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We investigate the regularization-scheme dependent treatment of ys in the framework of dimen-
sional regularization, mainly focusing on the four-dimensional helicity scheme (FDH). Evaluating
distinctive examples, we find that for one-loop calculations, the recently proposed four-dimensional
formulation (FDF) of the FDH scheme constitutes a viable and efficient alternative compared to more
traditional approaches. In addition, we extend the considerations to the two-loop level and compute
the pseudoscalar form factors of quarks and gluons in FDH. We provide the necessary operator
renormalization and discuss at a practical level how the complexity of intermediate calculational steps

can be reduced in an efficient way.
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I. INTRODUCTION

The success of quantum-field theoretical predictions
over the past decades was enabled, among other things,
by the applicability of dimensional regularization as the
method provides a mathematically consistent tool to
handle ultraviolet (UV) and infrared (IR) divergences in
the multi-loop regime. From the very moment of the
introduction of dimensional regularization in Ref. [1],
however, special attention had to be paid to the treat-
ment of y5 since the object is closely related to concepts
that are only valid in integer dimensions. In a series of
publications [2—-15] that cover a time span of more than
40 years, different approaches have been developed in
order to find consistent rules for the treatment of ys in
the dimensional framework. Irrespective of this effort,
in the overwhelming majority of computations that have
been performed so far, the original ys definition of
Ref. [1] has been used, giving expression to the fact that
even today no efficient alternatives are available that are
well suited for all kinds of calculations.

Parallel to the development of y5 schemes, the search for
new efficient calculational methods has focused on finding
regularization prescriptions that reduce the technical com-
plexity at the practical level. Recently, the current status of
the most prominent schemes has been summarized in
Ref. [16]. Among the considered dimensional schemes
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are the 't Hooft-Veltman scheme (HV) [1], conventional
dimensional regularization (CDR) [17], dimensional reduc-
tion (DRED) [18], the four-dimensional helicity scheme
(FDH) [19,20], and its recently proposed four-dimensional
formulation (FDF) [21] at one loop.

In this article, we investigate the treatment of y5 in the
aforementioned dimensional schemes, mainly concen-
trating on the FDH scheme. As prescriptions for y5; we
consider the original one of ’t Hooft/Veltman and an
anticommuting ys. Having the practitioner in mind, we
perform distinctive one- and two-loop calculations and
show which of the ys schemes is the more efficient
alternative for the respective process under consideration.
In order to enable a step-by-step comparison between the
different ys schemes and the different dimensional
schemes, the outline of the letter is the following: In
Sec. I A, we provide the definitions of y5 in CDR/HV and
extend them to FDH/DRED in Sec. IIB. To illustrate
practical consequences of these definitions, we evaluate
characteristic one-loop examples in Secs. IIC and II D,
putting emphasis on differences and similarities of the
various approaches. The extension of these considera-
tions to the two-loop level is discussed in Sec. Il by
computing the pseudo-scalar form factors of quarks and
gluons in massless QCD. The necessary operator renorm-
alization as well as the UV-renormalized results are
provided in Sec. IV.

II. TREATMENT OF ys IN DIMENSIONAL
REGULARIZATION

A. CDR and HV

One main reason for the recurrent appearance of seeming
inconsistencies related to y5 is the fact that for a consistent
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formulation of d-dimensional integration, the four-
dimensional Minkowski space Sy has to be embedded
into an infinite-dimensional space QS[d]1 [17],

S[4] - QS[d] (21)
Although QS(; and the related quantities formally have
finite-dimensional properties, common concepts of Sy like
index counting are no longer applicable. Regarding ys, this
interplay between finite- and infinite-dimensional aspects
has caused quite a lot of confusion in the past and led to the
introduction of different y5 schemes (GS).

Depending on which Gs is chosen, special attention has
to be paid to the evaluation of the Lorentz algebra, to the
breaking of symmetries, to the treatment of anomalies,
and to the UV renormalization at higher perturbative
orders. According to the different characteristics regarding
these points, it is useful to distinguish the following two
classes of Gs:

(i) The first class contains schemes where y5 is defined
by a construction prescription like in the original
definition by 't Hooft/Veltman [1] and Breitenlohner/
Maison (BM)” [2],

i
BM: y2M = 5( EPTY LYY oY o)

(y,quY/)YO')[d] . (22)

— vpoc

= el
(ii) The second class contains schemes where ys is
defined algebraically, for example as anticommut-
ing (AC) with (quasi) d-dimensional y matrices [4,5],
AC: {}/?C,y’[’d]} =0. (2.3)
In Eq. (2.2), y2M is defined via the totally antisymmetric
Levi-Civita pseudotensor €“?° which is closely related to
the concept of index counting in strictly four dimensions.
While the dimensionality of the y matrices is treated
differently in various dimensional schemes, it is mandatory
to consider £¥° as a strictly four-dimensional object. Only
in this way it is possible to avoid ambiguous results and
mathematical inconsistencies found before e.g. in
Ref. [22]. Usually, the mismatch between the dimension-
ality of € and other algebraic objects is circumvented by
workarounds whose ranges of validity are often not
obvious, at least not at first sight. More details regarding

this issue will be given in Sec. III B.

1Following Ref. [16], we denote the (quasi)dimensionality dim
of a quantity by a subscript [dim]. Throughout this article, the
modified space-time dimension is always defined as d = 4 — 2e.

In order to distinguish this prescription from other aspects of
the original HV scheme, we solely use the abbreviation BM to
denote a scheme for the treatment of ys.

A direct consequence of Eq. (2.2) is that all (anti)
commutation relations of y8M are implicitly part of the
definition and therefore fixed, e.g.

LAY =00 B =0 24
and therefore [2]
{5 v} = 2ars™ (2.4b)

It is clear that Egs. (2.3) and (2.4b) yield different results for
d # 4, at least at intermediate steps of the calculation. In the
UV renormalized (and IR subtracted) theory, however,
different consistent approaches have to yield the same
results for physical observables.

B. FDH and DRED

So far, the algebraic behavior of y5 has been considered
in the quasi d-dimensional space QS| which is the natural
domain of CDR and of d-dimensional integration. In
Ref. [23], it is shown that in order to consistently formulate
FDH and DRED, this space has to be enlarged to QS| via a
direct (orthogonal) sum with the so-called “evanescent”
space QS ),

QS

= QS & QS (2.5)

Although d is usually taken to be 4 in FDH and DRED, it is
clear that QS is an infinite- dlmensmnal space with finite-
dimensional algebralc propertles

According to the structure of the vector spaces in
Eq. (2.5), quasi d;-dimensional metric tensors and y matri-

ces can be split as g, = giy + g, and i, = viy + 7,
resulting in

=dim, (99", =0,
Wiy W7} =0

with dim € {4,d,d, n.}.
As mentioned before, the (anti)commutation relations of
y2M are fixed by Eq. (2.2), e.g.

(2.6a)
(2.6b)

(g[dim] )”[l
{yl[ldim] ’ yl[/dim]} =

BM: {/¥. it =2r 8™, BV, 1=0. (2.79)

Due to the even number of y matrices in Eq. (2.2), y2M
commutes with the evanescent degrees of freedom in FDH
and DRED. Moreover, from Eq. (2.7a) it directly follows that
the structure of the (anti)commutation relation in d and d;
dimensions is the same,

*For more comments on the definition and the structure of the
vector spaces in Eq. (2.5) we refer to [23-25] and references
therein. Here it should only be mentioned that setting d, = 4
results in n, = 2e.
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My = 2ry g™ (2.7b)
As a consequence, in practical calculations it is possible to
either use a quasi d;-dimensional Lorentz algebra or to
explicitly perform the split of Eq. (2.5).

In contrast, the (anti)commutation relations of yg*c are
not fixed a priori but have to be part of the definition. We
therefore define

AC: {72y} =0.

{7’5 ,y[n 1 =0, (2.8a)

resulting in

{rsc, y’[’dx]} =0. (2.8b)
At first sight, it might seem appropriate to use a commutator
in the right definition of Eq. (2.8a), in a similar way as in
Eq. (2.7a). In general, however, calculations in FDH and DRED
are significantly facilitated if one uses a quasi d-dimensional
algebra instead of performing the split in Eq. (2.5). This
option is guaranteed by Eq. (2.8) since the algebrain d and d
dimensions is the same. Moreover, in Secs. II C and IV B it
will be shown that exclusively using anticommutators in
Eq. (2.8) results in a much simpler UV renormalization. It is
also a convenient choice regarding the nonbreaking of
supersymmetry [23].

To illustrate the implications of the different schemes for
75, we consider the following simple one-loop examples in
the FDH scheme: the correlator y#ys — ete™ and the
(anomalous) correlator of an axial-vector current and two
vector currents (AVV correlator). Each of the examples is
evaluated by using y2M and y2€ as defined in Eqgs. (2.2) and
(2.3), respectively. In addition we apply FDF, a recently

|

el

FIG. 1. One-loop contributions to the correlator y#ys — ete™.
The diagrams contain a gauge field (left) and an associated FDF-
scalar (right). The latter diagram is only present in FDF.

proposed genuine four-dimensional formulation of the FDH
algebra at the one-loop level. In the analytical results, the
fermion mass is denoted by m and p,, p, are the (outgoing)
momenta of the external fermions/gauge fields. For sim-
plicity we consider QED and set e =1 for the gauge
coupling.

C. One-loop example 1: Correlator y*y; - e*e~

1. FDH and y3M

The application of y®M in a d-dimensional framework
with d # 4 results in different algebraic properties com-
pared to the unregularized theory which can be easily seen
from Eq. (2.4). The (d-dimensional) axial-vector operator is
therefore usually symmetrized “by hand” and written as [6]

BMﬂ)

=75 g)- (2.9)

I
Vs = 5 tars™

Using this relation together with Egs. (2.2) and (2.6), and
multiplying with g, = (p; + p») . then yields for the left
diagram in Fig. 1*

q,T"

_)
bare 2 x 4!

= 12 _%+2+O(€)+O(m2
(4r) € 2

The (on-shell) renormalization of the external fermion
fields as well as the prediction for the structure of the
IR divergences in the FDH scheme are given in Ref. [26],

“In this example, Lorentz indices related to vector fields are
treated in d, = d + n,. dimensions, see also Eq. (2.5). The case
dy, =4 (and therefore n. = 2¢) then corresponds to FDH and
DRED, whereas results in CDR and HV are obtained for n,. = 0.
Here and in the following, the irrelevant dimension of the external
momenta is set to d and terms of O(e’n,) are omitted since they
vanish after setting n, = 2¢ and taking the subsequent limit
€ — 0. The regularization scale is fixed via u, = m. Note further,
that the e pseudotensor is considered outside dimensional
regularization and treated in strictly four dimensions.

) q [d] VsBM

" / dk Vi [+ P+ m)(dr,0,7e = 1t oY) K = Pa+ m)] ¥l (9ap) 4,
(27[)d [(k + pl)[zd] - mz][(k - pZ)[Zd] —-m ]k[zd]

(2.10)
[
0 ) = o |2 =4+ 0(0) + 00|
(2.11a)
Z = (4;) [—§+O(m2)} (2.11b)

Subtracting the IR divergence, it follows that field
renormalization is not sufficient to obtain the correct result
since the (scheme-dependent) UV divergence does not
cancel. The general reason is that symmetries of the
unregularized theory like chiral and Lorentz invariance
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are broken explicitly if y2™ is used in a d-dimensional
framework.” As a consequence, initial symmetries
have to be restored by means of additional counterterms.
In Sec. IV A, it will be shown that for the one-loop example
at hand, this renormalization reads

] ) 1
SZPM() () = 52113%\:’(”(115) +5Zé1) = (4n)? [%_4} )
(2.12)

It is given by a pure MS pole term 6234 which is finite after

setting n, = 2e and by a regularization-scheme indepen-
dent constant 6Zs. In CDR (n, = 0), the latter is usually
determined through relations that are valid in strictly four-
dimensional schemes like the Pauli-Villars setup, see e.g.
Ref. [6]. In Sec. IV we present an alternative approach that

|

— =i

is based on a comparison between results obtained with
y2M and y£C.

Combining Eqgs. (2.10)—(2.12) and taking the subsequent
limit d — 4, we obtain for the UV-renormalized and IR-
subtracted correlator

1

T =
Gy (41)?

- 00 g @213

Since all evanescent terms ~n, drop out through UV
renormalization, this final result does not depend on the
applied dimensional scheme.

2. FDH and y4¢

For the case of an anticommuting y5€ we write the FDH
one-loop amplitude as

1+% 1

T”‘ / dk yas][(k_FﬁI+m)%7?c(k_ﬂ2+m)][d]7[ﬂds](gaﬁ)[dx] 1
4y [<k+p1)[2d] —mz}[(k—p2)[2d] _mz}k[zd]

(2m)?

bare

The result has been obtained by (anti)commuting y?c to the
right and evaluating the remaining algebra by means of
Eq. (2.6). Due to the absence of an explicit symmetrization
and the reduced number of y matrices in the numerator, the
evaluation of the algebra is much simpler compared to
Eq. (2.10). Moreover, the consequent use of an anticom-
mutator in Eq. (2.8) leads to a sign change of the n, term.
Applying the field renormalization of Eq. (2.11a) and
subtracting the IR divergence we then directly recover
the result in Eq. (2.13). In contrast to y2™ therefore no
symmetry-restoring counterterms are needed to get the
correct result.

3. Algebra in genuine four dimensions—FDF

FDF is a novel regularization approach that was intro-
duced to reproduce FDH results at the one-loop level [21].
|

@t | e +5+0() +0(m?) |\ dar5©.

(2.14)

|
Starting from unregularized analytical expressions, loop
momenta in FDF are shifted as Ky — Kjq) = K + inrs
before any other algebraic manipulation is performed. The
scale u corresponds to the (d — 4)-dimensional components
of the loop momentum and serves as a regulator for the in
general divergent quasi d-dimensional loop integrals. By
definition, odd powers of y are set to zero, resulting in the
useful relation

Kakia = k[zd] = k[24] —u (2.15)
One main advantage of the FDF approach is that the Lorentz
algebra is realized in strictly four dimensions; Eqgs. (2.2)
and (2.3) are therefore equivalent, i.e. y2M = y2C =y;.
Applying this setup, the analytical expression for the left
diagram in Fig. 1 reads®

quTﬂ|bare — =l (27[)d

:(47[)2 E E+O(€)+O(Wl2) ¢[4]}’5.

) / dk [y K+ ipys+ -+ m)dys(K+ipys = po+m)YPgaply 1 17
[(k+ p1)iy —m?][(k = pa)iy —m?]kE,

(2.16)

For the evaluation of the algebra we used Eq. (2.15) to cancel against the denominator, resulting in the y>-dependent “extra

integral” [16]

’In the original reference of 't Hooft/Veltman [1], for example, it is shown how the use of Eq. (2.4b) leads to a breaking of Ward

identities. See also Ref. [6] for a pedagogical review.

6Using Feynman gauge, the right diagram including a so-called FDF-scalar vanishes according to the rules of FDF; in other gauges,
both diagrams in Fig. 1 contribute. In the latter case, the diagrams sum up to the same (gauge-independent) result as given in Eq. (2.16).
For more details regarding gauge dependence in FDF we refer to Ref. [16].
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1

d(,,2\ ddk £
I5(u”) = / (2m)¢ [(k + P1)[2d] —m?][(k — pz)[zd]

Although only strictly four-dimensional quantities and an
anticommuting ys have been used to obtain the result in
Eq. (2.16), the yBM result in Eq. (2.10) for n, = 2¢ is
recovered. The conceptual reason is that within FDF, similar
relations as in Eq. (2.4b) hold, e.g.7

EDE: {ys,Kiq} = 2ip. (2.18)

To obtain a physical result that is compatible with the
symmetries of the underlying theory we therefore have to
add the same counterterms as for the case of y=M.
Compared to Eq. (2.10), however, the evaluation of the
analytical expressions is significantly simplified.

_ mZ]k[Z] (4;)2 [E + %6 + O(€2):| + O(mz). (2.17)
d|

D. One-loop example 2: AVV triangle

As a second example we consider the AVV triangles in
Fig. 2 for the case of massless fermions. In the present case
of an NLO fermion loop, the only difference between the
dimensional schemes CDR, HV, FDH, and DRED is the
dimensionality of the external gauge-field momenta.
Since the final result of the amplitude is finite, as will
be shown below, the limit d — 4 can be taken without any
UV renormalization. After having taken the physical limit,
the virtual one-loop amplitudes are therefore the same in all
these dimensional schemes.

1. FDH and y3M

Applying the same setup as in the previous example we
obtain in CDR

T ey / dk Te((drur ¥ p¥e = vuru¥pYoll) K + PO R (K = #2)]ia) N <p1 < Pz)
o 2 x 4! (Zﬂ)d (k + Pl)[zd]k[zd] (k - Pz)[zd] a<f
1 apur
—2—”28[4(]}” {P1up2u}igl +3e + O], (2.19)
where, as before, the & pseudotensor is considered outside qﬂT’Kfz, =0 (2.21)

dimensional regularization throughout the calculation.
Taking the limit € — 0, the result in Eq. (2.19) coincides
with the well-known (anomalous) axial Ward identity
(AWI) given e.g. in Refs. [27-29].

2. FDH and y4¢

One important characteristic related to the treatment of
y2€ in dimensional schemes is that traces including odd
numbers of y2€ either vanish or are not cyclic anymore.
Demanding, for example, cyclicity of traces including yg‘c

leads to relations like [9]
(d = 4)Trlyy y y°r5€l = 0. (2.20)
For d # 4, this equation can only be fulfilled for a vanishing

trace. Since similar relations hold for other numbers of y
matrices in the trace we get

"This  relation follows from Yskia) = vs(Ka) + inys) =
(=Kw) + inys)ys = —Kqys + 2ip. 1t is important to notice that
in practical computations, relations like in Eq. (2.18) are not used
explicitly since quasi d-dimensional quantities are in FDF split
into a strictly four-dimensional and a u-dependent part. The y5
matrix is therefore effectively an anticommuting one.

and gauge invariance is broken explicitly. Different solu-
tions have been proposed e.g. in Refs. [4,5] and [12,13,15]
by modifying the trace operation in such a way that the result
in Eq. (2.19) is recovered. These modified traces, however,
lead to significant complications in practical calculations, in
particular at higher perturbative orders. In this paper we
therefore refrain from the explicit evaluation of y2¢-odd
traces. Instead, in Sec. IVB we show how this can be
avoided at the practical level.

3. FDF
Finally we evaluate the triangle diagrams by utilizing the
FDF approach. Using the same four-dimensional Feynman
rules as in Sec. II C, the analytical expression reads

o o

FIG. 2. One-loop contributions to the (anomalous) AVV corre-
lator TQ“G/{, including one axial-vector and two vector vertices.
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b / dk Trldys(K + ipys + p)r* K+ iuys)y (K + ipys — o)
S (k+ p1)ig Ky (k = p2)iy

(27)

(2.22)

P1 <> P2
+< o< p )

A crucial difference compared to other dimensional schemes is the appearance of rank two tensor integrals with strictly

four-dimensional loop momenta in the numerator,
/ d'k KKy
(27)¢ (k + Pl)[zd}k[zd](k - P2>[d]

7= Coodyy + Cra(PiPS + PoPT )y + -+ (2.23a)
Using Eq. (2.15) and neglecting odd powers of y, the relevant coefficient is given by
1( [ d% 1 d'k Kty
Coo == {/ +/ } (2.23b)
2 (27)* (k + Pl)[zd} (k- Pz)fd] (27)" (k + Pl)[zd]k[zd] (k- Pz)[zd]

The first integrand is given by d-dimensional quantities
only and the integral can be evaluated without any compli-
cation. In contrast, the second integral contains strictly four-
dimensional components of the loop momentum. Using
Eq. (2.15) to cancel against the denominator gives rise to the
integral in Eq. (2.17) for m = 0. It turns out that this integral
is the only one that contributes to the AVV correlator in the
FDF approach. In other words, the anomaly is entirely given
by a u? integral that stems from the evaluation of the tensor
integrals,

4y TK(\I;/\}/ - 1611? (/’42) {Saﬁﬂbp 1LuP2.y } [4]

1
= _Z_”Z{Saﬂﬂypl-ﬂpz'b}H] [1 —+ 3e + 0(62)] (224b)

(2.24a)

In this way, the result in Eq. (2.19) is recovered, including
higher terms in the ¢ expansion. Again, the computational
effort is significantly reduced compared to the case of y?M.

4. Comment on Bose symmetry

Recently it has been shown [30,31] that special care has
to be taken when using an anticommuting yg*c since gauge
invariance and Bose symmetry may not be maintained
simultaneously, even if the dimension of the underlying
space-time remains unchanged during the regularization
process. At the root of this symmetry breaking are y5<-odd
traces which yield different contributions compared to the
case of yBM,

In Ref. [31], the interplay between gauge invariance and
Bose symmetry is investigated in the framework of implicit
regularization (IREG). Using y2M as defined in Eq. (2.2)
together with the right- and left-handed chiral operators Vi =
2 (1+yBM) and Vi =1y# (1-yBM) at the vertices, the follow-
ing results for the different correlators are provided®

%In Ref. [31], the results are parametrized in terms of a
parameter a which is related to momentum-routing invariance
and therefore to a so-called “surface term” vy~ (1 +a). In
dimensional regularization, v, is set to zero by definition,
resulting in a = —1.

[
IREG/BM: ¢, T, = —q, T\

1
T2 {ep1upay b, (2.25a)

“ 1
4T = 4Tk = 5 4T
1
= =52 E PP (2.25b)

In contrast, the same correlators read for the case of an
anticommuting y4€

1
IREG/AC: qﬂTﬁolliﬁR - —qﬂT’,fff T2 {gaﬁml’l,yl’z,u}[ﬂ,
(2.26a)
aff a af
QT = g, Theh = g, Ti% — 0. (2.26b)

The crucial difference between these two results is that only
Eq. (2.25) are likewise compatible with gauge invariance
and Bose symmetry since in this case Bose symmetry does
not impose any additional restrictions on the distribution of
the anomaly on the pseudo-scalar and the vector current
[31]. It is therefore possible to entirely shift the anomaly
away from the vector current in order to preserve gauge
invariance.

Using the FDF approach, we computed the aforementioned
chiral correlators and find agreement with Eq. (2.25), i.e.

M: C]y Tﬁ?{i{ = —C]y Tﬁlof

1
=1 (e prupruty+0(e), (2.27a)

1
qMTllg{ﬂL = QﬂTlll{iﬁR = qutT’lgfi
1

= — 5 e p1uprty + Ole).  (2.27b)

247>
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In FDF, the results are entirely generated by extra-
integrals like in Eq. (2.17). Although using a strictly
four-dimensional algebra in combination with an anticom-
muting ys, FDF is therefore compatible with Bose symmetry
and gauge invariance at the same time. This finding is
confirmed by the validity of the vector Ward identities for
which we find in FDF

EDF: p|  Thth = pasThin = (2.28)
It should be mentioned explicitly that these findings are a
result of the algebraic rules within FDE. If we were to
evaluate the algebra in the unregularized theory and apply
the rules of FDF only afterwards, we would obtain vanishing
results for the “mixed” correlators RRL, RLR, RLL like in
Eq. (2.26) [although Eqgs. (2.24b) and (2.28) would still
hold]. Since the analytical expressions are in general
divergent, however, it is clear that the application of a
proper regularization has to be the initial step that is
necessary to avoid ambiguous results.

III. PSEUDOSCALAR FORM FACTORS IN FDH

In the following, we extend the previous findings to the
two-loop level by computing the pseudoscalar form factors
of quarks and gluons in the FDH scheme. The results of the
form factors that are currently available have been obtained
by using DR and y2M as defined in Eq. (2.2), see e.g. [32]
and references therein. In the following we consider the
form factors up to two loops for

(i) different dimensional schemes,

FDH, and

(ii) different y5 schemes, i.e. y2M and y£C.

In principle, also the FDF scheme is a viable candidate for
treating y5 in the framework of dimensional regularization.
However, since it is (currently) unclear how this approach
can be consistently formulated beyond the one-loop level,
we do not consider FDF here.

1.e. CDR/HV and

A. Effective Lagrangian

The coupling strength of a pseudo-scalar Higgs boson A
to quarks is directly proportional to the respective quark
mass. Denoting the pseudoscalar current by js , = iy ys¥i,
the corresponding Lagrangian can be written as

. . |A
Ly = |:ququ5,51 TYitse| (3.1)
q

where v and y; denote the Higgs vacuum expectation value
and dimensionless Yukawa couplings which depend on the
underlying theory, respectively, the sum runs over all light
quark flavors g € {d, u,s,c,b}, and t corresponds to the
top quark.

One way to obtain an effective Lagrangian correspond-
ing to Eq. (3.1) is to consider the (all-order) anomalous

relation [29] between the pseudoscalar current js; and the
axial-vector current jg” « = Wir'yswy in the full theory,

aﬂ |:Z]gq + ]Islz:| =2 |:qu].5¢1 + mtjs,t:|
q
Np+1

()

is the gluonic field strength tensor and

JVPC Ga Ggg ,

(3.2)

where Gy,
a, = g2/ (4x) denotes the strong coupling. In the limit of
a large top mass, m? > p2, the derivative 0 ]57, and the
masses of the light quarks can be neglected. The (unregu-
larized) effective Lagrangian can then be written as [33]

A
Lo = |:_ §G {eﬂbpaG/(juqu}H]

- % {5‘,, <zq:1/7q7/"75wq> }{4& A (33)

where the y, are now quark fields in the effective theory.
One important feature of the effective Lagrangian is that it
does not carry any mass dependence anymore. Although
the interaction between a (pseudoscalar) Higgs and quarks
vanishes in the full theory if the quark masses are set to
zero, in the effective theory we consider the case of N
massless quarks which are described by the field y. The
implications of this choice will be discussed below.

In a next step, we study the effective Lagrangian (3.3) in
the framework of the aforementioned dimensional
schemes. For this, it is useful to envision some universal
characteristics of dimensionally regularized quantities. In
any dimensional scheme, derivatives and loop momenta are
treated as (quasi) d-dimensional objects. In contrast, for the
dimensionality of metric tensors, y matrices, and vector
fields there is some freedom which is fixed by the choice of
a specific regularization scheme. In CDR, for example, all
Lorentz indices (except for the ones of the & pseudotensor)
are treated in d dimensions. The CDR-regularized version of
the first curly bracket in Eq. (3.3) therefore reads

= {7}y {Gy (3.4a)

Ogcpr = LGpo}a)-
The corresponding Feynman rules
Appendix A 1.

One key feature of the Feynman rules stemming from
operator (3.4a) is that all of them contain (quasi) d-
dimensional momenta with uncontracted Lorentz indices.
Due to permutations in y, v, p, o, the metric tensors in
Egs. (Alc) and (Ald) also have to be considered in d
dimensions. The dimensionality of the indices in Eq. (3.4a)
is therefore valid in all realizations of dimensional regu-
larization, i.e.

are given in
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Og.cor = Ocuv = Ogrpn = Ogprep = Og. (3.4b)
This in particular means that in FDH and DRED no
evanescent operators related to e-scalar—Higgs interactions
arise at the tree level.

The regularization of the second curly bracket in
Eq. (3.3) is more involved due to the treatment of ys.
According to the discussion in Sec. Il we obtain the
regularized operators’

i _
BM: OE%R:a{g’w’w}m{3,4(l//}’y7p70l//)}[d] and (3.5a)

AC: O7Gr = {0 (1,15 W) } - (3.5b)
In analogy to the discussion of operator Oy it follows that
Eq. (3.5) are valid in all implementations of dimensional
regularization,

GS — NGS. _— NHGS — OGS — OGS
OJ,CDR - OJ,HV - OJ,FDH - OJ,DRED = OJ . (36)

As for operator Og, the corresponding Feynman rules are
given in Appendix A 1.

B. Common definition of the form factors

The regularized operators in Egs. (3.4) and (3.5) give rise
to different pseudoscalar form factors of quarks and gluons.
So far, in the literature these quantities have been consid-
ered in the framework of CDR, using y2M as defined in
|

Eq. (2.2). The quark form factor related to contributions
from operator (3.5), for example, is usually defined via
squares of the absolute value of the corresponding matrix
elements,

BM., (0 BM.(n
(MO Yy
= (MO Oy
L+ Y 4 o 4 oad),

(3.7)

where n denotes the loop order in the perturbative expan-
sion. By definition, each term in the sum contains products
of & pseudotensors. Although the £*“7° are strictly four-
dimensional objects, in the literature their products are
usually treated in d dimensions [35,36],]0

{Eﬂ]ﬂzﬂzMEDlllz%M}[d] = {_gﬂll/l gﬂzvzgﬂz%gﬂ«tw + perm_}[d] ,
(3.8)

where “perm.” denotes terms originating from further
permutations in the Lorentz indices. Even though the
application of Eq. (3.8) in general leads to ambiguous
results [22], we consider the implications of this choice by
using it to evaluate the numerators in Eq. (3.7).

If py, p, denote the momenta of the external quarks with
g =p,+ p, and p? = p3= p?, we obtain for the first
numerator in the perturbative expansion

BM, (0 BM, (0 i 2 )
<Mq,J ( )|Mq,J ( >> — <§> qﬂ]qD]{EﬂlﬂzmmE 1213 4}[d]{Tr[}’m}/u;y#zﬂl71/27/1/3794%2]}[51]

= -l = 4) + (14 - 20))(d - 3)(d - )

It follows that in the massless on-shell case (p?> = 0), the
use of Eq. (3.8) serves as an intermediate regularization of
the fractions in Eq. (3.7). This regularization has to be
introduced since the r.h.s. of Eq. (3.9) vanishes for d = 4.
Since the regulator drops out in the definition of the form
factors, however, the effects of vanishing quark masses are
eliminated. In this way, the Lorentz structure related to the
pseudoscalar vertex is effectively disentangled from the
kinematics of the process and only the (anti)commutation
property of the & pseudotensor is kept.

In contrast, a separation between the Lorentz structure
and the mass dependence of the effective Lagrangian is not
possible when using an anticommuting 75AC. In this case,

Eq. (3.5) is obtained by starting from the unregularized
Lagrangian (3.3) and applying the shift of Eq. (2.9) together
with Def. (2.2). The structure of operator OP¥}, has first been
discussed in Ref. [34].

(3.9)

the square of the absolute value vanishes in the massless on-
shell case, even for arbitrary d,

AC,(0 AC,(0
(MESOMES O ~TrpAC gty gy A€ o) = =42 p2. (3.10)

An on-shell definition of the form factor for the case of
massless quarks similar to the one in Eq. (3.7) is therefore
not possible for y2€. The reason is that using Eq. (2.3) as
the defining property of y5€, the & pseudotensor is
implicitly treated in strictly four dimensions. Like in
Eq. (3.9) for d = 4, the square of the tree-level amplitudes
then vanishes for p?> = 0. In the next section we provide
alternative definitions of the pseudoscalar form factors,

"In order to distinguish this d-dimensional treatment of the &
pseudotensor from a strictly four-dimensional one we use the
symbol E.
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Lowest-order contributions to the pseudoscalar form factors FO5

FIG. 3. q7>

F 6 Fyc. and FG? (from left to right). Note, that the

“mixed” amplitudes M 46 and M 42 are loop induced and are therefore at least of O(a).

avoiding the use of Eq. (3.8) and including the case of an
anticommuting y£C.

C. Alternative definition and bare results for y3M

Like in Secs. II C and II D, in the following we consider
the & pseudotensor outside dimensional regularization and
treat it in strictly four dimensions. In this way it is only the
remainder that is dimensionally regularized. Following
Ref. [33], we write, for example, the (all-order) contribu-
tion of operator OBM to the quark form factor as''

Mg,l}/l = {8,141//)0'}[4]12(p1 ){(Rg,l}/[)ﬂypa}[d]y(p2)v (31 1)
where u and v denote spinors of the external quarks. By
construction, the remainder in the second curly bracket is
totally antisymmetric in u, v, p, o. Regarding its Lorentz
decomposition there is only one structure that is linear in
the external momentum ¢. Making the (anti)symmetriza-
tion explicit, we write

(RENOHre = (g#y*yPy® — q*y*y"y” + perm.)REY!
= (PBM)mroREM. (3.12)

For the extraction of the remainder without indices we
define the normalization factor

Tr[QvaprG (PEM )yl/pa] [d]
2

- %(d— 3)(d-2)(d—1)=NM.  (3.13)

The coefficient of the remainder is then obtained by

ROY = (NgM) ' Tl q,r, 7,75 (REY 7). (3.14)
In practical calculations we directly implement the quantity
(RBY)#r7_ In other words, we use the Feynman rule in
Eq. (Ala) and suppress the ¢ pseudotensor. Using the
projection in Eq. (3.14), this modified Feynman rule is then
used to compute one- and two-loop contributions of
operator OPM to the form factor. In general, these results
are UV and IR divergent. After UV renormalization and IR

"All other form factors involving & pseudotensors are treated
in the same way. The corresponding definitions are given in
Appendix A 1.

subtraction, however, the limit d — 4 can be taken. A
contraction with the four-dimensional indices of &*“*° is
then possible.

Using this approach and yM as given in Eq. (2.2), we
define the (regularization-scheme dependent) pseudoscalar
form factors of quarks

o pBM,(n)

7 g, =~BM,(1
PR =y =14+ F" Y+ 0(@d).

n=1Ngy
The notation Ri,’f,l for the remainders is chosen such that the
index n denotes the loop order in the perturbative expansion,
a € {q, g} indicates a contribution to the quark or the gluon
form factor, and A € {J, G} specifies whether the respective
contribution originates from operator O, or O. The explicit
definition of the remainders is given in Appendix A 1. To
distinguish the underlying regularization we use a bar for
quantities in the FDH scheme and no bar for quantities in
cDR/HV. Note that contributions related to operator O,
depend on the applied y5 scheme which is indicated by

the superscript BM.
The lowest-order contributions to the form factors are
shown in Fig. 3. As discussed in Sec. III A, they do not
depend on the applied version of dimensional regulariza-

O — REVLO R — R and similar for

tion, ie. Roy by

amplitudes with external gluons. At higher perturbative
orders, however, FDH results differ from the ones in CDR/HV
due to the different treatment of the Lorentz algebra. For
the practical calculations in the FDH scheme we follow the
guideline given in Sec. 4 of Ref. [26]. More precisely, at
the one-loop level we perform the split of Eq. (2.5)
and distinguish the evanescent coupling @, which is
related to e-scalar—fermion interactions from the gauge

(3.15d)
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coupling as.lz The two-loop calculations are performed by
using a (quasi) d;-dimensional Lorentz algebra as given in
Eq. (2.6). Throughout the calculation, d; is identified with 4.

The one- and two-loop results of the (bare) form factors
in FDH are given in Appendix A 2. They have been obtained
in the following way: The generation of the diagrams and
analytical expressions has been done with the Mathematica
package FEYNARTS [37]. In order to cope with the Lorentz
structure in the FDH scheme we used a modified version of
TRACER [38]. The subsequent integral reduction and
evaluation has been done with an in-house-algorithm that
is based on integration-by-parts identities and the Laporta
algorithm [39].

D. Form factors with y2¢€

As shown in Sec. II C, the evaluation of the Lorentz
algebra using an anticommuting y£¢ may lead to much
simpler analytical expressions compared to the case of y2M.
Since, for example, one-loop contributions of operator O¢
to the quark form factor do not contain traces with 5, the
corresponding amplitude can be written as

M5 = a(p) ARy Y g v(p2), (3.16)

Suppressing the spinors and using (y5¢
der can be extracted via

)? = I, the remain-

- 1
RACH) _ —zTr[y?

= (317)

C%M/q\,]c‘(l)][d]-
This remainder can be used to define a form factor in a
similar way as in Eq. (3.15a). As it turns out, however, all
perturbative coefficients of the remainder vanish in the
massless on-shell case. This can be seen from the explicit
analytical expression

M

AC.(1) /ddk Yd][(k‘i‘ﬂl)ﬂys (K=12)]; J’/ (9ap) ay
! (2”) (k+l71)[d](k Pz)[d]k[]
(3.18)

Anticommuting y?c to the left, the evaluation of the algebra
only yields integrals that are scaleless for p? = p3 = 0.
Like in Eq. (3.10), a separation between the Lorentz
structure and the mass dependence of the effective
Lagrangian is then not possible. An anticommuting y4€
can therefore not be used to obtain the quark form factor
related to Lagrangian (3.1) in a massless framework."

For the definition of a, we refer to Ref. [24]. The only one-
loop diagram ~a, that is relevant for the present computation is
the rlght one in Fig. 4.

“The fact that the amplitude vanishes for y2€ is not a
characteristic of the AC scheme itself but of the observable under
consideration. Even using y2M, the square of the absolute values
in Eq. (3.9) vanishes in the massless on-shell case if the e
pseudotensors are treated in strictly four dimensions.

FIG. 4. One-loop diagrams contributing to the form factor Fg}
including a gluon (left) and an associated e-scalar (right). The
right diagram is proportional to the evanescent coupling @, and
only contributes in the FDH scheme.

However, in Sec. IVB we consider Eq. (3.18) in the
massless off-shell case to determine so far unknown UV
renormalization constants. In this case, the amplitude has a
nonvanishing value.

IV. UV RENORMALIZATION

To obtain UV-renormalized Green functions it is useful
to distinguish two classes of contributions,
(i) renormalization of the couplings, fields, and the
gauge parameter,
(i) renormalization of the effective operators Og
and O9S,
The renormalization of evanescent couplings in the FDH
scheme is well known [40,41]. In any [-loop calculation,
the coupling a, describing the interaction of e-scalars and
quarks has to be distinguished from the gauge coupling «;
in ([ — 1)-loop contributions [26], see also Fig. 4. The
multiplicative coupling renormalization is given by

2e _
?: (&> Za[ai(/‘r)’
Ho

where y, and py denote the renormalization scale and the
regularization scale, respectively. In the following we set
U, = o and suppress the explicit scale dependence of the
renormalized couplings; as renormalization prescription we
use the MS scheme. The corresponding renormalization
constants in FDH are given in Appendix A 3.

a? € {a,a?}, (4.1)

A. Operator renormalization for y2M

To describe the UV behavior of the operators O and 093,
multiplicative renormalization transformations similar to
Eq. (4.1) are not sufficient since the operators mix under
renormalization. As shown in Sec. III A, the operator basis
remains unchanged when using the FDH scheme instead of
CDR due to the absence of evanescent operators at the tree-
level. The related renormalization constants, however, are
different in both schemes. In analogy to the CDR result [6],
we therefore write the operator mixing in FDH as 4

14Compared to the original reference we added the superscript
GS indicating the dependence on the applied ys scheme. The
renormalization constants in CDR are defined in the same way
without a bar.
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(00) E(?GG Z)( ) C@2)
OJ ren ZJ((}}S ZJ(J}S OJGS bare

The “mixed” constants Z; and Z$S are related to UV
divergences of the second and the rightmost diagram in
Fig. 3, respectively, and to perturbative corrections thereof.
As shown in Ref. [42], the latter constant vanishes to all
orders in perturbation theory, i. e. Z$S = 0. The former, on
the other hand, is at least of O(a,). Due to the absence of
evanescent contributions to the second topology in Fig. 3, its
one-loop coefficient is regularization-scheme independent,
25 -2 = (43)
As discussed in Sec. I C, the use of y2M in a dimensional
framework spoils properties of the axial-vector current and
the Ward identities. In this case an additional finite
renormalization ZEM has to be introduced to restore the
initial properties [43]. We therefore define

ZBM = ZBMZBM (4.4)

where 21]\34—1\;[ only contains pure poles in € for arbitrary n,. For
the operator renormalization in the FDH scheme we then get

(OG)ren = ZGG(OG)bare + ZGJ(O}SM)bare’ (4.5&)

(0))n = ZENZBV(OPM) (4.5b)

bare*

The values of Z;, Z,, and 21]\34_1\54 in the FDH scheme can be

obtained by making use of the fact that they are the only so
far unknown quantities entering the UV-renormalized and
IR-subtracted form factors. Using Eq. (4.3) and the structure
of the IR divergences given in Eq. (A9), the particular
structure of the operator mixing allows one to determine
the one- and two-loop renormalization coefficients in a
unique way.

To illustrate the determination of the renormalization
constants we consider the renormalized form factor F. 2};“”
given by Eqgs. (A6a) and (A8a) as an example. At the one-
loop level, any UV renormalization constant has at most
single e poles in the framework of dimensional regulari-
zation. Depending on which specific scheme is used, the
coefficients of these poles differ by terms ~n,., depending
on the treatment of metric tensors and y matrices. The
scheme-dependent part of a one-loop renormalization
constant is therefore finite for n, = 2e,

(621 - O(ne/e) = O(e/e) = O(e”).

In order to make the scheme-dependent terms explicit,
however, we leave n, as an arbitrary variable in the
following results. Identifying the (renormalized) couplings,
a, = a,, a comparison of Eq. (A8a) with prediction (A9a)
for the IR divergences then yields

6z0)) = (4.6)

= BM,(1) BM.(1)
fq"J B fq’J poles
(o[ . 7. BM, (1) M,(1)
— (—ﬂ) { Cr 26] + (5ZMS — 5z ) (4.72)
=70z — (&) o, e 4.7b
q q ir =+ F3e ( )

. BM. (1 . . - .
Since 5Zm( ) vanishes in cDR [6], Zf/l_l\s/[ receives a non-

vanishing one-loop contribution in the FDH scheme which
is finite for n, = 2e,

5BM,(1) _ [ % e
a7 - (2

All other renormalization coefficients can be obtained in
the same way. The explicit calculation yields

= (e ()
(a5) )
)-

feerer
eeifn(1) 5]

L D)o s
}-FNF%}

+CNE [356 e (262
Zoo =1+ (ﬁ>{c {_Ejﬂ
4n 3¢ 6
()
4r 9¢> 3¢ “\9¢? 6e)  36¢
+CANF{—;1€42+35€+§Z§] +CFNFE—;j

(4.8)

+ N3 94 } +O0(ad), (4.9b)

7 (%) 12+ a; \ 2
@7 \ar) Fe 4

44 142
CiCp|l——+—

leal-g 5o (G 5)]

6 6 8

(3-9)] + emila-

e e €

For n, = 0, Eq. (4.9) agree with the well-known CDR results
given e.g. in Ref. [6]. Like in CDR, Z; coincides with the
renormalization of the gauge coupling, see also Eq. (A7a).
The results in Eq. (4.9) have been cross-checked with an
explicit calculation of the form factors in the off-shell case,
including a renormalization of the external parton fields
and the gauge parameter.

The CDR value of the finite renormalization constant in
Eq. (4.5b) is known up to the two-loop level [6],

+C% [—£+n

)

+ O(ad). (4.9¢)
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aS

a \2 107 31
- 2202 ——_ il 3.
+<47[) { CF 9 CA+18CFNF}+O((XS)

(4.10a)

In general, UV renormalized and IR subtracted FDH results
differ at most by terms of O(e%n,) from the corresponding
quantities in CDR. Setting n. = 2¢ and taking the sub-
sequent limit ¢ — 0, these differences then vanish. The
value of Z?M is therefore a regularization-scheme inde-
pendent quantity to all orders in perturbation theory,

ZBM = ZBM_ (4.10D)

The regularization-scheme dependent renormalization of
operator OBM at the one-loop level has first been studied in
Ref. [3].15 For the finite renormalization, the following

results are provided,
n o Cr 5(1) [ Qs Cr
5Zfinite_ (E) |:_87:| ’ ézfinite_ (E) |:_47:| ’
(4.11)

which are valid in cDR (left) and FDH (right). At first sight,
there seems to be a contradiction to Eq. (4.10b). However,
in Ref. [3] n. is identified with 2¢ throughout the
calculation. In this way, contributions from Z>¥ and

ZBM are combined. The results in Eq. (4.11) are therefore
in agreement with a combination of Egs. (4.9a) and (4.10).

B. Operator renormalization for y4¢

In order to determine the so far unknown renormalization
of operator Of*“, we consider contributions to M4 up to
the two-loop level in the off-shell case. Following Ref. [27],
it is useful to distinguish two classes of contributions:

(i) Type A: Contributions where the y£C vertex is
attached to an external quark line, see the left
diagram in Fig. 5.

(ii) Type B: Contributions where the y£€ vertex is attached
to a quark loop, see the right diagram in Fig. 5.

1. Type A contributions

Type A contributions to M4§ can be evaluated in a
particular simple way by applying the setup described in
Sec. NI D. Using (y2€)? =1, all traces can be reduced to
expressions without any appearance of y?c. In this way, no
difficulties related to the evaluation of the trace arise. In

“In this reference, the underlying regularization is called
“supersymmetric dimensional regularization” (SDR) which in our
nomenclature corresponds to dimensional reduction (DRED).
Since, however, contributions with external e-scalars vanish
for the pseudoscalar form factors, the results coincide with the
ones in FDH.

FIG. 5. Sample diagrams contributing to the form factor F} at
the two-loop level.

particular, Type A amplitudes do not contribute to the
anomaly. In analogy to the case of y2M, we therefore write
the renormalized operator as

Type A (0))ren = Z5c(07) (4.12)

ren bare*

As before, Z% contains pure poles in ¢ for arbitrary n,. In
contrast to Eq. (4.5b), however, we do not include a finite
renormalization which is due to the fact that Type A
amplitudes are not related to the anomalous contributions
to M. The fact that there is no need for the introduction of
symmetry-restoring counterterms at the one-loop level
when using y£C has first been discussed in Ref. [44].
Further evidence for the validity of Eq. (4.12) beyond the
one-loop level will be given below.

The so far unknown renormalization constant can be
obtained from an off-shell computation of the amplitudes
M45S. We performed the explicit calculation up to the two-
loop level and obtain the simple result

ZI/?T% =1+ 0(a). (4.13)
The renormalization of operator O is therefore trivial, at
least up to two loops. This result is closely related to the use
of an anticommutator in the right definition of Eq. (2.8a). If
we were to define [y, 7)) = Oinstead, 521’\*/[_% would have
a nonvanishing value starting at one loop. In the same way
it is the different treatment of strictly 4- and (d —4)-
dimensional quantities in Eq. (2.4) that results in the
nonvanishing constant 521]\34_“54 given in Eq. (4.9a).

2. Type B contributions

Type B contributions include traces like in Eq. (2.20).
Let us first consider the anomalous quark loops shown in

FIG. 6. Anomalous (sub)diagrams related to operator 0% with
gluons (left) and e-scalars (right) attached to the loop. The left
diagram is only present in FDH and vanishes according to its
Lorentz structure.
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FIG. 7. Equivalence between anomalous two-loop contributions to M,§ and 6&%1\7{

Fig. 6. These diagrams either yield direct contributions to
the gluon form factor at the one-loop level or they
contribute as subdiagrams at higher loop orders. Their
one-loop result has been obtained in Sec. I D by using y?M
and the FDF framework, respectively. Generalizing to the
case of QCD, we write the corresponding amplitude as

.1 a . aS a 12
O =i (SN T ey 11 g + O,

(4.14a)

= 1840 (@,) 6 {€apy } g {11 g + Ole).

(4.14b)
where the /;, [, are line momenta attached to the loop. Since
momenta do not contain evanescent degrees of freedom it
follows that quark loops with external e-scalars vanish. The
fact that the result in Eq. (4.14) is regularization-scheme
independent has first been found in Ref. [3].

To obtain a similar result with y£€ it is in principle
necessary to modify the trace operation. These redefini-
tions, however, are usually made in such a way that they
reproduce Eq. (4.14). Instead of rederiving the already
known result in a different framework we directly use it in
practical computations. This is done by realizing that the
Lorentz and the color structure in Eq. (4.14) are exactly the
same as in the Feynman rule given in Eq. (Alc).
Accordingly, for Type B contributions the renormalization
of operator O; is closely related to the one of O, see Fig. 7.
Up to the two-loop level we therefore write
Type B: (0£€),¢, =603 (,) X (0g)pen + O(a).  (4.15)
In this way, y5 is effectively removed from the computation.
The necessary one-loop renormalization of operator Og

does not deg)end on the treatment of y5 and is known from
Sec. IVA.'

"*The approach of evaluating Type A contributions using A€
and Type B contributions using y2™ has been discussed before in
Ref. [45]. In this reference, however, the right diagram in Fig. 7 is
evaluated as a whole by using projections that lead to similar
expressions as in Eq. (3.8). Accordingly, the ¢ pseudotensor is
treated in d # 4 dimensions and additional finite counterterms
have to be added to obtain the correct result. In Eq. (4.15), on the
other hand, the known O(a;) value of the anomaly is used to
effectively reduce the evaluation of the two-loop diagram to a
one-loop problem that does not depend on the specific treatment
of Ys.

a

)
q.G:

3. Comparison of BM and AC

With the results of the previous sections it is possible to
compare the UV-renormalized off-shell values of Fg3
obtained in BM and AC,

FOY = ZBMZBM(FBY), ., + O(a}).  (4.16a)

FAS = (FAS) 0 + Sun[RUS/ROAC + 6Z5)] + O(d).

Type A

Type B
(4.16b)

The subscript “ren” indicates that a coupling, gauge
parameter, and field (sub)renormalization is applied to
the bare coefficients. Taking the limit ¢ — 0, we find that
both results in Eq. (4.16) coincide,

offshell: FeM|._o = F§Slemo + Oa).  (4.17)

This provides further evidence for the fact that there is no
need for the introduction of finite counterterms when using
yg"c. Compared to BM, therefore not only the evaluation of
the algebra is much simpler but also the renormalization of
operator OC,

Extending these considerations to higher loop orders, it
is possible to determine the so far unknown three-loop
value of Z]SSM from a genuine three-loop calculation. So far,
the standard way to obtain ZEM is to consider the
(anomalous) relation between the axial-vector and the
pseudo-scalar current in the effective theory for the case
of N massless quarks and to evaluate it between two gluon
states (see e.g. Ref. [6]). Since the anomaly itself is of
O(ay), however, the [-loop coefficient of ZEM has to be
obtained from an (/+ 1)-loop calculation. In contrast,
using an extension of Egs. (4.16) and (4.17) beyond the
two-loop level allows one to determine the same coefficient
from an [-loop calculation.

C. UV renormalized form factors

Using the results of the renormalization constants
from the previous sections together with Eq. (AS8),
the UV renormalized form factors in the FDH scheme
finally read
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Compared to the CDR results which are given e.g. in
Ref. [32], the one-loop coefficients differ by terms of
O(€%), whereas at the two-loop level these differences are
of O(e72). After subtracting the IR divergences and taking
the physical limit € — 0, however, we obtain the same
(regularization-scheme independent) results.

V. CONCLUSIONS

In this article we discussed the regularization-
scheme dependent treatment of ys; within dimensional

regularization. So far, CDR in combination with y2M

defined in Eq. (2.2) has been the most commonly used
approach to perform perturbative computations in the
dimensional framework. One main reason might be that
the approach is based on an explicit construction prescrip-
tion which enables the use of standard calculational
techniques like cyclicity of the trace. At the practical level,
however, the evaluation of the algebra is cumbersome due
to the increased number of y matrices and the ad hoc (anti)

symmetrization of yIS-D’M operators. Moreover, since initial
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symmetries are broken explicitly there is an immanent need
for the introduction of additional counterterms to obtain
correct results. In comparison, the application of an anti-
commuting y2¢ simplifies the evaluation of the
Lorentz algebra significantly which is due to the fact that
algebraic properties remain unchanged compared to the
unregularized theory. This, however, is not the case for
y2C-0odd traces. Since these either vanish or do not
exhibit cyclicity, special attention has to be paid to the
nonbreaking of gauge invariance and other symmetries of
the underlying theory.

At the one-loop level, the FDF approach avoids all
these complications related to the treatment of y5 since,
using a strictly four-dimensional algebra, the matrices
y2M and y2€ as well as their algebraic behavior are
identical. In Secs. IIC and II D, FDF has proven as an
effective implementation of the Lorentz algebra that
reduces the technical complexity significantly, even
including contributions to the axial anomaly. At the
same time the results are compatible with gauge invari-
ance and Bose symmetry. In the examples considered, the
FDF results are entirely given by so-called extra integrals
which can be evaluated in a particular simple way.
The question whether FDF can be extended beyond the
one-loop level, such that it leads to a facilitation
compared to more traditional schemes remains to be
answered.

At the two-loop level, we investigated the possibility
of utilizing the benefits of different y5 schemes and
computed the pseudo-scalar form factors of quarks and
gluons in the FDH scheme. We have shown explicitly
that evanescent Higgs—e-scalar interactions are absent
and determined the so far unknown UV renormalization
of the corresponding operators. The results of the UV-
renormalized form factors are compatible with the
general prediction for IR divergences in FDH. As a
general recommendation for the treatment of y5 we find
that the use of yBM should be avoided whenever y5¢
leads to an obvious and immediate simplification. This
clearly applies to Type A contributions to the pseudo-
scalar form factors where not only the evaluation of
analytical expressions is simplified but also the operator
renormalization when using y£€. It should be mentioned
explicitly that these simplifications are not restricted
to FDH but apply to all considered dimensional schemes.
For the evaluation of (anomalous) ys-odd expressions
(like Type B contributions in Sec. IV B), however, it is
not clear at all, if the use of 5 leads to a perceptible
simplification due to the aforementioned complications.
In this case, the use of 7/‘53M therefore still constitutes a
viable alternative. Moreover, seizing a suggestion of
Ref. [9], Type B contributions can be obtained by
removing ys in analytical expressions altogether.

This can be done by using the well-known and
scheme-independent results of the anomalies. In this
way not only the evaluation of the amplitudes is
significantly simplified but also the related operator
renormalization.

Finally it should be mentioned that observables related to
Lagrangian (3.1) are usually obtained in an effective theory
for the case of massless quarks. One requirement for this
option is that the Lorentz structure related to the y5 vertex
can be effectively disentangled from the kinematics of the
underlying process. As it turned out, for the schemes
considered in this article this is only possible for y5M.
For the choice of a particular y5 scheme one therefore has to
compare the complexity of a calculation with massless
quarks and the extended y2M algebra with the complexity
of a calculation with massive quarks and a simplified yg*c
algebra. The decision which of these alternatives is the
more efficient one remains to be made on an individ-
ual basis.
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APPENDIX Calculational details

1. Feynman rules and definition of the form factors

The Feynman rules originating from the -effective
Lagrangian (3.3) read

lo, Vi
033]\1 ‘2/ _/L
———————— = m 62] {E;Lupa}m {(ll + 12), v ’Vp’y + perln'}[d]v
Ny,
(Ala)
Iy, Vi
O;\C ‘2/
- = —idy (J1+12)7%°, (Alb)
N
b
s ™
O¢ _ 71 ab wv p o
,,,,,,,, T 1) {EWW}M {11 159°09° + perm.}[d],
A

(Alc)

096006-15



C. GNENDIGER and A. SIGNER PHYS. REV. D 97, 096006 (2018)

_ 71 abe W, v p o
=~ f {6;},1/;)0‘}[4] {(11 +l+13)" 9" 9"59°, :l:perm.}[d]

where “perm” denotes terms originating from further permutations in the indices y, v, p, ¢
According to the discussion in Sec. III C, we decompose pseudoscalar amplitudes as

Mg,]}/l /wpo‘}[4 pl)z{ ;wpa} d]v(pZ)
M {6;41//)6}[4 Pi Z{ " /wpzr}[d]v(p2>

My = {eupo iy D LRI e (p1)e? (pa).
n=0

MEIJVI = {e;wfw}[4 Z Voit 6}[01]6 (P1)e’ (pa),

(Ald)

(A2a)

(A2b)

(A2¢)

(A2d)

where v, u are (anti)quark spinors and € are polarization vectors of the gluon. The sum of the (outgoing) momenta p; and

p» is given by p; + p, = ¢g. According their Lorentz decomposition, the remainders can be written as
(Rox™"yee = ROY" {qyyy & perm} = Ry (P v,
(R(n )yupa = RE;?&(P(])}HJ[)O',

(R éG))uwm = RgG{pIPZQ/ag/} + perm} = RgG(Pq)’;;’M’

»BM,
(R

~BM,
RO (Po)oi”

For the extraction of the coefficients on the r.h.s. of Eq. (A3) we define the following normalization factors,

1
Tr[qﬂ}/uypya(Pq)#Dpﬂ = 8 (d - 1)(d - 2) (d 3) =N q°
(P)? = —— (d=2)(d=3)g* =N,
g 144 g
The remainders entering Eq. (3.15) are then obtained by
Ro™ = ()" Telg v o (RS o),

RUY = (N ) Tr[q,0, 7,70 (RUL ),
RYY = (N, (P, )pa Ry

=BM, (n _ a =BM, (n vpo
R = (N7 (P )iipa (REY )yt
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2. Bare on-shell results

The nonvanishing coefficients of the bare form factors defined in Eq. (3.15) read

_ . 2 3 ? 14 ’ 47
FIY — (ﬂ)cF[——z———2+”—+e(2+”—+?5(3)> +ez<10+ﬂ—+7é(3) +—ﬂ4>}
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6 125
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3. UV renormalization

The UV renormalization of the couplings «, and «a, is given by [24]

_— ay 5%0 a\? (550)2 Bgo +B§1
o (L (@ (5 o

Z, =1+ <ﬁ>{-—“ +ﬂ°2} +O(a2),
¢ 4n €

including the f coefficients
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In Eq. (A7b), the renormalized couplings are set equal, i.e. @, = a,. For the calculations in the off-shell case, also a UV
renormalization of the external quark and gluons fields and the gauge parameter is needed. The corresponding
renormalization constants can be found in Refs. [26,46].

According to operator renormalization in BM, the first perturbative coefficients of the UV-renormalized form factors in
the FDH scheme are given by

FoN = (14 620V 4+ 6220y (1 + 622V 4 623 5 (1 + Foy"V 4+ F' @)+ 0(@). (ASa)

Foo = : : — : =+ O(a?). (A8D)
Ry + 62 R
Foo= (14062 +5Z6) (1 + Fyo + Fyd)en + 626 (RG] /Ry) + O(ad). (A8c)
FEM = (14 6ZBMW) (1 4+ FEMO),, + O(a?), (A8d)
|
The subscript “ren” indicates that the coupling renorm-  The relation between the perturbative coefficients of InZ
alization (4.1) is applied to the bare one-loop amplitudes.  and the UV-renormalized form factors is given by

After UV renormalization, the evanescent coupling a, is
identified with the gauge coupling, i.e. a, = a;.

(nz)" = F-

4. IR divergence structure poles’

The IR divergence structure of one- and two-loop FDH
amplitudes has been investigated in Ref. [24]. Specifying to
the case of massless form factors with two external quarks
and gluons, respectively, a Z factor subtracting all IR
divergences is given by

I
—(FRl L (A9b)

(InZ)® = FBM®@ (Fan
poles 2 poles

a,A

The Z factor is written in terms of the IR anomalous

- (ﬁ) (%4—@) . (&) <&+E> dimensions I7,, = =27 C,/, and I, = 2749 with
a7 ) \1e2 " 2e a7 ) \ae2 " 2e C, = Cp for the quark form factor and C, = C, for the
a\2( 3BTl Dh—4Bli0 Tao gluon form factor.' In F_%Il{sp ﬂ_‘l;: Values_gof the partonic IR
+ <—> (— —+ 5 +—> anomalous dimensions ¥, , ¥mn, and ¥;,, are known up to
4 16¢ 16¢ de the two-loop level [24]. Together with the known values
a,\ [ a. 3p5, Ty, T —4p5Tor T of the one-loop f coefficients it is therefore possible to
<E> (@) (_ 1663 1662 +4_€) predict the entire IR divergence structure of the FDH form
a2/ 3P T —4p Ty T factors up to the two-loop level. Since Eq. (A9a) is written
+ <_€> <_ 02_01_ ~02 02 01+£>. (A9a)  in terms of UV renormalized couplings, they can be set
4z 16€3 16€? de equal (a, = a).
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