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Sum rules for the low-energy constants of the chiral SU(3) Lagrangian with charmed baryons of spin
JP ¼ 1=2þ and JP ¼ 3=2þ baryons are derived from large-Nc QCD. We consider the large-Nc operator
expansion at subleading orders for current-current correlation functions in the charmed baryon-ground
states for two scalar and two axial-vector currents.
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I. INTRODUCTION

The dependence of the charmed baryon masses on
the up, down and strange quark masses encodes useful
information on the coupled-channel interaction dynamics of
the Goldstone bosons with such baryon states [1–8]. Lattice
QCD simulations for the baryon masses at unphysical quark
masses are particularly useful [9–14] since they complement
the well-known values for the masses of the charmed baryon
ground states at physical quark masses [15].
An accurate flavor SU(3) chiral extrapolation of the

baryon ground states with zero charm content was estab-
lished in a series of works [16–20]. Based on the chiral
Lagrangian formulated with spin 1=2 and 3=2 fields, the
available lattice data on the baryon masses were reproduced
and accurate predictions for the size of the low-energy
parameters relevant at N3LOweremade [20]. The success of
such analyses relies on two crucial ingredients. First, the
chiral expansion is formulated in terms of physical meson
and baryonmasses rather than baremasses as is requested by
traditional chiral perturbation theory (χPT). Second, the
flood of low-energy constants that arises at subleading
orders is tamed by sum rules for the latter as they arise in
the limit of a large number of colors (Nc) in QCD [20,21].
The large-Nc sum rules provide a large parameter reduction
that allowed fits at N3LO to the lattice data set that are
significant. A corresponding program was started for the
charmed baryons [22]. At present, however, the large-Nc
sum rules for the charmed baryons are derived at leading

order only [22]. It is the purpose of thiswork to close this gap
and establish such sum rules accurate to subleading orders in
the 1=Nc expansion. This will pave the way to accurate
chiral extrapolation studies of the charmed baryon masses.
The desired sum rules can systematically be derived

from QCD by a study of current-current correlation
functions in the baryon ground states. We study matrix
elements of current-current correlation functions in the
charmed baryon states [21,23]. The technology developed
in [24–26] will be applied. The implications of heavy-quark
symmetry on the counterterms was worked out already
using a suitable multiplet representation of the charmed
baryons [22,27–29].

II. CHIRAL DYNAMICS FOR
CHARMED BARYONS

The chiral dynamics for the charmed baryon fields is
most economically deduced from an effective chiral
Lagrangian that is based on power counting rules. We
consider here the flavor antisymmetric antitriplet and
the flavor symmetric sextet fields B½3̄�, B½6� and Bμ

½6� with
JP ¼ 1

2
þ and JP ¼ 3

2
þ quantum numbers. The chiral

Lagrangian consists of all possible interaction terms,
formed with the baryon fields and the conventional
chiral blocks Uμ and χ� that include the Goldstone boson
fields Φ as well as the classical source functions, s, p and
vμ, aμ of QCD [30]. Derivatives of the fields must be
included in compliance with the local chiral SU(3) sym-
metry which in turn requests the covariant derivative Dμ to
act on the various flavor multiplet fields as follows,

ðDμUνÞab ¼ ∂μUa
ν;b þ Γa

μ;lU
l
ν;b − Γl

μ;bU
a
ν;l;

ðDμB½6�Þab ¼ ∂μBab
½6� þ Γa

μ;lB
lb
½6� þ Γb

μ;lB
al
½6�;

ðDμB½3̄�Þab ¼ ∂μBab
½3̄� þ Γa

μ;lB
lb
½3̄� þ Γb

μ;lB
al
½3̄�; ð1Þ

*m.lutz@gsi.de
†y.heo@g.sut.ac.th

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 97, 094004 (2018)

2470-0010=2018=97(9)=094004(10) 094004-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.97.094004&domain=pdf&date_stamp=2018-05-09
https://doi.org/10.1103/PhysRevD.97.094004
https://doi.org/10.1103/PhysRevD.97.094004
https://doi.org/10.1103/PhysRevD.97.094004
https://doi.org/10.1103/PhysRevD.97.094004
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


with the chiral connection Γμ ¼ −Γ†
μ given by

Γμ ¼
1

2
e−i

Φ
2f½∂μ − iðvμ þ aμÞ�eþiΦ

2f þ 1

2
eþiΦ

2f½∂μ − iðvμ − aμÞ�e−i
Φ
2f;

Uμ ¼
1

2
u†ð∂μe

iΦfÞu† − i
2
u†ðvμ þ aμÞuþ i

2
uðvμ − aμÞu†; u ¼ ei

Φ
2f: ð2Þ

The various hadron fields can be decomposed into their isospin multiplet components,

Φ ¼ τ · πð140Þ þ α† · Kð494Þ þ K†ð494Þ · αþ ηð547Þλ8;ffiffiffi
2

p
B½3̄� ¼

1ffiffiffi
2

p α† · Ξcð2470Þ −
1ffiffiffi
2

p ΞT
c ð2470Þ · αþ iτ2Λcð2284Þ;

ffiffiffi
2

p
B½6� ¼

1ffiffiffi
2

p α† · Ξcð2580Þ þ
1ffiffiffi
2

p ΞT
c ð2580Þ · αþ Σcð2455Þ · τiτ2 þ

ffiffiffi
2

p

3
ð1 −

ffiffiffi
3

p
λ8ÞΩcð2704Þ;

ffiffiffi
2

p
Bμ
½6� ¼

1ffiffiffi
2

p α† · Ξμ
cð2645Þ þ 1ffiffiffi

2
p ΞT;μ

c ð2645Þ · αþ Σμ
cð2520Þ · τiτ2 þ

ffiffiffi
2

p

3
ð1 −

ffiffiffi
3

p
λ8ÞΩμ

cð2770Þ;

α† ¼ 1ffiffiffi
2

p ðλ4 þ iλ5; λ6 þ iλ7Þ; τ ¼ ðλ1; λ2; λ3Þ; ð3Þ

where the matrices λi are the standard Gell-Mann gener-
ators of the SU(3) algebra.
The main goal of this work is to derive correlations

amongst the low-energy parameters of the chiral Lagrangian
as they follow from a 1=Nc expansion. For that purpose, we
consider QCD’s axial-vector and scalar currents,

AðaÞ
μ ðxÞ ¼ Ψ̄ðxÞγμγ5

λa
2
ΨðxÞ;

SðaÞðxÞ ¼ Ψ̄ðxÞ λa
2
ΨðxÞ; ð4Þ

in baryon matrix elements, where we recall their definitions
in terms of the Heisenberg quark-field operators ΨðxÞ. With
λa we denote the Gell-Mann flavor matrices supplemented
with a singlet matrix λ0 ¼

ffiffiffiffiffiffiffiffi
2=3

p
1. Given the chiral

Lagrangian, it is well defined how to derive the contribution

of a given term to such matrix elements. The classical
matrices of source functions, aμ and s, enter the chiral
Lagrangian via the building blocks,

Uμ ¼
i
2f

∂μΦ − iaμ þ � � � ;

χþ ¼ 1

2
ðuχ0uþ u†χ0u†Þ ¼ 2B0sþ � � � ; ð5Þ

where, for notational simplicity in the following, we
put B0 ¼ 1=2.
We recall all terms in the chiral Lagrangian that are

relevant in a chiral extrapolation of the baryon masses at
N3LO. Altogether we recalled 34þ 16 ¼ 50 distinct low-
energy constants, which have to be correlated. There are 16
symmetry-breaking counterterms

Lð4Þ
χ ¼ c1;½3̄ 3̄�trðB̄½3̄�B½3̄�Þtrðχ2þÞ þ c2;½3̄ 3̄�trðB̄½3̄�B½3̄�ÞðtrχþÞ2

þ c3;½3̄ 3̄�trðB̄½3̄�χþB½3̄�ÞtrðχþÞ þ c4;½3̄ 3̄�trðB̄½3̄�χ2þB½3̄�Þ
þ c1;½66�trðB̄½6�B½6�Þtrðχ2þÞ þ c2;½66�trðB̄½6�B½6�ÞðtrχþÞ2
þ c3;½66�trðB̄½6�χþB½6�ÞtrðχþÞ þ c4;½66�trðB̄½6�χ2þB½6�Þ þ c5;½66�trðB̄½6�χþB½6�χTþÞ
þ c1;½3̄6�trðB̄½6�χþB½3̄� þ H:c:ÞtrðχþÞ þ c2;½3̄6�trðB̄½6�χ2þB½3̄� þ H:c:Þ
− e1;½66�trðB̄μ

½6�gμνB
ν
½6�Þtrðχ2þÞ − e2;½66�trðB̄μ

½6�gμνB
ν
½6�ÞðtrχþÞ2

− e3;½66�trðB̄μ
½6�χþgμνB

ν
½6�ÞtrðχþÞ − e4;½66�trðB̄μ

½6�gμνχ
2þBν

½6�Þ
− e5;½66�trðB̄μ

½6�gμνχþB
ν
½6�χ

TþÞ; ð6Þ
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which contribute to the baryon masses at tree level. Not that
as compared to [22] we dropped the flavor redundant term
proportional to c3;½3̄6�. The symmetry-breaking counter-
terms contribute to the current-current correlation function
of two time-ordered scalar currents

SabðqÞ ¼ i
Z

d4xe−iq·xT SðaÞðxÞSðbÞð0Þ; ð7Þ

in the baryon states. We consider singlet and octet compo-
nents with a; b ¼ 0;…; 8.

In addition, there is a class of 34 symmetry-conserving
two-body counterterms that contribute to the baryon
masses at the one-loop level. Following [21,22,31] the
symmetry-conserving counterterms are classified accord-
ing to their Dirac structure.

Lð2Þ ¼ Lð2Þ
χ þ LðSÞ þ LðVÞ þ LðAÞ þ LðTÞ: ð8Þ

A complete list relevant at second order was constructed in
[22] with

LðSÞ ¼ −gðSÞ
0;½3̄ 3̄�trðB̄½3̄�B½3̄�ÞtrðUμUμÞ − gðSÞ

D;½3̄ 3̄�trðB̄½3̄�fUμ; UμgB½3̄�Þ − gðSÞ
0;½66�trðB̄½6�B½6�ÞtrðUμUμÞ

− gðSÞ
1;½66�trðB̄½6�UμB½6�UT

μ Þ − gðSÞD;½66�trðB̄½6�fUμ; UμgB½6�Þ − gðSÞ
D;½3̄6�trðB̄½6�fUμ; UμgB½3̄� þ H:c:Þ

þ hðSÞ
0;½66�trðB̄μ

½6�gμνB
ν
½6�ÞtrðUαUαÞ þ hðSÞ

1;½66�trðB̄μ
½6�B

ν
½6�ÞtrðUμUνÞ

þ hðSÞ
2;½66�trðB̄μ

½6�gμνfUα; UαgBν
½6�Þ − hðSÞ

3;½66�trðB̄μ
½6�fUμ; UνgBν

½6�Þ
þ hðSÞ

4;½66�trðB̄μ
½6�gμνU

αBν
½6�U

T
αÞ þ hðSÞ

5;½66�trðB̄μ
½6�UνBν

½6�U
T
μ þ B̄μ

½6�UμBν
½6�U

T
ν Þ;

LðVÞ ¼ −
1

2
gðVÞ
0;½3̄ 3̄�trðB̄½3̄�iγαðDβB½3̄�ÞtrðUβUαÞ þ H:c:Þ − 1

2
gðVÞ
1;½3̄ 3̄�trðB̄½3̄�iγαUβðDβB½3̄�ÞUT

α

þ B̄½3̄�iγαUαðDβB½3̄�ÞUT
β þ H:c:Þ − 1

2
gðVÞ
D;½3̄ 3̄�trðB̄½3̄�iγαfUα; UβgðDβB½3̄�Þ þ H:c:Þ

−
1

2
gðVÞD;½3̄6�trðB̄½6�iγαfUα; UβgðDβB½3̄�Þ − ðDβB̄½6�ÞiγαfUα; UβgB½3̄� þ H:c:Þ

−
1

2
gðVÞ
0;½66�ðtrðB̄½6�iγαðDβB½6�ÞÞtrðUβUαÞ þ H:c:Þ − 1

4
gðVÞ
1;½66�trðB̄½6�iγαUβðDβB½6�ÞUT

α

þ B̄½6�iγαUαðDβB½6�ÞUT
β þ H:c:Þ − 1

2
gðVÞD;½66�trðB̄½6�iγαfUα; UβgðDβB½6�Þ þ H:c:Þ

þ 1

2
hðVÞ
0;½66�trðB̄μ

½6�gμνiγ
αðDβBν

½6�ÞtrðUαUβÞ þ H:c:Þ þ 1

4
hðVÞ
1;½66�trðB̄μ

½6�gμνiγ
αUβðDβBν

½6�ÞUT
α

þ B̄μ
½6�gμνiγ

αUαðDβBν
½6�ÞUT

β þ H:c:Þ þ 1

2
hðVÞ
2;½66�trðB̄μ

½6�gμνiγ
αfUα; UβgðDβBν

½6�Þ þ H:c:Þ;

LðAÞ ¼ fðAÞ
0;½66�trðB̄μ

½6�γ
νγ5B½6�trðUνUμÞ þ H:c:Þ þ fðAÞ

1;½66�trðB̄μ
½6�γ

νγ5UνB½6�UT
μ þ B̄μ

½6�γ
νγ5UμB½6�UT

ν þ H:c:Þ
þ fðAÞD;½66�trðB̄μ

½6�γ
νγ5fUμ; UνgB½6� þ H:c:Þ þ fðAÞF;½66�trðB̄μ

½6�γ
νγ5½Uμ; Uν�B½6� þ H:c:Þ

þ fðAÞ
1;½3̄6�trðB̄

μ
½6�γ

νγ5UνB½3̄�UT
μ − B̄μ

½6�γ
νγ5UμB½3̄�UT

ν þ H:c:Þ
þ fðAÞ

D;½3̄6�trðB̄
μ
½6�γ

νγ5fUμ; UνgB½3̄� þ H:c:Þ þ fðAÞ
F;½3̄6�trðB̄

μ
½6�γ

νγ5½Uμ; Uν�B½3̄� þ H:c:Þ;
LðTÞ ¼ −gðTÞ

F;½3̄ 3̄�trðB̄½3̄�iσαβ½Uα; Uβ�B½3̄�Þ − gðTÞ
1;½3̄6�trðB̄½6�iσαβUαB½3̄�UT

β þ H:c:Þ
− gðTÞ

F;½3̄6�trðB̄½6�iσαβ½Uα; Uβ�B½3̄� þ H:c:Þ − gðTÞF;½66�trðB̄½6�iσαβ½Uα; Uβ�B½6�Þ þ hðTÞF;½66�trðB̄μ
½6�gμνiσ

αβ½Uα; Uβ�Bν
½6�Þ; ð9Þ

where possible further terms are redundant owing to flavor identities or the on-shell conditions of spin-3
2
fields with

γμB
μ
½6� ¼ 0 and ∂μB

μ
½6� ¼ 0. As compared to [22] we further streamlined the notations and dropped the flavor redundant

terms proportional to gðSÞ
1;½3̄6� and gðVÞ

1;½3̄6�.
The symmetry-conserving parameters contribute to the current-current correlation function of two time-ordered axial-

vector currents
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Aab
μνðqÞ ¼ i

Z
d4xe−iq·xT AðaÞ

μ ðxÞAðbÞ
ν ð0Þ; ð10Þ

in the baryon states.
The specific form of the matrix elements of the current-

current correlation functions (7) and (10) was already
worked out in the previous work [22]. The matrix elements
are detailed in the flavor SU(3) limit where the physical
baryon states are specified by the momentum p and the
flavor indices i, j ¼ 1, 2, 3.

III. PRIMER ON LARGE-Nc
OPERATOR ANALYSIS

The low-energy constants recalled in (6) and (8) can
be analyzed systematically in the 1=Nc expansion
[21–23,25,26]. Leading-order results have already been
worked out in [22]. Here we extend these results to the next
accuracy level.
The large-Nc operator expansion is performed in terms

of a complete set of static and color-neutral one-body
operators that act on effective baryon states rather than the
physical states [21,22,24–26]. In our case, the physical and
effective baryon states,

jp; ij�; S; χi; jij�; S; χÞ; ð11Þ

are specified by the momentum p and the flavor indices i, j,
k ¼ 1, 2, 3. The spin S and the spin-polarization are χ ¼
1, 2 for the spin one-half (S ¼ 1=2) and χ ¼ 1;…; 4 for the
spin three-half states ðS ¼ 3=2Þ. The flavor sextet and the
antitriplet are discriminated by their symmetric (index þ)
and antisymmetric (index −) behavior under the exchange
of i ↔ j. At leading order in the 1=Nc expansion all
considered baryon states are mass degenerate. The generic
form of the operator expansion takes the form

hp̄; mn�; S̄; χ̄jOQCDjp; kl�; S; χi

¼
X∞
n¼0

cnðp̄; pÞðmn�; S̄; χ̄jOðnÞ
staticjkl�; S; χÞ: ð12Þ

It is important to note that unlike the physical baryon states,
the effective baryon states do not depend on the momentum
p. All dynamical information is moved into appropriate
coefficient functions cnðp̄; pÞ. The contributions on the
right-hand side of (12) can be sorted according to their
relevance at large Nc.
The effective baryon states jij�; χÞ have a mean-field

structure that can be generated in terms of effective quark
operators q and Q for the light and heavy species
respectively. A corresponding complete set of color-neutral
one-body operators may be constructed in terms of the very
same static quark operators,

1 ¼ q†ð1 ⊗ 1 ⊗ 1Þq; Ji ¼ q†
�
σi
2
⊗ 1 ⊗ 1

�
q;

Ta ¼ q†
�
1 ⊗

λa
2
⊗ 1

�
q; Ga

i ¼ q†
�
σi
2
⊗

λa
2
⊗ 1

�
q;

1Q ¼ Q†ð1 ⊗ 1ÞQ; JiQ ¼ Q†
�
σi
2
⊗ 1

�
Q; ð13Þ

with static operators q ¼ ðu; d; sÞT and Q ¼ c of the up,
down, strange and charm quarks. With λa we denote the
Gell-Mann matrices supplemented with a singlet matrix
λ0 ¼

ffiffiffiffiffiffiffiffi
2=3

p
1. Here we use a redundant notation with

T0 ¼
ffiffiffi
1

6

r
1; G0

i ¼
ffiffiffi
1

6

r
Ji; ð14Þ

which will turn useful when analyzing matrix elements of
scalar currents.
In the sum of (12) there are infinitely many terms one

may write down. The static operators OðnÞ
static are finite

products of the one-body operators Ji, Ta and Ga
i . Terms

that break the heavy-quark spin symmetry are exclusively
caused by the heavy-spin operator

JiQ ∼
1

MQ
; ð15Þ

with the heavy-quark massMQ. In contrast the counting of
Nc factors is intricate since there is a subtle balance of
suppression and enhancement effects. An r-body operator
consisting of the r products of any of the spin and flavor
operators receives the suppression factor N−r

c . This is
counteracted by enhancement factors for the flavor and
spin-flavor operators Ta andGa

i that are produced by taking
baryon matrix elements at Nc ≠ 3. Altogether, this leads to
the effective scaling laws [25,26]:

Ji ∼
1

Nc
; Ta ∼ N0

c; Ga
i ∼ N0

c: ð16Þ

According to (16) there is an infinite number of terms
contributing at a given order in the 1=Nc expansion. Taking
higher products of flavor and spin-flavor operators does not
reduce the Nc scaling power. A systematic 1=Nc expansion
is made possible by a set of operator identities [21,25,26],
that allows a systematic summation of the infinite number
of relevant terms. This can be summarized into two
reduction rules:

(i) All operator products in which two flavor indices are
contracted using δab, fabc or dabc or two spin indices
on G’s are contracted using δij or εijk can be
eliminated.

(ii) All operator products in which two flavor indices are
contracted using symmetric or antisymmetric com-
binations of two different d and/or f symbols can be
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eliminated. The only exception to this rule is the
antisymmetric combination facgdbch − fbcgdach.

As a consequence the infinite tower of spin-flavor operators
truncates at any given order in the 1=Nc expansion. We can
now turn to the 1=Nc expansion of the baryon matrix
elements of the QCD’s axial-vector and scalar currents. In
application of the operator reduction rules, the baryon
matrix elements of time-ordered products of the current
operators are expanded in powers of the effective one-body
operators according to the counting rule (15), (16) supple-
mented by the reduction rules. In contrast to Jenkins [26],

we consider the ratio Nl=Nc ¼ 1 − 1=Nc not as a sup-
pression factor. The strength of the spin-symmetry breaking
terms we estimate with 1=MQ ∼ 1=Nc. In the course of the
construction of the various structures, parity and time-
reversal transformation properties are taken into account.
All that is needed in any practical application of the 1=Nc

expansion is the action of any of the one-body operators
introduced in (13) on the effective mean-field-type baryon
states jij�; χÞ. In fact, it suffices to provide results at the
physical value Nc ¼ 3, for which a complete list was
already generated in [22]. We exemplify such results with

JkQ

����ijþ; 12 ; χ
�

¼ −
1

6
σðkÞχ̄χ

����ijþ; 12 ; χ̄
�
þ 1ffiffiffi

3
p SðkÞχ̄χ

����ijþ; 32 ; χ̄
�
;

JkQ

����ijþ; 32 ; χ
�

¼ 1

2
ðS⃗σðkÞS⃗†Þχ̄χ

����ijþ; 32 ; χ̄
�
þ 1ffiffiffi

3
p SðkÞ†χ̄χ

����ijþ; 12 ; χ̄
�
;

JkQ

����ij−; 12 ; χ
�

¼ 1

2
σðkÞχ̄χ

����ij−; 12 ; χ̄
�
;

Jk

����ijþ; 12 ; χ
�

¼ 2

3
σðkÞχ̄χ

����ijþ; 12 ; χ̄
�
−

1ffiffiffi
3

p SðkÞχ̄χ

����ijþ; 32 ; χ̄
�
;

Jk

����ijþ; 32 ; χ
�

¼ ðS⃗σðkÞS⃗†Þχ̄χ
����ijþ; 32 ; χ̄

�
−

1ffiffiffi
3

p SðkÞ†χ̄χ

����ijþ; 12 ; χ̄
�
;

Jk

����ij−; 12 ; χ
�

¼ 0; ð17Þ

where we apply the spin matrices σðkÞ and SðkÞ in the convention as used in [22]. Note that an error in the action of the heavy-
spin operator JkQ on the jijþ; 12 ; χÞ states is corrected here in (17). We affirm that now, with (17), the relations

½Ji; Jj� ¼ iϵijkJk; ½JiQ; JjQ� ¼ iϵijkJkQ; fJiQ; JiQg ¼ 3

2
1Q;

½JiQ; Jj� ¼ 0; ½JiQ; Ga
j � ¼ 0; ½JiQ; Ta� ¼ 0 ð18Þ

hold if matrix elements in the charmed baryon states as introduced in (11) are taken. The latter were affected by the error
made in [22]. Further corrections for matrix elements of the anticommutator of two one-body operators are considered in the
Appendix.

IV. TWO SCALAR CURRENTS IN CHARMED BARYON MATRIX ELEMENTS

We turn to a derivation of large-Nc sum rules for the chiral-symmetry breaking low-energy constants introduced in (6).
They contribute to the time-ordered product of two scalar currents as evaluated in the baryon states. At N2LO in the 1=Nc
expansion, we find the relevance of 11 operators

hp̄; mn�; S̄; χ̄jSabðqÞjp; kl�; S; χi ¼ ðmn�; S̄; χ̄jOabjkl�; S; χÞ;
Oab ¼ ĉ1δa0δb01þ ĉ2δab1þ ĉ3ðTaδb0 þ δa0TbÞ þ ĉ4dabeTe þ ĉ5fTa; Tbg

þ ĉ6dabefJi; Gi
eg þ ĉ7ðfJi; Ga

i gδb0 þ δa0fJi; Gi
bgÞ

þ ĉ8ðfJi; fTa;Gi
bgg þ fJi; fTb; Gi

aggÞ
þ ĉ9dabefJiQ; Gi

eg þ ĉ10ðfJiQ; Ga
i gδb0 þ δa0fJiQ; Gi

bgÞ
þ ĉ11ðfJiQ; fTa; Gi

bgg þ fJiQ; fTb; Gi
aggÞ þ � � � ; ð19Þ

where only the first five operators that are required at NLO were considered previously in [22]. We find six additional terms
either involving the spin operators Ji or JiQ. The three sums in (19) run over e ¼ 1;…; 8.
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The operator truncation (19) can be matched to the tree-
level Lagrangian (6). For this the matrix elements of the
operators in (19) are derived in the Appendix and [22].
Altogether, we claim the identifications as detailed in
Table I.
At NLO with ĉ6−10 ¼ 0 there are 16 − 5 ¼ 11 sum rules.

No spin-symmetry breaking operator JQ has to be consid-
ered at this accuracy level. In turn, we recover the eight
heavy-spin symmetry relations in (59) from [22].
Additional relations arise from the large-Nc considerations.
We correct two misprints in (60) of [22]. Altogether, the
following set of sum rules arises:

cn;½66� ¼ en;½66� for n¼ 1;…;5;

cn;½3̄6� ¼ 0 for n¼ 1;2;

c1;½3̄ 3̄� ¼ c1;½66� þ
1

2
c5;½66�; c2;½3̄ 3̄� ¼ c2;½66� −

1

2
c5;½66�;

c3;½3̄ 3̄� ¼ c3;½66� þ 2c5;½66�; c4;½3̄ 3̄� ¼ c4;½66� − 2c5;½66�: ð20Þ

At N2LO, all 11 operators in (19) turn relevant, and we have
16 − 11 ¼ 5 sum rules:

c1;½3̄6� ¼ 5
ffiffiffi
3

p
ðc3;½66�−e3;½66�Þ;

c2;½66� ¼ e2;½66�;

c2;½3̄6� ¼ 5
ffiffiffi
3

p
ðc4;½66�−e4;½66�Þ;

3c1;½3̄ 3̄� þc2;½3̄ 3̄� þc4;½3̄ 3̄� ¼ 3c1;½66� þc2;½66� þc4;½66�−c5;½66�;

3e1;½66� þe4;½66�−e5;½66� ¼ 3c1;½66� þc4;½66�−c5;½66�: ð21Þ

V. TWO AXIAL CURRENTS IN CHARMED
BARYON MATRIX ELEMENTS

We study the time-ordered product of two axial-vector
currents. The large-Nc operator expansion was already
worked out in [21] at leading order. Matrix elements in
charmed baryons were derived in [22]. Here we consider and
derive the implication for the chiral two-body interactions
introduced (8) at subleading orders in this expansion. At
NLO, there are 19 distinct operators to be considered,

hp̄; mn�; S̄; χ̄jAab
ij ðqÞjp; kl�; S; χi ¼ ðmn�; S̄; χ̄jOab

ij jkl�; S; χÞ;
Oab

ij ¼ −δij½ĝ1δab1þ ĝ2dabcTc þ ĝ3fTa; Tbg þ ĝ4dabcfJk; Gk
cg

þ ĝ5ðfJk; fTa; Gk
bgg þ fJk; fGk

a; TbggÞ þ ĝ6dabcfJkQ; Gk
cg

þ ĝ7ðfJkQ; fTa; Gk
bgg þ fJkQ; fGk

a; TbggÞ�
þ ĝ8ðfGi

a; G
j
bg þ fGj

a; Gi
bgÞ þ ĝ9ðfGa

i ; G
b
jg − fGa

j ; G
b
i gÞ

þ ϵijkfabcðĝ10Gc
k þ ĝ11fJk; Tcg þ ĝ12fJkQ; TcgÞ

þ ðp̄þ pÞiðp̄þ pÞj½ĝ13δab1þ ĝ14dabcTc þ ĝ15fTa; Tbg
þ ĝ16dabcfJk; Gk

cg þ ĝ17ðfJk; fTa; Gk
bgg þ fJk; fGk

a; TbggÞ
þ ĝ18dabcfJkQ; Gk

cg þ ĝ19ðfJkQ; fTa; Gk
bgg þ fJkQ; fGk

a; TbggÞ� þ � � � ; ð22Þ
where we focus on the space components of the correlation function. In (22), we have q ¼ p̄ − p and a; b ¼ 1;…; 8.
In addition, we consider only terms that arise in the small-momentum expansion and that are required for the desired
matching with (8). The dots in (22) represent additional terms that are further suppressed in the 1=Nc expansion or for small
3-momenta p and p̄.

TABLE I. The symmetry-breaking two-body counterterms as introduced in (6) are correlated by the large-Nc operators (19).

c1;½66� 2
9
ð9ĉ2 − 3ĉ4 − 6ĉ6 − ĉ9Þ e1;½66� 1

3
ð6ĉ2 − 2ĉ4 − 4ĉ6 − ĉ9Þ

c2;½66� 2
3
ĉ1 e2;½66� 2

3
ĉ1

c3;½66� 2
3

ffiffi
2
3

q
ð3ĉ3 þ 6ĉ7 þ ĉ10Þ e3;½66�

ffiffi
2
3

q
ð2ĉ3 þ 4ĉ7 þ ĉ10Þ

c4;½66� 2
3
ð3ĉ4 þ 3ĉ5 þ 6ĉ6 þ 12ĉ8 þ ĉ9 þ 2ĉ11Þ e4;½66� 2ĉ4 þ 2ĉ5 þ 4ĉ6 þ 8ĉ8 þ ĉ9 þ 2ĉ11

c5;½66� 2
3
ð3ĉ5 þ 12ĉ8 þ 2ĉ11Þ e5;½66� 2ðĉ5 þ 4ĉ8 þ ĉ11Þ

c1;½3̄ 3̄� 1
3
ð6ĉ2 − 2ĉ4 þ 3ĉ5Þ c4;½3̄ 3̄� 2ðĉ4 − ĉ5Þ

c2;½3̄ 3̄� 1
3
ð2ĉ1 − 3ĉ5Þ c1;½3̄6� − 5

ffiffi
2

p
3
ĉ10

c3;½3̄ 3̄� 2
ffiffi
2
3

q
ðĉ3 þ

ffiffiffi
6

p
ĉ5Þ c2;½3̄6� − 5ffiffi

3
p ðĉ9 þ 2ĉ11Þ
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In the previous work [22], only seven leading-order operators were considered. The ansatz of this work is reproduced with

ĝ1 ¼
1

3
ĝ2; ĝ4−7 ¼ 0; ĝ11−12 ¼ 0; ĝ13 ¼

1

3
ĝ14; ĝ16−19 ¼ 0: ð23Þ

An application of the results of our Appendix leads to the matching result as detailed in Table II.
From the operator analysis (22), we obtain 33 − 7 ¼ 26 sum rules. We do not reproduce all sum rules as considered first

in [22]. In our analysis, we unravel two misprint in (62) of [22]. A complete list of relation reads

gðSÞ
D;½3̄ 3̄� ¼ hðSÞ

2;½66� − hðSÞ
4;½66� − 2hðSÞ

5;½66�; gðSÞ
0;½3̄ 3̄� ¼

1

2
hðSÞ
4;½66� þ hðSÞ

5;½66�;

gðSÞ
0;½66� ¼ gðSÞ

D;½3̄6� ¼ 0; gðSÞ
1;½66� ¼ hðSÞ

4;½66� þ
2

3
hðSÞ
5;½66�; gðSÞD;½66� ¼ hðSÞ

2;½66�; hðSÞ
0;½66� ¼ hðSÞ

1;½66� ¼ hðSÞ
3;½66� ¼ 0;

ĝðVÞ
0;½3̄ 3̄� ¼ −ĝðVÞ

1;½3̄ 3̄� þ
1

2
ĥðVÞ
1;½66�; ĝðVÞ

D;½3̄ 3̄� ¼ 2ĝðVÞ
1;½3̄ 3̄� − ĥðVÞ

1;½66� þ ĥðVÞ
2;½66�;

ĝðVÞ
0;½66� ¼ ĝðVÞ

D;½3̄6� ¼ ĥðVÞ
0;½66� ¼ 0; ĝðVÞ

1;½66� ¼ ĥðVÞ
1;½66�; ĝðVÞD;½66� ¼ ĥðVÞ

2;½66�;

fðAÞ
1;½3̄6� ¼ −

ffiffiffi
3

p
gðTÞ
1;½3̄6�; fðAÞ

F;½3̄6� ¼ −2hðTÞF;½66�; fðAÞ
D;½3̄6� ¼ fðAÞ

0;½66� ¼ fðAÞD;½66� ¼ 0;

fðAÞ
1;½66� ¼

1ffiffiffi
3

p hðSÞ
5;½66�; fðAÞF;½66� ¼ −

2ffiffiffi
3

p hðTÞF;½66�; gðTÞ
F;½3̄ 3̄� ¼ 0; gðTÞ

F;½3̄6� ¼ −
1ffiffiffi
3

p hðTÞF;½66�; gðTÞF;½66� ¼
2

3
hðTÞF;½66�; ð24Þ

TABLE II. The symmetry-conserving two-body counterterms as introduced in (8) are correlated by the large-Nc operators (22) with

ĝðVÞn;½ab� ¼ 2gðVÞn;½ab�=ðMð1=2Þ
½a� þMð1=2Þ

½b� Þ and ĥðVÞn;½aa� ¼ hðVÞn;½aa�=M
ð3=2Þ
½a� . In the flavor SU(3) chiral limit we use here three distinct charm baryon

massesMðJ¼1=2Þ
½3̄� ,MðJ¼1=2Þ

½6� andMðJ¼3=2Þ
½6� . Only the combinations gðVÞ

D;½3̄ 3̄� − 2gðVÞ
1;½3̄ 3̄� and g

ðVÞ
0;½3̄ 3̄� þ gðVÞ

1;½3̄ 3̄� can be matched at leading order in a

nonrelativistic expansion.

gðSÞ
0;½3̄ 3̄�

2ĝ1 − 2
3
ĝ2 þ ĝ3 þ 1

2
ĝ8 ĝðVÞ

0;½3̄ 3̄� −ĝðVÞ
1;½3̄ 3̄� þ 8ĝ13 − 8

3
ĝ14 þ 4ĝ15

gðTÞ
F;½3̄ 3̄�

−ĝ12

gðSÞ
D;½3̄ 3̄�

ĝ2 − ĝ3 − 3
2
ĝ8 ĝðVÞ

D;½3̄ 3̄� 2ĝðVÞ
1;½3̄ 3̄� þ 4ðĝ14 − ĝ15Þ

gðSÞ
0;½66� 2ĝ1 − 2

3
ĝ2 ĝðVÞ

0;½66�
8
3
ð3ĝ13 − ĝ14Þ

gðSÞ
1;½66� 2ĝ3 þ 8ĝ5 − 4ĝ7 − 1

3
ĝ8 ĝðVÞ

1;½66�
8ðĝ15 þ 4ĝ17 − 2ĝ19Þ

gðSÞD;½66� ĝ2 þ ĝ3 þ 2ĝ4 þ 4ĝ5 − ĝ6 − 2ĝ7 − 1
2
ĝ8 ĝðVÞD;½66�

4ðĝ14 þ ĝ15 þ 2ĝ16 þ 4ĝ17 − ĝ18 − 2ĝ19Þ

gðTÞ
F;½3̄6�

1
2
ffiffi
3

p ð−ĝ9 þ ĝ10Þ gðTÞF;½66�
1
3
ðĝ9 − ĝ10 − 4ĝ11 þ ĝ12Þ

gðTÞ
1;½3̄6�

1ffiffi
3

p ĝ9 fðAÞ
1;½3̄6�

−ĝ9

fðAÞ
D;½3̄6�

0

ĝðVÞ
D;½3̄6� −2

ffiffiffi
3

p ðĝ18 þ 2ĝ19Þ fðAÞ
F;½3̄6�

−ĝ9 þ ĝ10

gðSÞ
D;½3̄6� −

ffiffi
3

p
2
ðĝ6 þ 2ĝ7Þ ĥðVÞ

0;½66� 8ĝ13 − 8
3
ĝ14

hðSÞ
0;½66� 2ĝ1 − 2

3
ĝ2 ĥðVÞ

1;½66�
8ðĝ15 þ 4ĝ17 þ ĝ19Þ

hðSÞ
1;½66�

0 ĥðVÞ
2;½66�

2ð2ĝ14 þ 2ĝ15 þ 4ĝ16 þ 8ĝ17 þ ĝ18 þ 2ĝ19Þ

hðSÞ
2;½66� ĝ2 þ ĝ3 þ 2ĝ4 þ 4ĝ5 þ 1

2
ĝ6 þ ĝ7 − 1

2
ĝ8 fðAÞ

0;½66�
0

hðSÞ
3;½66�

0 fðAÞ
1;½66�

1ffiffi
3

p ĝ8

hðSÞ
4;½66�

2ĝ3 þ 8ĝ5 þ 2ĝ7 − ĝ8 fðAÞD;½66�
0

hðSÞ
5;½66�

ĝ8 fðAÞF;½66�
1ffiffi
3

p ð−ĝ9 þ ĝ10 þ 4ĝ11 − 4ĝ12Þ
hðTÞF;½66�

1
2
ðĝ9 − ĝ10 − 4ĝ11 − 2ĝ12Þ
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where the two identities in the fourth line of (24) were not presented correctly in [22]. We confirm the result of [22] that the
combination of the heavy spin-symmetry sum rules as summarized in (41) of [22] with the large-Nc sum rules (24) does
lead to one extra relation:

fðAÞ
1;½66� ¼ 0: ð25Þ

As argued already in [22], this does not contradict the systematics of the large-Nc operator expansion. Though the operator
analysis is not predicting such a feature, it can not be excluded.
We turn to the central result of our work. At NLO, we have derived 33 − 19 ¼ 14 novel sum rules:

gðSÞ
D;½3̄6� ¼

1ffiffiffi
3

p ðgðSÞD;½66� − hðSÞ
2;½66�Þ; gðSÞ

0;½66� ¼ hðSÞ
0;½66�; hðSÞ

1;½66� ¼ hðSÞ
3;½66� ¼ 0;

ĝðVÞ
D;½3̄6� ¼

1ffiffiffi
3

p ðĝðVÞD;½66� − ĥðVÞ
2;½66�Þ; ĝðVÞ

0;½66� ¼ ĥðVÞ
0;½66�;

fðAÞ
1;½3̄6� ¼ −

ffiffiffi
3

p
gðTÞ
1;½3̄6�; fðAÞ

1;½66� ¼
1ffiffiffi
3

p hðSÞ
5;½66�; fðAÞD;½3̄6� ¼ fðAÞ

0;½66� ¼ fðAÞD;½66� ¼ 0;

fðAÞF;½3̄6� ¼ 2
ffiffiffi
3

p
gðTÞF;½3̄6�; fðAÞF;½66� ¼ −2

ffiffiffi
3

p
gðTÞF;½66� þ

2ffiffiffi
3

p hðTÞF;½66�;

gðTÞ
F;½3̄ 3̄� ¼ −gðTÞF;½66� þ

2

3
hðTÞF;½66�: ð26Þ

VI. SUMMARY

In this work, we considered the chiral Lagrangian for
charmed baryons based on the flavor SU(3) symmetry.
Current-current correlation functions in the baryon states
were evaluated at tree level and analyzed in an expansion of
1=Nc at subleading orders. Sum rules for the symmetry-
breaking and symmetry-conserving low-energy constants
are systematically derived and presented. We correct
various misprints found in previous works and establish
novel sum rules that are valid at subleading orders in the
1=Nc expansion. Such parameter correlations are of crucial
importance in chiral extrapolation studies of the charmed
baryon masses at N3LO, but also they determine, to a large
extent, the coupled-channel interaction of the charmed
baryons with the set of Goldstone bosons.
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APPENDIX

We consider matrix elements of the symmetric product
of two one-body operatorsO in the charmed baryon ground
state at Nc ¼ 3. The generic notation,

hOiab
S̄S

≡ ðmna; S̄; χ̄jOjklb; S; χÞ; ðA1Þ

with a; b ¼ � will be applied. The results are expressed in

terms of the flavor structures ΛðaÞ;ðrsÞ�
ðklÞþ and ΛðaÞ;ðrsÞ�

ðklÞ− and the

spin structures σi and Si as introduced in [22]. We correct
and supplement the matrix elements that involve the spin
operator JQ with

hfJiQ; Jjgi−−1
2
1
2

¼ 0; hfJiQ; JjQgi−−1
2
1
2

¼ 1

2
δijδχ̄χδ

ðmnÞ−
ðklÞ− ;

hfJiQ; Tagi−−1
2
1
2

¼ σðiÞχ̄χΛ
ðaÞ;ðmnÞ−
ðklÞ− ; hfJiQ; Ga

jgi−−1
2
1
2

¼ 0;

hfJiQ; fTa; Gb
i ggi−−1

2
1
2

¼ 0;

hfJiQ; Jjgiþ−
1
2
1
2

¼ 0; hfJiQ; JjQgiþ−
1
2
1
2

¼ 0;

hfJiQ; Tagiþ−
1
2
1
2

¼ 0; hfJiQ; Ga
jgiþ−

1
2
1
2

¼ −
1

2
ffiffiffi
3

p ðδij − iϵijkσkÞχ̄χΛðaÞ;ðmnÞþ
ðklÞ− ;
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hfJiQ; fTa; Gb
i ggiþ−

1
2
1
2

¼ −
ffiffiffi
3

p

2
δχ̄χðΛðaÞ;ðmnÞþ

ðrsÞþ ΛðbÞ;ðrsÞþ
ðklÞ− þ ΛðbÞ;ðmnÞþ

ðrsÞ− ΛðaÞ;ðrsÞ−
ðklÞ− Þ;

hfJiQ; Jjgiþþ
1
2
1
2

¼ −
2

3
δijδχ̄χδ

ðmnÞþ
ðklÞþ ; hfJiQ; JjQgiþþ

1
2
1
2

¼ 1

2
δijδχ̄χδ

ðmnÞþ
ðklÞþ ;

hfJiQ; Tagiþþ
1
2
1
2

¼ −
1

3
σðiÞχ̄χΛ

ðaÞ;ðmnÞþ
ðklÞþ ; hfJiQ; Ga

jgiþþ
1
2
1
2

¼ −
1

3
δijδχ̄χΛ

ðaÞ;ðmnÞþ
ðklÞþ ;

hfJiQ; fTa; Gb
i ggiþþ

1
2
1
2

¼ −δχ̄χ
�
ΛðaÞ;ðmnÞþ
ðrsÞþ ΛðbÞ;ðrsÞþ

ðklÞþ þ ΛðbÞ;ðmnÞþ
ðrsÞþ ΛðaÞ;ðrsÞþ

ðklÞþ

�
;

hfJiQ; Jjgiþ−
3
2
1
2

¼ 0; hfJiQ; JjQgiþ−
3
2
1
2

¼ 0;

hfJiQ; Tagiþ−
3
2
1
2

¼ 0; hfJiQ; Ga
jgiþ−

3
2
1
2

¼ −
1

2
ðSjσiÞχ̄χΛðaÞ;ðmnÞþ

ðklÞ− ;

hfJiQ; fTa; Gb
i ggiþ−

3
2
1
2

¼ 0;

hfJiQ; Jjgiþþ
3
2
1
2

¼ 1ffiffiffi
3

p ð2Siσj − SjσiÞχ̄χδðmnÞþ
ðklÞþ ; hfJiQ; JjQgiþþ

3
2
1
2

¼ 0;

hfJiQ; Tagiþþ
3
2
1
2

¼ 2ffiffiffi
3

p SðiÞχ̄χΛ
ðaÞ;ðmnÞþ
ðklÞþ ;

hfJiQ; Ga
jgiþþ

3
2
1
2

¼ 1

2
ffiffiffi
3

p ð2Siσj − SjσiÞχ̄χΛðaÞ;ðmnÞþ
ðklÞþ ;

hfJiQ; fTa; Gb
i ggiþþ

3
2
1
2

¼ 0;

hfJiQ; Jjgiþþ
3
2
3
2

¼ ðδij − SiS
†
j − SjS

†
i Þχ̄χδðmnÞþ

ðklÞþ ; hfJiQ; JjQgiþþ
3
2
3
2

¼ 1

2
δijδχ̄χδ

ðmnÞþ
ðklÞþ ;

hfJiQ; Tagiþþ
3
2
3
2

¼ ðS⃗σiS⃗†Þχ̄χΛðaÞ;ðmnÞþ
ðklÞþ ;

hfJiQ; Ga
jgiþþ

3
2
3
2

¼ 1

2
ðδij − SiS

†
j − SjS

†
i Þχ̄χΛðaÞ;ðmnÞþ

ðklÞþ ;

hfJiQ; fTa; Gb
i ggiþþ

3
2
3
2

¼ 1

2
δχ̄χðΛðaÞ;ðmnÞþ

ðrsÞþ ΛðbÞ;ðrsÞþ
ðklÞþ þ ΛðbÞ;ðmnÞþ

ðrsÞþ ΛðaÞ;ðrsÞþ
ðklÞþ Þ; ðA2Þ

where

2Siσj − Sjσi ¼
1

2
ðSiσj þ SjσiÞ −

3

2
iϵijkSk: ðA3Þ
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