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We study the second derivative effects on the constitutive relations of an uncharged parity-even Galilean
fluid using the null fluid framework. Null fluids are an equivalent representation of Galilean fluids in terms
of a higher dimensional relativistic fluid, which makes the Galilean symmetries manifest and tractable. The
analysis is based on the off-shell formalism of hydrodynamics. We use this formalism to work out a generic
algorithm to obtain the constitutive relations of a Galilean fluid up to arbitrarily high derivative orders, and
later specialize to second order. Finally, we study the Stokes’ law which determines the drag force on an
object moving through a fluid, in presence of certain second order terms. We identify the second order
transport coefficients which leave the drag force invariant.

DOI: 10.1103/PhysRevD.97.096018

I. INTRODUCTION

Hydrodynamics is the universal low energy effective
description of a finite temperature field theory around
its thermodynamic equilibrium. A fluid configuration is
described by certain fluid variables, typically chosen to be a
normalized velocity, temperature, and chemical potentials
associated with any internal symmetries. Dynamical equa-
tions for these variables are provided by the conservation of
energy-momentum and any additional charges associated
with the internal symmetries. By the virtue of being a low
energy description, the length scales over which the fluid
variables vary are taken to be large compared to the mean
free path of the system. Thus, fluid energy-momentum
tensor and charge currents admit a perturbative expansion in
terms of derivatives of fluid variables, known as the fluid
constitutive relations. At any given order in the derivative
expansion, the constitutive relations contain all the possible
tensor structures made out of fluid variables and their
derivatives, multiplied with arbitrary functions of temper-
ature and chemical potentials. These coefficients are known
as the transport coefficients of the fluid. It is well known that
if the dissipative hydrodynamics is truncated only at first
derivative order with shear and bulk viscosity coefficients,

there are always linearized fluctuations for which the wave-
front speed is superluminal [1–3] and thus the causal
structure of the theory is broken. Thus within the hydro-
dynamic framework, it was noted long ago byMuller, Israel,
and Stewart [4–6] that one needs to go beyond the first
derivative order and add specific second order terms to
address the issue of causality. Since a causal system of
second-order hydrodynamic equations is required in many
situations, such as numerical simulations [7,8], a more
systematic and detailed analysis of second order fluid
transport has since been performed [9].
Although relativistic hydrodynamics is extremely useful

at various physical fronts, nonrelativistic hydrodynamics
also enjoys an active interest in the physics community. On
our day to day energy scales, the world is governed by
nonrelativistic physics. In this sense, a nonrelativistic fluid
can be thought of as an effective version of a relativistic
fluid under a nonrelativistic (large speed of light) limit.
Hence, it is natural to expect that the associated constitutive
relations, obtained as an effective description of a relativ-
istic theory, may contain new terms which were not
considered in the coarse grained description of relativistic
hydrodynamics. This is apparent even at the first derivative
order wherein the nonrelativistic fluid contains an addi-
tional transport coefficient called the thermal conductivity.
Conventionally, nonrelativistic hydrodynamics is studied

by writing down a fluid theory whose fundamental sym-
metry group is Galilean as opposed to Poincaré for relativ-
istic hydrodynamics. However, as the Galilean symmetry
treats time and space coordinates on a different footing, the
analysis becomes much more cumbersome. In a series of
papers [10–13], we devised a new mechanism to study
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nonrelativistic hydrodynamics. We constructed a tweaked
relativistic fluid in one higher dimension, called a null fluid,
and showed that it is equivalent to a Galilean fluid in all
respects. We also provided a simple dictionary, using the
well-established procedure of null reduction [14], to trans-
late between the null fluid and conventional Galilean fluid
languages. Apart from representing Galilean fluids in a
familiar and intuitive relativistic framework, null fluids also
allow us to directly import the well developed results and
machinery of relativistic hydrodynamics into Galilean
fluids. For instance, we have successfully employed the
null fluid framework to study first order (anomalous)
charged Galilean hydrodynamics in [10,11], using both
the second law of thermodynamics and equilibrium partition
functions [15,16] to determine physical constraints on the
transport coefficients. We have also introduced the off-shell
formalism for relativistic hydrodynamics [17] into Galilean
hydrodynamics, and used it to study the influence of
anomalies on the Galilean fluid constitutive relations [12]
following the corresponding development in relativistic
hydrodynamics (see [17–19] and references therein).
Recently, following the analysis of relativistic superfluids
in [20–22], we studied first order (anomalous) Galilean
superfluids in [13]. These results were used to study surface
transport in Galilean superfluids in [23].
In this paper, our aim is to perform a complete analysis of

second order Galilean hydrodynamics using null fluids. As
we stated above, causality demands the inclusion of second
order transport coefficients in relativistic hydrodynamics,
so it is natural to expect an impression of these to propagate
into nonrelativistic hydrodynamics as well. Moreover,
since null fluids are a relativistic system, we are also
required to include the second order terms on grounds of
consistency with causality. We focus on the parity-even
uncharged case for computational simplicity, although the
generalization of our results, albeit computationally
involved, should be straight forward. We start by outlining
a generic algorithm to work out the constitutive relations of
a Galilean fluid up to arbitrary orders in derivative
expansion in offshell formalism. This is based on a recent
classification scheme for the entire relativistic hydrody-
namic transport presented in [22,24,25]. Later, we use this
algorithm to study the second order Galilean fluids. We find
that in addition to the pressure at ideal order, and bulk
viscosity, shear viscosity, and thermal conductivity at first
order, there are 25 coefficients at second order. 5 of them
are hydrostatic, i.e., they govern the equilibrium configu-
ration of the fluid. Nine are dissipative, i.e., they are
responsible for the production of entropy during dynamical
processes, while the remaining 11 quantify dynamical
processes which do not cause any dissipation.
To explore the physical significance of these second

order transport coefficients, we study the effect of some
representative terms on the Stokes’ law. It is a famous
hydrodynamic equation with numerous applications in

physics and even in biology, that determines the drag force
experienced by a body when moving through a fluid. If we
acknowledge that there is an underlying causal relativistic
theory behind our nonrelativistic fluid, of which our non-
relativistic fluid is just a low-energy description, this simple
law will get modified by inclusion of the appropriate
second order effects. In this article, we shall explore
how some of the second order transport coefficients
appearing in nonrelativistic hydrodynamics might affect
the Stokes’ law. We also identify a class of second order
terms, which leave the Stokes’ law invariant.
We should comment that in this paper we use the terms

“nonrelativistic fluid” and “Galilean fluid” interchange-
ably. In principle, a Galilean fluid is defined as the most
generic fluid which obeys Galilean symmetries. In this
sense, a nonrelativistic fluid is a special kind of Galilean
fluid which follows by taking a nonrelativistic limit of a
relativistic system. This is to say that there might be some
additional constraints on the Galilean fluid, following from
the requirement that it should follow under a nonrelativistic
limit. In our previous work however (see Sec. 5 of [13]), we
argued that there are no such additional constraints and that
every Galilean fluid can in fact be obtained via a non-
relativistic limit.
The paper is organized as follows. We start Sec. II with a

brief review of null fluids and offshell formalism. We
outline the generic algorithm to construct the null fluid
constitutive relations at arbitrarily high derivative orders in
Sec. II C, and illustrate how first order constitutive relations
fit into this scheme in Sec. II D. In Sec. III, we use this
algorithm to work out the second order constitutive
relations of a Galilean fluid. For readers not interested in
the computational details, the results have been summa-
rized in Tables II–VI. In Sec. IV, we review the translation
of null fluid constitutive relations into the conventional
Galilean notation, and use it to obtain the constitutive
relations of a Galilean fluid up to second derivative order.
The final results gave been given in Tables VIII–X. We
explore how these second order terms might affect the well
known Stokes’ law in Sec. V, exploring the physical
significance of our results. Finally, we close the paper
with some discussion in Sec. VI.

II. CRASH COURSE IN NULL FLUIDS

In [11] we proposed “null fluids” as a new viewpoint of
Galilean fluids. The main benefit of working in this
formalism is that it is effectively a “relativistic embedding”
of a Galilean fluid into one higher dimension. This enables
us to import the preexisting relativistic machinery and
intuition into Galilean hydrodynamics. In this section we
collect some of the results about null fluids which we use
throughout this paper. The discussion is self contained,
albeit brief. For more details, the reader is encouraged to
refer to our previous papers, especially [11,13,22].
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A. Null backgrounds and null fluids

Simply put, hydrodynamics is the study of long wave-
length fluctuations of a quantum system on top of some
slowly varying background fields. In this sense, the rules of
hydrodynamics are governed by the background we start
with. For example, consider a (dþ 2)-dimensional back-
ground with a metric gMN and an invariance under diffeo-
morphisms which act on the metric as

δXgMN ¼ £χgMN ¼ ∇MχN þ∇NχM: ð1Þ

Here X ¼ fχMg are some arbitrary parameters and ∇M is
the covariant derivative associated with the Levi-Civita
connection

ΓR
MN ¼ 1

2
gRSð∂MgNS þ ∂NgMS − ∂RgMNÞ: ð2Þ

Hydrodynamics on this background corresponds to a usual
(uncharged) relativistic fluid. To study null fluids however,
we need to tweak this background by introduction of a
vector field V ¼ fVMg which is null VMVM ¼ 0, cova-
riantly constant ∇MVN ¼ 0 and is an isometry

δVgMN ¼ £VgMN ¼ ∇MVM þ∇NVM ¼ 0: ð3Þ

We call these null backgrounds. They provide a natural
“embedding” for Galilean (Newton-Cartan) backgrounds
into a relativistic spacetime of one higher dimension. We
will only be interested in fluctuations that respect the
symmetries of the background, i.e., they must transform
appropriately under diffeomorphisms and admit δV ¼ 0.
A few key points to note about null backgrounds: the
Riemann curvature tensor

RM
NRS ¼ 2∂ ½RΓM

S�N þ 2ΓM
T½RΓT

S�N; ð4Þ

has vanishing contractions with V: RM
NRSVN ¼

2∇½R∇S�VM ¼ 0. Furthermore, we have a consistency
condition on V: HMN ≡ 2∂ ½MVN� ¼ 2∇½MVN� ¼ 0. From
a mathematical standpoint, perhaps it is more natural to
introduce a torsion tensor TR

MN, in presence of which this
condition becomes VRTR

MN ¼ HMN and lifts the constraint
from V. However, in interest of simplicity, we will work
with torsionless null backgrounds and comment on the
“unnaturalness” as it arises.
Given the diffeomorphism symmetry, Noether theorem

implies that our theory has an energy-momentum tensorTMN

in its spectrum. The respective conservation law is given as

∇MTMN ¼ 0: ð5Þ

On null backgrounds we must further require that
δVTMN ¼ 0. Consequently, TMN is only defined up to
terms proportional to VMVN as ∇Mð#VMVNÞ¼VNδV#¼0.

We will extensively use this freedom to ignore terms
proportional to VMVN in TMN throughout this paper.
Having (dþ 2) independent components, the conserva-

tion law (5) can provide dynamics for a “fluid theory”
formulated in terms of arbitrary (dþ 2) variables. We
choose these to be a normalized null fluid velocity uM

(with uMVM ¼ −1, uMuM ¼ 0), a temperature T, and a
mass chemical potential μm, collectively known as the
hydrodynamic fields. We sometimes work with a scaled
mass chemical potential ς ¼ μm=T. On a null background,
we must further demand these fields to be compatible
with V, i.e., δVuM ¼ δVT ¼ δVμm ¼ 0. In general, TMN can
arbitrarily depend on the hydrodynamic and background
fields. But fortunately in hydrodynamics, we are only
interested in low energy fluctuations of the hydrodynamic
fields and a slowly varying background. This allows us to
treat derivatives as a perturbation parameter. A null fluid is
therefore completely characterized by a covariant expres-
sion for TMN in terms of gMN , VM, uM, T, μm and their
derivatives, truncated to a desired derivative order, known
as the null fluid constitutive relations. At any given order,
the constitutive relations can admit some tensor structures
made out of the constituent fields and their derivatives
called data, multiplied with arbitrary functions of T and μm
called transport coefficients. To this end, hydrodynamics is
just a combinatorial exercise of enlisting all the possible
tensor structures at a given order in derivatives.
To make things more interesting, we need to realize that

fluids are thermodynamic systems. We have already
imposed the first law of thermodynamics (conservation
of energy) implicitly in form of the conservation laws (5).
In addition, they are also required to satisfy a version of the
second law of thermodynamics. It states that there must
exist an entropy current JMS whose divergence is positive
semidefinite everywhere, i.e.,

∇MJMS ¼ Δ ≥ 0; ð6Þ
as long as the fluid is thermodynamically isolated [i.e.,
conservation laws Eq. (5) are satisfied]. Note that like TMN ,
the entropy current JMS is only defined up to terms
proportional to VM. In null hydrodynamics, our goal is
to find the most generic constitutive relations TMN and
some associated JMS and Δ order by order in derivative
expansion, such that Eq. (6) is satisfied for all thermody-
namically isolated fluids. As innocuous as this statement
sounds, the complexity involved drastically increases as we
increase the derivative order. There is however, an equiv-
alent but much neater way to work out these constitutive
relations, called the off-shell formalism [17]. In the next
subsection, we adapt this formalism to null fluids.

B. Off-shell formalism

As it turns out, most of the trouble while implementing
Eq. (6) roots from the fact that it needs to only be imposed
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on the solutions of the equations of motion, i.e., onshell.
We can relax this condition by coupling the fluid to an
external momentum source PM

ext, so that the conservation
law (5) is no longer satisfied. Having done that, Eq. (6) gets
modified with an arbitrary combination of PM

ext giving us

∇MJMS þ βMPM
ext ¼ ∇MJMS þ βM∇MTMN ¼ Δ ≥ 0; ð7Þ

where B ¼ fβMg is an arbitrary vector multiplier. This
equation is referred to as the off-shell second law of
thermodynamics. It can be rewritten into a more useful
form by defining a free energy current GM

−
GM

T
¼ NM ¼ JMS þ TMNβN: ð8Þ

Equation (7) now turns into a conservation equation for free
energy

∇MNM ¼ 1

2
TMNδBgMN þ Δ; Δ ≥ 0: ð9Þ

Here δBgMN is of course 2∇ðMβNÞ. Recall that the hydro-
dynamic fields uM, T, and μm were some arbitrary fields
chosen to describe the fluid. Like in any field theory, they
are permitted to admit an arbitrary redefinition among
themselves without changing the physics. This huge
amount of freedom can be fixed by explicitly choosing

uM ¼ −
βM

VMβ
M þ βRβRVM

2ðVNβ
NÞ2 ;

T ¼ −
1

VMβ
M ; μm ¼ βMβM

2ðVNβ
NÞ2 ; ð10Þ

or conversely

βM ¼ 1

T
ðuM − μmVMÞ: ð11Þ

It follows that βM can be understood as a rewriting of the
conventional hydrodynamic fields uM, T and μm. Although
this is a very convenient “frame” choice for our analysis, it
might not be the most useful one for applications. But once
we have obtained a consistent set of constitutive relations,
we can always field transform to any desired frame.
To agree with the second law of thermodynamics, we

need to find the most generic TMN written in terms of βM,
gMN and VM which satisfies Eq. (9) for some NM and Δ.
There is one minor subtlety to keep in mind though: TMN

found this way will also contain information about the
external sources PN

ext ¼ ∇MTMN . Therefore, in the end we
must identify the constitutive relations which are related to
each other up to combinations of equations of motion or
their derivatives. Generically, equations of motion deter-
mine the “time” derivative of the fundamental fields, so

without any loss of generality we can use them to eliminate
uM∇MβN þ uM∇NβM ¼ uMδBgMN from our constitutive
relations. Consequently, we will only be interested in
the constitutive relations TMN which are independent of
uMδBgMN .

C. Classification of constitutive relations

We need to find the most generic solutions to Eq. (9) up
to a given order in derivatives. We could take the “brute-
force” approach wherein we plug in the most generic
expressions for TMN and NM up to a given derivative order,
and find constraints arising from Δ ≥ 0. These constraints
can be fairly complicated at higher derivative orders and
crucially depend on the choice of basis for the tensor-
decomposition of TMN and NM. But we can do better: we
can write down a “solution generating algorithm” following
[22,24] which will work at arbitrarily high derivative
orders, as we now outline. We will then go on to apply
this algorithm to second order null fluids in Sec. III. The
discussion in this subsection parallels [22].
First and foremost we consider trivial solutions of Eq. (9)

which do not contribute to the constitutive relations:
(i) Entropy transport (Class S): These are solutions of

Eq. (9) of the kind NM ¼ NM
S , T

MN
S ¼ 0 such that

∇MNM
S ¼ ΔS is a quadratic form. They contain, for

example, NM
S ¼ ∇NX½MN� for an arbitrary antisym-

metric tensor X½MN� or NM
S ¼ SVM for an arbitrary

scalar S, for both of which ΔS ¼ 0. Examples for
ΔS ≠ 0 are slightly complicated but can be obtained
after some effort. These solutions correspond to the
transport of entropy in a fluid ðJMS ÞS ¼ NM

S , without
any transport of energy-momentum.

Note that if TMN is a solution to Eq. (9) for some free
energy current NM, then instead the free energy current
NM þ NM

S would also do. Therefore to satisfy the second
law of thermodynamics for a given set of constitutive
relations TMN , we can choose any entropy current from the
equivalence class JMS ∼ JMS þ NM

S . In a strict sense there-
fore, Class S solutions are not really “hydrodynamic.” They
merely parametrize the multitude of entropy currents which
might satisfy the second law for a given set of constitutive
relations.
Getting these redundancies out of the way, we can now

focus on the actual physical solutions. We broadly split the
constitutive relations into two sectors: hydrostatic and
nonhydrostatic based on the tensor structures that go into
making them. Nonhydrostatic tensor structures are those
which contain at least one instance of δBgMN or its
derivatives. On the other hand, hydrostatic tensor structures
are the largest collection of independent tensor structures
with no nonhydrostatic linear combination. The terminol-
ogy is based on the concept of equilibrium: a background is
said to admit a hydrostatic configuration if it has a timelike
isometry K ¼ fKMg. On such a background, a hydrostatic
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configuration is given by βM ¼ KM which trivially satisfies
the equations of motion. By definition therefore, hydro-
static constitutive relations are the only ones that survive in
a hydrostatic configuration and govern the equilibrium
physics.
Spoiler alert. The second law imposes strict constraints

in the hydrostatic sector allowing for only specific combi-
nations of tensor structures to appear, while in the non-
hydrostatic sector it merely gives a few inequalities at the
first order in derivatives and none thereafter [26,27].

(i) Hydrostatic transport (Classes HS, HV and A): These
are solutions of Eq. (9) made purely out of hydro-
static tensor structures. They have Δ ¼ 0 and are
completely characterized by a free energy current of
the form

NM ¼ ðN βM þ ΘM
N Þ þ NM: ð12Þ

Here N is the most generic hydrostatic scalar, while
ΘM

N is an appropriate nonhydrostatic vector added to
ensure that the term in parenthesis has exactly one
bare (without derivatives) δBgMN in its divergence to
match-up with the right-hand side (RHS) of Eq. (9).
We can work out the corresponding constitutive
relations, called Class HS for hydrostatic scalars, by
noting that:

∇MðN βMÞ ¼ 1
ffiffiffiffiffiffi−gp δBð

ffiffiffiffiffiffi
−g

p
N Þ

¼ 1

2
N gMNδBgMN þ ∂N

∂gMN
δBgMN

þ ∂N
∂ð∂RgMNÞ

∂RδBgMN þ � � �

≡ 1

2
TMN
HS

δBgMN −∇MΘM
N : ð13Þ

Here ∇MΘM
N is a total derivative term gained after

successive differentiation by parts, which defines
ΘM

N . Note that if N has some total derivative
terms, i.e., N ¼ ∇MXM for an arbitrary hydrostatic
vector XM, upon choosingΘM

N ¼ − 1ffiffiffiffi−gp δBð ffiffiffiffiffiffi−gp
XMÞ

the free energy current N βM þ ΘM
N ¼ βM∇NXN −

1ffiffiffiffi−gp δBð ffiffiffiffiffiffi−gp
XMÞ ¼ 2∇Nðβ½MXN�Þ has zero diver-

gence, and hence belongs to Class S. Class HS
constitutive relations are therefore characterized by
the most generic hydrostatic scalar N up to total
derivatives.
On the other hand, NM contains all the hydrostatic

vectors transverse to uM and VM whose divergence
contains exactly one bare δBgMN . Intuitively, this
means that we want to find “spatial” vectors without
any “time” derivative in them, whose divergence

however still contains a “time” derivative. Slight
thought will reveal that this is only possible in
parity-odd sector, which we are not considering in
this work. For completeness, we should mention that
they contain contributions from anomalies (Class A)
and some other parity-odd terms commonly dubbed
as transcendental anomalies (Class HV) (see [12] for
more details), and are totally determined up to some
constants.

(ii) Nonhydrostatic transport (Classes D and D̄): These
are solutions of Eq. (9) made purely out of non-
hydrostatic tensor structures. They are best ex-
pressed by introducing a symmetric covariant
derivative operator Dn

M1M2…Mn
¼ ∇ðM1

∇M2
…∇MnÞ.

They form a basis for arbitrary derivative operators
because antisymmetric combinations can always be
replaced by combinations of Riemann curvature
tensor. We can now write down the most generic
nonhydrostatic constitutive relations as combina-
tions of DnδBgRS for all n. A particularly convenient
parametrization is

TMN
non-hydrostatic ¼ −

1

2

X∞

n¼0

�

CðMNÞðRSÞ
n

1

2
DnδBgRS

þ Dn

�

CðMNÞðRSÞ
n

1

2
δBgRS

��

; ð14Þ

where CðMNÞðRSÞ
n is an arbitrary matrix with n addi-

tional symmetric indices to be contracted with Dn.
Note that when Dn in the second term hits δBgRS, we
get the same term as the first one. All the other terms
coming out of differentiation by parts have merely
been included for convenience, as we shall see.
Some minor comments about the structure of

CðMNÞðRSÞ
n : (1) It cannot contain an instance of

DmgAB for m > n as the respective terms in

Eq. (14) are taken care of in the CðMNÞðRSÞ
m term.

(2) For an instance of DngAB in CðMNÞðRSÞ
n , we must

be careful not to overcount the terms gained by
ðMNÞ ↔ ðABÞ exchange, which would give the
same contribution to TMN

non-hydrostatic in Eq. (14).
We can make our lives much easier by thinking of

CðMNÞðRSÞ
n as a 1

2
ðdþ 1Þðdþ 2Þ dimensional matrix,

and TMN
D∪D̄ and δBgRS as column vectors. By sup-

pressing the indices in this notation, the above
expression becomes

Tnonhydrostatic ¼ −
1

4

X∞

n¼0

½Cn · DnδBgþ DnðCn · δBgÞ�:

ð15Þ
Using differentiation by parts on the second term we
can compute
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1

2
δBgT · Tnonhydrostatic ¼ −

1

8

X∞

n¼0

½δBgT · Cn · DnδBgþ δBgT · DnðCn · δBgÞ�;

¼ −
1

8
δBgT ·

X∞

n¼0

ðCT
n þ ð−ÞnCT

nÞ · DnδBgþ∇MΘM
C ;

¼ −
1

4
δBgT ·

X∞

n¼0

Dn · DnδBgþ∇MΘM
D þ∇MΘM

D̄
: ð16Þ

In the last line we have split Cn into

Dn ¼
1

2
ðCn þ ð−ÞnCT

nÞ; D̄n ¼
1

2
ðCn − ð−ÞnCT

nÞ; ð17Þ

and the corresponding contribution to ΘM
C into ΘM

D
and ΘM

D̄
. Note that for the constitutive relations

coupled to D̄n, called Class D̄ for non-dissipative,
the story pretty much ends here. We can infer from
Eq. (16) that the associated constitutive relations
TMN
D̄ satisfy Eq. (9) with NM ¼ ΘM

D̄
and Δ ¼ 0.

They correspond to nonhydrostatic transport that
does not cause any dissipation.

For the constitutive relations coupled to Dn
however, called Class D for dissipative, we need
to do little more work to ensure that the associated Δ
can be made positive definite. To do that, we rewrite
the Dn part of Eq. (16) as

1

2
δBgT · TD ¼ −

1

4
δBgT ·D0ð0Þ · δBg−

1

2
δBgT ·D0ð0Þ · ðϒ1 · δBgÞ þ∇MΘM

D

¼ −
1

4
ðð1þϒ1Þ · δBgÞT ·D0ð0Þ · ðð1þϒ1Þ · δBgÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

quadratic form

þ 1

4
ðϒ1 · δBgÞT ·D0ð0Þ · ðϒ1 · δBgÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

residue

þ ∇MΘM
D

|fflfflffl{zfflfflffl}

total derivative

; ð18Þ

whereD0ðnÞ denotes the nth derivative piece inDð0Þ,
while ϒ1 is a differential operator

ϒ1 ¼
1

2
D−1

0ð0Þ
X∞

n¼1

ðD0ðnÞ þDnDnÞ: ð19Þ

The quadratic form piece in Eq. (18) is of most
interest to us, as it contributes to Δ. The total
derivative piece on the other hand is a contribution

to the free energy current NM. Finally, the residue
piece is what wewill like to get rid of. Note that every
term in ϒ1 has at least one derivative. Consequently,
the residue piece is at least 4 order in derivatives. If
we are only interested in the constitutive relations up
to second derivative order, we can ignore this piece
altogether. However, we will illustrate the full
procedure here for completeness. Using differentia-
tion by parts, the residue piece can be rewritten as

1

4
ðϒ1 · δBgÞT ·D0ð0Þ · ðϒ1 · δBgÞ ¼

1

4
δBgT · ðϒ†

1 ·D0ð0Þ ·ϒ1 · δBgÞ þ∇MΘM
D;1: ð20Þ

Putting this back in Eq. (18) we get

1

2
δBgT · TD ¼ −

1

4
ðð1þϒ1 þϒ2Þ · δBgÞT ·D0ð0Þ · ðð1þϒ1 þϒ2Þ · δBgÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

quadratic form

þ 1

2

��

ϒ1 þ
1

2
ϒ2

�

· δBg

�
T
·D0ð0Þ · ðϒ2 · δBgÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

residue

þ∇MðΘM
D þ ΘM

D;1Þ
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

total derivative

; ð21Þ
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where ϒ2 is another derivative operator

ϒ2 ¼ −
1

2
D−1

0ð0Þ ·ϒ
†
1 ·D0ð0Þ ·ϒ1: ð22Þ

Comparing Eqs. (21) to (18), hopefully the reader can see a pattern. The quadratic form piece now has some additional
higher derivative terms, whereas we have pushed the residue piece to 5th derivative order. We can repeat this
procedure iteratively to push the residue piece to arbitrarily high derivative orders and obtain

1

2
δBgT · TD ¼ −

1

4

��

1þ
X∞

n¼1

ϒn

�

· δBg

�T

·D0ð0Þ ·
��

1þ
X∞

n¼1

ϒn

�

· δBg

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

quadratic form

þ∇M

�

ΘM
D þ

X∞

n¼1

ΘM
D;n

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

total derivative

; ð23Þ

where

ϒdþ1j∞d¼1 ¼ −D−1
0ð0Þ ·

�
Xd−1

k¼1

ϒ†
k þ

1

2
ϒ†

d

�

ðD0ð0Þ ·ϒdÞ: ð24Þ

We see therefore that the Class D constitutive relations satisfy Eq. (9) with

Δ ¼ 1

4

��

1þ
X∞

n¼1

ϒn

�

· δBg

�T

·D0ð0Þ ·
��

1þ
X∞

n¼1

ϒn

�

· δBg

�

; ð25Þ

and the free energy current

NM ¼ ΘM
D þ

X∞

n¼1

ΘM
D;n: ð26Þ

The condition Δ ≥ 0 therefore, only gives a con-
straint on the first derivative constitutive relations by
forcing all the eigenvalues of D0ð0Þ to be non-
negative. See [22] for more details on this. We
do not get any further constraints from the second
law at higher derivative orders in the nonhydrostatic
sector.
Recall that to avoid the overcounting of constitutive

relations related to each other by combinations of
equations of motion, we had decided to drop all the
constitutive relations that involve uMδBgMN . To re-
spect this, we must demand that none of the
ðMNÞðRSÞ indices in CðMNÞðRSÞ should come from
a uM. Equivalently CðMNÞðRSÞVM¼CðMNÞðRSÞVR¼0.
Furthermore, CðMNÞðRSÞ should of course not have an
explicit occurrence of uMδBgMN .

D. Results up to first order

In [11,13], we discussed null fluids up to first order in
derivatives. We briefly recollect these results here and
illustrate how they fit into the classification presented in the
previous subsection. To setup the notation, we enlist the
independent fluid data at first order in Table I.

(i) Hydrostatic transport (Class HS): The most generic
hydrostatic scalar up to first derivative order is simply

N ¼ PðT; μmÞ; ð27Þ

where PðT; μmÞ is identified with the pressure of
the fluid. Interestingly, there are no hydrostatic

TABLE I. First order fluid data. Note that we have defined two
symbols τM and τ̄M for the termPMN 1

T ∂NT. This is to acknowledge
the fact that in the presence of torsion, the term τ̄M ¼ PMN 1

T ∂NT is
actually hydrostatic, while τM ¼ PMNð1T ∂NT þ uRHRNÞ is non-
hydrostatic. This distinction will be handy later. We will also use
the acceleration aM ¼ uN∇NuM ¼ τMϖ − τ̄Mϖ sometimes.

Nonhydrostatic—onshell independent
Θ T

2
PMNδBgMN ∇MuM

τM, τ̄M TPMNVRδBgNR PMN 1
T ∂NT

σMN TPRhMPNiSδBgRS 2PRhMPNiS∇RuS
Nonhydrostatic—onshell dependent
ΘT TuMVNδBgMN uM 1

T ∂MT
Θϖ

T
2
uMuNδBgMN uMT∂Mϖ

τMϖ TPMNuRδBgNR PMNðT∂Nϖ þ uR∇RuNÞ
Hydrostatic
τ̄Mϖ PMNT∂Nϖ
ωMN 2PR½MPN�S∇RuS
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scalars involving just one derivative. We can use
Eq. (13) and find the associated constitutive rela-
tions, which basically gives the entire ideal null
fluid

TMN
HS

¼ RuMuN þ 2EuðMVNÞ þ PPMN þOð∂2Þ;
ð28Þ

with ΘM
N ¼ 0. Here PMN ¼ gMN þ 2uðMVNÞ is a

projector transverse to uM and VM. R ¼ 1
T
∂P
∂ϖ is

identified with the mass density and E ¼ T ∂P
∂T − P

with the energy density of the fluid. Together they
define the thermodynamic relations

dE¼ TdSþ μmdR; EþP¼ ST þRμm; ð29Þ

where S is called the entropy density.
(ii) Nonhydrostatic transport (Classes D and D̄): Look-

ing back at Eq. (14), we can infer that since δBgMN
already contains a derivative, at first derivative order

we only need a zero-derivative tensor CðMNÞðRSÞ
0 . It

takes the most generic form

CðMNÞðRSÞ
0 ¼ 2TηPMhRPSiN þ TζPMNPRS

þ 4T2κVðMPNÞðRVSÞ: ð30Þ

The first thing to note here is that all the terms in
Eq. (30) are symmetric under the exchange of
ðMNÞ ↔ ðRSÞ. Consequently, the zero derivative
D̄0 and hence the first derivative Class D̄ constit-
utive relations are identically zero,

TMN
D̄ ¼ Oð∂2Þ; NM

D̄ ¼ Oð∂2Þ: ð31Þ

On the other hand, for Class D we get

TMN
D ¼ −ησMN − ζPMNΘ − 2TκϵVðMτNÞ þOð∂2Þ;

ð32Þ

with

NM
D ¼ Oð∂2Þ;

Δ ¼ 1

2T
ησMNσMN þ 1

T
ζΘ2 þ κϵτ

MτM: ð33Þ

The condition Δ ≥ 0 simply implies that all the
transport coefficients are non-negative

η; ζ; κ ≥ 0: ð34Þ

We can identify these transport coefficients as: η
shear viscosity, ζ bulk viscosity, and κ thermal
conductivity of the fluid.

The full set of constitutive relations up to first derivative
order are a direct sum of Eqs. (28), (31), and (32), giving us

TMN ¼ RuMuN þ 2EuðMVNÞ þ PPMN − ησMN

− ζPMNΘ − 2TκϵVðMτNÞ þOð∂2Þ: ð35Þ

They are supported by the free energy and entropy currents

NM ¼ 1

T
PuM þOð∂2Þ;

JMS ¼ NM − TMNβN ¼ SuM − κϵτ
M þOð∂2Þ: ð36Þ

The transport coefficients follow the thermodynamic con-
straints in Eq. (29) at ideal order and the positivity relations
Eq. (34) at first derivative order.
This finishes our crash course in null fluids. We still need

to discuss the translation of these results to Galilean fluids,
which we will come back to in Sec. IV. In the next section,
we will use the machinery developed here to write down the
null fluid constitutive relations up to second derivative
order.

III. SECOND ORDER NULL FLUIDS

In the previous section we gave a self-contained review
of null fluids and presented an algorithm to generate the
respective constitutive relations up to arbitrarily high
derivative orders. The goal of this section is to use this
algorithm to write down the null fluid constitutive relations
up to second order. Apart from P, η, ζ, and κ at previous
orders, we find a total of 25 transport coefficients: 5 in
Class HS, 9 in Class D, and 11 in Class D̄. For readers who
are only interested in the results, they have been summa-
rized in Tables II–VI. In the remaining of this section, we
will explain how we arrived at these results.

TABLE II. Class HS constitutive relations up to second
derivative order. We have defined a differential operator gMN ¼
gMN þ 2TuðMVNÞ ∂

∂T þ 1
T u

MuN ∂
∂ϖ for brevity.

Coefficient TMN ∋ 2ffiffiffiffi−gp δð ffiffiffiffi−gp
N Þ

δgMN
¼ N gMN þ 2 δN

δgMN

P gMNP≡ RuMuN þ 2EuðMVNÞ þ PPMN

α1 1
2T2 τ̄Rϖτ̄ϖRgMNðα1T2Þ − 1

T ∇Rðα1Tτ̄RϖÞuMuN
þ2α1VðM τ̄NÞ

ϖ Θϖ − α1τ̄
ðM
ϖ τ̄NÞ

ϖ

α2 τ̄Rϖτ̄RgMNα2−2T∇Rðα2T τ̄RϖÞuðMVNÞ−1
T∇Rðα2Tτ̄RÞuMuN

þ2α2VðM τ̄NÞ
ϖ ΘT þ 2α2VðM τ̄NÞΘϖ − 2α2τ̄

ðM τ̄NÞ
ϖ

α3 1
4
ωRSωRSgMNα3 − α3ω

M
Rω

NR þ 2α3VðMωNÞRaR
−2∇Rðα3ωRSÞPS

ðMuNÞ
α4 −2∇Rðα4ωRSÞPS

ðMVNÞ
α5 RgMNα5 − 2RMNα5 þ 2∇M∇Nα5 − 2gMN∇R∇Rα5
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A. Hydrostatic transport (Class HS)

Let us start with Class HS. As discussed in Sec. II C, this
class is characterized by the most generic hydrostatic scalar
N up to some total derivative terms. Up to second
derivative order, we have 5 such terms apart from the ideal
order pressure

N ¼ Pþ 1

2
α1τ̄

M
ϖ τ̄ϖM þ α2τ̄

M
ϖτM þ 1

4
α3ω

MNωMN

þ 1

2
α4ω

MNHMN þ α5RþOð∂3Þ; ð37Þ

where R is the Ricci scalar. Note the second and fourth
terms in particular: the former is nonhydrostatic while the
latter vanishes. However, their variations do contribute to
hydrostatic constitutive relations as we shall see in the

following. This is an instance of the “unnaturalness” arising
due to the absence of torsion we talked about around
Eq. (4). In the presence of torsion, both of these terms are
actually hydrostatic. The astute reader might note that by
this token we should also include the quadratic terms
coupling to τMτM and HMNHMN . However, in the absence
of torsion their variations only lead to nonhydrostatic
constitutive relations and thus can be ignored here.
Varying N in Eq. (37) and using the formulas in

Eq. (13), we can now read out the Class HS constitutive
relations and free energy current. Note that the δB variation
of fluid variables can be represented in terms of δBgMN as

δBT ¼ TVMuNδBgMN; δBϖ ¼ 1

2T
uMuNδBgMN;

δBuM ¼ ð2uMVðRuSÞ þ VMuRuSÞ 1
2
δBgRS;

δBuM ¼ ð−VMuRuS þ 2P ðR
M uSÞÞ 1

2
δBgRS;

δBVM ¼ ð−2VMuðRVSÞ þ 2P ðR
M VSÞÞ 1

2
δBgRS; ð38Þ

while that of the Ricci scalar as

δBR¼ ð−2RMN þ 2∇ðM∇NÞ − 2gMN∇R∇RÞ
1

2
δBgRS: ð39Þ

These will be useful in the variational calculation. We have
summarized our results in Tables II and III. They enlist the
term by term contribution to TMN and NM coming from

TABLE III. Class HS free energy current up to second deriva-
tive order.

Coefficient NM ∋ N βM þ ΘM
N

P 1
T Pu

M

α1
α1
T ð1

2
uM τ̄Rϖτ̄ϖR − τ̄MϖΘϖÞ

α2
α2
T ðuM τ̄Rϖτ̄R − τ̄MΘϖ − τ̄MϖΘTÞ

α3
α3
T ½1

4
uMωRSωRS − ωMNτϖN �

α4 − α4
T ωMNτN

α5 α5
T RuM − 2α5∇R∇ðRðuMÞ

T Þ þ 2∇ðRðuMÞ
T Þ∂Rα5

þ2α5∇M∇RðuRT Þ − 2∇RðuRT Þ∇Mα5

TABLE IV. Terms in CðMNÞðRSÞ
0 with at most one derivative and their contribution to the second order Class D and D̄ constitutive

relations. Here we have defined δ�i ¼ ðδi � δ̄iÞ=2. The transport coefficients δi couple to Class D constitutive relations while δ̄i couples
to Class D̄.

Coefficient CðMNÞðRSÞ
0 TMN ∋ −CðMNÞðRSÞ

0
1
2
δBgRS

η 2TηPMhRPSiN −ησMN

ζ TζPMNPRS −ζPMNΘ
κT 4T2κVðMPNÞðRVSÞ −2TκVðMτNÞ

δþ1 2T2δþ1 ðVðMPNÞhRPSiðAVBÞÞδBgAB 2Tδþ1 V
ðMPNÞhRτSi −δþ1 VðMσNÞRτR

δ−1 2T2δ−1 ðVðRPSÞhMPNiðAVBÞÞδBgAB 2Tδ−1 τ
hMPNiðRVSÞ −δ−1 τhMτNi

δþ2 2T2δþ2 ðVðMPNÞðAVBÞPRSÞδBgAB 2Tδþ2 V
ðMτNÞPRS −2δþ2 VðMτNÞΘ

δ−2 2T2δ−2 ðVðRPSÞðAVBÞPMNÞδBgAB 2Tδ−2P
MNVðRτSÞ −δ−2PMNτRτR

δþ3 2T2δþ3 ðPMhAPBiNPRSÞδBgAB 2Tδþ3 σ
MNPRS −2δþ3 σMNΘ

δ−3 2T2δ−3 ðPRhAPBiSPMNÞδBgAB 2Tδ−3P
MNσRS −δ−3PMNσRSσRS

δ4 2T2δ4ðPAhMPBhRPSiNiÞδBgAB 2Tδ4σhMhRPSiNi −δ4σhMRσ Ni
R

δ5 T2δ5ðPMNPRSPABÞδBgAB 2Tδ5PMNPRSΘ −2δ5PMNΘ2

δþ6 2Tδþ6 V
ðMPNÞhRτ̄Siϖ −δþ6 VðMσNÞRτ̄ϖR

δ−6 2T2δ−6 τ̄
hM
ϖ PNiðRVSÞ −δ−6 τ̄

hM
ϖ τNi

δþ7 2T2δþ7 V
ðM τ̄NÞ

ϖ PRS −2δþ7 VðM τ̄NÞ
ϖ Θ

δ−7 2T2δ−7P
MNVðRτ̄SÞϖ −δ−7PMN τ̄RϖτR

δ̄8 2Tδ̄8VðMωNÞðRVSÞ −δ̄8VðMωNÞRτR
δ̄9 2Tδ̄9ωhMhRPSiNi −δ̄9ωhMRσR

Ni
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varying Eq. (37). The full Class HS constitutive relations
and free energy current will be a direct sum of all these
contributions.

B. Nonhydrostatic transport (Classes D and D̄)

Up to second derivative order, the nonhydrostatic con-
stitutive relations in Eq. (14) get contributions from a zero

derivative tensor CðMNÞðRSÞT
1 and a tensor CðMNÞðRSÞ

0 with at
most one derivative

TMN
D∪D̄ ¼ −CðMNÞðRSÞ

0

1

2
δBgRS − CðMNÞðRSÞT

1

1

2
∇TδBgRS

−
1

2
∇TC

ðMNÞðRSÞT
1

1

2
δBgRS þOð∂3Þ: ð40Þ

The respective contribution to the free energy current
truncated to two derivatives is given as

NM
D∪D̄ ¼ −

1

8
CðRSÞðABÞM

1 δBgRSδBgAB þOð∂3Þ: ð41Þ

Interestingly, it is only nonvanishing for the Class D̄

constitutive relations associated with D̄ðRSÞðABÞM
1 ¼

CðRSÞðABÞM
1 . Class D constitutive relations up to second

derivative order do not need any free-energy transport.
Let us start our discussion with C0. We need the most

generic 4-tensor CðMNÞðRSÞ
0 made out of 0 and 1-derivative

data with appropriate symmetry properties. Note that none
of the indices can come from a uM because the respective
terms are eliminated by the equations of motion. Note also
that there are 1-derivative terms in C0 which are con-

structed using δBgMN , i.e., C
ðMNÞðRSÞðABÞ
0 δBgAB∈CðMNÞðRSÞ

0 .
The respective contribution to TMN would be

1

2
CðMNÞðRSÞðABÞ

0 δBgABδBgRS: ð42Þ

However, we would get the same contribution to
TMN if we started with a ðRSÞ ↔ ðABÞ swapped term

CðMNÞðABÞðRSÞ
0 δBgAB ∈ CðMNÞðRSÞ

0 instead. Therefore to
avoid overcounting, we need to ensure that if we include

a termCðMNÞðRSÞðABÞ
0 δBgAB in CðMNÞðRSÞ

0 , we should drop out

a corresponding term CðMNÞðABÞðRSÞ
0 δBgAB which would

give the same contribution to the constitutive relations.
Keeping in mind this minor technicality, we have enlisted
all the possible terms in C0 and their contribution to TMN in
Table IV. There is no associated free energy current.
Let us now move on to C1. We need to write down the

most generic 5-tensor CðMNÞðRSÞT
1 made out of 0-derivative

data. Note that the index T cannot come from a VT because
the respective term will have a contraction with ∇T causing
it to vanish. The remaining 4 indices cannot come from a
uM as the respective terms have been eliminated using the
equations of motion. The resultant allowed terms in C1

have been enlisted in Table V along with their contribution
to the constitutive relations. The respective contribution to
the free energy current has been given in Table VI.
It should be noted that there is a plausible term

αVðMPNÞðRVSÞuT in C1 which we have not included in
Table V. Its contribution to TMN , after some simplification,
would have been

−
1

2
VðM

�

α∇NÞ
�

1

T
ΘT

�

−
1

T2
α∇NÞuR∇RT þ 1

2T
ατNÞΘ

þ 1

2T
τNÞuR∂Rα

�

: ð43Þ

Note that the last three terms are composites and are
linearly dependent on the contributions from C0. The first

TABLE V. Zero derivative terms in CðMNÞðRSÞT
1 and their contribution to the second order Class D and D̄ constitutive relations. Here we

have defined δ�i ¼ ðδi � δ̄iÞ=2. The transport coefficients δi couple to Class D constitutive relations while δ̄i couples to Class D̄.

Coefficient CðMNÞðRSÞT
1 TMN ∋ −CðMNÞðRSÞT

1
1
2
∇TδBgRS − 1

2
∇TC

ðMNÞðRSÞT
1

1
2
δBgRS

δþ10 2Tδþ10P
TðMVNÞPRS −2VðMPNÞR½δþ10∂RΘþ T

2
Θ∂Rðδ

þ
10

T Þ� þ δþ10V
ðM∇NÞuRτR

δ−10 −2Tδ−10PMNVðRPSÞT PMN ½δ−10∇Rτ
R þ T

2
τR∂Rðδ

−
10

T Þ� þ δ−10V
ðM∇RuNÞτR

δþ11 2Tδþ11V
ðMPNÞhRPSiT −VðMPNÞ

R½δþ11∇Tσ
RT þ T

2
σRT∂Tðδ

þ
11

T Þ�
þ 1

2
δþ11V

ðMð∇RuNÞ þ PNÞ
RΘ − 2

d∇NÞuRÞτR
δ−11 −2Tδ−11PThMPNiðRVSÞ PThMPNi

R½δ−11∇Tτ
R þ T

2
τR∂Tðδ

−
11

T Þ�
þ 1

2
δ−11V

ðMð∇NÞuR þ PNÞ
RΘ − 2

d∇RuNÞÞτR
δ̄12 2Tδ̄12PMNPRSuT −2PMN ½δ̄12uR∂RΘþ T

2
ΘuR∂Rðδ̄12T Þ�

−PMN δ̄12ðΘ2 − aRτRÞ − 2δ̄12VðMaNÞΘ
δ̄13 2Tδ̄13PMhRPSiNuT −PM

RPN
S½δ̄13uR∇Rσ

RS þ T
2
σRSuT∂Tðδ̄13T Þ�

−δ̄13ð12 σMNΘ − ahMτNiÞ − δ̄13VðMσNÞRaR
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term is pure derivative, but is made linearly dependent by
the equations of motion. Hence the contribution of
αVðMPNÞðRVSÞuT is not linearly independent onshell. It
is worth pointing out that this apparent exception is another
“unnatural” consequence of working with no torsion. In
presence of torsion, the respective contribution would have
included an independent term coupling to VðMuR∇Rτ

NÞ.

C. Mass frame

In our analysis above, we had fixed the hydrodynamic
redefinition freedom in uM, T and μm by relating them to
βM, as defined in Eq. (10). Although this is a convenient
choice of frame for computations, it is not the most
physically interesting one. A better physically motivated
choice is the so called “mass frame,” in which the mass
current (after null reduction) does not get any derivative
corrections. It is defined as

TMN
mf VN ¼ −RuM − EVM: ð44Þ

Let us start with the results in our frame and schematically
represent them as

TMN ¼ RuMuN þ 2EuðMVNÞ þ PPMN þ T MN

þOð∂3Þ; ð45Þ

where the tensor T MN contains all the derivative correc-
tions. A generic change of frame would amount to a field
redefinition

uM→uMþδuM; T→uMþδT; ϖ→uMþδϖ: ð46Þ

We can check that the first order null fluid automatically
respects the mass frame, so we only need to perform this
redefinition for second order variations δuM, δT, and δς.
This immediately implies that T MN remains unchanged up
to three derivative terms. Under a second order redefinition
therefore, the energy momentum tensor changes as

TMN
mf ¼ RuMuN þ 2EuðMVNÞ þ PPMN þ 2RuðMδuNÞ

þ
�∂R
∂T δT þ ∂R

∂ϖ δϖ

�

uMuN þ 2ðEþ PÞVðMδuNÞ

þ 2

�∂E
∂T δT þ ∂E

∂ϖ δϖ

�

uðMVNÞ

þ
�

Eþ P
T

δT þ TRδϖ

�

PMN

þ T MN þOð∂3Þ: ð47Þ

The condition (44) then requires

� 1
T δT

Tδϖ

�

¼ −
�T ∂E

∂T
1
T
∂E
∂ϖ

T ∂R
∂T

1
T
∂R
∂ϖ

�−1� T MNuMVN

T MNVMVN

�

;

δuM ¼ 1

R
PM

NT NRVR: ð48Þ

After plugging these back into Eq. (47), we can get TMN in
the mass frame

TMN
mf ¼ RuMuN þ 2EuðMVNÞ þ PPMN þ T MN

mf

þOð∂3Þ; ð49Þ

where

T MN
mf ¼ 2VðMPNÞ

RT RS

�

Eþ P
R

VS − uS

�

− T RS

�∂P
∂EuRVS þ

∂P
∂RVRVS

�

PMN

þ PM
RPN

ST MN: ð50Þ

This finishes our discussion of second order null fluids.
The respective constitutive relations and free energy
current, in off-shell hydrodynamic frame, have been
summarized in Tables II–VI. If the reader is instead
interested in the results in mass frame, the formula for
translation is given in Eq. (50). In the next section, we will
perform null reduction on these results to obtain the
constitutive relations of a second order Galilean fluid.

IV. SECOND ORDER GALILEAN FLUIDS
VIA NULL REDUCTION

We will now reduce our null fluid results presented in
Sec. III, to obtain the constitutive relations of a Galilean
fluid up to second order. We will mainly focus on the
covariant Newton-Cartan notation to deal with Galilean
fluids coupled to curved backgrounds. Later, specializing to
flat backgrounds, we will also discuss the conversion of
these results to the conventional noncovariant notation. For
more details, please refer to our previous work [11].

TABLE VI. Class D̄ free energy current up to second derivative
order. This is the only contribution to the nonhydrostatic free
energy current.

Coefficient NM ∈ − 1
8
CðRSÞðABÞM

1 δBgRSδBgAB

δ̄10 − δ̄10
2T τ

MΘ
δ̄11 − δ̄11

4T σ
MNτN

δ̄12 − δ̄12
T uMΘ2

δ̄13 − δ̄13
4T u

MσMNσMN
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A. Newton-Cartan backgrounds

Newton-Cartan geometries are a covariant representation
of spacetimes which respect Galilean symmetries. As we
established in [11], Newton-Cartan backgrounds are related
to null backgrounds by a mere choice of basis. In the
following we briefly review the argument, and in the
process introduce the reader to the basics of Newton-
Cartan backgrounds. For a fuller and excellent review of
Newton-Cartan geometries, please refer to the Appendix
of [28].
Ona null background,we choose a basisfxMg ¼ fx−; xμg

such that the null isometry V ¼ fV ¼ ∂−g. The fact that V is
an isometry implies that all the fields in the theory are
independent of the x− coordinate. To perform the reduction,
we require an arbitrary null field vM normalized as
vMvM ¼ 0, vMVM ¼ −1, which can be interpreted as
providing a “Galilean frame of reference.” In the case of a
null fluid, the null fluid velocity vM ¼ uM defines a special
Galilean frame which we refer to as the “fluid frame of
reference.” In an arbitrary Galilean frame, we decompose the
fields VM, vM, and gMN in the chosen basis as

VM ¼
�
1

0

�

; vM ¼
�

vμBðvÞ
μ

vμ

�

;

gMN ¼
� 0 −nν
−nμ hμν þ 2nðμB

ðvÞ
νÞ

�

; ð51Þ

along with

VM ¼
�

0

−nμ

�

; vM ¼
� −1
BðvÞ
μ

�

;

gMN ¼
�
hνρBðvÞ

ν BðvÞ
ρ − 2vμBðvÞ

μ hνρBðvÞ
ρ − vν

hμνBðvÞ
ν − vμ hμν

�

; ð52Þ

such that

nμvμ ¼ 1; vμhμν ¼ 0;

nμhμν ¼ 0; hμρhρν þ nμvν ¼ δμ
ν: ð53Þ

The collection of fields fnμ; vμ; hμν; hμν; BðvÞ
μ g defines a

Newton-Cartan structure. The torsionlessness condition
HMN ¼ 0 implies that the “time-metric” n ¼ nμdxμ is a
closed one-form, i.e., dn ¼ 0; this is known to be true for
torsionless Newton-Cartan structures. Note that after
choosing the said basis, the residual diffeomorphisms are
xμ → xμ þ χμðxνÞ and x− → ξ− þ χ−ðxμÞ. The former
of these are just the Newton-Cartan diffeomorphisms,
while the latter are known as “mass gauge transformations.”

BðvÞ
μ is the only field that transforms under this gauge

transformation

δχ−B
ðvÞ
μ ¼ −∂μχ

−; ð54Þ

and hence is known as the mass gauge field. The Levi-
Civita connection ΓR

MN decomposes in this basis as

Γλ
μν ¼ vλ∂ðμnνÞ þ

1

2
hλρð∂μhρν þ ∂νhρμ − ∂ρhμνÞ

−ΩðvÞ
σðμnνÞh

σλ;

Γ−
μν ¼ hλðμ∇̃νÞvλ − ∇̃ðμB

ðvÞ
νÞ ; ð55Þ

and all the remaining components zero. Here we have
identified Γλ

μν as the (torsionless) Newton-Cartan con-
nection and denoted the respective covariant derivative by
∇̃μ. We have also defined the (dual) frame vorticity as

ΩðvÞ
μν ¼ 2hσ½ν∇̃μ�vσ ¼ ∂μB

ðvÞ
ν − ∂νB

ðvÞ
μ : ð56Þ

The covariant derivative ∇̃ acts on the Newton-Cartan
structure appropriately

∇̃μnν ¼ 0; ∇̃μhρσ ¼ 0;

∇̃μhνρ ¼ −2nðνhρÞσ∇̃μvσ: ð57Þ

Note that vM was an arbitrary field chosen to perform the
reduction, and one is allowed to arbitrarily redefine it
without changing the physics. This leads to the invariance
of the system under “Milne transformations” of the
Newton-Cartan structure

vμ → vμ þ ψμ; hμν → hμν − 2nðμψνÞ þ nμnνψρψρ;

BðvÞ
μ → BðvÞ

μ þ ψμ −
1

2
nμψρψρ; ð58Þ

where ψμnμ ¼ 0, ψμ ¼ hμνψν. The fields nμ, hμν and the
connection Γρ

μν on the other hand are Milne invariant.
We can now decompose the fluid velocity uM and the

associated projector PMN as

uM ¼
�
uμBμ

uμ

�

; uM ¼
�−1
Bμ

�

;

PMN ¼
�
0 0

0 pμν

�

; PMN ¼
�
pνρBνBρ pμνBν

pμνBν pμν

�

: ð59Þ

The fields fnμ; uμ; pμν; pμν; Bμg define the Newton-Cartan
structure in the fluid frame of reference, satisfying,

nμuμ ¼ 1; uμpμν ¼ 0;

nμpμν ¼ 0; pμρpρν þ nμuν ¼ δμ
ν: ð60Þ
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They can be reexpressed in terms of fnμ; vμ; hμν; hμν; BðvÞ
μ g

using Eq. (58) with ψμ ¼ ūμ ¼ hμνuν ¼ uμ − vμ,

pμν ¼ hμν; pμν ¼ hμν − 2nðμūνÞ þ nμnνūρūρ;

Bμ ¼ BðvÞ
μ þ ūμ −

1

2
nμūρūρ: ð61Þ

The (dual) fluid vorticity is defined similar to the (dual)
frame vorticity as,

Ωμν ¼ 2pσ½ν∇̃μ�uσ ¼ ∂μBν − ∂νBμ: ð62Þ

The mass current ρμ, energy current ϵμ, and stress tensor
tμν on Newton-Cartan backgrounds can be respectively read
out in terms of TMN as (see [11] for details)

ρμ ¼−TμMVM; ϵμ ¼−TμMuM; tμν ¼Pμ
MPν

NTMN:

ð63Þ

with tμν ¼ tνμ and tμνnν ¼ 0. They satisfy the conservation
laws

Mass Conservation∶ ∇̃μρ
μ ¼ 0;

Energy Conservation∶ ∇̃μϵ
μ ¼−ðuμρσ þ tμσÞpσν∇̃μuν;

Momentum Conservation∶ ∇̃μðuμpσ
νρ

νþ tμσÞ ¼−ρμ∇̃μuσ:

ð64Þ

Here, the energy current ϵμ and the stress tensor tμν in
Eq. (63) are defined in the fluid frame of reference; we can
define the respective quantities in an arbitrary frame of
reference as

ϵμðvÞ ¼−TμMvM¼ ϵμþuμūνpνρρ
ρþ1

2
ρμūρūρþ tμνūν;

tμνðvÞ ¼ ðPðvÞÞμMðPðvÞÞνNTMN ¼ tμνþ2ūðμhνÞσρσ− ūμūνρσnσ;

ð65Þ

where PMN
ðvÞ ¼ gMN þ 2vðMVNÞ. They satisfy the respective

conservation laws

∇̃μϵ
μ
ðvÞ ¼ −ðvμρσ þ tμσðvÞÞhσν∇̃μvν

∇̃μðvμhσνρν þ tμσðvÞÞ ¼ −ρμ∇̃μvσ: ð66Þ

In the following, we will only present the constitutive
relations in the fluid frame of reference. However, we can
always use Eq. (65) to go to any arbitrary frame.

B. Second order Galilean fluids

Having reviewed the general rules of null reduction, we
can now go on and reduce the null fluid constitutive
relations. To setup the notation, we have reduced the first
order fluid data in Table VII. We can use the formulas in
Eq. (63) to convert the null fluid energy momentum tensor
TMN in Tables II, IV, and V into Galilean fluid mass current
ρμ in Table VIII, energy current ϵμ in Table IX and stress
tensor stress tensor tμν in Table X. The results schematically
look like

ρμ ¼ ðRþ ςρÞuμ þ ςμρ; ϵμ ¼ ðEþ ςϵÞuμ þ ςμϵ ;

tμν ¼ Ppμν þ ςμνt : ð67Þ

The tensors ςρ, ςμρ, ςϵ, ςμϵ and ςμνt contain derivative
corrections with ςμνt ¼ ςνμt and ςμρnμ ¼ ςμϵnμ ¼ ςμνt nμ ¼ 0.
These are the Galilean fluid constitutive relations in the
offshell hydrodynamic frame. If we are rather interested in

TABLE VII. First order fluid data in null background, Newton-Cartan and noncovariant notations. Noncovariant results have been
specialized to flat backgrounds.

Null backgrounds Newton-Cartan Noncovariant (flat)

Nonhydrostatic—onshell independent
Θ ∇MuM Θ ∇̃μuμ Θ ∂iui

τM, τ̄M PMN 1
T ∂NT τμ, τ̄μ pμν 1

T ∂νT τi, τ̄i 1
T ∂iT

σMN 2PRhMPNi
S∇RuS σμν 2pρhμ∇̃ρuνi σij 2∂hiuji

Nonhydrostatic—onshell dependent
ΘT uM 1

T ∂MT ΘT uμ 1
T ∂μT ΘT

1
T ð∂tT þ ui∂iTÞ

Θϖ uMT∂Mϖ Θϖ uμT∂μϖ Θϖ Tð∂tϖ þ ui∂iϖÞ
τMϖ PMNðT∂Nϖ þ uR∇RuNÞ τμϖ pμνT∂νϖ þ uR∇Ruμ τiϖ T∂iϖ þ ∂tui þ uj∂jui

Hydrostatic
τ̄Mϖ PMNT∂Nϖ τ̄μϖ pμνT∂νϖ τ̄iϖ T∂iϖ
ωMN 2PR½MPN�S∇RuS ωμν

2pρ½μ∇̃ρuν� ωij 2∂ ½iuj�
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the results in mass frame defined in Sec. III C, we can
reduce Eq. (50) to get

ςρ;mf ¼ ςμρ;mf ¼ ςϵ;mf ¼ 0; ςμϵ;mf ¼ ςμϵ −
Eþ P
R

ςμρ;

ςμνt;mf ¼ ςμνt − pμν

�∂P
∂E ςϵ þ

∂P
∂R ςρ

�

: ð68Þ

These mass frame results have also been presented in
Tables VIII–X alongside their offshell frame counterparts.

Summary of transport coefficients: At ideal order, there
is just one independent transport coefficient: the thermo-
dynamic pressure P. Thermodynamic energy density E and
mass density R are determined in terms of P via the
thermodynamic relation

dP ¼ Eþ P
T

dT þ TRdϖ: ð69Þ

At first order, there are three new transport coefficients:
shear viscosity η, bulk viscosity ζ and thermal conductivity
κ. All three of them are dissipative and are required to be
non-negative by the second law. At second order, there are
25 independent transport coefficients. 5 of them are hydro-
static belonging to Class HS

α1; α2; α3; α4; α5: ð70Þ

Other 20 are nonhydrostatic. 11 in Class D̄

δ̄1; δ̄2; δ̄3; δ̄6; δ̄7; δ̄8; δ̄9; δ̄10; δ̄11; δ̄12; δ̄13;

ð71Þ

and 9 in Class D

TABLE VIII. Mass current of a Galilean fluid up to second
derivative order in off-shell frame and mass frame respectively.
Note that in mass frame, the mass current is simply ρμmf ¼ Ruμ.

Coefficient ρμ ρμmf

P 1
T
∂P
∂ϖ uμ ≡ Ruμ

α1 1
T ð12 ∂α1∂ϖ τ̄μϖτ̄ϖμ − ∇̃νðα1Tτ̄νϖÞÞuμ 0

α2 1
T ð∂α2∂ϖ τ̄μϖτ̄μ − ∇̃νðα2Tτ̄νÞÞuμ 0

α3 1
4T

∂α3∂ϖ ωρσωρσuμ − ∇̃νðα3ωνμÞ 0

α5 1
T
∂α5∂ϖ Ruμ 0

TABLE IX. Energy current of a Galilean fluid up to second derivative order in off-shell frame and mass frame
respectively. Note that the only difference in the two frames comes in the hydrostatic sector.

Coefficient ϵμ ϵμmf

P T2 ∂ðP=TÞ
∂T uμ ≡ Euμ

κT −Tκτμ

α1 1
2

∂ðTα1Þ∂T τ̄ρϖτ̄ϖρuμ þ α1τ̄
μ
ϖΘϖ

α1τ̄
μ
ϖΘϖ

α2 ½T2 ∂ðα2=TÞ∂T τ̄ρϖτ̄ρ − T∇νðα2T τ̄νϖÞ�uμ α2τ̄
μΘϖ þ α2τ̄

μ
ϖΘT

þα2τ̄
μΘϖ þ α2τ̄

μ
ϖΘT

α3 1
4
T2 ∂ðα3=TÞ∂T ωνρωνρuμ þ α3ω

μνaν α3ω
μνaν þ EþP

R ∇̃νðα3ωνμÞ
α4 −∇̃νðα4ωνμÞ −∇̃νðα4ωνμÞ
α5 ðT2 ∂ðα5=TÞ∂T Rþ 2pρσ∇̃ρ∇̃σα5Þuμ 2α5pμνRνρuρ − 2pμνuρ∇̃ν∇̃ρα5

þ2α5pμνRνρuρ − 2pμνuρ∇̃ν∇̃ρα5

δþ1 − 1
2
δþ1 σ

μντν
δþ2 −δþ2 τμΘ

δþ6 − 1
2
δþ6 σ

μντ̄ϖν

δþ7 −δþ7 τ̄
μ
ϖΘ

δ̄8 − 1
2
δ̄8ω

μρτρ

δþ10 −pμρ½δþ10∂ρΘþ T
2
Θ∂ρðδ

þ
10

T Þ� þ 1
2
δþ10p

μντσ∇̃νuσ

δ−10 − 1
2
δ−10τ

σ∇̃σuμ

δþ11 − 1
2
½δþ11∇̃νσ

μν þ T
2
σμν∂νðδ

þ
11

T Þ� þ 1
4
δþ11ðτν∇̃νuμ þ τμΘ − 2

d p
μρτσ∇̃ρuσÞ

δ−11 − 1
4
δ−11ðpμρτσ∇̃ρuσ þ τμΘ − 2

d τ
ν∇̃νuμÞ

δ̄12 −δ̄12aμΘ
δ̄13 − 1

2
δ̄13σ

μνaν
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δ1; δ2; δ3; δ4; δ5; δ6; δ7; δ10; δ11:

ð72Þ

Second law gives no inequality constraints on these
transport coefficients. For some transport coefficients in
Tables VIII–X, we have denoted δ�i ¼ ðδ� δ̄iÞ=2.

C. Noncovariant results in flat spacetime

When the Galilean fluid is coupled to a flat background,
it is perhaps more fitting to express the results in the
conventional noncovariant notation where the time and
space indices are treated distinctly. To make the transition,
we note that on a Newton-Cartan background, we can
choose a basis fxμg ¼ ft; xig such that the Galilean frame
velocity ðvμÞ ¼ ∂t. In this basis, we decompose the
Newton-Cartan structure as

nμ ¼
�
1

0

�

; vμ ¼
�
1

0

�

; pμν ¼
�
0 0

0 δij

�

;

pμν ¼
�
0 0

0 δij

�

; BðvÞ
μ ¼ 0; ð73Þ

where δij ¼ δij is the Kronecker delta. It can be checked
that the respective Newton-Cartan connection Γλ

μν ¼ 0,
justifying the spacetime to be flat. The Newton-Cartan
structure in the fluid frame can also be worked out from
here to be

uμ ¼
�

1

ui

�

; Bμ ¼
�

− 1
2
ukuk
ui

�

;

pμν ¼
�
0 0

0 δij

�

; pμν ¼
�
ukuk −uj
−ui δij

�

: ð74Þ

TABLE X. Stress-energy tensor of a Galilean fluid up to second derivative order in offshell frame and mass frame respectively. Note
that the only difference in the two frames comes in the hydrostatic sector.

Coefficient tμν tμνmf

P Ppμν

η −ησμν

ζ −ζpμνΘ
α1 1

2
α1pμντ̄ρϖτ̄ϖρ − α1τ̄

μ
ϖτ̄νϖ 1

2
α1pμντ̄ρϖτ̄ϖρ − α1τ̄

μ
ϖτ̄νϖ − pμν ∂P

∂E
1
2

∂ðTα1Þ∂T τ̄ρϖτ̄ϖρ

−pμν ∂P
∂R

1
T ð12 ∂α1∂ϖ τ̄μϖτ̄ϖμ − ∇̃νðα1T τ̄νϖÞÞ

α2 pμνα2τ̄
ρ
ϖτ̄ρ − 2α2τ̄

ðμ
ϖ τ̄νÞ pμνα2τ̄

ρ
ϖτ̄ρ − 2α2τ̄

ðμ
ϖ τ̄νÞ

−pμν ∂P
∂E ðT2 ∂ðα2=TÞ∂T τ̄ρϖτ̄ρ − T∇νðα2T τ̄νϖÞÞ

−pμν ∂P
∂R ð∂α2∂ϖ τ̄ρϖτ̄ρ − ∇̃νðα2T τ̄νÞÞ

α3 1
4
α3pμνωρσωρσ − α3ω

μ
ρω

νρ 1
4
α3pμνωρσωρσ − α3ω

μ
ρω

νρ

−pμν ∂P
∂E

T2

4

∂ðα3=TÞ∂T ωνρωνρ − pμν ∂P
∂R

1
4T

∂α3∂ϖ ωρσωρσ

α5 pμνðα5R − 2pρσ∇̃ρ∇̃σα5Þ − 2pμρpνσðα5Rρσ − ∇̃ρ∇̃σα5Þ pμνðα5R − 2pρσ∇̃ρ∇̃σα5Þ − 2pμρpνσðα5Rρσ − ∇̃ρ∇̃σα5Þ
−pμν ∂P

∂E ðT2 ∂ðα5=TÞ∂T Rþ 2pρσ∇̃ρ∇̃σα5Þ
−pμν ∂P

∂R
1
T
∂α5∂ϖ R

δ−1 −δþ1 τhμτνi

δ−2 −δ−2pμντρτρ
δþ3 −2δþ3 σμνΘ
δ−3 −δ−3pμνσρσσρσ
δ4 −δ4σhμρσρνi

δ5 −2δ5pμνΘ2

δ−6 −δþ6 τ̄
hμ
ϖ τμi

δ−7 −δ−7pμντ̄ρϖτρ
δ̄9 −δ̄9ωhμρσρνi

δ−10 −pμν½δ−10∇̃ρτ
ρ þ T

2
τρ∂ρðδ

−
10

T Þ�
δ−11 −PρhμPνi

σ ½δ−11∇̃ρτ
σ þ T

2
τR∂Tðδ

−
11

T Þ�
δ̄12 −2pμν½δ̄12uρ∂ρΘþ T

2
Θuρ∂ρðδ̄12T Þ� − pμνδ̄12ðΘ2 − aρτρÞ

δ̄13 −½δ̄13uρ∇̃ρσ
μν þ T

2
σμνuρ∂ρðδ̄13T Þ� − δ̄13ð12 σμνΘ − ahμτνiÞ
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We have enlisted the one derivative fluid data in Table VII
to aid the transition of the constitutive relations to non-
covariant notation.
In flat spacetime, the conservation laws take the well-

known form

Mass Conservation∶ ∂tρ
t þ ∂iρ

i ¼ 0

Energy Conservation∶ ∂tϵ
t
ðvÞ þ ∂iϵ

i
ðvÞ ¼ 0

Momentum Conservation∶ ∂tρ
j þ ∂it

ij
ðvÞ ¼ 0: ð75Þ

Here we have identified various Galilean quantities as
expressed in the Galilean frame defined by ∂t: mass density
ρt, mass current ρi, energy density ϵtðvÞ, energy current ϵiðvÞ,

and stress tensor tijðvÞ. For a Galilean fluid, they take a

schematic form

ρt ¼ Rþ ςρ; ρi ¼ ρtui þ ςiρ;

tijðvÞ ¼ Pδij þ ρtuiuj þ 2uðiςjÞρ þ ςijt ;

ϵtðvÞ ¼ Eþ 1

2
ðRþ ςρÞukuk þ ςkρuk þ ςϵ;

ϵiðvÞ ¼ ðϵtðvÞ þ PÞui þ 1

2
ςiρukūk þ ςiϵ þ ςijt uj; ð76Þ

where ςρ, ςiρ, ςϵ, ςiϵ, and ςijt contain all the derivative
corrections. We can also use the mass hydrodynamic frame

ρtmf ¼ R; ρimf ¼ Rui;

tijðvÞ;mf ¼ Pδij þ Ruiuj þ ςijt;mf ;

ϵtðvÞ;mf ¼ Eþ 1

2
Rukuk;

ϵiðvÞ;mf ¼
�

Eþ Pþ 1

2
Rukuk

�

ui þ ςiϵ;mf þ ςijt;mfuj: ð77Þ

in which the expressions look most familiar. For the
constitutive relations up to second order, the respective
derivative corrections can be directly read out from
Tables VIII–X using results in Table VII.
We have now completed the most generic analysis of the

constitutive relations of a Galilean fluid up to second
derivative order. Before closing this paper, in the next
section we present an example of how these second order
terms might find relevance in a physical process. We
consider a ball being dragged through a Galilean fluid
and study corrections to the Stokes’ law due to a repre-
sentative second order term.

V. SECOND ORDER CORRECTIONS
TO THE STOKES’ LAW

In this section, we analyse the effect of the second order
transport coefficients on a well known hydrodynamic

phenomenon, namely the Stokes’ law [29]. The physical
setup is the following: we are interested in finding out the
fluid profile around a spherical ball that is moving at a
constant velocity in a fluid of infinite extent. Given the
symmetries of the problem, we will choose a spherical
coordinate system ðr; θ;ϕÞ. The radius of the ball l, its
constant velocity Uẑ with respect to the fluid at infinity,
fluid density R, and fluid viscosity η are the parameters of
the problem. The fluid resists the motion of the ball due to
its viscosity by applying a drag force opposite to its
direction of motion. Its magnitude is determined by the
Stokes’ law

F⃗ ¼ −6πηlUẑ: ð78Þ

This law follows from the momentum conservation
Eq. (75), commonly known as the Navier-Stokes (NS)
equation, under certain assumptions which we outline
below. For a first order dissipative nonrelativistic fluid
NS equation takes the form

R∂tui þ Ruj∂jui ¼ −∂iPþ η∂2ui þ
�

ζ þ 1

3
η

�

∂i∂juj;

ð79Þ

where the transport coefficients η, ζ have been assumed to
be constant in spacetime. The problem can be made time
independent by working in the rest frame of the ball, so that
far away from the ball, the velocity of fluid is −Uẑ. We will
ignore any inertial effects all together. Next we consider the
fluid to be incompressible (R is constant) and hence by
virtue of the equation of continuity (mass conservation
equation), the fluid velocity becomes divergenceless

∂tRþ ∂iðRuiÞ ¼ R∂iui ¼ 0: ð80Þ

These assumptions simplify the NS equation Eq. (79) to be

Ruj∂jui ¼ −∂iPþ η∂2ui: ð81Þ

Due to the axisymmetric nature of our problem, uϕ can be
taken to be 0 and all the other fields to be independent of
the ϕ coordinate. With this ansatz, the fluid velocity can be
expressed in terms of a stream function ψðr; θÞ

u⃗ ¼ 1

r2 sin θ
ð∂θψ r̂ − ∂rψθ̂Þ: ð82Þ

So, for a given fluid (characterized by ρ, η), the problem is
reduced to solving Eq. (81) for the pressure P and the
stream function ψ , with boundary conditions: (1) P ¼ P0 is
constant at infinity, (2) u⃗ ¼ −Uẑ at infinity, and (3) u⃗ ¼ 0
at the surface of the ball. The solutions are given as
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ψ ¼ 1

2
Usin2θ

�

l3

2r
−
3

2
lrþ r2

�

;

P ¼ P0 − ηl
3U cos θ

2r2
: ð83Þ

We define the force per unit area on the ball as

dF⃗ ¼ tijx̂idaj ¼ l2 sin θdϕdθðPr̂ − ησrθθ̂Þ

¼ l2 sin θdϕdθ

�

P0r̂ −
3ηU
2l

ẑ

�

: ð84Þ

Stokes’ law follows from here by integrating this equation
over the surface of the ball.

A. Navier-Stokes equation with second
order scalar corrections

We now study the Navier-Stoke equation equation (79)
in presence of second order transport coefficients. In
particular, we want to see the second order corrections
to the Stokes’ law [30] given in Eq. (78). The full analysis
of Eq. (79) in presence of all second order coefficients is
naturally very involved, and is out of the scope of this
paper. We plan to return to this analysis in the future. Here,
we are only interested in the second order scalar terms. As it
turns out, such terms do not change the fluid velocity
profile and only affect the pressure.
We modify the stress tensor of our nonrelativistic fluid

with a scalar term proportional to a second order non-
hydrostatic data S, giving us

tij ¼ Ruiuj þ Pδij − ησij þ η̃Sδij; ð85Þ

leaving the energy and mass currents unmodified. η̃ is the
associated transport coefficient. In terms of the transport
coefficients defined in Table X, η̃ can be a linear combi-
nation of [31]

δ−2 ; δ−3 ; δ5; δ−7 ;

δ−10 −
1

2
δþ1 −

1

2d
δþ2 þ 1

2
δ̄8; δ̄12 þ

EþP
R

δþ2 þ δþ7 : ð86Þ

Under the assumptions of incompressibility and constant
transport coefficients, the associated NS equation takes the
form

∂iPþ Ruj∂jui − η∂2ui þ η̃∂iS ¼ 0: ð87Þ

Taking a curl of this equation, P, S, and η̃ drop out of the
equation. The resultant equation is just an equation in
the velocity ignorant of our S corrections. Together with the
divergence-less condition, it completely determines the
velocity profile which is independent of S and is simply
given by Eq. (82).

Once we have obtained the velocity profile, the pressure
P can be obtained by solving Eq. (87). In general, the
solutions will crucially depend on the form of S. For
example, if S only involves the velocity and its derivatives,
Eq. (87) simply becomes a homogeneous first order
differential equation for P. The solution is given by a
trivial extension of Eq. (83)

P ¼ P0 − ηl
3U cos θ

2r2
− η̃S; ð88Þ

where S is evaluated on the velocity profile. Since the stress
tensor in Eq. (85) only depends on the combination Pþ η̃S,
we can see that the contributions from η̃ drop out of it after
plugging in the solutions. It follows from Eq. (84) there-
fore, that the Stokes’ law does not receive any corrections.
In fact the same argument goes through for any arbitrary S.
Note that Eq. (87) can be rewritten as

∂iðPþ η̃SÞ ¼ −Ruj∂jui þ η∂2ui: ð89Þ

After plugging in the solution for velocity, this equation can
be integrated once to give

Pþ η̃S ¼ P0 − ηl
3U cos θ

2r2
: ð90Þ

Depending on the pressure dependence of S, this equation
might be nontrivial to solve. However, as far as tij is
concerned, we are only interested in the combination
Pþ η̃S. It follows therefore, that tij and hence the
Stokes’ law does not receive any corrections due to η̃.
We have argued that the nonhydrostatic second order

scalar corrections S do not affect the Stokes’ law under the
assumptions of incompressibility and constant transport
coefficients (which are the same as imposed by Landau in
his book [32]). To see a nontrivial effect on the Stokes’ law
therefore, we should consider other tensorial corrections to
the stress tensor. The full analysis however, is expected
to be pretty involved analytically, and we intend to return to
this in the near future.

VI. DISCUSSION

In this paper, we have performed a complete second
order analysis of uncharged parity-even nonrelativistic
hydrodynamics using null fluid formalism. Second order
terms in relativistic hydrodynamics are required to maintain
causality. If we look at our theory as a nonrelativistic limit
of a relativistic theory, we might expect to see some
signatures of the causality requirement [33]. It is therefore
important to study the effect of second order terms in
nonrelativistic fluid constitutive relations. The respective
results can be found in Sec. IV B in Tables VIII–X. To
summarize, there are 25 new transport coefficients that
appear at second order. 5 of them are hydrostatic, i.e., they
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determine the equilibrium configuration of the fluid. Nine
others are dissipative, i.e., they are responsible for the
production of entropy during dynamical processes, while
the remaining 11 quantify dynamical processes which do
not cause dissipation.
One might question if the analysis we have performed

indeed reproduces the most generic second-order Galilean
fluid, or if there are any inherent constraints arising due
to the framework of null reduction. Indeed, as we have
argued in our original paper on null fluids [11], a (dþ 2)-
dimensional null fluid is in exact correspondence with a
(dþ 1)-dimensional Galilean fluid. This claim is further
bolstered by the work of [34] which showed that a Galilean
fluid can be covariantly arranged into a one higher dimen-
sional system, which is essentially a null fluid [12]. In fact,
all the analysis we have done here could also be done
directly in a (dþ 1)-dimensional Newton-Cartan frame-
work of Galilean hydrodynamics. As all the Galilean
symmetries are manifest in form of Poincaré symmetries
in null fluid framework, the analysis becomes much more
natural and robust.
To understand the physical effect of the new second

order terms, we have also explored how some of these
might modify the well known Stokes’ law, which tells us
the drag force experienced by a body while moving through
a fluid. To first order, we already know that it is propor-
tional to the shear viscosity of the fluid [32]. We concluded
that nonhydrostatic scalar corrections to the stress tensor
(terms that appear in the stress tensor as tij ∼ η̃Sδij) do not
affect the Stokes’ law at all. This accounts for 6 out of 25
transport coefficients. There are 7 other terms which only
affect the energy profile and hence cannot contribute to the
drag force. The remaining 12 coefficients can in principle
however, affect the Stokes’ law in a nontrivial manner.
One particular term of interest would be the so called
“relaxation” coupling to ð∂t þ uk∂kÞσij in the stress tensor,
analogue of which was required in relativistic fluids to
salvage causality. Muller, Israel, and Stewart noted in [4–6]
that the causal structure of relativistic hydrodynamics can
be recovered by adding a second order term proportional to
uρ∇ρσ

μν to the energy-momentum tensor. The associated
transport coefficient is known as the “relaxation time.”

For a nonrelativistic fluid, the corresponding term is related
to δ̄13 in Table X. It will be interesting to study the effect of
this term on the Stokes’ law. The analysis however, is quite
involved. We intend to come back to this study in a future
project.
Another prospective direction would be to compute the

explicit form of these second order transport coefficients
using holography. The principles of hydrodynamics and the
second law of thermodynamics allow us to pen down the
constitutive relations of a fluid up to some unknown
transport coefficients. Details of these transport coeffi-
cients, depend on the particular fluid in question and the
details of the microscopic theory. Holography however,
allows us to compute these coefficients directly for a
particular class of fluids. For relativistic fluids, using the
fluid/gravity correspondence [35,36], transport coefficients
for a holographic plasma has been successfully computed
(see [35–43] and references therein). For a first order
nonrelativistic fluid, some progress in this direction has
been made in [14]. We would like to set up a holographic
model dual to our null fluid construction and use it to
compute the associated transport coefficients. It would be
interesting to see what this analysis has to tell us about the
second order transport coefficients talked about in this
paper.
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