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In classical electrodynamics, an accelerating charged body emits radiation and experiences a
corresponding radiation-reaction force, or self-force. We extend to higher order in the total charge a
previous rigorous derivation of the electromagnetic self-force in flat spacetime by Gralla, Harte, and Wald.
The method introduced by Gralla, Harte, and Wald computes the self-force from the Maxwell field
equations and conservation of stress-energy in a limit where the charge, size, and mass of the body go to
zero, and it does not require regularization of a singular self-field. For our higher-order computation, an
adjustment of the definition of the mass of the body is necessary to avoid including self-energy from
the electromagnetic field sourced by the body in the distant past. We derive the evolution equations for the
mass, spin, and center-of-mass position of the body through second order. We derive, for the first time, the
second-order acceleration dependence of the evolution of the spin (self-torque), as well as a mixing
between the extended body effects and the acceleration-dependent effects on the overall body motion.
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I. INTRODUCTION

A. Status of our understanding of self-force effects

Classical electrodynamics dictates that an accelerating
charge emits radiation. This electromagnetic radiation carries
energy and momentum, so conservation laws demand that
the charge must experience a force. The force arises from the
charge interacting with its own field, and is known as the
“radiation-reaction force” or “self-force.” This phenomenon
was first derived by Lorentz [1], and later confirmed by
Abraham [2] followed by Dirac [3], each expanding and
generalizing the results of the prior work.

Computing expressions for self-forces is notoriously
complicated, and there is an enormous literature on this
field. The complexity arises in part because self-forces
describe back-reaction: as a charge accelerates, its radiation
perturbs its motion, in turn altering the details of the
radiation. Analytic methods are tractable in the regime in
which the body is small compared to the characteristic
length scales of the external fields. In this limit, the self-force
can be expanded order by order in the charge of the body.
In this paper, we use the common nomenclature of referring
to the Lorentz force as the leading-order force, the leading
correction to the Lorentz force as the “first-order” self-force,
and so on. Our understanding of radiation reaction in flat
spacetime has been developed over most of a century [4-7],
culminating in the rigorous treatment of Gralla, Harte, and
Wald [8] (henceforth GHW) who carefully analyzed a limit
in which the charge, size, and mass of a body go to zero. The
modern focus of the self-force community is that of small
masses in curved spacetime, for which Eric Possion’s review
article offers a thorough introduction [9].
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The self-force is of great interest to modern astrophysics.
Just as a charged particle interacts with its own field as it
radiates electromagnetic waves, gravitating systems expe-
rience self-forces from the emission of gravitational radi-
ation. The gravitational waves produced by binary black
hole inspirals and binary neutron star inspirals have been
detected by LIGO [10,11], and similar binary inspirals are
candidate signals for the future space-based detector LISA.

Making full use of the data from LISA will require an
improved understanding of self-force effects. The gravita-
tional self-force to leading order in the mass of the small
body is referred to as the MiSaTaQuWa self-force, and was
first derived in [12,13]. More recent computations have
extended these results to second order [14—19], and applied
the self-force to a gravitational inspiral, in order to compute
the self-force [20-22] or numerically evaluate the worldline
[23-25] and the resulting gravitational radiation [26-28].
The computational strategies for evaluating worldlines and
waveforms from gravitational self-force are reviewed well in
[29,30]. The techniques for computing leading order, or
adiabatic, waveforms are now known. However, LISA data
analysis will require post-adiabatic waveform predictions,
which in turn will also require the subleading self-force.
This motivates a detailed understanding of the subleading
self-force.

Previous derivations of higher-order self-forces for non-
gravitational fields include those of Chad Galley [31] and
Abraham Harte [32]. Galley’s derivation [31] of the scalar
self-force uses an effective field technique to derive the
self-force to high order for monopolar charges. Harte has
derived exact expressions for the self-force of an extended
charge distribution in an external field. The relation
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between Harte’s results and our work is somewhat involved
and is discussed in Sec. III below.

B. The Gralla-Harte-Wald derivation method
and its extension

In this paper, we derive the subleading-order electro-
magnetic and scalar self-forces acting on a small charged
body moving in flat spacetime. The calculation is motivated
by the importance of the gravitational self-force, and is a
model for the more complicated computation in the
gravitational case. Although subleading self-forces have
previously been computed [33,34], ours is the first to
describe extended body effects to subleading order.
In addition to providing a model for the gravitational
self-force, our calculation may have direct application to
systems with extremely strong electromagnetic fields, as
discussed further below.

GHW introduce a one-parameter family of bodies with
the property that as the parameter approaches zero, the
mass, charge, and spatial extent of the body approach zero
at the same rate. By considering various moments of the
stress-energy conservation and charge conservation equa-
tions, integrated over a small region containing the body,
they derive the first-order self-force, mass evolution, and
spin evolution equations.

Our calculation uses the GHW axioms with slight
modifications, which are presented in full in Sec. IV.
However, we found it necessary to modify and refine
the definitions of body parameters. GHW defined param-
eters such as the total mass-energy, angular momentum,
and electromagnetic multipole moments in terms of inte-
grals over a spacelike hy})ersurface perpendicular to the
center of mass worldline.” At second order, these defini-
tions are problematic, and we replace them with body
parameter definitions in terms of integrals over the future
null cones of points on the center of mass worldline. With
these definitions, the body parameters at a given time
depend only on the body’s stress-energy and charge
distribution at times within a light crossing time, not on
the stress-energy or charge distribution in the distant past.
This is because, in flat spacetime, the field at every point
depends only on sources on that point’s past lightcone.

Our modifications of GHW’s approach are necessary in
order to derive second-order self-force effects. They
explicitly avoid all infrared divergences in the definitions
of body parameters associated with radiation emitted from
the small body in the distant past, as we discuss in
more detail in Sec. I C below. Our definitions also allow
a more direct comparison to other interesting techniques,

'As usual, there are ambiguities in the precise definition of
center of mass worldline [32]. These ambiguities affect the form
of the equation of motion at subleading orders, and are associated
with the choice of a spin supplementary condition. See Sec. II B
below.

particularly to the nonperturbative equations of motion
derived by [32].

C. Discussion of results: Applications
in physical systems

Our results for the second-order evolution of the body’s
worldline, mass, and spin are given in Egs. (78)—(80). They
contain three types of terms: coupling of electromagnetic
moments to the external field, self-force terms that do not
depend on the higher electromagnetic moments, and terms
which describe a mixing between self-field and extended
body effects. Our spin evolution equation contains a self-
torque, which was not seen previously at lower orders. Our
results also satisfy a consistency check obtained by
comparing with some nonperturbative results of Harte [32].

As an illustrative special case, consider a body with
vanishing spin, electromagnetic dipole, and quadrupole,
moving in an external electromagnetic field F(*V#, The
acceleration of the body can be written as [cf. Eq. (82)
below], in units with ¢ = 1,

at = KF(eXt)”'lull

+ CI{§ ,(.2D1_F(ext);4/1M/1 + %K3,PMDF(CX0MF(eXt)/10_ug}
2 4 3 2 p(ext)ud 8 Apu r(ext)kd p(ext) . .0
+4q §K"D,F M,1—|—§K'PKF FY, u
4 App pr(ext)xd (ext) &
g K PHF D
4
+ 6 KSP”KF<eX[)K/”PMF(eX[)A"F(eXt) o uw} 4 O(qS)'

(1)

Here u* is the 4-velocity of the body, a* the 4-
acceleration, D, =u*V,, and PV, =&, + u'u, is the
projection tensor. Also, ¢ is the charge, and k = g/m is
the charge to mass ratio. The right-hand side consists of an
expansion in g at fixed k. The first term is the Lorentz force
law, the second term is the reduced-order (see Sec. VA
below) form of the Abraham-Lorentz-Dirac equation, and
the third term is our new result.

We now turn to a discussion of the domain of validity of
our results. Consider a charged body of mass m, and charge
g, moving in an external field that imparts a characteristic
acceleration a, as measured in the body’s instantaneous
rest-frame. Suppose also that the field varies on some
timescale or length scale 7., again as measured in the
body’s instantaneous rest-frame. Then there are a number
of conditions that must be satisfied for our analysis to
be valid:

(i) Small multipole couplings: If the condition

R < Ty (2)

105001-2



RADIATION-REACTION FORCE ON A SMALL CHARGED ...

PHYS. REV. D 97, 105001 (2018)

is satisfied, where R is the size of the small body,
then the leading-order couplings (dipole, quadru-
pole, and so on) will dominate.

(ii) Weak radiation reaction: The energy radiated in a
dynamical time must be small compared to the
change in the body’s energy due to conservative
effects. If this is violated then our derivation is no
longer valid. In the nonrelativistic region az.,, < 1
this requires

Ty

<1 (3)

Text

where 7, = ¢*>/m. In the relativistic regime
ate, > 1, the condition is instead

ATt < 1. (4)

(iii) Classical radiation regime: The energy radiated
in a dynamical time must be large compared to
the energy radiated per quantum, so that many
quanta are emitted in a dynamical time. In the
nonrelativistic regime at.,, < 1 the corresponding
requirement is

ATey > a2, (5)

where a = ¢?/h, and the relativistic regime
ATey > 1 it 1S

ATy, > a1/, (6)

For elementary particles typically @ < 1 while for macro-
scopic charged bodies a > 1.

Our derivation method employs a certain limiting pro-
cedure which automatically enforces the conditions (2), (3),
and (4). The two dimensional parameter space of accel-
eration a and external timescale 7., is illustrated in Fig 1.
The solid line az., = 1 is the boundary between non-
relativistic and relativistic motion; the lower left region is
nonrelativistic while the upper right is relativistic. The
shaded regions on the left and at the top correspond to
strong radiation reaction and lie outside our domain of
validity, by (3) and (4). Our second-order self-force will be
significant only near these boundaries. The region to the
left of the dashed line is disallowed since the radiation is not
classical, by (6) (assuming an elementary particle so that
a <k 1). Also shown on the plot are some illustrative
examples:

(i) A proton at the Large Hadron Collider, for which

a~3x102s7! 7,,~14x1078s, 7, ~6 x 10777 5.
In this case we have a’7., 7, ~ 1077, so higher-order
radiation reaction effects are negligible. Lead ions in
the LHC experience a similar acceleration, and have

Disallowed - rapid variation

Disaliowed # large vidiationieaction’

Quantuim region

10712 4
3 proton in LHC
\\ .
Nl P |
1 104 108 1012 1016 1g20 T/
FIG. 1. An illustration of the parameter space for radiation

reaction for charged objects. The horizontal axis is the ratio
Text/ T+» Where 7., is the timescale over which the external field is
varying, as measured in the instantaneous rest frame of the
particle, and 7, = g*>/m, where g is the charge and m the mass of
the particle. The vertical axis is ar,, where a is the acceleration
due to the external field. The motion is relativistic in the region
ate > 1, in the upper right hand of the figure. Radiation
reaction effects are large in the hashed (red) regions where
T, /Tex 2 1 Or a1 7, = 1. These regions lie outside of the
domain of validity of our analysis, and the second-order self-
force is negligible except near the boundaries of these regions.
In the dotted (red) region below and to the left of the dashed line,
the radiation from the particle is not in a classical regime and our
analysis does not apply. We show using shaded figures the
parameters of protons in the Large Hadron Collider, protons in
very high intensity lasers, and electrons in the high magnetic
fields of magnetars. The gradation in the allowed wedge region
indicates the strength of the radiation-reaction effect, which is
strongest just before it crosses into the disallowed ‘large radiation
reaction’ regime.

a 7, almost 2 orders of magnitude larger, z,~
2 x 1075 s, so the scale of effect is a®7 7, ~ 1075,

(i1) For high-intensity laser systems with intensities in
the range 10" W/cm?-10%> W/cm? [35-37], the
acceleration scale for a proton is then in the range
a~ 10" s71-10%' s7!, and using 7., ~ 107'® s and
7, ~6x 1073 s gives a’r.7, in the range
1078-10°. At the upper end of this range, second-
order radiation reaction effects could become
significant. [38]

(iii) Turning to astrophysics, the magnetic fields near
certain neutron stars, referred to as “magnetars”, can
be extremely large, B ~ 108-10'! T. At the high
end of this range, higher-order self force effects
could easily become large even for slowly moving
particles.

II. MOTION OF A FINITE BODY COUPLED
TO AN EXTERNAL FIELD

In this section, we consider a finite extended body
moving in an external field in flat spacetime. We will
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review the governing equation, the nonperturbative defi-
nition of the body parameters. In the following sections, we
will review the nonperturbative equations of motion for the
body moments, and specialize to the limit of a small body
to obtain explicit results.

A. Governing equations

The system we are considering is a finite, extended,
charged body coupled to an external field in flat spacetime.
The extended body is described by a matter stress-energy
tensor T’X; , which we assume is smooth and which vanishes
outside a world tube of compact spatial support. We will
consider both electromagnetic and scalar self forces.

The coupling to either type of field is governed by the
body’s charge, which is described by a charge current
density j* such that V, j* = 0 (electromagnetic case), or a
scalar charge density p (scalar case). We assume that the
charge current or density functions are also smooth and of
compact spatial support. These fields obey the standard
inhomogeneous wave equations for the respective type of
field:

v[uFAo-] =0, (78.)

VHE,, = 4xnj, (E & M case), (7b)
and

V,Vi® = —4zp (scalar case). (8)

The total stress-energy tensor 7, is given by the sum of
the matter contribution 7, and the field contribution
T,y This stress energy contribution for the electromag-
netic field is

1
4”TF/U/ = ;MF/IU - ZgqumlF‘Ma (9)

or, for the scalar field, is
1
4nTp,, =V, OV, O — Eg,wVﬂ(DV’Idl (10)
We assume that this total stress-energy is conserved:
V(T +Tg)=0. (11)

We choose to divide the field into an external field
FEOm (Scalar: @), and a self field FeD# (Scalar:
@)y which is the retarded solution to the field equa-
tions (7) or (8) with the given source. The external field
may be expressed as, for the electromagnetic case,

F(ext) —F _F(self) (12)

Hv uv A

or, for the scalar case,
(I)(ext) — - (I)(self)' (13)

Inserting the decompositions (12), (13) into the quadratic
expressions (9), (10) for the field stress energy tensor, we
find following GHW that the field stress energy can be
expressed as the sum of three terms:

TE =T ) + 1

(self (cross

L+ T (14)

(ext)"

Here T

(self) is quadratic in the self field, 7%

(ext)
the external field, and T’(‘c”ross) is a cross term which depends

on both the self field and the external field.

In the following subsection, we will discuss the defi-
nition of body parameters such as mass, momentum, and
spin. For those definitions, we will use the sum of the
matter and self-stress-energy tensors,

is quadratic in

T = T + Tty (15)

excluding the cross and external contribution, following
GHW. The conservation of stress-energy (11) can be
rewritten in terms of this quantity as:

vy TH — F(EXl)Uﬂjﬂ (E &M CaSe) s (163)

V, T = &Yy (scalar case). (16b)

The motivation for choosing the definition (15) for the
body parameter definitions is that in the limit when the
body becomes small, the fields 7%, j*, and p vary over
the small body length scale, while the external fields
FEOm and ®©EV# vary only on a longer length scale
set by the external field.

The only equations that are needed for our derivation of
the self-force are the field equations (7) and (8), the stress
energy conservation equation in the form (16), and the

definition of the self-field as the retarded field.

B. Nonperturbative definition of body parameters:
The Dixon-Harte formalism

We now turn to a discussion of the definition of body
parameters for a finite body, including the body’s mass,
momentum, spin, and choice of representative worldline.

For a conserved stress energy tensor 7+ in flat spacetime
of compact spatial support, there is a natural choice of
momentum and spin, namely

P l;lsolated) = /): Tﬂbdz’w (173)

Sl(llysolated) (Zﬂ> = 2/2<x - Z)[ﬂTUHdZ;L, (17b)
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where X is any spacelike hypersurface. The center of mass
worldline is then the set of points z# which satisfy

Sl(llysolated) (Z”)P (Tsolated)y — 0. ( 1 8)

Equation (18) is known as a spin supplementary condition,
and generalizations of this condition will be discussed
below.

However, this treatment is not applicable to our present
context for two reasons:

(1) First, the stress-energy tensor (15) that we wish to
use in the definitions is not conserved, instead there
is a forcing term from the external field on the right-
hand side of Egs. (16). Hence, the expressions (17)
will no longer be independent of the choice of
hypersurface X, and a specific choice of hypersur-
face ¥ will be required. This will be discussed
further below.

(i1) Second, the stress energy term (15) that we will use
does not have compact spatial support, due to the
self-field contribution. Hence, there is no guarantee
that the expressions (17) are convergent and well
defined. The convergence of these integrals is
discussed further below.

There exists a general, fully nonperturbative set of
definitions of worldlines, electromagnetic moments, and
stress-energy moments of an extended body. These defi-
nitions were introduced by Dixon [39,40] in the context of
curved spacetime, and extended by Harte [32]. We follow
the Dixon-Harte framework and definitions, with some
modifications that we discuss below. The remainder of this
section reviews those aspects of the Dixon-Harte frame-
work that are most important for our derivation.

Before discussing the definitions of body parameters, we
review the covariant bitensor formalism [9]. We work in flat
spacetime, but we will be using non-Lorentzian coordi-
nates. We will denote by x* a field point off the worldline,
and we use tilded indices for tensors at such points. We will
denote by z¢(z) a point on the worldline (Fig. 2), and use
normal (untilded) indices for the tensors at such points.
General bitensors are functions of both z# and x*, and can
have one or more indices of either type.

An important set of bitensors are Synge’s worldfunction
o(x, z) and its derivatives. Synge’s worldfunction is defined
only for pairs of points that are sufficiently close that there
exists a unique geodesic that joins them. For this unique
geodesic, o(x, z) measures one-half of the square of the
geodesic distance between the two points. It is negative for
timelike separated points, positive for spacelike separated
points, and zero for null-related points. The first covariant
derivative of Synge’s worldfunction can be used to define a
covariant version of a position vector 6,,(x, z) = V,0(x, 2),
where the derivative is with respect to z. We will also find
useful the second derivatives, o*;(x,z) =V,V¥6 and
Uﬁ 1= Vf‘ V 0.

Future-directed null cone ¥,

\ Past light cone of field point 27

FIG. 2. An illustration of our definitions of total momentum
and spin of an extended body. The body is confined to the world
tube shown, but is coupled to a long range field (scalar or
electromagnetic) that extends beyond the worldtube. Given a
representative worldline z#(7), shown as a dashed line, we define
momentum and spin by integrating over future null cones X, of
points on the worldline. The field stress energy tensor at a point
x* on such a null cone will depend on the sources in the
intersection of its past lightcone with the worldtube, shaded in
gray. This region is confined to within the region of the worldtube
consisting of times 7 with |z — 7’| smaller than a light-crossing
time.

In the Dixon-Harte framework, one chooses a worldline
z%(r) for the body, where 7 is a parameter that need not be
proper time, and a choice of a unit vector n%(z) along the
worldline with n,(d/dr)* = —1. The formalism supplies
conditions that eventually determine the worldline and
parameterization. Given these choices, one defines a
foliation of spacetime by hypersurfaces X, as follows.
Each hypersurface is labeled by the parameter 7 at which it
intersects the worldline, so z%(z) € Z,, and is generated by
geodesics starting on the worldline that are orthogonal
to n°.

The Dixon-Harte definitions of the momentum and spin
of an extended body are

PP(2) = / 05, () TE (1)K (1. 2,). (192)
S, (c) =2 / A5 () T8 (x) Hyg (x. 21 )0y (. 22). (19b)
where
H = —(0;)™", (20a)
KP, = H" 6%, (20b)
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In flat spacetime, these definitions reduce to

Pé(2) = / 45, () TR () gyt (. (). (21a)

T

$(c) =2 / 4, ()T () g, (. 1)) (o, 24), (21b)

T

where g,; = —o,; is the parallel propagator bitensor in flat
spacetime.

We modify the Dixon-Harte framework in the follow-
ing ways.

(1) We specialize the parameter 7 to be the proper time.

(ii) We dispense with the unit vector n*(z).

(iii) We use the stress energy tensor 7 of Eq. (15)
instead of the matter stress energy tensor T%;.

(iv) We use null hypersurfaces X, that are generated by
the set of future null geodesics starting at world-
line point z%(z). This family of null hypersurfaces
foliates the convex normal neighborhood of the
worldline, which covers the entire manifold for
the flat spacetime case we consider in this paper.

Our definitions are then

Ph(z) = / 45, () TP () g (o, 24(2)). (22a)

$(r)=2 /E 4%, ()T () g, (. 1Yol (o, 27), (22b)

Here the subscript B denotes “bare”; these definitions will
be replaced by renormalized momentum and spin in
Sec. IV F below.

The motivations for our choice of foliation of future null
cones are as follows. The integrals (17) contain a contribu-
tion from the stress energy tensor of the self-field from
Eq. (15). That self-field, evaluated at a point x on the
hypersurface X, over which one integrates, in turn depends
on the body’s charge distribution on the past light cone of x.
When one uses a spacelike hypersurface X, the dependence
on the body’s charge distribution extends into the distant
past, as one takes x further and further out on the spacelike
hypersurface. By contrast, for a future null cone, X, the
dependence on the body’s charge distribution is limited to
times within a light-crossing time of 7, as illustrated in Fig. 2.
In addition, we show in Appendix A that the integrals (22)
are well defined and finite when the hypersurfaces X, are
chosen to be future null cones.

There are three choices we have alluded to in the above
definition of momentum and spin: the worldline z(z)
(which is fixed by the spin supplementary condition),
the choice (15) of body stress-energy tensor, and the choice
of the hypersurface of integration. As we have argued, not
all choices give rise to physically acceptable definitions.

Within those that do there is considerable freedom. This
freedom corresponds to different ways of describing a
given dynamical system. Different choices will give rise to
different forms of the laws of motion, but will not change
any physical predictions.

We also define the bare rest mass mp by

m% = _P/;;PB;V (23)

We define the 4-velocity in the usual way as
ut(t) = dz*/dr, with u#u, = —1, and note that

P £ mgu, (24)

beyond leading order.

The definitions (22) are valid for any choice of worldline
Z.. To pick out a unique worldline one must specify a spin
supplementary condition [39,40], which takes the generic
form

S5 (t)w, = 0. (25)

where ®, is some vector field defined on the worldline.
Such a spin supplementary condition defines a center of
mass worldline [41,42]. Our spin supplementary condition
is defined in terms of a renormalized spin S$**, which
we define in Eq. (62) below. Our spin supplementary
condition is

Su, =0, (26)

which reduces at leading order in the size and mass of the
body to the condition (25) with @, = u,,.

C. Electromagnetic multipole moments

We now turn to a discussion of electromagnetic multi-
pole moments. We define the total (conserved) bare charge
qp» charge moment 7%, dipole Q%’, and quadrupole Q%"
of the body to be

qp(1) = qp = / 1 dz; 7, (27a)
B(1) = /z dZo gy j gt (27b)
(1) = _/E dZs g j gite”, (27¢)
0" (1) = / A%yt P gt 6V o . (27d)

T
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In these expressions, the arguments of all the bitensors
&, 0*, etc. are (x,z(r)), while the argument of j# is (x).
The definition (27¢) has a minus sign due to the properties
of Synge’s worldfunction (g,’¢* = —o").

For the Dixon moments [40] defined in terms of a
spacelike hypersurface generated by geodesics orthogonal
to n*(z), the bitensor o*(x,z(z)) is orthogonal to n*(7)
for all x in X,, and hence all of the charge moments
are orthogonal to »* in all indices following the first
index:

wn, = 0n’n, = 0p’n, =0. (28)

Since we integrate over future-directed null cones, there is
no such orthogonality condition for our moments (27). In
addition, our dipole (27¢) contains both a symmetric and an
antisymmetric part, unlike the case for the standard
definition which includes an explicit antisymmetrization.

The number of independent components of the electro-
magnetic dipole (27¢) and quadrupole (27d) are nominally
16 and 40, respectively. When charge conservation is
imposed in Sec. VI A, we shall see that these reduce to
10 and 22. However, these are still larger than the number
of degrees of freedom for the standard definitions of the
electromagnetic dipole and quadrupole, which are 6 and 14.
Our bare electromagnetic moments (27) are convenient for
our derivation in Sec. VI. However, we shall express
our final results for the equations of motion in terms of
a set of renormalized, projected moments, defined in
Sec. IV F, which have the standard number of degrees of
freedom.

D. Scalar multipole moments

For the scalar case, we define an analogous set of bare
moments, based on integrals over the scalar source p,

qsp(7) = /2 dZ;u’p, (29a)
Op(7) = = /): dZy g yu*po, (29b)
0= [ amgulpoe.  (290)

All other details regarding the absence of an orthogonality
condition, and the comparison to standard multipoles are
similar to those for the electromagnetic multipoles. Here
the subscript S denotes “scalar” and B denotes “bare”.
The multipole moments (27) and (29) that we are
defining are nonstandard. However, they contain the same
information as standard multipole moments which are
defined in terms of integrals over spacelike hypersurfaces.
Some insight into the relation between the two sets of
moments can be obtained by considering the leading-order

expansion for @ in terms of its source p in a Lorentz
frame (z,x'):

1 1
o(tra) =1 [ @pa-rinyn+0(%). (o

where

i

r=|x| and ni=". (31)
r

Taylor expanding the density about the retarded time ¢ — r
gives the usual multipole expression

. 11 . . ) .
@(t,r,n’):;z {En’l...n’k/d3yy‘1...y‘kp(")(t—r,y)

k=0
+0 (%) , (32)

where p(¥) denotes the k™ time derivative. Taylor expanding
instead about r — ¢ + y yields

. 11 .
o(r,r.nf) =% {g/ By(n'y' = y)pM(t—r+y.y)
k=0 :
1
+o(%). (33)

which now involves integral over the future null cones. The
integrals that appear in (33) are precisely time derivatives of
our nonstandard multipoles (29).

III. NONPERTURBATIVE EQUATIONS
OF MOTION

This paper focuses primarily on a perturbative expansion
of the self-force. It is informative, though, to consider the
extent to which exact computations can be used to
determine radiation-reaction effects. In this section, we
derive an exact law of motion for extended bodies, which is
used indirectly in our derivation in the remainder of the
paper. Our exact law is a modification of an exact law of
motion due to Harte [32,39], which we review. We use
Harte’s result to perform a consistency check of our results
in Sec. VI below.

A. Equation of motion for bare momentum

-

First, we define a generalized momentum P,(£) as a
linear map on vector fields & via

P.E) = / T, dS,. (34)

T
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Here, as before, we choose the surface X, of integration to

be future-directed null cones. When we specialize E to be a
Killing vector field &; = g;* or &; = 2g; °6*, the resulting
quantities (34) yields the definitions (22) of linear momen-
tum and spin [32].

To compute the time derivative of this generalized
momentum, we use the general identity [32]

d B - -
— [ VdZ, —/ Vﬁv"m’le;l +/ vPm*dS.;,  (35)
dr s, %, 0%, g

valid for any foliation X, and any vector field v#. Here m* is
any vector field that satisfies m*(dz); = 1, dS;; = dSp3 is
the surface area element, and the second term of the right-
hand side should be interpreted as a limit of integrals over
the boundaries of finite regions of Z,. Applying this identity
with v# = TFYE, gives

- - ~ 1 . -
iPT(é:) = / vﬁTﬂygﬂmldzj +—/ T””(ng)wm’ldﬁz
dr s, 2 s 7z

T

- / TONPRE midS 5, (36)
0%,

In the last term, we’ve removed the matter contribution to
the stress energy tensor, since it has compact spatial support
and so does not contribute to the boundary integral in the
asymptotic limit. Using Eq. (16a) we can rewrite the first
term of (36) in terms of the external field. Specializing to
Killing vector fields, for which the second term vanishes,
gives

d > a3
P = / (FeRPE, o mAdE;
T z

T

- / TCRPE mAdS, ;. (37)
0%,

To obtain an explicit equation of motion for the world-
line, Eq. (37) must be supplemented by the spin supple-
mentary condition (26) that determines the relationship
between the 4-velocity u# = dz/*/dz of the worldline and
the 4-momentum P%. To incorporate this condition we
proceed as follows. First, we write down the following
identities that are valid for any choice of vector field P%
along the worldline

mpa® = a*(mg + Pyu,) + P+,D.P},

- PKVDT(PUAPAI;’)’ (383)

DrmB = Dr(mB + Pl;?”u) - uﬂDTP/;? - a/tPlll?' (38b)

Here D, =u*V, is the covariant derivative along the
worldline, a* = D, u* is the 4-acceleration, and

Pﬂl = (S/‘“]L + I/{”I/ll (39)

is the projection tensor onto the space of vectors orthogonal
to the 4-velocity. The second term in each of Egs. (38a),
(38b) can be obtained from (37) with the choice &; = g;*
and the replacement d/dr — D,. For the first and third
terms, we use the general identity (35) specialized to

v = o* T n;, (40)

where n; = —(dr); is the null normal to the future null
cone X,. Using V0" = —g;#, Eq. (16a), and the identity
for any vector field v#:

/2 vz, :_/z vinm*dz;, (41)

we obtain an expression for the bare momentum:
Py(r) = D, LT o TH n;dx;,
+ L o [FI022 j, — TRON mym?|d 2
- /a . o' mPT P n,dS, ;. (42)

Using the method of Appendix A, one can show that the
boundary term in (42) vanishes when we choose m = 9/0t
in the coordinates constructed in VI A. The expression (42)
can now be substituted into the right-hand sides of
Egs. (38a) and (38b) to give explicit evolution equations
for the worldline z#(7) and bare mass mp(7).

In Sec. V B below we will describe a limit in which the
charge, mass, and size of the body all go to zero. In this
limit, the right-hand sides of Egs. (37) and (42) can be
expanded in terms of electromagnetic multipole moments
discussed in Sec. II C, thereby yielding the explicit form of
the equation of motion in this limit. This calculation is
carried out in Sec. VI. Some of our calculations will
proceed directly by taking moments of the field equa-
tions (7) and (16), rather than using Eqgs. (37) and (42).

B. Equation of motion for Harte’s momentum

We now describe an alternative nonperturbative equation
of motion for the momentum of extended charged bodies in
Minkowski spacetime, due to Harte [32]. It is based on
Harte’s generalized momentum,

Pya(8) = / i 8d5; + E, (). (43)

Here the first term coincides with our bare generalized
momentum (34), but omits the self-field contribution. The
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-

second term E,(¢) is a kind of self-field contribution, and is
given by Eq. (184) of Ref. [32]. It is a double integral over
spacetime that is quadratic in the source j#, involves a
Greens function, and depends on the source only at times 7/
that are within a light-crossing time of z. Its explicit form
will not be needed in what follows.

Harte’s nonperturbative equation of motion is

d I b 15 ¥ .
GPue® = [ a7 - FD)gg @4)
T >

T

for Killing vectors E where F ’éﬁ is the average of retarded
and advanced self-fields. Harte incorporates the spin-
supplementary condition by solving explicitly for the
relationship between the 4-velocity and momentum with
a choice of parameter z which differs from proper time. We
find it more convenient to proceed instead as described
above using the general identity (39) and choosing 7 to be
proper time.

We shall make use of Harte’s equation (44) as a partial
consistency check of our results. By subtracting Eqs. (36)
and (44), we obtain

L A, m PP &), + / TCR gl dS, 5

Some total
> , (45)

B (time derivative

where F f{’ is the radiative self-field, one half the retarded
field minus one half the advanced field. We compute the
left-hand side explicitly in terms of our multipole expan-
sion and verify that it is a total time derivative at each order
in the expansion; see Secs. VID 2 and VIE 2 below.

IV. THE POINT PARTICLE LIMIT IN THE
ELECTROMAGNETIC CASE

A. One parameter families of solutions:
The Gralla-Harte-Wald axioms

We will consider a small charged body interacting with
an external electromagnetic field. To describe the limit in
which the body becomes very small, we consider a one-
parameter family of solutions of the field equations for the
body, labeled by a dimensionless parameter A. Following
GHW, we impose the following axioms on the family of
solutions. The axioms enforce that the mass and charge of
the body go to zero as the size goes to zero.

Axiom 1. There exists a one-parameter family of fields
consisting of the Maxwell tensor F,, (4, x"), the charge
current density j#(4,x*), and the stress-energy tensor
Th/ (A, x*), which satisfy the Maxwell, charge current
conservation and stress-energy conservation equations:

VF, (A ) = 4mj, (4 2%, (46a)
Vi Fo =0, (46b)

V.4 (hx") =0, (46c)
V, 1% (), ) = 0, (46d)

where T# = T4/ + T4, and T is given by (9). These
fields are defined on the open interval 0 < 1 < 4, for
some Ay.

Axiom 2. We assume there exist functions j* (A, 1, X")
and T’,‘;(ﬂ, t,X") such that for some global Lorentz frame
coordinates (, x'):

. . (At
j”(/l,t,x’):/l‘zj"</1,t,x—a( )), (47a)

A N L (At
Thi (A, t,x") = A72Thy </1, t, xz()> ., (47b)

where j* and T’;}“ are jointly smooth all of in their
arguments, including at A =0, and z'(4,1) is the center-
of mass worldline defined by (26).

Axiom 3. All of the fields F,,, j*, and T% are jointly
smooth in x* and A away from A1 = 0. There exists a
worldtube W of compact spatial support such that the
supports of j* and T%; lie inside W for all A.

Axiom 4. The external field F(&*V% defined by (12) is

jointly smooth in x* and /, including at 1 = 0.

B. Discussion of and motivation for the axioms

As in GHW, the axioms 1-4 are intended to describe a
family of physically reasonable charge current and stress-
energy distributions, such that the limit A — O represents a
pointlike object. At any finite A4, however, the object is
nonsingular with smooth (in particular, nondistributional)
sources and a finite self-field. Our goal is to derive a set of
ordinary differential equations that govern the motion of the
object in the limit of small A.

The axioms enforce a limit where the size £ of the body
is much smaller than the scale L. of variation of the
external field F(&V# Thus, there is a separation of scales:

L < Ly (48)

One can think of the parameter A in our one parameter
family of solutions as being the ratio £/ L., since the size
of the body decreases linearly with A, from Egs. (47a) and
(47b). As discussed by GHW, a crucial feature of the

*This scale can either be the characteristic length over which
FE9 varies, or the characteristic time.
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assumed one-parameter family is that the mass and charge
of the body go to zero as 4 — 0, at the same rate as the size.
Our axioms are identical to those of GHW except for the
status of the worldline. GHW assume the existence of a
A-independent worldline z'(¢) for which a version of (48),
with z/(4, 1) replaced by z'(7), is satisfied. By contrast, we
define a one-parameter family of worldlines z/(4, ¢) accord-
ing to the general prescription described in Sec. II B. The
two approaches coincide at leading order, but at subleading
order the A-dependent worldline is more convenient.
Axiom 2 appears to violate Lorentz invariance by the
choice of a specific Lorentz frame. However, if this
assumption is satisfied in some Lorentz frame, it is satisfied
in all Lorentz frames, so it does not violate Lorentz
invariance. To see this, consider the boosted frame
xf = (1,x') = A" ,x*, in which the worldline is x' =
wi(4,7) for some function w'. Then, in the boosted frame,
an equation of the form (47a) is satisfied, where the
function j# is replaced by the function j# given by

F.1X7)
= AP (A, A% + A%wi(2,7) + AA%XT, AL XT]. (49)

By inspection the function j# is jointly smooth in all of its
arguments, including at A = 0. A similar argument applies
to Eq. (47b).

C. Consequence of axioms: The near zone
and far zone limits

Following GHW, it is instructive to consider two differ-
ent limits of 1 — 0 that give complementary descriptions of
the interaction of the body with the external field.

The limit A — 0 at fixed rescaled coordinates,

(T.X1) = (r, XI%I(M» , (50)

describes the “near zone” limit. It describes what would be
measured by observers at distances from the object of order
the object’s size L. In this limit, points with fixed global
Lorentzian coordinates x' become more and more distant as
A — 0. The length scale L of the external field goes to
infinity, while the size £ of the body remains finite.

The limit 2 — 0 at fixed (¢, x") describes the “far zone”
limit. It describes what would be measured by observers at
distances from the object of order L.,;. In this limit, points
at fixed rescaled coordinates (7, X') approach the worldline
x' = 7(0,1) as A — 0. In particular, the object’s size £ — 0
as 1 — 0 at fixed (¢, x%).

The GHW axiom approach is closely related to the
matched asymptotics method often used in gravitational
calculations [9,12,43-45]. The “near zone” expressions are
analogous to an expansion in positive powers of the radial

coordinate, valid near the body, and the ‘far zone’ expres-
sions are analogous to the expansions approximating the
body as a pointlike source.

We now discuss the limiting behavior of the self-field as
A — 0. The assumptions of subsection II A do not demand
smoothness of the matter fields j* and 7#* in Aat A = 0. As
shown by GHW, it follows from axioms 14 that the limits
A — 0 of the matter fields j* and 7" exist as distributions.
This result reflects the desired “point particle” nature of the
A — 0 limit of the body. However, axiom 4 demands that in
the limit 4 — 0, the external field remains smooth in the
coordinates x’. This ensures that the external field possesses
a well-defined value at the worldline, even in the point
particle limit.

The limiting behavior of the self-field is derived in the
appendix of [8], and can be described as follows. There
exists a function FOD# which is jointly smooth in its
arguments, including at 4 = 0, such that

F(self);w(l’ . xi) — l—li?(self)m/(/l’ . Xi)_ (51)

We define a tilded version of the full electromagnetic field
F*(2,t,x"), by

Fr (6, XY = AFP (A, 1,7 (t,A) + AXT]).  (52)
It follows from (51) that this full field can be written as

Fre(Q, 1, XY = Fem () 1 X1
+ AFEOR () 1 70+ AXD),  (53)

so as A — 0 at fixed X, F** — FGeDm Tt also follows for
(51) and (9) that the stress-energy tensor (15) obeys an
axiom of the form (47b)

T (A, 1,x0) = A2 Fm (z, L) ZA(A’ t)> . (54)

where the right-hand side is a smooth function of its
arguments.

D. Limiting behavior of body parameters

We next specialize the general definitions (27) of
electromagnetic multipole moments to the one-parameter
family of charge currents. We find from Eq. (47b) that

q5(2) = 24(2), (55a)
Ty(2,2) = AT" (2, 2), (55b)
0 (z.2) = 220" (7, 2), (55¢)
Q4 (0. 2) = PO (x. ), (55d)
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where the rescaled moments g, :7”, Q’“’, and Q’M have
Taylor expansions about A= 0 that start at O(A°), for
example

g(A) =g +ag"M 4 -, (56)

The result (56) is one of the principal benefits of using the
one-parameter family of solutions: in the limit A — 0,
successively higher multipoles are suppressed by a higher
and higher power of 1. Hence, the limit enforces a multipole
expansion.

Similar results apply to the 4-momentum P’ (22a) and
spin S% (22b), which can be written as

Ply(z,1) = AP*(1, 1), (57a)

S (2, 4) = 228"(1, ), (57b)
where P# and S have nonzero limits as A — 0. We define
a rescaled mass in terms of the rescaled momentum P,

m? = —P,Pr, (58)

which satisfies A/ = my, and has a finite, nonzero value in
the limit A — 0.

E. Axioms in the scalar case

We use a set of assumptions closely related to axioms
1-4 for the scalar self-force derivation. We replace the
charge current j# with the charge density p, the field
strength F,, with the first derivative of the scalar field
®.,, and Maxwell’s equations (7) with the Klein-Gordon
wave equation (8).

The scalar charge moments (29) can be written as

qsp(4) = Ags(4). (59a)
Olsp(z. 2) = 2 0(x, 4), (59b)
§p(7.4) = PO (z,2), (59¢)

where g, Q’g, and Q?’ have finite, nonzero limits as A — 0,
just as for the electromagnetic moments above.

F. Renormalized projected body parameters

In this section, we define a set of renormalized and
projected body parameters—momentum, angular momen-
tum and electromagnetic moments—that have a number of
desirable properties:

(i) The final equation of motion is simpler when
expressed in terms of these body parameters rather
than the original (bare) body parameters.

(i) The projected parameters have the conventional
number of independent degrees of freedom (6 for

electromagnetic dipole, 14 for quadrupole), unlike
our original definitions (27) which had 10 degrees of
freedom for the dipole and 22 for the quadrupole.

(ii1)) The renormalizations are chosen such that the final
equations of motion depend only on the renormal-
ized projected parameters.

Our definitions of renormalized projected body param-
eters are perturbative and are limited to the context of the
one-parameter family of solutions. It would be interesting
to find more general, nonperturbative definitions that
reduce to these definitions in the 4 — O limit. We have
been unable to do so. In particular, our perturbative
definitions of linear and angular momentum differ from
those obtained by taking the 4 — 0 limit of Harte’s non-
perturbative definitions (43), at second order in A.

The renormalized mass is given by

- ~ 2 ~
m = —Ptu, — luﬂF(eX‘)"yQ”’lul - glzc“]a”DT(P”le”uﬂ)

_ lZM”F(SXI)ﬂb;APln Qmauo_ + AZM”F(ext)ﬂDQMr]alu”

+ O3, (60)
where u# is the 4-velocity and a* the 4-acceleration of the
worldline, P,* =5, + u,u” is the projection tensor, and
D, = u"V,. The rescaled electromagnetic dipole O** and
quadrupole O"** which appear here are defined in Eq. (56).

Note that P#u, = —i + O(A), so m and i coincide to

leading order. In the limit 4 — O the renormalized mass can
be expanded as

m(l) = m© + 1mW + 2m@ 4 ..., (61)

where the coefficients m(©), m!), etc. are independent of A
and m© # 0.
We do not define a renormalized momentum since the
momentum is eliminated in the final equation of motion.
The renormalized spin is

~ ~ 2 ~
SHv = Sy 0 ) Flext) [ﬂuQMD]Pup + g/IZIP[/‘Au”] leap
2o 4 2 -,
+ APk, P, qurQ ’+ gqu,,Q” a’ + gCIQ u,a’
+O(22). (62)
This also can be expanded in powers of 1 with a leading

term which is nonzero.
The charge is conserved so requires no renormalization,

q9=3. (63)
The renormalized, projected electromagnetic dipole is

0" = (O™ + Au,D (Q"°))P.f + O(2),  (64)

105001-11



JORDAN MOXON and EANNA FLANAGAN

PHYS. REV. D 97, 105001 (2018)

TABLE I.

A summary of the various body parameters we have defined. Each cell lists the symbol for the quantity, the number of the

equation in which the quantity is defined, and the number of independent components in the quantity after the charge conservation and

the spin supplementary condition have been imposed.

Bare moments Py (22a):4  mp (23): 1 S (22b): 3 gz (27a): 1 Jh (27b): 0 Q% (27¢): 10 Q’;M (27d): 22

Rescaled bare moments P (57a): 4 m (58): 1 8 (57b): 3 g (55a): 1 J* (55b): 0 0" (55¢): 10 QM* (55d): 22

Renormalized Not required  m (60): 1 SH (62): 3 q (63): 1 not required oM (64): 6 ot (67): 14
projected moments

Note that this dipole is orthogonal to the 4-velocity on its q 24 )

second index, unlike the bare dipole. We can expand Q" as a’ = p” F*u, + I Pat, (69)

0" = QU 4 300w 4 O(22). (65)

Charge conservation [Eq. (103c) below with m =2 and
N = 2] enforces that the spatial components of the leading-
order term are antisymmetric,

QOwp Upn = 0. (66)

At higher order, the quantity QWP ,*P,Y can be
computed from the time derivative of the electric quadru-
pole and the corresponding subleading charge conservation
[Eq. (103c), order O(A), with m =2 and N = 2]. Hence,
the dipole (64) has six independent components.

We note that if we replace the future null cone X, in the
definitions (27) of electromagnetic moments with a space-
like hypersurface orthogonal to the 4-velocity, then the
same final result would be obtained by taking the expres-
sion (64) but omitting the correction term.

The renormalized, projected quadrupole is

Q4 = PLP1,0" + O(2). (67)

This tensor is orthogonal to the 4-velocity in its second two
indices. The completely symmetric part of the spatial
projection of this quadrupole vanishes to leading order,

Q" P,VP, P = O(d), (68)

from Eq. (103c) below with m = 3, N = 3. It follows that
the leading-order renormalized quadrupole has the standard
number of independent components (six electric and eight
magnetic).

The notations for and properties of the various body
parameters we have defined are summarized in Table I.

V. SUMMARY OF RESULTS:
ELECTROMAGNETIC LAWS OF MOTION
THROUGH SECOND ORDER

A. Preamble: Domain of validity of self-force equations

The classic Abraham-Lorentz-Dirac radiation-reaction
equation,

is a third-order differential equation which possesses trans-
parently nonphysical runaway solutions.

As pointed out by GHW, (69) is valid only in the regime
g*a/ma = e < 1, and the equation has errors of order €a.
The runaway solutions possess a rapidly growing accel-
eration, and violate the assumption ¢ < 1. When € 2 1, the
perturbative differential equation (69) is no longer a good
approximation.

The reduction of order procedure provides a method of
deriving from Eq. (69) an equation which is equally
accurate but which is second order in time and which
does not have runaway solutions [46—50]. Substituting the
expression for the acceleration given by the first term in
(69) into the second term modifies the equation by a term
which is no larger than the pre-existing error terms. The
resulting reduced-order equation is

o9 pou, 29 po
a :EF /‘uﬂ—l—gWP o (FP* yu,u” + FPAF ) 4+ O(q).

(70)

Our final results (73) are expressed as an expansion in
powers of 4, a parameter which is proportional to the charge
g, also the mass m, and here also to ¢?/m. We do not
perform a reduction of order in our results for brevity.
(except the point particle case discussed in Sec. VD
below). However, we emphasize that our results should
be interpreted in terms of their reduced-order counterparts.

B. Laws of motion: General self-force
and center-of-mass evolution

We present in this section the results for the electro-
magnetic case. The scalar results are derived in much the
same way, and can be found in the Appendix B.

The evolution of the body’s worldline z¢(z) and rest
mass to second order in A are given by

mat = fOr 4 2Ok 4 22 @ 4 O(23),  (T1a)

D.m = AFWD + 2F? 1 0(2), (71b)
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where a* is the acceleration of the worldline and m is the
renormalized mass (60). Here f(O% is the Lorentz force,
fWr and F) are the first-order GHW results, and £(?) and
F@ are the new second-order results presented here.
Explicit expressions for all these quantities are given in
this section and the derivations are given in Sec. VI below

We refer to Egs. (73) as “laws” of motion, instead of
equations of motion, as they require additional information
about the body’s electromagnetic multipoles their time
dependence to fully determine the motion. The requisite
additional equations parameterize the evolution of the
internal degrees of freedom of the body.

At leading order, we have the Lorentz force and mass
conservation

FOr = gFlexOuty, (72a)
D.m = O() (72b)
At subleading order, we have
2
f(l)K —_ PKD cht Q/M +3L]D a“+D (a Sl//l)
+ 0, D W, — D (u, FOO,0%) | (73a)
f(l) —u, Flextu le —u, F(extzx D (QM)
- ZMMF (ext), ”,JQ”ai. (73b)

Here the body’s charge ¢, electromagnetic dipole Q*,
and spin S#¥ are the renormalized versions (63), (64),
and (62).

To facilitate comparison of the results with those of
GHW, we define an antisymmetric dipole Q" by

QA#M]DL//1 = Q’M’ (743)

QAlwuu = —u, Qu;t’ (74b)

for which Q) = 0. Eliminating Q** in terms of Q%", and
we find

f dipole =

6

-2 D2Qm<_% D3Qw<
qaﬂ T 3q T uﬂ

2
JUOR = PF | FE,,040 + 3 gD + D (a,5)

+ 2D1(u/4F(eXt)l[yQAﬂ]/1) B (753)
]:'(1) = -u, F (ext)u ﬂQA _ DT(F(ext)v”QA/M)MDM}L
— 2u, F©,0,"a,, (75b)

which agrees with the results of GHW. The third term in the
mass evolution (75b) does not appear in GHW, however it
gives only a O(42) contribution when reduction of order is
applied. We retain this term since we will be working
to O(2%).

As noted in GHW, the first and second terms in the
acceleration equation (75a) are the monopole self-force
usually derived from the radiative self-field, and the direct
interactions with the external field. The final two terms in
(75a) are terms that are not usually derived in elementary
treatments of electrodynamics.

The second-order results can be decomposed into
monopole, dipole, and quadrupole contributions:

f(z)ﬂ fpomt + fdlpole + fquadrupole’ (763)
F @ = f point + F dipole + fquadrupole (76b)
We have
(2 0 77
f point ’ ( a)
F poin = 0. (77b)

so there are no new point particle terms at second order. We
note, however, that monopole terms at O(4%) would be
generated if one expands out the body parameters in a
power series in 4, as in Eq. (65) above, and also would be
generated by the reduction of order procedure, cf. Sec. VD
below. The explicit, new, dipole and quadrupole contribu-
tion to the self-force are

1 7
P |— 3 qa,a'a, Q" + qa*D,a"P,, 0" u; + EquakaﬂQﬂﬂul

11 1 2
- _qaﬂDTaﬂQyKuv + gqakaﬂDrQwuu - qaﬂaﬂDbeKuy - g qDTa;tDTQﬂK

(78a)
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f((lillémpole =P, % (ext)x Q;w —u,D (F F( xt),/b;ppu/1 0¥ + % D,Q( F(ext)lc/l Qﬂpp) —2u, F(ext)ﬂl’yuquKp a,
+ 2F (ext)] Qﬂ\v a,+ ;F(ext uQ " %F (ext) KI/D (a,,u Q/lp ) _ MMF(eXt)MyDT(dea,{)
+ au, F0 D 0" —2a,F0, Qg | (78b)
and the explicit, new, dipole and quadrupole contributions to the mass evolution are
fﬁﬁole = _%qaﬂaﬂuﬂQRiyal/ - %éDTayP”ADT(MﬂQ’M), (79a)
ff}i)adrupole __ % u, F(eXt)ﬂl;yp Q/h/p _ % u, Flexu roldU° Q/Ip _ 2u Flextu Q/lau — y Flex) ,4 a Ql/p
;D a, F ey, u, 0% —%a F&O%y q,0% —%a FeY%y u,D 0%, + a,F% D Q"
+ % w, FEU,D 20w . (79b)

C. Laws of motion: Evolution of spin

Like the self-force, the torque may also be written in
terms of the renormalized dipole, quadrupole and spin
introduced in Sec. IV FE. The result is

DTsi/)fPlk'Pp(r _ 731(/1730/) <2F(ext) [/lﬂ Qu\/)] 4 2 Flext) [AD;” Quu\p]

4
—gﬂqDTaM oHlel u,+ 2,1F(ext)[/1” ol ay)
+0(22). (80)

Because of the spin supplementary condition (26), this
projected version of D_S* is sufficient to determine the
entire time derivative. The first term in this torque expres-
sion reproduces the GHW result.

D. Laws of motion: Reduced-order point
particle limit

In this section, we specialize to monopole bodies, i.e.
those with vanishing spin S$*¥, electromagnetic dipole Q**,
and electromagnetic quadrupole Q***. The equations of
motion (73) then reduce to

2
ma" = AgF &0y, 4 g/lzq2P”yD,a” + 0%, (8la)

D.m = O(2%). (81b)

We now apply a reduction of order to determine the
acceleration through O(4?) in terms of the external field.
The resulting acceleration, given explicitly for the first
time, is

3
4q Flextur, _|_zi
m Y 3m?

D F(ext)/w u,

at = -

2g*A
4 7)/4 F (ext) nvF(ext) a”a 4

qS
e _/12D12F(ext)/u/uy

9m*
Sq xt)pv - (ext)
+ ot A2PH D FEUrvE Ty

4q6 xt)pv ext)
+F/1273”pF<" O p FE

+ _127)/4 F (ext), pI/P F ext r]ﬁF(ext

= S+ O(R).

(82)

VI. DETAILS OF DERIVATION

A. Preliminary definitions and constructions

The derivation is based on the axioms described in
Sec. IVA, which are expressed in some global Lorentz
frame coordinates (z,x’). For the purposes of our deriva-
tion, we adopt a retarded body-following coordinate
system, motivated by the scaled coordinates (7, X") con-
sidered in Sec. IVA.

We choose a tetrad at a point on the worldline, z/(, /1),3

{eh e} = a1, (83)
which we constrain to be orthonormal:
€a € =My (84)

*Note that our construction is based on the A-dependent
worldline z#(z, 1), and not on the fixed, A-independent worldline
#(z,0).
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We extend this tetrad along the worldline using Fermi-
Walker transport
De# a
dr

= e (uw'a, — a'u,), (85)

and extend it off the worldline by parallel transport along
generators of future null cones that originate on the
worldline.

Tetrad indices are raised and lowered using 7, ;:

ets = etsys. (86)

We next define the retarded Fermi coordinate system
(T, y;) following Poisson [9]. For a given spacelike point
x*, we define 7(x*) such that z#(z) is the intersection of the
past lightcone of x* with the worldline, so that

o(Z*(z(x)),x*) = 0. (87)

Surfaces of constant 7 are future light cones of points on the
worldline. We define the spatial coordinates y’ by

v = =0Uef (2)6, (20, %), (88)

evaluated at 7 = 7(x). In these coordinates the metric takes
the form [9]

ds* = —(¢* = r*a*)de® + (&;5 — n;n‘;)dy;dy}
+ 2(ra; — on;)dx'dr, (89)

where > = 5;}y;y}, p=1 —l—y;a;, ni = y?/r. The ortho-
normal basis in these coordinates is given by

)= 0, - rald, (903

¢ = (5;} + rn;a})aj - m0,.

(90b)

Next we re-express axiom 2 of Sec. IVA in terms of
these coordinates and the orthonormal basis components of
the tensors. From Eq. (54), it takes the form

Tab(), 1, y') = 12740 (), 7,y /), (91a)

ATy = 2721,y ), (91b)

where the right-hand sides are smooth functions of their
arguments [distinct from the functions in (47a) and (54)].
Finally, we can write the rescaled body parameters of

Sec. IVD in terms of the functions 7%? and Jj

pi— / FY(TH0 — Fiin,), (92a)

§ib — 2 / BYRMOTO — ylaFblin)  (92p)
and
i= [ @G0 -jm) (93a)
T = / rYj, (93b)
b = / BYRjnb, (93¢)
0t = / PYRYjinnb, (93d)

where Y = y?//l, R? = 6;3Y?Y}, and 7 =u+ n?é';. Here
the integrals are over surfaces of constant z, i.e. the future
light cones.

B. Retarded and advanced self-field

In this subsection, we compute the near-zone expansion
of the retarded field in terms of the scaled multipoles (56)
and the retarded coordinates from Sec. VI A. The compu-
tation is used in Secs. VID-VIE.

Consider a field point x*. Recall that 7(x*) denotes the
proper time at which the past lightcone of x* intersects the
wordline z#(7). We denote by W_(x*) the intersection of
the interior of the past lightcone of x* and the worldtube W
of the body. The retarded, Lorenz-gauge self-field of the
body can be written as

AL(x) = [ dte/=g()G Iy (x.x) Y ()

:/ dhy'gfy (x.x)8(o(x. x))j (x).  (94)

where G*,(x,x’) is the retarded propagator in Lorenz
gauge. Here, ¢*, is the parallel propagator, and the
I-dimensional delta function &(o(x,x’)) constrains the
integral to the three-surface formed by the past null cone
of the field point x.

To relate the right-hand side of (94) to the bare multi-
poles (27), we wish to write the integral (94) as a series of
integrals over the future null cone of the intersection point
of the center-of-mass worldline (26) and the past null cone
of x*, which we will write as z(7).

To this end, we write x* = (z,y) and x# = (¢, y!) in
the retarded coordinates of Sec. VI A above. We denote the
value of 7/ at which ¢ vanishes as

7 =14 Ar(z, ¥, y). (95)
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The 6-function §(c) can now be written as

Slo( x7)) = X~ E =L
4 ) - 2 N
lo (z.y"i 7 + Az, y")]

(96)

Inserting this into Eq. (94), using the fact that [det(g,z)| =1
in the retarded coordinates, and multiplying by a parallel
propagator factor gives

AP _(7,y)) gt (1,057, y')
/d3 /g"y(TOT—l—AT y”)] (T—l—Ary)
l6.0(2. 357+ Az, y7)| .

(97)

We now rewrite this expression in terms of the rescaled
spatial coordinates Y =yi/A, Y =/ and in terms of
the tilded version of the charge current from Eq. (93).
Noting that Az(z,AY!,AY") vanishes as A — 0 at fixed

Y.,Y"!, we write this quantity as
A(z, Y1 2Y") = AAT(z, Y Y 2), (98)
where A is finite as A — 0. The result is

AP (7, Y) = 2 / d3Y’[ i (1, AY 7 4+ AAT, AY")

<y AN~ v
j (rﬁ—l—ﬂAf,’{) A' ] (99)
lo v (., AY" ;7 + AAT, AY")|
Finally, we expand the right-hand side in powers of 4, and
we also take the large R = |Y| limit. Expressing the result
in terms of components on the orthonormal tetrad, the
retarded field can naturally be expressed in terms of the
rescaled electromagnetic moments (94)

gt Qn Oin,
Ad =2 J ol J
S=7% + 72 + da;n R
X Ql;f) Qij}nA QajCZA
Mau: — uta; J
+ A(a“uy — uay) R R
9.0%n; 9 Qaf) an
—-1= — ], 100
TR R O(R’") (100)

where the omitted terms satisfy n + m > 3.
We use the result (100) to evaluate certain boundary
terms at infinity that arise in Sec. VI C below.

C. Moments of the field equations

We next express the fundamental equation (16a)
and charge current conservation V,j* =0 in terms of

the coordinates (z, Y?), using the tilded functions on the
right-hand sides of (93). We use tetrad component of the

tensors but write the derivatives in terms of the partial
derivatives with respect to the coordinates; this unusual
combination is the most convenient for our derivation. The
result is

AF(ethl]l—l-/lFeXt ] _Tk]A+ATkO —/11’1 Tkz

+ 2a*T00 4 2a, T — JaniTHO
- ﬂaicn;T;O - Aa?RT’ACOA’;
+Aa'n;RTH ;. (101a)

AF©0T5, = Ti0 4 4 2700 2. T70 4 20,0 — Ay TOO

—Ja;y T = 2a' RT3+ 2a'a;RT10 5, (101b)
and
0= 8550, + 470 = 6350 o + Aayj' — Ay jon’
— Ad' R0 ; + Ad' I R385 ). (102)
where f o means df/0r and 0;f means 8f/8)3?. )
We next multiply (102) and (102) by R™n/i...n/v for

integers m and N and integrate with respect to Y. this gives
the hierarchy of moment equations:

/ BYNV,THR™ ) ..nin = / LPYFEij Rl v,

(103a)

/ BYNV, TR iy = / BYFE0uj Rl v,

(103b)

/ BYV,J R I ...nix = 0. (103c)
In these equations, the arguments of all of the functions
are (4,7, Y’) except for F (ext)a ’;, for which the arguments
are as on the right-hand side of Eq. (52).
We now expand the A-dependence of 7% b and 7% at fixed
(z.Y7) as

Fab — FOab 4 pFMab 4 o(2) (104a)

74 =jOa 4 5ha L 042), (104b)

with corresponding expansion of the rescaled moments
Pt = p0a 4 )p0)

a4+ 02, (105)

and similarly for each of the spin (92b) and the electro-
magnetic moments (94).
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The first moments of the spatial component (103a) at leading order, after integrating the spatial partial derivative 0; by
parts, and obtaining a boundary term, are

- / SPYn'TONs: =0 (m=1.N=0), (106a)

—/d3yT<0>“ =0 (m=1LN=1), (106b)

- / APYRTOK _ / &*Ynlnl RTOKis;, —%(57(0)@)25’?7 =0 (m=2N=1), (106¢)
- / dPYnIRTOki _ / BPYnRTOM =0 (m=2,N=2). (106d)

The boundary terms can be evaluated using Eqs. (100), (51), (9), and (54) and are nonzero only in (106c).
The first moments of the time component (103b) yield

- / Pyn'TOi06: =0 (m=1.N=0), (107a)
- / PYTOO0 =0 (m=1,N=1), (107b)
- / dBYRTOkO _ / BYnfnl RTO05:: =0 (m=2,N=1), (107¢)
- / dPYniRTO0 _ / BYniRTI0 =0 (m=2,N=2), (107d)

It follows from (106a), (107b), and (92a) that
Pt = it + O(A). (108)

The first moments of (102) yield

—/d3Yn?j?6;;:o (m=1,N=0), (109a)
—/d3Yj<0>? =0 (m=1,N=1), (109b)
- /d3Yj<0>3‘n?R - /d3Yj<°>?n?R =0 (m=2,N=2), (109¢)
- / LY jOkR2 —2 / BV Ok iR, =0 (m=3,N = 1), (109d)
- / By jOkpiniR? — / Y jOininkR? — / BYjOIninkR2 =0 (m =3,N = 3). (109¢)

It follows from Egs. (109a), (109b), and (93a) that
T4 = qu® + O(). (110)

This process may be continued to each higher order in A. At first order in 4, from the (m = 0, N = 0) piece of (103a) we
obtain

0 = Fexk0 / & Yj(O)f) + qlOk / BYT000 _ plexk] / & yj(0>?5;} — g0k / & Yn?T(O)jéé?}
+ / BYTOR | — 5. / By TOk (111)
where the external field is evaluated on the worldline. Combining (111) with (94), (94), (106a), (107c), and (109b) gives

9. PO 4 P00 = p_pO)i — — Flex)id 7(0)0 (112)

T
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Similarly, the O(4) piece of the (m = 0, N = 0) piece of
Eq. (103b) together with (110) and (108) gives

o.m = O(4). (113)
Combining this with (112) gives
a0 — _F(ext)?()j(O)()’ (114)

the Lorentz force law.

This procedure may be extended to higher moments, and
to higher orders in perturbation theory, to yield the self-
force expressions in Secs. VID-VIE, giving the final
results presented in Sec. V B.

The computation of the set of equations (105) was
automated, using the MATHEMATICA computer algebra soft-
ware. The notebook used to compute the self-force can be
found at [51]. The equations we present take advantage of the
worldline-based tetrads in the retarded coordinates to re-
assemble a covariant form for the laws of motion, so retarded
coordinates appear nowhere in our final results in Sec. V. The
hierarchy of Eqgs. (105) is similar to that used by GHW,
except that they use integrals over spacelike hypersurfaces

D. First-order laws of motion: Abraham-Lorentz-Dirac

1. Derivation of law of motion

To derive the first-order laws of motion, we expand the
scaled field equations (102) and (102) to second order in 4.
We will need to use the spin supplementary condition for
the first-order laws of motion, so we’ll present first the
leading self-torque, and we will derive the required spin
renormalization (62) from the leading-order self-torque.

We first compute the component of the bare momentum
orthogonal to the worldline through O(4) by combining the
(m=1,N=0) piece of (103a) at O(1) with the
(m=1,N=1) piece of (103b), together with (94),
(94). The result is

- 2 ~
WR/z#EfM+M%DSMD

+ 2P, FEl, 0, + O(2). (115)

Here we have converted from equations involving tetrad
components to covariant equations, by using the fact that
derivatives with respect to 7 of tetrad components evaluate
on the worldline can be converted to covariant Fermi
derivatives Dy/dr [8], defined for any vector v by

&v” = BU" + (a"u* — a*u")v

dr = dr v
We also note that Eq. (115) could equivalently have been
derived directly from (42) instead of by taking moments of
the field equation.

We next compute the first covariant derivative of both the
bare momentum and the bare spin through O(4%). The
covariant derivative of the bare momentum is obtained from
the (m =0,N =0) moment of the equations (103a),

(116)

(103b) and the covariant derivative of the spin is obtained
from the antisymmetrized moment (103a) (m = 1,N = 1).

DTP/I — F(ext)/l;tjﬂ + ﬂF(eXtMMwQ’”’
(117a)
(117b)

2
- /15 GPa,a’u* + O(A?),
DTS‘IW — F(eXt)[ﬂ/{QM] +0(4).
We also expand the rest mass, which contains no new

correction at this order, by combining (108), (58), and
(115). The result is

= —Plu, + O(2?). (118)

At this point, we have imposed no spin supg)lementary
condition, so these equations are entirely general,” but do not
describe the evolution of a worldline. To compute the center
of mass acceleration, we use the spin supplementary con-
dition (26), which reduces at this order to, from Eq. (62),

Su, = O(4). (119)

Combining Egs. (115)—(118), we deduce the acceleration
and evolution of the rest mass:

- ~ 2
a’in = ’Pay F(ext);wjy =+ lF(ex[)yl;yin 4 /15512Dfa”

1 Du(a; 3 + u, FW o) | 4 O(2), (120a)

D = —u, F(m)”’ljg +u, Flextiu P oM

— 2a, F, My, + O(22). (120b)

In addition, we find from the (m = 0, N = 0) component
of the charge conservation equation (103c) at O(4) that

D.g = O(4), (121)
consistent with the fact that charge is conserved to all orders.
From the (m=1,N=0) and (m=1,N=1) pieces
together with Eq. (94), we find the expression for the charge
moment to this order,

T = qu* + Au,D, Q" — Latu,u, 0"
— AP u,D, 0% + O(1?). (122)

We next rewrite our results (117a), (120a), and (120b) in
terms of the projected, renormalized body parameters
(60)—(64) and eliminate J* using (122). This yields the
results (75) and the leading piece of (80) given in the
previous section.

2. Consistency check using the Harte equation of motion

We now preform the consistency check described in
Sec. III B. The radiative self-field F% in Eq. (45) is given
by [9,32], for which the only nonvanishing component is

“To this order in perturbation theory, and provided the
definitions given in Sec. IV.
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R 2

F1op fu, = Flexmop, iy, +X§QD1a”Pn’1 +0(2?). (123)
The self-stress-energy tensor can also be computed from
Eq. (100); see also Eq. (119) of GHW. Substituting into

Eq. (45) gives that,
’ 2.
D. Py — D.Py = 2’D, <§ qza"> + O(4%), (124)

and so the right-hand side is indeed a total derivative, as
required.

E. New result: Second-order laws of motion

1. Derivation of laws of motion

The derivation at second-order parallels the derivation
given above at first order. We follow the same steps as
before, to one higher order in A. First, we derive the bare
momentum orthogonal to the worldline from moments
(m=1,N=0) of (103a) and (m =1,N = 1) of (103b)
through second order. After simplifying according to
equations obtained from the full set of moments from
O(2%) equations, we obtain

- 2 ~ - - -
PKPK” _ /17);4[( |:_ g 512 ak + DTSKL/ u, + 2F(exl) [K/1 QMV] u, + 4AQ/1D[KF(ext)0']A;U u, + 31@0,/1)7 Qw(

1 ~ ~ 1 2 4 ~ 1 -
- gﬂ'qaquQky + }*EIQKD <3 uzxanaﬁ - g Drau) + 7251D7aKQMuuu/1 + glz}aualekul

3

4 ~ 8 T - ~
+ _AQD‘%QW”U + ﬂéak (g DTQWIMDMX + g anﬂyu/l + 3anMul):| + O(l3>

3

(125)

The higher-order moments fix also the first covariant derivatives of the bare moments. The first derivative of the bare
momentum arises from the (m = 0, N = 0) moment of the equations (103a), (103b), and subsequent simplifications from

O(2%) moments, and takes the value

- 1 1. 1~
fPrrKDTPK:'Po- |:F1<vj —I—/lFCXt Qﬂy+ 12 (ext)k yﬂ”Qvﬂﬂ+/12éD ak Cl u ( Ql/ﬂ_gQﬂD)

~ ~ 4
+ 1*qa,D.a"u, <§ o + gﬂzQ"”> + 2*ga,a* (

2 4 2
Qllku +3/12D kau —|——Cl QUK) +3&2qa DZQ[Kﬂ]

8 2 4 2 ~
#2001 D0, = 30,00, + 0,00 ;- 2D, P 0" ) | + O) (1263
2
MDPﬂ_uFextwj _|_3/1qaa/4+/1uFext le_i_leuFext Quia
8 22 4 ~
- 2Ga, a”( 0% u,u, +1s4 ,0"u, + a, Q" ul> —glzf}al,DTa”Q”u,,ui
45 7] ~ Y7
- g/lzqaﬂD%Q””u,, - /IzgqaﬂDTabQ H 4+ O4Y). (126b)

The torque is computed from the antisymmetric part (m =

1, N = 1) of (103a) and simplifications from O(1?) equations,

| R 2 .
D SMP K’])Aﬂ _2F ext)[x| Qb|,u —|—2/1F ext)| QQM‘M +2/1qa"77" ( DTQDXMD+§DTQAVMV)

3

2 ~ 2 ~
+34gD a0, — gﬂlefQ["”] +0(2).

(127)
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The rest mass is derived by expanding 59, using the bare momentum (115). This gives

- 1 2 8 > 1 -
i+ Pru, = 2* = (— —g*a,a" + 3 Z]zaﬂF(e’“)[’“DQ”W u; — EaﬂayS”KS”‘

9

. 1 S
- aUF(eXt)M[/HQﬂl’?] 5, — EF(ext)K[ﬂ\F(ext)#[u‘QK\G] Ol uau”P”,1> +O(23).

(128)

Similarly, we derive the charge moment through second order using the (m = 1,N = 0) and (m = 1, N = 1) pieces of

Eq. (103c) at O(A?). The result is

- - - 1 -
T" = qu* + u,D,Q" — Aa'u,u,Q"* — AP* u,D,. 0% — EﬂzDra"Q””uyu,lup

| R 3 . 3 .
—EFMQWMM—FM<yMTMW%+EQQWmW%)

- /1273”,,(3DTQ(”’1/’)ajup + D%Q’l””u,lup) +O3).

Finally, to evaluate the explicit equations of motion for
the worldline and for the evolution of the rest mass, we use
the following rescaled versions of the general identities
(39):

ma* = a*(im + P*u,) + P<,D,P* — P*,D (P*,P*),
(130a)

D.in = D (i + P*u,) — u,D,P* —a,P*,  (130b)

One can think of the first and third terms in each of (131)
as representing the effect of hidden momentum, that is, the
component of momentum perpendicular to i. By substitut-
ing the results (125)—(128) and (129) into the general
identity (131), making use of the spin supplementary
condition (26), and eliminating the body parameters in
terms of the renormalized projected body parameters
(60)—(67), we finally arrive at the second-order equations
of motion (78)—(80).

(129)

2. Consistency check using the Harte
equation of motion

We turn now to the consistency check described in
Sec. III B. We first compute the regular self-field through
second order. The expansions (100) we use to derive these
expressions are expanded asymptotically at large R.
However, taking the difference between the retarded and
advanced fields in the multipole expansion, re-expanded at
small R will yield the regular field. This procedure can be
thought of as obtaining an asymptotic form for the fields,
then replacing the extended source with a pointlike source
for the purposes of computing the regular field. Since the
regular field should depend only on the standard multipoles
of the body, the regular field should be indistinguishable for
the extended and replaced pointlike body. This procedure
and argument are analogous to that used by Pound [52] for
the gravitational case.

The result in terms of the tetrad components and retarded
coordinates from VI A is

2 5 2 5 2 A a 2 5
Frig = ng,a’Ejém - §/12a?a’af{c~1R - g/lza;{D,a’(}nfRé?} + g/lzDTZa‘QR(S;{?

4 Ao a 2 A 2 1203 2 5]
- giza;D,a/qan(S,;}- + glza;D,a’qn’R&;{j - g/lza;D,a %65~ g/lzD,za 0'16,16;5

3 3

L

1 s s 2 s aan 1 s o 2 R PR
+ @ a; 076 + S P azata; 06y - g/lzDT%fo 163641 — 3 A2a;a'8;50.0%

3

5 4 ~ NG 2 ~5% ~nn ~ A
- §/12D1a’5;75,; 50.0'" = 2D.a'51650.0" = ;61,02 0" = 1a;6,0.* 0/

2 ~an
+340:0.°0% + O),

and

(131)
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2 s 1 ?~ 3 1 ; ~A77
- gxlza}-DTa’qRém + 32D 2a'gn'RS:16; — > 42D 2a' 0018167 +

37T 3
2
+3/1aDaQ’ , ,;z—gﬂzDzaqané 5k,+3

1 s
+ §/12a;DTa’Ql 785041~ 3

1 m 1 ml
—g/lzaDan 5Jlkm+3/12aDaQ 831005 — 3

- /Iza;a;cé‘;z@,Qn + /126@61}-5,;7(9,@’[ Pa; ak

2 1 1 2 =3
~2*a;D.a qR6 5 —giza :a akqané + 3/1261 a akQOISM —5/1 a;D Ql

AZDZ QOICS 5 3
ml 2 2 iAlm
ﬂaDaQ 53 k,—l—gl a;D.a' Q""" 6;16 5, + %

2 2 01 2 2 i
lDaﬁjléklaQ +3/1Da5.;5,;28

Ql’ + Aa; 1036770 Q“

2 A ~G oA
3 iza;cDra’Ql’”éﬁﬁm

[#7) /l

1 5 7 1 Y
glza;a’a}éaném - gﬂza;a’a}QOZém

1 A,..':
gxlza;DaQ’ 53 w0k

/1251 D.a Q”"é i

3

‘rQOl

Razaiss; . 0,0

/l km

1 a1
- 3/1 a a’&;lékmﬁ oml +§/125M5m8 3011 ——/125M5,;78 o'+ 0(®) (132)
Inserting covariant versions of these expressions into the first term on the RHS of Eq. (45) gives
P /d32 mi g F R ]/, =P, /12 ’D,a* + 3/13éa”D a”P,MQ/”lu —§/I3Qa”D a, Q””
223~D2 v AP 2ﬂ3~D v, OPH 2/13~D vD Y
+§ q ‘L'aQ Ml”p"'g q TaaﬂQ uﬂ+§ qb-a T(Q ui”p)
2 ~ ) 2 ~ o v ()
+ gjﬁqauaﬂél}}‘Dr(uﬂlpy/)le) _§A’3qD1ao‘,P ﬂDT(P Afpﬂ/}le)
2 ~
+S2GD(PYD(PD(Pyu,07))) | + O, (133)
B> mhb Fz‘b' _ 2/13~ D-a" O 2/13~D2 w Ui 213~ D YU
u, I gy;l R.]ﬁ__§ qa, ‘raQ uu”i+§ q raquQ u/l_g qay, Ta/lQ
4 N
+ gﬁzID,a#P,wD,(Pw,,QW)) + 0% (133b)

To evaluate the second term on the right-hand side of (45), we note from Eqgs. (22a), (34), (36), and (57a) that it is given
by the right-hand sides of Eq. (127), multiplied by 4, and with the external fields set to zero. Equation (45) thus evaluates to

D,P%, — D.P5 = D,

3

2 4 ~ 2 . - 8 -
~AgPac — 3/122101( (DTQ’Wuﬂu” + gal,Qi”u,l + auQ”u4> - 5/1221ay77"”DTQ[””]

~ 2 ~ 2 4 ~ 2 ~
+2qa,D. 0" — gﬂzu"a,,au o™ - g#P", <3 D:0%u, + 54 O™ u, + 3 aya”Q'duz)

2 ~
- 3/12(77"” + u"uﬂ)D,ayQ”"} + 0.

The right-hand side is a total derivative as required, so our
results satisfy the consistency condition.

VII. CONCLUSIONS

In this paper, we have demonstrated the use of rigorous,
limit based methods for deriving higher-order self-forces.
Via an extension to the method first introduced by GHW,
combined with reasoning motivated by the work of Harte

(134)

[

[32], we have derived the entire self-force effect through
second order without any ad hoc regularization. These
methods also yield the full multipole dependence of
radiation-reaction effects. The dipole dependence of the
first-order radiation-reaction force was derived by GHW,
and we find the analogous second-order dependence on
dipole and quadrupole contributions. Our results contain
the first extended body dependence of any second-order
self-force, electromagnetic or otherwise, as well as the first
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explicit expression for the self-torque, which first arises at
second order.
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APPENDIX A: CONVERGENCE OF INTEGRALS
FOR BARE SPIN AND MOMENTUM

In this appendix, we show that the integral (34)

P.(&) = /2 ThoE,ds, (A1)

is well defined in Minkowski spacetime when & is one of
the ten Killing vector fields, X, is a future null cone, and
T*? is the stress-energy tensor (15) that involves the
retarded self-field. Different choices of Killing vector field
& give rise to our definitions (22) of linear momentum
and spin.

We fix a point z, on the center of mass worldline and
introduce coordinates (u,r,0,¢)=(u,r,0",6%)=(u,r,0*)
such that the metric is

ds? = =2dudr — du?® + r*dQ? (A2)
and that the null cone X, is the surface u = 7 = constant.
We define n, = —(du),, the null normal to X. The integral
(A1) can be written as

P.(&) A ® dr? / Q0. (A3)

where we have dropped the tildes for simplicity and

Q,=T,n" (A4)
A priori, we would not expect the integral (A3) to
converge, since the leading-order components of 7', scale
as 1/ r2. However, we shall see that cancellations occur
because the surface X, is asymptotically a surface of
constant phase for the outgoing radiation. From
Eq. (A3), a sufficient condition for convergence is that

/ PQ0,& = O(r) (AS)

as r — oo.
The general form of a Killing vector field in the
coordinates (A2) as r — oo is [53]

E= [a—i—%u‘l‘ + O(r")} Dy + YA+ O(r™1)]04

- B P+ 0(1)} d,. (A6)

where Y4(0?) is a conformal Killing vector field on the
2-sphere that encodes rotation and boosts, ¥ = D, Y4, and
D, is the covariant derivative operator with respect to the
2-sphere metric h,p defined by dQ? = h,zd6*dOB. The
function a(@®) is a linear combination of /=0 and
[ =1 spherical harmonics and encodes translations.

Now inserting (A6) into (AS5), we find the sufficient
condition for convergence is

/ dZQ{ B u¥ + a + O(r‘l)] 0, +[Y*+ 0004

4 [—%r‘l’—l—@(l)] Q,} — oY, (A7)
which will be satisfied if

0, =0(r), (A8a)

Qa = O(r™), (A8b)

0, = O(r). (ASc)

Consider first the scalar case. When the scalar charge
density p is smooth, the method of Sec. 11.1 of [54] can be
used to show that the retarded scalar field ®*<'f) has an
expansion near future null infinity of the form

q)(self) — f(u’eA) + g(uvzeA) + (’)(r‘3),

r r

(A9)

for some smooth functions f and g. Inserting this expansion
into Egs. (10), (14), (15), and (A4) yields

_f2
0, =2 +0() (A10a)
r
0u = 4[> + WD, D] + OG—)  (AI0D)
0s =5 fDaf +OY) (A100)

It can be seen that these expressions do not satisfy the
scalings (A8). However, inserting the expressions (A10)
into (A7) and integrating by parts on the two-sphere, we
find that the leading-order terms cancel and so the con-
dition (A7) is satisfied.

Turn now to the electromagnetic case. We can use
the method of Sec 11.1 of [54] to deduce the
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asymptotic scaling of the component of the retarded field

F“elf) Defining p = r~!, the metric can be written as ds> =

2d with

d3? = —p*du? — 2dudp + d?. (A11)

Since the field equations (7) are conformally invariant away

from sources, F ,as,,elf) is a solution of the equations in the

metric (A11) and hence is a smooth function of (p, u, 9A) at
p =0, i.e. on future null infinity. It follows that for general
solutions with smooth sources

& — 0(r2), (Al2a)
FUD — o(1), (A12b)
FUI0 — o(2), (Al2c)
Fl = o(1) (Al12d)

as r — oo. From Egs. (9), (14), (15), and (A4) we find that

1 se! se.
0 — __FgAlf) gBlf)hAB (Al3a)
se 1 se| Se.
0, = Fg rlf) err]f b Fg Blf) (self) hBC (A13b)
1 (seiry2 1 If) po(self)
0, =~5Fu" ‘FFST Fyy e
1
ng;lf) F(gelf) HACBD (A13c)
A

Inserting the scalings (A12) into the expressions (A13)
we find that the conditions for convergence (AS8) are
satisfied.

APPENDIX B: SCALAR LAWS OF MOTION

1. Renormalized scalar moments

As for the electromagnetic case, we find it useful to
introduce a renormalized set of moments to describe the
scalar charge distribution, modifying the rescaled moments
q},Qg, and Q¢ given in Eq. (29). Unlike the electromag-
netic case, the scalar charge is not conserved, and so may be
renormalized,” so possesses an ambiguity in the chargelike
degrees of freedom. The renormalized charge is

qs = qs + ﬂDrQs””y _,121)1(””@5,/4”%) +0(4%).  (B1)

The renormalized projected dipole is

>That is, the definition of the charge depends on the choice of
hypersurface, so it is natural to allow a redefinition of the charge
in order to simplify the equations of motion.

0s" =P, (05" + AD,Q%w;) + O(2%),  (B2)

which is explicitly orthogonal to the 4-velocity. We define
the renormalized projected quadrupole as

05" = PP (05") + O(4), (B3)

which is explicitly orthogonal to #* in both of its indi-
ces, u, 0% = u, 0 =0.

In addition, as in the electromagnetic case, we find it
useful to define a renormalized mass and a renormalized
spin. The definitions are

m—+ uﬂf’# = _ﬂubq)(ext);qu;‘uﬂ +gD.,q
= 2wy @4 Pr O U, + 22, &V g, 0%,

1 - 1 -
+ gizqaﬂa”qul, + gxlzf}a,,D,Qg

R 2 S~
+’12qD12Q§uﬂ _5/12(1/4 QgD‘rq
+22D(Qsu,)D.g + O(2) (B4a)
Ol 2 s il
St = §H + 2Dk Q' u, + gﬂqa["QS
2
+34utDy(q 0 + 0(2). (B4b)

2. Scalar self-force in terms of
renormalized moments

As in the electromagnetic presentation, we decompose
the self-force and rest mass evolution as

at = " 2 2P+ O(%)  (BSa)
D,m=Fy +iFy + 2FY + 0(A3)  (BSb)

Following similar steps to the electromagnetic deriva-
tion, we find the leading force and mass evolution

f(o) — qsfp(r ext (B6a)
FY = —qg@e0my (B6b)

where @08 = Vr@(ex)
and mass evolution,

. The GHW-order scalar self-force

1
fgl)ﬂ =P°, qS(D(ext)K + cD(ext)K;MQSﬂ + ngaqu

+ aKqSD‘rqS - 2DT(QS[K(I)<BX0”] Mﬂ) + D‘r(aySKﬂ)

(B7a)

105001-23



JORDAN MOXON and EANNA FLANAGAN PHYS. REV. D 97, 105001 (2018)

F = —gg@©@Vry, — u, @0 Qo — 200y a,0% + qsD,>qs (B7b)

These results are new except for the monopole terms, which can be found in [55]. The second-order results can be
expressed as a sum of as a sum of dipole and quadrupole contributions:

2 2 2
f.(S‘ e = f.(S‘ )ﬂdipole + f.(S‘ )ﬂquadrupole’ fé‘ fS dipole + ‘/,T.(S‘ quadrupole’ (Bga)

As for the electromagnetic case, there are no explicit monopole terms at this order. The explicit, new, dipole and
quadrupole contributions to the self-force are

2 Lo} 1 K v 1 v K K 2 K
fé )ﬂdipole =P% [—§QS61 D.Qg"a, — gaua (gsD.Qs" — D.q50s") — §CISD7a a,Qg"

1 1
- 5 QSKDT3QS + _qSD‘rsQSK - anKDTa”QSM - DT(D‘[qSD‘[QSK) ’ (B9a)

3
1 1
f_(S‘Z)”quadrupole _ fPo-K |:2 Vq)(ext)lc;ﬂyQSuy + 5 QS/;pDTZq)(ext)K _ DT(M”q)<BXt)”;DQSKD)
1
=+ (I)(ext)/c;ﬂ QS,ut/ay _ Dr ((D(ext)y , styay) + 5 (I)(ext a/l QS p

- qu)<eXt)” uy, QSKyau + DT (DrQSppq)<eXt)K)

— 205, q,Q¢" + a*® My, D Q|| (B9b)
and the explicit, new, dipole and quadrupole contributions to the mass evolution are

2 1 ) 4
]:S((jir))o]e = quDTaﬂPﬂl/DTQS - auDT(D‘rqSQS”) - gDTQSDTauQS”’ (BlOa)

2 X X 1 X v. 1 X X
‘7:5((]u>adrupole (I)<e t)"u a alQS —2M q)e tl{ Q HY a, —EM q)(et IJ/lQS i—iu q)(et /ﬂ/t M}LQSP +a DT((I)<e t)lleﬂp)'

(B10b)

3. Scalar self-torque

The self-torque of a scalar charged body in terms of the renormalized moments is,

2
DTSM,PK(VPX) — ,PO—K,P/}i 2q)(ext) [ Qsﬂ] + 2/1CD(eXt) [K;” QS/l]y 4 g Aqura[K Qsﬂ] + 2i®(exl) [x Qsﬂ]y a, + 0(12) (Bl 1)

4. Scalar point particle reduced order

We again specialize to a monopole body, for which S, = 0, Q% =0, Q" = 0, and present the reduced-order equation of
motion.

Here we give the acceleration and rest mass evolution of the point-particle limit for a scalar charge, similar to the
expressions for an electromagnetic charge given in Sec. V D. Note that the lack of a conserved total charge for the scalar
case makes this limit somewhat arbitrary—we take it to indicate the vanishing of all moments of the body apart from the
renormalized charge gg.
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The acceleration, in terms of only the external field and the charge, is

2
ak = %PKUQ(ext)o‘ + %ﬂ_qsz DTqSPKU ext
m

20 qS
iy D
9

/12 qSS Px (I)ﬁ wu
+= _3 AP U

1
9
1

+9/12QS ( ’PK ext MM”M q)ext +'PK

°+ 3/1
( q S)Z’]DK Plextio /12 qS 'PK <

4
gL % gsPr,

PK Z0) ext)

10

5 D.qg cD(ext) u}t + gDTZQSq)(ext)6>

Plext)o “u, Plext)h

OEIQEY i + PO, @) + OA)  (B12)

The evolution of the renormalized mass, in terms of only the external field and the charge, is simply

D.m = ‘Is‘b(m)”uu + AqsD.*q5 + O(2%)

(B13)

[1] H. A. Lorentz, Theory of Electrons (Dover, London, 2011),
reprinted from 1915.

[2] M. Abraham, Ann. Phys. (Berlin) 10, 105 (1903).

[3] P. A. M. Dirac, Proc. R. Soc. A 167, 148 (1938).

[4] T. Erber, Fortschr. Phys. 9, 343 (1961).

[5]1 T.C. Mo and C. H. Papas, Phys. Rev. D 4, 3566 (1971).

[6] C. Teitelboim, Phys. Rev. D 4, 345 (1971).

[7]1 H. Spohn, arXiv:math-ph/9908024.

[8] S.E. Gralla, A.I. Harte, and R. M. Wald, Phys. Rev. D 80,
024031 (2009).

[9] E. Poisson, A. Pound, and I. Vega, Living Rev. Relativity
14, 7 (2011).

[10] LIGO Scientific Collaboration and Virgo Collaboration,
Phys. Rev. Lett. 116, 061102 (2016).

[11] LIGO Scientific Collaboration and Virgo Collaboration,
Phys. Rev. Lett. 119, 161101 (2017).

[12] Y. Mino, M. Sasaki, and T. Tanaka, Phys. Rev. D 55, 3457
(1997).

[13] T.C. Quinn and R. M. Wald, Phys. Rev. D 56, 3381 (1997).

[14] E. Rosenthal, Phys. Rev. D 74, 084018 (2006).

[15] A. Pound, Phys. Rev. D 90, 084039 (2014).

[16] A. Pound, in Proceeding of 13th Marcel Grossmann Meet-
ing (MG13), Stockholm, Sweden, 2012, p. 975 [arXiv:1305
.1789].

[17] S. Detweiler, Phys. Rev. D 85, 044048 (2012).

[18] C.R. Galley, Classical Quantum Gravity 29, 015010
(2012).

[19] C.R. Galley, Classical Quantum Gravity 29, 015011 (2012).

[20] M. van de Meent, Phys. Rev. D 94, 044034 (2016).

[21] C. Merlin, A. Ori, L. Barack, A. Pound, and M. van de
Meent, Phys. Rev. D 94, 104066 (2016).

[22] N. Warburton and B. Wardell, Phys. Rev. D 89, 044046
(2014).

[23] A. Heffernan, A. C. Ottewill, N. Warburton, B. Wardell, and
P. Diener, arXiv:1712.01098.

[24] B. Wardell and N. Warburton, Phys. Rev. D 92, 084019
(2015).

[25] T. Osburn, N. Warburton, and C. R. Evans, Phys. Rev. D 93,
064024 (2016).
[26] L. M. Burko and G. Khanna, Phys. Rev. D 91, 104017

(2015).

[27] L. M. Burko and G. Khanna, Phys. Rev. D 88, 024002
(2013).

[28] L. M. Burko and K. A. Lackeos, ASP Conf. Ser. 467, 209
(2013).

[29] B. Wardell and A. Gopakumar, in Self-force: Computational
Strategies, edited by D. Puetzfeld, C. Limmerzahl, and B.
Schutz, Equations of Motion in Relativistic Gravity. Fun-
damental Theories of Physics Vol. 179 (Springer, Cham,
2015), p. 487.

[30] L. Barack, Classical Quantum Gravity 26, 213001 (2009).

[31] C.R. Galley and B. L. Hu, Phys. Rev. D 72, 084023 (2005).

[32] A. L. Harte, Motion in Classical Field Theories and the
Foundations of the Self-force Problem, edited by D.
Puetzfeld, C. Lammerzahl, and B. Schutz, Equations of
Motion in Relativistic Gravity. Fundamental Theories of
Physics Vol. 179 (Springer, Cham, 2015), 327.

[33] A. Pound, Phys. Rev. Lett. 109, 051101 (2012).

[34] S.E. Gralla, Phys. Rev. D 85, 124011 (2012).

[35] N. Kumar, K. Z. Hatsagortsyan, and C. H. Keitel, Phys. Rev.
Lett. 111, 105001 (2013).

[36] V.I. Berezhiani, S. M. Mahajan, and Z. Yoshida, Phys. Rev.
E 78, 066403 (2008).

[37] M. Chen, A. Pukhov, T.-P. Yu, and Z.-M. Sheng, Plasma
Phys. Controlled Fusion 53, 014004 (2011).

[38] J. Krueger and M. Bovyn, J. Phys. A 9, 1841 (1976).

[39] W.G. Dixon, Proc. R. Soc. A 314, 499 (1970).

[40] W.G. Dixon, Proc. R. Soc. A 319, 509 (1970).

[41] K. Kyrian and O. Semerdk, Mon. Not. R. Astron. Soc. 382,
1922 (2007).

[42] L.F. O. Costa, J. Natdrio, and M. Zilhdo, Phys. Rev. D 93,
104006 (2016).

[43] A. Pound, Phys. Rev. D 81, 124009 (2010).

[44] P.D. D’Eath, Phys. Rev. D 11, 1387 (1975).

105001-25


https://doi.org/10.1098/rspa.1938.0124
https://doi.org/10.1002/prop.19610090702
https://doi.org/10.1103/PhysRevD.4.3566
https://doi.org/10.1103/PhysRevD.4.345
http://arXiv.org/abs/math-ph/9908024
https://doi.org/10.1103/PhysRevD.80.024031
https://doi.org/10.1103/PhysRevD.80.024031
https://doi.org/10.12942/lrr-2011-7
https://doi.org/10.12942/lrr-2011-7
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevD.55.3457
https://doi.org/10.1103/PhysRevD.55.3457
https://doi.org/10.1103/PhysRevD.56.3381
https://doi.org/10.1103/PhysRevD.74.084018
https://doi.org/10.1103/PhysRevD.90.084039
http://arXiv.org/abs/1305.1789
http://arXiv.org/abs/1305.1789
https://doi.org/10.1103/PhysRevD.85.044048
https://doi.org/10.1088/0264-9381/29/1/015010
https://doi.org/10.1088/0264-9381/29/1/015010
https://doi.org/10.1088/0264-9381/29/1/015011
https://doi.org/10.1103/PhysRevD.94.044034
https://doi.org/10.1103/PhysRevD.94.104066
https://doi.org/10.1103/PhysRevD.89.044046
https://doi.org/10.1103/PhysRevD.89.044046
http://arXiv.org/abs/1712.01098
https://doi.org/10.1103/PhysRevD.92.084019
https://doi.org/10.1103/PhysRevD.92.084019
https://doi.org/10.1103/PhysRevD.93.064024
https://doi.org/10.1103/PhysRevD.93.064024
https://doi.org/10.1103/PhysRevD.91.104017
https://doi.org/10.1103/PhysRevD.91.104017
https://doi.org/10.1103/PhysRevD.88.024002
https://doi.org/10.1103/PhysRevD.88.024002
https://doi.org/10.1088/0264-9381/26/21/213001
https://doi.org/10.1103/PhysRevD.72.084023
https://doi.org/10.1103/PhysRevLett.109.051101
https://doi.org/10.1103/PhysRevD.85.124011
https://doi.org/10.1103/PhysRevLett.111.105001
https://doi.org/10.1103/PhysRevLett.111.105001
https://doi.org/10.1103/PhysRevE.78.066403
https://doi.org/10.1103/PhysRevE.78.066403
https://doi.org/10.1088/0741-3335/53/1/014004
https://doi.org/10.1088/0741-3335/53/1/014004
https://doi.org/10.1088/0305-4470/9/11/008
https://doi.org/10.1098/rspa.1970.0020
https://doi.org/10.1098/rspa.1970.0191
https://doi.org/10.1111/j.1365-2966.2007.12502.x
https://doi.org/10.1111/j.1365-2966.2007.12502.x
https://doi.org/10.1103/PhysRevD.93.104006
https://doi.org/10.1103/PhysRevD.93.104006
https://doi.org/10.1103/PhysRevD.81.124009
https://doi.org/10.1103/PhysRevD.11.1387

JORDAN MOXON and EANNA FLANAGAN

PHYS. REV. D 97, 105001 (2018)

[45] S.E. Gralla and R. M. Wald, Classical Quantum Gravity 25,
205009 (2008); 28, 159501(E) (2011).

[46] C.J. Eliezer, Proc. R. Soc. A 194, 543 (1948).

[47] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields (Pergamon, New York, 1971).

[48] L. Parker and J.Z. Simon, Phys. Rev. D 47, 1339 (1993).

[49] E.E. Flanagan and R.M. Wald, Phys. Rev. D 54, 6233
(1996).

[50] FE. Rohrlich, Phys. Rev. E 77, 046609 (2008).

[51] J. Moxon, http://pages.physics.cornell.edu/~jem497/ (2017).

[52] A. Pound, Phys. Rev. D 92, 044021 (2015).

[53] E. E. Flanagan and D. A. Nichols, Phys. Rev. D 95, 044002
(2017).

[54] R.M. Wald, General Relativity (University of Chicago
Press, Chicago, 1984).

[55] T. Quinn, Phys. Rev. D 62, 064029 (2000).

105001-26


https://doi.org/10.1088/0264-9381/25/20/205009
https://doi.org/10.1088/0264-9381/25/20/205009
https://doi.org/10.1088/0264-9381/28/15/159501
https://doi.org/10.1098/rspa.1948.0096
https://doi.org/10.1103/PhysRevD.47.1339
https://doi.org/10.1103/PhysRevD.54.6233
https://doi.org/10.1103/PhysRevD.54.6233
https://doi.org/10.1103/PhysRevE.77.046609
http://pages.physics.cornell.edu/jem497/
http://pages.physics.cornell.edu/jem497/
http://pages.physics.cornell.edu/jem497/
http://pages.physics.cornell.edu/jem497/
https://doi.org/10.1103/PhysRevD.92.044021
https://doi.org/10.1103/PhysRevD.95.044002
https://doi.org/10.1103/PhysRevD.95.044002
https://doi.org/10.1103/PhysRevD.62.064029

