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We establish a correspondence between perturbative classical gluon and gravitational radiation emitted
by spinning sources, to linear order in spin. This is an extension of the nonspinning classical perturbative
double copy and uses the same color-to-kinematic replacements. The gravitational theory has a scalar
(dilaton) and a 2-form field (the Kalb-Ramond axion) in addition to the graviton. In a preceding paper
[W. D. Goldberger et al., Phys. Rev. D 97, 105018 (2018)], we computed axion radiation in the
gravitational theory to show that the correspondence fixes its action. Here, we present complete details of
the gravitational computation. In particular, we also calculate the graviton and dilaton amplitudes in this
theory and find that they precisely match with the predictions of the double copy. This constitutes a
nontrivial check of the classical double copy correspondence and brings us closer to the goal of simplifying
the calculation of gravitational wave observables for astrophysically relevant sources.
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I. INTRODUCTION

Einstein’s theory of general relativity, one of the most
beautiful triumphs of modern physics, describes classical
gravity to the best of our knowledge. However, the
computational effort required to solve Einstein’s equations,
even perturbatively, is significant. On the other hand, in
recent years, we have seen a series of remarkable develop-
ments in the study of perturbative scattering amplitudes in
quantum field theory with both theoretical and practical
significance. One could ask whether these methods are
useful for the problem of obtaining solutions of classical
gravity.
A recent promising approach in this direction relies on an

idea first discovered in the context of quantum scattering
amplitudes in gauge and gravity theories by Bern,
Carrasco, and Johansson (BCJ) [1–3]. Numerators of gauge
theory Feynman diagrams factorize into color factors
(arising from the gauge group) and kinematic factors (made
up of velocities, polarizations, etc.). Simply put, the BCJ
prescription is to write the gauge theory amplitude in a
certain form and replace every color factor with its
kinematic factor counterpart. This procedure then gives
the corresponding gravity amplitude. This BCJ double copy
was, in turn, motivated by the closed string–open string
amplitude relations due to Kawai, Lewellen, and Tye (KLT)
[4]. KLT showed that the integrands of closed tree-level

string amplitudes factorize into open string ones. In the
field theory limit, these express gravity tree amplitudes as a
product of two corresponding gauge theory tree ampli-
tudes. The BCJ double copy includes the field theory limit
of the KLT relations as a special case. It has been proven for
all tree-level scattering amplitudes [3] and there is increas-
ing evidence at the loop level in various settings [5]. See [6]
for a recent review.
The question of whether the double copy extends to

classical solutions in gauge theory and general relativity
was first raised in [7]. Their method of obtaining solutions
of general relativity in the Kerr-Schild gauge was extended
and studied in more detail in [8–10]. The BCJ double copy
allows for the calculation of precision observables in
gravity that were previously not amenable to a direct com-
putation, by replacing such a calculation with the analogous
gauge theory computation. Can such an idea be used to
simplify the perturbative expansion of the equations of
general relativity and reduce the computational effort
required for gravitational wave calculations?1

Goldberger and Ridgway probed this question [14] by
starting with a system of well-separated point color
charges coupled to the Yang-Mills field. They calculated
the Yang-Mills radiation that the sources generate, by self-
consistently solving the equations of motion for the sources
and the field perturbatively. Remarkably, they found that a
set of simple color-to-kinematic replacements produces
gravitational radiation emitted by an analogous system of
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1It is to be noted that an effective field theory approach to
tackle the binary inspiral problem was introduced in [11]
and extended to include spinning sources in [12]. A recent
comprehensive review can be found in [13].
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point masses. It was shown in [15] that these color-to-
kinematic replacement rules can also be used to generate
Yang-Mills radiation from scalar radiation, thereby com-
pleting a two-fold classical double copy for leading order
radiation. This classical perturbative double copy was
extended to radiation from sources in time-dependent orbits
in [16], such as the bound orbits relevant for gravitational
wave detection [17]. Reference [18] showed that Einstein-
Yang-Mills radiation can be obtained from Yang-Mills
scalar radiation. Another approach to generate spacetime
perturbatively, that is inspired by the double copy, can be
found in [19].
In this paper, we complete the extension of the pertur-

bative classical double copy to the case of radiation from
spinning sources started in [20]. Our goal is to compute the
gravitational radiation emitted from a system of spinning
sources moving on general time-dependent trajectories, that
satisfy the equations of motion, in d dimensions. The
motion of extended objects under a gravitational field has
been approached through a variety of ways [21–25]. The
formalism we use to describe spinning objects is detailed in
the appendixes of [20] and is equivalent to the one used in
[12,26], in the context of effective field theories for
extended gravitational sources.
Instead of attempting to solve Einstein’s equations with

spinning sources, we look to utilize the classical double
copy [14]. To this end, we consider, instead, a system of
point colored charges, with color variable caðτÞ [27], that
couple to the Yang-Mills field.2 Each point charge pos-
sesses a spin angular momentum SμνðτÞ which couples to
the Yang-Mills field via a chromomagnetic spin dipole
coupling

Sint ¼
gsκ
2

Z
dτcaSμνFa

μν; ð1Þ

with coupling strength κ and τ the worldline coordinate. We
let the particles evolve self-consistently under their equa-
tions of motion and compute, to linear order in spin, the
amplitude of Yang-Mills radiation Aμ

aðkÞ that they gen-
erate. We then employ the simple color-to-kinematics
substitutions [14,16] to get a double copy radiation
amplitude AμνðkÞ,

ϵ�aμ ðkÞAμ
aðkÞ ↦ ϵ�μðkÞϵ̃�νðkÞAμνðkÞ: ð2Þ

Consistency of the double copy amplitude AμνðkÞ with
gravitational Ward identities sets the chromomagnetic
dipole coupling strength κ for each particle to be the same
constant κ ¼ −1. The double copy amplitude AμνðkÞ can,
in general, be decomposed into its antisymmetric,

symmetric-traceless, and trace components. The corre-
sponding radiation fields are also expected by decomposing
products of vector irreducible representations of the mass-
less little group SOðd − 2Þ,

n ⊗ n ¼ 1 ⊕
nðnþ 1Þ

2
− 1 ⊕

nðn − 1Þ
2

; ð3Þ

Aμ ⊗ Aν ¼ ϕ ⊕ hμν ⊕ Bμν; ð4Þ

where ϕ is a scalar (dilaton), hμν the graviton, and Bμν the
Kalb-Ramond axion [28].3

In the case of nonspinning sources, the double copied
field is symmetric, thereby implying the field content of the
gravitational theory to be ðhμν;ϕÞ. This can be understood
by noting that one cannot write down a linear interaction of
nonspinning particles with the axion field. Alternately, in
this case, gravitational radiation can be seen as arising as a
two-fold double copy of the biadjoint scalar radiation [15].
The latter theory enjoys a G × G̃ global symmetry and is
invariant under the exchange of these two groups. The
color-kinematic substitution rules, which take an adjoint
index of each group to a Lorentz index, treat both adjoint
indices corresponding to these two groups symmetrically.
Hence, the resulting gravitational radiation is symmetric
under the exchange of the Lorentz indices. The action of the
gravitational theory was shown to be [14]

S ¼ −2md−2
Pl

Z
ddx

ffiffiffi
g

p ½R − ðd − 2Þgμν∂μϕ∂νϕ�

−
X
α

mα

Z
dτeϕ: ð5Þ

For spinning sources, we expect the field content of the
gravitational theory to be ðhμν; Bμν;ϕÞ. Decomposing the
double copy amplitude lands us at graviton, dilaton, and
axion radiation in this theory. We write down the most
general action with two derivatives using diffeomorphism
invariance and 2-form gauge invariance. Consistency with
the double copy fixes the action to be

Sg ¼ −2md−2
Pl

Z
ddx

ffiffiffi
g

p �
R − ðd − 2Þgμν∂μϕ∂νϕ

þ 1

12
e−4ϕHμνσHμνσ

�
; ð6Þ

where Hμνσ ¼ ðdBÞμνσ is the field strength of the 2-form.
This action also describes the BCJ double copy of pure
gluons [3] (see also [19]) and appears in the low energy
effective action of oriented closed strings. Compared to the
nonspinning case, the spinning sources have an additional
interaction, namely, that with the axion field given by

2Finite size corrections are systematically accounted for
by including higher order terms in an effective field theory
framework; see [11].

3To be explicit, we refer to the 2-form field Bμν in any
dimension as the axion.
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SHS ¼
1

4

Z
dxμHμνσSνσe−2ϕ: ð7Þ

We note that this action differs from the one in [20] as the
“string frame” metric g̃μν ¼ gμνe2ϕ was used to define spin
there, as opposed to the ordinary metric gμν used in this
paper (for more details, refer to Sec. IV).
The rest of the paper is organized as follows. In Sec. II,

we review the computation of classical gluon radiation
from a system of several spinning sources to leading order
in spin that was obtained in [20]. We obtain the double copy
of this radiation amplitude in Sec. III and decompose it into
radiation in the graviton, dilaton, and axion channels. In
Sec. IV, we calculate the corresponding radiation ampli-
tudes emitted by a collection of several spinning masses in
the gravitational theory given by Eqs. (6) and (7). We
discuss our results and further questions raised in Sec. V.

II. YANG-MILLS RADIATION

We begin by reviewing the calculation of Yang-Mills
radiation emitted by a classical system of several spinning
colored particles in d dimensions, presented in [20]. For
each particle, with worldline coordinate s, the degrees of
freedom are a worldline trajectory xμðsÞ, a spin angular
momentum SμνðsÞ, and a color charge caðsÞ [27] trans-
forming in the adjoint representation of the gauge group G.
We first present some details of the spinning formalism of
[20] that are needed to describe the interactions of such a
system with a gauge field.4

In order to describe the spin degree of freedom, we
endow each worldline with an orthonormal reference frame
eIμðsÞ [24]. The spin SIJðsÞ is then introduced as the
variable conjugate to the angular velocity

ΩIJ ≡ ημνeIμ
d
ds

eJν ¼ −ΩJI; ð8Þ

whereas the momentum pIðsÞ is conjugate to xIðsÞ. In d
dimensions, the number of spatial rotational degrees of
freedom is 1

2
ðd − 1Þðd − 2Þ. Hence, we need to impose a

constraint on the spin angular momentum to get this
physical number of degrees of freedom. Following
[24,29], this can be done in a number of different ways.
We choose to impose the constraint that the spin is
transverse to the momentum,

Sμνpν ¼ 0: ð9Þ

We also introduce an einbein e that enforces worldline
reparametrization invariance [eðsÞds is invariant under

s ↦ s0ðsÞ�, and a Lagrange multiplier λI that enforces
the spin constraint above.
Each particle is described by the action

Spp ¼ −
Z

dxμeIμpI þ
1

2

Z
dseðpIpI −m2ðSÞ þ � � �Þ

þ 1

2

Z
dsSIJΩIJ þ

Z
dseλISIJpJ

− gs

Z
dxμcaAa

μ þ
gsκ
2

Z
dsecaSμνFa

μν; ð10Þ

where the first line has all the terms that describe a free
particle, and the second line contains the interaction terms
of the particle with the gauge field. Here, gs is the Yang-
Mills coupling constant, and κ is the spin dipole coupling
constant. This action, together with the usual Yang-Mills
action in the bulk, constitutes the complete action for the
system of particles interacting with a gauge field.
The resulting equations of motion are the following.

Varying the action with respect to the gauge field, we have
the usual Yang-Mills field equations,

DνF
νμ
a ðxÞ ¼ gsJ

μ
aðxÞ; ð11Þ

with the color current generated by the particles given by

JμaðxÞ≡ −
1

gs

δ

δAa
μðxÞ

Spp

¼
X
α

Z
dxμαcaα

δdðx − xαðsαÞÞffiffiffi
g

p

− κα

Z
dsαeαSμνDν

�
caα

δdðx − xαðsαÞÞffiffiffi
g

p
�
: ð12Þ

Here, the sum runs over all the particles, indexed by α.
Imposing current conservation covariantly, DμJ

μ
a ¼ 0,

gives the equation of motion in color space,

ð_xα ·DÞcaα ¼
iκαgs
2

eαS
μν
α ½Fμν; cα�a: ð13Þ

The energy-momentum tensor for a single spinning particle
comes out to be

Tμν
ppðxÞ≡ −

2ffiffiffi
g

p δ

δgμνðxÞ
Spp ¼

Z
dxðμpνÞδðx − xðsÞÞ

þ
Z

dxðμSνÞσ∂σδðx − xðsÞÞ

− κgs

Z
ds

δðx − xðsÞÞffiffiffi
g

p caFa
σ
ðμSνÞσ; ð14Þ

where the brackets () indicate symmetrization of the
corresponding indices. The integral of the divergence of
conserved currents with arbitrary support X should vanish

4We use the conventionsDμ¼∂μþigsAa
μTa, ½Ta;Tb�¼ifabcTc,

and ðTa
adjÞbc ¼ −ifabc.
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on shell:
R
ddx

ffiffiffi
g

p
Xν∇μðTμν

YM þ Tμν
ppÞjon-shell ¼ 0. This

leads to the equations of motion for the momentum and
the spin,

d
ds

pμ
α ¼ gscaαF

μν
a _xαν −

καgseα
2

Sρσα caαDμFa
ρσ; ð15Þ

d
ds

Sμνα ¼ _xναp
μ
α− _xμαpν

α− καgseαcaαF
aμ
σ Sνσα þ καgseαcaαFa

σ
νSμσα :

ð16Þ

The motion of the particles is thus described by the
system of equations (13), (15), and (16), subject to the
constraint Eq. (9). Alternately, these equations of motion
can also be obtained by varying the action with respect to
ðxμ; eIμ; e; pI; SIJ; λIÞ. The constants of the motion are caca,
SμνSμν, and m2 ¼ pμpμ þ gsκcaSμνFa

μν.
From the invariance of the spin constraint,

d
ds

ðSμνpνÞ ¼ 0; ð17Þ

we can solve for the velocity vμ ≡ _xμ in terms of the other
variables. In the following, we use reparametrization free-
dom to choose eα such that sα ¼ τα, the proper time for
each particle, whereby pμ

α ≃ vμα up to OðS0Þ.
In the Lorenz gauge, ∂μA

μ
a ¼ 0, the Yang-Mills field

equations (11) take the form

□Aμ
a ≡ gsJ̃

μ
aðxÞ ¼ gsJ

μ
a þ gsfabcAb

νð∂νAμ
c − Fμν

c Þ; ð18Þ

defining the source current J̃μaðxÞ, which includes contri-
butions from both the point sources as well as the field
configuration. It is conserved, ∂μJ̃

μ
aðxÞ ¼ 0, and related to

observables measured at null infinity. The specific relation
between the radiation field at null infinity and the source
current in momentum space J̃μaðkÞ ¼

R
ddxeik·xJ̃μaðxÞ

depends on the dimension d. For example, in d ¼ 4
dimensions, the radiation field is given by

lim
r→∞

Aμ
aðxÞ ¼ gs

4πr

Z
dω
2π

e−iωtJ̃μaðkÞ; ð19Þ

with kμ ¼ ðω; k⃗Þ ¼ ωð1; x⃗=rÞ. In any dimensions, the total
energy-momentum radiated out to infinity in polarization
channel r is given by

ΔPμ
r ¼

Z
k
ð2πÞθðk0Þδðk2Þkμjϵ�ar;νðkÞgsJ̃νaðkÞj2; ð20Þ

with ϵar;μðkÞ being gluon polarization vectors. These are
normalized as ϵ�ar ðkÞ · ϵbr0 ðkÞ ¼ −δabδrr0 and satisfy the
gauge condition k · ϵar ðkÞ ¼ 0. (The polarization indices
do not play any role in our calculations, so they will be
suppressed from now on.) Suitable integrals of the

momentum space source current J̃μaðkÞ thus produce
physical observables at null infinity. Hence, in what
follows, our object of interest is J̃μaðkÞ. We compute it
perturbatively in the Yang-Mills coupling constant,5 and to
linear order in spin, by consistently solving the system of
equations for the particles and the field.
In the following, we employ the same notation as in [20],

Sμνα pν ≡ ðSα ∧ pÞμ; ð21Þ

kμS
μν
α pν ≡ ðk ∧ pÞα; ð22Þ

to denote contractions of the spin angular momentum with
any Lorentz vectors k and p. We also useOð…Þ notation to
denote contributions at a particular order.
The leading order current can be seen as the contribu-

tions of the Feynman diagrams in Figs. 1(a) and 1(b) to
lowest order in the coupling constant. Following the results
in [16], we can work with particles traveling along general
time-dependent (possibly bound) orbits, say xμαðταÞ, pμ

αðταÞ,
caαðταÞ, and Sμνα ðταÞ. In the following, we drop the explicit
dependence on τ, so that, for example, xμα ≡ xμαðταÞ. Then to
all orders in perturbation, the contribution from the sum of
these diagrams can be written as

(a) (c)

(d)(b)

FIG. 1. Feynman diagrams for the perturbative expansion of
J̃μaðkÞ up to order Oðg2sÞ and to linear order in spin. (a) Con-
tribution to the spin-independent color current due to the
equations of motion. (b)–(d) Contributions from a single insertion
of the spin-dependent color current.

5See [14–16] for a detailed discussion of the explicit small
expansion parameter that suppresses higher order contributions.
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J̃μaðkÞjFig: 1ðaÞþðbÞ ¼
X
α

Z
dταeik·xαcaα½vμα þ iκαðSα ∧ kÞμ�: ð23Þ

At leading order, this gives rise to the field6

Aμ
aðxÞjOðg1sÞ ¼ gs

Z
ddl
ð2πÞd

e−il·x

l2
J̃μaðlÞjOðg1sÞ ¼ gs

X
α

Z
dτα

ddl
ð2πÞd

e−il·ðx−xαÞ

l2
caα½pμ

α þ iκαðSα ∧ lÞμ�: ð24Þ

This lowest order field then induces corrections in color, position, momentum, and spin of the particles, which causes the
particle to radiate at the next order in perturbation.
The first contribution to radiation comes from gluons emitted directly by the particles. This is the Oðg2sÞ contribution to

Eq. (23), given by

J̃μaðkÞjFig: 1ðaÞþðbÞ;Oðg2s ;S1Þ ¼
X
α

Z
dταeik·xα

i
k · vα

�
_caαv

μ
α þ caα

�
_vμα −

k · _vα
k · vα

vμα

������
Oðg2s ;S1Þ

ð25aÞ

−
X
α

κα

Z
dταeik·xα

1

k · vα

�
_caαðSα ∧ kÞ þ caα

�
ð _Sα ∧ kÞ − k · _vα

k · vα
ðSα ∧ kÞμ

������
Oðg2s ;S1Þ

; ð25bÞ

where the first line corresponds to inserting the spin-dependent solutions [20], while the second line corresponds to
inserting spin-independent solutions [14]. The explicit expressions are given by Eqs. (A1) and (A2) in Appendix A 1, where
we have introduced an integration measure over worldline parameters and momenta given by

dμαβðkÞ≡ dταdτβ

�
ddlα

ð2πÞd
eilα·xα

l2
α

��
ddlβ

ð2πÞd
eilβ ·xβ

l2
β

�
ð2πÞdδdðk − lα − lβÞ: ð26Þ

At this order Oðg2sÞ in perturbation, there are two contributions from diagrams without deflections in the particle
trajectories. The first of these is from Fig. 1(c),

J̃μaðkÞjFig: 1ðcÞ;Oðg2s ;S1Þ ¼ ig2s
X
α;β
α≠β

Z
dμαβðkÞ½cα; cβ�al2

αðSα ∧ pβÞμ: ð27Þ

The second of the zero deflection contributions is from the diagram with the triple vertex in Fig. 1(d),

J̃μaðkÞjFig: 1ðdÞ;Oðg2s ;S1Þ ¼ −ig2s
X
α;β
α≠β

Z
dμαβðkÞ½cα; cβ�a½2ðk · pβÞðSα ∧ lαÞμ þ ðlα ∧ pβÞαðlα − lβÞμ þ 2ðlα ∧ lβÞαpμ

β�:

ð28Þ

We can write down the total expression for the leading order radiation (as written in [20]) coming from spinning particles
in general orbits consistent with the equations of motion. The result is a sum of two color structures:

J̃μaðkÞjOðg2s ;S1Þ ¼ ig2s
X
α;β
α≠β

Z
dμαβðkÞ½ðcα · cβÞcaαAμ

s þ ½cα; cβ�aAμ
adj�; ð29Þ

with

6As we are in a classical setup, our propagators, here and in the rest of the paper, are assumed to be defined with retarded boundary
conditions 1=k2 ¼ 1=ððk0 þ iϵÞ2 − k⃗2Þ and 1=k · p ¼ 1=ðk · pþ iϵÞ.
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Aμ
adj ≡ κα

�
ðlα ∧ pβÞαðlβ − lαÞμ −

l2
α

k · pα
ðlβ ∧ pβÞαpμ

α −
l2
β

k · pβ
ðlα ∧ pβÞαpμ

β þ l2
αðSα ∧ pβÞμ

�

− 2καðk · pβÞ
�
ðSα ∧ lαÞμ −

ðk ∧ lαÞα
k · pβ

pμ
β

�
− κα

l2
α

k · pα
ðpα · pβÞðSα ∧ kÞμ; ð30Þ

and

Aμ
s ≡ ð1þ καÞ2

m2
α

l2
α

�
ðk · pαÞ

�
ðSα ∧ pβÞμ −

ðk ∧ pβÞα
k · pα

pμ
α

�
þ ðpα · pβÞ

�
ðSα ∧ lβÞμ −

ðk ∧ lβÞα
k · pα

pμ
α

��

− κβl2
α

�
ðSβ ∧ lβÞμ −

ðk ∧ lβÞβ
k · pα

pμ
α

�

þ κ2α
l2
α

k · pα

�
ðk · pβÞ

�
ðSα ∧ lβÞμ −

ðk ∧ lβÞα
k · pβ

pμ
β

�
− ðk · lβÞ

�
ðSα ∧ pβÞμ −

ðk ∧ pβÞα
k · pβ

lμ
β

��

þ κα
l2
α

k · pα

�
ðlβ ∧ pβÞα

�
lμ
β −

k · lβ

k · pα
pμ
α

�
þ ðk · pβÞðSα ∧ kÞμ

�
þ κβ

l2
α

k · pα
ðlβ ∧ pαÞβ

�
lμ
β −

k · lβ

k · pα
pμ
α

�

− κα
l2
α

ðk · pαÞ2
ðpα · pβÞðk · lβÞðSα ∧ kÞμ: ð31Þ

It is easy to check that this result satisfies the Ward identity
kμJ̃

μ
aðkÞ ¼ 0 even off shell.

III. DOUBLE COPY

As in the spinless case [14,16], we transform the Yang-
Mills radiation by the following set of color-kinematic
substitution rules:

caαðτÞ ↦ pμ
αðτÞ; ð32Þ

½cαðτÞ; cβðτÞ�a ↦ Γμνρð−k;lα;lβÞpναðτÞpρβðτÞ; ð33Þ

where Γμνρð−k;lα;lβÞ is the kinematic part of the 3-point
gluon vertex Feynman rule, defined as

Γμνρð−k;lα;lβÞ

≡ 1

2
½ðlβ − lαÞμηνρ þ ðlα þ kÞρημν − ðlβ þ kÞνημρ�:

We also identify the respective coupling constants,

gs ↦
1

2mðd−2Þ=2
Pl

≡ η: ð34Þ

In the nonspinning case, the momenta remained unchanged
under the double copy pμ

αðτÞ ↦ pμ
αðτÞ. Similarly, in the

spinning case, we use the substitution Sμνα ðτÞ ↦ Sμνα ðτÞ.
We use the above substitution rules to transform the
Yang-Mills radiation amplitudeAμ

aðkÞ, defined asAμ
aðkÞ≡

gsJ̃
μ
aðkÞjk2¼0, and obtain the double copy radiation ampli-

tude AμνðkÞ, with k2 ¼ 0, as

ϵ�aμ ðkÞAμ
aðkÞ ↦ ϵ�μðkÞϵ̃�νðkÞAμνðkÞ; ð35Þ

where the on-shell gluon polarization ϵ�aμ ðkÞ has been
formally replaced by a product of on-shell independent
polarizations ϵ�μðkÞϵ̃�νðkÞ. Thus, the double copy amplitude
AμνðkÞ is defined up to terms that vanish when dotted into
these polarization vectors. Explicitly, it is given by

AμνðkÞjOðη3;S1Þ ¼
i

8mðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

��
1

2
ðpα · pβÞðlβ − lαÞν þ ðk · pβÞpν

α − ðk · pαÞpν
β

	
Aμ

adj−ðpα · pβÞpν
αA

μ
s

�
;

ð36Þ

where Aμ
adj and Aμ

s are given in Eqs. (30) and (31),
respectively.
We see that kμJ̃μðkÞ ¼ 0 automatically guarantees

kμAμνðkÞ ¼ 0 because the color-kinematic substitution

rules do not affect this Lorentz index. For AμνðkÞ to define
the radiation amplitudes consistently in a gravitational
theory, we also need it to satisfy the Ward identity in
the second Lorentz index kνAμνðkÞ ¼ 0. Unlike the
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nonspinning case, this now imposes an extra constraint on
the Yang-Mills theory [20], namely, that

κα ¼ −1: ð37Þ

Thus, while the Yang-Mills theory is consistent for any
value of the chromomagnetic coupling constant κα, we find

that the double copy procedure only works when all the
particles couple to the gauge field with this special value of
the coupling constant. As was noted in [20], in d ¼ 4, this
value corresponds to the so-called “natural” value [30,31]
of the gyromagnetic ratio g ¼ 2. For this special value of
the coupling constant, we can write the double copy
amplitude as

AμνðkÞjOðη3;S1Þ ¼ −
i

8m3ðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

�
l2
αðpα · pβÞpν

α

k · pα

�
k · lβ

k · pα
ððpα · pβÞðSα ∧ kÞμ þ pμ

α½ðlβ ∧ pβÞα

− ðlβ ∧ pαÞβ�Þ − ðk · lβÞðSα ∧ pβÞμ þ
1

2
ðlμ

β − lμ
αÞ½ðlα ∧ pβÞα þ ðlβ ∧ pαÞβ� − pμ

αðlα ∧ lβÞβ

− pμ
βðlα ∧ lβÞα − ðk · pβÞðSα ∧ lαÞμ þ ðk · pαÞðSβ ∧ lβÞμ

�
þ
�
pν
αðk · pβÞ − pν

βðk · pαÞ

þ 1

2
ðlν

β − lν
αÞðpα · pβÞ

��
−

l2
α

k · pα
ððpα · pβÞðSα ∧ kÞμ − pμ

α½ðlβ ∧ pαÞβ − ðlβ ∧ pβÞα�Þ

þ lμ
β½ðlβ ∧ pαÞβ þ ðlα ∧ pβÞα� − 2pμ

βðlα ∧ lβÞα þ 2ðk · pαÞðSβ ∧ lβÞμ þ l2
αðSα ∧ pβÞμ

��
; ð38Þ

where we have used the gauge freedom to add a term
proportional to kμ, so that, on shell, the double copy
satisfies the Ward identity in both indices.
We can use the double copy to obtain radiation ampli-

tudes in various channels, by decomposing the product of
polarizations in Eq. (35) into irreducible representations of
the massless little group SOðd − 2Þ as

ϵμϵ̃ν ¼ ϵμν þ aμν þ
ϵ · ϵ̃
d − 2

πμν; ð39Þ

where ϵμν≡ 1
2
ðϵμϵ̃νþ ϵνϵ̃μÞ− ϵ·ϵ̃

d−2πμν, aμν ≡ 1
2
ðϵμϵ̃ν − ϵνϵ̃μÞ,

and ϵ·ϵ̃
d−2 πμν are the symmetric-traceless, the antisymmetric,

and the trace parts, respectively. Here πμν ≡ ημν −
ðkμqνþkνqμÞ

k:q

is the projector onto the (d − 2)-dimensional space spanned
by the polarization vectors orthogonal to both the external
momentum k and an arbitrary reference vector q, satisfy-
ing q2 ¼ 0.
In the nonspinning case, it was shown, by an explicit

computation, that the double copy produces nonvanishing
radiation amplitudes in the dilaton and graviton channels of
a gravitational theory whose action is S ¼ Sg þ Spp, with

Sg ¼ −2md−2
Pl

Z
ddx

ffiffiffi
g

p ½R − ðd − 2Þgμν∂μϕ∂νϕ�; ð40Þ

and

Spp ¼ −
X
α

mα

Z
dταeϕ: ð41Þ

In d ¼ 4, for example, this means that the radiation fields at
null infinity calculated in this dilaton gravity theory can be
reproduced with the double copy, by writing

h�ðt; n⃗Þ ¼
4GN

r

Z
dω
2π

e−iωtϵ�μν� ðkÞAμνðkÞ; ð42Þ

ϕðt; n⃗Þ ¼ GN

r

Z
dω
2π

e−iωtημνAμνðkÞ: ð43Þ

Here n⃗ ¼ k⃗=jk⃗j, and ω ¼ k0 is the frequency of radiation
(in d ¼ 4, GN ¼ 1=32πm2

Pl).
As discussed in the Introduction, we expect the double

copy amplitude to also have a nonvanishing antisymmetric
component. This corresponds to the Kalb-Ramond axion
BμνðxÞ in the gravitational theory. Hence, our purported
gravitational theory has the field content ðhμν; Bμν;ϕÞ. We
now write down the radiation amplitudes in this theory, as
predicted by the double copy.
The axion amplitude is defined to be

ÂBðkÞ≡ a�μνðkÞAμνðkÞ: ð44Þ

2-form gauge invariance implies that the polarization tensor
is defined up to gauge transformations aμνðkÞ → aμνðkÞ þ
kμζνðkÞ − kνζμðkÞ for an arbitrary gauge parameter ζνðkÞ.
Hence, the axion amplitude is predicted to be
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ÂBðkÞjOðη3;S1Þ ¼ −
ia�μνðkÞ

16m3ðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

��
l2
αðpα · pβÞ
k · pα

�
pν
α

�
k · lβ

�
pα · pβ

k · pα
ðSα ∧ kÞμ − ðSα ∧ pβÞμ

	

− ðk · pβÞðSα ∧ kÞμ − ðk · pβÞðSα ∧ lαÞμ þ
1

2
ðlμ

β − lμ
αÞðk ∧ pβÞα − pμ

βðlα ∧ lβÞα
�	

−
1

2
ðpα · pβÞðlβ − lαÞνðSα ∧ kÞμ

	
þ l2

αððpα · pβÞðpν
αðSβ ∧ lβÞμ þ pν

βðSα ∧ kÞμ

− pμ
βðlβ − lαÞνðlα ∧ lβÞαÞ − pν

βp
μ
α½ðlβ ∧ pαÞβ − ðlβ ∧ pβÞα�Þ

þ
�
pν
αðk · pβÞ − pν

βðk · pαÞ þ
1

2
ðlν

β − lν
αÞðpα · pβÞ

	
ð2ðk · pαÞðSβ ∧ lβÞμ

þ l2
αðSα ∧ pβÞμÞ þ lμ

βððk · pβÞpν
α − ðk · pαÞpν

βÞ½ðlα ∧ pβÞα þ ðlβ ∧ pαÞβ� − fμ ↔ νg
�
: ð45Þ

Similarly, the graviton amplitude is given by

ÂgðkÞ≡ ϵ�μνAμνðkÞ; ð46Þ

where the polarization tensor ϵμνðkÞ is defined up to gauge transformations ϵμνðkÞ → ϵμνðkÞ þ kμζνðkÞ þ kνζμðkÞ for an
arbitrary gauge parameter ζνðkÞ. The explicit prediction is

ÂgðkÞjOðη3;S1Þ ¼
iϵ�μν

8m3ðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

�ðpα · pβÞðk · lβÞl2
α

2ðk · pαÞ2
�
ððlβ ∧ pαÞβ − ðlβ ∧ pβÞαÞpμ

αpν
α

− ðpα · pβÞðSα ∧ kÞμpν
αg þ

pα · pβ

2ðk · pαÞ
�
1

2
l2
αðpα · pβÞðSα ∧ kÞμðlβ − lαÞν þ l2

αðk · pβÞðSα ∧ lαÞμpν
α

þ l2
αðk · pβÞðSα ∧ kÞμpν

α þ l2
αðk · lβÞðSα ∧ pβÞμpν

α þ l2
αðlα ∧ lβÞαpμ

αpν
β þ l2

αðlα ∧ lβÞβpμ
αpν

α

− ðlα · lβÞðlα ∧ pβÞαkμpν
α − l2

αðk ∧ pβÞαlμ
βp

ν
α þ l2

αfðlβ ∧ pβÞα − ðlβ ∧ pαÞβ
��

2lβ −
1

2
k
	

μ

pν
α

�

þ ðk · pβÞl2
α

2ðk · pαÞ
fðlβ ∧ pβÞα − ðlβ ∧ pαÞβgpμ

αpν
α þ

1

2
ðpα · pβÞ

�
−l2

αðSα ∧ kÞμpν
β − l2

αðSβ ∧ lβÞμpν
α

þ
�
ðk · pβÞðSα ∧ lαÞμ −

1

2
l2
αðSα ∧ pβÞμ þ ðlα ∧ lβÞαpμ

β þ
1

2
ðlα ∧ pβÞαðlα − lβÞμ

	
ðlβ − lαÞν

�

−
l2
α

2
fðlβ ∧ pβÞα − ðlβ ∧ pαÞβgpμ

αpν
β þ

�
ðk · pβÞðSα ∧ lαÞμ −

1

2
ðSα ∧ pβÞμ

þ ðlα ∧ lβÞαpμ
β þ ðlα ∧ pβÞα

�
lα −

1

2
k

	
μ
�
ððk · pβÞpν

α − ðk · pαÞpν
βÞ þ ðμ ↔ νÞ

�
: ð47Þ

Finally, the dilaton amplitude is defined to be

ÂsðkÞ≡ 1

ðd − 2Þ1=2 ημνA
μνðkÞ: ð48Þ

This predicts the total dilaton amplitude as

ÂsðkÞjOðη3;S1Þ ¼ −
i

8m3ðd−2Þ=2
Pl ðd − 2Þ1=2

X
α;β
α≠β

Z
dμαβðkÞp2

α

�ðpα · pβÞðk · lβÞl2
α

ðk · pαÞ2
fðlβ ∧ pαÞβ − ðlβ ∧ pβÞαg

þ l2
α

k · pα
fðpα · pβÞðk ∧ lβÞβ þ ðk · pβÞðlβ ∧ pβÞα − ðk · pβÞðlβ ∧ pαÞβg þ 2ðk · pβÞðlα ∧ lβÞβ

�
: ð49Þ
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IV. THE GRAVITATIONAL THEORY

In this section, we calculate the amplitudes for dilaton,
graviton, and axion radiation emitted by a set of spinning
sources coupled to gravity. We note that the color-kin-
ematic substitution only contributes to additional powers of
momenta in the numerators so it can only improve the
analyticity of the amplitude. Hence, we expect the resulting
gravitational theory to be local. The most general action in
the bulk, up to two derivatives, with field content
ðhμν; Bμν;ϕÞ that preserves the symmetries, namely, diffeo-
morphism invariance and 2-form gauge invariance, is

Sg ¼ −2md−2
Pl

Z
ddx

ffiffiffi
g

p �
R − ðd − 2Þgμν∂μϕ∂νϕ

þ 1

12
fðϕÞHμνσHμνσ

�
; ð50Þ

where Hμνσ ¼ ðdBÞμνσ is the field strength corresponding
to the 2-form field and fðϕÞ ¼ 1þ f0ð0Þϕþ � � �.
Next, we move to the point particle action. We calculate

Yang-Mills radiation to linear order in spin, whereas, on the
gravitational side, it is easy to see that the leading order
interaction of gravitons with the spin is second order in
spin. However, the double copy predicts a nonvanishing
axion amplitude linear in spin. This suggests that the
corresponding gravity theory has a linear interaction of
the spin with the 2-form field. In [20], we wrote this unique
leading order interaction term as

SHS ¼
Z

dxμκ̃ðϕÞHμνσS̃
νσ; ð51Þ

for an arbitrary function κ̃ðϕÞ ¼ κ̃ þ κ̃0ϕþ � � �. We used
S̃μν¼SIJẽμI ẽ

ν
J, with ẽμI being the vielbeins defined with res-

pect to the string frame metric, i.e., ηIJẽIμẽJν ¼ g̃μν ¼ gμνe2ϕ.
The double copied field does not have any free parameters.
This means that consistency with the double copy should
fix all the unknown parameters on the gravitational side.
Indeed, comparing the axion radiation amplitude in this
theory to the double copy prediction, these parameters were
fixed to be [20]

f0ð0Þ ¼ −4; κ̃0 ¼ 0; κ̃ ¼ 1

4
: ð52Þ

The bulk action is then given by

Sg ¼ −2md−2
Pl

Z
ddx

ffiffiffi
g

p �
R − ðd − 2Þgμν∂μϕ∂νϕ

þ e−4ϕ

12
HμνρHμνρ

�
: ð53Þ

In this paper, we define the spin via Sμν ¼ SIJeμI e
ν
J, where

the vielbeins eIμ are defined with respect to the ordinary

metric, ηIJeIμeJν ¼ gμν. Then, the complete worldline action
for a single particle is

Spp ¼
Z

ds

�
−_xμeIμpIeϕ þ

1

2
SIJΩIJ þ

1

2
eðpIpI −m2Þeϕ

þ eλISIJpJ þ
1

4
Sμν _xσHμνσe−2ϕ

�
: ð54Þ

Here, the angular velocity is defined with a covariant
derivative, ΩIJ ¼ gμνe

μ
I

D
Ds e

ν
J ≡ eμI _xρ∇ρeνJ. Note that

though the unknown dilaton dependent functions in the
action above have been written as exponentials, our
computation only really fixes these functions to linear
order in the dilaton. We expect the complete bulk action to
be given by Eq. (53) as it describes the BCJ double copy of
pure Yang-Mills [32]. It also arises as the leading low
energy effective theory of the common sector of oriented
string theories [33,34].
In the next subsection, we find the equations of motion

for the system of fields and particles. We work with the
ordinary metric and, later, fix the worldline parameter s to
be the proper time per unit mass, s ¼ τ. This ensures that
we get the nonspinning action and equations of motion in
[14] when the spin is set to zero and particle masses are
restored. To get the relevant results in [20], we only need to
switch back to the conformally rescaled metric g̃μν ¼
gμνe2ϕ and reparametrize the worldline coordinate to be
the conformal proper time per unit mass, s ¼ τ̃e−ϕ. Of
course, worldline reparametrization invariance ensures the
invariance of the total amplitude. In Sec. IV B, we work out
the leading order fields and the changes they induce in the
momenta, color, and spin of the particles. We use these field
values and particle deflections to calculate the leading order
axion, graviton, and dilaton radiation in Secs. IV C, IV D,
and IV E, respectively.

A. Equations of motion and solutions

The equation of motion for the dilaton is

∇μ∇μϕ −
e−4ϕ

6ðd − 2ÞHμνρHμνρ ¼ −
1

4md−2
Pl ðd − 2Þ J; ð55Þ

where we have defined the source term on the rhs to be

J≡X
α

Z
dsð_xμαpαμeϕþSμνα _xσαHμνσe−2ϕÞ

δdðx−xαÞffiffiffi
g

p : ð56Þ

We also derive the equation of motion of the axion to be

∇λðe−4ϕHμνλÞ ¼ 1

md−2
Pl

Jμν; ð57Þ

whose source term is defined to be
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Jμν ≡X
α

1

4

Z
dsðSλμα _xνα þ Sνλα _xμα þ Sμνα _xλαÞ∇λ

×

�
e−2ϕ

δdðx − xαÞffiffiffi
g

p
�
: ð58Þ

We now find the equations of motion for the particles
using the same method as in [20]. First, we write down the
energy-momentum tensor for the point particles as

Tμν
pp ¼ −

2ffiffiffi
g

p δ

δgμνðxÞ
Spp ¼

X
α

Z
dxðμα p

νÞ
α
δdðx − xαÞffiffiffi

g
p eϕ

þ
Z

dxðμα S
νÞα
α ∇α

�
δdðx − xαÞffiffiffi

g
p

�
ð59Þ

−
1

2

Z
dxσαHρλσgλðμS

νÞρ
α e−2ϕ

δdðx − xαÞffiffiffi
g

p ; ð60Þ

where the first line is the result for dilaton gravity, and the
second line includes the contribution of the axion. We can
also write down the contributions to the energy-momentum
tensor from the axion and the dilaton, respectively, as

Tμν
B ¼−md−2

Pl e−4ϕgρσgτλHμρτHνσλþmd−2
Pl

6
e−4ϕH2gμν ð61Þ

and

Tμν
ϕ ¼ ðd − 2Þmd−2

Pl ð4∂μϕ∂νϕ − 2gμνgρσ∂ρϕ∂σϕÞ: ð62Þ

Using the equations of motion for the axion and the dilaton,
we see that

∇μT
μν
B ¼ JσρHνσρ ð63Þ

and

∇μT
μν
ϕ ¼ J∂νϕ: ð64Þ

Now, we obtain the particle equations of motion by
integrating ∇μðTμν

pp þ Tμν
B þ Tμν

ϕ Þ ¼ 0 with an arbitrary
vector XμðxÞ, to get

Z
ddx

ffiffiffi
g

p
Xν∇μðTμν

pp þ Tμν
B þ Tμν

ϕ Þ ¼
Z

ddx
ffiffiffi
g

p
Xνð∇μT

μν
pp − JσρHνσρ − J∂νϕÞ

¼
X
α

Z
ds

�
∇μXν

�
−
1

2
_x ·∇ðSνμα Þ þ 1

2
Hλσρgλ½μS

ν�ρ
α _xσαe−2ϕ þ _x½μα p

ν�
α eϕ

	

þ Xν

�
_xα ·∇ðpν

αeϕÞ −
1

2
Rν
μλσ _x

μ
αSσλα − ∂νϕð_xμαpαμeϕ þ Sμρα _xσαHμρσe−2ϕÞ

−
1

4
_xα ·∇ðHλσρgνλS

σρ
α e−2ϕÞ

	�
:

Since the vector XμðxÞ is arbitrary, we can equate the coefficients of XμðxÞ and ∇μXν to zero, to get the exact equations for
spin and momentum,

dSμνα
ds

¼ pμ
α _xναeϕ − pν

α _x
μ
αeϕ − Γμ

σρS
ρν
α _xσα − Γν

σρS
μρ
α _xσα −

1

2
HλσρgλμS

νρ
α _xσαe−2ϕ þ

1

2
HλσρgλνS

μρ
α _xσαe−2ϕ; ð65Þ

dpμ
α

ds
¼ pαν _xνα∂μϕ − pμ

α _xσα∂σϕ − Γμ
σρ _xσαp

ρ
α þ 1

2
Rμ

νλσ _x
ν
αSσλα e−ϕ þ 1

4
_xα · ∇ðgμλHλσρS

σρ
α e−2ϕÞe−ϕ − 1

2
Sλρα _xσαHλρσe−3ϕ∂μϕ: ð66Þ

We rewrite the dilaton equation of motion (55) as

□ϕðxÞ≡ −
1

4md−2
Pl ðd − 2Þ J̃ðxÞ; ð67Þ

where□≡ ημν∂μ∂ν, and we have defined J̃ðxÞ to include axion and graviton contributions from the lhs of Eq. (55). With the
dilaton propagator

hϕðkÞϕð−kÞi ¼ i
4md−2

Pl ðd − 2Þk2 ; ð68Þ
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we can formally write the solution as

hϕiðxÞ ¼ −
1

2mðd−2Þ=2
Pl ðd − 2Þ1=2

Z
k

e−ik·x

k2
AsðkÞ; ð69Þ

thereby defining a canonically normalized dilaton radiation
amplitude AsðkÞ ¼ − 1

2mðd−2Þ=2
Pl ðd−2Þ1=2 J̃ðkÞ for on-shell

momentum k2 ¼ 0.
Choosing the gauge ∂μBμν ¼ 0, we rewrite the equation

of motion for the axion, Eq. (57) as

□BμνðxÞ≡ 1

md−2
Pl

J̃μνðxÞ: ð70Þ

The gauge condition ensures that the classical axion current
J̃μνðxÞ, so defined, satisfies the conservation equation
∂μJ̃μνðxÞ ¼ 0. In this gauge, the propagator for the axion
field is

hBμνðkÞBρσð−kÞi ¼
i

2md−2
Pl k2

½ημρηνσ − ημσηνρ�: ð71Þ

Then, the formal solution to Eq. (70) is

hBμνiðxÞ ¼ −
1

md−2
Pl

Z
k

e−ik·x

k2
J̃μνðkÞ; ð72Þ

which defines an axion radiation amplitude AB ¼
1

mðd−2Þ=2
Pl

a�μνJ̃μνðkÞ for on-shell momentum k2 ¼ 0.

Finally, we get to the gravitational field. We expand the
metric perturbatively about flat space gμν ¼ ημν þ hμν. We
choose the de-Donder gauge ∂μhμν ¼ 1

2
∂μhλλ, in which we

have the propagator

hhμνðkÞhρσð−kÞi

¼ i
2md−2

Pl k2

�
ημρηνσ þ ημσηνρ −

2

d − 2
ημνηρσ

�
; ð73Þ

and the solution for hμνðxÞ can be written formally as

hhμνiðxÞ ¼
1

2md−2
Pl

Z
e−ik·x

k2

�
T̃μνðkÞ −

1

d − 2
ημνT̃σ

σ

�
: ð74Þ

Here, T̃μνðkÞ is the energy-momentum pseudotensor that
includes contributions from the sources as well as all the
fields. It is (noncovariantly) conserved, ∂μT̃μν ¼ 0, and
coordinate dependent, and hence it is nonunique. However,
quantities such as energy-momentum or angular momen-
tum can be defined as suitable integrals of T̃μν over
spacetime. As in [11], we compute the background field
gauge effective action [35], expressed as

Γðh;ϕ; BÞ ¼ −
1

2

Z
ddxT̃μνhμν; ð75Þ

so that the energy-momentum pseudotensor is related to the
coefficient of the graviton one-point function. It is also directly
related to the graviton amplitude byAg¼− 1

2mðd−2Þ=2
Pl

ϵ�μνT̃μνðkÞ.
Observables at infinity are obtained in a manner similar

to Eq. (20) by replacing the gluon source current and
polarization vectors with the corresponding gravity ones.
Hence, in the following, we solve for these sources T̃μνðkÞ,
J̃μνðkÞ, and J̃ðkÞ, in a perturbative expansion in powers of η,
defined in Eq. (34), and to linear order in spin.

B. Leading order results

We now find the leading order solutions to the fields and
the particle equations of motion. At leading order in
perturbation, the axion field only gets a contribution from
Fig. 2(a),

hBμνiðxÞjOðη2Þ

¼ i
4md−2

Pl

X
α

Z
ddl
ð2πÞd

e−il·ðx−xαÞ

l2

× ½ðSα ∧ lÞμpν
α − ðSα ∧ lÞνpμ

α − Sμνα ðl · pαÞ�; ð76Þ

(a) (b)

(c) (d)

FIG. 2. Feynman diagrams for the perturbative expansion of the
axion source current J̃μνðkÞ up to Oðη2Þ and to linear order in
spin. Here, wavy lines, curvy lines and dashed lines respectively
represent gravitons, axions and dilatons. Diagrams (a),(b) re-
present contributions to axion radiation coming directly o the
worldline. Diagrams (c),(d) represent contributions to axion
radiation via 3-point vertices involving the dilaton and graviton.
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for general time-dependent dynamical variables pμ
α and Sμνα that satisfy the equations of motion.

The leading order metric perturbation contains a spinning and a nonspinning contribution sourced by Figs. 2(a) and 2(b),
respectively. Their sum is given by

hhμνiðxÞjOðη2Þ ¼
1

2md−2
Pl

X
α

Z
ddl
ð2πÞd

e−il·ðx−xαÞ

l2

�
pμ
αpν

α −
m2

α

d − 2
ημν −

i
2
fpμ

αðSα ∧ lÞν þ pν
αðSα ∧ lÞμg

�
: ð77Þ

The leading order dilaton solution has no spin-dependent contribution, so it is the same as in the nonspinning case [14],

hϕiðxÞjOðη2Þ ¼
1

4md−2
Pl ðd − 2Þ

X
α

m2
α

Z
ddl
ð2πÞd

e−il·ðx−xαÞ

l2
: ð78Þ

Next, we calculate the corrections in spin and momentum that these leading order fields induce. First, let us write the
equations of motion for the particle up to linear order in spin,

d
ds

Sμνα jOðS0ÞþOðS1Þ ¼ pμ
αvναeϕ − pν

αv
μ
αeϕ − Γμ

σρS
ρν
α vσα − Γν

σρS
μρ
α vσα; ð79Þ

d
ds

pμ
αjOðS0ÞþOðS1Þ ¼ pανvνα∂μϕ − pμ

αvσα∂σϕ − Γμ
σρvσαp

ρ
α þ 1

2
Rμ
νλσv

ν
αSσλα e−ϕ: ð80Þ

Inserting the leading order fields into the above equations gives the leading order changes in momenta and spin. First, for
the momenta, we have

d
dτα

pμ
αjOðη2;S0Þ ¼

i
4md−2

Pl

X
β≠α

Z
dτβ

ddl
ð2πÞd

e−il·xαβ

l2

�
−

m2
β

d − 2
ðl · pαÞpν

α þ 2ðpα · pβÞðl · pαÞpν
β − ðpα · pβÞ2lν

�
; ð81Þ

d
dτα

pμ
αjOðη2;S1Þ ¼

1

4md−2
Pl

X
β≠α

Z
dτβ

ddl
ð2πÞd

e−il·xαβ

l2

�
m2

β

d − 2
ðl · pαÞðSα ∧ lÞμ

þ ½ðl ∧ pβÞα − ðl ∧ pαÞβ�½ðl · pαÞpμ
β − ðpα · pβÞlμ� þ ðl · pαÞðpα · pβÞðSβ ∧ lÞμ

�
: ð82Þ

From this, we have the position equations of motion

vμα ¼ pμ
α þ wμ

αjOðη2;S1Þ; ð83Þ

wμ
αjOðη2;S1Þ ≡ −

i
4md−2

Pl ðd − 2Þ
X
β≠α

m2
β

Z
dτβ

ddl
ð2πÞd

e−il·xαβ

l2
ðSα ∧ lÞμ: ð84Þ

Similarly, the spin equation of motion is given by

d
dτα

Sμνα jOðη2;S1Þ ¼ pμ
αwν

αjOðη2;S1Þ − pν
αw

μ
αjOðη2;S1Þ

þ i
4md−2

Pl

X
β≠α

Z
dτβ

ddl
ð2πÞd

e−il·xαβ

l2

�
ðl · pαÞfpν

βðSα ∧ pβÞμ − pμ
βðSα ∧ pβÞνg

þ ðpα · pβÞfpν
βðSα ∧ lÞμ − pμ

βðSα ∧ lÞν þ lμðSα ∧ pβÞν − lνðSα ∧ pβÞμg

þ m2
β

d − 2
fpμ

αðSα ∧ lÞν − pν
αðSα ∧ lÞμ − lμðSα ∧ pαÞν þ lνðSα ∧ pαÞμ − 2ðl · pαÞSμνα g

�
: ð85Þ
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C. Axion radiation

The leading order radiation has contributions from Figs. 2(a)–(d). The contribution from Fig. 2(a) is due to deflections in
the position and spin of the particles, induced by the leading order fields. It is given by

J̃μνðkÞjFig: 2ðaÞ;Oðη2;S1Þ ¼
i
4

X
α

Z
dταeik·xα

kλ
k · vα

�
−
k · _vα
k · vα

Sλμα vνα þ Sλμα _vνα ð86aÞ

þ _Sλμα vνα þ cyclic permutations ðμ; ν; λÞ
�����

Oðη2;S1Þ
: ð86bÞ

We can explicitly evaluate these expressions by substituting the leading order changes in particle spins and momenta,
derived in Sec. IV B. The resulting expressions are given by Eqs. (A3) and (A4) in Appendix A 2.
The other contributions to the axion amplitude, at this order in perturbation, come from diagrams with no deflections in

the trajectories of the particles. Figure 2(b), with an intermediate dilaton, corresponds to

J̃μνðkÞjFig: 2ðbÞ;Oðη2;S1Þ ¼ −
i

16md−2
Pl ðd − 2Þ

X
α;β
α≠β

m2
β

Z
dμαβðkÞl2

α½ðk · pαÞSμνα − 2ðSα ∧ kÞμpν
α − ðμ ↔ νÞ�: ð87Þ

The two three-point vertex diagrams in Figs. 2(c) and 2(d) contribute

J̃μνðkÞjFig: 2ðcÞ;Oðη2;S1Þ ¼ −
i

4md−2
Pl ðd − 2Þ

X
α;β
α≠β

m2
β

Z
dμαβðkÞ½fðk · lαÞðSα ∧ lαÞμpν

α

− ðk · pαÞðSα ∧ lαÞμlν
α þ ðk ∧ lαÞαpμ

αlν
αg − ðμ ↔ νÞ�; ð88Þ

J̃μνðkÞjFig: 2ðdÞ;Oðη2;S1Þ ¼ −
i

8md−2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

�
ðpα · pβÞfðk · lαÞðSα ∧ lαÞμpν

β − ðk · pβÞðSα ∧ lαÞμlν
α

− ðk ∧ lαÞαlμαpν
βg þ ðk · pβÞ2ðSα ∧ lαÞμpν

α − ðk · pαÞðk · pβÞðSα ∧ lαÞμpν
β

þ ðk · pβÞðk ∧ lαÞαpμ
αpν

β þ ðk · pβÞðlα ∧ pβÞαlμ
αpν

α − ðk · pαÞðlα ∧ pβÞαlμ
αpν

β

þ ðk · lαÞðlα ∧ pβÞαpμ
αpν

β −
2m2

β

d − 2
fðk · lαÞðSα ∧ lαÞμpν

α − ðk · pαÞðSα ∧ lαÞμlν
α

þ ðk ∧ lαÞαpμ
αlν

αg − ðμ ↔ νÞ
�
: ð89Þ

We notice that the Yang-Mills amplitude has no explicit dependence on the spacetime dimension, whereas some of the
contributions to the axion amplitude above do. This means that terms involving the dimension of spacetime should cancel
with each other. In addition, each diagram satisfies theWard identity kμJ̃μνðkÞ ¼ 0 and so does the total amplitude, collected
in Eq. (B1) of Appendix B. The total amplitude is in agreement with the calculation in the string frame metric, presented in
[20]. We find that it matches the double copy result, Eq. (45).

D. Graviton radiation

Similarly, at the next to leading order in perturbation, the energy-momentum pseudotensor receives contributions from
Figs. 3(a)–3(d). The contribution from Figs. 3(a) and 3(b) come from deflections to the particle spin and trajectory due to the
leading order fields. This comes out to be

T̃μνðkÞjFig: 3ðbÞ;Oðη2;S1Þ ¼
1

2

X
α

Z
dταeik·xα

�
−i

k · vα

�
k · _vα
k · vα

vμαpν
α − _vμαpν

α − vμα _pν
α

�
ð90aÞ

−
kρ

k · vα

�
k · _vα
k · vα

vμαS
νρ
α − _vμαS

νρ
α

�
þ ðμ ↔ νÞ

�����
Oðη2;S1Þ

: ð90bÞ
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These contributions are explicitly given by Eqs. (A5) and (A6).
There are two contributions from emission off bulk vertices with the particles not suffering any deflections. The first of

these is from Fig. 3(c) with an intermediate graviton. This contributes

T̃μνðkÞjFig: 3ðcÞ;Oðη2;S1Þ ¼
i

4md−2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

l2
α

2

�
ðpα · pβÞfðSα ∧ pβÞμlν

β − ðSα ∧ lβÞμpν
βg

− ðk · pαÞðSα ∧ pβÞμpν
β þ

m2
β

d − 2
ðSα ∧ lβÞμpν

α þ ðμ ↔ νÞ
�
: ð91Þ

The final contribution is from the graviton triple vertex diagram in Fig. 3(d). As in [14], in computing this contribution,
we use the background field gauge three-point vertex, written, for example, in [11,36]. This gives

T̃μνðkÞjFig: 3ðdÞ;Oðη2;S1Þ ¼
i

4md−2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

�
ðpα · pβÞ

�
ðlα · lβÞðSα ∧ lαÞμpν

β þ ðk · pβÞðSα ∧ lαÞμlν
α

þ ðlα ∧ lβÞαpμ
βl

ν
α þ ðlα ∧ pβÞαlμ

αlν
α −

1

2
l2
αðlα ∧ pβÞαημν

�
− ðk · pβÞ2ðSα ∧ lαÞμpν

α

þ ðk · pαÞðk · pβÞðSα ∧ lαÞμpν
β þ ðk · pαÞðlα ∧ pβÞαpμ

βl
ν
α − ðk · pβÞðlα ∧ pβÞαpμ

αlν
α

− ðk · pβÞðlα ∧ lβÞαpμ
αpν

β þ ðk · pαÞðlα ∧ lβÞαpμ
βp

ν
β − ðlα · lβÞðlα ∧ pβÞαpμ

αpν
β

þ m2
β

d − 2
ðSα ∧ lαÞμpν

α þ ðμ ↔ νÞ
�
: ð92Þ

The total canonically normalized graviton amplitude is Eq. (B2) in Appendix B. It is easy to show that the on-shell
difference between this and the double copy prediction in Eq. (47) is

ÂgðkÞ−AgðkÞjOðη3;S1Þ ¼
iϵ�μν

8m3ðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

�
pα · pβ

2ðk · pαÞ
�
−
1

2
l2
αðpα · pβÞðSα ∧ kÞμkν − ðlα · lβÞðlα ∧ pβÞαkupν

α

−
1

2
l2
αfðlβ ∧ pβÞα − ðlβ ∧ pαÞβgkupν

α

�
þ 1

2
ðpα · pβÞ

�
ðk · pβÞðSα ∧ lαÞμkν þ

1

2
l2
αðSα ∧ pβÞμkν

þ ðlα ∧ lβÞαkνpμ
β −

1

2
ðlα ∧ pβÞαkukν þ 2ðlα ∧ pβÞαlμ

αkν − l2
αðlα ∧ pβÞαημν

�

−
1

2
ðlα ∧ pβÞαððk · pβÞpν

α − ðk · pαÞpν
βÞkμ þ ðμ↔ νÞ

�
: ð93Þ

We then use the de Donder gauge condition to write this as

ÂgðkÞ −AgðkÞjOðη3;S1Þ ¼
iϵ�μν

8m3ðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

ημν

4

�
ðpα · pβÞ

�
ð−2l2

α þ 2k · lα − ðlα · lβÞÞðlα ∧ pβÞα

−
1

2
l2
αððlβ ∧ pβÞα − ðlβ ∧ pαÞβ − ðk ∧ pβÞαÞ þ ðk · pβÞððk ∧ lαÞα þ ðlα ∧ lβÞαÞ

�

þ ðμ ↔ νÞ
�
; ð94Þ
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which can be easily shown to vanish on shell. Thus, we
have verified that the graviton amplitude is as predicted up
to gauge terms.

E. Dilaton radiation

In this subsection, we calculate the leading order dilaton
radiation amplitude. Figure 4(a) gives contributions to the
dilaton amplitude from trajectory deflections,

J̃ðkÞjFig: 4ðaÞ;Oðη2;S1Þ

¼
X
α

Z
dταeik·xα

i
k · vα

×

�
k · _vα
k · vα

vα · pα − _vα · pα − vα · _pα

�����
Oðη2;S1Þ

: ð95Þ

This expression can be computed using the leading order
changes in momenta derived in Sec. IV B. The result is
displayed as Eq. (A7) in Appendix A 2.
The other two contributions are calculated at zero

deflections in the particle trajectories. Figure 4(b) involving
an intermediate graviton contributes

J̃ðkÞjFig: 4ðbÞ;Oðη2;S1Þ

¼ −
i

2md−2
Pl

X
α;β
α≠β

Z
dμαβðkÞl2

αðpα · pβÞðlβ ∧ pαÞβ: ð96Þ

Finally, we have Fig. 4(c) involving the three-point
graviton-dilaton vertex in the bulk, contributing

J̃ðkÞjFig: 4ðcÞ;Oðη2;S1Þ

¼ i
2md−2

Pl

X
α;β
α≠β

m2
α

Z
dμα;βðkÞðk · pβÞðlα ∧ lβÞβ: ð97Þ

These individual contributions can be summed up to give
the total dilaton amplitude, presented as Eq. (B3) in
Appendix B. This agrees with the double copy prediction
in Eq. (49).

V. DISCUSSIONS AND CONCLUSIONS

Lessons learned from the study of scattering amplitudes
in quantum field theory and string theory are proving useful
in the study of classical gravity. Some examples of this are

(a) (c)

(d)(b)

FIG. 3. Feynman diagrams that contribute to the energy-
momentum pseudotensor T̃μνðkÞ at Oðη2Þ and to linear order
in spin. (a) Contribution from the spin-independent part due to the
equations of motion. (b)–(d) Contributions from a single insertion
of the spin-dependent piece of the point-particle energy-momen-
tum pseudotensor.

(a) (b) (c)

FIG. 4. Feynman diagrams contributing to the dilaton source J̃ðkÞ atOðη2Þ and to linear order in spin. As earlier, the dashed lines and
the wavy lines represent the dilaton and the graviton respectively. (a) Contribution to the spin-independent piece of J̃ðkÞ due to the
equations of motion. (b),(c) Contributions from a single insertion of the spin dependent piece.
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the use of on-shell methods [37,38], leading singularities
[39], and soft theorems [40]. In this paper, we continued
exploring the idea of using the BCJ double copy to
obtain perturbative classical gravitational radiation [14].
Specifically, we have established a complete correspon-
dence between perturbative classical Yang-Mills and gravi-
tational radiation, emitted by spinning sources, up to linear
order in spin. Consistency with the double copy fixes the
couplings of the spinning sources to the Yang-Mills field.
The double copied field is decomposed into its antisym-
metric, symmetric-traceless, and trace components. These
are the predictions of the double copy for the axion,
graviton, and dilaton radiation fields emitted by spinning
sources in a gravitational theory. The double copy also fixes
the gravitational action in the bulk to be the same as the low
energy effective action of oriented closed strings in Eq. (6)
and predicts a linear interaction of the spins with the axion
in Eq. (7). We explicitly calculated the graviton, dilaton,
and axion radiation amplitudes in this theory (see [41] for
analogous pure gravity results), to linear order in spin,
and showed that they are exactly as predicted from the
double copy.
By including spin as a dynamical degree of freedom for

our sources, we have brought the classical double copy
closer to being useful for the computation of gravitational
radiation from astrophysically relevant sources. Our cal-
culation can be used to generate gravitational radiation
from sources along arbitrary trajectories. Hence, they can
be used to compute gravitational scattering as well as
radiation from objects in bound orbits. However, the
gravitational radiation so obtained is in a theory which
includes the dilaton and the axion, in addition to the
graviton. In order to arrive at the corresponding results
in pure gravity, we need a systematic method that cancels
out the effect of these extra degrees of freedom. For spinless
sources, Ref. [42] proposed a way of removing the
contribution of the dilaton at leading order in perturbation,
by adding an appropriate ghost scalar to the Yang-Mills
side, in a manner similar to [43]. Once we find a method of
obtaining pure gravity results, it would be useful to write
down an effective theory for the Yang-Mills sources that,
upon double copying, directly reproduces the effective field
theory in [11,12], which treats the binary inspiral problem
in a post-Newtonian expansion.
For d ¼ 4, the leading order metric sourced by a single,

static particle at the origin, with angular momentum
J about the z-axis, has a spin-dependent piece given by

htϕjOðJ1Þ ¼ − 2GNJ sin2 θ
r . We recall that the nonspinning part

of the metric at this order in perturbation matches with the
Schwarzschild solution [14]. At leading order in perturba-
tion, there are no contributions from the dilaton or the axion
to the metric. Hence, as expected, we find that the static,

single particle limit of the metric matches the Kerr metric at
this order. This indicates that the gravitational solutions are
spinning black holes or naked singularities [42], albeit with
dilatonic and axionic hair. It would be very interesting to
see if they are related to black hole solutions in string
theory.
In order to be relevant for gravitational wave detectors,

the double copy correspondence needs to be extended to
higher orders, both in the coupling strength and in spin.
We would also need to include finite size corrections to the
sources by including higher order operators on the world-
line that are allowed by the symmetries. The correspon-
dence can be extended to charged, spinning sources. A
further simplification of the results in this paper can be
achieved by finding the analogous biadjoint scalar theory
[15,44,45], the double copy of whose solution would
produce the Yang-Mills radiation calculated here. A
different approach to simplifying the perturbative expan-
sion of the Einstein-Hilbert Lagrangian is by direct
factorization of the action [46,47]. It would be interesting
to see if it is related to the classical double copy as
described here. Another direction for future research is to
explore the class of solutions of Einstein’s equations that
can be generated by this correspondence. Finally, the
theoretical significance of the classical double copy for
Einstein’s general relativity remains an exciting and open
question.
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APPENDIX A: WORLDLINE GRAPHS

In these appendixes, we collect some expressions that
were omitted from the main body of this paper. This
section has those contributions to the total amplitudes
that are due to radiation coming directly off the world-
line. The next two subsections present the relevant
contributions in the gauge and gravitational theories,
respectively.

1. Gauge theory

The relevant contributions are from Figs. 1(a) and 1(b)
and are given by Eqs. (25a) and (25b). These can be written
down explicitly as
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ð25aÞ ¼ ig2s
X
α;β
α≠β

Z
dμαβðkÞ

�
½cα; cβ�a

l2
α

k · pα

�
καðlβ ∧ pβÞαpμ

α − κβðlβ ∧ pαÞβpμ
α

�

þ ðcα · cβÞcaα
�
ð1þ καÞ

l2
α

p2
α

�
ðpα · pβÞðSα ∧ lβÞμ − ðk · pαÞðSα ∧ pβÞμ þ ðk ∧ pβÞαpμ

α −
pα · pβ

k · pα
ðlα ∧ lβÞαpμ

α

�

þ κβ
l2
α

k · pα

�
ðk · pαÞðSβ ∧ lβÞμ þ ðlβ ∧ lαÞβpμ

α þ ðlβ ∧ pαÞβ
�
lμ
β −

k · lβ

k · pα
pμ
α

	�

− κα
l2
α

k · pα

�
ðlβ ∧ pβÞα

�
lμ
β −

k · lβ

k · pα
pμ
α

	���
; ðA1Þ

ð25bÞ ¼ ig2s
X
α;β
α≠β

Z
dμαβðkÞ

�
½cα; cβ�a

pα · pβ

k · pα
l2
αðSα ∧ kÞμ

þ ðcα · cβÞcaα
�
ð1þ καÞ

l2
α

p2
α

�
ðpα · pβÞðSα ∧ lβÞμ − ðk · pαÞðSα ∧ pβÞμ þ ðk ∧ pβÞαpμ

α −
pα · pβ

k · pα
ðlα ∧ lβÞαpμ

α

�

þ κα
l2
α

k · pα
½ðlα ∧ lβÞαpμ

β − ðk ∧ pβÞαlμ
β − ðk · pβÞðSα ∧ lβÞμ þ ðk · lβÞðSα ∧ pβÞμ�

þ l2
α

k · pα

�
pα · pβ

k · pα
ðk · lβÞ − ðk · pβÞ

�
ðSα ∧ kÞμ

��
: ðA2Þ

2. Gravitational theory

First, we look at the axion current. This receives contributions from the worldline diagram in Fig. 2(a), given by
Eqs. (86a) and (86b). These compute to

ð86aÞ ¼ −
i

16md−2
Pl

X
α;β
α≠β

Z
dμαβðkÞl2

α

�
−
ðpα · pβÞ2ðk · lβÞ

ðk · pαÞ2
ðSα ∧ kÞμpν

α

þ pα · pβ

k · pα
fðpα · pβÞlν

β − 2ðk · pαÞpν
β þ 2ðk · pβÞpν

αgðSα ∧ kÞμ − ðμ ↔ νÞ
�
; ðA3Þ

ð86bÞ ¼ −
i

16md−2
Pl

X
α;β
α≠β

Z
dμαβðkÞl2

α

�
pα · pβ

k · pα
fðk · lβÞðSα ∧ pβÞμpν

β − ðk · pβÞðSα ∧ lβÞμpν
β − ðk ∧ lβÞαpμ

αpν
β

þ ðk ∧ pβÞαpμ
αlν

βg þ ðpα · pβÞfðSα ∧ lβÞμpν
β − ðSα ∧ pβÞμlν

βg þ ðk · pαÞðSα ∧ pβÞμpν
β

− ðk · pβÞðSα ∧ pβÞμpν
α − ðk ∧ pβÞαpμ

αpν
β þ

p2
β

d − 2
f2ðSα ∧ kÞμ − ðk · pαÞSμνα g − ðμ ↔ νÞ

�
: ðA4Þ

Next, we move on to graviton radiation. Worldline contributions to the energy-momentum pseudotensor are from Figs. 3(a)
and 3(b). The corresponding expressions in Eqs. (90a) and (90b) are, respectively, given by

ð90aÞ ¼ i
4md−2

Pl

X
α;β
α≠β

Z
dμαβðkÞl2

α

�ðpα · pβÞðk · lβÞ
2ðk · pαÞ2

fðlβ ∧ pβÞα − ðlβ ∧ pαÞβgpμ
αpν

α

−
pα · pβ

k · pα

�
ððlβ ∧ pβÞα − ðlβ ∧ pαÞβÞpμ

αlν
β þ

1

2
ðlα ∧ lβÞβpμ

αpν
α

�
−

k · pβ

2ðk · pαÞ
fðlβ ∧ pβÞα − ðlβ ∧ pαÞβgpμ

αpν
α

þ ðpα · pβÞðSβ ∧ lβÞμpν
α þ fðlβ ∧ pβÞα − ðlβ ∧ pαÞβgpμ

αpν
β þ

m2
β

2ðd − 2Þ ðSα ∧ lβÞμpν
α þ ðμ ↔ νÞ

�
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ð90bÞ ¼ i
4md−2

Pl

X
α;β
α≠β

Z
dμαβðkÞl2

α

�ðpα · pβÞ2ðk · lβÞ
2ðk · pαÞ2

ðSα ∧ kÞμpν
α −

ðpα · pβÞ2
2ðk · pαÞ

ðSα ∧ kÞμlν
β

−
pα · pβ

2ðk · pαÞ
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αpν
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αlν
βg
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β þ

1

2
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α −
1

2
ðk ∧ pβÞαpμ

αpν
β −

m2
β

d − 2
ðSα ∧ kÞμpν

α þ ðμ ↔ νÞ
�
: ðA6Þ

Finally, the dilaton worldline graph in Fig. 4(a) gives rise to the contribution in Eq. (95) and can be computed explicitly to be

ð95Þ ¼ i
4md−2

Pl

X
α;β
α≠β

Z
dμαβðkÞl2

α

�
pα · pβ

ðk · pαÞ2
p2
αðk · lβÞfðlβ ∧ pαÞβ − ðlβ ∧ pβÞαg

þ pα · pβ

k · pα
p2
αðlα ∧ lβÞβ þ

k · pβ

k · pα
p2
αfðlβ ∧ pβÞα − ðlβ ∧ pαÞβg þ 2ðpα · pβÞðlβ ∧ pαÞβ

�
: ðA7Þ

APPENDIX B: TOTAL AMPLITUDES IN THE GRAVITATIONAL THEORY

In Sec. IV, we computed all the contributions to the leading order radiation amplitudes on the gravitational side. Here, we
assemble these contributions and write down the final expressions for these amplitudes.
First, the axion amplitude is given by

ABðkÞjOðη3;S1Þ ¼ −
ia�μν

16m3ðd−2Þ=2
Pl

X
α;β
α≠β

Z
dμαβðkÞ

�
−
ðpα · pβÞ2ðk · lβÞl2

α
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α þ
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α
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β
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β − ðk ∧ lβÞαpμ
αpν

β
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αlν
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β − l2
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β
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βg þ l2
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αpν
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αpν

β − ðμ↔ νÞ
�
: ðB1Þ

The leading order graviton amplitude is given by

AgðkÞjOðη3;S1Þ ¼ −
iϵ�μν

8m3ðd−2Þ=2
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X
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α≠β
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and finally, we have the leading order dilaton amplitude,

AsðkÞjOðη3;S1Þ ¼ −
i

8m3ðd−2Þ=2
Pl ðd − 2Þ1=2

X
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α≠β
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