Hodge-dualized theory with scalar
fields, see e.g. [58–60].
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In the process of relating the boundary sources bI;μν to
the bulk fields BI;μν, a consistent implementation of the
double-trace deformations (34) prompts us to impose
mixed boundary conditions at the cutoff surface r ¼ Λ
of the form [24,25,62–64]16

bI;μν ¼
1

2
ðΛJ I;μν þ B̂I;μνÞ −

Λ
2κðΛÞJ I;μν; ð35Þ

where the numerical factors are chosen in a way that keeps
the prefactor of the source term Jμνbμν equal to one, which
is consistent with the conventions used in [1,24]. Now, a
physical source cannot depend on the cutoff scale Λ, hence

dbI;μν
dΛ

¼ 0; ð36Þ

which gives rise to a renormalization group (RG) equation
for a running double-trace coupling

dλðΛÞ
dΛ

¼ d
dΛ

�
Λ

κðΛÞ
�

¼ 1: ð37Þ

The solution of this beta function equation is a linearly
running

λðΛÞ ¼ Λ
κðΛÞ ¼ Λ −M; ð38Þ

where M is an integration constant of the beta function
equation (37) with a mass dimension one. This is the
renormalization group scale, of which the value needs to be
imposed by using external experimental input, in the same
way that the renormalized electromagnetic coupling had to
be fixed in [24]. In the holographic on-shell action, the Λ-
dependent linear divergence now disappears as a result of
the cancellation between the on-shell part of the action
coming from (27) and the counterterms (34). The reno-
malized double-trace deformation term is thus finite in the
limit of Λ → ∞:

S∂M ⊃ −
M
4

X
I

Z
d3xJI;μνJ

μν
I ð39Þ

¼ −
M
2

X
I

Z
d3x∂μψ I∂μψ I; ð40Þ

where in the last line, we used the Hodge dualized, scalar
field representation of the conserved two-forms discussed
around Eqs. (6) and (7), i.e. ⋆JI ¼ ξI ¼ dψ I . The action in
Eq. (40), which arose as a direct consequence of

holographic renormalization, has the form of a kinetic
term of two dimensionless scalar fields with λ from Eq. (34)
a relevant coupling constant with a mass dimension one.
Thus, the expression for the on-shell action is consistent
with the way wewrote JI in terms of closed and exact forms
in Sec. I. Finally, we note that from the point of view of
elasticity theory, the value of the renormalized coupling λ,
or the scale M, is related to the size of one of the elastic
moduli [49,51]. A material-specific measurement of the
elastic modulus in the IR state of the theory can therefore
set the value of the renormalized microscopic coupling
constant λ when the relation between them is known.

B. Thermodynamics and hydrodynamics

As the first step in the analysis of the IR properties of the
dual boundary field theory, we study its thermodynamic
quantities and the equation of state that follow from the
action (27) and the solution in Eqs. (28) and (29). First, we
compute the Euclidean on-shell action to find the pressure
(see e.g. [24]). The entropy density and temperature can be
extracted from the horizon limit of the metric alone.
Together,

p ¼ r3h

�
1þ

�
M̄ −

3

2

�
m̄2

�
;

s ¼ 4πr2h;

T ¼ rh
4π

�
3 −

1

2
m̄2

�
; ð41Þ

where we have introduced two dimensionless quantities
M̄≡M=rh and m̄≡m=rh, with

rh ¼
1

6
ð4πT þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4πTÞ2 þ 6ρ2

q
Þ: ð42Þ

By computing the equilibrium holographic stress-energy
tensor, one can obtain all three of its diagonal components,

hTtti ¼ ε ¼ r3hð2þ ðM̄ − 1Þm̄2Þ; ð43Þ

hTxxi ¼ hTyyi ¼ p − μρ ¼ r3h

�
1 −

m̄2

2

�
: ð44Þ

Requiring that the temperature remains non-negative con-
strains the parameter m̄ to m̄ ∈ ½0; ffiffiffi

6
p �. We further note that

the following two regimes, m̄ ∈ ½0; ffiffiffi
2

p Þ and m̄ ∈ ð ffiffiffi
2

p
;

ffiffiffi
6

p �,
result in the pressure shifted by the tension of the flux lines to
be either positive or negative, respectively (cf. Eq. (44).
Now, consider the two-form gauge field sector from

which the number density of the topological defects is
found to be

ρ ¼ hJtx1 i ¼ hJty2 i ¼ m; ð45Þ
16A similar procedure of holographic renormalization was also

employed in the context of AdS2 holography and in an analysis of
subtracted geometries [65,66].
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and the corresponding chemical potential can be read off
from the source, i.e. μI ¼ btI − bIt, with bμν defined in
Eq. (35). In this case,

μ ¼ μ1 ¼ μ2 ¼ ðM̄ − 1Þmrh: ð46Þ

For the chemical potential to be positive, it is important that
the renormalization group scale be M̄ > 1. Note that one
can easily check that the above thermodynamic quantities
satisfy Eq. (4), i.e.

εþ p − sT ¼
X
I

μIρI ¼ 2μρ; ð47Þ

and also the required relation between hTxxi and pressure,

p − hTxxi ¼ μρ; ð48Þ

as dictated by Eq. (2).
By using the holographic equation of state and hydro-

dynamic (field theory) results from Sec. II, one can predict
the speed of sound in the transverse channel to be

V2
A ¼ 1

3

� ðM̄ − 1Þm̄2

1þ m̄2

3
ðM̄ − 3

2
Þ

�
;

≈
1

3
ðM̄ − 1Þm̄2 þOðm̄4Þ; ð49Þ

where the second line is the leading-order expansion in
small density compared to the temperature. In Sec. III E, we
will show analytically to Oðm2Þ that the speed of the
propagating shear mode, computed directly from a holo-
graphic result for a transverse two-point function, indeed
obeys Eq. (49). Finally, as we take the limit of M̄ → ∞,
keeping m̄ fixed, which in terms of the field theory
observables is the limit of T=M → 0, the speed of the
transverse sound mode tends to the speed of light, V2

A ¼ 1.
The importance of keeping the chemical potential (46)
positive is apparent from Eq. (49); the transverse sound
mode would otherwise become unstable. A possible sce-
nario that could elucidate the nature of this instability in one
in which there exists another stable phase of matter for
M < 1 in the ðT; ρ;MÞ phase diagram. Such a phase
would correspond to an independent, stable branch of
gravitational backgrounds. However, establishing the exist-
ence of such a phase may require one to employ numerical
methods to solve the bulk system of partial differential
equations, which is beyond the scope of this work. For this
reason, we postpone a detailed analysis of the dual
boundary phase diagram to future works.

C. The spectrum at zero density, ρ= 0

As discussed in Sec. I, at a vanishing equilibrium number
density of line defects, ρ ¼ 0 (or by Eq. (45), m ¼ 0), one

expects the IR limit of the system to be controlled by the
fluid and not the elastic component of the thermal state, i.e.
by the purely diffusive modes in the retarded two-
point function spectra of hTμνTρσiR and hJμνJρσiR.
To show that this is true in our holographic setup, we
perturb the bulk fields to first order, Gab → Gab þ δGab,
BI;ab → BI;ab þ r2hδBI;ab, write the perturbations in terms
of their (boundary spacetime) Fourier decomposition, i.e.
as e−iωtþikxδGabðω; k; uÞ and similarly for δBI;ab, where we
have introduced a new radial coordinate u ¼ rh=r. In the
radial gauge, and in the sector of transverse fluctuations
that are odd under y → −y, we find that the components of
δB2;ab decouple and can be set to zero. Thus, the case studied
here is precisely equivalent to the transverse channel in a
ρ ¼ 0 theory with a single Uð1Þ generalized global sym-
metry. The remaining fluctuations can be arranged into two
independent gauge-invariant combinations

Z− ¼ ωδGy
x þ kδGy

t;

Zþ ¼ ωδB1;xy þ kδB1;ty: ð50Þ

The dynamical equation for Z− and Zþ decouple. The
lowest-lying IR mode coming from Z−, which determines
the hydrodynamic pole of the retarded transverse
Gμν;ρσ

TT;Rðω; kÞ correlators, is the usual momentum diffusion
pole of a thermal M2 brane that follows from the standard
(Dirichlet boundary condition) quasinormal mode equation
Z− ¼ 0 imposed at the boundary. To leading order, its
dispersion relation is [67]

ω ¼ −i
1

4πT
k2: ð51Þ

On the other hand, the dynamics of the gauge-invariant
combination of the two-form gauge fields, which determine
the spectrum of the retarded transverse hJμν1 Jρσ1 iR correla-
tors, obeys the following differential equation:

Z00þ þ
�
2

u
þ ω2f0

fðω2 − k2fÞ
�
Z0þ þ

�
ω2 − k2f
r2hf

2

�
Zþ ¼ 0:

ð52Þ

At nonzero temperature, this equation can be solved in a
hydrodynamic expansion with jωj=T ≪ 1 and jkj=T ≪ 1.
To find the diffusive pole, it is sufficient to scale
ω=T ∼ ðk=TÞ2. Then, to first order, the solution satisfying
in-falling boundary conditions at the horizon is

Zþ ¼ CþfðuÞ− iω
4πT

�
1þ ik2

rhω

�
1

u
− 1

�
þ � � �

�
: ð53Þ

It is now essential to note that because we are working
with mixed boundary conditions in a boundary theory
with double-trace deformations, the quasinormal mode
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prescription of setting Zþ ¼ 0 no longer determines the
poles of the retarded hJμνJρσiR correlators. The double-
trace deformation shifts the pole of the correlator. The
correct procedure (a modified quasinormal mode prescrip-
tion) in this case is to determine to sources bI;μν from the
definition in Eq. (35) and demand that they vanish:

bI;μν ¼ 0: ð54Þ

In this example, we evaluate the solution Zþ from Eq. (53)
at the cutoff surface u ¼ rh=Λ and expand it around
Λ → ∞:

Zþ ¼ Cþ

�
ik2

r2hω
Λþ

�
1 −

ik2

rhω

�
þ � � �

�
: ð55Þ

Then, using the gauge-invariant definition of Zþ from
Eq. (50), mixed boundary conditions (35) and the running
coupling (38), we can write

Zþ ¼ 2Zð0Þ
þ þ ðΛ −MÞZð1Þ

þ þ � � � ; ð56Þ

where Zð0Þ
þ is the source and Zð1Þ

þ is related to the dual
expectation value of a gauge-invariant combination of Jμν1
in the transverse channel. Comparing Eqs. (55) and (56),
we find

Zð0Þ
þ ¼ Cþ

ik2ðM̄ − 1Þ þ rhω
2rhω

; Zð1Þ
þ ¼ Cþ

ik2

r2hω
: ð57Þ

The condition (54), which determines the poles of the
correlators, now requires us to set

Zð0Þ
þ ðMÞ ¼ lim

Λ→∞

1

2

�
ZþðΛÞ − λðΛ;MÞ ∂ZþðΛÞ

∂Λ
�
¼ 0;

ð58Þ

and look for the dispersion relations ωðkÞ that satisfy this
equation. It is important to note that because of the
renormalization group equation (36), the prescription
(54) [or its gauge-invariant equivalent in (58)] implies that
the poles do not depend on the unphysical cutoff Λ, only
the renormalization group scale M (see also [24,25]). At
the leading order in the hydrodynamic gradient expansion
[cf. Eq. (57)], we then find a diffusive dispersion relation

ω ¼ −i
ðM̄ − 1Þ

rh
k2 ¼ −i

3

4πT

�
3M
4πT

− 1

�
k2; ð59Þ

where the diffusion constant now depends on the renorm-
alization group scale M as in the higher-dimensional
analogue studied in [24,25]. In those works, the diffusion
constant (but not the resistivity) depended on the renor-
malized electric charge (or the energy scale of the Landau

pole). Furthermore, as discussed in [24], the system can
become unstable for certain parameter regimes of M. In
this case, we see that at the least, we need to require that
M̄ > 1 or T=M < 3=4π—the temperature scale needs to
be below the renormalization group scale. Moreover, for
(59) to be a valid solution within the hydrodynamic regime,
we also require Mk2=T3 ≪ 1.
Beyond the hydrodynamic limit, the spectrum of the

hJμνI JρσI iR correlators at zero density also depends on
temperature T and the renormalization group scale M. At
energy scales above the extreme IR limit, the spectrum
contains an infinite set of higher quasinormal modes, which
can readily be found in holography. A commonly observed
phenomenon in spectra that depend on several scales is the
destruction of hydrodynamics in the parameter regime
where the scale separation between hydrodynamics and
higher-energy modes ceases to exist. For example, a
coupling constant dependent spectrum at intermediate
coupling exhibits modes with purely imaginary, gapped
dispersion relations [68,69], of which the leading mode
limits the regime of validity of hydrodynamics at inter-
mediate coupling [68–72]. In the transverse shear channel, at
a fixed momentum and as the field theory coupling is tuned
from infinity towards weak coupling, the hydrodynamic
diffusive mode collides with the nonhydrodynamic, gapped
mode on the imaginary ω axis at some critical value of the
coupling. Similarly, at a fixed intermediate coupling and an
increasing k=T, the collision occurs at some critical momen-
tum kc=T. After the collision, the two modes move off the
axis and ωðkÞ acquire a real part [68,69]. This phenomenon
was also observed in models closely related to this work
[73,74] as well as in the holographic dual of MHD with a
generalized global symmetry [25]. In our theory, we observe
precisely the same dynamics of the poles, whichwewill now
analyse both numerically and analytically.
The dispersion relation of the diffusive mode in (59)

makes it clear that the dimensionless frequency jωj=T,
where we think of T as the cutoff scale of the effective
hydrodynamic theory, can move outside of the hydro-
dynamic regime for large M=T, large k=T or large
Mk2=T3. These are precisely the parameter regimes in
which the (leading) non-hydrodynamic, gapped mode with
a purely imaginary frequency has jωj that is comparable to
jωj of the diffusive mode. As in [68,69], the two modes
collide, move off the imaginary ω axis, become propagat-
ing and at large momentum travel with the speed of light.
As shown in [68,69], this behavior can be understood
analytically in the double-scaling parameter regime where
the collision, controlled by an independent scale, occurs in
the (hydrodynamic) regime of small jωj=T and k=T. In
the present case, following [68,69], we expand Zþ to
subleading order in jωj=T ∼ k=T ≪ 1 and keep T=M ≪ 1

(or M̄ ≫ 1). The polynomial equation, which determines
the dual dispersion relations, again follows from setting

Zð0Þ
þ ¼ 0 [cf. Eq. (58)]:
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�
1 −

ω

ωg

�
ωþ i

ðM̄ − 1Þ
rh

k2 ¼ 0; ð60Þ

where

ωg ≡ −
irh

M̄ − 1þ 1
2
ðln 3 − π

3
ffiffi
3

p Þ : ð61Þ

The quadratic equation (60) has the following two solutions
[68,69]:

ω� ¼ ωg

2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4ðM̄ − 1Þk2
rhjωgj

s �
; ð62Þ

which can be expanded for k=rh ∼ k=T ≪ 1 to give

ω− ¼ −i
ðM̄ − 1Þ

rh
k2 þ � � � ; ð63Þ

ωþ ¼ ωg þ i
ðM̄ − 1Þ

rh
k2 þ � � � : ð64Þ

Thus, (63) is the diffusive mode from Eq. (59) and (64) is
the new, nonhydrodynamic gapped mode. It is clear that the
latter solution is only reliable when jωgj=T ≪ 1, i.e. when
1=M̄ ∼ T=M ≪ 1. Furthermore, using Eq. (62) and the
condition Im½ω−ðkcÞ� ¼ Im½ωþðkcÞ�, we can determine the
(analytical approximation to the) critical momentum kc at
which the two modes collide (see [68,69]):

kc ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rhjωgj
M̄ − 1

s
: ð65Þ

Therefore, in the limit of large M̄, the collision occurs both
at small jωj=T and k=T, i.e. ω�ðkcÞ=rh ≈ 1=ð2M̄Þ and
kc=rh ≈ 1=ð2M̄Þ, which is within the regime assumed in
the derivation of the dispersion relations (62).

It is rather interesting to note that in the limit of
k=T → ∞, while keeping M=T fixed, the analytical
dispersion relations (62) give

ω� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jωgjðM̄ − 1Þ

rh

s
k −

ijωgj
2rh

þ � � � ; ð66Þ

which, furthermore, in the limit of M̄ ∼M=T → ∞
reproduce a dispersion relation of waves traveling with
the speed of light,

ω� ¼ �k: ð67Þ
Finally, note that in the limit of M̄ → ∞ (keeping k=T
fixed), (62) also tends to (67). Thus, even though Eq. (62)
was derived by assuming a hydrodynamic expansion, in the
regime of T=M ≪ 1, ω� correctly reproduce the UV
behavior of the modes. The comparison between numerical

FIG. 3. Plots of imaginary and real parts of the hydrodynamic and the nonhydrodynamic dispersion relations at M̄ ¼ 5, with
ω̄≡ ω=rh and k̄≡ k=rh. Crosses depict the numerically computed poles of the retarded transverse part of the hJμν1 Jρσ1 iR correlator at
zero density, which follow from the prescription (58). The solid lines show the analytical approximation (62) to the dispersion relations.
The dashed lines represent the linear dispersion relation ω̄ ¼ �k̄.

FIG. 4. Imaginary parts of the hydrodynamic and the non-
hydrodynamic dispersion relations of the retarded transverse
hJμν1 Jρσ1 iR correlator at zero density, plotted at M̄ ¼ 10 up to the
point of the collision. Crosses depict the full numerically obtained
poles and the solid lines are their analytical approximations from
Eq. (62).
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and analytical results is depicted in Fig. 3 for the value of
the renormalization group scale set to M̄ ¼ 5. Although
the analytics capture the qualitative behavior of the two
poles for all M, as is clear from the above discussion, the
approximation improves as M̄ is tuned to be larger. While
the agreements between analytics and numerics is already
nearly indistinguishable to the eye for Re½ω� at M̄ ¼ 5, the
improvement for the imaginary part can be seen from a
comparison of Figs. 3 and 4.

D. The spectrum of the transverse hJμν1 Jρσ1 iR at zero
density and zero temperature, ρ = 0 and T = 0

In the previous section, massless modes, which propa-
gate at the speed of light were seen to emerge in the
spectrum of hJμν1 Jρσ1 iR from a pair of a hydrodynamic and a
gapped, nonhydrodynamic mode in the limit of T → 0.
Here, with the help of restored Lorentz invariance at T ¼ 0,
we analyse the full correlator hJμν1 Jρσ1 iR, which confirms the
existence of massless modes in the spectrum. Beyond that,
we show that the spectrum also contains a pair of massive
modes of which the mass is set by the (dynamically
generated) renormalization group scale M, which further
displays the importance of a careful renormalization group
analysis of our holographic setup.
We begin by writing down a tensorial decomposition of

the Wick-rotated, Euclidean two-point correlation function
Gμν;ρσ

J1J1
ðkÞ. Using the Ward identity and antisymmetric

property of Jμν, we can write [25,75]

Gμν;ρσ
J1J1

ðkÞ ¼
�
Pμνρσ þ 1

k2
Qμνρσ

�
Fðjkj;MEÞ; ð68Þ

where k2 ≡ kμkμ, jkj ¼ ffiffiffiffiffiffiffiffiffi
kμkμ

p
and kμ ¼ ðωE; k⃗Þ. The

renormalization group scale ME is an imaginary energy
scale in the space of Wick-rotated ωE. The renormalization
group condition (58) must now be chosen with more care—
i.e. we must make sure that we correctly analytically
continue ω2=M2 to ω2

E=M
2
E. We present details on how

this procedure should be executed in Appendix C. Here, we
only note that we directly use ME in the place of M in
Eq. (58) and in continuing the correlator to real time, set
ME ¼ iM.17 The projectors Pμνρσ and Qμνρσ used in
Eq. (68) are defined as

Pμνρσ ¼ gμρgνσ − gμσgνρ;

Qμνρσ ¼ kμkρgνσ þ kνkσgμρ − ½μ ↔ ν; ρ ↔ σ�: ð69Þ
This structure guarantees that kμhJμν1 Jρσ1 i ¼ 0. For a system
with momentum pointing along the x-direction,
k⃗ ¼ ðkx; 0Þ, the transverse two-point functions are

Gτy;τy
J1J1

ðωE; kxÞ ¼
k2x

ω2
E þ k2x

Fðjkj;MEÞ;

Gxy;xy
J1J1

ðωE; kxÞ ¼
ω2
E

ω2
E þ k2x

Fðjkj;MEÞ;

Gτy;xy
J1J1

ðωE; kxÞ ¼ −
ωEkx

ω2
E þ k2x

Fðjkj;MEÞ; ð70Þ

where τ is the imaginary time. This reduces the problem to
finding a single function Fðjkj;MEÞ. At ρ ¼ 0 and T ¼ 0,
we can use the Euclidean SOð3Þ symmetry to set ωE ¼ 0
and compute Fðjkj;MEÞ ¼ Fðkx;MEÞ. In this case, on the
bulk side of the holographic duality, the gauge-invariant
mode Zþ reduces to Zþ ¼ kxδB1.τy and

Gτy;τy
J1J1

ð0; kxÞ ¼ Fðkx;MEÞ: ð71Þ

To compute the transverse Euclidean Gμν;ρσ
J1J1

ð0; kxÞ from
holography, one can thus take the zero temperature limit of
(52), set ω ¼ 0 and compute Gτy;τy

J1J1
ð0; jkjÞ, which deter-

mines Fðjkj;MEÞ. Fðjkj;MEÞ then fixes all three corre-
lators via Eq. (70). In terms of the radial coordinate r, we
find the following solution for Zþ that is nonsingular at the
horizon:

Zþ ¼ kxδBτy ¼ Cþre−kx=r: ð72Þ

Using the prescription for computing correlation functions,
which we discussed in Sec. III A, we can show that

Fðkx;MEÞ ∝
1

MEð1 − kx=MEÞ
: ð73Þ

Thus, we can conclude from (70) and (73) that the trans-
verse Euclidean correlation functions of Jμν1 are governed
by two sets of modes, ω2

E þ k2x ¼ M2
E and ω2

E þ k2x ¼ 0.
By analytically continuing back to real time, these two
(pairs of) poles give rise to retarded correlators with a
massless mode that travels at the speed of light and a
gapped mode of which the gap (the mass scale) is set by the
renormalization scale M:

ω ¼ �kx; ð74Þ

ω ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ k2x

q
: ð75Þ

The first of the two modes was recovered in Sec. III C by
the hydrodynamic analysis of the thermal spectrum in the
T → 0 limit. The massive gapped mode lies outside the
regime of validity of our analytical calculation in Sec. III C.

E. The spectrum at nonzero density, ρ > 0

In the final part of our holographic investigation, we
turn our attention to a state with a nonzero density of

17We note that in quantum field theory, the question of finding
a relativistically invariant regulator and renormalizing a theory
with real time is a difficult problem. We refer the reader to
discussions in [76–79].
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perpendicular line defects, ρ > 0, and nonzero temperature,
T > 0. In this case, the two gauge-invariant bulk modes
corresponding to gravitational and two-form gauge field
perturbations, Z− and Zþ [cf. Eq. (50)], are coupled and
satisfy the following set of differential equations:

Z00
� �

�
2

u
� ω2f0

fðω2 − k2fÞ
�
Z0
� þ

�
ω2 − ðk2 þm2Þf

r2hf
2

�
Z�

−
�

ωkmf0

rhu�2fðω2 − k2fÞ
�
Z∓ ¼ 0: ð76Þ

For our particular choice of momentum, the transverse
fluctuations of δB2;μν remain decoupled and can be con-
sistently set to zero.
We first look for the analytical solutions to (76) in the

hydrodynamic expansion with jωj=T ≪ 1, k=T ≪ 1 as
well as in the limit of a small density, ρ=T ¼ m=T ≪ 1.
For the expansion, we use the following small parameter
scaling: ω̄ ∼ k̄ ∼ m̄ ∼ δ ≪ 1, where ω̄≡ ω=rh, k̄≡ k=rh
and m̄≡m=rh. The solutions can be found by using the
same procedure as in Sec. III C, only now for a coupled set
of two differential equation. For present purposes, it is
sufficient to find Z� to subleading order in the small
parameter expansion, of which the forms will for concise-
ness only be stated schematically:

Z� ¼ C�fðuÞ− iω
4πT ½1þ z1;�ðu;ω; k; rh; mÞδþOðδ2Þ�: ð77Þ

Once the solutions are known, then in terms of the u
coordinate, the (modified) quasinormal mode prescriptions
for finding the dual poles of retarded correlators are
(cf. Secs. III A and III C)

lim
u→0

�
Zþ þ uð1 − uM̄Þ ∂Zþ

∂u
�
¼ 0; ð78Þ

lim
u→0

Z− ¼ 0; ð79Þ

where (78) follows directly from (58). First, we find that
Eq. (78) implies

Cþ ¼ C−

�
3rhωþ ik2

mk

�
; ð80Þ

which can be substituted into the solutions in Eq. (77).
Finally, using the mixed boundary conditions from
Eq. (79), we obtain a cubic equation in ω:

ω3 −
�
ωg −

ik2

3rh

�
ω2 −

ik2ωg

3rh
ð3M̄ − 2Þω

þ k2ωg

3r2h
ðm2 þ k2ÞðM̄ − 1Þ ¼ 0; ð81Þ

which can be solved to find the dispersion relations of
the three IR modes in the spectrum at ρ > 0, valid to

sub-leading order in the small δ expansion of Z�. In an
expansion of ω̄ around a small k̄, we find two propagating
sound modes and a gapped mode:

ω1;2 ¼ �
�
1

3
ðM̄ − 1Þ

�
1=2

m̄k

− i

�
3M̄ − 2

6rh
þ � � �

�
k2 þOðk3Þ; ð82Þ

ω3 ¼ ωg þ i

�
M̄ − 1

rh
þ � � �

�
k2 þOðk4Þ; ð83Þ

where the ellipses denote sub-leading m-dependent cor-
rections. Hence, the speed of sound computed from the
holographic spectrum of two-point functions via the
quasinormal mode analysis, to leading-order in m̄, pre-
cisely reproduces the leading-order result from Eq. (49), i.e.
V2
A ¼ 1

3
ðM̄ − 1Þm̄2, which was found through the combi-

nation of calculations in hydrodynamics (effective field
theory from Sec. II A) and holographic thermodynamics in
Sec. III B.
We note that if we set m ¼ 0 in (81) and solve the cubic

equation, then the three solutions contain the two diffusive
modes with dispersion relations from Eqs. (51) and (63),
i.e. momentum and charge diffusion associated with the
one-form symmetry, respectively. The third mode is the
gapped, nonhydrodynamic mode (64). In other words,
while the spectrum of the ρ > 0 theory is consistent with
that at ρ ¼ 0, for the (two) hydrodynamic dispersion
relations, the operations of taking the limit m̄ → 0 and
expanding around k̄ ≈ 0 do not commute (see also [7,24]).
As a further check on the effective field theory set up in

this work and on its consistency with the holographic dual
studied here, we also compute the retarded transverse
stress-energy two-point function from the bulk, finding

Gty;ty
TT;Rðω; kÞ ¼

ðM̄ − 1Þm̄2k2

ω2 − 1
3
ðM̄ − 1Þm̄2k2

þ � � � : ð84Þ

Comparing this result with the hydrodynamic Green’s
function from Eq. (14) and using the thermodynamic
quantities from Sec. III B, we see that it is not only pole
(or the denominator of the Green’s function) that is
consistently computed by the two approaches but also
the residue (or the numerator of Gty;ty

TT;R).
To uncover the regime of validity and limitations of the

effective hydrodynamic theory from Sec. I, we first note
that as the dimensionless parameter m̄ is tuned to become
larger, m̄ ∈ ½0; ffiffiffi

6
p �, the temperature of the dual field theory

state is tuned from T ¼ 3rh=4π to T ¼ 0—the endpoint at
which the bulk geometry becomes that of AdS2 ×R2 with
non-zero entropy density at zero temperature. A complete
dual field theoretic construction of a low-energy effective
theory of transport (hydrodynamics) near, and at the
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extremal point is a well-known and notorious problem due
to the presence of a (large or infinite) set of low-energy
modes on the imaginary ω axis. Despite this fact, certain
features of the spectrum behave according to simple
hydrodynamic predictions (see [80,81]). In our case, a
numerically computed speed of sound shows that the
simple hydrodynamic prediction for the leading k̄-depen-
dent behavior of the “hydrodynamic” poles breaks down
for large, nonperturbative m̄, although this statement is very
sensitive to the size of M̄.
Our numerical procedure again uses a small δ-dependent

expansion of Z� [cf. (77)], with m̄ kept arbitrary, but
now expanded only to leading order in δ, i.e. to
z0;�ðu;ω; k; rh; mÞδ0. We solve for z0;� numerically with
the boundary conditions set by Eqs. (78)–(79). While the
agreement between numerical results and the hydrody-
namic prediction (49) indeed becomes worse for larger m̄
(as the extremal T ¼ 0 point is approached), it is interesting
that increasing the renormalization group scale M̄, which
enters the dispersion relations through the quasinormal
mode prescription, significantly improves the hydrody-
namic prediction. In fact, what we observe is that as M̄
is tuned to be large—i.e. in the M ≫ T and M ≫ ρ
regime, which is far from the instability that occurs below
M̄ ¼ 1—the agreement between the effective hydrody-
namic prediction (49) and the speed of sound computed
numerically becomes very good for large ranges of m̄. The
results are presented in Fig. 5. We leave a more detailed
analysis behind the reasons for the breakdown of effective
theory (detailed quasinormal mode spectrum, numerics
done beyond the hydrodynamic expansion, etc.) to future
works. Unlike in the higher-dimensional case of a hydro-
dynamic theory with a one-form symmetry (in MHD)
where it was argued in Ref. [1] that there could exist a
hydrodynamic effective theory at T ¼ 0 with the UV cut-
off set by the density of the flux lines (the magnetic field),
in this case, it is likely that this may not be possible. From

the point of view of holography, it is plausible that such
differences could be ascribed to the drastically different
behavior of duals to AdS2 and AdS3 geometries.
We end by noting that it would also be interesting to

better understand the role M̄ plays in potential instabilities
in the spectrum when M is small compared to other scales
in the problem, e.g. when M̄ < 1 for small m̄ [see
discussions below Eqs. (46), (49) and (59)].

IV. CONCLUSION

In this work, we presented a new language for con-
structing effective field theories of states with fluctuating
defects of arbitrary dimensionality. The central concept that
enables such constructions are generalized global sym-
metries [2], which were recently used to construct and
extend the theory of long-range dynamics in plasmas, i.e.
magnetohydrodynamics [1]. In MHD, the microscopic
origin of a higher-form, generalized global symmetry is
clear. In this paper, we argued that one can take the
usefulness of such symmetries further and apply them to
setups without a known microscopic, particle-oriented
motivation, and apply them based purely on the basis of
their topological and geometric content. The example we
chose to study was a viscoelastic fluid with transverse
sound modes—a subject which has recently attracted a
considerable amount of attention in Refs. [42,74,82–84],
which include related constructions to the one presented in
this work. Furthermore, in the second part of this paper, we
showed how to construct holographic duals of such states
(extending the works in Refs. [24,25]) and performed a
number of checks to show the consistency of the effective
field theory with its dual and explored parameter regimes in
which the boundary effective field theory breaks down for
our particular setup. As is usual in holography, these duals
should be thought of as UV completions of states, which
flow to hydrodynamic effective theories in the IR. For
this reason, holography enables us to study not only

FIG. 5. Comparison between numerically computed speeds of transverse sound waves for M̄ ¼ f2; 5; 10; 15; 20g and the
hydrodynamic, analytical result of Eq. (49). The hydrodynamic prediction deviates from numerics for large values of m̄. As is
apparent from the plots, the agreement is better for larger values of the dimensionless parameter M̄.
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hydrodynamics, but also the interplay between hydrody-
namic and nonhydrodynamic modes, as for example in
Refs. [68,69].
In future applications of this work, it would be interest-

ing to systematically extend our construction to more
geometrically complicated line defect structures (e.g. tri-
angular or a hexagonal “lattice” structure), include addi-
tional global symmetries or study scenarios in which the
symmetries are discrete, anomalous or broken in a variety
of phenomenologically relevant ways. Furthermore, it
would be interesting to systematically classify all hydro-
dynamic dissipative corrections to the constitutive relations
from Sec. I. Lastly, we believe that a wide variety of
applications of generalized global symmetries may be
found in condensed matter-motivated scenarios, related
for example to Refs. [51,85–88].
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APPENDIX A: THE EQUILIBRIUM
PARTITION FUNCTION

In this section, we derive the ideal constitutive relations
and the thermodynamic relations stated in Eqs. (2)–(5) by
using the equilibrium partition function of [89,90]. Let us
consider the state described in Sec. I to be defined on a
three-dimensional compact manifold with a (Euclidean
signature) background metric gμν that has the topology
of a three-torus. In equilibrium, the system possesses three
independent Killing vectors Kμ

0, K
μ
1 and Kμ

2. In the Wick-
rotated Lorentzian space, Kμ

1 and Kμ
2 are spacelike and

Kμ
0 ∼ uμ is a timelike Killing vector that parametrizes time

translations. On gμν, Kμ
0 thus parametrizes translations

along the thermal cycle with the length of L̄0. Spacelike
Killing vectors Kμ

I ∼ hμI are directed along the line defects
on cycles with lengths L̄I. Recall that I ∈ f1; 2g.
Furthermore, we take Kμ

0 to be orthogonal to Kμ
I i.e.

gμνK
μ
0K

ν
I ¼ 0, which leads to the desired orthogonality

conditions used in Sec. I, i.e. uμh
μ
1 ¼ uμh

μ
2 ¼ 0.

To make contact with the setup of this paper, we need to
further couple the theory to two independent background

two-form gauge fields bI;μν that can source the two-form
conserved currents JμνI . Following the procedure of
[1,89,90], the generating functional Z½gμν; bI;μν� is to be
constructed from all diffeomorphism- and gauge-invariant
scalars in the theory. At zeroth order in derivative expan-
sion, these quantities are the proper lengths of the three
cycles:

LQ ¼ L̄Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμνK

μ
QK

ν
Q

q ; ðA1Þ

where Q ∈ f0; Ig, and two Wilson surfaces WI that are
constructed from bI;μν:

WI ¼ exp ½2β0LIK
½μ
0 K

ν�
I bI;μν�; ðA2Þ

where β0 ¼ L̄0 is the equilibrium temperature determined
by the size of the imaginary time cycle. For the state of
interest, we assume that the two Wilson surfaces are
independent. Finally, the chemical potentials μI can be
defined as

μI ¼
lnðWIÞ
L0LI

: ðA3Þ

With these ingredients in hand, we can then follow Ref. [1]
and recover Eqs. (2)–(5).

APPENDIX B: LONGITUDINAL FLUCTUATIONS

In this part of the appendix, we complete the analysis of
Secs. II A and II B, and show that the generalized global
symmetry based formalism studied in this work agrees to
linear order with the standard formulation of a fluid with
elastic properties not only in the transverse, but also in the
sound channel. Such fluctuations are even under the parity
transformation y → −y with momentum pointing in the x-
direction. In order to compare our computation to a
conventional viscoelastic theory, it is convenient to con-
sider the fluctuations of δρI as opposed to δμI—i.e. we treat
ρI as hydrodynamic variables. First, the temporal compo-
nents of the∇μJ

μν
I ¼ 0 equations—the constraint equations

∇μJ
μt
I ¼ 0—imply that the following fluctuations must

vanish:

δρ1 ¼ 0; δhx2 ¼ 0: ðB1Þ

The only remaining nontrivial equation that follows from
the conservation equations of the two-form currents is

∂tδρ2 þ ρ∂xδux ¼ 0: ðB2Þ

In analogy with the transverse channel, this equation
replaces the usual Josephson relation upon identification
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of δUxx ¼ −δρ2=ρ, where Uxx ¼ ∂xϕx is the strain tensor
[cf. the definition below Eq. (20)]. Indeed, δρ2=ρ precisely
describes the compression of lines that are oriented
perpendicularly to the direction of the propagation of
momentum—i.e. the strain Uxx action on a unit lattice cell
(see Fig. 6).
Next, our goal is to match the speed of the longitudinal

sound of a particular defect configuration studied here to
that derived from conventional hydrodynamics coupled to a
scalar fields [49,51]. For this reason, we restrict our
attention to the case of isotropic crystal structures. We
start by computing the speed form the formalism based on
generalized global symmetries. In the derivation, it is in fact
convenient to relax the condition of isotropy, μ1 ¼ μ2 ¼ μ
and ρ1 ¼ ρ2 ¼ ρ, and only impose it at the end. The
conservation equations are now

∂tδεþ χpxpx
∂xδux ¼ 0; ðB3Þ

∂tδpx þ α1∂xδs − α2ð∂xδρ2Þ=ρ2 ¼ 0; ðB4Þ
where δε ¼ Tδsþ μ1δρ1 þ μ2δρ2, χpxpx

¼ εþ p − μ1ρ1 is
the momentum susceptibility and δpx ¼ χpxpx

δux and
spatial momentum. The functions α1 and α2 are combina-
tions of thermodynamics variables and susceptibilities,
namely,

α1 ¼
�∂ðp − μ1ρ1Þ

∂s
�

ρ2

; ðB5Þ

α2 ¼ −ρ2
�∂p
∂ρ2

�
s
þ ρ1ρ2

�∂μ1
∂ρ2

�
s
: ðB6Þ

These expressions can now be compared with the
equations of motion derived from the standard description
of a viscoelastic medium from Sec. II B, which uses the
stress-energy tensor stated in Eq. (20). The conservation of
energy immediately reduces to Eq. (B3). On the other hand,
the conservation of momentum, ∂tδpx þ ∂iδTix ¼ 0, gives

∂tδpx þ β1∂xδsþ β2∂xδUxx ¼ 0; ðB7Þ

where the coefficients β1 and β2 are

β1 ¼
�∂ðp0 − 2BÞ

∂s
�

Uxx

; ðB8Þ

β2 ¼
�∂ðp0 − 2BÞ

∂Uxx

�
s
− ðB þ GÞ: ðB9Þ

Using the identification between the two descriptions from
the transverse channel, i.e. Eq. (26), one immediately finds
that α1 ¼ β1. As for β2, we see that by using Eq. (26) and
Uxx ¼ −δρ2=ρ, which follows from the Josephson relation
in the longitudinal channel, β2 becomes

β2 ¼ −ρ2
�∂p
∂ρ2

�
s
þ ρ2

�∂μ2ρ2
∂ρ2

�
2

− μ1ρ1 − B: ðB10Þ

Finally, we can deduce that α2 ¼ β2 if the bulk modulus is
identified with the following expression:

B ¼ μ2ρ2 − μ1ρ1 þ ρ22

�∂μ2
∂ρ2

�
s
− ρ1ρ2

�∂μ1
∂ρ2

�
s
: ðB11Þ

Hence, under such identifications, the two descriptions
of linear fluctuations match in both transverse and
longitudinal channels. Note that in an isotropic state
with μ1 ¼ μ2 ¼ μ, ρ1 ¼ ρ2 ¼ ρ and ð∂μ2=∂ρ2Þs ¼
ð∂μ1=∂ρ2Þs, the bulk modulus B vanishes.

APPENDIX C: RENORMALIZATION GROUP
CONDITIONS AND THE WICK ROTATION

In this part of the Appendix, we discuss in more detail
the analytic continuation of correlators from Euclidean to
Lorentzian frequency and their associated renormalization
group condition, which was used in Sec. III D. In holog-
raphy, the necessary procedure for performing the Wick
rotation can be done by using the real-time prescription for
holographic renormalization of Refs. [91,92].
Inspired by the Schwinger-Keldysh (closed-time-path)

formalism [93–96] (see also [97–99]), let us consider a bulk
theory on a complex time contour C, which connects a
spacetime manifold with real time, ML, and another with
Euclidean time,ME. The holographic generating functional
of our bulk theory with Gab and BI;ab then becomes

lnZC½gμν; bμν� ¼ iSL − SE: ðC1Þ

The Lorentzian part of the on-shell action SL, keeping track
of only the higher-form bulk fields, can be written as

FIG. 6. The deformation of the lattice of lines by the transverse
perturbation δhy1ðt; xÞ. In a conventional elastic theory language,
this corresponds to a distortion of a square (shaded area) due to a
compressional deformation, i.e. the strain Uxx.
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SL ⊃ −
1

12

Z
ML

dtd3x
ffiffiffiffiffiffiffi
−G

p
HabcHabc

þ 1

4κLðΛÞ
Z
∂ML

dtd2x
ffiffiffiffiffiffi
−γ

p
HμνHμνjr¼Λ; ðC2Þ

and, similarly, the Euclidean part SE as

SE ⊃
1

12

Z
ME

dτd3x
ffiffiffiffi
G

p
HabcHabc

−
1

4κEðΛÞ
Z
∂ME

dτd2x
ffiffiffi
γ

p
HμνHμνjr¼Λ; ðC3Þ

where κEðΛÞ and κLðΛÞ satisfy the renormalization con-
ditions discussed in Sec. III A. Consequently, one can write
the sources in the boundary field theory [cf. Eq. (35)] on the
Lorentzian and the Euclidean time segments of the contour
C as

bLI;μν ¼
1

2
ðΛJ L

I;μν þ B̂L
I;μνÞ −

Λ
2κL

J L
I;μν

bEI;μν ¼
1

2
ðΛJ E

I;μν þ B̂E
I;μνÞ −

Λ
2κE

J E
I;μν; ðC4Þ

with the running coupling on the two contours given by

Λ
κL

¼ Λ −ML;
Λ
κE

¼ Λ −ME: ðC5Þ

I.e., ML and ME can be two independent integration
constants.

Up until this point,ML andME, and associatedML and
ME, were considered as independent manifolds and energy
scales. However, in order for us to be able to analytically
continue from one to another, we consider the behavior of
the theory around the point where ML and ME are glued
together. Following Sec. 3. 1 of [92], one is required to
impose a matching condition on the fields BL

I;ab and BE
I;ab

across the point where the bulk manifolds ML and ME are
glued together. Namely, we set

BL
I;ab ¼ BE

I;ab ðC6Þ

at the boundaries of the two manifolds. Furthermore, for the
variation of the bulk part of lnZC to be well-defined at this
point—i.e. so that δðiSL − SEÞ ¼ 0—the bulk field
strengths must satisfy

iHL
I;tab þHE

I;τab ¼ 0 ðC7Þ

at the point whereML andME are glued together. Note that
the matching condition (C6) also implies that B̂E

I;ab ¼ B̂L
I;ab

at the same point. Finally, it is clear from the Schwinger-
Keldysh formalism that these conditions parallel the usual
boundary conditions by which one is required to match
fields at the ends of various parts of the time contour. In our
case, the field theory sources should satisfy bLI;μν ¼ bEI;μν at
the gluing point. Together, this condition and the matching
conditions (C6) and (C7) imply that one has to set
ME ¼ iML. Hence, the analytic continuation of the
correlator hJτiI JτjI i to hJtiI JtjI iR in Sec. III D requires us to
use ME ¼ iM.
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