PHYSICAL REVIEW D 97, 095019 (2018)

Anomalous magnetic moment of an electron in a constant magnetic field
in (2 +1)-dimensional quantum electrodynamics

P. A. Eminov’

National Research University Higher School of Economics,
Mpyasnitskaya Ulitsa 20, Moscow 101000, Russia

® (Received 31 January 2018; published 16 May 2018)

The anomalous magnetic moment (AMM) for excited states of an electron in a constant magnetic field
has been calculated within the framework of two-dimensional electrodynamics. The analytical results for
the interaction energy of the anomalous magnetic moment with the external magnetic field are obtained in
two limiting cases of nonrelativistic and relativistic energy values in a comparatively weak magnetic field.
It is shown that the interaction energy of the spin with the external field does not contain infrared
divergence and tends to zero as magnetic field decreases, while the electron’s AMM increases

logarithmically.
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I. INTRODUCTION

It is well known that the solution of the Dirac equation in
external magnetic field gives a kinetic (intrinsic) magnetic
moment of electron equal to one Bohr magneton
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~579 x 10719 —,
x G

e = 2mc
The theoretical explanation for the origin of the electron
anomalous magnetic moment (AMM) and the calculation
of its magnitude were given by Schwinger [1]. Taking
into account the part of the vacuum interaction energy of an
electron in a magnetic field, Schwinger showed in the
nonrelativistic approximation that a term linear in the
field strength leads to a change in the electron g-factor.
The electron behaves as if it had a static magnetic moment

equal to
(04
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where a is a fine-structure constant. Therefore, the true
magnetic moment of the electron has deviation from the
Bohr magneton, which is called “anomalous magnetic
moment.” Note that this result of Schwinger actually has
given an excellent quantitative explanation for contempo-
rary experiments in hyperfine splitting of energy levels of
S-states of hydrogen atom [2,3].

In previous publications [4—8], an interesting effect was
predicted and analyzed, demonstrating that the AMM of
electron has dynamic nature. It appears to be a complex
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function of the magnetic field strength and electron’s
energy and in sufficiently strong magnetic fields, the
AMM can differ greatly from Schwinger’s result, which
is [6]

a
—HB Z = ~HB (aE)Schwinger'

Presently, the value a, = % is calculated in the standard

model of Weinberg-Salam-Glashow with very high accu-
racy, and its experimental verification serves as an impor-
tant method to verify predictions of the standard model
[9-13]. The accuracy for measuring the AMM of electrons,
according to [13], is evaluated as
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The increasing accuracy of experiments for the deter-
mination of electron AMMSs makes it possible to exper-
imentally verify its dynamic nature using

a

2ﬂ_f(E’ H)’

ae
where E is the electron energy and H is the magnetic field
strength. In a constant magnetic field, under normal
conditions of experiment, the numerical correction §f in
the formula f(E, H) = 1 — &f is fairly small. For instance,
even at the energy of the electron of 1 GeV and the
magnetic field of 10*G, we have 6f = 5 x 10710,
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In the vacuum, the role of radiation effects in propagation
of an electron or photon becomes especially important,
when the external field strength in the rest system of the
electron, or in the system where the photon has the energy
of mc?, becomes comparable to Schwinger’s critical field
[2,14-16]

m?c?

Hy = =441 x 1013G.

e

On the other hand, in solid matter or in a magnetized
plasma, the notion of a strong magnetic field at finite
temperature and nonzero chemical potential differs signifi-
cantly from the corresponding notion in the vacuum
[9,14,17-20]. In particular, it can be noted that, at room
temperature (7 = 300K ), the dynamic nature of mass shift
and the AMM of electrons in QED;_ ; becomes apparent in
magnetic fields with intensity of H > 10°G, which is
significantly less than the maximum intensity of pulsed
magnetic fields of H ~10’G, reached in laboratory
conditions.

Recently, much attention has been paid to the study of
radiation and spin effects in low-dimensional models of
the quantum field theory [21-24]. The results of such
studies are used to explain the fractional Hall effect, high-
temperature superconductivity, electronic properties of
graphene [25-31], quantum optics [32], and other areas
of physics. In the graphene and a number of other planar
structures [33], the dynamics of electronic excitations is
described by Dirac effective two-dimensional equation for
both massless and massive charged fermions. The account
of spin effects is usually carried out phenomenologically
and reduced to addition in the Dirac effective equation of
spin summands which have an analogy in QED;,; (for
instance, refer to [34]). The results of experimental studies
of the electron spin g-factor in graphene in a constant
magnetic field are given in [35,36]. Theoretical analysis of
these results within the frameworks of the pseudo-QED
model is provided in [37] in linear approximation upon the
external field, i.e., without consideration of the dynamic
nature of the AMM of an electron.

As was demonstrated in a number of previous publica-
tions, reduction in system dimensionality leads to a
significant change in dependence of magnetic properties
of electrons and photons on field intensity and particles’
energy, as well as temperature and chemical potential. The
polarization operator and elastic-scattering amplitude of
the photon in QED,,; in a constant magnetic field was
considered in [38,39], while the polarization operator of
QED, ., with nonzero fermion density in the magnetic field
was discussed in [40,41]. The electron self-energy in
(2 + 1) QED with the Chern-Simons term at finite temper-
ature and density has been analyzed in the papers [42,43].
However, until now, the dynamic nature of AMM of
electrons in two-dimensional electrodynamics has not been

studied either with the Chern-Simons term or without it and
the question of possibility for experimentally observing a
dynamic nature of electron AMM in graphene remains
open. The first calculations of the AMM of electrons in
QED,,; with the Chern-Simons term were made based
on the vertex function in the field-free case, i.e., without
taking into account the influence of external magnetic
field [44-46].

In an external magnetic field, the radiative shift of the
electron ground state energy was calculated within the
framework of topologically massive two-dimensional
electrodynamics in the paper [47]. A complete description
of the electron stationary states in a magnetic field has been
conducted using two-dimensional electrodynamics based
on the spin operator proposed in our Ref. [48].

On the basis of this result, the calculation of the radiative
shift of the electron ground state energy and the electron
AMM in the magnetized plasma of topologically massive
QED,,; has been performed [48]. In particular, it was
shown that the vacuum value of electron AMM in QED,
with the Chern-Simons term, obtained in [48] in a relatively
weak magnetic field, coincides with the result obtained
previously by other authors based on the calculation of
vertex function (for instance, refer to [44—46]).

The purpose of this work is to study the dynamic nature
of the AMM of electron in a constant magnetic field within
the framework of the two-dimensional electrodynamics.
The article has the following structure. In Sec. I, using one-
loop approximation the exact expression for the anomalous
magnetic moment of an electron are found as a function
of magnetic field strength and the electron energy. In
Secs. III-1V, the analytical results for the AMM of an
electron in QED,,; are obtained in limiting cases of
nonrelativistic and relativistic values of the energy in a
comparatively weak magnetic field. The main results of this
study are formulated in the final Sec. V.

II. AMM OF AN ELECTRON IN QED,,; IN A
CONSTANT MAGNETIC FIELD

The Lagrangian of QED,,; can be described by
formula [23,49-51]

1 o
L= _ZF””FW +Y[(p+ eA) —m]¥
1

2 (2.1)

(9,A4%)?,

where F* = OFAY — 0¥ A* is the field tensor, £ is parameter
fixing calibration, m is the electron mass, —e < 0 is the
electron charge. We consider the four-component fermions
in QED,_, connected with a four-dimensional reducible
representation of the Dirac matrices [48,50-53]
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where JM(//L = 1,2,3) are Pauli matrices. In the one-loop
approximation, the electron mass operator X(x,x’) in a
constant magnetic field is defined by the expression [9]

2(x,x') = —ie*y*S.(H;x, X )y*D,, (x — X', (2.3)
where
1 & )
S (H;x,x') = —— dwexplio(t —1')]
271 J_
W (3) P (7
S (x) S(x ) (24)

o+ eE (1 —i5)
is the causal Green function of electron in an external
magnetic field [17], D, (x — x’) is the photon propagation
function, which in QED,,; in the Landau gauge are
determined by the formula [42,54]:

D, (p) = (2.5)

CpE-02+i0°

Here, g,, = (I,-1,-1), and we note that, in QED,
theory, e®> in (2.3) is given in mass units. In order to
compare our results with the contribution coming in
QED, ., with the Chern Simons term [46—48] only from
the g, term in the photon propagator, we take into account
the dependence the numerator in (2.5) from the Chern-
Simons parameter ©.

The summation in (2.4) is carried out over all quantum
numbers s of the positive (¢ = +1) and negative (e = —1)

frequency states, W\ (X)—is the coordinate part of the
Dirac equation solution in a static magnetic field in
QED,, and E; is the energy of electron stationary states.
Choosing the vector potential for external magnetic field
in the Landau gauge (A=A, =0,A, =—xH), the
Hamiltonian of the Dirac equation

v .
— = HY 2.6
i (2.6)
can be represented in a magnetic field as
ﬁI:alﬁx—i-az(ﬁy—i—exH)—i—myo, (2.7)

where the matrices a;, =y%"2, p, and p, are the
projections of a momentum operator, and H is the magnetic
field strength. Following to [48], we require that the
solution of the Dirac equation be an eigenfunction of the
following operators:

(1) energy operator:

HY = ¢EY, (2.8)
(2) operator p,

p¥ =pY, (2.9)

(3) operator A = iey®y'y? of spin projection on “direc-
tion” of the magnetic field:
AV = &9, (2.10)
where £ = 4+1—is the spin quantum number.

As a result, the Dirac equation solution for electron may
be represented in the following form [48]:

VE, +mu,_,
1 Vs P
Veor1 = %CXP[_iEnt +iyp,] b (; i D,
0
0
+ 0 D_,|, (2.11)
VE, —mu,_
VE, +mu,

where with £ = 41 it is necessary toset D; = 1,D_; =0
(spin is directed along the field), while at £ = —1, on the
contrary, D; =0,D_; =1 (spin is directed against the
field). The coefficients D and D_; satisfy the normaliza-
tion condition

D* +D}=1. (2.12)
The electron energy level in a magnetic field in (2 + 1)-
dimensional QED determined by the main quantum num-
ber n only and defined by the formula

E, = \/m? + 2eHn,

and the argument of the Hermite functions u,,(n) [2,48] is

n=012.. (213

Dy

n-JZﬁ(x+eH>. (2.14)

It has been shown in [48] that the operatorfl in(2.10)isa
(2 + 1)-dimensional analog of the projection of the oper-
ator three-dimensional spin vector on the direction of
magnetic field in QEDs . In the absence of a longitudinal
component in the momentum, it is proportional to the
operator transverse polarization p3 [2], and the quantum
number £ does have meaning of electron spin projection on
the direction of the external magnetic field. It follows from
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(2.11) that in the ground state (n = 0) the electron spin can
only be directed opposite to the direction of the magnetic
field D, =0,D_; = 1.

In the one-loop approximation, the mass operator
%(x,x") determines the radiative correction to the electron
energy in the form

, 1
AES (H) = —ie ?// Pxd*x'P o (x)
X y*S.(H;x,x)
X 7YDyy (x = X)W ge ().

Here, functions S,.(H, x,x") and D, (x — x') are defined by
formulas (2.4)—(2.5), T is the interaction time, ¥ ¢ (x)—is
the Dirac equation solution for an electron in an external
field in the stationary state with quantum number
(g.&) = (n. gy, &), which radiation energy shift is to be
found, quantum numbers & and & = +1 characterize the
dependence energy shift on the spin initial and final
orientation. The value determined by this formula diverges
and requires renormalization. For this reason, one should
subtract from it a similar value corresponding to a zero
field limit.

As is known, for the electron excited states in a magnetic
field, the energy shift part proportional to bilinear combi-
nation (DD} —D_;D’) is directly associated with the
presence of the electron AMM [2]. In the ground state,
when the electron spin can only be directed opposite to the
magnetic field orientation, the part of the whole amount of
the energy shift in a weak magnetic field, which is linear in
the magnetic field strength, equal to the energy of inter-
action of the Schwinger’s anomalous magnetic moment
with the magnetic field [1,2].

When calculating the electron propagator in for-
mula (2.4), we use a method proposed in [55] for
calculation of two-loop contribution to thermodynamic
potential of QED in a constant magnetic field. We follow
this approach also to study resonant processes in the field of
a plane electromagnetic wave [56].

To calculate (2.15), we expand the matrix Kaﬁ =

\I” (x)‘PS( ’) in (2.4) with respect to matrices I, y*, y*y*,
rory

(2.15)

4K =1 +9y°Fy +y'F, +y*F,

+ iy'y? Fia + ir°r'v* Fopa, (2.16)
where
I =SpK.F, =Sp(y,K),
Fip, = Sp(irir.K). Foin = Sp(ivorlyK).  (2.17)

Next, we perform summation in (2.4) over the principle
quantum number 7’ of the electron intermediate states using
the formula [57]

IR

where L% (x) is a Laguerre polynomial. As a result, in the
momentum representation, the following expression is
obtained for the propagator of the two-dimensional electron
in a constant magnetic field (also refer to [51,52,58]):

S (k) = —i/o“’ ds exp [is(k(z) 25— ,;2%)]
cos*(eHs)
(2.19)

X
= (1-2) (a+1)expL_—Zl], (2.18)

X [(yoko +m)(1 4+ y'y?tg(eHs)) —

Integration over variables x* and x#(u = 0, 1,2) gives
3. 73/ . / eH ! /
dxd’xexp | =i| (p+K)(x =x) + == (y =) (x + )

CE(— 1)+ a0 =) } ()t ()
= QRPLTS(po + ko~ E,)

s expli(n — m) AL <2"2> .

(=1

i (2.20)

Here, p, = (po. p) is a 4-momentum of a virtual photon,

K—p—|—k, A=5—¢, tgp =
function [2], T is interaction time, L is the length of
periodicity in the direction of axis Oy, and the appearance
of the Dirac d-function expresses the energy conservation.

As aresult, we arrive at the next representation, which is
exact in one-loop approximation for the interaction energy
of the spin with the external field for arbitrary excited state
of a two-dimensional electron:

(;), I, .(z) is the Laguerre

m?e? < ) /1 du [« dy
——ex
1672E, P Vi Jo Y

y(l_ )@2

AEﬁ (g;w) = _5
X exp {—imzuy —i
— 2inarctgh + 2ieHny(1 — u)] Fo.  (2.21)

Here, we assumed & = &, and the notation is taken as

2 —u +2uexp|-2ieHy]

eHy] @mj:]]jy)

exp[2iarctgl)(2u + (2 — u) exp|—2ieHy])

sin(eHy) ’
eHy

F():
1 —u+ uexp[—

1 — u + uexp[—ieHy]
(2.22)

095019-4



ANOMALOUS MAGNETIC MOMENT OF AN ELECTRON IN A ...

PHYS. REV. D 97, 095019 (2018)

tgz
14

T-u t

A= t = eHy. (2.23)

In QED;,,; with a constant magnetic field, the following
relation takes place between the AMM of the electron and
the energy shift, which explicitly dependent on the electron
spin orientation [59,60]:

m

RAE) = (o) |8, +

53,} . (2.24)

Here B, and By, are the transverse and longitudinal (relative
to the direction of motion of the electron) vectors of the
magnetic induction. Since the component of the vector of
the magnetic field strength that is longitudinal with respect
to the speed of electron is equal to zero, the real part of the
energy (2.21) is connected with the contribution to the
AMM of the electron in QED, ;| by the formula
R(AE,) = —EHAu. (2.25)
The expression for the mass shift of the electron ground
state was first obtained in [47], where the two-component
electron wave function is used, and then obtained inde-
pendently in [48]. It can be represented in the form

e? /1 du [ dy
AEy = — | == [ “Lexpl-mPuylA,,
0 s2)o ViJo 5 pl ¥]Ao
V[ _ 2 —2eHy
4y = ”; e o, (2.26)

where the renormalization of the mass is conducted by
subtracting divergent part AE(H — 0) and the notations
are taken as

1- 2 in(eH

u eHy

—eHy

III. THE AMM OF AN ELECTRON IN QED;,,
WITH THE CHERN-SIMONS TERM:
CONTRIBUTION FROM THE g,, TERM
IN THE PHOTON PROPAGATOR

First, we consider the case of a weak magnetic field and a
nonrelativistic electron, when the following conditions are
satisfied:

2eHn <« m?.

(3.1)

p= L <1,
H,
The real part of the energy shiftin (2.21)—(2.23) is related to
the electron mass shift Amg, which in contrast to AE?, is the
Lorentz invariant. The change in the electron mass Am,
which is dependent on the electron spin orientation, can be
found from the formula

E;
Amg = — AE;, (3.2)
Up to a factor equal to —i, the exponent in formula (2.21)
can be represented in the form

Sl (- 1) =5 Fn)

where p =&, 1t = eHy, F(u,p) = u+ (- 1)p*. We note
that F(u,p) — o0 at u — +0, F(u = 1,p) = 1 and, with-
out restricting the generality, it is assumed that p < 2. At
the critical point uy = p =2, which is a minimum point of
the function F(u) on the interval [0, 1], the following
inequation is true

(3.3)

S} (C]
F(uy,p) =2—|1—-— 0. 34
(0p) =20 (1- 7] > (3.4)
In the limiting case,
F
(“[;”p) > 1, (3.5)

when the field parameter £ is small as compared to the
Chern-Simons parameter p, the main contribution to
the radiation energy shift (2.21) provides the domain
t = eHy < 1. Expanding the expression in formula (2.22)
in a series in the variable ¢, further integration is carried out
taking into account the infinitesimal imaginary part of the
electron mass in the causal propagator:

i Omﬁ exp[—d1] [cos”p(,%p)— isinﬂ:(’%p) di
=g |37 VA 3
= exp[ l 4 :| 2 [142 + (1 _ u)(%)z}% . (36)

As a result, in the leading order on the small parameter %,
the contribution to the mass shift of an electron (3.2), is
defined by the formula:

N 2£/1 u*(2 — u)du
Amf(gﬂb)—fe ]677.' 0 [u2+(1—u)2p2]%

2
, B 307\, p+2
—er 133, (2- )] ,
561677{ p( 2>nﬂ]

/)) < F(”O?/))

(3.7)

As it follows from formula (3.7), when the spin is directed
opposite to the field, the result (3.7) for a nonrelativistic
electron in a weak magnetic field agrees with result (38)
obtained in [48] for the ground state of an electron, in
which the electron spin can be only directed opposite to the
magnetic field.
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In the limiting case of small values of the parameter p,
from formula (3.7) we find

2
Amg(g,w)=%@+ln§>, p<p<l. (3.8)

Further, let us refer to the case of a weak magnetic field
and ultrarelativistic values of energy of the electron, when
the following condition

p<1, pL=V2eHn>m (3.9)
is justified. In this area, the movement of electrons obeys
the quasiclassical laws. Maintaining two first expansion
terms in formula (2.23) in the significant region (1 < 1),

t3 1= 2
arctgh~t(1 —u) + M,

we find the following representation for the part of the
electron mass shift, defined by the interaction energy of the
spin with the external magnetic field:

2 [ee] —
_56—3/ “=2 G2y

Amé(gﬂy) (3.10)

812 1—u

Here, we introduced the function (also refer to [39])

G(z) = Aw Viexp [—i(%—i— zz+§>]d¢, (3.11)

which depends on the argument

7= {;]‘%F(u,p), (3.12)

Vu(l —u)x

where the function F(u, p) is defined by the formula (3.3).
The expression on the right-hand side of (3.10) depends on
the external field and electron energy only as a function of a
characteristic dynamic parameter of synchrotron radiation,

_Hp,

—(eF,q")? = ——. 3.13
X (eFug P = o (13)

1
=

Note that in the region u € [0, 1], the following inequality
holds:

> 3F(“0;P) .
(2k)3

Therefore, in the limiting case, when

3F (uo, p)

(207 > 1, (3.14)

the main contribution to the integral in (3.11) comes from
the region ¢ < 1, and in the first approximation, the term é
in the exponent can be neglected. According to the
assumption (3.14), the dynamic parameter x« is small
compared with the Chern-Simons parameter.

The integral over variable 7 is again calculated using
formula (3.6), and we obtain the following result in the
quasiclassical approximation:

2 W (2—u)d 0):
Amgzgg/ _wRowdu (_>2<1_
0 [ 2 2]5 m
(3.15)
Thus, the contribution to the AMM, which is caused by the

term in the photon propagator, which is proportional to g,,,,
is equal to

Aulga) & [—(3—3p)+ <2—32”2) 1n/’+2].

KB 8xm P
(3.16)

IV. THE INTERACTION ENERGY OF THE SPIN
WITH A MAGNETIC FIELD IN THE QED,
WITHOUT THE CHERN-SIMONS TERM

The results of Sec. III were obtained in the limiting case,
when the parameters  and « depending on the strength of
the magnetic field were small compared with the value
p= %, where 0 is the Chern-Simons parameter. Otherwise,
when the parameter p is small in comparison with the
parameters f or k, in order to obtain the main term of the
expansion in the small parameter ’:‘—S, it suffices to pass to
the limit ® — O in the results of Sec. II, which corresponds
usually to QED,; without the Chern-Simons term. The
entire interaction energy of the AMM with external
magnetic field in this case is determined by the for-
mula (2.21), where it should be assumed that ® =0 .

Here, we consider several limiting cases of most
physical interest. Let us assume that conditions (3.1) are
met; i.e., the nonrelativistic electron moves in a weak
magnetic field. In order to obtain the asymptotics for the
value of AEi(@ = 0), determined by formula (2.21), we
divide the integration region for variable u into two parts. In
the first region u € [0,uy] and in the second region
u € [ug, 1], where the value of the magnitude i, satisfies
the condition

2 < uy < 1. (4.1)
Then, in the first region, we expand the integrand in
formula (2.21), except for corresponding exponent, in a
series in the variable u, since u < uy < 1, and in the second
region, where u > uy > 2/, the main contribution to the
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integral is given by the region of integration where the
variable ¢ <« 1, and we expand the integrand in a series in
the variable 7. In both cases, integrals over variable ¢ are
taken using the following formulas [57]:

o0 r
/ = sin at sin btdt = Mcosﬂ
A 2 5

x(lb—al™—=(b+a)™*), a>b, b>0,
a#b, -2<Nfu<l, (4.2)
L r
/ #*~!sin at cos btdt = MsinE ((a+Db)y™*
0 2 2
+ |a—b|™#sign(a—b)), a>0, b>0, [Nul <I.
(4.3)
After the integration over variable ¢, we obtain
£ e’
R(AE;) = —é———= I, + 1,]. 4.4
(B) =gl e bl @

Here,

I = 2m/m[<u+u2ﬂ>%_ (u——uzﬁY@(”_zﬂ)]d”
+2\// Vu[uz — (u+2p)2)du

2,5 [ Vilud = (u= 2800~ 2+ -
(4.5)

= Vap[l = ug +2Inug) +

The dots in (4.5) correspond to terms of a higher order of
smallness in the parameter f, and the Heaviside step
function ©(x) is introduced.

As a result, after integration over variables u and ¢, the
terms that depend on the quantity u, cancel each other in
the same order of perturbation theory, and in the first
approximation, we obtain the following result:

~ m(AEf)

i)

p<1, n<pl.

R(Amy)

(4.6)

In the quasiclassical approximation (3.9), the radiative
mass shift of the electron, which is associated with the
anomalous magnetic moment of an electron in QED
without the Chern-Simons term, is described by the
formula

o2
Am Zf—z/
: 8m2.Jo

where

1_udu/ ﬁexp[—z( —l—ﬂt—i—?’)}dt

(4.7)

A= [ﬁ]z (4.8)

For calculation of integrals in formula (4.7), we use the

Mellin transformation with respect to the parameter a = %:

F(s) = Am a*~'F(a)da, (4.9)

1 /y-‘rioo
2ri y—ico

As a result, we can then recast Eq. (4.7) into the form

F(a) = F(s)a™ds. (4.10)

et 1 V4
A - _fF - =
e ‘516,,%27[#“”‘?{ ’4}

y+ico b4 s 1 sl
= —i—(2 N[ -=4=)372"
R N G

nr 2
Mds 0<]/<—,

4.11
sin s 3 ( )

where I'(z)—is the Euler gamma-function, which is a
meromorphic function with poles of the first order at the

points z = 0, —1, -2, ... and with a residue equal to (b ) at
z = —n. Further, if « <« 1, we close the integration contour
in (4.11) in the right half-plane and obtain an asymptotic
series in powers k. For k > 1, we must close the integration
contour in the left half-plane of the complex variable s and
obtain a convergent series in inverse powers k. Thus,
Eq. (4.11) allows the following asymptotic expansions to
be derived:

g =—¢5 ensct 5 (1-m3-piny 30 (3) )

+- k<, (412)
where y/(x) is the Euler y-function. Calculation of energy
shift of the ground electron state, which is similar to
calculation shown above for nonrelativistic electron, gives
the result matching the right-hand part of formula (4.6) at

E=—-1:

p

Am(n=0) = [3ﬁ+ﬁl —} (4.13)

In superstrong magnetic fields (H > H)) electron even in
the first excited state (n = 1) is relativistic. Assuming that,
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similarly to QED;_, |, the main contribution to the integral is
given by the region of integration where

—u
> 1,
u

1
t

we find that the mass shift of the ground state electron
(n=0,=-1) and the AMM in the excited state
with (n = 1) are described by the following asymptotic
formulas:

2

Am(n = 0) z§—1n2ﬁ, p>1, (4.14)
T

R(AE]) =

[C+41n2], p>1, (4.15)

16\/_

where C = 0.577...—is the Euler constant. Asymptotics
similar to (4.13)—(4.14) were first obtained in [47], where
only the case of the ground electronic state was considered.

V. CONCLUSION

The one-loop vertex calculation of the AMM in QED,
was performed earlier in the approximation of the small
transferred momentum of an electron [46]. It was shown
that there is an infrared divergence in the magnetic moment,
which can be regularized by including the Chern-Simons
term [46,48]. This is in contrast to the AMM in QED;_
that is infrared finite. In [61], in order to avoid the
logarithmic divergences in the computation of the
AMM, the spectral representation for the dressed photon
propagator was used. In this paper, it was shown that at
weak field (H < Hy) in the one-loop approximation, the
interaction energy of the spin with the external field in
QED,_; without the Chern-Simons term is proportional to
the product xInk, where k is the dynamic parameter of
synchrotron radiation (3.13). It means that the external
magnetic field plays the role of the infrared regulator in the
calculation of the anomalous magnetic moment in QED,_ ;.

It should be noted that the contribution to the AMM
coming from the term in the photon propagator, which is
proportional to the Chern-Simons parameter ©, is convergent
at p = 0 and does not contain infrared divergence [46,48].

Formulas (3.8) and (3.16) for the contribution to the
AMM of an electron from the g,, term in the photon
propagator, as was noted above, were obtained in [46] as a
result of the vertex function calculation. On their basis, in
[46], it was concluded that the AMM of an electron in
QED, | without a Chern-Simons term contains an infrared
divergence (F, o Inp) which is eliminated in topologically
massive QED, ;.

However, this statement, if understood literally, does
not correspond to the results (4.6) and (4.12) for the
interaction energy of the electron AMM with the rela-
tively weak external magnetic field in QED,_ ; without the

Chern-Simons term. As it was demonstrated in Sec. IV, the
interaction energy of the spin with a magnetic field in
QED, ., without the Chern-Simons term is proportional
to fln f and tends to zero at f — O [formula (4.6)], or at
k — 0 [formula (4.12)], and the AMM of an electron in
these limiting cases increases logarithmically.

Therefore, we think, the statement that the Chern-
Simons parameter plays the role of a regulator for infrared
divergence appears unsatisfactorily proven in [46], pri-
marily because the authors of [46] did not verify the validity
of their result (18) for a weak magnetic field.

The AMM of electrons subjected to an external magnetic
field is derived from the spin-dependent part of the radiative
shift in the total interaction energy [1,2,6-8,50,51].

In the weak magnetic field, the energy shift of the
nonrelativistic electron in topologically massive QED,,
depends, as was demonstrated in Sec. III, on the Chern-
Simons parameter p = % and the field parameter f = -

For the ground electron state, this important result was
obtained in [47], where the mass shift asymptotics of the
electron mass were found for the case when simultaneously
p <1, p <1, with arbitrary ratio between these param-
eters. Note that just in this particular case, when the
following condition is met,

p<p<kl, (5.1)
Equation (11) in [47] for the mass shift of electrons within
the logarithmic approximation for the parameter p coin-
cides with the result (3.8) in [48] and agrees with
formula (3.8) in this work. Therefore, as it was demon-
strated in Sec. III, limiting transition p — 0 in formulas
(3.8) and (3.15)—(3.16) in a constant magnetic field is
impossible in principle.

In addition, for the QED,,; without the Chern-Simons
term in the one-loop approximation, at f — 0 the electron
AMM increases logarithmically, which differs entirely
from the case of QED; | [2,6-9]. It should also be noted
that the result (4.9) for the radiation-induced electron mass
shift in the theory with the Chern-Simons term leads to the
result (4.13) obtained in the framework of the theory
without the Chern-Simons term using a mere substitution
p—p.

It is interesting to compare expressions (4.14)—(4.15)
with the corresponding results obtained in QED;,;.
In the region H > H, in QED;,;, the mass shift of
the ground state electron (£ = —1,n =0) [6,62] and the
AMM in the weakly excited states are described by the
formulas [8,63]:

,2H

A g :—1 _

m(n = 0) 2, Hy
ae H 2H
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It follows from (4.14)—(4.15) and (5.2) that reducing the
dimension from four to three drastically changes the
behavior of these values as functions of the magnetic field:

Am@® T (n=0) 1
AmGt(n=0) Inp
AP (n=0) Inp
Aﬂ(3+1)(n _ 0) ﬂ :

The general conclusion can be made that the space
dimension reduction leads to significant changes in
dependence of the electron AMM on intensity of the
magnetic field and energy of electron. In order to establish
the limits of applicability for the one-loop approximation
and to clarify whether logarithmic contributions to the
electron AMM remain in higher orders of perturbation
theory, as in QED; | [7], it would be necessary to study the
contribution of fourth-order diagrams to the elastic scatter-
ing amplitude of an electron.

The possibility for experimental observation of the
dynamic nature of electron AMM in graphene [35,36] or
other planar structures [33] is especially interesting.
Experiments demonstrate that spin g-factor in graphene
takes values in the range of g, ~2.2-2.7 [35,36]. In this
case the energy (AE,; = g,upB) of electron AMM inter-
action with external magnetic field B o (11-14)7, has the
value of order (1.5—2) meV and depends weakly on
magnetic field.

For theoretical explanation of these experiments, a
model of pseudo-QED is used in [37]. Mass operator is
calculated in linear approximation in the magnetic field

strength [37], i.e. dynamic nature of AMM of electron is
not taken into consideration. For the effective mass of
electron, a value M ~ (0.6 —10) meV is used. Similar
M values range was found in estimate [30,35,36] resulting
from dynamic generation due to electron-electron and other
interactions in graphene without a magnetic field (see also

[64-66]). For the quoted values of fermion mass, condition

H < HY) = (M)2.4.41 x 101G in experiments [35,36] is

invariably true. For instance, at M = 0.5 x 1073 eV, we

have H{) = 4.41 x 10%'G and the induction of external
magnetic field (in Gaussian system) is « 10°G. Then,
according to formula (4.6), for nonrelativistic electron
states with the main quantum number of n < 2 x 109,
the energy of electron AMM interaction with external
magnetic field appears proportional to magnitude of fIn
in a sufficiently broad range of values for the induction of
magnetic field. Therefore, a reliable experimental detection
of nonlinear magnetic field strength dependence for the
electron AMM interaction energy would be a direct
evidence for the dynamic nature of the electron AMM in
graphene. This can also become an important stimulus for
the further developments in theoretical studies for the
impact of dynamic generation on electron masses in
two-dimensional systems.
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