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We discuss the manner in which the primordial magnetic field (PMF) suppresses the cosmic microwave
background (CMB) B mode due to the weak-lensing (WL) effect. The WL effect depends on the lensing
potential (LP) caused by matter perturbations, the distribution of which at cosmological scales is given by
the matter power spectrum (MPS). Therefore, the WL effect on the CMB B mode is affected by the MPS.
Considering the effect of the ensemble average energy density of the PMF, which we call “the background
PMF,” on the MPS, the amplitude of MPS is suppressed in the wave number range of k > 0.01h Mpc−1.
The MPS affects the LP and the WL effect in the CMB B mode; however, the PMF can damp this effect.
Previous studies of the CMB B mode with the PMF have only considered the vector and tensor modes.
These modes boost the CMB B mode in the multipole range of l > 1000, whereas the background PMF
damps the CMB B mode owing to the WL effect in the entire multipole range. The matter density in the
Universe controls the WL effect. Therefore, when we constrain the PMF and the matter density parameters
from cosmological observational data sets, including the CMB B mode, we expect degeneracy between
these parameters. The CMB B mode also provides important information on the background gravitational
waves, inflation theory, matter density fluctuations, and the structure formations at the cosmological scale
through the cosmological parameter search. If we study these topics and correctly constrain the
cosmological parameters from cosmological observations, including the CMB B mode, we need to
correctly consider the background PMF.

DOI: 10.1103/PhysRevD.97.103525

I. INTRODUCTION

The polarization isotropy of the cosmic microwave
background (CMB) has the odd parity (curl) component.
This is called the “B” mode. The gravitational wave
background (GWB) and weak lensing (WL) are considered
the sources of the CMB B mode. The GWB contains
information for the inflation, and WL depends on the
cosmological matter fluctuations. Therefore, investigating
the CMB B mode is expected to yield important informa-
tion on inflation theory, cosmological matter density
fluctuations, and the structure formation at cosmological
scales.
The WL effect dominates the CMB Bmode on hundreds

of multipoles. In this range, several observational projects
(ACTpol [1], SPTpol [2], PORABEAR [3], and BICEP2/
Keck [4]) have provided interesting data sets for the
CMB B mode. The next generation plans for these projects
are expected to advance the work on the CMB B mode,
including the WL effect.
Magnetic fields with strength on the order of 1μG

(¼ 10−6 G) are observed in the typical subgalaxy to cluster

scale by Faraday rotation and synchrotron emission [5–11].
The primary origin of these magnetic fields is the primor-
dial magnetic field (PMF). PMF is assumed to be homo-
geneous and stochastic with comoving strength on the
order of 1a−2 nG (1 nG ¼ 10−9 G), where a is the scale
factor. If this PMF is generated before the recombination
and it evolves into the observed magnetic fields by the
isotropic collapse of the density fields in the early Universe,
then the observed magnetic fields at cosmological scales
can be explained [12–15].
There are two kinds of PMF effects on the fluctuations of

the CMB and the matter power spectrum (MPS), which
relate the spatial distributions of the fluctuations of the
matter densities with the wave number. The first effect is
due to the first perturbation source from the PMF in the
linear perturbative equations. Therefore, this PMF effect is
called “the perturbative PMF effect” in this paper. The
perturbative PMF effect generates fluctuations of CMB and
MPS in smaller scales corresponding to k ≥ 0.1 hMpc−1

[16–19], where h is the Hubble parameter in units of
100 km=s=Mpc. The PMF effects have been extensively
studied [12–15,17,20–32] and constrained by using the
cosmological observation data sets [19,33–45]. The second
effect is due to the ensemble energy density of the PMF*yamazaki.dai@nao.ac.jp
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because it is considered a nonperturbative source in linear
perturbative theory. Therefore, we call it “the background
PMF effect.” The background PMF changes the features of
the CMB [46] and MPS [47]. The peak positions of the
CMB temperature fluctuations and the MPS shift to a larger
scale because of the background PMF [46,47]. The
amplitude of the MPS is also suppressed at smaller
scales than the peak position kp, which corresponds to
0.01 hMpc−1 < k < 0.02 hMpc−1, by the background
PMF [47]. As mentioned above, the effects of perturbative
PMF on the cosmology and the constraints on perturbative
PMFs have been studied; however, the effects of back-
ground PMF on the CMB B mode and constraints on the
background PMF from the CMB B mode have not been
studied.
In this paper, we analyze the background PMF effects on

the CMB B mode separately from the WL effects for the
first time. We also investigate the overall effects of the
perturbative and background PMFs on the CMB B mode
and discuss the degeneracies between the PMF and the
matter density parameters. We adopt the cosmological
parameters determined by the Planck 2015 (TTþ lowPþ
lensing in Table 4 of Ref. [48]) as follows: ðΩbh2;ΩCDMh2;
ns; lnð1010AsÞ; H0; τÞ ¼ ð0.02226; 0.1186; 0.9677; 3.062;
67.81; 0.066Þ, where Ωb and ΩCDM are the baryon and the
cold dark matter (CDM) density parameters, respectively;
ns is the scalar spectral index; As is the scalar amplitude of
the initial fluctuation; H0 is the Hubble constant; and τ is
the optical depth. We modify CAMB code [49] for comput-
ing the lensing potential and the CMB B mode with PMF
effects.

II. MODEL OF PMF

We use the flat and ΛCDM model. We assume that the
PMF is generated well before the recombination epoch,
e.g., the inflation epoch, and that it is stochastic homo-
geneous, isotropic, and random. The PMF is also assumed
“frozen in” the cosmological ionized fluid [21]. In this case,
the comoving strength of the PMF BðxÞ is conserved at
greater than the cutoff scale length kmax, where kmax is
defined by the PMF damping [21,50,51]. Therefore the
physical strength of the PMF is given by Bðx; aÞ ¼
BðxÞ=a2, where a is the scale factor.
We adopt a power-law (PL) PMF model [21,46,47] (see

Appendix A) and the numerical formulation of the PL PMF
spectra from Refs. [13,17,32].
In the comoving coordinates, the ensemble energy

density of the PL PMF generated well before the recombi-
nation epoch is defined by Refs. [46,47,51–53] (see
Appendix A),

ρMF ∼
1

8πa4
B2
λ

ΓðnBþ5
2
Þ ðλkmaxÞnBþ3; ð1Þ

where nB is the spectrum index of the PMF, Bλ ¼ jBλj is the
comoving field strength by smoothing over a Gaussian
sphere of radius λ ¼ 1 Mpc (kλ ¼ 2π=λ), ΓðxÞ is the
gamma function, and kmax is the cutoff scale and is defined
by the PMF damping [21,50,51]. Since the PMF energy
density is proportional to the square of the PMF strength,
the time evolution of the ensemble energy density is
inversely proportional to a4 as the energy density of the
radiation.
Based on Refs. [46,47], the effective sound speed with

the background PMF in the baryon-photon fluid is

c2sA ¼ c2s þ
1

2
c2A: ð2Þ

The first term cs in Eq. (2) is the sound velocity of a
fluid without PMF and is c2s ¼ c2bγ ¼ 1=f3ð1þ 3ρb

4ργ
Þg ¼

1=f3ð1þ RÞg, where ρb and ργ are the baryon density and
photon energy density, respectively, and R is 3

4
ρb
ργ
. The

second term cA in Eq. (2) is the Alfvén velocity and is given
by c2A ¼ 2ρMF

ργþρb
[46,47].

We do not consider any correlations between the PMF
and the primary; e.g., the correlation term is ignored, as in
Eq. (22) of [46]. We use the initial condition model from
Refs. [17,31]. The sound velocity is not effective for
determining the initial condition at the sub- and super-
horizon. In this study, the expression for the initial con-
dition with the PMF corresponds to that of Refs. [17,31];
we change the elements of the total energy density, e.g.,
ρ ¼ ρR þ ρM to ρ ¼ ρR þ ρM þ ρMF, as in Refs. [46,47],
where ρR is the total radiation energy density and ρM is the
total matter density in the Universe.
Reference [44] constrains the upper bound of the

magnetic spectral index as nB < −0.31 (Table 1 in [44]).
In general, physical futures tend to appear near the upper
bounds, and analyzing them is, also, useful to discuss
constraints on the parameters of the PMF. Therefore, we
choose the magnetic spectral indexes, which is close to the
upper bound.
The wave number kMJ derived by the magnetic Jeans

scale [54–56] with the order of 1 nG is the order of
10 Mpc−1, where we should consider nonlinear effects.
However, because we study the effects of the PMF on
k < 0.3 hMpc−1, which is much less than kMJ, we do not
consider peculiar effects of the PMF, e.g., nonlinear effects,
around and greater than the wave numbers.

III. THE EFFECTS OF THE PMF ON THE MPS

The paths of the CMB photons from the last scattering
surface to our detectors are deflected by the gravitational
potentials owing to the inhomogeneous mass distribution in
the Universe. This is called the “weak lensing.” The WL
effect depends on the matter density field. To study the WL
effect on the CMB B mode, we should understand the time
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evolutions of the matter density field at the cosmological
scale. In this section, first, we show the two important
effects on them: the Meszaros and sound-wave effects.

A. Meszaros effect

In the radiation-dominated era, the expansion rate of the
Universe is proportional to

ffiffiffiffiffiffiffiffiffi
GρR

p
, while the evolution rate of

the fluctuations of the matter density field is proportional toffiffiffiffiffiffiffiffiffiffi
GρM

p
. Here,G isNewton’s constant; ρR is the total radiation

(the photon, neutrino, and PMF) energy density; and ρM is
the total matter (baryon and dark matter) density. Sinceffiffiffiffiffiffiffiffiffiffi
GρM

p
is less than

ffiffiffiffiffiffiffiffiffi
GρR

p
due to ρR > ρM in the radiation-

dominated era, the matter fluctuations in the superhorizon
cannot grow. This is called the “Meszaros effect" [57]. After
the matter-radiation equality time, which is determined by
the ratio of the total matter density (ρM) to the total radiation
energy density (ρR), the potential field can affect the matter
density fields, and the fluctuations of thematter density fields
start to evolve in the horizon. The matter fluctuations at
smaller scales enter the horizon earlier, and they are affected
by the Meszaros effect for a longer time. Therefore, the
amplitudes of theMPS on the longerwave numbers aremore
strongly damped by the Meszaros effect.

B. The sound-wave effect

From Ref. [54], the evolution of baryon density fluc-
tuation δ at the horizon scale for the flat andΛCDMmodel is

δ ∝
1ffiffiffiffiffiffiffiffi
cSa

p exp

�
−ik

Z
cS
a
dt

�
; ð3Þ

where cS is the sound speed. From this equation, the baryon
density fluctuation in the horizon is influenced by the
suppression of the sound wave. The baryon fluctuation
affected by sound waves also suppresses the potential
fluctuation. Although the dark matter fluctuation is not
directly affected by the sound speed, the potential fluc-
tuation suppressed delays the evolution of the dark matter
fluctuation. The suppressions of the matter density and the
potential fluctuations owing to soundwaves at smaller scales
have been confirmed numerically [58–60]. As with the case
of the Meszaros effect, since the matter density fluctuations
at smaller scales enter the horizon earlier and the duration
of the damping effect on them is longer, they are more
suppressed at the smaller scales.

C. The peak position and the damping of the MPS

Figure 1 shows the MPS. The vertical axis in Fig. 1
indicates the amplitude of the matter density fluctuations,
and the horizontal axis indicates the wave num-
ber k ¼ 2π=x.
The Meszaros and sound-wave effects suppress the ampli-

tudes of the matter fluctuations on scales less than the horizon
scale req at the equality time, while the amplitudes on
scales more than req are not affected by the Meszaros and

(a) (b)

(c) (d)

FIG. 1. PMF effects on the MPS for fixed PMF parameters. The thin dotted curve denotes the theoretical result without PMF
effects and based on the cosmological parameters determined by Planck 2015 (TTþ lowPþ lensing in Table 4 of Ref. [48]). The
power spectral index of the PMF in panels (a) and (c) is fixed as nB ¼ −1.0, and the other curves in panels (a) and (c) are the theoretical
result with the PMF effects, as shown by the legends in panel (a). The field strength of the PMF in panels (b) and (d) is fixed as
Bλ ¼ 6.0 nG, and the curves except dotted in panels (b) and (d) are the theoretical result with the PMF effects, as shown by the legends
in panel (b).
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sound-wave effects. As a result, the peak of theMPS is located
near the wave number keq, owing to req, as shown in Fig. 1.
The term of the radiation-dominated era depends on ρR.

The time evolution of the ensemble energy density of the
PMF ρMF is inversely proportional to a4 as ρR. Therefore,
considering ρMF correctly, the term of the radiation-domi-
nated era becomes longer and the horizon scale at the end of
this era becomes larger. As a result, the peak of MPS kp is
shifted to smaller wave number (larger scale) and the
amplitude of MPS is suppressed in k > kp, as shown in
Fig. 1 [47]. Since the PMF also increases the sound velocity,
the sound-wave effect is boosted [46,47] in k > kp (Fig. 1).
MPS owing to the perturbative PMF was previously

thought to bemajor effects of the PMFon theMPS at smaller
scales. Considering suppressions owing to the background
PMF correctly, MPSs from the perturbative PMF source,
also, are suppressed by the Meszaros and sound-wave
effects at smaller scales, as shown in the bottom panels of
Fig. 1. Finally, in the linear regime, the suppression from the
background PMF has a major effect on the MPS; however,
the increase from the perturbative PMF has secondary
effects on the MPS, as shown in the top panels of Fig. 1.

IV. LENSING POTENTIAL AND WEAK
LENSING IN THE PMF

The WL effect depends on the lensing potential (LP)
[61,62], and the spectrum of the LP Cψ

l depends on the
MPS [62] (see Appendix B).

As mentioned in Sec. III, the peak position of the MPS
depends on the Meszaros effect [57], and the amplitudes of
the MPS at scales smaller than the peak position of the MPS
are suppressed by the Meszaros [57] and sound-wave
effects [54,58–60]. The background PMF effects owing
to the PMF energy density contribute to the Meszaros and
sound-wave effects and change the MPS features. As a
result, the peak position of the MPS shifts to smaller wave
numbers (larger scales), and the amplitude of the MPS is
suppressed for wave numbers larger than 0.01 Mpc−1 by
the PMF (Sec. III). From Ref. [47] and Sec. III, the
perturbative PMF effects increase the amplitudes of the
MPS for wave numbers larger than 0.1 Mpc−1. The MPSs
from the perturbative PMF effects are also suppressed by
the background PMF effects, as shown in Sec. III. Finally,
the overall effect of the PMF suppresses the MPS for wave
numbers larger than 0.01 Mpc−1.
From the PMF effects on the MPS, the LP spectra with

the PMF are as shown in panels (a) and (b) of Fig. 2.
Background PMFs shift the peak positions lP of the LP
spectra to smaller multipoles (larger scales) and suppress
the amplitudes for l≳ lP. The WL effect on the CMB B
mode is due to the LP; hence, the PMFs affect the CMB B
mode owing to WL through the LP [panels (c) and (d) in
Fig. 2]. The vertical axis of panels (a) and (b) in Fig. 2 is
½ðlþ 1Þl�2Cl=2π½μK2�; however, the vertical axis in pan-
els (c) and (d) in Fig. 2 is ðlþ 1ÞlCl=2π½μK2�. To analyze
the WL effect on the CMB B mode owing only to the LP
with the PMFs, the CMB B mode spectra of vector and

FIG. 2. PMF effects on the LP spectra (top panels) and CMB Bmodes owing toWL (bottom panels). The thin dotted curves denote the
theoretical result without PMF effects and based on the cosmological parameters determined by Planck 2015 (TTþ lowPþ lensing in
Table 4 of Ref. [48]). The dashed, bold, and dashed-dotted curves are the theoretical results with the PMF effects, as shown by the
legends in the panels.
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tensor sources are not included in panels (c) and (d) of
Fig. 2. If the background PMF effect for estimating the
MPS is not considered, the LP spectra and CMB B mode
from the WL effect with the PMF in smaller multipoles
remain nearly unchanged like the MPS without the back-
ground PMF (Sec. III). In fact, the overall PMF effect
suppresses the PL spectra and the CMB B mode owing to
WL for l > 100, as shown in Figs. 2 and 3.

Unlike the MPS and the LP spectrum, the CMB B mode
from the perturbative PMF effect has two kind modes:
vector and tensor mode. The vector and tensor CMBmodes
from the perturbative PMF effect directly increase the
amplitude of the CMB B mode [15,19–21,34,40]. The
tensor CMB B mode from the perturbative PMF is much
smaller than the CMB Bmode from the WL effect, whereas
the CMB B mode of the vector mode from the perturbative
PMF effect corresponds to the CMB B mode from the WL
effect for hundreds of multipoles. In fact, as shown in Fig. 3
for l > 800, it directly increases the amplitude of the CMB
B mode spectra and dominates the spectra. However,
because the error bars of the data sets for l > 800 are
large (Fig. 3), it is difficult to constrain the parameters of
the PMF based on the observation data sets. In addition, the
CMB B mode from the perturbative PMF effect for
l < 400, where the observational data points have smaller
errors from BK14 [4] (Fig. 3), is too small to effectively
constrain the PMF parameters. Nevertheless, the back-
ground PMF effect suppresses the CMB B mode owing to
WL in the effective range of BK14 [4], as shown in Fig. 3.
Thus, if we use the observational CMB B mode data sets
for l < 400, the PMF parameters are constrained.

V. DEGENERACIES BETWEEN THE PMF AND
COSMOLOGICAL PARAMETERS

Finally, we discuss the possibility of degeneracies among
the PMF, matter density, and baryon density parameters.
The matter-to-radiation ratio determines the scale factor aeq
at the matter-radiation equality as follows:

aeq ¼
ρR
ρM

: ð4Þ

FIG. 3. PMF effects on the CMB B mode for fixed PMF
parameters ðBλ; nBÞ ¼ ð3 nG;−1.0Þ. The thin dotted curve
denotes the theoretical result with the tensor mode and without
PMF effects, and it is computed by the cosmological parameters
from Planck 2015 (TTþ lowPþ lensing in Table 4 of Ref. [48]).
The tensor-to-scalar ratio r is 0.05. The dashed curve is the vector
mode from the PMF. The bold and dashed-dotted curves are the
theoretical results from overall PMF effects with and without ρB,
respectively. The dots with error bars are the CMB B mode
measurements from BICEP2/Keck (BK14) [4], POLARBEAR
(PB) [3], and SPTpol [2], as shown by the legends. The
uncertainties of the error bars correspond to 1σ (68.3% confidence
level).

(a) (b)

FIG. 4. The contribution of the PMF, matter density (ΩMh2), and baryon density (Ωbh2) parameters to the CMB Bmode for fixed PMF
parameters ðBλ; nBÞ ¼ ð3 nG;−1.0Þ. The thin dotted curves denote the theoretical results with the tensor mode and without PMF effects,
and they are computed by the cosmological parameters from the Planck 2015 (TTþ lowPþ lensing in Table 4 of Ref. [48]). The tensor-
to-scalar ratio r is 0.05. The dots with error bars are the CMB B mode measurements from BICEP2/Keck (BK14) [4]. The uncertainties
of the error bars correspond to 1σ (68.3% confidence level). The bold and dashed curves in panel (a) denote the theoretical results for the
PMF effects of ΩMh2 ¼ 0.1683 (ΩCh2 ¼ 0.1460, Ωbh2 ¼ 0.02226) and ΩMh2 ¼ 0.1409 (ΩCh2 ¼ 0.1186, Ωbh2 ¼ 0.02226),
respectively. The dashed-dotted curve in panel (a) is the theoretical result without the PMF effects of ΩMh2 ¼ 0.1683
(ΩCh2 ¼ 0.1460, Ωbh2 ¼ 0.02226). The CDM density parameter is fixed as ΩCh2 ¼ 0.11186 in panel (b). The bold and dashed
curves in panel (b) denote the theoretical result with the overall PMF effects ofΩbh2 ¼ 0.01760 and Ωbh2 ¼ 0.02226, respectively. The
dashed-dotted curve in panel (b) is the theoretical result without PMF effects of Ωbh2 ¼ 0.01760.
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From this relation and the Meszaros effect that depends on
the horizon scale at aeq [57], the effect of decreasing ρM on
the CMB B mode owing to WL is similar to the effect of
adding the background PMF to the CMB B mode. Since a
larger baryon density enforces the diffusion damping
during the epoch of recombination [63] and suppresses
the amplitude of the MPS at small scales, the effect of
increasing ρb on the CMB B mode owing to the WL effect
is similar to the effect of adding the background PMF onto
the CMB B mode.
Thus, there may be degeneracies between matter and

baryon density and the PMFparameters. In the absence of the
PMF effect, as shown by the dashed-dotted curve in panels
(a) and (b) of Fig. 4, the theoretical computed CMBBmodes
of ΩMh2 ¼ 0.1653 [panel (a)] and Ωbh2 ¼ 0.01760
[panel (b)] are larger than ΩMh2 ¼ 0.1409 [panel (a)] and
Ωbh2 ¼ 0.02226 [panel (b)], respectively, The increased
CMB B mode by the larger matter density parameter
(ΩMh2 ¼ 0.1653) or the smaller baryon density parameter
(Ωbh2 ¼ 0.01760) is modified by the PMF effect of
ðBλ; nBÞ ¼ ð3 nG;−1.0Þ, as shown in panel (a) or (b) in
Fig. 4, respectively. If one does not consider the background
PMF effect on the CMB B mode, then the PMF parameters
are not constrained and the degeneracies are not correctly
analyzed. Therefore, to understand the total PMF effects in
the early Universe and correctly constrain the cosmological
parameters including the PMF ones, we should simultane-
ously consider the background and perturbative PMF effects.

VI. SUMMARY

It has been known that the vector mode from the
perturbative PMF effect increases the CMB B mode for
large multipoles, e.g., more than hundreds of multipoles. In
this paper, we find that, as in the background PMF effect on
the MPS, the background PMF effect suppresses the LP
spectrum for a wider range of multipoles. Since the CMB B
mode owing to WL depends on the LP spectrum, the
background PMF effect indirectly suppresses it for a wider
range of multipoles. We also show that we expect to
strongly constrain the PMF parameters from observational
data sets at l < 400, which have relatively smaller errors, if
we correctly consider the background PMF effect on the
CMB B mode. Finally, we discuss the possibility of non-
negligible degeneracy between the PMF and matter density
parameters. The magnetic field affects the physical process
at wide scale ranges in the Universe. However, studies of
magnetic fields at cosmological scales are less active
because it is difficult to directly observe the magnetic
fields at cosmological scales and evaluate theoretical
models considering magnetic fields with less observation
and results. If we adopt the background PMF effects on the
CMB B mode and constrain the PMF parameters in the
CMB B mode with observations having smaller errors, we
can promote the study of PMF in cosmology.
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APPENDIX A: THE POWER LAW PMF MODEL

We adopt a PL PMF model [21,46,47]. The PL spectrum
of the PMF on wave number k for the comoving coor-
dinates is

hBðkÞB�ðkÞi ∝ knB ; ðA1Þ

where nB is the power law index for the PL PMF, and BðkÞ
is the current value (at the scale factor a ¼ 1). The two-
point correlation of the PL PMF is

hBiðkÞBj�ðk0Þi

¼ ðð2πÞnBþ8=2knBþ3
λ Þ

�
B2
λ=Γ

�
nB þ 3

2

��

× knBPijðkÞδðk − k0Þ; k < kmax; ðA2Þ

where k is the wave number; nB is the spectrum index of the
PMF; Bλ ¼ jBλj is the comoving field strength by smooth-
ing over a Gaussian sphere of radius λ ¼ 1 Mpc
(kλ ¼ 2π=λ); ΓðxÞ is the gamma function; i and j are the
spatial indices and the integer numbers [∈ (1, 2, 3)];
PijðkÞ ¼ δij − kikj

k2 ; kmax is the cutoff scale and is defined
by the PMF damping [21,50,51]; and BiðkÞ is from the
Fourier transform convention: BiðkÞ ¼ R

d3xeik·xBiðxÞ.
Here Bða; xÞ ¼ BðxÞ=a2, where a is the scale factor.
The ensemble average of the PMF energy density ρMF
on the physical field is derived as follows [46,47,51–53]:

ρMF ¼
1

8πa4
B2
λ

ΓðnBþ5
2
Þ ½ðλkmaxÞnBþ3 − ðλkminÞnBþ3�; ðA3Þ

where kmin is the minimum wave number. We assume that a
PMF is produced by some vorticity anisotropies from an
inflationary source; thus, k½min�=kmax can be assumed to be
very small. In such a case, the second term of Eq. (A3) is
negligible, and this equation becomes

ρMF ∼
1

8πa4
B2
λ

ΓðnBþ5
2
Þ ðλkmaxÞnBþ3: ðA4Þ
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APPENDIX B: THE LENSING POTENTIAL
AND WEAK LENSING

The power spectrum of the lensing potential is [61,62]

Cψ
l ¼ 16π

Z
dk
k
PRðkÞ

×
�Z

χ�

0

dχ0TΨðk; η0 − χÞjlðkχÞjlðkχ0Þ
�
χ� − χ

χ�χ

��
2

;

ðB1Þ

where k is the wave number and is defined by k ¼ 2π=x,
PRðkÞ is the primary power spectrum with or without the
background PMF, χ� is the comoving distance from the
CMB photons to the observer, χ is the comoving distance
from the potentials to the observer, TΨ is the transfer
function, jlðXÞ is the spherical Bessel function defined by
jlðXÞ ¼ ðπ=2XÞ1=2Jlþ1=2ðXÞ, and JlðXÞ is the standard
Bessel functions. This power spectrum is related to the
MPS [62].
The B mode correlation functions from the WL effect in

the curved sky case are [62]

ξ̃þ ∼
X
l

2lþ 1

4π
ðCE

l þ CB
lÞ exp

�
−lðlþ 1Þ σ

2

2

�

×

�
dl22 þ

1

2
lðlþ 1ÞCgl;2dl31 þ � � �

�
ðB2Þ

ξ̃− ∼
X
l

2lþ1

4π
ðCE

l −CB
lÞexp

�
−lðlþ1Þσ

2

2

�

×

�
dl2−2þ

1

4
lðlþ1ÞCgl;2ðdl1−1þdl3−3Þþ �� �

�
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C̃B
l ¼ π

Z
1

−1
ðξ̃þðβÞdl22ðβÞ − ξ̃−ðβÞdl2−2ðβÞÞd cos β; ðB4Þ

where CE
l and CB

l are the unlensed E and B mode power
spectra, and dlmm0 is the reduced Wigner functions and is
defined by dlmm0ðβÞ≡Dl

mm0 ð0; β; 0Þ. Here, also, CglðβÞ ¼P
l
2lþ1
4π lðlþ 1ÞCψ

ld
l
11ðβÞ, Cgl;2ðβÞ¼

P
l
2lþ1
4π lðlþ1Þ×

Cψ
ld

l
−11ðβÞ, and σðβÞ≡ Cglð0Þ − CglðβÞ.
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