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Second order Galilean fluids and Stokes’ law
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We study the second derivative effects on the constitutive relations of an uncharged parity-even Galilean
fluid using the null fluid framework. Null fluids are an equivalent representation of Galilean fluids in terms
of a higher dimensional relativistic fluid, which makes the Galilean symmetries manifest and tractable. The

analysis is based on the off-shell formalism of hydrodynamics. We use this formalism to work out a generic
algorithm to obtain the constitutive relations of a Galilean fluid up to arbitrarily high derivative orders, and
later specialize to second order. Finally, we study the Stokes’ law which determines the drag force on an

object moving through a fluid, in presence of certain second order terms. We identify the second order
transport coefficients which leave the drag force invariant.
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I. INTRODUCTION

Hydrodynamics is the universal low energy effective
description of a finite temperature field theory around
its thermodynamic equilibrium. A fluid configuration is
described by certain fluid variables, typically chosen to be a
normalized velocity, temperature, and chemical potentials
associated with any internal symmetries. Dynamical equa-
tions for these variables are provided by the conservation of
energy-momentum and any additional charges associated
with the internal symmetries. By the virtue of being a low
energy description, the length scales over which the fluid
variables vary are taken to be large compared to the mean
free path of the system. Thus, fluid energy-momentum
tensor and charge currents admit a perturbative expansion in
terms of derivatives of fluid variables, known as the fluid
constitutive relations. At any given order in the derivative
expansion, the constitutive relations contain all the possible
tensor structures made out of fluid variables and their
derivatives, multiplied with arbitrary functions of temper-
ature and chemical potentials. These coefficients are known
as the transport coefficients of the fluid. It is well known that
if the dissipative hydrodynamics is truncated only at first
derivative order with shear and bulk viscosity coefficients,
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there are always linearized fluctuations for which the wave-
front speed is superluminal [1-3] and thus the causal
structure of the theory is broken. Thus within the hydro-
dynamic framework, it was noted long ago by Muller, Israel,
and Stewart [4-6] that one needs to go beyond the first
derivative order and add specific second order terms to
address the issue of causality. Since a causal system of
second-order hydrodynamic equations is required in many
situations, such as numerical simulations [7,8], a more
systematic and detailed analysis of second order fluid
transport has since been performed [9].

Although relativistic hydrodynamics is extremely useful
at various physical fronts, nonrelativistic hydrodynamics
also enjoys an active interest in the physics community. On
our day to day energy scales, the world is governed by
nonrelativistic physics. In this sense, a nonrelativistic fluid
can be thought of as an effective version of a relativistic
fluid under a nonrelativistic (large speed of light) limit.
Hence, it is natural to expect that the associated constitutive
relations, obtained as an effective description of a relativ-
istic theory, may contain new terms which were not
considered in the coarse grained description of relativistic
hydrodynamics. This is apparent even at the first derivative
order wherein the nonrelativistic fluid contains an addi-
tional transport coefficient called the thermal conductivity.

Conventionally, nonrelativistic hydrodynamics is studied
by writing down a fluid theory whose fundamental sym-
metry group is Galilean as opposed to Poincaré for relativ-
istic hydrodynamics. However, as the Galilean symmetry
treats time and space coordinates on a different footing, the
analysis becomes much more cumbersome. In a series of
papers [10-13], we devised a new mechanism to study
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nonrelativistic hydrodynamics. We constructed a tweaked
relativistic fluid in one higher dimension, called a null fluid,
and showed that it is equivalent to a Galilean fluid in all
respects. We also provided a simple dictionary, using the
well-established procedure of null reduction [14], to trans-
late between the null fluid and conventional Galilean fluid
languages. Apart from representing Galilean fluids in a
familiar and intuitive relativistic framework, null fluids also
allow us to directly import the well developed results and
machinery of relativistic hydrodynamics into Galilean
fluids. For instance, we have successfully employed the
null fluid framework to study first order (anomalous)
charged Galilean hydrodynamics in [10,11], using both
the second law of thermodynamics and equilibrium partition
functions [15,16] to determine physical constraints on the
transport coefficients. We have also introduced the off-shell
formalism for relativistic hydrodynamics [17] into Galilean
hydrodynamics, and used it to study the influence of
anomalies on the Galilean fluid constitutive relations [12]
following the corresponding development in relativistic
hydrodynamics (see [17-19] and references therein).
Recently, following the analysis of relativistic superfluids
in [20-22], we studied first order (anomalous) Galilean
superfluids in [13]. These results were used to study surface
transport in Galilean superfluids in [23].

In this paper, our aim is to perform a complete analysis of
second order Galilean hydrodynamics using null fluids. As
we stated above, causality demands the inclusion of second
order transport coefficients in relativistic hydrodynamics,
so it is natural to expect an impression of these to propagate
into nonrelativistic hydrodynamics as well. Moreover,
since null fluids are a relativistic system, we are also
required to include the second order terms on grounds of
consistency with causality. We focus on the parity-even
uncharged case for computational simplicity, although the
generalization of our results, albeit computationally
involved, should be straight forward. We start by outlining
a generic algorithm to work out the constitutive relations of
a Galilean fluid up to arbitrary orders in derivative
expansion in offshell formalism. This is based on a recent
classification scheme for the entire relativistic hydrody-
namic transport presented in [22,24,25]. Later, we use this
algorithm to study the second order Galilean fluids. We find
that in addition to the pressure at ideal order, and bulk
viscosity, shear viscosity, and thermal conductivity at first
order, there are 25 coefficients at second order. 5 of them
are hydrostatic, i.e., they govern the equilibrium configu-
ration of the fluid. Nine are dissipative, i.e., they are
responsible for the production of entropy during dynamical
processes, while the remaining 11 quantify dynamical
processes which do not cause any dissipation.

To explore the physical significance of these second
order transport coefficients, we study the effect of some
representative terms on the Stokes’ law. It is a famous
hydrodynamic equation with numerous applications in

physics and even in biology, that determines the drag force
experienced by a body when moving through a fluid. If we
acknowledge that there is an underlying causal relativistic
theory behind our nonrelativistic fluid, of which our non-
relativistic fluid is just a low-energy description, this simple
law will get modified by inclusion of the appropriate
second order effects. In this article, we shall explore
how some of the second order transport coefficients
appearing in nonrelativistic hydrodynamics might affect
the Stokes’ law. We also identify a class of second order
terms, which leave the Stokes’ law invariant.

We should comment that in this paper we use the terms
“nonrelativistic fluid” and “Galilean fluid” interchange-
ably. In principle, a Galilean fluid is defined as the most
generic fluid which obeys Galilean symmetries. In this
sense, a nonrelativistic fluid is a special kind of Galilean
fluid which follows by taking a nonrelativistic limit of a
relativistic system. This is to say that there might be some
additional constraints on the Galilean fluid, following from
the requirement that it should follow under a nonrelativistic
limit. In our previous work however (see Sec. 5 of [13]), we
argued that there are no such additional constraints and that
every Galilean fluid can in fact be obtained via a non-
relativistic limit.

The paper is organized as follows. We start Sec. Il with a
brief review of null fluids and offshell formalism. We
outline the generic algorithm to construct the null fluid
constitutive relations at arbitrarily high derivative orders in
Sec. II C, and illustrate how first order constitutive relations
fit into this scheme in Sec. IID. In Sec. III, we use this
algorithm to work out the second order constitutive
relations of a Galilean fluid. For readers not interested in
the computational details, the results have been summa-
rized in Tables II-VI. In Sec. IV, we review the translation
of null fluid constitutive relations into the conventional
Galilean notation, and use it to obtain the constitutive
relations of a Galilean fluid up to second derivative order.
The final results gave been given in Tables VIII-X. We
explore how these second order terms might affect the well
known Stokes’ law in Sec. V, exploring the physical
significance of our results. Finally, we close the paper
with some discussion in Sec. VI.

II. CRASH COURSE IN NULL FLUIDS

In [11] we proposed “null fluids” as a new viewpoint of
Galilean fluids. The main benefit of working in this
formalism is that it is effectively a “relativistic embedding”
of a Galilean fluid into one higher dimension. This enables
us to import the preexisting relativistic machinery and
intuition into Galilean hydrodynamics. In this section we
collect some of the results about null fluids which we use
throughout this paper. The discussion is self contained,
albeit brief. For more details, the reader is encouraged to
refer to our previous papers, especially [11,13,22].
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A. Null backgrounds and null fluids

Simply put, hydrodynamics is the study of long wave-
length fluctuations of a quantum system on top of some
slowly varying background fields. In this sense, the rules of
hydrodynamics are governed by the background we start
with. For example, consider a (d + 2)-dimensional back-
ground with a metric g,y and an invariance under diffeo-
morphisms which act on the metric as

Sxgun = £,9un = Vuxn + Vxm- (1)

Here X = {yM} are some arbitrary parameters and V,; is
the covariant derivative associated with the Levi-Civita
connection

1
Ryn = EgRs(aMgNS + Ongms — Orgun )- (2)

Hydrodynamics on this background corresponds to a usual
(uncharged) relativistic fluid. To study null fluids however,
we need to tweak this background by introduction of a
vector field V = {VM} which is null V¥V, =0, cova-
riantly constant V,, VY = 0 and is an isometry

Sygun = £vgun = VuVyu + VyVy =0. (3)

We call these null backgrounds. They provide a natural
“embedding” for Galilean (Newton-Cartan) backgrounds
into a relativistic spacetime of one higher dimension. We
will only be interested in fluctuations that respect the
symmetries of the background, i.e., they must transform
appropriately under diffeomorphisms and admit 6y, = 0.
A few key points to note about null backgrounds: the
Riemann curvature tensor

RM ygs = 20T g + 20M 1T gy, (4)

has vanishing contractions with V: RM,VN =
2VRVy VM = 0. Furthermore, we have a consistency
condition on V: Hyy =20,V y = 2V Vy = 0. From
a mathematical standpoint, perhaps it is more natural to
introduce a torsion tensor TX,y, in presence of which this
condition becomes VzTR,,y = H,,y and lifts the constraint
from V. However, in interest of simplicity, we will work
with torsionless null backgrounds and comment on the
“unnaturalness™ as it arises.

Given the diffeomorphism symmetry, Noether theorem
implies that our theory has an energy-momentum tensor 7MY
in its spectrum. The respective conservation law is given as

On null backgrounds we must further require that
SyTMN = (. Consequently, TMN is only defined up to
terms proportional to VMV as V, (#VMVN)=VN§ #=0.

We will extensively use this freedom to ignore terms
proportional to VMVV in TMN throughout this paper.

Having (d + 2) independent components, the conserva-
tion law (5) can provide dynamics for a “fluid theory”
formulated in terms of arbitrary (d + 2) variables. We
choose these to be a normalized null fluid velocity u™
(with uMV,, = —1, uMuy, = 0), a temperature T, and a
mass chemical potential u,,, collectively known as the
hydrodynamic fields. We sometimes work with a scaled
mass chemical potential ¢ = y,,/T. On a null background,
we must further demand these fields to be compatible
with V, i.e., syu = 6,T = Spp,, = 0. In general, TMN can
arbitrarily depend on the hydrodynamic and background
fields. But fortunately in hydrodynamics, we are only
interested in low energy fluctuations of the hydrodynamic
fields and a slowly varying background. This allows us to
treat derivatives as a perturbation parameter. A null fluid is
therefore completely characterized by a covariant expres-
sion for T¥N in terms of gy, VM, uM, T, u,, and their
derivatives, truncated to a desired derivative order, known
as the null fluid constitutive relations. At any given order,
the constitutive relations can admit some tensor structures
made out of the constituent fields and their derivatives
called data, multiplied with arbitrary functions of 7" and y,,
called transport coefficients. To this end, hydrodynamics is
just a combinatorial exercise of enlisting all the possible
tensor structures at a given order in derivatives.

To make things more interesting, we need to realize that
fluids are thermodynamic systems. We have already
imposed the first law of thermodynamics (conservation
of energy) implicitly in form of the conservation laws (5).
In addition, they are also required to satisfy a version of the
second law of thermodynamics. It states that there must
exist an entropy current J whose divergence is positive
semidefinite everywhere, i.e.,

VuJY = A >0, (6)

as long as the fluid is thermodynamically isolated [i.e.,
conservation laws Eq. (5) are satisfied]. Note that like 7"V,
the entropy current J¥ is only defined up to terms
proportional to VY. In null hydrodynamics, our goal is
to find the most generic constitutive relations 7"V and
some associated J¥ and A order by order in derivative
expansion, such that Eq. (6) is satisfied for all thermody-
namically isolated fluids. As innocuous as this statement
sounds, the complexity involved drastically increases as we
increase the derivative order. There is however, an equiv-
alent but much neater way to work out these constitutive
relations, called the off-shell formalism [17]. In the next
subsection, we adapt this formalism to null fluids.

B. Off-shell formalism

As it turns out, most of the trouble while implementing
Eq. (6) roots from the fact that it needs to only be imposed
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on the solutions of the equations of motion, i.e., onshell.
We can relax this condition by coupling the fluid to an
external momentum source PY,, so that the conservation
law (5) is no longer satisfied. Having done that, Eq. (6) gets
modified with an arbitrary combination of PY, giving us

Vol + puPs = V¢ + pu VTN = A > 0, (7)

where B = {#M} is an arbitrary vector multiplier. This
equation is referred to as the off-shell second law of
thermodynamics. It can be rewritten into a more useful
form by defining a free energy current GM

GM

Equation (7) now turns into a conservation equation for free
energy

1

Here 6zg)y is of course ZV(MﬂN). Recall that the hydro-
dynamic fields ™, T, and u,, were some arbitrary fields
chosen to describe the fluid. Like in any field theory, they
are permitted to admit an arbitrary redefinition among
themselves without changing the physics. This huge
amount of freedom can be fixed by explicitly choosing

Y )\
VB 2(VpN)
___1 _ BY"Pu
v T 1Y
or conversely
1
P = (0 = V). (1)

It follows that ¥ can be understood as a rewriting of the
conventional hydrodynamic fields ¥, T and p,,. Although
this is a very convenient “frame” choice for our analysis, it
might not be the most useful one for applications. But once
we have obtained a consistent set of constitutive relations,
we can always field transform to any desired frame.

To agree with the second law of thermodynamics, we
need to find the most generic 7YV written in terms of M,
gun and VM which satisfies Eq. (9) for some N¥ and A.
There is one minor subtlety to keep in mind though: MV
found this way will also contain information about the
external sources PN, = V,, YN, Therefore, in the end we
must identify the constitutive relations which are related to
each other up to combinations of equations of motion or
their derivatives. Generically, equations of motion deter-
mine the “time” derivative of the fundamental fields, so

without any loss of generality we can use them to eliminate
uMV By + uMV By = uMggyy from our constitutive
relations. Consequently, we will only be interested in
the constitutive relations 7MY which are independent of

uM Spguy-

C. Classification of constitutive relations

We need to find the most generic solutions to Eq. (9) up
to a given order in derivatives. We could take the “brute-
force” approach wherein we plug in the most generic
expressions for MY and N™ up to a given derivative order,
and find constraints arising from A > 0. These constraints
can be fairly complicated at higher derivative orders and
crucially depend on the choice of basis for the tensor-
decomposition of 7N and N¥. But we can do better: we
can write down a ““solution generating algorithm” following
[22,24] which will work at arbitrarily high derivative
orders, as we now outline. We will then go on to apply
this algorithm to second order null fluids in Sec. III. The
discussion in this subsection parallels [22].

First and foremost we consider trivial solutions of Eq. (9)
which do not contribute to the constitutive relations:

(i) Entropy transport (Class S): These are solutions of
Eq. (9) of the kind N¥ = N¥, T¥N = 0 such that
VuN¥ = Ag is a quadratic form. They contain, for
example, N¥ = VXM for an arbitrary antisym-
metric tensor XMM or N¥ = SVM for an arbitrary
scalar S, for both of which Ag = 0. Examples for
Ag # 0 are slightly complicated but can be obtained
after some effort. These solutions correspond to the
transport of entropy in a fluid (J¥ )y = N¥, without
any transport of energy-momentum.

Note that if TV is a solution to Eq. (9) for some free
energy current N¥, then instead the free energy current
NM + N¥ would also do. Therefore to satisfy the second
law of thermodynamics for a given set of constitutive
relations 7"V, we can choose any entropy current from the
equivalence class J§ ~J¥ + N¥. In a strict sense there-
fore, Class S solutions are not really “hydrodynamic.” They
merely parametrize the multitude of entropy currents which
might satisfy the second law for a given set of constitutive
relations.

Getting these redundancies out of the way, we can now
focus on the actual physical solutions. We broadly split the
constitutive relations into two sectors: hydrostatic and
nonhydrostatic based on the tensor structures that go into
making them. Nonhydrostatic tensor structures are those
which contain at least one instance of dzgyy oOr its
derivatives. On the other hand, hydrostatic tensor structures
are the largest collection of independent tensor structures
with no nonhydrostatic linear combination. The terminol-
ogy is based on the concept of equilibrium: a background is
said to admit a hydrostatic configuration if it has a timelike
isometry K = {K™}. On such a background, a hydrostatic
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configuration is given by M = K™ which trivially satisfies
the equations of motion. By definition therefore, hydro-
static constitutive relations are the only ones that survive in
a hydrostatic configuration and govern the equilibrium
physics.

Spoiler alert. The second law imposes strict constraints
in the hydrostatic sector allowing for only specific combi-
nations of tensor structures to appear, while in the non-
hydrostatic sector it merely gives a few inequalities at the
first order in derivatives and none thereafter [26,27].

(i) Hydrostatic transport (Classes Hg, Hy and A): These
are solutions of Eq. (9) made purely out of hydro-
static tensor structures. They have A =0 and are
completely characterized by a free energy current of
the form

NM = (Np" + 0} + NV, (12)

Here N is the most generic hydrostatic scalar, while
@% is an appropriate nonhydrostatic vector added to
ensure that the term in parenthesis has exactly one
bare (without derivatives) dzg,y in its divergence to
match-up with the right-hand side (RHS) of Eq. (9).
We can work out the corresponding constitutive
relations, called Class Hg for hydrostatic scalars, by
noting that:

V(W) = \/%—956(\/—_9/\/)

1 ON
= Ng"spgun +— S9un
2 O9un

N g+
O(Orgmn) ROBIMN

2

Here VMGAMf is a total derivative term gained after
successive differentiation by parts, which defines
G)%. Note that if A has some total derivative
terms, i.e., N' = VXM for an arbitrary hydrostatic
vector X™, upon choosing @Y. = —ﬁag(HXM)
the free energy current N 4 @} = MV XN —
7= 05(y/=gX") = 2V (BMXN) has zero diver-
gence, and hence belongs to Class S. Class Hg
constitutive relations are therefore characterized by
the most generic hydrostatic scalar A/ up to total
derivatives.

On the other hand, N contains all the hydrostatic
vectors transverse to u™ and VM whose divergence
contains exactly one bare dzgyn. Intuitively, this

means that we want to find “spatial” vectors without
any “time” derivative in them, whose divergence

096018-5

(i)

however still contains a “time” derivative. Slight
thought will reveal that this is only possible in
parity-odd sector, which we are not considering in
this work. For completeness, we should mention that
they contain contributions from anomalies (Class A)
and some other parity-odd terms commonly dubbed
as transcendental anomalies (Class Hy) (see [12] for
more details), and are totally determined up to some
constants.

Nonhydrostatic transport (Classes D and D): These
are solutions of Eq. (9) made purely out of non-
hydrostatic tensor structures. They are best ex-
pressed by introducing a symmetric covariant
derivative operator Dy 1, 3 =V, Vi, ..V .
They form a basis for arbitrary derivative operators
because antisymmetric combinations can always be
replaced by combinations of Riemann curvature
tensor. We can now write down the most generic
nonhydrostatic constitutive relations as combina-
tions of D"dggps for all n. A particularly convenient
parametrization is

IS~ [gmrs) 1,
TnMolr\lJ—hydrostatic == E Z |:G” ED 5B.gRS
n=0

1
+ D" (G;(zMN)(RS) EéBgRS>:| . (14)

where Q'S,MN)(RS) is an arbitrary matrix with n addi-

tional symmetric indices to be contracted with D".
Note that when D" in the second term hits dzggg, We
get the same term as the first one. All the other terms
coming out of differentiation by parts have merely
been included for convenience, as we shall see.
Some minor comments about the structure of

(S,(1MN)<RS): (1) Tt cannot contain an instance of

D"g,p for m > n as the respective terms in

Eq. (14) are taken care of in the (S%MNXRS) term

(2) For an instance of D"g,p in (SS,MN)(RS), we must

be careful not to overcount the terms gained by
(MN) <> (AB) exchange, which would give the
same contribution to T%’X_hydmstaﬁc in Eq. (14).

We can make our lives much easier by thinking of
G MRS a5 1(d + 1)(d + 2) dimensional matrix,
and TY'S and dzggs as column vectors. By sup-
pressing the indices in this notation, the above

expression becomes

1 [e]
Tnonhydrostatic = ZZ[@n : D"§Bg + D" (Gn ’ 589)]'
n=0

(15)

Using differentiation by parts on the second term we
can compute
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] [Se]

1
EéBgT : Tnonhydrostatic = _g Z [5BgT ’ (Sn ’ D"(stg + 5BgT : D"(Gn ' 589)]7

n=0

] (5]
=—g0s0" - >_ (6] +(=)"C})  D"659+ VO,
n=0

1 oo
— T E n M M
= —ZéBg . 2 gn -D 5Bg+VM®® +VM®§)

In the last line we have split €,, into

D, =5(C, + (-)"Cp),

N =

(16)

D, =5(€, - (-)"€). (17)

N =

and the corresponding contribution to ®Y into O
and G)g. Note that for the constitutive relations
coupled to 5),,, called Class D for non-dissipative,
the story pretty much ends here. We can infer from
Eq. (16) that the associated constitutive relations
TY" satisfy Eq. (9) with N = @Y and A =0.

2
1

o~

They correspond to nonhydrostatic transport that
does not cause any dissipation.

For the constitutive relations coupled to 9D,
however, called Class D for dissipative, we need
to do little more work to ensure that the associated A
can be made positive definite. To do that, we rewrite
the ®,, part of Eq. (16) as

1 1 1
~6pg" - Tp = _Z‘SBQT “Do(0) - 089 — 5539T Do) - (Y1 -859) + V1, 0%

1
:——((1+T1)'539)T'90(0)'((1+T1)'5sg)+1(rl'589)T'90(O)'(T1'539)+ Vyu®¥ . (18)
——

quadratic form

) total derivative
residue

where D,y denotes the nth derivative piece in D g),
while Y is a differential operator

1 o0
Tl = E@a(lo) Z (@0(,1) + @nD”).

n=1

(19)

The quadratic form piece in Eq. (18) is of most
interest to us, as it contributes to A. The total
derivative piece on the other hand is a contribution

Bl —

Putting this back in Eq. (18) we get

2

1
(Y1 -689)" - Doy - (T - 8pg) = Z5BQT (Y] Dogoy - Y1 - 8pg) + VO .

to the free energy current N¥. Finally, the residue
piece is what we will like to get rid of. Note that every
term in Y'; has at least one derivative. Consequently,
the residue piece is at least 4 order in derivatives. If
we are only interested in the constitutive relations up
to second derivative order, we can ignore this piece
altogether. However, we will illustrate the full
procedure here for completeness. Using differentia-
tion by parts, the residue piece can be rewritten as

(20)
1o 7 1 T
~0pg - Tp = _Z((l + T+ 1) -059)" - Do)+ ((14+ Ty +T3) - dpg)
quadratic form
1 1 T u o
+ 2 T, + ETZ 089 | - Doo) - (T2 6p9) + Vi (Og + 07 ), (21)
—_————

residue
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where T, is another derivative operator

1

Comparing Egs. (21) to (18), hopefully the reader can see a pattern. The quadratic form piece now has some additional
higher derivative terms, whereas we have pushed the residue piece to Sth derivative order. We can repeat this
procedure iteratively to push the residue piece to arbitrarily high derivative orders and obtain

1

1 — T
_5BgT Tp =— 1+ Tn ' 689 : QO(O)
2 4 o

((§) o) wforgon) oo

quadratic form

where

total derivative

d—1
1
k=1

We see therefore that the Class D constitutive relations satisfy Eq. (9) with

A:%((l—kng) .5Bg>T.:s>O<O>. <<1+ir> g ). (25)

and the free energy current

N =of +> ol (26)
n=1

The condition A > 0 therefore, only gives a con-
straint on the first derivative constitutive relations by
forcing all the eigenvalues of Dy to be non-
negative. See [22] for more details on this. We
do not get any further constraints from the second
law at higher derivative orders in the nonhydrostatic
sector.

Recall that to avoid the overcounting of constitutive
relations related to each other by combinations of
equations of motion, we had decided to drop all the
constitutive relations that involve u™&gg,y. To re-
spect this, we must demand that none of the
(MN)(RS) indices in €MN)(RS) should come from
a uM. Equivalently G MN(RS)y, — GMN)(RS) Y/, — 0.
Furthermore, € MN)(RS) should of course not have an
explicit occurrence of u™ g,y -

D. Results up to first order

In [11,13], we discussed null fluids up to first order in
derivatives. We briefly recollect these results here and
illustrate how they fit into the classification presented in the
previous subsection. To setup the notation, we enlist the
independent fluid data at first order in Table I.

(i) Hydrostatic transport (Class Hg): The most generic
hydrostatic scalar up to first derivative order is simply

N = P(T. ). (27)

where P(T,pu,,) is identified with the pressure of
the fluid. Interestingly, there are no hydrostatic

TABLE 1.  First order fluid data. Note that we have defined two
symbols 7 and 7 for the term PMN 1 9 T. This s to acknowledge
the fact that in the presence of torsion, the term 7/ = PMN L9y T is
actually hydrostatic, while 7 = PMN(10yT + u®Hpy) is non-
hydrostatic. This distinction will be handy later. We will also use

the acceleration a¥ = u™VyuM = ™ — ¥ sometimes.

Nonhydrostatic—onshell independent

e T PN 5390 e

™, M TPYNVRSpgnr PMN LONT

oMN TPRMPNIS§igps 2PRM PNISY
Nonhydrostatic—onshell dependent

®T TMMVN(ngMN ueraMT

0, TuMuNSggyn uMTO,w

’Z'% TPMNMRél;gNR PMN(Tan + MRVRMN)
Hydrostatic

™ PYNTOyw

wMN 2PR[MPN]SVRMS
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(i)

scalars involving just one derivative. We can use
Eq. (13) and find the associated constitutive rela-
tions, which basically gives the entire ideal null
fluid

THY = RuMu + 2EuMVN) 4 PPMY 4 O(5?),

(28)
with @Y =0. Here PMN = gMN 1 24MVYN) s a
projector transverse to u" and VM. R =128 js

identified with the mass density and £ = T% -P
with the energy density of the fluid. Together they
define the thermodynamic relations

dE=TdS +p,dR, E+P=ST+Ru,. (29)
where § is called the entropy density.
Nonhydrostatic transport (Classes D and D): Look-
ing back at Eq. (14), we can infer that since dgzgyy
already contains a derivative, at first derivative order

we only need a zero-derivative tensor (S(()MN)(RS). It
takes the most generic form
(g(()MN)(RS) _ 2T’7PM(RPS>N + T¢PMN pRS

+ 4TV M PNIRYS), (30)

The first thing to note here is that all the terms in
Eq. (30) are symmetric under the exchange of
(MN) <> (RS). Consequently, the zero derivative
D, and hence the first derivative Class D constit-
utive relations are identically zero,

TN = O(9?),

NY = 0@, (31)

On the other hand, for Class D we get

TUN = —pgMN — ¢ PMN@ — 2Tk VM LN) - O(5?),
(32)

1
ﬁnaMNaMN + ?C('Dz + k.M. (33)
The condition A > 0 simply implies that all the
transport coefficients are non-negative

1, Z, x> 0.

(34)
We can identify these transport coefficients as: 7
shear viscosity, ¢ bulk viscosity, and x thermal
conductivity of the fluid.

The full set of constitutive relations up to first derivative
order are a direct sum of Egs. (28), (31), and (32), giving us

TMN = RuMyN 4+ 2EuMVN) 4 ppMN — poMN

—¢PMN® — 2Tk VMLN) 1 O(5P). (35)

They are supported by the free energy and entropy currents

1
N = Put + 0(9?%).

JM =NM —TMNg = SuM — k™ + O(5).  (36)

The transport coefficients follow the thermodynamic con-
straints in Eq. (29) at ideal order and the positivity relations
Eq. (34) at first derivative order.

This finishes our crash course in null fluids. We still need
to discuss the translation of these results to Galilean fluids,
which we will come back to in Sec. I'V. In the next section,
we will use the machinery developed here to write down the
null fluid constitutive relations up to second derivative
order.

III. SECOND ORDER NULL FLUIDS

In the previous section we gave a self-contained review
of null fluids and presented an algorithm to generate the
respective constitutive relations up to arbitrarily high
derivative orders. The goal of this section is to use this
algorithm to write down the null fluid constitutive relations
up to second order. Apart from P, #, {, and k at previous
orders, we find a total of 25 transport coefficients: 5 in
Class Hg, 9 in Class D, and 11 in Class D. For readers who
are only interested in the results, they have been summa-
rized in Tables II-VI. In the remaining of this section, we
will explain how we arrived at these results.

TABLE II. Class Hg constitutive relations up to second
derivative order. We have defined a differential operator gMV =
gV + 2TuMyN) G LyMyN O for brevity.

Coefficient TMN 5 \/%_g 5(\5/53/\/ ) _ Ng"N 12 %
P gV p = RuMy¥N + 2EuMyN) 4 ppMN
a 572 T T8N (y T?) = V(g TZ8 ) uMu
20, VYO, — a7 M7
a %g%RgMNaZ—ZTVR(a—TZ%g)u(M yN) —%VR(azT%R)uMuN
120, VMO, + 20,V MO, — 20,7 M7Y)
a3 %a)RSa)ngMNa_g — az0™ pa™R + 2a3V(MwN)RaR
2V (a30”S) PsMyN)
Qy -2V (aq@®S)PgMyN)
as Rg"Nas — 2RMN s 4+ 2VM VN g5 — 2gMNVEV pars
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TABLE III. Class Hy free energy current up to second deriva-
tive order.

Coefficient NY s NpM + 0}

P 3 PuM

ai 7] (% uMi-gi-wR - %%®w)

a Z (uMzRzp — MO, — T8 O;)

a3 Fhu" oS ogs — 0"Vt ,y]

ay —ZFa"Nzy

as a—;RMM — ZaSVRV(R(“—g)) =+ 2V<R(”—¥))8Ras

+2a5 VMV (%) = 2V (%) VM as

A. Hydrostatic transport (Class Hg)

Let us start with Class Hg. As discussed in Sec. II C, this
class is characterized by the most generic hydrostatic scalar
N up to some total derivative terms. Up to second
derivative order, we have 5 such terms apart from the ideal
order pressure

1 1
N=P+ zaﬁ%fwM + oy, + Za3a)MNwMN

1
+5 a0 Hyy + asR + O(9), (37)

where R is the Ricci scalar. Note the second and fourth
terms in particular: the former is nonhydrostatic while the
latter vanishes. However, their variations do contribute to
hydrostatic constitutive relations as we shall see in the

following. This is an instance of the “unnaturalness” arising
due to the absence of torsion we talked about around
Eq. (4). In the presence of torsion, both of these terms are
actually hydrostatic. The astute reader might note that by
this token we should also include the quadratic terms
coupling to ™, and HYNH ;. However, in the absence
of torsion their variations only lead to nonhydrostatic
constitutive relations and thus can be ignored here.
Varying N in Eq. (37) and using the formulas in
Eq. (13), we can now read out the Class Hg constitutive
relations and free energy current. Note that the 6z variation
of fluid variables can be represented in terms of dggyn as

1
opT = TVMuN(SBgMN, opw = ﬁuMuNﬁggMN,
1
SpuM = 2uMVRyS) 4 VMuRuS)E(SBgRS,
R, S (R 5) 1
Spuy = (=Vyu'u + 2Py, “u )55591%
1
65V = (=2Vyu®VS + 2Py, <RVS))§5BQRS7 (38)
while that of the Ricci scalar as

1
53R = (=2RMN 4 2VMYN) _ 2 gMNYRY ) 5539&9- (39)

These will be useful in the variational calculation. We have
summarized our results in Tables II and III. They enlist the
term by term contribution to 7Y and N coming from

TABLE IV. Terms in (S(()MN)(RS) with at most one derivative and their contribution to the second order Class D and D constitutive
relations. Here we have defined 6 = (§; & 8;)/2. The transport coefficients &; couple to Class D constitutive relations while &; couples

to Class D.

Coefficient (S(()MN )(RS) TMN 5 _(g(()MN) (RS) % S59rs
n 2TnPMRPSIN —noMN

C TCPMNPRS —gPMNQ

kT 472V M pN)RYS) —2TkVMN)
5f 27%5) (VM PN RPSIAVE)) 51,5 275 VM pN(RS) —5; VMR,
57 27257 (VRPSWM PNAYE) ) 550, 27577 MPNIRYS) —577M )

55 27255 (VM PNIAYE) PRS)5 24,4 2755 VM N) pRS 255 VMN@
5 27255 (VIR PSAYE) PUN)§ 264 2785 PMNV(RZS) -85 PMN Rz,
53+ 2T253+(PM<APB>NPRS)5BgAB 2T5;GMNPRS _zﬁngMN@
o3 27255 (PRAPBIS PMN)§ g4 2755 PMN GRS -85 PN GRS gpg
04 27265, (PAM PERPSIN)) 394 2T5,6MRPSN) —8,0MRg, )
Js T?85(PMNPRS PAB) S 3 p 27655 PMN pPRS@ —26;PMN@?
S 2T5¢ VM pVIRES) —5 VMGNIRE
85 212657 PY)(RYS) —5gz )

5 27257 VIMEY) pRS ~257 VMY @
&7 27257 PMN Y (R%S) —8; PMVTl1p
(_38 ZTSS V(MCUN>(R VS) _58 V(MEUN)RTR
(_59 2TS9CU<M(RPS>N> —5961)<MRO'RN>
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varying Eq. (37). The full Class Hg constitutive relations
and free energy current will be a direct sum of all these
contributions.

B. Nonhydrostatic transport (Classes D and D)

Up to second derivative order, the nonhydrostatic con-
stitutive relations in Eq. (14) get contributions from a zero

derivative tensor GgMN) (®9T and a tensor (S MIES) with at
most one derivative
1 1
Tos = R 5589Rs (kST VT5BQRS
1 1
~3 VT0:<1MN)(RS)T 5 8sgrs + O(D). (40)

The respective contribution to the free energy current
truncated to two derivatives is given as

1

Noos = —g(gﬁks)(ABWéngs(SBgAB +0(0%). (41)

Interestingly, it is only nonvanishing for the Class D

S)(AB)M

constitutive  relations associated with @

(S(IRS)(AB)M. Class D constitutive relations up to second

derivative order do not need any free-energy transport.

Let us start our discussion with €,. We need the most
generic 4-tensor (S M®S) made out of 0 and 1-derivative
data with appropriate symmetry properties. Note that none
of the indices can come from a u™ because the respective
terms are eliminated by the equations of motion. Note also

that there are 1-derivative terms in €, which are con-

structed using dzgyn, 1.€., (S(gMN)(RS)(AB)(ngAB e(g(()MNXRS).
The respective contribution to 7YV would be

1 $)(A

E(SE)MN)(R . B)5BQA3559RS- (42)
However, we would get the same contribution to
TMN if we started with a (RS) <> (AB) swapped term

GéMN)(AB)(RS)éggAB S GE)MN)(RS) instead. Therefore to
avoid overcounting, we need to ensure that if we include
N)(RS)(AB) 5505 in @ N)(RS)

a corresponding term (5:0 )( B)(® )5BgAB which would
give the same contribution to the constitutive relations.
Keeping in mind this minor technicality, we have enlisted
all the possible terms in €, and their contribution to 7"V in
Table IV. There is no associated free energy current.

Let us now move on to €,. We need to write down the
(RS>

aterm (SéM , we should drop out

most generic 5-tensor (S made out of O-derivative
data. Note that the index T cannot come from a V7 because
the respective term will have a contraction with V; causing
it to vanish. The remaining 4 indices cannot come from a
uM as the respective terms have been eliminated using the
equations of motion. The resultant allowed terms in €,
have been enlisted in Table V along with their contribution
to the constitutive relations. The respective contribution to
the free energy current has been given in Table VI.

It should be noted that there is a plausible term
aVMpN)RyS)yT in €, which we have not included in
Table V. Its contribution to 7YV, after some simplification,
would have been

1 1 1 1
— 5 V(M {aVN) <T G)T) — ﬁavm MRVRT + ﬁaTN)(’:‘)

1
+ ﬁfm uRaRa] : (43)

Note that the last three terms are composites and are
linearly dependent on the contributions from €. The first

TABLE V. Zero derivative terms in (S (MN)(RS)T and their contribution to the second order Class D and D constitutive relations. Here we

have defined §F =

(8; &+ 6,)/2. The transport coefficients §; couple to Class D constitutive relations while 6; couples to Class D.

Coefficient (g(IMNﬂRS)T TMN 5 _(ggMM(RS)T%VﬁBgRS _ %VTGEMN)(RS)T%éBgRS
5 275,,PTMyN) pRS —2VMPNR[5+ 5,0 + T®8R(5ﬁ))] + 85 (MVN) R
o —2T 5, PNV RpSIT PMN 57,V gtk + L eROp (%)) + 57,V MVRM
81 2757, VM pNIRpSIT _ypN) [st VTURT + TR, ()]
+185 VM (Vi) + PV z© VN>M =R
o1 2767, PTM pN)(RY/S) PT(M pN) [51_1va + TTRa ( )}
+187, VM (V) uR+PNR®——VRu )R
o1z 276, PMN PRS " —2PMN[5,uR0R0 + TOur oy (5%)]
—PMNG, (0% — alrg) — 26,V aV)®
813 2763 PMRPSIN T —PM PN g[5,3uf VoS + gaRSuTGT(‘_S%)]

—(_513 (% O'MN® - a<MTN>)

- (_313 V(MGN)R(lR
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TABLE VI. Class D free energy current up to second derivative
order. This is the only contribution to the nonhydrostatic free
energy current.

. M 1 e(RS)(AB)M
Coefficient N e -16@} 0BIRsOBYAB
5 —gn oM
10 77 O
5 o
11 4T6M TN
P - 5% ut©?
013 ~ G uMe"Noyy

term is pure derivative, but is made linearly dependent by
the equations of motion. Hence the contribution of
aVM pN)RyS)yT s not linearly independent onshell. It
is worth pointing out that this apparent exception is another
“unnatural” consequence of working with no torsion. In
presence of torsion, the respective contribution would have
included an independent term coupling to VMRV pzV),

C. Mass frame

In our analysis above, we had fixed the hydrodynamic
redefinition freedom in ™, T and u,, by relating them to
M, as defined in Eq. (10). Although this is a convenient
choice of frame for computations, it is not the most
physically interesting one. A better physically motivated
choice is the so called “mass frame,” in which the mass
current (after null reduction) does not get any derivative
corrections. It is defined as

TNV = —RuM — EVM. (44)

Let us start with the results in our frame and schematically
represent them as

TMN = RuMyN + 2EuMVN)  ppMN 4 TMN
+ O(d?). (45)

where the tensor 7™V contains all the derivative correc-
tions. A generic change of frame would amount to a field
redefinition

uM > uM +5uM, T->uM+6T, w—uM+5w.  (46)

We can check that the first order null fluid automatically
respects the mass frame, so we only need to perform this
redefinition for second order variations éu™, 8T, and oc.
This immediately implies that 7*" remains unchanged up
to three derivative terms. Under a second order redefinition
therefore, the energy momentum tensor changes as

TMN = RuMyN + 2EuMVyN) 4 pPMN 4 2RuM 51N

OR OR
+ (—5T + —5w> uMuMN + 2(E + P)VM5yN)

or ow

OE OFE

2(9E 51 1+ 9E 50\ utym)
+ (8T5 +a 5w)u |%

E+ P
+ (% oT + TR5w> PYN

+ TN + O(D). (47)
The condition (44) then requires
(%5T> B (T?;IT; ;%>_1<TMN”MVN>
— T\ ro P MN ’
Téw TR 148 T VyVy

1
5MM = EPMNTNRVR. (48)

After plugging these back into Eq. (47), we can get TMN in
the mass frame

TMN = RuMyN + 2EuMyN) + ppMN 4 TN

+ (’)(83), (49)
where
E+ P
TN = 2yMpN)  TRS (—; Vs— ug)
oP oP
- TRS (% MRVS + aiR VRVS) PMN
+ PMRPNS’TMN. (50)

This finishes our discussion of second order null fluids.
The respective constitutive relations and free energy
current, in off-shell hydrodynamic frame, have been
summarized in Tables II-VI. If the reader is instead
interested in the results in mass frame, the formula for
translation is given in Eq. (50). In the next section, we will
perform null reduction on these results to obtain the
constitutive relations of a second order Galilean fluid.

IV. SECOND ORDER GALILEAN FLUIDS
VIA NULL REDUCTION

We will now reduce our null fluid results presented in
Sec. III, to obtain the constitutive relations of a Galilean
fluid up to second order. We will mainly focus on the
covariant Newton-Cartan notation to deal with Galilean
fluids coupled to curved backgrounds. Later, specializing to
flat backgrounds, we will also discuss the conversion of
these results to the conventional noncovariant notation. For
more details, please refer to our previous work [11].
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A. Newton-Cartan backgrounds

Newton-Cartan geometries are a covariant representation
of spacetimes which respect Galilean symmetries. As we
established in [11], Newton-Cartan backgrounds are related
to null backgrounds by a mere choice of basis. In the
following we briefly review the argument, and in the
process introduce the reader to the basics of Newton-
Cartan backgrounds. For a fuller and excellent review of
Newton-Cartan geometries, please refer to the Appendix
of [28].

On anull background, we choose abasis {x} = {x~, x*}
such that the null isometry V = {V = J_}. The fact that V is
an isometry implies that all the fields in the theory are
independent of the x~ coordinate. To perform the reduction,
we require an arbitrary null field »¥ normalized as
Moy, =0, ¥MV,, = —1, which can be interpreted as
providing a “Galilean frame of reference.” In the case of a
null fluid, the null fluid velocity v = uM defines a special
Galilean frame which we refer to as the “fluid frame of
reference.” In an arbitrary Galilean frame, we decompose the
fields VM, v™, and g,y in the chosen basis as

(D) ()
0 9 U’l 9

0 -n,
= ) 51
gmn (—nﬂ hy, + 2n(ﬂB£)) > (1)

along with

(L) e (o)
M — —Vlﬂ s Uy = B}(tv) s

ht/pBE/@)B(”) -2 /,tB<7/) hva(”) v
gMN = ( P U Dy P v )’ (52)

h"”B,(,v) —pH hH
such that
n, vt =1, v*hy,, =0,
n, " =0, h,,h*" + n, 0" = 6,". (53)

The collection of fields {nﬂ, U”,h””,hMU,B,(f)} defines a
Newton-Cartan structure. The torsionlessness condition
Hyy = 0 implies that the “time-metric” n = n,dx* is a
closed one-form, i.e., dn = 0; this is known to be true for
torsionless Newton-Cartan structures. Note that after
choosing the said basis, the residual diffeomorphisms are
X — x4 pH(x¥) and x7 — &+ (x*). The former
of these are just the Newton-Cartan diffeomorphisms,
while the latter are known as “mass gauge transformations.”

B,(f) is the only field that transforms under this gauge
transformation

5B = -0, (54)

and hence is known as the mass gauge field. The Levi-
Civita connection I'%,,y decomposes in this basis as

1
Fll/w = Ulla(ﬂnl') + Ehlﬂ(aﬂhﬂv + al/h/’ll - 8phlw)
(v) ol
- Qa(ﬂl’ly)h N
F_m/ = hwﬁy)vﬁ - val(j)]), (55)

and all the remaining components zero. Here we have
identified I“im, as the (torsionless) Newton-Cartan con-
nection and denoted the respective covariant derivative by
W,,. We have also defined the (dual) frame vorticity as

Q) =2,V 07 = 9,B" —9,B".  (56)

The covariant derivative V acts on the Newton-Cartan
structure appropriately

V,h, = =2n4,h,),V,0°. (57)

Note that ¥ was an arbitrary field chosen to perform the
reduction, and one is allowed to arbitrarily redefine it
without changing the physics. This leads to the invariance
of the system under “Milne transformations” of the
Newton-Cartan structure

vt — vH oyt hy = hyy =200y, + nnyy,

, , 1
BLI) - B/(lb) + Y — Enﬂwﬂl//pv (58)
where y#n, =0, y, = h,w". The fields n,, #** and the
connection I'”,, on the other hand are Milne invariant.

We can now decompose the fluid velocity u™ and the
associated projector PMN as

M u'B, 1y = -1
w )’ Bﬂ ’

0 0 “"B,B B,
PMN_< )7 PMN_<p r p ) (59)
0 pu p*“B, p*

The fields {n,,u", p**, p,,. B, } define the Newton-Cartan
structure in the fluid frame of reference, satistying,

nu' =1, wp, =0,

n,p" =0, PupP” +nu’ =46,". (60)
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They can be reexpressed in terms of {n,, v*, h**, h,,,, B,@}

using Eq. (58) with y* = #* = W u* = u" — v¥,

) Z— v — 7 7P 77
pr = h", Puw = hyy — 20,00, + nyn, i’ i,

R S
B, :B;(,>—|—uﬂ—§nﬂu”up. (61)

The (dual) fluid vorticity is defined similar to the (dual)
frame vorticity as,

Qﬂ” = ZPG[DV”]MG = 8MBD - 81,3”. (62)

The mass current p#, energy current ¢/, and stress tensor
#¥ on Newton-Cartan backgrounds can be respectively read
out in terms of TMN as (see [11] for details)

Pr==TMV,,, =Ty, % =Pry P TV,

(63)

with #¥ = ** and #“n, = 0. They satisfy the conservation
laws

Mass Conservation : vﬂp" =0,

Energy Conservation: vﬂe” =—(utp® + 1) pwvﬂu”,

Momentum Conservation: V,(u* p%,p* + 1#7) = —p"vﬂu".
(64)

Here, the energy current ¢# and the stress tensor #* in
Eq. (63) are defined in the fluid frame of reference; we can
define the respective quantities in an arbitrary frame of
reference as

TABLE VIL
specialized to flat backgrounds.

et uM M Ml 4 1 Ml 7 2y

(1/‘):_T vy =€ +utu pl//)p/ +§P u u/;+t uy,

1y = (P (P N TN =14 20 1) op” — ' a pn,,
(65)

where P(Afl’} ;V = gMN 1 20MYN) They satisfy the respective
conservation laws

vﬂe’(‘v) = —(v'p° + t’(‘Z))hvav”

V, (R ,p" + 1) = =pV 0. (66)

In the following, we will only present the constitutive
relations in the fluid frame of reference. However, we can
always use Eq. (65) to go to any arbitrary frame.

B. Second order Galilean fluids

Having reviewed the general rules of null reduction, we
can now go on and reduce the null fluid constitutive
relations. To setup the notation, we have reduced the first
order fluid data in Table VII. We can use the formulas in
Eq. (63) to convert the null fluid energy momentum tensor
TMN in Tables I1, IV, and V into Galilean fluid mass current
p* in Table VIII, energy current ¢ in Table IX and stress
tensor stress tensor ¥ in Table X. The results schematically
look like

Pr=(R+g)u +¢p € =(E+c)u' +¢t,
P = Ppr 4 Y, (67)

The tensors ¢,, ¢, ¢, ¢e and ¢ contain derivative
corrections with ¢/ = ¢}* and ¢yn, = ¢én, = ¢{*n, = 0.
These are the Galilean fluid constitutive relations in the
offshell hydrodynamic frame. If we are rather interested in

First order fluid data in null background, Newton-Cartan and noncovariant notations. Noncovariant results have been

Null backgrounds

Newton-Cartan

Noncovariant (flat)

Nonhydrostatic—onshell independent

™M, M PMN LONT o,
GMN 2PR<MPN> SvR MS ot

Nonhydrostatic—onshell dependent

O uM Loy T Or
0, uMTO @ 0,
™ PMN(TOyw + ulV guy) Ty
Hydrostatic

71 PMNTOym =,
oMV 2PRIM pNISY o

6”14” C) 8l~ui
v i =i 1 5
p* %~8DT 7, 7 +0'T
2 ppvauw o'/ 200y
w $0,T Or +(0,T +u'd,T)
u'To,w (G} T(0,@ + u'd;w)
PTO, @ + ufVeu! 7t T0'w + du' + wdju'
pPTO, @ 7 To'w
zpﬂ[ﬂ?l)uv] ' 20l
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TABLE VIII. Mass current of a Galilean fluid up to second
derivative order in off-shell frame and mass frame respectively
Note that in mass frame, the mass current is simply p/, ;, = Ru*.

Coefficient PH ph
’ FEw =R

“ F G5 Ty = Vi@ 77w 0
a %(‘;)iﬁz, —V, (aaT?))u# 0
a3 %%w" @), Ut — v L(az0) 0
as L10as pop 0

T 0w

the results in mass frame defined in Sec. III C, we can
reduce Eq. (50) to get

E+P
ge,mf = 0’ gi‘mf gﬂ _—g;:’

oP 0P
9ES T 9RS

Sp.mf = gZ.mf =

= pw( (68)

These mass frame results have also been presented in
Tables VIII-X alongside their offshell frame counterparts.

Summary of transport coefficients: At ideal order, there
is just one independent transport coefficient: the thermo-
dynamic pressure P. Thermodynamic energy density £ and
mass density R are determined in terms of P via the
thermodynamic relation

E
dp — %dT + TRdw. (69)

At first order, there are three new transport coefficients:
shear viscosity #, bulk viscosity { and thermal conductivity
k. All three of them are dissipative and are required to be
non-negative by the second law. At second order, there are
25 independent transport coefficients. 5 of them are hydro-
static belonging to Class Hg

al’ a27 a3’ a47 aS‘ (70)
Other 20 are nonhydrostatic. 11 in Class D

317 527 337 567 37’ SSv 39’ S107 S117 3123 513’
(71)

and 9 in Class D

TABLE IX. Energy current of a Galilean fluid up to second derivative order in off-shell frame and mass frame
respectively. Note that the only difference in the two frames comes in the hydrostatic sector.

Coefficient et e
P 72 —a(gf) ut = Eut
kT —Tktt
a % T"‘ 1‘;, S+ o750, 750,
a 72 0((gT/T) 0%, — TV, (%2 |u 00, + 4 TyOr
+02Tﬂ® —+ (lzT” ®T
a3 iT? —a('gT/T) o w,,u" + a0 a, a;wa, + EEP V, (az0*)
4 _vu (a4w’/ﬂ) _vv (a4wlfﬂ)
as (12 %R + Zp””?p@faz) ut 205 p" R, ,uf —2p"uPV,V a5
+2asp" R, ,u’ = 2p*uPV,V as
o _1otoms,
5 —570
52 - %EZG”V%WD
55 —6, 7O
88 -1 Sga)"”r
+
) -p*(81,0,0 +1©0, ( )] +18hp", v, u®
n -3 5 Of"v ut
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61, 63, 03, 064 b5, O, 07,  Opo,  Oyp- (1> (]> Y <0 0)
n, = , v = , pt = )
(72) 0 0 0 ov

N G T (73)

Second law gives no inequality constraints on these
transport coefficients. For some transport coefficients in

Tables VIII-X, we have denoted 57 = (5 +5,)/2. where 8 = §,; is the Kronecker delta. It can be checked
that the respective Newton-Cartan connection Fiﬂy =0,
C. Noncovariant results in flat spacetime justifying the spacetime to be flat. The Newton-Cartan
When the Galilean fluid is coupled to a flat background, lsqter:e(:ttl(l)rién the fluid frame can also be worked out from
it is perhaps more fitting to express the results in the
conventional noncovariant notation where the time and -
space indices are treated distinctly. To make the transition, Ut — ( 1 > B — (_2 u ”k>
we note that on a Newton-Cartan background, we can u')’ ! u; ’
chooge a basis {x*} = {1, x"' } such that the Galilean frame 0 0 LA—
velocity (v#) = 0,. In this basis, we decompose the pH = ( ) Puw = ( ! ) (74)
Newton-Cartan structure as 0 oY —up G

TABLE X. Stress-energy tensor of a Galilean fluid up to second derivative order in offshell frame and mass frame respectively. Note
that the only difference in the two frames comes in the hydrostatic sector.

Coefficient fiad ’ﬁff
P Pptv
n —not
¢ —{p*O

] T T = T — = -, —_ —
a §a1P”"TfnTwp - alﬁnr’;ﬂ %alp””rfﬂrw/, alﬁﬂffp - p gg;@ Z)-(Tll Tfpr

OP 1 (10a =
_p”b ;)RT( f)El,Tu @l — (alTT ))

a Py ToT, — 2a2%,(§,‘%’“) Py ToT, — Zaﬁg%”)

—pi 92 (12 2l “2/” i, = TV, ($7%))

p”u 98 (?)f—i Tgﬂ'p vv (aZ T%u))
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We have enlisted the one derivative fluid data in Table VII
to aid the transition of the constitutive relations to non-
covariant notation.

In flat spacetime, the conservation laws take the well-
known form

Mass Conservation: 9,p' + 0;p' =0
Energy Conservation: 0,¢{,) + 8ieév) =0

Momentum Conservation: 0,p/ + 8,-@ y =0. (75)

Here we have identified various Galilean quantities as
expressed in the Galilean frame defined by J,: mass density
p', mass current p', energy density €Ey)’ energy current e’@,

and stress tensor t'(Jv ) For a Galilean fluid, they take a
schematic form

pP'=R+g,  p=pu+g,

i, = P87 + p'ulul + 2ulic) + 7.

1
eéq)) =E+ 5 (R + g/))ukuk + gl[)(uk + Ce»

: R
€y = (€l + P’ + 3 pulty + ¢t + 6w, (76)

where ¢,, ¢}, ¢ ¢k, and ¢ contain all the derivative

corrections. We can also use the mass hydrodynamic frame
Pt = R, Pt = RU,

tyme = PO+ Ru'w + gl

€l =FE+ lRuku
(v).mf 2 k>

. 1 ) ) .
61(1)),mf = <E + p + 2Rukuk> u' + gi‘,mf + g;,jmfuj' (77)

in which the expressions look most familiar. For the
constitutive relations up to second order, the respective
derivative corrections can be directly read out from
Tables VIII-X using results in Table VII.

We have now completed the most generic analysis of the
constitutive relations of a Galilean fluid up to second
derivative order. Before closing this paper, in the next
section we present an example of how these second order
terms might find relevance in a physical process. We
consider a ball being dragged through a Galilean fluid
and study corrections to the Stokes’ law due to a repre-
sentative second order term.

V. SECOND ORDER CORRECTIONS
TO THE STOKES’ LAW

In this section, we analyse the effect of the second order
transport coefficients on a well known hydrodynamic

phenomenon, namely the Stokes’ law [29]. The physical
setup is the following: we are interested in finding out the
fluid profile around a spherical ball that is moving at a
constant velocity in a fluid of infinite extent. Given the
symmetries of the problem, we will choose a spherical
coordinate system (7,6, ¢). The radius of the ball Z, its
constant velocity UZ with respect to the fluid at infinity,
fluid density R, and fluid viscosity # are the parameters of
the problem. The fluid resists the motion of the ball due to
its viscosity by applying a drag force opposite to its
direction of motion. Its magnitude is determined by the
Stokes’ law

F = 61yt Uz, (78)

This law follows from the momentum conservation
Eq. (75), commonly known as the Navier-Stokes (NS)
equation, under certain assumptions which we outline
below. For a first order dissipative nonrelativistic fluid
NS equation takes the form

ROu' 4+ R/ du' = —0'P 4+ nd*u’ + (C + gn) 90w,
(79)

where the transport coefficients 7, { have been assumed to
be constant in spacetime. The problem can be made time
independent by working in the rest frame of the ball, so that
far away from the ball, the velocity of fluid is —UZ. We will
ignore any inertial effects all together. Next we consider the
fluid to be incompressible (R is constant) and hence by
virtue of the equation of continuity (mass conservation
equation), the fluid velocity becomes divergenceless

O,R + 0;(Ru’) = RO;u’ = 0. (80)

These assumptions simplify the NS equation Eq. (79) to be
Ruwdjut = —0'P + nd*u'. (81)

Due to the axisymmetric nature of our problem, u? can be
taken to be 0 and all the other fields to be independent of

the ¢ coordinate. With this ansatz, the fluid velocity can be
expressed in terms of a stream function y(r,0)

(Opw — 0,y0). (82)

So, for a given fluid (characterized by p, #), the problem is
reduced to solving Eq. (81) for the pressure P and the
stream function y, with boundary conditions: (1) P = Py is
constant at infinity, (2) # = —U? at infinity, and (3) # = 0
at the surface of the ball. The solutions are given as
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2 2 2
3U cos @
2

1 3
y/:—Usin29<f 3fr+r2>,

We define the force per unit area on the ball as

-

dF = tix,da; = £2 sin 0dpdo(Pi — no™0)

39U
— £25in 0dpdo <P0? - ;77 2) . (84)

Stokes’ law follows from here by integrating this equation
over the surface of the ball.

A. Navier-Stokes equation with second
order scalar corrections

We now study the Navier-Stoke equation equation (79)
in presence of second order transport coefficients. In
particular, we want to see the second order corrections
to the Stokes’ law [30] given in Eq. (78). The full analysis
of Eq. (79) in presence of all second order coefficients is
naturally very involved, and is out of the scope of this
paper. We plan to return to this analysis in the future. Here,
we are only interested in the second order scalar terms. As it
turns out, such terms do not change the fluid velocity
profile and only affect the pressure.

We modify the stress tensor of our nonrelativistic fluid
with a scalar term proportional to a second order non-
hydrostatic data S, giving us

1 = Ru'w + P8 — o'l + ;7S5 (85)

leaving the energy and mass currents unmodified. 7 is the
associated transport coefficient. In terms of the transport
coefficients defined in Table X, # can be a linear combi-
nation of [31]

55, 5§7 557 57_7
1 1 1-
567 =507 +30.

Ol = 242 73

- E+P

610 + T&; +65.  (86)
Under the assumptions of incompressibility and constant
transport coefficients, the associated NS equation takes the
form

O'P + Rudu’ —nd*u’ +nd's = 0. (87)

Taking a curl of this equation, P, S, and # drop out of the
equation. The resultant equation is just an equation in
the velocity ignorant of our S corrections. Together with the
divergence-less condition, it completely determines the
velocity profile which is independent of S and is simply
given by Eq. (82).

Once we have obtained the velocity profile, the pressure
P can be obtained by solving Eq. (87). In general, the
solutions will crucially depend on the form of S. For
example, if S only involves the velocity and its derivatives,
Eq. (87) simply becomes a homogeneous first order
differential equation for P. The solution is given by a
trivial extension of Eq. (83)

3U cos @

P=Py—nt
0= 272

S, (88)
where S is evaluated on the velocity profile. Since the stress
tensor in Eq. (85) only depends on the combination P + 7S,
we can see that the contributions from 7 drop out of it after
plugging in the solutions. It follows from Eq. (84) there-
fore, that the Stokes’ law does not receive any corrections.
In fact the same argument goes through for any arbitrary S.
Note that Eq. (87) can be rewritten as

(P +17S) = —Ru/O;u’ + nd*u'. (89)

After plugging in the solution for velocity, this equation can
be integrated once to give

3U cos @

P+7S=Py—nt
+1n 0o—"n 21"2

(90)
Depending on the pressure dependence of S, this equation
might be nontrivial to solve. However, as far as ¢/ is
concerned, we are only interested in the combination
P +#S. Tt follows therefore, that ¢/ and hence the
Stokes’ law does not receive any corrections due to 7.

We have argued that the nonhydrostatic second order
scalar corrections S do not affect the Stokes’ law under the
assumptions of incompressibility and constant transport
coefficients (which are the same as imposed by Landau in
his book [32]). To see a nontrivial effect on the Stokes’ law
therefore, we should consider other tensorial corrections to
the stress tensor. The full analysis however, is expected
to be pretty involved analytically, and we intend to return to
this in the near future.

VI. DISCUSSION

In this paper, we have performed a complete second
order analysis of uncharged parity-even nonrelativistic
hydrodynamics using null fluid formalism. Second order
terms in relativistic hydrodynamics are required to maintain
causality. If we look at our theory as a nonrelativistic limit
of a relativistic theory, we might expect to see some
signatures of the causality requirement [33]. It is therefore
important to study the effect of second order terms in
nonrelativistic fluid constitutive relations. The respective
results can be found in Sec. IV B in Tables VIII-X. To
summarize, there are 25 new transport coefficients that
appear at second order. 5 of them are hydrostatic, i.e., they
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determine the equilibrium configuration of the fluid. Nine
others are dissipative, i.e., they are responsible for the
production of entropy during dynamical processes, while
the remaining 11 quantify dynamical processes which do
not cause dissipation.

One might question if the analysis we have performed
indeed reproduces the most generic second-order Galilean
fluid, or if there are any inherent constraints arising due
to the framework of null reduction. Indeed, as we have
argued in our original paper on null fluids [11], a (d + 2)-
dimensional null fluid is in exact correspondence with a
(d + 1)-dimensional Galilean fluid. This claim is further
bolstered by the work of [34] which showed that a Galilean
fluid can be covariantly arranged into a one higher dimen-
sional system, which is essentially a null fluid [12]. In fact,
all the analysis we have done here could also be done
directly in a (d + 1)-dimensional Newton-Cartan frame-
work of Galilean hydrodynamics. As all the Galilean
symmetries are manifest in form of Poincaré symmetries
in null fluid framework, the analysis becomes much more
natural and robust.

To understand the physical effect of the new second
order terms, we have also explored how some of these
might modify the well known Stokes’ law, which tells us
the drag force experienced by a body while moving through
a fluid. To first order, we already know that it is propor-
tional to the shear viscosity of the fluid [32]. We concluded
that nonhydrostatic scalar corrections to the stress tensor
(terms that appear in the stress tensor as ¢/ ~ 7755") do not
affect the Stokes’ law at all. This accounts for 6 out of 25
transport coefficients. There are 7 other terms which only
affect the energy profile and hence cannot contribute to the
drag force. The remaining 12 coefficients can in principle
however, affect the Stokes’ law in a nontrivial manner.
One particular term of interest would be the so called
“relaxation” coupling to (9, + u*0; )"/ in the stress tensor,
analogue of which was required in relativistic fluids to
salvage causality. Muller, Israel, and Stewart noted in [4-6]
that the causal structure of relativistic hydrodynamics can
be recovered by adding a second order term proportional to
u’V 6t to the energy-momentum tensor. The associated
transport coefficient is known as the “relaxation time.”

For a nonrelativistic fluid, the corresponding term is related
to &,3 in Table X. It will be interesting to study the effect of
this term on the Stokes’ law. The analysis however, is quite
involved. We intend to come back to this study in a future
project.

Another prospective direction would be to compute the
explicit form of these second order transport coefficients
using holography. The principles of hydrodynamics and the
second law of thermodynamics allow us to pen down the
constitutive relations of a fluid up to some unknown
transport coefficients. Details of these transport coeffi-
cients, depend on the particular fluid in question and the
details of the microscopic theory. Holography however,
allows us to compute these coefficients directly for a
particular class of fluids. For relativistic fluids, using the
fluid/gravity correspondence [35,36], transport coefficients
for a holographic plasma has been successfully computed
(see [35-43] and references therein). For a first order
nonrelativistic fluid, some progress in this direction has
been made in [14]. We would like to set up a holographic
model dual to our null fluid construction and use it to
compute the associated transport coefficients. It would be
interesting to see what this analysis has to tell us about the
second order transport coefficients talked about in this

paper.
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