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In classical electrodynamics, an accelerating charged body emits radiation and experiences a
corresponding radiation-reaction force, or self-force. We extend to higher order in the total charge a
previous rigorous derivation of the electromagnetic self-force in flat spacetime by Gralla, Harte, and Wald.
The method introduced by Gralla, Harte, and Wald computes the self-force from the Maxwell field
equations and conservation of stress-energy in a limit where the charge, size, and mass of the body go to
zero, and it does not require regularization of a singular self-field. For our higher-order computation, an
adjustment of the definition of the mass of the body is necessary to avoid including self-energy from
the electromagnetic field sourced by the body in the distant past. We derive the evolution equations for the
mass, spin, and center-of-mass position of the body through second order. We derive, for the first time, the
second-order acceleration dependence of the evolution of the spin (self-torque), as well as a mixing
between the extended body effects and the acceleration-dependent effects on the overall body motion.
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I. INTRODUCTION

A. Status of our understanding of self-force effects

Classical electrodynamics dictates that an accelerating
charge emits radiation. This electromagnetic radiation carries
energy and momentum, so conservation laws demand that
the charge must experience a force. The force arises from the
charge interacting with its own field, and is known as the
“radiation-reaction force” or “self-force.” This phenomenon
was first derived by Lorentz [1], and later confirmed by
Abraham [2] followed by Dirac [3], each expanding and
generalizing the results of the prior work.
Computing expressions for self-forces is notoriously

complicated, and there is an enormous literature on this
field. The complexity arises in part because self-forces
describe back-reaction: as a charge accelerates, its radiation
perturbs its motion, in turn altering the details of the
radiation. Analytic methods are tractable in the regime in
which the body is small compared to the characteristic
length scales of the external fields. In this limit, the self-force
can be expanded order by order in the charge of the body.
In this paper, we use the common nomenclature of referring
to the Lorentz force as the leading-order force, the leading
correction to the Lorentz force as the “first-order” self-force,
and so on. Our understanding of radiation reaction in flat
spacetime has been developed over most of a century [4–7],
culminating in the rigorous treatment of Gralla, Harte, and
Wald [8] (henceforth GHW) who carefully analyzed a limit
in which the charge, size, andmass of a body go to zero. The
modern focus of the self-force community is that of small
masses in curved spacetime, forwhich Eric Possion’s review
article offers a thorough introduction [9].

The self-force is of great interest to modern astrophysics.
Just as a charged particle interacts with its own field as it
radiates electromagnetic waves, gravitating systems expe-
rience self-forces from the emission of gravitational radi-
ation. The gravitational waves produced by binary black
hole inspirals and binary neutron star inspirals have been
detected by LIGO [10,11], and similar binary inspirals are
candidate signals for the future space-based detector LISA.
Making full use of the data from LISA will require an

improved understanding of self-force effects. The gravita-
tional self-force to leading order in the mass of the small
body is referred to as the MiSaTaQuWa self-force, and was
first derived in [12,13]. More recent computations have
extended these results to second order [14–19], and applied
the self-force to a gravitational inspiral, in order to compute
the self-force [20–22] or numerically evaluate the worldline
[23–25] and the resulting gravitational radiation [26–28].
The computational strategies for evaluating worldlines and
waveforms from gravitational self-force are reviewed well in
[29,30]. The techniques for computing leading order, or
adiabatic, waveforms are now known. However, LISA data
analysis will require post-adiabatic waveform predictions,
which in turn will also require the subleading self-force.
This motivates a detailed understanding of the subleading
self-force.
Previous derivations of higher-order self-forces for non-

gravitational fields include those of Chad Galley [31] and
Abraham Harte [32]. Galley’s derivation [31] of the scalar
self-force uses an effective field technique to derive the
self-force to high order for monopolar charges. Harte has
derived exact expressions for the self-force of an extended
charge distribution in an external field. The relation
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between Harte’s results and our work is somewhat involved
and is discussed in Sec. III below.

B. The Gralla-Harte-Wald derivation method
and its extension

In this paper, we derive the subleading-order electro-
magnetic and scalar self-forces acting on a small charged
body moving in flat spacetime. The calculation is motivated
by the importance of the gravitational self-force, and is a
model for the more complicated computation in the
gravitational case. Although subleading self-forces have
previously been computed [33,34], ours is the first to
describe extended body effects to subleading order.
In addition to providing a model for the gravitational
self-force, our calculation may have direct application to
systems with extremely strong electromagnetic fields, as
discussed further below.
GHW introduce a one-parameter family of bodies with

the property that as the parameter approaches zero, the
mass, charge, and spatial extent of the body approach zero
at the same rate. By considering various moments of the
stress-energy conservation and charge conservation equa-
tions, integrated over a small region containing the body,
they derive the first-order self-force, mass evolution, and
spin evolution equations.
Our calculation uses the GHW axioms with slight

modifications, which are presented in full in Sec. IV.
However, we found it necessary to modify and refine
the definitions of body parameters. GHW defined param-
eters such as the total mass-energy, angular momentum,
and electromagnetic multipole moments in terms of inte-
grals over a spacelike hypersurface perpendicular to the
center of mass worldline.1 At second order, these defini-
tions are problematic, and we replace them with body
parameter definitions in terms of integrals over the future
null cones of points on the center of mass worldline. With
these definitions, the body parameters at a given time
depend only on the body’s stress-energy and charge
distribution at times within a light crossing time, not on
the stress-energy or charge distribution in the distant past.
This is because, in flat spacetime, the field at every point
depends only on sources on that point’s past lightcone.
Our modifications of GHW’s approach are necessary in

order to derive second-order self-force effects. They
explicitly avoid all infrared divergences in the definitions
of body parameters associated with radiation emitted from
the small body in the distant past, as we discuss in
more detail in Sec. I C below. Our definitions also allow
a more direct comparison to other interesting techniques,

particularly to the nonperturbative equations of motion
derived by [32].

C. Discussion of results: Applications
in physical systems

Our results for the second-order evolution of the body’s
worldline, mass, and spin are given in Eqs. (78)–(80). They
contain three types of terms: coupling of electromagnetic
moments to the external field, self-force terms that do not
depend on the higher electromagnetic moments, and terms
which describe a mixing between self-field and extended
body effects. Our spin evolution equation contains a self-
torque, which was not seen previously at lower orders. Our
results also satisfy a consistency check obtained by
comparing with some nonperturbative results of Harte [32].
As an illustrative special case, consider a body with

vanishing spin, electromagnetic dipole, and quadrupole,
moving in an external electromagnetic field FðextÞμν. The
acceleration of the body can be written as [cf. Eq. (82)
below], in units with c ¼ 1,

aμ ¼ κFðextÞμλuλ

þ q

�
2

3
κ2DτFðextÞμλuλ þ

2

3
κ3Pμ

νFðextÞνλFðextÞ
λσuσ

�

þ q2
�
4

9
κ3Dτ

2FðextÞμλuλ þ
8

9
κ4Pμ

κFðextÞκλFðextÞ
λσuσ

þ 4

9
κ4Pμ

κFðextÞκλDτF
ðextÞ
λσ uσ

þ 4

9
κ5Pμ

κFðextÞκρPρλFðextÞλσFðextÞ
σωuω

�
þOðq3Þ:

ð1Þ

Here uμ is the 4-velocity of the body, aμ the 4-
acceleration, Dτ ≡ uμ∇μ, and Pμ

ν ¼ δμν þ uμuν is the
projection tensor. Also, q is the charge, and κ ¼ q=m is
the charge to mass ratio. The right-hand side consists of an
expansion in q at fixed κ. The first term is the Lorentz force
law, the second term is the reduced-order (see Sec. VA
below) form of the Abraham-Lorentz-Dirac equation, and
the third term is our new result.
We now turn to a discussion of the domain of validity of

our results. Consider a charged body of massm, and charge
q, moving in an external field that imparts a characteristic
acceleration a, as measured in the body’s instantaneous
rest-frame. Suppose also that the field varies on some
timescale or length scale τext, again as measured in the
body’s instantaneous rest-frame. Then there are a number
of conditions that must be satisfied for our analysis to
be valid:

(i) Small multipole couplings: If the condition

R ≪ τext ð2Þ

1As usual, there are ambiguities in the precise definition of
center of mass worldline [32]. These ambiguities affect the form
of the equation of motion at subleading orders, and are associated
with the choice of a spin supplementary condition. See Sec. II B
below.
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is satisfied, where R is the size of the small body,
then the leading-order couplings (dipole, quadru-
pole, and so on) will dominate.

(ii) Weak radiation reaction: The energy radiated in a
dynamical time must be small compared to the
change in the body’s energy due to conservative
effects. If this is violated then our derivation is no
longer valid. In the nonrelativistic region aτext ≪ 1
this requires

τ�
τext

≪ 1 ð3Þ

where τ� ¼ q2=m. In the relativistic regime
aτext ≫ 1, the condition is instead

a2τextτ� ≪ 1: ð4Þ

(iii) Classical radiation regime: The energy radiated
in a dynamical time must be large compared to
the energy radiated per quantum, so that many
quanta are emitted in a dynamical time. In the
nonrelativistic regime aτext ≪ 1 the corresponding
requirement is

aτext ≫ α−1=2; ð5Þ

where α ¼ q2=ℏ, and the relativistic regime
aτext ≫ 1 it is

aτext ≫ α−1=4: ð6Þ

For elementary particles typically α ≪ 1 while for macro-
scopic charged bodies α ≫ 1.
Our derivation method employs a certain limiting pro-

cedure which automatically enforces the conditions (2), (3),
and (4). The two dimensional parameter space of accel-
eration a and external timescale τext is illustrated in Fig 1.
The solid line aτext ¼ 1 is the boundary between non-
relativistic and relativistic motion; the lower left region is
nonrelativistic while the upper right is relativistic. The
shaded regions on the left and at the top correspond to
strong radiation reaction and lie outside our domain of
validity, by (3) and (4). Our second-order self-force will be
significant only near these boundaries. The region to the
left of the dashed line is disallowed since the radiation is not
classical, by (6) (assuming an elementary particle so that
α ≪ 1). Also shown on the plot are some illustrative
examples:

(i) A proton at the Large Hadron Collider, for which
a∼3×1012 s−1, τext∼1.4×10−8 s, τ� ∼ 6 × 10−27 s.
In this case we have a2τextτ� ∼ 10−9, so higher-order
radiation reaction effects are negligible. Lead ions in
the LHC experience a similar acceleration, and have

a τ� almost 2 orders of magnitude larger, τ�∼
2 × 10−25 s, so the scale of effect is a2τextτ� ∼ 10−8.

(ii) For high-intensity laser systems with intensities in
the range 1019 W=cm2–1022 W=cm2 [35–37], the
acceleration scale for a proton is then in the range
a ∼ 1017 s−1–1021 s−1, and using τext ∼ 10−16 s and
τ� ∼ 6 × 10−23 s gives a2τextτ� in the range
10−8–100. At the upper end of this range, second-
order radiation reaction effects could become
significant. [38]

(iii) Turning to astrophysics, the magnetic fields near
certain neutron stars, referred to as “magnetars”, can
be extremely large, B ∼ 108–1011 T. At the high
end of this range, higher-order self force effects
could easily become large even for slowly moving
particles.

II. MOTION OF A FINITE BODY COUPLED
TO AN EXTERNAL FIELD

In this section, we consider a finite extended body
moving in an external field in flat spacetime. We will

FIG. 1. An illustration of the parameter space for radiation
reaction for charged objects. The horizontal axis is the ratio
τext=τ�, where τext is the timescale over which the external field is
varying, as measured in the instantaneous rest frame of the
particle, and τ� ¼ q2=m, where q is the charge and m the mass of
the particle. The vertical axis is aτ�, where a is the acceleration
due to the external field. The motion is relativistic in the region
aτext ≫ 1, in the upper right hand of the figure. Radiation
reaction effects are large in the hashed (red) regions where
τ�=τext ≳ 1 or a2τextτ� ≳ 1. These regions lie outside of the
domain of validity of our analysis, and the second-order self-
force is negligible except near the boundaries of these regions.
In the dotted (red) region below and to the left of the dashed line,
the radiation from the particle is not in a classical regime and our
analysis does not apply. We show using shaded figures the
parameters of protons in the Large Hadron Collider, protons in
very high intensity lasers, and electrons in the high magnetic
fields of magnetars. The gradation in the allowed wedge region
indicates the strength of the radiation-reaction effect, which is
strongest just before it crosses into the disallowed ‘large radiation
reaction’ regime.
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review the governing equation, the nonperturbative defi-
nition of the body parameters. In the following sections, we
will review the nonperturbative equations of motion for the
body moments, and specialize to the limit of a small body
to obtain explicit results.

A. Governing equations

The system we are considering is a finite, extended,
charged body coupled to an external field in flat spacetime.
The extended body is described by a matter stress-energy
tensor Tμν

M , which we assume is smooth and which vanishes
outside a world tube of compact spatial support. We will
consider both electromagnetic and scalar self forces.
The coupling to either type of field is governed by the

body’s charge, which is described by a charge current
density jμ such that ∇μjμ ¼ 0 (electromagnetic case), or a
scalar charge density ρ (scalar case). We assume that the
charge current or density functions are also smooth and of
compact spatial support. These fields obey the standard
inhomogeneous wave equations for the respective type of
field:

∇½μFλσ� ¼ 0; ð7aÞ

∇μFμν ¼ 4πjν ðE&McaseÞ; ð7bÞ

and

∇μ∇μΦ ¼ −4πρ ðscalar caseÞ: ð8Þ

The total stress-energy tensor Tμν is given by the sum of
the matter contribution TM μν and the field contribution
TF μν. This stress energy contribution for the electromag-
netic field is

4πTF μν ¼ FμλFλ
ν −

1

4
gμνFσλFσλ; ð9Þ

or, for the scalar field, is

4πTF μν ¼ ∇μΦ∇νΦ −
1

2
gμν∇λΦ∇λΦ: ð10Þ

We assume that this total stress-energy is conserved:

∇μðTμν
M þ Tμν

F Þ ¼ 0: ð11Þ

We choose to divide the field into an external field
FðextÞμν (Scalar: ΦðextÞ), and a self field FðselfÞμν (Scalar:
ΦðselfÞ) which is the retarded solution to the field equa-
tions (7) or (8) with the given source. The external field
may be expressed as, for the electromagnetic case,

FðextÞ
μν ¼ Fμν − FðselfÞ

μν; ð12Þ

or, for the scalar case,

ΦðextÞ ¼ Φ −ΦðselfÞ: ð13Þ

Inserting the decompositions (12), (13) into the quadratic
expressions (9), (10) for the field stress energy tensor, we
find following GHW that the field stress energy can be
expressed as the sum of three terms:

Tμν
F ¼ Tμν

ðselfÞ þ Tμν
ðcrossÞ þ Tμν

ðextÞ: ð14Þ

Here Tμν
ðselfÞ is quadratic in the self field, T

μν
ðextÞ is quadratic in

the external field, and Tμν
ðcrossÞ is a cross term which depends

on both the self field and the external field.
In the following subsection, we will discuss the defi-

nition of body parameters such as mass, momentum, and
spin. For those definitions, we will use the sum of the
matter and self-stress-energy tensors,

Tμν ¼ Tμν
M þ Tμν

ðselfÞ; ð15Þ

excluding the cross and external contribution, following
GHW. The conservation of stress-energy (11) can be
rewritten in terms of this quantity as:

∇μTμν ¼ FðextÞνμjμ ðE&McaseÞ; ð16aÞ

∇μTμν ¼ ΦðextÞ;νρ ðscalar caseÞ: ð16bÞ

The motivation for choosing the definition (15) for the
body parameter definitions is that in the limit when the
body becomes small, the fields Tμν, jμ, and ρ vary over
the small body length scale, while the external fields
FðextÞμν and ΦðextÞ;μ vary only on a longer length scale
set by the external field.
The only equations that are needed for our derivation of

the self-force are the field equations (7) and (8), the stress
energy conservation equation in the form (16), and the
definition of the self-field as the retarded field.

B. Nonperturbative definition of body parameters:
The Dixon-Harte formalism

We now turn to a discussion of the definition of body
parameters for a finite body, including the body’s mass,
momentum, spin, and choice of representative worldline.
For a conserved stress energy tensor Tμν in flat spacetime

of compact spatial support, there is a natural choice of
momentum and spin, namely

Pμ
ðIsolatedÞ ¼

Z
Σ
TμνdΣν; ð17aÞ

SμνðIsolatedÞðzμÞ ¼ 2

Z
Σ
ðx − zÞ½μTν�λdΣλ; ð17bÞ
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where Σ is any spacelike hypersurface. The center of mass
worldline is then the set of points zμ which satisfy

SμνðIsolatedÞðzμÞPðIsolatedÞν ¼ 0: ð18Þ

Equation (18) is known as a spin supplementary condition,
and generalizations of this condition will be discussed
below.
However, this treatment is not applicable to our present

context for two reasons:
(i) First, the stress-energy tensor (15) that we wish to

use in the definitions is not conserved, instead there
is a forcing term from the external field on the right-
hand side of Eqs. (16). Hence, the expressions (17)
will no longer be independent of the choice of
hypersurface Σ, and a specific choice of hypersur-
face Σ will be required. This will be discussed
further below.

(ii) Second, the stress energy term (15) that we will use
does not have compact spatial support, due to the
self-field contribution. Hence, there is no guarantee
that the expressions (17) are convergent and well
defined. The convergence of these integrals is
discussed further below.

There exists a general, fully nonperturbative set of
definitions of worldlines, electromagnetic moments, and
stress-energy moments of an extended body. These defi-
nitions were introduced by Dixon [39,40] in the context of
curved spacetime, and extended by Harte [32]. We follow
the Dixon-Harte framework and definitions, with some
modifications that we discuss below. The remainder of this
section reviews those aspects of the Dixon-Harte frame-
work that are most important for our derivation.
Before discussing the definitions of body parameters, we

review the covariant bitensor formalism [9]. Wework in flat
spacetime, but we will be using non-Lorentzian coordi-
nates. We will denote by xμ̃ a field point off the worldline,
and we use tilded indices for tensors at such points. We will
denote by zμðτÞ a point on the worldline (Fig. 2), and use
normal (untilded) indices for the tensors at such points.
General bitensors are functions of both zμ and xμ̃, and can
have one or more indices of either type.
An important set of bitensors are Synge’s worldfunction

σðx; zÞ and its derivatives. Synge’s worldfunction is defined
only for pairs of points that are sufficiently close that there
exists a unique geodesic that joins them. For this unique
geodesic, σðx; zÞ measures one-half of the square of the
geodesic distance between the two points. It is negative for
timelike separated points, positive for spacelike separated
points, and zero for null-related points. The first covariant
derivative of Synge’s worldfunction can be used to define a
covariant version of a position vector σμðx; zÞ≡∇μσðx; zÞ,
where the derivative is with respect to z. We will also find
useful the second derivatives, σμλðx; zÞ≡∇λ∇μσ and
σμ̃λ ≡∇μ̃∇λσ.

In the Dixon-Harte framework, one chooses a worldline
zαðτÞ for the body, where τ is a parameter that need not be
proper time, and a choice of a unit vector nαðτÞ along the
worldline with nαðd=dτÞα ¼ −1. The formalism supplies
conditions that eventually determine the worldline and
parameterization. Given these choices, one defines a
foliation of spacetime by hypersurfaces Στ as follows.
Each hypersurface is labeled by the parameter τ at which it
intersects the worldline, so zαðτÞ ∈ Στ, and is generated by
geodesics starting on the worldline that are orthogonal
to nα.
The Dixon-Harte definitions of the momentum and spin

of an extended body are

PD
μ ðτÞ ¼

Z
Στ

dΣμ̃ðxÞT μ̃ ν̃
M ðxÞKν̃μðx; zτÞ; ð19aÞ

SDμνðτÞ ¼ 2

Z
Στ

dΣμ̃ðxÞT μ̃ ν̃
M ðxÞHν̃½μðx; zτÞσν�ðx; zτÞ; ð19bÞ

where

Hμ̃
ν ¼ −ðσνμ̃Þ−1; ð20aÞ

Kμ̃
ν ¼ Hμ̃

λσ
λ
ν: ð20bÞ

FIG. 2. An illustration of our definitions of total momentum
and spin of an extended body. The body is confined to the world
tube shown, but is coupled to a long range field (scalar or
electromagnetic) that extends beyond the worldtube. Given a
representative worldline zμðτÞ, shown as a dashed line, we define
momentum and spin by integrating over future null cones Στ of
points on the worldline. The field stress energy tensor at a point
xμ̃ on such a null cone will depend on the sources in the
intersection of its past lightcone with the worldtube, shaded in
gray. This region is confined to within the region of the worldtube
consisting of times τ0 with jτ − τ0j smaller than a light-crossing
time.
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In flat spacetime, these definitions reduce to

Pμ
DðτÞ ¼

Z
Στ

dΣμ̃ðxλ̃ÞT μ̃ ν̃
M ðxλ̃Þgν̃μðxλ̃; zλðτÞÞ; ð21aÞ

SμνD ðτÞ¼2

Z
Στ

dΣμ̃ðxλ̃ÞT μ̃ ν̃
M ðxλ̃Þgν̃½μðxλ̃;zλÞσν�ðxλ̃;zλÞ; ð21bÞ

where gμν̃ ≡ −σμν̃ is the parallel propagator bitensor in flat
spacetime.
We modify the Dixon-Harte framework in the follow-

ing ways.
(i) We specialize the parameter τ to be the proper time.
(ii) We dispense with the unit vector nαðτÞ.
(iii) We use the stress energy tensor Tμν of Eq. (15)

instead of the matter stress energy tensor Tμν
M .

(iv) We use null hypersurfaces Στ that are generated by
the set of future null geodesics starting at world-
line point zαðτÞ. This family of null hypersurfaces
foliates the convex normal neighborhood of the
worldline, which covers the entire manifold for
the flat spacetime case we consider in this paper.

Our definitions are then

Pμ
BðτÞ ¼

Z
Στ

dΣμ̃ðxλ̃ÞT μ̃ ν̃ðxλ̃Þgν̃μðxλ̃; zλðτÞÞ; ð22aÞ

SμνB ðτÞ¼2

Z
Στ

dΣμ̃ðxλ̃ÞT μ̃ ν̃ðxλ̃Þgν̃½μðxλ̃;zλÞσν�ðxλ̃;zλÞ; ð22bÞ

Here the subscript B denotes “bare”; these definitions will
be replaced by renormalized momentum and spin in
Sec. IV F below.
The motivations for our choice of foliation of future null

cones are as follows. The integrals (17) contain a contribu-
tion from the stress energy tensor of the self-field from
Eq. (15). That self-field, evaluated at a point x on the
hypersurface Στ over which one integrates, in turn depends
on the body’s charge distribution on the past light cone of x.
When one uses a spacelike hypersurface Στ, the dependence
on the body’s charge distribution extends into the distant
past, as one takes x further and further out on the spacelike
hypersurface. By contrast, for a future null cone, Στ, the
dependence on the body’s charge distribution is limited to
timeswithin a light-crossing time of τ, as illustrated in Fig. 2.
In addition, we show in Appendix A that the integrals (22)
are well defined and finite when the hypersurfaces Στ are
chosen to be future null cones.
There are three choices we have alluded to in the above

definition of momentum and spin: the worldline zðτÞ
(which is fixed by the spin supplementary condition),
the choice (15) of body stress-energy tensor, and the choice
of the hypersurface of integration. As we have argued, not
all choices give rise to physically acceptable definitions.

Within those that do there is considerable freedom. This
freedom corresponds to different ways of describing a
given dynamical system. Different choices will give rise to
different forms of the laws of motion, but will not change
any physical predictions.
We also define the bare rest mass mB by

m2
B ≡ −Pμ

BPBμ: ð23Þ

We define the 4-velocity in the usual way as
uμðτÞ ¼ dzμ=dτ, with uμuμ ¼ −1, and note that

Pμ
B ≠ mBuμ; ð24Þ

beyond leading order.
The definitions (22) are valid for any choice of worldline

zτ. To pick out a unique worldline one must specify a spin
supplementary condition [39,40], which takes the generic
form

SμνB ðτÞων ¼ 0; ð25Þ

where ων is some vector field defined on the worldline.
Such a spin supplementary condition defines a center of
mass worldline [41,42]. Our spin supplementary condition
is defined in terms of a renormalized spin Sμν, which
we define in Eq. (62) below. Our spin supplementary
condition is

Sμνuν ¼ 0; ð26Þ

which reduces at leading order in the size and mass of the
body to the condition (25) with ων ¼ uν.

C. Electromagnetic multipole moments

We now turn to a discussion of electromagnetic multi-
pole moments. We define the total (conserved) bare charge
qB, charge moment J μ

B, dipole Qμν
B , and quadrupole Qμνρ

B
of the body to be

qBðτÞ ¼ qB ¼
Z
Στ

dΣν̃jν̃; ð27aÞ

J μ
BðτÞ ¼

Z
Στ

dΣν̃gν̃λuλjμ̃gμ̃μ; ð27bÞ

Qμν
B ðτÞ ¼ −

Z
Στ

dΣν̃gν̃λuλjμ̃gμ̃μσν; ð27cÞ

Qμνρ
B ðτÞ ¼

Z
Στ

dΣν̃gν̃λuλjμ̃gμ̃μσνσρ: ð27dÞ
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In these expressions, the arguments of all the bitensors
gν̃λ, σν, etc. are ðx; zðτÞÞ, while the argument of jμ̃ is (x).
The definition (27c) has a minus sign due to the properties
of Synge’s worldfunction (gμν̃σμ ¼ −σν̃).
For the Dixon moments [40] defined in terms of a

spacelike hypersurface generated by geodesics orthogonal
to nμðτÞ, the bitensor σμðx; zðτÞÞ is orthogonal to nμðτÞ
for all x in Στ, and hence all of the charge moments
are orthogonal to nμ in all indices following the first
index:

Qμν
D nμ ¼ Qμνρ

D nμ ¼ Qμνρ
D nρ ¼ 0: ð28Þ

Since we integrate over future-directed null cones, there is
no such orthogonality condition for our moments (27). In
addition, our dipole (27c) contains both a symmetric and an
antisymmetric part, unlike the case for the standard
definition which includes an explicit antisymmetrization.
The number of independent components of the electro-

magnetic dipole (27c) and quadrupole (27d) are nominally
16 and 40, respectively. When charge conservation is
imposed in Sec. VI A, we shall see that these reduce to
10 and 22. However, these are still larger than the number
of degrees of freedom for the standard definitions of the
electromagnetic dipole and quadrupole, which are 6 and 14.
Our bare electromagnetic moments (27) are convenient for
our derivation in Sec. VI. However, we shall express
our final results for the equations of motion in terms of
a set of renormalized, projected moments, defined in
Sec. IV F, which have the standard number of degrees of
freedom.

D. Scalar multipole moments

For the scalar case, we define an analogous set of bare
moments, based on integrals over the scalar source ρ,

qSBðτÞ ¼
Z
Στ

dΣν̃uν̃ρ; ð29aÞ

Qμ
SBðτÞ ¼ −

Z
Στ

dΣν̃gν̃λuλρσμ; ð29bÞ

Qμν
SBðτÞ¼

Z
Στ

dΣν̃gν̃λuλρσμσν: ð29cÞ

All other details regarding the absence of an orthogonality
condition, and the comparison to standard multipoles are
similar to those for the electromagnetic multipoles. Here
the subscript S denotes “scalar” and B denotes “bare”.
The multipole moments (27) and (29) that we are

defining are nonstandard. However, they contain the same
information as standard multipole moments which are
defined in terms of integrals over spacelike hypersurfaces.
Some insight into the relation between the two sets of
moments can be obtained by considering the leading-order

expansion for Φ in terms of its source ρ in a Lorentz
frame ðt; xiÞ:

Φðt;r;niÞ¼ 1

r

Z
d3yρðt− rþn ·y;yÞþO

�
1

r2

�
; ð30Þ

where

r ¼ jxj and ni ¼ xi

r
: ð31Þ

Taylor expanding the density about the retarded time t − r
gives the usual multipole expression

Φðt;r;niÞ¼ 1

r

X∞
k¼0

�
1

k!
ni1…nik

Z
d3yyi1…yikρðkÞðt− r;yÞ

�

þO
�
1

r2

�
; ð32Þ

where ρðkÞ denotes the kth time derivative. Taylor expanding
instead about r − tþ y yields

Φðt; r; niÞ ¼ 1

r

X∞
k¼0

�
1

k!

Z
d3yðniyi − yÞkρðkÞðt − rþ y; yÞ

�

þO
�
1

r2

�
; ð33Þ

which now involves integral over the future null cones. The
integrals that appear in (33) are precisely time derivatives of
our nonstandard multipoles (29).

III. NONPERTURBATIVE EQUATIONS
OF MOTION

This paper focuses primarily on a perturbative expansion
of the self-force. It is informative, though, to consider the
extent to which exact computations can be used to
determine radiation-reaction effects. In this section, we
derive an exact law of motion for extended bodies, which is
used indirectly in our derivation in the remainder of the
paper. Our exact law is a modification of an exact law of
motion due to Harte [32,39], which we review. We use
Harte’s result to perform a consistency check of our results
in Sec. VI below.

A. Equation of motion for bare momentum

First, we define a generalized momentum Pτðξ⃗Þ as a
linear map on vector fields ξμ̃ via

Pτðξ⃗Þ ¼
Z
Στ

T μ̃ν̃ξμ̃dΣν̃: ð34Þ
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Here, as before, we choose the surface Στ of integration to
be future-directed null cones. When we specialize ξ⃗ to be a
Killing vector field ξμ̃ ¼ gμ̃μ or ξμ̃ ¼ 2gμ̃½σσν�, the resulting
quantities (34) yields the definitions (22) of linear momen-
tum and spin [32].
To compute the time derivative of this generalized

momentum, we use the general identity [32]

d
dτ

Z
Στ

vμ̃dΣμ̃ ¼
Z
Στ

∇μ̃vμ̃mλ̃dΣλ̃ þ
Z
∂Στ

vμ̃mλ̃dSμ̃ λ̃; ð35Þ

valid for any foliation Στ and any vector field vμ̃. Heremμ̃ is
any vector field that satisfiesmλ̃ðdτÞλ̃ ¼ 1, dSμ̃ λ̃ ¼ dS½μ̃ λ̃� is
the surface area element, and the second term of the right-
hand side should be interpreted as a limit of integrals over
the boundaries of finite regions of Στ. Applying this identity
with vμ̃ ¼ T μ̃ ν̃ξν̃ gives

d
dτ

Pτðξ⃗Þ ¼
Z
Στ

∇μ̃T μ̃ ν̃ξν̃mλ̃dΣλ̃ þ
1

2

Z
Στ

T μ̃ ν̃ðLξgÞμ̃ ν̃mλ̃dΣλ̃

−
Z
∂Στ

TðselfÞν̃ μ̃ξμ̃mλ̃dSν̃ λ̃; ð36Þ

In the last term, we’ve removed the matter contribution to
the stress energy tensor, since it has compact spatial support
and so does not contribute to the boundary integral in the
asymptotic limit. Using Eq. (16a) we can rewrite the first
term of (36) in terms of the external field. Specializing to
Killing vector fields, for which the second term vanishes,
gives

d
dτ

Pτðξ⃗Þ ¼
Z
Στ

ðFðextÞμ̃ ν̃ξμ̃jν̃Þmλ̃dΣλ̃

−
Z
∂Στ

TðselfÞμ̃ ν̃ξν̃mλ̃dSμ̃ λ̃: ð37Þ

To obtain an explicit equation of motion for the world-
line, Eq. (37) must be supplemented by the spin supple-
mentary condition (26) that determines the relationship
between the 4-velocity uμ ¼ dzμ=dτ of the worldline and
the 4-momentum Pμ

B. To incorporate this condition we
proceed as follows. First, we write down the following
identities that are valid for any choice of vector field Pμ

B
along the worldline

mBaκ ¼ aκðmB þ Pμ
BuμÞ þ Pμ

λDτPλ
B

− Pκ
νDτðPν

λPλ
BÞ; ð38aÞ

DτmB ¼ DτðmB þ Pμ
BuμÞ − uμDτP

μ
B − aμP

μ
B: ð38bÞ

Here Dτ ≡ uμ∇μ is the covariant derivative along the
worldline, aκ ¼ Dτuκ is the 4-acceleration, and

Pμ
λ ¼ δμλ þ uμuλ ð39Þ

is the projection tensor onto the space of vectors orthogonal
to the 4-velocity. The second term in each of Eqs. (38a),
(38b) can be obtained from (37) with the choice ξμ̃ ¼ gμ̃μ

and the replacement d=dτ → Dτ. For the first and third
terms, we use the general identity (35) specialized to

vμ̃ ¼ σμT μ̃ λ̃nλ̃; ð40Þ

where nλ̃ ¼ −ðdτÞλ̃ is the null normal to the future null
cone Στ. Using ∇μ̃σ

μ ¼ −gμ̃μ, Eq. (16a), and the identity
for any vector field vμ̃:Z

Στ

vμ̃dΣμ̃ ¼ −
Z
Στ

vμ̃nμ̃mλ̃dΣλ̃; ð41Þ

we obtain an expression for the bare momentum:

Pμ
BðτÞ ¼ Dτ

Z
Στ

σμT μ̃ λ̃nλ̃dΣμ̃

þ
Z
Στ

σμ½FðextÞλ̃ ρ̃jρ̃ − T μ̃ ρ̃∇μ̃nρ̃mλ̃�dΣλ̃

−
Z
∂Στ

σμm½λ̃T μ̃�ρ̃nρ̃dSμ̃ λ̃: ð42Þ

Using the method of Appendix A, one can show that the
boundary term in (42) vanishes when we choose m⃗ ¼ ∂=∂τ
in the coordinates constructed in VI A. The expression (42)
can now be substituted into the right-hand sides of
Eqs. (38a) and (38b) to give explicit evolution equations
for the worldline zμðτÞ and bare mass mBðτÞ.
In Sec. V B below we will describe a limit in which the

charge, mass, and size of the body all go to zero. In this
limit, the right-hand sides of Eqs. (37) and (42) can be
expanded in terms of electromagnetic multipole moments
discussed in Sec. II C, thereby yielding the explicit form of
the equation of motion in this limit. This calculation is
carried out in Sec. VI. Some of our calculations will
proceed directly by taking moments of the field equa-
tions (7) and (16), rather than using Eqs. (37) and (42).

B. Equation of motion for Harte’s momentum

We now describe an alternative nonperturbative equation
of motion for the momentum of extended charged bodies in
Minkowski spacetime, due to Harte [32]. It is based on
Harte’s generalized momentum,

PH τðξ⃗Þ ¼
Z
Στ

T μ̃ ν̃
M ξμ̃dΣν̃ þ Eτðξ⃗Þ: ð43Þ

Here the first term coincides with our bare generalized
momentum (34), but omits the self-field contribution. The
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second term Eτðξ⃗Þ is a kind of self-field contribution, and is
given by Eq. (184) of Ref. [32]. It is a double integral over
spacetime that is quadratic in the source jμ̃, involves a
Greens function, and depends on the source only at times τ0
that are within a light-crossing time of τ. Its explicit form
will not be needed in what follows.
Harte’s nonperturbative equation of motion is

d
dτ

PH τðξ⃗Þ ¼
Z
Στ

dΣν̃mν̃ðFλ̃ ρ̃ − Fλ̃ρ̃
S Þξλ̃jρ̃; ð44Þ

for Killing vectors ξ⃗, where Fλ̃ ρ̃
S is the average of retarded

and advanced self-fields. Harte incorporates the spin-
supplementary condition by solving explicitly for the
relationship between the 4-velocity and momentum with
a choice of parameter τ which differs from proper time. We
find it more convenient to proceed instead as described
above using the general identity (39) and choosing τ to be
proper time.
We shall make use of Harte’s equation (44) as a partial

consistency check of our results. By subtracting Eqs. (36)
and (44), we obtain

Z
Στ

dΣν̃mν̃Fλ̃ ρ̃
R ξλ̃jρ̃ þ

Z
∂Στ

TðselfÞμ̃ ν̃ξν̃mλ̃dSμ̃ λ̃

¼
�

Some total

time derivative

�
; ð45Þ

where Fλ̃ ρ̃
R is the radiative self-field, one half the retarded

field minus one half the advanced field. We compute the
left-hand side explicitly in terms of our multipole expan-
sion and verify that it is a total time derivative at each order
in the expansion; see Secs. VI D 2 and VI E 2 below.

IV. THE POINT PARTICLE LIMIT IN THE
ELECTROMAGNETIC CASE

A. One parameter families of solutions:
The Gralla-Harte-Wald axioms

We will consider a small charged body interacting with
an external electromagnetic field. To describe the limit in
which the body becomes very small, we consider a one-
parameter family of solutions of the field equations for the
body, labeled by a dimensionless parameter λ. Following
GHW, we impose the following axioms on the family of
solutions. The axioms enforce that the mass and charge of
the body go to zero as the size goes to zero.
Axiom 1. There exists a one-parameter family of fields

consisting of the Maxwell tensor Fμνðλ; xμÞ, the charge
current density jμðλ; xμÞ, and the stress-energy tensor
Tμν
M ðλ; xμÞ, which satisfy the Maxwell, charge current

conservation and stress-energy conservation equations:

∇νFμνðλ; xμÞ ¼ 4πjνðλ; xμÞ; ð46aÞ

∇½μFνλ� ¼ 0; ð46bÞ

∇μjμðλ; xμÞ ¼ 0; ð46cÞ

∇μTμνðλ; xμÞ ¼ 0; ð46dÞ

where Tμν ≡ Tμν
M þ Tμν

F , and Tμν
F is given by (9). These

fields are defined on the open interval 0 < λ < λ0, for
some λ0.
Axiom 2. We assume there exist functions j̃μðλ; t; XiÞ

and T̃μν
M ðλ; t; XiÞ such that for some global Lorentz frame

coordinates ðt; xiÞ:

jμðλ; t; xiÞ ¼ λ−2j̃μ
�
λ; t;

xi − ziðλ; tÞ
λ

�
; ð47aÞ

Tμν
M ðλ; t; xiÞ ¼ λ−2T̃μν

M

�
λ; t;

xi − ziðλ; tÞ
λ

�
; ð47bÞ

where j̃μ and T̃μν
M are jointly smooth all of in their

arguments, including at λ ¼ 0, and ziðλ; tÞ is the center-
of mass worldline defined by (26).
Axiom 3. All of the fields Fμν, jμ, and TM

μν are jointly
smooth in xμ and λ away from λ ¼ 0. There exists a
worldtube W of compact spatial support such that the
supports of j̃μ and T̃μν

M lie inside W for all λ.
Axiom 4. The external field FðextÞμν defined by (12) is

jointly smooth in xμ̃ and λ, including at λ ¼ 0.

B. Discussion of and motivation for the axioms

As in GHW, the axioms 1–4 are intended to describe a
family of physically reasonable charge current and stress-
energy distributions, such that the limit λ → 0 represents a
pointlike object. At any finite λ, however, the object is
nonsingular with smooth (in particular, nondistributional)
sources and a finite self-field. Our goal is to derive a set of
ordinary differential equations that govern the motion of the
object in the limit of small λ.
The axioms enforce a limit where the size L of the body

is much smaller than the scale2 Lext of variation of the
external field FðextÞμν. Thus, there is a separation of scales:

L ≪ Lext: ð48Þ

One can think of the parameter λ in our one parameter
family of solutions as being the ratio L=Lext, since the size
of the body decreases linearly with λ, from Eqs. (47a) and
(47b). As discussed by GHW, a crucial feature of the

2This scale can either be the characteristic length over which
FðextÞ varies, or the characteristic time.
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assumed one-parameter family is that the mass and charge
of the body go to zero as λ → 0, at the same rate as the size.
Our axioms are identical to those of GHWexcept for the

status of the worldline. GHW assume the existence of a
λ-independent worldline ziðtÞ for which a version of (48),
with ziðλ; tÞ replaced by ziðtÞ, is satisfied. By contrast, we
define a one-parameter family of worldlines ziðλ; tÞ accord-
ing to the general prescription described in Sec. II B. The
two approaches coincide at leading order, but at subleading
order the λ-dependent worldline is more convenient.
Axiom 2 appears to violate Lorentz invariance by the

choice of a specific Lorentz frame. However, if this
assumption is satisfied in some Lorentz frame, it is satisfied
in all Lorentz frames, so it does not violate Lorentz
invariance. To see this, consider the boosted frame
xμ̄ ¼ ðt̄; xīÞ ¼ Λμ̄

μxμ, in which the worldline is xī ¼
wīðλ; t̄Þ for some function wī. Then, in the boosted frame,
an equation of the form (47a) is satisfied, where the
function j̃μ is replaced by the function j̃μ̄ given by

j̃μ̄ðλ; t̄; XīÞ
¼ Λμ̄

μj̃μ½λ;Λ0
0̄t̄þ Λ0

īw
īðλ; t̄Þ þ λΛ0

īX
ī;Λi

j̄X
j̄�: ð49Þ

By inspection the function j̃μ̄ is jointly smooth in all of its
arguments, including at λ ¼ 0. A similar argument applies
to Eq. (47b).

C. Consequence of axioms: The near zone
and far zone limits

Following GHW, it is instructive to consider two differ-
ent limits of λ → 0 that give complementary descriptions of
the interaction of the body with the external field.
The limit λ → 0 at fixed rescaled coordinates,

ðT; XiÞ≡
�
t;
xi − ziðt; λÞ

λ

�
; ð50Þ

describes the “near zone” limit. It describes what would be
measured by observers at distances from the object of order
the object’s size L. In this limit, points with fixed global
Lorentzian coordinates xi become more and more distant as
λ → 0. The length scale Lext of the external field goes to
infinity, while the size L of the body remains finite.
The limit λ → 0 at fixed ðt; xiÞ describes the “far zone”

limit. It describes what would be measured by observers at
distances from the object of order Lext. In this limit, points
at fixed rescaled coordinates ðT; XiÞ approach the worldline
xi ¼ zið0; tÞ as λ → 0. In particular, the object’s size L → 0

as λ → 0 at fixed ðt; xiÞ.
The GHW axiom approach is closely related to the

matched asymptotics method often used in gravitational
calculations [9,12,43–45]. The “near zone” expressions are
analogous to an expansion in positive powers of the radial

coordinate, valid near the body, and the ‘far zone’ expres-
sions are analogous to the expansions approximating the
body as a pointlike source.
We now discuss the limiting behavior of the self-field as

λ → 0. The assumptions of subsection II A do not demand
smoothness of the matter fields jμ and Tμν in λ at λ ¼ 0. As
shown by GHW, it follows from axioms 1–4 that the limits
λ → 0 of the matter fields jμ and Tμν exist as distributions.
This result reflects the desired “point particle” nature of the
λ → 0 limit of the body. However, axiom 4 demands that in
the limit λ → 0, the external field remains smooth in the
coordinates xi. This ensures that the external field possesses
a well-defined value at the worldline, even in the point
particle limit.
The limiting behavior of the self-field is derived in the

appendix of [8], and can be described as follows. There
exists a function F̃ðselfÞμν, which is jointly smooth in its
arguments, including at λ ¼ 0, such that

FðselfÞμνðλ; t; xiÞ ¼ λ−1F̃ðselfÞμνðλ; t; XiÞ: ð51Þ

We define a tilded version of the full electromagnetic field
Fμνðλ; t; xiÞ, by

F̃μνðλ; t; XiÞ ¼ λFμν½λ; t; ziðt; λÞ þ λXi�: ð52Þ

It follows from (51) that this full field can be written as

F̃μνðλ; t; XiÞ ¼ F̃ðselfÞμνðλ; t; XiÞ
þ λFðextÞμνðλ; t; zi þ λXiÞ; ð53Þ

so as λ → 0 at fixed Xi, F̃μν → F̃ðselfÞμν. It also follows for
(51) and (9) that the stress-energy tensor (15) obeys an
axiom of the form (47b)

Tμνðλ; t; xiÞ ¼ λ−2T̃μν

�
λ; t;

xi − ziðλ; tÞ
λ

�
; ð54Þ

where the right-hand side is a smooth function of its
arguments.

D. Limiting behavior of body parameters

We next specialize the general definitions (27) of
electromagnetic multipole moments to the one-parameter
family of charge currents. We find from Eq. (47b) that

qBðλÞ ¼ λq̃ðλÞ; ð55aÞ

J μ
Bðτ; λÞ ¼ λJ̃ μðτ; λÞ; ð55bÞ

Qμν
B ðτ; λÞ ¼ λ2Q̃μνðτ; λÞ; ð55cÞ

Qμνλ
B ðτ; λÞ ¼ λ3Q̃μνðτ; λÞ; ð55dÞ
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where the rescaled moments q̃, J̃ μ, Q̃μν, and Q̃μνλ have
Taylor expansions about λ ¼ 0 that start at Oðλ0Þ, for
example

q̃ðλÞ ¼ q̃ð0Þ þ λq̃ð1Þ þ � � � : ð56Þ

The result (56) is one of the principal benefits of using the
one-parameter family of solutions: in the limit λ → 0,
successively higher multipoles are suppressed by a higher
and higher power of λ. Hence, the limit enforces a multipole
expansion.
Similar results apply to the 4-momentum Pμ

B (22a) and
spin SμνB (22b), which can be written as

Pμ
Bðτ; λÞ ¼ λP̃μðτ; λÞ; ð57aÞ

SμνB ðτ; λÞ ¼ λ2S̃μνðτ; λÞ; ð57bÞ

where P̃μ and S̃μν have nonzero limits as λ → 0. We define
a rescaled mass in terms of the rescaled momentum P̃μ,

m̃2 ¼ −P̃μP̃μ; ð58Þ

which satisfies λm̃ ¼ mB, and has a finite, nonzero value in
the limit λ → 0.

E. Axioms in the scalar case

We use a set of assumptions closely related to axioms
1–4 for the scalar self-force derivation. We replace the
charge current jμ with the charge density ρ, the field
strength Fμν with the first derivative of the scalar field
Φ;μ, and Maxwell’s equations (7) with the Klein-Gordon
wave equation (8).
The scalar charge moments (29) can be written as

qSBðλÞ ¼ λq̃SðλÞ; ð59aÞ

Qμ
SBðτ; λÞ ¼ λ2Q̃μ

Sðτ; λÞ; ð59bÞ

Qμν
SBðτ; λÞ ¼ λ3Q̃μν

S ðτ; λÞ; ð59cÞ

where q̃S, Q̃
μ
S, and Q̃

μν
S have finite, nonzero limits as λ → 0,

just as for the electromagnetic moments above.

F. Renormalized projected body parameters

In this section, we define a set of renormalized and
projected body parameters—momentum, angular momen-
tum and electromagnetic moments—that have a number of
desirable properties:

(i) The final equation of motion is simpler when
expressed in terms of these body parameters rather
than the original (bare) body parameters.

(ii) The projected parameters have the conventional
number of independent degrees of freedom (6 for

electromagnetic dipole, 14 for quadrupole), unlike
our original definitions (27) which had 10 degrees of
freedom for the dipole and 22 for the quadrupole.

(iii) The renormalizations are chosen such that the final
equations of motion depend only on the renormal-
ized projected parameters.

Our definitions of renormalized projected body param-
eters are perturbative and are limited to the context of the
one-parameter family of solutions. It would be interesting
to find more general, nonperturbative definitions that
reduce to these definitions in the λ → 0 limit. We have
been unable to do so. In particular, our perturbative
definitions of linear and angular momentum differ from
those obtained by taking the λ → 0 limit of Harte’s non-
perturbative definitions (43), at second order in λ.
The renormalized mass is given by

m ¼ −P̃μuμ − λuμFðextÞμ
νQ̃

νλuλ −
2

3
λ2q̃aμDτðPμ

νQ̃
λνuλÞ

− λ2uμFðextÞμ
ν;λPλ

ηQ̃
νησuσ þ λ2uμFðextÞμ

νQ̃
νληaλuη

þOðλ3Þ; ð60Þ

where uμ is the 4-velocity and aμ the 4-acceleration of the
worldline, Pμ

ν ¼ δμ
ν þ uμuν is the projection tensor, and

Dτ ¼ uμ∇μ. The rescaled electromagnetic dipole Q̃μλ and
quadrupole Q̃μνλ which appear here are defined in Eq. (56).
Note that P̃μuμ ¼ −m̃þOðλÞ, so m and m̃ coincide to

leading order. In the limit λ → 0 the renormalized mass can
be expanded as

mðλÞ ¼ mð0Þ þ λmð1Þ þ λ2mð2Þ þ � � � ; ð61Þ

where the coefficients mð0Þ, mð1Þ, etc. are independent of λ
and mð0Þ ≠ 0.
We do not define a renormalized momentum since the

momentum is eliminated in the final equation of motion.
The renormalized spin is

Sμν ¼ S̃μν þ 2λFðextÞ½μj
λQ̃

λjν�ρuρ þ
2

3
λq̃P½μ

λuν�Q̃λρaρ

þ λP½μ
λPν�

ρ

�
2

3
q̃DτQ̃

λρ þ 4

3
q̃uηQ̃

ηλaρ þ 2

3
q̃Q̃ληuηaρ

�
þOðλ2Þ: ð62Þ

This also can be expanded in powers of λ with a leading
term which is nonzero.
The charge is conserved so requires no renormalization,

q ¼ q̃: ð63Þ

The renormalized, projected electromagnetic dipole is

Qμν ¼ ðQ̃μν þ λuσDτðQ̃μνσÞÞPν
κ þOðλ2Þ; ð64Þ
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Note that this dipole is orthogonal to the 4-velocity on its
second index, unlike the bare dipole. We can expandQμν as

Qμν ¼ Qð0Þμν þ λQð1Þμν þOðλ2Þ: ð65Þ

Charge conservation [Eq. (103c) below with m ¼ 2 and
N ¼ 2] enforces that the spatial components of the leading-
order term are antisymmetric,

Qð0ÞμνPμ
ðλPν

ηÞ ¼ 0: ð66Þ

At higher order, the quantity Qð1ÞμνPμ
ðλPν

λÞ can be
computed from the time derivative of the electric quadru-
pole and the corresponding subleading charge conservation
[Eq. (103c), order Oðλ), with m ¼ 2 and N ¼ 2]. Hence,
the dipole (64) has six independent components.
We note that if we replace the future null cone Στ in the

definitions (27) of electromagnetic moments with a space-
like hypersurface orthogonal to the 4-velocity, then the
same final result would be obtained by taking the expres-
sion (64) but omitting the correction term.
The renormalized, projected quadrupole is

Qμλη ¼ Pλ
νPη

σQ̃
μνσ þOðλÞ: ð67Þ

This tensor is orthogonal to the 4-velocity in its second two
indices. The completely symmetric part of the spatial
projection of this quadrupole vanishes to leading order,

QμνσPμ
ðλPν

ηPσ
ρÞ ¼ OðλÞ; ð68Þ

from Eq. (103c) below with m ¼ 3, N ¼ 3. It follows that
the leading-order renormalized quadrupole has the standard
number of independent components (six electric and eight
magnetic).
The notations for and properties of the various body

parameters we have defined are summarized in Table I.

V. SUMMARY OF RESULTS:
ELECTROMAGNETIC LAWS OF MOTION

THROUGH SECOND ORDER

A. Preamble: Domain of validity of self-force equations

The classic Abraham-Lorentz-Dirac radiation-reaction
equation,

aν ¼ q
m
Fνμuμ þ

2

3

q2

m
Pν

μ _aμ; ð69Þ

is a third-order differential equation which possesses trans-
parently nonphysical runaway solutions.
As pointed out by GHW, (69) is valid only in the regime

q2 _a=ma≡ ϵ ≪ 1, and the equation has errors of order ϵ2a.
The runaway solutions possess a rapidly growing accel-
eration, and violate the assumption ϵ ≪ 1. When ϵ≳ 1, the
perturbative differential equation (69) is no longer a good
approximation.
The reduction of order procedure provides a method of

deriving from Eq. (69) an equation which is equally
accurate but which is second order in time and which
does not have runaway solutions [46–50]. Substituting the
expression for the acceleration given by the first term in
(69) into the second term modifies the equation by a term
which is no larger than the pre-existing error terms. The
resulting reduced-order equation is

aσ ¼ q
m
Fσμuμþ

2

3

q3

m2
Pσ

ρðFρμ
;νuμuνþFρμFμνuνÞþOðq5Þ:

ð70Þ

Our final results (73) are expressed as an expansion in
powers of λ, a parameter which is proportional to the charge
q, also the mass m, and here also to q2=m. We do not
perform a reduction of order in our results for brevity.
(except the point particle case discussed in Sec. V D
below). However, we emphasize that our results should
be interpreted in terms of their reduced-order counterparts.

B. Laws of motion: General self-force
and center-of-mass evolution

We present in this section the results for the electro-
magnetic case. The scalar results are derived in much the
same way, and can be found in the Appendix B.
The evolution of the body’s worldline zμðτÞ and rest

mass to second order in λ are given by

maμ ¼ fð0Þμ þ λfð1Þμ þ λ2fð2Þμ þOðλ3Þ; ð71aÞ

Dτm ¼ λF ð1Þ þ λ2F ð2Þ þOðλ3Þ; ð71bÞ

TABLE I. A summary of the various body parameters we have defined. Each cell lists the symbol for the quantity, the number of the
equation in which the quantity is defined, and the number of independent components in the quantity after the charge conservation and
the spin supplementary condition have been imposed.

Bare moments Pμ
B (22a): 4 mB (23): 1 SμνB (22b): 3 qB (27a): 1 J μ

B (27b): 0 Qμν
B (27c): 10 Qμνλ

B (27d): 22

Rescaled bare moments P̃ (57a): 4 m̃ (58): 1 S̃μν (57b): 3 q̃ (55a): 1 J̃ μ (55b): 0 Q̃μν (55c): 10 Q̃μνλ (55d): 22

Renormalized
projected moments

Not required m (60): 1 Sμν (62): 3 q (63): 1 not required Qμν (64): 6 Qμνλ (67): 14
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where aμ is the acceleration of the worldline and m is the
renormalized mass (60). Here fð0Þμ is the Lorentz force,
fð1Þμ and F ð1Þ are the first-order GHW results, and fð2Þ and
F ð2Þ are the new second-order results presented here.
Explicit expressions for all these quantities are given in
this section and the derivations are given in Sec. VI below
We refer to Eqs. (73) as “laws” of motion, instead of

equations of motion, as they require additional information
about the body’s electromagnetic multipoles their time
dependence to fully determine the motion. The requisite
additional equations parameterize the evolution of the
internal degrees of freedom of the body.
At leading order, we have the Lorentz force and mass

conservation

fð0Þμ ¼ qFðextÞμλuλ; ð72aÞ

Dτm ¼ OðλÞ: ð72bÞ
At subleading order, we have

fð1Þκ ¼ Pκ
ν

�
FðextÞν

μ;λQμλ þ 2

3
qDτaν þDτðaμSνμÞ

þ FðextÞν
μDτQ½μλ�uλ −DτðuμFðextÞμ

λQλνÞ
�
; ð73aÞ

F ð1Þ ¼ −uμFðextÞμ
ν;λQνλ − uνFðextÞν

μDτðQμλÞuλ
− 2uμFðextÞμ

νQνλaλ: ð73bÞ

Here the body’s charge q, electromagnetic dipole Qμν,
and spin Sμν are the renormalized versions (63), (64),
and (62).
To facilitate comparison of the results with those of

GHW, we define an antisymmetric dipole Qμν
A by

QA
μνPν

λ ¼ Qμλ; ð74aÞ

QA
μνuν ¼ −uνQνμ; ð74bÞ

for whichQA
ðμνÞ ¼ 0. EliminatingQμν in terms ofQμν

A , and
we find

fð1Þκ ¼ Pκ
ν

�
FðextÞν

μ;λQA
μλ þ 2

3
qDτaν þDτðaμSνμÞ

þ 2DτðuμFðextÞλ½νQA
μ�
λÞ
�
; ð75aÞ

F ð1Þ ¼ −uμFðextÞμ
ν;λQA

νλ −DτðFðextÞν
μQA

μλÞuνuλ
− 2uμFðextÞμ

νQA
νλaλ; ð75bÞ

which agrees with the results of GHW. The third term in the
mass evolution (75b) does not appear in GHW, however it
gives only a Oðλ2Þ contribution when reduction of order is
applied. We retain this term since we will be working
to Oðλ2Þ.
As noted in GHW, the first and second terms in the

acceleration equation (75a) are the monopole self-force
usually derived from the radiative self-field, and the direct
interactions with the external field. The final two terms in
(75a) are terms that are not usually derived in elementary
treatments of electrodynamics.
The second-order results can be decomposed into

monopole, dipole, and quadrupole contributions:

fð2Þμ ¼ fð2Þμpoint þ fð2Þμdipole þ fð2Þμquadrupole; ð76aÞ

F ð2Þ ¼ F ð2Þ
point þ F ð2Þ

dipole þ F ð2Þ
quadrupole: ð76bÞ

We have

fð2Þμpoint ¼ 0; ð77aÞ

F ð2Þ
point ¼ 0; ð77bÞ

so there are no new point particle terms at second order. We
note, however, that monopole terms at Oðλ2Þ would be
generated if one expands out the body parameters in a
power series in λ, as in Eq. (65) above, and also would be
generated by the reduction of order procedure, cf. Sec. V D
below. The explicit, new, dipole and quadrupole contribu-
tion to the self-force are

fð2Þμdipole ¼ Pσ
κ

�
−
1

3
qaμaμaνQνκ þ qaκDτaμPμνQλνuλ þ

7

6
qDτaκaμQλμuλ

−
11

6
qaμDτaμQνκuν þ

1

3
qaκaμDτQνμuν − qaμaμDτQνκuν −

2

3
qDτaμDτQμκ

− 2qaμDτ
2Qμκ −

2

3
qDτ

3Qμκuμ

�
; ð78aÞ
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fð2Þμquadrupole ¼ Pσ
κ

�
1

2
FðextÞκ

μ;νλQμνλ − uμDτðFðextÞμ
ν;ρPν

λQλκρÞ þ 1

2
Dτ

2ðFðextÞκ
μQμρ

ρÞ − 2uμFðextÞμ
λ;νuνQλκρaρ

þ 2FðextÞ½κ
μ;λQμjν�λaν þ

1

2
FðextÞκ

μ;νaνQμρ
ρ −

1

2
FðextÞκνDτðaνuμQμρ

ρÞ − uμFðextÞμ
νDτðQνκλaλÞ

þ aκuμFðextÞμ
νDτQνρ

ρ − 2aνFðextÞðν
μQμjκÞλaλ

�
; ð78bÞ

and the explicit, new, dipole and quadrupole contributions to the mass evolution are

F ð2Þ
dipole ¼ −

1

3
q̃aμaμuλQR

λνaν −
2

3
q̃DτaνPν

λDτðuμQμλÞ; ð79aÞ

F ð2Þ
quadrupole ¼ −

1

2
uμFðextÞμ

λ;νρQλνρ −
1

2
uμFðextÞμ

λ;νσuνuσQλρ
ρ − 2uμFðextÞμ

λ;σQλσνaν − uμFðextÞμ
ν;λaλQνρ

ρ

−
1

2
DτaμFðextÞμνuνuλQλρ

ρ −
1

2
aνFðextÞνμuμaλQλρ

ρ −
1

2
aλFðextÞλμuμuνDτQνρ

ρ þ aνFðextÞν
μDτQμρ

ρ

þ 1

2
uμFðextÞμ

λDτ
2Qλρ

ρ: ð79bÞ

C. Laws of motion: Evolution of spin

Like the self-force, the torque may also be written in
terms of the renormalized dipole, quadrupole and spin
introduced in Sec. IV F. The result is

DτSλρPλ
κPρ

σ ¼Pκ
λPσ

ρ

�
2FðextÞ½λ

μQμjρ� þ2λFðextÞ½λ
ν;μQνμjρ�

−
4

3
λqDτa½λQμjρ�uμþ2λFðextÞ½λ

μQμνjρ�aν

�
þOðλ2Þ: ð80Þ

Because of the spin supplementary condition (26), this
projected version of DτSλρ is sufficient to determine the
entire time derivative. The first term in this torque expres-
sion reproduces the GHW result.

D. Laws of motion: Reduced-order point
particle limit

In this section, we specialize to monopole bodies, i.e.
those with vanishing spin Sμν, electromagnetic dipole Qμν,
and electromagnetic quadrupole Qμνλ. The equations of
motion (73) then reduce to

maμ ¼ λqFðextÞμλuλ þ
2

3
λ2q2Pμ

νDτaν þOðλ4Þ; ð81aÞ

Dτm ¼ Oðλ3Þ: ð81bÞ

We now apply a reduction of order to determine the
acceleration through Oðλ2Þ in terms of the external field.
The resulting acceleration, given explicitly for the first
time, is

aμ ¼ q
m
FðextÞμνuν þ

2q3

3m2
DτFðextÞμνuν

þ 2q4λ
3m3

Pμ
ηFðextÞηνFðextÞ

νσuσ þ
4q5

9m3
λ2Dτ

2FðextÞμνuν

þ 8q6

9m4
λ2Pμ

ρDτFðextÞρνFðextÞ
νλ uλ

þ 4q6

9m4
λ2Pμ

ρFðextÞρνDτF
ðextÞ
νλ uλ

þ 4q7

9m5
λ2Pμ

ρFðextÞρνPνηFðextÞηλFðextÞ
λσuσ þOðλ3Þ:

ð82Þ

VI. DETAILS OF DERIVATION

A. Preliminary definitions and constructions

The derivation is based on the axioms described in
Sec. IVA, which are expressed in some global Lorentz
frame coordinates ðt; xiÞ. For the purposes of our deriva-
tion, we adopt a retarded body-following coordinate
system, motivated by the scaled coordinates ðT; XiÞ con-
sidered in Sec. IVA.
We choose a tetrad at a point on the worldline, zμðτ; λÞ,3

fe0̂μ; eîμg≡ fuμ; eμ îg; ð83Þ
which we constrain to be orthonormal:

e⃗â · e⃗b̂ ¼ ηâ b̂: ð84Þ

3Note that our construction is based on the λ-dependent
worldline zμðτ; λÞ, and not on the fixed, λ-independent worldline
zμðτ; 0Þ.
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We extend this tetrad along the worldline using Fermi-
Walker transport

Deμâ
dτ

¼ eνâðuμaν − aμuνÞ; ð85Þ

and extend it off the worldline by parallel transport along
generators of future null cones that originate on the
worldline.
Tetrad indices are raised and lowered using ηâ b̂:

uμ ¼ eμ0̂ ¼ −eμ0̂ eμ ĵ ¼ eμîδî ĵ: ð86Þ

We next define the retarded Fermi coordinate system
ðT; yîÞ following Poisson [9]. For a given spacelike point
xμ̃, we define τðxμ̃Þ such that zμðτÞ is the intersection of the
past lightcone of xμ̃ with the worldline, so that

σðzμðτðxÞÞ; xμ̃Þ ¼ 0: ð87Þ

Surfaces of constant τ are future light cones of points on the
worldline. We define the spatial coordinates yi by

yî ¼ −δî ĵeĵμðτÞσμðzτ; xÞ; ð88Þ

evaluated at τ ¼ τðxÞ. In these coordinates the metric takes
the form [9]

ds2 ¼ −ðφ2 − r2a2Þdτ2 þ ðδî ĵ − nînĵÞdyîdyĵ

þ 2ðraî − φnîÞdxîdτ; ð89Þ

where r2 ¼ δî ĵy
îyĵ, φ ¼ 1þ yîaî, n

î ¼ yî=r. The ortho-
normal basis in these coordinates is given by

e⃗0̂ ¼ ∂τ − raî∂ î; ð90aÞ

e⃗î ¼ ðδî ĵ þ rnîa
ĵÞ∂ ĵ − nî∂τ: ð90bÞ

Next we re-express axiom 2 of Sec. IVA in terms of
these coordinates and the orthonormal basis components of
the tensors. From Eq. (54), it takes the form

Tâ b̂ðλ; τ; yîÞ ¼ λ−2T̃â b̂ðλ; τ; yî=λÞ; ð91aÞ

jâðλ; τ; yîÞ ¼ λ−2j̃âðλ; τ; yî=λÞ; ð91bÞ

where the right-hand sides are smooth functions of their
arguments [distinct from the functions in (47a) and (54)].
Finally, we can write the rescaled body parameters of

Sec. IV D in terms of the functions T̃â b̂ and jâ:

P̃â ¼
Z

d3YðT̃â 0̂ − T̃â înîÞ; ð92aÞ

S̃â b̂ ¼ 2

Z
d3YRðn½âT̃ b̂�0̂ − n½âT̃b̂�înîÞ; ð92bÞ

and

q̃ ¼
Z

d3Yðj̃0̂ − j̃înîÞ; ð93aÞ

J̃ â ¼
Z

d3Yj̃â; ð93bÞ

Q̃â b̂ ¼
Z

d3YRj̃ânb̂; ð93cÞ

Q̃â b̂ ĉ ¼
Z

d3YR2j̃ânânb̂; ð93dÞ

where Yî ¼ yî=λ, R2 ¼ δî ĵY
îYĵ, and n⃗ ¼ u⃗þ nîe⃗î. Here

the integrals are over surfaces of constant τ, i.e. the future
light cones.

B. Retarded and advanced self-field

In this subsection, we compute the near-zone expansion
of the retarded field in terms of the scaled multipoles (56)
and the retarded coordinates from Sec. VI A. The compu-
tation is used in Secs. VI D–VI E.
Consider a field point xμ̃. Recall that τðxμ̃Þ denotes the

proper time at which the past lightcone of xμ̃ intersects the
wordline zμðτÞ. We denote by W−ðxμ̃Þ the intersection of
the interior of the past lightcone of xμ̃ and the worldtubeW
of the body. The retarded, Lorenz-gauge self-field of the
body can be written as

Aμ̃
−ðxÞ ¼

Z
d4x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−gðx0Þ

p
G−

μ̃
ν0 ðx; x0Þjν0 ðx0Þ

¼
Z
W−

d4x0gμ̃ν0 ðx; x0Þδðσðx; x0ÞÞjν0 ðx0Þ; ð94Þ

where Gμ
−νðx; x0Þ is the retarded propagator in Lorenz

gauge. Here, gμν0 is the parallel propagator, and the
1-dimensional delta function δðσðx; x0ÞÞ constrains the
integral to the three-surface formed by the past null cone
of the field point x.
To relate the right-hand side of (94) to the bare multi-

poles (27), we wish to write the integral (94) as a series of
integrals over the future null cone of the intersection point
of the center-of-mass worldline (26) and the past null cone
of xμ̃, which we will write as zðτÞ.
To this end, we write xμ̃ ¼ ðτ; yîÞ and x0μ̃0 ¼ ðτ0; yîÞ in

the retarded coordinates of Sec. VI A above. We denote the
value of τ0 at which σ vanishes as

τ0 ¼ τ þ Δτðτ; yî; y0îÞ: ð95Þ
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The δ-function δðσÞ can now be written as

δðσðxμ̃; x0ν̃0 ÞÞ ¼ δðτ0 − τ − ΔτÞ
jσ;τðτ; yî; τ þ Δτ; y0îÞj : ð96Þ

Inserting this into Eq. (94), using the fact that jdetðgαβÞj¼1

in the retarded coordinates, and multiplying by a parallel
propagator factor gives

Aμ̃−ðτ; yîÞgμ̃μðτ; 0; τ; yîÞ

¼
Z

d3y0
gμν̃0 ðτ; 0; τ þ Δτ; y0îÞjν̃0 ðτ þ Δτ; y0îÞ

jσ;τ0 ðτ; yî; τ þ Δτ; y0îÞj : ð97Þ

We now rewrite this expression in terms of the rescaled
spatial coordinates Yî ¼ yî=λ, Y 0î ¼ y0î=λ and in terms of
the tilded version of the charge current from Eq. (93).
Noting that Δτðτ; λYî; λY 0îÞ vanishes as λ → 0 at fixed
Yî,Y 0î, we write this quantity as

Δðτ; λYî; λY 0îÞ ¼ λfΔτðτ; Yî; Y 0î; λÞ; ð98Þ

where fΔτ is finite as λ → 0. The result is

Aμ̃
−ðτ; YîÞ ¼ λ

Z
d3Y 0

�
gμ̃ν̃0 ðτ; λYî; τ þ λfΔτ; λY 0îÞ

×
j̃ν̃

0 ðτ þ λfΔτ; Y 0îÞ
jσ;τ0 ðτ; λYî; τ þ λfΔτ; λY 0îÞj

�
: ð99Þ

Finally, we expand the right-hand side in powers of λ, and
we also take the large R ¼ jYj limit. Expressing the result
in terms of components on the orthonormal tetrad, the
retarded field can naturally be expressed in terms of the
rescaled electromagnetic moments (94)

Aâ
− ¼ J̃ â

R
þ Q̃â ĵnĵ

R2
þ λaîn

î
Q̃â ĵnĵ
R

þ λðaâub̂ − uâab̂Þ
Q̃b̂ 0̂ − Q̃b̂ ĵnĵ

R
− λ

Q̃â ĵaĵ
R

þ λ
∂τQ̃

â ĵnĵ
R

− λ
∂τQ̃

â 0̂

R
þO

�
λn

Rm

�
; ð100Þ

where the omitted terms satisfy nþm ≥ 3.
We use the result (100) to evaluate certain boundary

terms at infinity that arise in Sec. VI C below.

C. Moments of the field equations

We next express the fundamental equation (16a)
and charge current conservation ∇μjμ ¼ 0 in terms of

the coordinates ðτ; YîÞ, using the tilded functions on the
right-hand sides of (93). We use tetrad component of the

tensors but write the derivatives in terms of the partial
derivatives with respect to the coordinates; this unusual
combination is the most convenient for our derivation. The
result is

λFðextÞk̂ îj̃î þ λFðextÞk̂ 0̂j̃0̂ ¼ Tk̂ ĵ
;ĵ þ λTk̂ 0̂

;0 − λnîT
k̂ î

;0

þ λak̂T 0̂ 0̂ þ λaîT
k̂ î − λaîn

îTk̂ 0̂

− λak̂nîT
î 0̂ − λaîRTk̂ 0̂

;î

þ λaînĵRT
k̂ ĵ

;î; ð101aÞ

λFðextÞ0̂ î j̃î¼Tî 0̂
;îþλT 0̂ 0̂

;0−λn̂îT
î 0̂
;0þ2λaîT

î 0̂−λaîn̂
îT 0̂ 0̂

−λaîn̂ĵT
îĵ−λaîRT 0̂ 0̂

;îþλaîn̂ĵRT
ĵ 0̂

;î; ð101bÞ

and

0 ¼ δiĵj
ĵ
;i þ λj0̂;0 − λnîδî ĵj

ĵ
;0 þ λaîj

î − λaîj
0̂nî

− λaîRδjîj
0̂
;j þ λaînĵRδĵ k̂δ

l
îj
k̂
;l; ð102Þ

where f;0 means ∂f=∂τ and ∂ îf means ∂f=∂yî.
We next multiply (102) and (102) by Rmnĵ1…nĵN for

integers m and N and integrate with respect to Y. this gives
the hierarchy of moment equations:Z

d3Y∇μT̃îμRmnĵ1…nĵN ¼
Z

d3YFðextÞîμjμRmnĵ1…nĵN ;

ð103aÞZ
d3Y∇μT̃ 0̂μRmnĵ1…nĵN ¼

Z
d3YFðextÞ0̂μjμRmnĵ1…nĵN ;

ð103bÞZ
d3Y∇μj̃μRmnĵ1…nĵN ¼ 0: ð103cÞ

In these equations, the arguments of all of the functions
are ðλ; τ; YîÞ, except for FðextÞâ b̂, for which the arguments
are as on the right-hand side of Eq. (52).
We now expand the λ-dependence of T̃â b̂ and j̃â at fixed

ðτ; YîÞ as

T̃â b̂ ¼ T̃ð0Þâ b̂ þ λT̃ð1Þâ b̂ þOðλ2Þ ð104aÞ

j̃â ¼ j̃ð0Þâ þ λj̃ð1Þâ þOðλ2Þ; ð104bÞ

with corresponding expansion of the rescaled moments

P̃â ¼ P̃ð0Þâ þ λP̃ð1Þâ þOðλ2Þ; ð105Þ

and similarly for each of the spin (92b) and the electro-
magnetic moments (94).
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The first moments of the spatial component (103a) at leading order, after integrating the spatial partial derivative ∂ î by
parts, and obtaining a boundary term, are

−
Z

d3YnîT̃ð0Þk̂ ĵδî ĵ ¼ 0 ðm ¼ 1; N ¼ 0Þ; ð106aÞ

−
Z

d3YT̃ð0Þk̂ î ¼ 0 ðm ¼ 1; N ¼ 1Þ; ð106bÞ

−
Z

d3YRT̃ð0Þk̂ l̂ −
Z

d3Ynl̂nîRT̃ð0Þk̂ ĵδî ĵ −
1

6
ðJ̃ ð0Þ0̂Þ2δk̂ l̂ ¼ 0 ðm ¼ 2; N ¼ 1Þ; ð106cÞ

−
Z

d3YnĵRT̃ð0Þk̂ î −
Z

d3YnîRT̃ð0Þk̂ ĵ ¼ 0 ðm ¼ 2; N ¼ 2Þ: ð106dÞ

The boundary terms can be evaluated using Eqs. (100), (51), (9), and (54) and are nonzero only in (106c).
The first moments of the time component (103b) yield

−
Z

d3YnîT̃ð0Þĵ 0̂δî ĵ ¼ 0 ðm ¼ 1; N ¼ 0Þ; ð107aÞ

−
Z

d3YT̃ð0Þî 0̂ ¼ 0 ðm ¼ 1; N ¼ 1Þ; ð107bÞ

−
Z

d3YRT̃ð0Þk̂ 0̂ −
Z

d3Ynk̂nîRT̃ð0Þĵ 0̂δî ĵ ¼ 0 ðm¼ 2;N ¼ 1Þ; ð107cÞ

−
Z

d3YnĵRT̃ð0Þî 0̂ −
Z

d3YnîRT̃ð0Þĵ 0̂ ¼ 0 ðm ¼ 2; N ¼ 2Þ; ð107dÞ

It follows from (106a), (107b), and (92a) that

P̃μ ¼ m̃uμ þOðλÞ: ð108Þ
The first moments of (102) yield

−
Z

d3Ynîj̃ĵδî ĵ ¼ 0 ðm ¼ 1; N ¼ 0Þ; ð109aÞ

−
Z

d3Yjð0Þî ¼ 0 ðm ¼ 1; N ¼ 1Þ; ð109bÞ

−
Z

d3Yjð0ÞĵnîR −
Z

d3Yjð0ÞînĵR ¼ 0 ðm ¼ 2; N ¼ 2Þ; ð109cÞ

−
Z

d3Yjð0Þk̂R2 − 2

Z
d3Yjð0Þînk̂nĵR2δî ĵ ¼ 0 ðm ¼ 3; N ¼ 1Þ; ð109dÞ

−
Z

d3Yjð0Þk̂nînĵR2 −
Z

d3Yjð0Þĵnînk̂R2 −
Z

d3Yjð0Þînĵnk̂R2 ¼ 0 ðm ¼ 3; N ¼ 3Þ: ð109eÞ

It follows from Eqs. (109a), (109b), and (93a) that

J̃ â ¼ q̃uâ þOðλÞ: ð110Þ
This process may be continued to each higher order in λ. At first order in λ, from the ðm ¼ 0; N ¼ 0Þ piece of (103a) we

obtain

0 ¼ FðextÞk̂ 0̂
Z

d3Yj̃ð0Þ0̂ þ að0Þk̂
Z

d3YT̃ð0Þ0̂ 0̂ − FðextÞk̂ ĵ
Z

d3Yj̃ð0Þîδî ĵ − að0Þk̂
Z

d3YnîT̃ð0Þĵ 0̂δî ĵ

þ
Z

d3YT̃ð0Þk̂ 0̂
;0 − δî ĵ

Z
d3YnîT̃ð0Þk̂ ĵ

;0; ð111Þ

where the external field is evaluated on the worldline. Combining (111) with (94), (94), (106a), (107c), and (109b) gives

∂τP̃ð0Þî þ P̃ð0Þ0̂að0Þî ¼ DτP̃ð0Þî ¼ −FðextÞî 0̂J̃ ð0Þ0̂: ð112Þ
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Similarly, the OðλÞ piece of the ðm ¼ 0; N ¼ 0Þ piece of
Eq. (103b) together with (110) and (108) gives

∂τm̃ ¼ OðλÞ: ð113Þ
Combining this with (112) gives

m̃að0Þî ¼ −FðextÞî 0̂J̃ ð0Þ0̂; ð114Þ
the Lorentz force law.
This procedure may be extended to higher moments, and

to higher orders in perturbation theory, to yield the self-
force expressions in Secs. VI D–VI E, giving the final
results presented in Sec. V B.
The computation of the set of equations (105) was

automated, using the MATHEMATICA computer algebra soft-
ware. The notebook used to compute the self-force can be
found at [51]. The equationswe present take advantage of the
worldline-based tetrads in the retarded coordinates to re-
assemble a covariant form for the laws ofmotion, so retarded
coordinates appear nowhere in our final results in Sec. V. The
hierarchy of Eqs. (105) is similar to that used by GHW,
except that they use integrals over spacelike hypersurfaces

D. First-order laws of motion: Abraham-Lorentz-Dirac

1. Derivation of law of motion

To derive the first-order laws of motion, we expand the
scaled field equations (102) and (102) to second order in λ.
We will need to use the spin supplementary condition for
the first-order laws of motion, so we’ll present first the
leading self-torque, and we will derive the required spin
renormalization (62) from the leading-order self-torque.
We first compute the component of the bare momentum

orthogonal to the worldline throughOðλÞ by combining the
ðm ¼ 1; N ¼ 0Þ piece of (103a) at OðλÞ with the
ðm ¼ 1; N ¼ 1Þ piece of (103b), together with (94),
(94). The result is

P̃ηPη
μ ¼ −λ

2

3
q̃2aμ þ λPμ

ηDτS̃
ηνuν

þ 2λPμ
ηFðextÞ½η

λQ̃
λjν�uν þOðλ2Þ: ð115Þ

Here we have converted from equations involving tetrad
components to covariant equations, by using the fact that
derivatives with respect to τ of tetrad components evaluate
on the worldline can be converted to covariant Fermi
derivatives DF=dτ [8], defined for any vector vμ by

DF

dτ
vμ ¼ D

dτ
vμ þ ðaμuν − aνuμÞvν: ð116Þ

We also note that Eq. (115) could equivalently have been
derived directly from (42) instead of by taking moments of
the field equation.
We next compute the first covariant derivative of both the

bare momentum and the bare spin through Oðλ2Þ. The
covariant derivative of the bare momentum is obtained from
the ðm ¼ 0; N ¼ 0Þ moment of the equations (103a),

(103b) and the covariant derivative of the spin is obtained
from the antisymmetrized moment (103a) ðm ¼ 1; N ¼ 1Þ.

DτP̃λ ¼ FðextÞλμJ̃ μ þ λFðextÞλ
μ;νQ̃

μν

− λ
2

3
q̃2aνaνuλ þOðλ2Þ; ð117aÞ

DτS̃
μν ¼ FðextÞ½μ

λQ̃
λν� þOðλÞ: ð117bÞ

We also expand the rest mass, which contains no new
correction at this order, by combining (108), (58), and
(115). The result is

m̃ ¼ −P̃μuμ þOðλ2Þ: ð118Þ
At this point, we have imposed no spin supplementary

condition, so these equations are entirely general,4 but do not
describe the evolution of a worldline. To compute the center
of mass acceleration, we use the spin supplementary con-
dition (26), which reduces at this order to, from Eq. (62),

S̃μνuν ¼ OðλÞ: ð119Þ
Combining Eqs. (115)–(118), we deduce the acceleration
and evolution of the rest mass:

aσm̃ ¼ Pσ
μ

�
FðextÞμνJ̃ ν þ λFðextÞμ

λ;νQ̃
λν þ λ

2

3
q̃2Dτaμ

þDτðaλS̃μλ þ uνFðextÞ½νj
ρQ̃

ρjμ�Þ
�
þOðλ2Þ; ð120aÞ

Dτm̃ ¼ −uμFðextÞμλJ̃ λ þ uμFðextÞμ
λ;ηQ̃

λη

− 2aηFðextÞ½η
λQ̃

λjν�uν þOðλ2Þ: ð120bÞ
In addition, we find from the ðm ¼ 0; N ¼ 0Þ component

of the charge conservation equation (103c) at OðλÞ that
Dτq̃ ¼ OðλÞ; ð121Þ

consistent with the fact that charge is conserved to all orders.
From the ðm ¼ 1; N ¼ 0Þ and ðm ¼ 1; N ¼ 1Þ pieces
together with Eq. (94), we find the expression for the charge
moment to this order,

J̃ μ ¼ q̃uμ þ λuνDτQ̃
μν − λaμuνuλQ̃

νλ

− λPμ
νuλDτQ̃

λν þOðλ2Þ: ð122Þ
We next rewrite our results (117a), (120a), and (120b) in

terms of the projected, renormalized body parameters
(60)–(64) and eliminate J̃ μ using (122). This yields the
results (75) and the leading piece of (80) given in the
previous section.

2. Consistency check using the Harte equation of motion

We now preform the consistency check described in
Sec. III B. The radiative self-field Fμν

R in Eq. (45) is given
by [9,32], for which the only nonvanishing component is

4To this order in perturbation theory, and provided the
definitions given in Sec. IV.
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F̂ησPη
λuσ ¼FðextÞησPη

λuσþλ
2

3
q̃DτaηPη

λþOðλ2Þ: ð123Þ

The self-stress-energy tensor can also be computed from
Eq. (100); see also Eq. (119) of GHW. Substituting into
Eq. (45) gives that,

DτP
μ
H −DτP

μ
B ¼ λ2Dτ

�
2

3
q̃2aμ

�
þOðλ3Þ; ð124Þ

and so the right-hand side is indeed a total derivative, as
required.

E. New result: Second-order laws of motion

1. Derivation of laws of motion

The derivation at second-order parallels the derivation
given above at first order. We follow the same steps as
before, to one higher order in λ. First, we derive the bare
momentum orthogonal to the worldline from moments
ðm ¼ 1; N ¼ 0Þ of (103a) and ðm ¼ 1; N ¼ 1Þ of (103b)
through second order. After simplifying according to
equations obtained from the full set of moments from
Oðλ2Þ equations, we obtain

P̃κPκ
μ ¼ λPμ

κ

�
−
2

3
q̃2aκ þDτS̃

κνuν þ 2FðextÞ½κ
λQ̃

λjν�uν þ 4λQ̃λν½κFðextÞσ�
λ;νuσ þ 3λq̃aνDτQ̃

νκ

−
1

3
λq̃aνDτQ̃

κν þ λq̃Q̃κν

�
1

3
uνaσaσ −

2

3
Dτaν

�
þ 4

3
λq̃DτaκQ̃

νλuνuλ þ
1

5
λq̃aνaνQ̃

λκuλ

þ 4

3
λq̃D2

τQ̃
νκuν þ λq̃aκ

�
8

3
DτQ̃

νλuνuλ þ
7

5
aνQ̃

λνuλ þ 3aνQ̃
νλuλ

��
þOðλ3Þ: ð125Þ

The higher-order moments fix also the first covariant derivatives of the bare moments. The first derivative of the bare
momentum arises from the ðm ¼ 0; N ¼ 0Þ moment of the equations (103a), (103b), and subsequent simplifications from
Oðλ2Þ moments, and takes the value

Pσ
κDτP̃κ ¼ Pσ

κ

�
FκνJ̃ μ þ λFðextÞκ

λ;νQ̃
λν þ 1

2
λ2FðextÞκ

ν;λσQ̃
νλσ þ λ2q̃Dτaκaμuν

�
1

5
Q̃νμ −

1

3
Q̃μν

�

þ λ2qaμDτaμuν

�
1

5
Q̃νκ þ 1

3
λ2Q̃κν

�
þ λ2q̃aμaμ

�
4

15
DτQ̃

νκuν þ
2

3
λ2DτQ̃

κνuν þ
4

15
aνQ̃

νκ

�
þ 2

3
λ2q̃aμD2

τQ̃
½κμ�

þ λ2q̃aκ
�
8

15
aμDτQ̃

νμuν −
2

3
aμDτQ̃

μνuν þ
4

5
aμaμQ̃

νλuνuλ −
2

15
DτaμPμ

νQ̃
λνuλ

��
þOðλ3Þ ð126aÞ

uμDτP̃μ ¼ uνFðextÞνμJ̃ μ þ
2

3
λq̃2aμaμ þ λuμFðextÞμ

ν;λQ̃
νλ þ 1

2
λ2uμFðextÞμ

ν;λ;σQ̃
νλσ

− λ2q̃aμaμ
�
8

3
DτQ̃

νλuνuλ þ
22

15
aνQ̃

λνuλ þ
8

3
aνQ̃

νλuλ

�
−
4

3
λ2q̃aμDτaμQ̃

νλuνuλ

−
4

3
λ2q̃aμD2

τQ̃
νμuν − λ2

2

3
q̃aμDτaνQ̃

νμ þOðλ4Þ: ð126bÞ

The torque is computed from the antisymmetric part ðm ¼ 1; N ¼ 1Þ of (103a) and simplifications fromOðλ2Þ equations,

DτS̃
νλPν

κPλ
μ ¼ 2FðextÞ½κj

νQ̃
νjμ� þ 2λFðextÞ½κj

ν;λQ̃
νλjμ� þ 2λq̃a½κPμ�

λ

�
1

3
DτQ̃

νλuν þ
2

3
DτQ̃

λνuν

�

þ 2

3
λq̃Dτa½κQ̃μ�νuν −

2

3
λq̃D2

τQ̃
½κμ� þOðλ2Þ: ð127Þ
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The rest mass is derived by expanding 59, using the bare momentum (115). This gives

m̃þ P̃μuμ ¼ λ2
1

m̃

�
−
2

9
q̃4aμaμ þ

8

3
q̃2aμFðextÞ½μj

νQ̃
νjλ�uλ −

1

2
aμaνS̃

μ
κS̃

νκ

− aνFðextÞ
μ
½λjQ̃μjη�S̃νλuη −

1

2
FðextÞ

κ
½λjFðextÞμ½νjQ̃κjσ�Q̃μjη�uσuηPν

λ

�
þOðλ3Þ: ð128Þ

Similarly, we derive the charge moment through second order using the ðm ¼ 1; N ¼ 0Þ and ðm ¼ 1; N ¼ 1Þ pieces of
Eq. (103c) at Oðλ2Þ. The result is

J̃ μ ¼ q̃uμ þ λuνDτQ̃
μν − λaμuνuλQνλ − λPμ

νuλDτQ̃
λν −

1

2
λ2DτaμQ̃

νλρuνuλuρ

−
1

2
λ2D2

τQ̃
μνλuνuλ − λ2aμ

�
3

2
aνQ̃

ðνλρÞuλuρ þ
3

2
DτQ̃

νλρuνuλuρ

�
− λ2Pμ

νð3DτQ̃
ðνλρÞaλuρ þD2

τQ̃
λνρuλuρÞ þOðλ3Þ: ð129Þ

Finally, to evaluate the explicit equations of motion for
the worldline and for the evolution of the rest mass, we use
the following rescaled versions of the general identities
(39):

m̃aκ ¼ aκðm̃þ P̃μuμÞ þ Pκ
λDτP̃λ − Pκ

νDτðPν
λP̃λÞ;

ð130aÞ

Dτm̃ ¼ Dτðm̃þ P̃μuμÞ − uμDτP̃μ − aμP̃μ; ð130bÞ

One can think of the first and third terms in each of (131)
as representing the effect of hidden momentum, that is, the
component of momentum perpendicular to u⃗. By substitut-
ing the results (125)–(128) and (129) into the general
identity (131), making use of the spin supplementary
condition (26), and eliminating the body parameters in
terms of the renormalized projected body parameters
(60)–(67), we finally arrive at the second-order equations
of motion (78)–(80).

2. Consistency check using the Harte
equation of motion

We turn now to the consistency check described in
Sec. III B. We first compute the regular self-field through
second order. The expansions (100) we use to derive these
expressions are expanded asymptotically at large R.
However, taking the difference between the retarded and
advanced fields in the multipole expansion, re-expanded at
small R will yield the regular field. This procedure can be
thought of as obtaining an asymptotic form for the fields,
then replacing the extended source with a pointlike source
for the purposes of computing the regular field. Since the
regular field should depend only on the standard multipoles
of the body, the regular field should be indistinguishable for
the extended and replaced pointlike body. This procedure
and argument are analogous to that used by Pound [52] for
the gravitational case.
The result in terms of the tetrad components and retarded

coordinates from VI A is

FRk̂ 0̂ ¼
2

3
λDτaîq̃δk̂ î −

2

3
λ2aîa

îak̂q̃R −
2

3
λ2ak̂Dτaîq̃nĵRδî ĵ þ

2

3
λ2Dτ

2aîq̃Rδk̂ î

−
4

3
λ2aîDτaĵq̃nîRδk̂ ĵ þ

2

3
λ2aîDτaîq̃nĵRδk̂ ĵ −

2

3
λ2aîDτaîQ̃

0̂ ĵδk̂ ĵ −
2

3
λ2Dτ

2aîQ̃ĵ l̂δî l̂δk̂ ĵ

þ 1

3
λ2aîa

îaĵQ̃
ĵ l̂δk̂ l̂ þ

2

3
λ2aîa

îaĵQ̃
l̂ ĵδk̂ l̂ −

1

3
λ2Dτ

2aîQ̃ĵ l̂δî ĵδk̂ l̂ −
2

3
λ2aîa

îδk̂ ĵ∂τQ̃
0̂ ĵ

−
5

3
λ2Dτaîδî l̂δk̂ ĵ∂τQ̃

ĵ l̂ − λ2Dτaîδî l̂δk̂ ĵ∂τQ̃
l̂ ĵ − λ2aîδk̂ ĵ∂τ

2Q̃î ĵ − λ2aîδk̂ ĵ∂τ
2Q̃ĵ î

þ 2

3
λ2δk̂ î∂τ

3Q̃0̂ î þOðλ3Þ; ð131Þ

and
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FRk̂ ĵ ¼
2

3
λ2ak̂Dτaîq̃Rδĵ î −

1

3
λ2aîa

îak̂q̃n
l̂Rδĵ l̂ þ

1

3
λ2aîa

îak̂Q̃
0̂ l̂δĵ l̂ −

2

3
λ2ak̂DτaîQ̃

l̂ m̂δî m̂δĵ l̂ −
2

3
λ2ak̂DτaîQ̃

l̂ m̂δî l̂δĵ m̂

−
2

3
λ2aĵDτaîq̃Rδk̂ î þ

1

3
λ2Dτ

2aîq̃nl̂Rδĵ l̂δk̂ î −
1

3
λ2Dτ

2aîQ̃0̂ l̂δĵ l̂δk̂ î þ
1

3
λ2aîa

îaĵq̃n
l̂Rδk̂ l̂ −

1

3
λ2aîa

îaĵQ̃
0̂ l̂δk̂ l̂

þ 2

3
λ2aĵDτaîQ̃

l̂ m̂δî m̂δk̂ l̂ −
1

3
λ2Dτ

2aîq̃nl̂Rδĵ îδk̂ l̂ þ
1

3
λ2Dτ

2aîQ̃0̂ l̂δĵ îδk̂ l̂ −
1

3
λ2aîDτal̂Q̃

î m̂δĵ m̂δk̂ l̂

þ 1

3
λ2aîDτaîQ̃

l̂ m̂δĵ m̂δk̂ l̂ −
1

3
λ2aîDτal̂Q̃

m̂ îδĵ m̂δk̂ l̂ þ
2

3
λ2aĵDτaîQ̃

l̂ m̂δî l̂δk̂ m̂ þ 1

3
λ2aîDτal̂Q̃

î m̂δĵ l̂δk̂ m̂

−
1

3
λ2aîDτaîQ̃

l̂ m̂δĵ l̂δk̂ m̂ þ 1

3
λ2aîDτal̂Q̃

m̂ îδĵ l̂δk̂ m̂ −
2

3
λ2Dτaîδĵ l̂δk̂ î∂τQ̃

0̂ l̂ þ 2

3
λ2Dτaîδĵ îδk̂ l̂∂τQ̃

0̂ l̂

− λ2aîak̂δĵ l̂∂τQ̃
î l̂ þ λ2aîaĵδk̂ l̂∂τQ̃

î l̂ − λ2aîak̂δĵ l̂∂τQ̃
l̂ î þ λ2aîaĵδk̂ l̂∂τQ̃

l̂ î −
1

3
λ2aîa

îδĵ l̂δk̂ m̂∂τQ̃
l̂ m̂

þ 1

3
λ2aîa

îδĵ l̂δk̂ m̂∂τQ̃
m̂ l̂ þ 1

3
λ2δĵ îδk̂ l̂∂τ

3Q̃î l̂ −
1

3
λ2δĵ îδk̂ l̂∂τ

3Q̃l̂ î þOðλ3Þ ð132Þ

Inserting covariant versions of these expressions into the first term on the RHS of Eq. (45) gives

Pκ
ν

Z
d3Σμ̃mμ̃gνλ̃F

λ̃ ρ̃
R jρ̃ ¼ Pκ

ν

�
2

3
λ2q̃2Dτaν þ

2

3
λ3q̃aνDτaμPμλQ̃

ρλuρ −
2

3
λ3q̃aνDτaμQ̃

μρuρ

þ 2

3
λ3q̃Dτ

2aνQ̃λρuλuρ þ
2

3
λ3q̃DτaνaμQ̃

ρμuρ þ
2

3
λ3q̃DτaνDτðQ̃λρuλuρÞ

þ 2

3
λ3q̃aμaμδk̂ ĵDτðuλPν

ρQ̃
λρÞ − 2

3
λ3q̃DτaσPσ

μDτðPν
λPμ

ρQ̃
λρÞ

þ 2

3
λ3q̃DτðPν

μDτðPμ
λDτðPλ

ρuσQ̃
σρÞÞÞ

�
þOðλ4Þ; ð133aÞ

uν

Z
d3Σμ̃mμ̃gνλ̃F

λ̃ ρ̃
R jρ̃ ¼ −

2

3
λ3q̃aμDτaμQ̃

νλuνuλ þ
2

3
λ3q̃Dτ

2aμPμ
νQ̃

νλuλ −
2

3
λ3q̃aνDτaμQ̃

νμ

þ 4

3
λ3q̃DτaμPμνDτðPν

λuρQ̃
ðρλÞÞ þOðλ4Þ ð133bÞ

To evaluate the second term on the right-hand side of (45), we note from Eqs. (22a), (34), (36), and (57a) that it is given
by the right-hand sides of Eq. (127), multiplied by λ, and with the external fields set to zero. Equation (45) thus evaluates to

DτPκ
H −DτPκ

B ¼ λDτ

�
2

3
λq̃2aκ −

4

3
λ2q̃aκ

�
DτQ̃

ληuλuη þ
2

5
aνQ̃

λνuλ þ aνQ̃
νλuλ

�
−
8

3
λ2q̃aνPκ

μDτQ̃
½νμ�

þ λ2q̃aνDτQ̃
κν −

2

3
λ2uκaμaνQ̃

μν − q̃λ2Pκ
μ

�
2

3
D2

τQ̃
λμuλ þ

4

15
aνaνQ̃

λκuλ þ
2

3
aνaνQ̃

κλuλ

�

−
2

3
λ2ðPκ

μ þ uκuμÞDτaνQ̃
νμ

�
þOðλ4Þ: ð134Þ

The right-hand side is a total derivative as required, so our
results satisfy the consistency condition.

VII. CONCLUSIONS

In this paper, we have demonstrated the use of rigorous,
limit based methods for deriving higher-order self-forces.
Via an extension to the method first introduced by GHW,
combined with reasoning motivated by the work of Harte

[32], we have derived the entire self-force effect through
second order without any ad hoc regularization. These
methods also yield the full multipole dependence of
radiation-reaction effects. The dipole dependence of the
first-order radiation-reaction force was derived by GHW,
and we find the analogous second-order dependence on
dipole and quadrupole contributions. Our results contain
the first extended body dependence of any second-order
self-force, electromagnetic or otherwise, as well as the first
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explicit expression for the self-torque, which first arises at
second order.
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APPENDIX A: CONVERGENCE OF INTEGRALS
FOR BARE SPIN AND MOMENTUM

In this appendix, we show that the integral (34)

PτðξÞ ¼
Z
Στ

T μ̃ ν̃ξμ̃dΣν̃ ðA1Þ

is well defined in Minkowski spacetime when ξμ̃ is one of
the ten Killing vector fields, Στ is a future null cone, and
T μ̃ ν̃ is the stress-energy tensor (15) that involves the
retarded self-field. Different choices of Killing vector field
ξμ̃ give rise to our definitions (22) of linear momentum
and spin.
We fix a point zτ on the center of mass worldline and

introduce coordinates ðu;r;θ;ϕÞ¼ðu;r;θ1;θ2Þ¼ðu;r;θAÞ
such that the metric is

ds2 ¼ −2dudr − du2 þ r2dΩ2 ðA2Þ

and that the null cone Στ is the surface u ¼ τ ¼ constant.
We define nμ ¼ −ðduÞα, the null normal to Στ. The integral
(A1) can be written as

PτðξÞ ∝
Z

∞

0

drr2
Z

d2ΩQμξ
μ; ðA3Þ

where we have dropped the tildes for simplicity and

Qμ ¼ Tμνnν: ðA4Þ

A priori, we would not expect the integral (A3) to
converge, since the leading-order components of Tμν scale
as 1=r2. However, we shall see that cancellations occur
because the surface Στ is asymptotically a surface of
constant phase for the outgoing radiation. From
Eq. (A3), a sufficient condition for convergence is that

Z
d2ΩQμξ

μ ¼ Oðr−4Þ ðA5Þ

as r → ∞.
The general form of a Killing vector field in the

coordinates (A2) as r → ∞ is [53]

ξ⃗ ¼
�
αþ 1

2
uΨþOðr−1Þ

�
∂u þ ½YA þOðr−1Þ�∂A

−
�
1

2
rΨþOð1Þ

�
∂r; ðA6Þ

where YAðθBÞ is a conformal Killing vector field on the
2-sphere that encodes rotation and boosts, Ψ ¼ DAYA, and
DA is the covariant derivative operator with respect to the
2-sphere metric hAB defined by dΩ2 ¼ hABdθAdθB. The
function αðθBÞ is a linear combination of l ¼ 0 and
l ¼ 1 spherical harmonics and encodes translations.
Now inserting (A6) into (A5), we find the sufficient

condition for convergence is

Z
d2Ω

��
1

2
uΨþ αþOðr−1Þ

�
Qu þ ½YA þOðr−1Þ�QA

þ
�
−
1

2
rΨþOð1Þ

�
Qr

�
¼ Oðr−4Þ; ðA7Þ

which will be satisfied if

Qu ¼ Oðr−4Þ; ðA8aÞ

QA ¼ Oðr−4Þ; ðA8bÞ

Qr ¼ Oðr−5Þ: ðA8cÞ

Consider first the scalar case. When the scalar charge
density ρ is smooth, the method of Sec. 11.1 of [54] can be
used to show that the retarded scalar field ΦðselfÞ has an
expansion near future null infinity of the form

ΦðselfÞ ¼ fðu; θAÞ
r

þ gðu; θAÞ
r2

þOðr−3Þ; ðA9Þ

for some smooth functions f and g. Inserting this expansion
into Eqs. (10), (14), (15), and (A4) yields

Qr ¼
−f2

r4
þOðr−5Þ ðA10aÞ

Qu ¼
−1
2r4

½f2 þ hABDAfDBf� þOðr−4Þ ðA10bÞ

QA ¼ 1

r3
fDAf þOðr−4Þ ðA10cÞ

It can be seen that these expressions do not satisfy the
scalings (A8). However, inserting the expressions (A10)
into (A7) and integrating by parts on the two-sphere, we
find that the leading-order terms cancel and so the con-
dition (A7) is satisfied.
Turn now to the electromagnetic case. We can use

the method of Sec 11.1 of [54] to deduce the
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asymptotic scaling of the component of the retarded field

FðselfÞ
μν . Defining ρ ¼ r−1, the metric can be written as ds2 ¼

ρ−2ds̃2 with

ds̃2 ¼ −ρ2du2 − 2dudρþ dΩ2: ðA11Þ

Since the field equations (7) are conformally invariant away

from sources, FðselfÞ
μν is a solution of the equations in the

metric (A11) and hence is a smooth function of ðρ; u; θAÞ at
ρ ¼ 0, i.e. on future null infinity. It follows that for general
solutions with smooth sources

FðselfÞ
ur ¼ Oðr−2Þ; ðA12aÞ

FðselfÞ
uA ¼ Oð1Þ; ðA12bÞ

FðselfÞ
rA ¼ Oðr−2Þ; ðA12cÞ

FðselfÞ
AB ¼ Oð1Þ ðA12dÞ

as r → ∞. From Eqs. (9), (14), (15), and (A4) we find that

Qr ¼ −
1

r2
FðselfÞ
rA FðselfÞ

rB hAB; ðA13aÞ

QA ¼ −FðselfÞ
Ar Fself

ur −
1

r2
FðselfÞ
AB FðselfÞ

rC hBC; ðA13bÞ

Qu ¼ −
1

2
FðselfÞ 2
ur −

1

2r2
FðselfÞ
rA FðselfÞ

rB hAB

−
1

r4
FðselfÞ
AB FðselfÞ

CD hAChBD: ðA13cÞ

Inserting the scalings (A12) into the expressions (A13)
we find that the conditions for convergence (A8) are
satisfied.

APPENDIX B: SCALAR LAWS OF MOTION

1. Renormalized scalar moments

As for the electromagnetic case, we find it useful to
introduce a renormalized set of moments to describe the
scalar charge distribution, modifying the rescaled moments
q̃S,Q̃

μ
S, and Q̃S

μν given in Eq. (29). Unlike the electromag-
netic case, the scalar charge is not conserved, and so may be
renormalized,5 so possesses an ambiguity in the chargelike
degrees of freedom. The renormalized charge is

qS ¼ q̃S þ λDτQ̃S
μuμ − λ2DτðuμQ̃S

μνaνÞ þOðλ3Þ: ðB1Þ

The renormalized projected dipole is

QS
μ ¼ Pμ

νðQ̃S
ν þ λDτQ̃

νλ
S uλÞ þOðλ2Þ; ðB2Þ

which is explicitly orthogonal to the 4-velocity. We define
the renormalized projected quadrupole as

QS
μν ¼ Pμ

λPν
σðQ̃S

λσÞ þOðλÞ; ðB3Þ

which is explicitly orthogonal to uμ in both of its indi-
ces, uμQ

μν
S ¼ uνQ

μν
S ¼ 0.

In addition, as in the electromagnetic case, we find it
useful to define a renormalized mass and a renormalized
spin. The definitions are

mþuμP̃μ ¼−λuνΦðextÞ;νQ̃μ
Suμþ λq̃Dτq̃

− λ2uλΦðextÞ;λ
μPμ

νQ̃
νρ
S uρþ λ2uμΦðextÞ;μaνQ̃νλ

S uλ

þ 1

3
λ2q̃aμaμQ̃

ν
Suνþ

1

3
λ2q̃aνDτQ̃

ν
S

þ λ2q̃Dτ
2Q̃μ

Suμ−
2

3
λ2aμQ̃

μ
SDτq̃

þ λ2DτðQ̃μ
SuμÞDτq̃þOðλ3Þ ðB4aÞ

Sμν ¼ S̃μν þ 2λΦðextÞ;½μQ̃ν�λ
S uλ þ

2

3
λq̃a½μQ̃ν�

S

þ 2

3
λu½νDτðq̃Q̃μ�

S Þ þOðλ2Þ: ðB4bÞ

2. Scalar self-force in terms of
renormalized moments

As in the electromagnetic presentation, we decompose
the self-force and rest mass evolution as

maμ ¼ fð0ÞμS þ λfð1ÞμS þ λ2fð2ÞμS þOðλ3Þ ðB5aÞ

Dτm ¼ F ð0Þ
S þ λF ð1Þ

S þ λ2F ð2Þ
S þOðλ3Þ ðB5bÞ

Following similar steps to the electromagnetic deriva-
tion, we find the leading force and mass evolution

fð0ÞμS ¼ qSPσ
κΦðextÞκ ðB6aÞ

F ð0Þ
S ¼ −qSΦðextÞμuμ; ðB6bÞ

where ΦðextÞμ ≡∇μΦðextÞ. The GHW-order scalar self-force
and mass evolution,

fð1ÞμS ¼ Pσ
κ

�
qSΦðextÞκ þΦðextÞκ

;μQS
μ þ 1

3
Dτaκq2S

þ aκqSDτqS − 2DτðQS
½κΦðextÞμ�uμÞ þDτðaμSκμÞ

�
ðB7aÞ

5That is, the definition of the charge depends on the choice of
hypersurface, so it is natural to allow a redefinition of the charge
in order to simplify the equations of motion.
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F ð1Þ ¼ −qSΦðextÞμuμ − uνΦðextÞν
;μQS

μ − 2ΦðextÞμuμaνQν
S þ qSDτ

2qS ðB7bÞ

These results are new except for the monopole terms, which can be found in [55]. The second-order results can be
expressed as a sum of as a sum of dipole and quadrupole contributions:

fð2ÞμS ¼ fð2ÞμS dipole þ fð2ÞμS quadrupole; F ð2Þ
S ¼ F ð2Þ

S dipole þ F ð2Þ
S quadrupole; ðB8aÞ

As for the electromagnetic case, there are no explicit monopole terms at this order. The explicit, new, dipole and
quadrupole contributions to the self-force are

fð2ÞμS dipole ¼ Pσ
κ

�
−
1

3
qSaκDτQS

νaν −
1

3
aνaνðqSDτQS

κ −DτqSQS
κÞ − 2

3
qSDτaκaμQS

μ

−
1

3
QS

κDτ
3qS þ

1

3
qSDτ

3QS
κ − qSaκDτaμQS

μ −DτðDτqSDτQS
κÞ
�
; ðB9aÞ

fð2ÞμS quadrupole ¼ Pσ
κ

�
1

2
∇ΦðextÞκ

;μνQS
μν þ 1

2
QS

ρ
ρDτ

2ΦðextÞκ −DτðuμΦðextÞμ
;νQS

κνÞ

þΦðextÞκ
;μQS

μνaν −DτðΦðextÞμuμQS
κνaνÞ þ

1

2
ΦðextÞκ

;μaμQS
ρ
ρ

−DτΦðextÞμuμQS
κνaν þDτðDτQS

ρ
ρΦðextÞκÞ

− 2ΦðextÞκaμaνQS
μν þ aκΦðextÞμuμDτQS

ρ
ρ

�
; ðB9bÞ

and the explicit, new, dipole and quadrupole contributions to the mass evolution are

F S
ð2Þ
dipole ¼

1

3
qSDτaμPμ

νDτQS
ν − aμDτðDτqSQS

μÞ − 4

3
DτqSDτaμQS

μ; ðB10aÞ

F S
ð2Þ
quadrupole ¼ −ΦðextÞμuμaνaλQS

νλ − 2uλΦðextÞλ
;μQS

μνaν −
1

2
uμΦðextÞμ

;νλQS
νλ −

1

2
uμΦðextÞμ

;νλuνuλQS
ρ
ρ þ aμDτðΦðextÞμQS

ρ
ρÞ:

ðB10bÞ

3. Scalar self-torque

The self-torque of a scalar charged body in terms of the renormalized moments is,

DτSκλPκ
σPλ

ρ ¼ Pσ
κPρ

λ

�
2ΦðextÞ½κQS

λ� þ 2λΦðextÞ½κ
;μQS

λ�μ þ 2

3
λqSDτa½κQS

λ� þ 2λΦðextÞ½κQS
λ�μaμ

�
þOðλ2Þ ðB11Þ

4. Scalar point particle reduced order

We again specialize to a monopole body, for which Sμν ¼ 0,Qμ
S ¼ 0,Qμν

S ¼ 0, and present the reduced-order equation of
motion.
Here we give the acceleration and rest mass evolution of the point-particle limit for a scalar charge, similar to the

expressions for an electromagnetic charge given in Sec. V D. Note that the lack of a conserved total charge for the scalar
case makes this limit somewhat arbitrary—we take it to indicate the vanishing of all moments of the body apart from the
renormalized charge qS.
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The acceleration, in terms of only the external field and the charge, is

aκ ¼ qS
m

Pκ
σΦðextÞσ þ 4

3
λ
qS2

m2
DτqSPκ

σΦðextÞσ þ 1

3
λ
qS3

m2
Pκ

σuμΦðextÞσ
;μ

þ 20

9
λ2

qS3

m3
ðDτqSÞ2Pκ

σΦðextÞσ þ λ2
qS4

m3
Pκ

σ

�
10

9
DτqSΦðextÞσ

;μuμ þ
4

9
Dτ

2qSΦðextÞσ
�

þ 1

9
λ2

qS5

m3
Pκ

λΦλ
;μνuμuν −

4

9
λ2

q5S
m4

DτqSPκ
σΦðextÞσuλΦðextÞλ

þ 1

9
λ2

qS6

m4
ð−Pκ

λΦðextÞλ
;μuμuσΦðextÞσ þ Pκ

λΦðextÞλΦðextÞ
;μνuμuν þ Pκ

σΦðextÞσ
;μΦðextÞμÞ þOðλ3Þ ðB12Þ

The evolution of the renormalized mass, in terms of only the external field and the charge, is simply

Dτm ¼ qSΦðextÞμuμ þ λqSDτ
2qS þOðλ3Þ ðB13Þ
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