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Seismic cross-coupling noise in torsion pendulums
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Detection of low-frequency gravitational waves around 0.1 Hz is one of the important targets for future
gravitational wave observation. One of the main sources of the expected signals is gravitational waves from
binary intermediate-mass black hole coalescences which is proposed as one of the formation scenarios of
supermassive black holes. By using a torsion pendulum, which can have a resonance frequency of a few
millihertz, such signals can be measured on the ground since its rotational motion can act as a free mass
down to 0.01 Hz. However, sensitivity of a realistic torsion pendulum will suffer from torsional
displacement noise introduced from translational ground motion in the main frequency band of interest.
Such noise is called seismic cross-coupling noise, and there has been little research on it. In this paper,
systematic investigation is performed to identify routes of cross-coupling transfer for standard torsion
pendulums. Based on the results, this paper also proposes reduction schemes of cross-coupling noise, and
they were demonstrated experimentally in agreement with theory. This result establishes a basic way to

reduce seismic noise in torsion pendulums for the most significant coupling routes.
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I. INTRODUCTION

Recent observations of gravitational waves (GWs) and
their electromagnetic counterparts have opened a com-
pletely new era of astronomy and physics [1-5]. They have
enabled us to probe coalescences of binary black holes and
neutron stars in an unprecedented way. It is essential to
enlarge the observational frequency band in the future
because GWs from massive black holes are expected
to be observed at low frequencies. For example, the
main frequencies of GWs from merging black holes of
103-10°M,,, which are called intermediate-mass black
holes (IMBHs), are calculated to be around 0.1 Hz.
Observing these mergers will provide important informa-
tion about the supermassive black hole (SMBH) formation
process since IMBH coalescence is one of the possible
formation scenarios of SMBHs.

However, the sensitivities of current interferometric GW
detectors such as aLIGO [6], AdVirgo [7], and KAGRA [8]
are limited to above 10 Hz because they measure GWs
through translational motions of suspended test masses.
Translational pendulums typically have resonance frequen-
cies on the order of 1 Hz; therefore, the test masses have
low response to GWs, and also the seismic noise is not
filtered by the pendulum below the resonance frequencies.

For the purpose of observing low-frequency GWs, a
torsion-bar antenna (TOBA) was recently proposed as a
ground-based GW detector using a torsion pendulum [9].
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It measures the rotation of horizontally suspended test
mass(es) excited by tidal forces from GWs. Since a torsion
pendulum can have a low resonant frequency (~1-10 mHz),
its rotational mode acts as a free-mass at low frequencies
down to ~0.01 Hz even on the ground, allowing it to respond
to low-frequency GWs (~0.1 Hz). Currently planned space-
based detectors such as LISA [10] and DECIGO [11] are
expected to have extreme sensitivities at low frequencies.
Alternatively, TOBA is constructed on the ground with lower
cost and better accessibility for upgrading. TOBA has a
potential sensitivity of 10~'°/y/Hz at 0.1 Hz with 10 m long
bars, which is set as the final target. With this target
sensitivity, the observable range reaches 10 Gpc for
10°M,,, IMBH coalescences [9].

Additionally, low-frequency detectors on the ground can
also be used to measure terrestrial gravitational perturbations
such as Newtonian noise [12] and earthquake generated
fluctuations. Newtonian noise from the ground [13] and the
atmosphere [14] is predicted to be significant in next
generation GW detectors. Therefore, direct detection of it
is important to understand the nature of the noise and to
demonstrate feed-forward subtraction of it [15]. Newtonian
noise is a promising target even for a smaller (~1 m) TOBA
because it is estimated to be 10~'3/v/Hz at 0.1 Hz.
Establishing the mitigation method with a small scale
TOBA is also essential to reach the target sensitivity of
TOBA. Apart from this, detecting gravitational perturbations
from transient ground deformation induced by earthquakes
can be used for a new early-warning system of earthquakes
[16], which can be faster than the current method of using
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seismic P-wave arrival. Earthquake gravity signals have
already been observed during Tohoku-Oki earthquake on
11 March 2011 with gravimeters and seismometers [17,18].
For the observation of smaller earthquakes, gravity gradient
detectors such as TOBA are thought to be necessary in order
to filter out seismic noise.

Several prototypes of TOBA have been developed so far.
Strain sensitivities of 1078/ VHz at 0.1 Hz [19] and
107'°/+/Hz at 5 Hz [20] have been achieved with the
prototypes. Though they are successful as a proof of concept
for TOBA, their sensitivity is not enough for the scientific
observations described above. One of the largest noises of
these prototypes at the main observation band, 0.1-10 Hz,
was seismic cross-coupling noise, which is displacement
noise transferred from translational seismic motion via small
asymmetries of the system. It is essential to reduce this noise
sufficiently for more accurate observations.

We have two ways to reduce cross-coupling noise; the first
would be suppressing the translational seismic motion with
some vibration isolation techniques, and the second is
removing the routes of cross-coupling transfer. Vibration
isolation at low frequencies can be realized with an active
control system and/or a spring-antispring suspension.
However, achievable displacement is ultimately limited by
the noise of seismometers about 10~ m/ \/Hz for the active
control system [21] since we have to know how much the
ground vibration is. For the spring-antispring system, sus-
pension thermal noise of 10~* m/y/Hz @0.1 Hz [22] will
be the limitation. In any case, removing the coupling routes is
required to at least the 107> rad/m level.

However, there has only been limited research on cross-
coupling transfer. There is a model calculation result for a
specific torsion pendulum known as TorPeDO (Torsion
Pendulum Dual Oscillator), which showed that the value of
1072 rad/m is feasible [23]. To better understand how to
reduce the couplings, we have to calculate the coupling
transfer functions for more general cases. But first we need
to identify the routes of cross-coupling.

In this paper, we show how seismic cross-coupling noise
is introduced and how they can be removed in a standard
torsion pendulum. Routes of cross-coupling transfer are
investigated and calculated in Sec. II. We then experimen-
tally measured cross-coupling transfer functions in a two-
stage torsion pendulum and reduced them, which is
reported in Sec. IIL.

II. THEORY OF SEISMIC CROSS-COUPLING

In the following sections, we define the coordinates as
shown in Fig. 1. Each symbol and each associated frequency
are shown in Table 1. The three translational degrees of
freedom—Iongitudinal, transverse and vertical—will be
shortened as Long, Trans, and Vert, respectively. The rotation
around the Vert axis is called Yaw, which is the main motion
we want to measure. Translational ground motion will not be

Vert(z)
Pitch T Roll

ground A
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Long(y)

Test Mass(TM)

&

FIG. 1. Model and coordinates. An optical lever (left) and
Michelson interferometer (right).

transferred to the Yaw rotational signal in an ideally
symmetric torsion pendulum. In a realistic system, however,
asymmetry of the system can lead to cross-coupling.

First, we need to define the angular sensor for a torsion
pendulum in order to discuss about what kind of coupling
signal exists because some coupling routes depend on the
sensing system. For angular sensing, optical levers or
interferometric sensors are typically used (Fig. 1). An
optical lever has been used for the test of gravitational
inverse-square law [24], and interferometric angular sen-
sors are used in TOBA, seismic tiltmeters and other systems
[19,25,26]. Both type of sensors measure the direction of
the normal vector of the mass surface with a reflected laser
beam, though the configurations are different. Horizontal
and vertical components of the normal vector are generated
by rotation of the mass, and the horizontal component
contains the Yaw signal which we want to measure.

In this case, the seismic cross-coupling can be classified
into the following three types: (i) dynamical transfer to
actual Yaw rotation, (ii) horizontal component of the
normal vector generated by other rotations and translations,
and (iii) vertical component of the normal vector detected
via the asymmetry of the sensor. Type (i) exists in all
torsion pendulums, while (ii) and (iii) depend on the
sensing system, but are similar in optical levers and
interferometric sensors. The details of these are discussed
in the following subsections.

TABLEI. Resonant modes and frequencies of a pendulum. / is
the length of the suspension wire, / is the vertical offset between
the suspension point and the center of mass, g is gravitational
acceleration, k, ky are the elastic spring constant of the wire for
stretching and torsion respectively, m is mass of the bar and
Ipr,y) is the moment of inertia around each axis. Calculated
values for the test mass of current prototype TOBA are also
shown in the fourth column.

Mode Symbol Frequency Values of TOBA [Hz]
Long, Trans L, T \/m/zﬂ 1.0

Vert A% \/k/—m /2x 30

Pitch P \/m /2x 0.3

Roll R \/mgh/Ig/2n 14

Yaw Y \/m /27 0.011
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Principal axis
of inertia

FIG. 2. Mechanical asymmetry of a torsion pendulum. The SP-
CM offset §, and the Roll of the principal axis ¢y are shown here.

A. Dynamical transfer to the Yaw rotation

Dynamical cross-coupling transfer can be introduced by
mechanical asymmetry such as an offset between the
suspension point (SP) and the center of mass (CM) as well
as asymmetry of mass distribution. These transfers can be
calculated from equations of motion. First we calculate the
transfer function from ground motion in the Long direction.
In this case, to the first order approximation, it is enough to
consider the motion in the Long, Pitch, and Yaw direction.
Here we define the SP-CM offset along the principal axis of
inertia as d,, the SP distance from the principal axis as 4, and
the Roll tilt of the axis as ¢ (Fig. 2). We limit the discussion
to the case of small asymmetry, §,/h < 1 and @ < 1,
which is satisfied easily.

The Lagrangian of the system is

1,1 ., 1, .
ﬁ:EmyLz+§IP9P2+§IY9Y2+¢R(1P_IY)9P9Y

1
— mgicm — EKYesz (1)

where y;, 0p, and Oy are the positions of the CM in the
Long direction, rotational angle around the CM in the Pitch,
and the Yaw direction, respectively. Ip, Iz, and Iy are
moments of inertia of the test mass (TM) around the
principal axes. m is the mass of the TM, g is gravitational
acceleration, and kv is the torsional spring constant of the
wire. The fourth term is the cross term of rotational energy
introduced by the Roll of the principal axis.

Vert position of the CM zy is calculated geometrically as

1 1
ZeM = 5 (yL—yy—Hop + 8.0y)* + Eh/epz — 8,0p0y.
(2)

Here &, = (6, —@rh) and W' = (h+ @rd,) =~ h are the
relative positions between the SP and the CM in the Trans
and Vert directions, respectively. y, is the motion of the
ground in the Long direction, and / is the length of the
suspension wire.

By solving the Fourier transformed FEuler-Lagrange
equations for 6y, we get

1P5x [0) 2

- 6 —<¢R—TW)GT*

Ay (@) ==~ (1 ) (3)
T wp?

2
YZ
5 2 2
() =)
to first order in asymmetry, @gr and &,/h. This is the
cross-coupling transfer function from the Long motion
of the ground to the Yaw rotation of the TM. Here,
oL =+/g/(l+h), op=+/mgh/lp and wy=/ky/ly
are the resonant angular frequencies of the Long, Pitch,
and Yaw, respectively.
The coupling transfer function (3) is proportional to a
coefficient g — 725 = ¢f. This can roughly be interpreted

as the Roll tilt of the Pitch rotational axis of the TM because
the Yaw component of the motion is proportional to the
Roll tilt. The rotation of the mass tends to be close to Pitch
around its principal axis which has a Roll tilt of ¢g, but
torque in the Yaw axis from the wire slightly changes the
axis by the second term of ¢j.

The transfer function from Long motion of the ground to
Pitch rotation of the TM, H; _p, can also be derived from
the Euler-Lagrange equations, it being

o
g

B [ = N

P

Therefore, the coupling transfer function (3) can be written as

—o? .
Hy .y = CﬂizmHlﬁp. (5)

Y
Along the observation band of TOBA, which is above the
Yaw resonant frequency, Eq. (5) becomes H; _y ~ ¢ H; _p.
The coupling signal is thus approximately proportional to
Pitch rotation.

The coupling transfer from the Trans motion of the
ground can be calculated in the same manner. Here, it is
enough to consider the motion of the TM in the Trans, Roll,
and Yaw. If we define the SP-CM offset 6, and the Pitch tilt
of the principal axis of inertia @p, a coupling transfer
function from the Trans of the ground to the Yaw of the
™, I:I T-Y> is

Hrx(w) = (1-2)(1-2) (1-2)

wr = +/g/(l+ h) and wg = \/mgh/Iy are resonant angu-
lar frequencies of the Trans and Roll, respectively. The
coefficient ¢y}, is the Pitch tilt of Roll rotational axis and
Hr_y is the transfer function from the Trans of the ground
to the Roll of the TM.
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FIG. 3. Tilt of the reflecting surface. The normal vector of the
surface has a Pitch tilt of a.

B. Horizontal component of the normal
vector generated by other DoFs

First, when the reflecting surface on the TM has a Pitch
tilt a, (Fig. 3), Roll rotation fg generates a Trans
component of unit normal vector of sin o, sin g ~ @, 0.
This is read by the sensor as the Yaw rotation; thus, the
coupling transfer function H,q is

Hc,rs = arsi:[T—>R- (7)

The origin of this coupling is the Trans motion of the
ground.

Additionally, if the reflecting surface is not flat causing
the direction of the normal vector to depend on position, the
Trans and Vert translation of the mass will couple to the
signal. For example, if the surface has a radius of curvature
R, the Trans translation x of the mass changes the direction
of the normal vector by x/R rad. This would be the
coupling signal. A second example would be if the surface
is a twisted shape as in Fig. 4, Vert translation z will couple
to the signal. In analogy to R, here we define T as the ratio
of vertical offset to angle change of the normal vector.
Coupling transfer functions for these are

- 1

Hc,curve = ﬁHT—»T (8)
and

- 1 -

Hc,twist = ?HV—>V‘ (9)

Hy_ 1 and Hy_y are the transfer functions from the Long
motion of the ground to the Long translation of the TM, and
the Vert to Vert, respectively. Typically, these are smaller
than other coupling transfer functions since plane mirrors

39 =x/R

normal vector

FIG. 4. Curvature and twist of the reflecting surface. The
direction of the normal vector depends on the position.

have good flatness. For a Michelson interferometer which
uses two beams separated by L, the equivalent R and T are
calculated as R = L /¢y and T = L/¢p where ¢y and ¢p
are the relative tilt of the surface between two beam spots in
the Yaw and Pitch, respectively.

Other DoFs generate no horizontal component of the
normal vector or are much smaller than these by orders of
magnitude.

C. Coupling from vertical component
of the normal vector

Next we calculate the coupling from vertical component of
the normal vector. Most of angular sensors measure rotation
of a target mass around a certain axis, which we call the
“sensing axis” here. For example, a sensing axis is deter-
mined by the direction of the QPD for an optical lever and by
two beam spots for a Michelson interferometer (Fig. 5).
When the sensing axis tilts in Roll by a,, its readout signal
is cos ag, X (Yaw) — sinag, x (Pitch) =~ (Yaw) — a, (Pitch),
with the second term being the coupling signal. Thus the
coupling transfer function H. g, is

Hc,sa = _asaHLaP' (10)
This cross-coupling is caused by the Long motion of the
ground.

D. Total transfer function

Coupling transfer functions for each coupling route have
been calculated. Here we describe the sum of them, which
actually appears in experiments.

First, the total coupling transfer function from the Long
motion of the ground, I:IC,Long, is the sum of Egs. (5) and
(10), given by

2

- — -
_ /
Hc,Long - <(pR ® 2 > asa) HL—»P

Yy — @
asa)I:IL—>P- (1 1)

/ _—

= (pr

The approximation is valid when above the Yaw resonant
frequency.

o A
‘/‘ Qsq Stl'l?lng . a,
L axis w-'
r“l‘ --------------- &-""
@
QPD beamspot

FIG. 5. Sensing axes defined by the direction of the QPD (left)
or two beam spots (right).
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Total coupling transfer functions from the Trans motion,
fIC‘Trans, is the sum of Egs. (6)—(8), and is

N -’ N .
H, trans = <(Pi> sz—a_)wz + ars) Hr g + EH T-T
~ (¢p + o )Hror + %HT—E- (12)

There is only one route of cross-coupling from Vert, so
the total coupling transfer functions from Vert, H.. ey, is
Eq. (9) itself.

These cross-coupling transfer functions can apparently
be reduced by adjusting the coefficients (@i — ag,),
(¢p + o), R and T, with the first two representing the
Roll and Pitch tilt of the system and the latter two the
flatness of the reflecting surface. We can calculate these
coefficients by measurements of the cross-coupling transfer
functions. Suppressing the motion of the mass, H; _p and
so on, is also effective in reducing coupling. Off-line
subtraction by monitoring all DoFs with auxiliary sensors
is also possible.

III. MEASUREMENT AND REDUCTION

In this section, we report experimental results about
measurement and reduction of cross-coupling transfer
functions in order to demonstrate our calculations above.
We measured the coupling from the Long and Trans motion
of the ground, as they are the most important contributions
for TOBA since the associated resonant frequencies are
close to its observation band (Table I).

A. Setup

An overview of the setup is shown in Fig. 6. We used a
double-stage torsion pendulum. The test mass (TM) is a bar

’—EL Seismometer

Hexapod actuator

Vacuum chamber

Damping mass

I

Intermediate mass

Test Mass

b=

Optical Bench

FIG. 6. Experimental setup.

shaped fused silica of 20 cm x 3 cm x 3 cm. One surface
of the TM is polished and coated to reduce the relative Pitch
and Yaw of the surface between the two beam spots. The
Michelson interferometer used to read the Yaw rotation is
constructed on the optical bench (OB). The TM and the OB
are suspended from the intermediate mass, and the inter-
mediate mass is suspended from the top plate. The
intermediate mass is damped by magnets on the damping
mass in order to suppress resonance of the TM and the OB.
Laser light is sent from the source to the OB through an
optical fiber, whose midpoint is attached to the damping
mass in order to reduce vibration transfer via the fiber. At
the top stage, hexapod actuators are set to shake the
suspension point. Six seismometers are placed on the stage
to measure the vibration of the suspension point. Coupling
transfer functions, from seismometer signal to interferom-
eter signal, are measured by shaking the hexapod actuators.

B. Transfer function measurement

Cross-coupling transfer can occur for both TM and OB
in our setup, so the theoretical transfer functions to be
measured are modified from Egs. (11) and (12). In the
following sections, we use 7 and f# to express the tilt of the
TM and the OB, respectively, instead of ¢. The transfer
functions A are also replaced with 7 and B for the TM and
the OB, respectively. First, the coupling transfer function
from the Long motion is modified to

Hc,Long = (Ti{ - asa)TLﬁP - (ﬁi{ - asa)BLﬁP (13)

due to coupling transfer to the OB. In the same manner, the
coupling transfer function from the Trans motion is also
modified to

I:Ic,Trans =~ (Ti) + ars)TTﬁR - (ﬁ{D + ars)BT—»R' (14)

The third term of Eq. (12), the contribution of the relative
Yaw of the mirror surface, is neglected here since the
polished surface of the TM is expected to have sufficiently
small relative angle, with an order of 107° rad, in our
experiment. This value is roughly estimated from the
surface quality 1/10 ~ 107" m divided by the length of
the bar ~20 cm.

We use Egs. (13) and (14) to analyze the measured
coupling transfer functions. The transfer functions 77 _p,
Tr_r, By_p and By_y are calculated for the TM and the
OB by solving the dynamical equations of motions of the
whole suspension system. Using them, the coefficients of
each term can be measured by fitting the data to the
equations. The measured coefficients are used for reduction
of cross-coupling because they are associated with the Roll
and the Pitch of the TM and the OB. This is our basic cross-
coupling reduction strategy. We show the experimental
demonstration of this in the following subsections.
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C. Result and analysis

Measured coupling transfer functions are shown in Fig. 7.
The measurements were performed above 0.25 Hz and
0.2 Hz for the Long and Trans, respectively, because of
larger instrumental noise at lower frequencies. They show
good agreement with theoretical transfer functions described
by Egs. (13) and (14), which are shown with black lines in the
graph. In our measurements, the transfer functions of two
directions can be mixed up to 10% due to the uncertainty of
the Yaw angle of the suspension system which drifts during
evacuation. The coordinates based on the pendulum are
different from the ones based on the seismometers, hence
when we shake the hexapod in the seismometer-based Long
direction, the pendulum-based Trans vibration partially
mixes. This mixing is negligible since two transfer functions
are almost the same order.

Fitted parameters were (7 — ;) = 1.6700 x 10~ rad
and (B — ag,) = (7.5 £2.3) x 1072 rad for the Long, and
(th + ) = (1.9+£0.1) x 102 rad  and  (Bp + a) =
(1.14 £ 0.05) x 1072 rad for the Trans. Errors are mainly

10' A
—— Theory (total)
100 ..... ™ (Tr/fﬂmzl-ﬁ xl[)’&) 3
—=+ OB (Bf—0y, =7.5 x107%) %
_ I measured 4 2
— 10" g Al %

T
_
(e
w
\
\
\
s W)
o
Ky
‘. a

0.1 1
Frequency [Hz]

—— Theory (total) i
---- TM (1) +a,, =1.9 x107) l

-:=- OB (B} +a,=11x10"%) 7 H

. . . ~ ; A\

mirror (differential tilt = 10~%) ‘ .\
10" J > y
1 measured : % rv

=
s

>
//ﬁ

TF [rad/m]

0.1 1
Frequency [Hz]

FIG. 7. (top) Measured cross-coupling transfer function in the
Long direction. Blue dots show measured data. Contributions of
the TM and the OB are also plotted with a black dashed line and a
dot-dash line, respectively, and the black thick line is the sum of
both. (bottom) Measured cross-coupling transfer function in the
Trans direction. Red dots are measured data, and black lines are
the same as the Long but for the Trans direction. The orange line
shows the estimated contribution from the relative Yaw of the
mirror surface, when ¢y = 1076 rad.

from systematic errors from the fitting method. As we stated
in the previous section, these coefficients indicate the Roll
and the Pitch of the TM and the OB. Both coupling transfer
functions in the Long and Trans directions are dominated by
the contribution of the OB. The estimated Roll and Pitch of
the OB is large, in the order of 1072 rad, because the OB
contains many optical components and thus has a large
asymmetrical mass distribution, which results in a large tilt of
the principal axes of inertia. Tilt of the TM is about 1073 rad,
which corresponds to about 1 um offset of the center of mass,
which is reasonable for the initial asymmetry.

Theoretical transfer functions of the Pitch and Roll
rotations, A _p and Hy_y, are calculated with a rigid body
model. The shape of some resonant peaks do not perfectly
correspond to the measured transfer functions, which may
come from errors with the parameters used for the model. At
the bottom of Fig. 7, expected contribution of the differential
mirror Yaw angle ¢y is shown with an orange dashed line.

D. Reduction of coupling transfer functions

As the coupling coefficients of the TM and the OB are
estimated by the previous measurement, we now know how
much the Roll and Pitch should be changed to reduce cross-
coupling. They can be adjusted by using counter weights or
actuators.

1. Reduction with counter weights

First we put counter weights on the TM and the OB to
reduce cross-coupling. A counter weight will change the
parameters @ and @) as follows, with

Mew X MewXZ  Ip My X
Ay, — — W cw _ P Mew A 15
§0R m h, IY_IP IY m h, ( )
Mey Y My Y3 IRmcwy
Ag, = — N2 4 ewrir  TRTW S 16
(pp m h IY_IR IY m h ( )

My, X, Y, z are the mass and position of the counter weight.
The first terms are geometrical, consisting of the Roll and
the Pitch tilt of the mass shape due to the offset of the center
of mass, and the second terms are the tilt of the principal
axes relative to the shape because of the change of mass
distribution, so they contribute to a change in the principal
axes, the first term of g = @r — ;—z % The third term comes

from the offset of the center of mass, which corresponds to
the second term of 7. Other parameters oy, and a, are
associated with the Roll of the OB and the Pitch of the TM,
respectively, and given by

m X

Aag, = — v 17
mog hop ( )
m X

Aoy = ——— 18
mryy hrwm ( )
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FIG. 8. (top) Reduced cross-coupling transfer function in the

Long direction (blue dots). The faint blue dots are the measured
values before reduction. (bottom) Reduced cross-coupling trans-
fer function in the Trans direction (red dots). The faint red dots
are the values before reduction.

After adding some counter weights based on these
equations, the cross-coupling transfer functions were suc-
cessfully reduced. The results are shown in Fig. 8. Yet
again, we see general agreement with theory, although there
are some deviations around 0.85 Hz. The peak at 0.85 Hz is
due to resonance of the damping mass, so there might be
additional transfer via the optical fiber and lead wires
connected between the OB and the damping mass that is
not accounted for in theory. Fitted parameters after the
reduction are (7 —ag) = (4.73 £0.02) x 10~ rad and
(B — ag) = (1.49 £0.02) x 10~ rad for the Long, and
(th + ) = (9.09 £ 0.04) x 107 rad and (B + o) =
(3.4 £2.2) x 1073 rad for the Trans. We achieved a total
cross-coupling transfer of 2 x 107> rad/m for the Long and
4 x 107 rad/m for the Trans at 0.1 Hz (extrapolated from
measurement). The coupling coefficients of the OB are
greatly suppressed by a factor of ~1/100. For the TM,
however, the reduction factors are only 1/3 for the Long
and 1/2 for the Trans. This is mainly because the initial
asymmetry was much smaller than for the OB, and partly
because the TM is smaller and thus more difficult to tune
than the OB. Especially for the Pitch tilt, the TM has almost
the same moment of inertia for the Yaw and Roll; hence, the
second term of Eq. (16) changes drastically with a small
change in the counter weight.

TABLE II. Comparison of reduced amount of coupling coef-
ficients between fitted values from measurement vs expected
values from calculation.

Parameter Measured [rad] Calculated [rad]

TR~ A (=1.1549) x 1073 (=0.71 £ 0.07) x 1073
P — s (7.4 +£2.3) x 1073 (8.940.2) x 1073
Tp + O (-1.0£0.1) x 1073 (0.1 £1.4)x 1073
P+ o (1.1£0.1) x 1072 (1.08 +0.03) x 1072

Since we can also estimate the change of tilt from the
mass and position of the counter weights, we compared
them with the fitted parameters to confirm that the
reduction agrees with theory. The results are shown in
Table II. For the calculated errors, we assumed a position
error of £0.5 mm and a mass error of £0.2 mg for the
counter weights on the TM, and a position error of 2 mm
and a mass error of =1 g for the OB. All the coupling
parameter changes correspond to the expected values from
calculation within the error range. The large calculation
error of (7p + o) comes from Iy(ry) = Ir(mm), as men-
tioned earlier.

2. Reduction with actuators

Next, we used actuators to reduce cross-coupling in the
Long direction. Two actuators are set at both ends of
the TM and push vertically in order to change Roll tilt of
the TM. This changes the parameter 7y directly without
affecting any other parameters. We adjusted the Roll tilt of
the TM gradually, and measured coupling transfer func-
tions at each position. The Roll tilt of the TM relative to the
initial position was monitored with position sensors during
the measurements. Measurements were done at seven
points, with three of them shown in Fig. 9. The dots are
the measured data and the solid lines show theoretical lines.
Different colors indicate different Roll tilt of the TM, with
the dark blue one representing the initial position (the same
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FIG. 9. Coupling transfer functions in the Long as the Roll tilt
of the TM is changed. Dots and solid lines are measured data and
theoretical transfer function, respectively, for the initial position
(dark blue), —420 urad (blue), and —510 prad (light blue).
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FIG. 10. Fitted coupling parameter (7 — a,) vs measured Roll
tilt. The proportional factor is 0.9 £ 0.2.

data as Fig. 8). Cross-coupling transfer function was
successfully reduced, especially at around 1.4 Hz where
contribution from the TM was dominant. Since we only
changed the Roll of the TM, contribution by the OB still
remained in the other frequency bands. By extrapolating
the measurement, the total coupling transfer at 0.1 Hz was
estimated to be 5 x 107 rad/m. This is dominated by the
contribution from the OB, while the contribution of the TM
is suppressed to 5 x 1077 rad/m.

We compared the fitted parameters (7 — ag,) and the
Roll tilt measured by position sensors (Fig. 10). Since 7y is
the Roll tilt of the TM itself, it should be linear to the
measured tilt with a proportional factor of 1. The result in
Fig. 10 shows a linear relation with a fitted proportional
factor of 0.9 £0.2. This error comes from the 20%
calibration uncertainty of the interferometer, hence, a
systematic error of (7 —ag,). In conclusion, reduction
of coupling coefficients with actuators was also achieved in
line with theory.

IV. DISCUSSION

We achieved cross-coupling transfer of 5 x 107 rad/m
for the Long and 4 x 107> rad/m for the Trans at 0.1 Hz.
These values are close to the minimum requirement
for TOBA when translation of the suspension point is
suppressed to 10715 m/v/Hz, the suspension thermal
noise level of a spring-antispring vibration isolation system.
Additionally, if the suspension point is actively stabilized to
10~ m/+/Hz, strain equivalent noise reaches 10~'*/y/Hz
with a 5 x 107 rad/m cross-coupling. This means that the
achieved cross-coupling is an important milestone for
geophysical purposes because 107'4/\/Hz sensitivity is
close to expected Newtonian noise levels as well as
estimated earthquake gravity signals. In any case, it is
technically not easy to construct such vibration isolation
systems. Therefore, cross-coupling transfer should be
reduced as much as possible to relax the requirement
on them.

Current cross-coupling level of the TM in the Long is
determined by the precision of the Roll tilt adjustment,
~10 prad. The other terms we considered here, cross-
coupling of the TM in the Trans and contributions of the
OB, will be limited by the similar precision after finer
tuning. This is almost the same as the RMS amplitude of
Roll/Pitch vibration of the TM and the OB which are also
few tens of microradians in our case. Hence, vibration has
to be suppressed by stronger damping or feedback control
for more precise adjustments. Feedback control is the better
option because strong damping for Roll/Pitch tilt can also
damp Yaw rotation, leading to an increase in thermal
noise. Proper tilt sensors and actuators should be placed
for the purpose of feedback control. The achievable
RMS amplitude is eventually limited by the noise level
of the tilt sensor, which can be about ~10~° rad RMS
for optical levers [27]. Assuming this noise level,
cross-coupling transfer can be reduced down to around
5x 107" rad/m. Interferometric sensors can be more
sensitive to tilt, with potential sensitivities of ~107!? rad,
leading to around 5 x 10~'% rad/m coupling level in
principle. The latter value meets the requirement for
TOBA with a suspension point vibration of 10°° m/v/Hz,
which is the same as ground vibration and therefore can be
realized without vibration isolation systems.

We also have to take care of other cross-coupling routes
neglected in our measurements such as the Yaw tilt of the
mirror surface ¢y. The cross-coupling transfer function of
this route is 2% (7_r — Br_1). Assuming ¢y = 107 rad
and the transfer function to relative translation is
Tr_1— Br_r =107 m/m at 0.1 Hz, the cross-coupling
level is 5 x 107 rad/m at 0.1 Hz. A problem is that the
relevant parameters about this route are difficult to improve
significantly. Enhancing the surface quality of the mirror
can reduce the coupling, but realistically the relative tilt ¢
will increase for longer bars. Therefore the factor "%Y cannot
be expected to decrease by much. A more effective way
would be suppressing the relative translation between the
bar and the optics, which is achieved by suspending the
optics in the same way as the bar. If the transfer functions
Tr_7 and Br_p are completely identical, the coupling
transfer will then be zero. Unfortunately, small differences
of realistic suspension parameters such as resonant frequen-
cies will cause differential motion. The current 107> m/m
assumption is derived from a 5% difference of the trans-
lational resonant frequency. As a realistic estimation, we
can expect a 0.1% difference which is realized by adjusting
the CoM within 0.5 mm accuracy for a 250 mm length
suspension wire. This asymmetry corresponds to a cross-
coupling level of 1 x 107'° rad/m. Further suppression
will require careful design including consideration of the
rotational resonant frequency and damping coefficients, but
in general matching the all suspension parameters is quite
difficult since the bar and the optical bench have different
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geometries. Therefore, additional reduction to at least
about 1073 of the current level is required for the future
TOBA sensitivity. This can be achieved with active
vibration isolation to the order of 10~° m/+/Hz. Another
possible option is monitoring relative translation with
an auxiliary sensor and then subtracting it from the
Yaw signal.

V. CONCLUSION

We have summarized how seismic cross-coupling trans-
fers are introduced in a simple torsion pendulum. The
routes of coupling are common to both optical levers and
Michelson interferometers, which are usually used in
torsion pendulum experiments. Coupling transfer functions
are also calculated for each route. They are found to be
approximately proportional to the Pitch/Roll rotations or
Trans/Vert translations, with proportional factors coming
from the tilt of the system. Therefore it is clear that
cross-coupling can be reduced by adjusting the tilt of
the system.

These calculations, along with the scheme to reduce the
cross-coupling, were experimentally demonstrated with a
two-stage torsion pendulum. Coupling transfer functions
were measured in two horizontal directions, Long and
Trans, and they agreed with our calculations within
experimental errors. The tilt of the system was estimated
by fitting the transfer functions. Based on the estimated tilt,
we placed counter weights on the TM and the OB, and also

used actuators on the TM. We succeeded in reducing
coupling transfer functions in line with theory. Thus we
demonstrated not only the reduction of cross-coupling but
also the validity of the theory. Finally, coupling transfer
levels of 5 x 107 rad/m for the Long and 4 x 107> rad/m
for the Trans at 0.1 Hz were achieved. This is an important
milestone for geophysical applications since the strain
sensitivity can reach to about 10~'*/v/Hz, which is close
to expected Newtonian noise and earthquake gravity
signals, with these coupling levels and active vibration
isolation. Achievable coupling values can be improved by
suppressing the RMS amplitude of the Roll/Pitch tilt with a
more sensitive tilt sensor. We also note that for the final
target sensitivity of TOBA, the route which was insignifi-
cant in our current experiment can dominate and hence
vibration isolation to at least about 10~ m/ \/I—{E will be
required. This will be possible to achieve with an active
vibration isolation system. In conclusion, these results have
established a basic way to reduce cross-coupling in torsion
pendulums for the most significant coupling routes, and
also elucidated on the prospects for seismic noise reduction
of TOBA.
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