PHYSICAL REVIEW D 97, 091901(R) (2018)

Rapid Communications

How the axial anomaly controls flavor mixing among mesons

Francesco Giacosa,"*" Adrian Koenigstein,”" and Robert D. Pisarski®”

'nstitute of Physics, Jan Kochanowski University, ulica Swietokrzyska 15, 25-406 Kielce, Poland
*Institute Jor Theoretical Physics, Johann Wolfgang Goethe University, Max-von-Laue-Strafe 1,
60438 Frankfurt am Main, Germany
3Department of Physics, Brookhaven National Laboratory, Upton, New York 11973, USA

® (Received 2 October 2017; published 22 May 2018)

It is well known that, because of the axial anomaly in QCD, mesons with J© = 0~ are close to SU(3)y
eigenstates; the 7' (958) meson is largely a singlet, and the 7 meson an octet. In contrast, states with J© = 1~
are flavor diagonal; e.g., the ¢(1020) is almost pure 5s. Using effective Lagrangians, we show how this
generalizes to states with higher spin, assuming that they can be classified according to the unbroken chiral
symmetry of Gy = SU(3), x SU(3)g. We construct effective Lagrangians from terms invariant under Gy
and introduce the concept of hetero- and homochiral multiplets. Because of the axial anomaly, only terms
invariant under the Z(3), subgroup of the axial U(1), enter. For heterochiral multiplets, which begin with
that including the # and #(958), there are Z(3), invariant terms with low mass dimension which cause
states to mix according to SU(3)y flavor. For homochiral multiplets, which begin with that including the
¢(1020), there are no Z(3), invariant terms with low mass dimension, and so states are diagonal in flavor.
In this way, we predict the flavor mixing for the heterochiral multiplet with spin 1 as well as for hetero- and

homochiral multiplets with spin 2 and spin 3.

DOI: 10.1103/PhysRevD.97.091901

I. INTRODUCTION

The theory of quarks and gluons, QCD, has two
symmetries. There is an exact local symmetry of SU(3).
color, which is responsible for the confinement of quarks
and gluons into hadrons. For the light quark flavors of up,
down, and strange quarks, (u, d, and s), there is also an
approximate chiral symmetry [1]. This is spontaneously
broken in vacuum to a residual symmetry of SU(3)y, flavor.
The up and down quarks are much lighter than hadronic
scales, with the breaking of SU(3)y flavor dominated by
the effects of the strange quark, the mass of which is
comparable to hadronic scales. Chiral symmetry is respon-
sible for the most evident feature of hadrons, that, when it is
spontaneously broken in vacuum, there is an octet of light
pseudo-Goldstone bosons with spin parity J* = 0~, which
are pions, kaons, and the # meson. Because of the mass of
the strange quark, kaons, which include strange quarks, are
heavier than pions.

This leaves a puzzle: why is there not a ninth light state,
a SU(3)y singlet? Instead, the corresponding state, the
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17'(958) meson, is unexpectedly heavy. Indeed, why should
the pseudo-Goldstone bosons form states in representations
of SU(3)y flavor? Since the strange quark is so much
heavier than the up and down quarks, why are the z° and 5
not composed just of up and down quarks and the 7'(958)
purely strange [2]? The solution to these puzzles involves a
global, axial symmetry of U(1),, which, while valid
classically, is reduced by quantum effects to a discrete
subgroup of Z(3), [3]. This reduction in symmetry both
pushes the mass of the #/(958) up and forces it to be close

to a singlet under SU(3)y flavor [2]. [In fact, the ny =

(iu + dd)/+/2 and ng = 5s do mix because of the strange
quark mass.] This can be demonstrated in effective models,
either nonlinear or linear [1-4].

What about other hadronic states? The lightest vector
multiplet has J” = 1=. This includes the p(770) and
®(782) mesons, which are composed almost exclusively
of up and down quarks, and the ¢(1020) meson, which has
mainly strange quarks. This difference can also be under-
stood in effective models, such as through the Wess-
Zumino-Witten Lagrangian, in which effects due to the
axial anomaly do not appear in mass terms, but only those
of relatively high mass dimension.

This leads to the question which we address in this work:
how does this striking difference in flavor mixing show up
in hadronic multiplets with higher spin? We consider the
case of the multiplet with J* = 1" and multiplets with spin
2 and 3. At the outset, we stress that our basic assumption is
that we can classify the transformation properties of these

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.97.091901&domain=pdf&date_stamp=2018-05-22
https://doi.org/10.1103/PhysRevD.97.091901
https://doi.org/10.1103/PhysRevD.97.091901
https://doi.org/10.1103/PhysRevD.97.091901
https://doi.org/10.1103/PhysRevD.97.091901
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GIACOSA, KOENIGSTEIN, and PISARSKI

PHYS. REV. D 97, 091901 (2018)

multiplets according to the unbroken chiral symmetry.
This is not self-evident for such heavy states, which
experimentally have masses between 1 and 2 GeV.
Nevertheless, this assumption allows us to make numerous
predictions for their masses, flavor mixing, and decay
modes. While most of the states which we discuss are not
well measured experimentally, we hope that our comments
might contribute to their further study.

In this work, we assume that the resonances under
considerations are predominantly gq states (see Table I).

TABLE 1.

Chiral multiplets, their currents, and transformations up to J = 3. [* and/or f(1500); **

This is not trivial, since in principle each resonance is not a
simple gg object but a superposition of various compo-
nents, which include meson-meson bound states, tetra-
quarks, gluons, etc. Moreover, different approaches give
rise to different interpretations of many resonances, e.g.
Refs. [5-7]. For definiteness, we use the assignment
presented in the “Quark Model” review of the Particle
Data Group (PDG) [8]. While the nature of some reso-
nances is disputed and certain parts of this assignment may
change in the future, it gives us a valuable basis to start

a mix of.] The first two columns

correspond to the assignment suggested in the Quark Model review of the PDG [8], to which we refer for further details and references

(see also the discussion in the text).
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with. Moreover, our general considerations still apply, even
if some of the specific assignments may change.

II. CHIRAL SYMMETRY

Suppressing color (indices), we denote quark fields as
q' = (u,d,s). Left- and right-handed quarks fields are
defined as

qLr = PLr4, dLr = qPry1 (1)

where Ppr = (1 F y°)/2 are orthogonal projectors, with
Pig=PLr and P Pg =0, taking (y°)>=1. Since
g = q'y°, in Eq. (1) the antiquark has a projector opposite
to that of the quark. Under the global chiral symmetry of
GaxU(1), =SUB3). x SU(3)g x U(1),4,

qLr = €T2U rqy g, (2)

where U p are rotations in SU(3),  and « is the parameter
for an axial rotation in U(1),. The flavor symmetry Gy, is
exact in the limit that all quark masses vanish. It is
spontaneously broken in the QCD vacuum to the diagonal
subgroup of SU(3)y, under which U; = Uy = Uy. This
generates an octet of massless Goldstone bosons.

The flavor symmetry is approximate once current
quark masses are included. In QCD, the masses of the
up, down, and strange quarks are m, ~ 5, m, ~ 10, and
mg ~ 100 MeV, respectively. Symmetry breaking generates
pseudo-Goldstone bosons, with the mass squared of the
pion m2 « (m, + my) and that of the kaon m% < (m,, +m).

The axial symmetry is special. While the currents for Gy
are conserved in the limit of vanishing quark masses, that
for the axial U(1), is proportional to the topological charge
density [3,9,10],

3
922 °tr(G,,G ). (3)

aﬂ(éiy;t}/Sqi) = 167

This reduces the U(1), symmetry to one of Z(3),. This
residual symmetry can be understood from the vertex
generated by the zero modes of a single instanton, which
for three flavors couples u; , d; , and s; with iz, dg, and 5g.
Under g; g — eT7/3¢, , this vertex changes as ¢**, and so
is Z(3), invariant. The same applies to all multi-instanton
interactions.

III. HETEROCHIRAL SCALARS

We begin by reviewing the effect of the axial anomaly
on scalar fields. Because of confinement, we form fields
which are color singlets (and so always implicitly sum
over color indices) but transform nontrivially under flavor
transformations. The simplest is to form a scalar by
pairing a quark and an antiquark. Since the chiral
projectors are orthogonal, pairing a quark and antiquark

with the same chirality automatically vanishes, e.g.,
q1.91. = GPrPrLg = 0. Instead, we must take

& = Pq' = ahl. @
which under Gy x U(1), transforms as
® - e U DU, (5)

Since we pair fields with opposite chirality, we term @ as a
heterochiral field. Consequently, the transformation of ®
under the flavor group involves both U; and Ug.

The components of ® with J¥ =0, given by P =
(® — ®")/2i, are x, K, , and 1/ (958); those with J¥ = 0%,
denoted as S = (® + ®")/2, are assigned to a,(1450),
K§(1430), fo(1370), and f((1710). In the quark
model, their quantum numbers are >t ; = 1S, and 3P,
respectively.

Here, we assume that the 0" states below 1 GeV are
predominantly four-quark states [5-7,11-14], but this is
secondary to our analysis. However, the nonstandard nature
of the light scalar states is confirmed by various works, e.g.
Refs. [5-7,11,12], where they emerge as dynamically
generated states. The large-N behavior of the correspond-
ing pole confirms this feature [15]. Yet, mixing is possible,
and hence a certain gg amount into light scalars is present,
but, as argued above, we regard it as subleading. While here
we concentrate on predominantly gq states, the axial
anomaly can play a role also for four-quark states [16];
this study is left for the future. Similarly, the above-listed
scalar states above 1 GeV are not simple gg resonances;
mixing with four-quark components and with a scalar
glueball is expected [11,12,17-20]. Due to all these
complications, we do not attempt to study the anomaly-
driven mixing of the scalar-isoscalar gg components.

When spontaneous symmetry breaking occurs, we take
the expectation value of @ to be approximately diagonal
in flavor, (®) = /3/2¢o1, where ¢y = f, ~93 MeV,
which is a consequence of flavor symmetry.

In constructing an effective model of QCD at low
energies, one includes all terms which are symmetric under
Gq [16,18,21-25]. The simplest is to take traces of powers
of ®'®, such as tr(®'®), tr(D®'D)?, etc. These are all
invariant under U(1),. Terms which are only invariant
under Z(3), begin with det(®). This is generated by the
zero modes of an instanton and so transforms as det(®) —
e det(®) under U(1), [3]. The polynomial terms with
the lowest mass dimension which are Z(3), invariant,
Hermitian, and parity invariant are

caomty — _qV[det(®) + c.c.] - af) [det(®) + c.c.?
— I det(®) et~ (©)

The first term is cubic in the fields and, when ¢ # 0, drives
the mass for the singlet pseudoscalar up, and that for the
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singlet scalar down [3,16,23,24,26]. The third term affects
only isoscalar-pseudoscalar states, contributing to their
mass squared as

a
—aang = —7’* (V2ny +n5)? (7)

where a, ~ a?qﬁﬁ [18,22,25]. It is in agreement with the
Witten-Veneziano mass formula [27,28] and arises natu-
rally when integrating out a pseudoscalar glueball [29]. The

term ~af) contributes to the mixing angle between the 7y

and the 55 as 260p = —arctan(2v/2a, /(m% — m2 — ay).
For realistic values of a, [30], this explains the negative
value of Op ~—42° observed experimentally [31]. The
second term in Eq. (6) complicates the analysis. See also
Refs. [4,31-33] for further phenomenological studies on
the » and #/(958).

IV. HOMOCHIRAL VECTORS

Vector mesons are formed by pairing a quark and an
antiquark with a Dirac matrix y,. Since y> anticommutes
with y,, we must pair a quark and antiquark with the same
chirality
L = Z]{J’#Qi» R} = @{{hﬂf{- (8)
The left- and right-handed vector fields transform under the
flavor group G x U(1), as

L,— UL, R, — UgR,Uj. 9)
We term these fields as homochiral, with LLj transforming
as a two-index tensor under SU(3),, and similarly for R,/
under SU(3)g.

The vector fields themselves are automatically invariant
under the axial U(1), symmetry, and so it is not possible to
write a term which involves the axial anomaly using only
these fields. Such effects are included by the coupling of the
vector fields to the ®@’s [34], such as through Wess-Zumino-
Witten type terms,

e[ L, D(0, D) D(0,®")D(9,07)
+ R, (0,0)®"(9,0)® (9,@)]. (10)

Experimentally, the homochiral vector multiplet is well
known. The vectors with negative parity, J© = 17, are given
by V, = (L,+R,)/2; these are the p(770), K*(892),
®(782), and ¢(1020). Axial vectors with positive parity,
JP=1% are A, = (L, —R,)/2 and comprise a;(1260),
Ky 4, f1(1285), and f(1420). In the quark model, their
quantum numbers are 2511, = 3§, and 3P, respectively.
Note, the nature of axial-vector mesons is not yet clarified.
As e.g. discussed in Refs. [35-37], a;(1260) can be
described as a dynamically generated state rather than a

standard gg state. For other phenomenological studies of
(axial-)vector mesons (with emphasis on the mixing
between the K; 4 and the K p states), see Refs. [38—42].

There are three direct mass terms for the homochiral
vector multiplets,

mytr(L; + Ry) 4 xte[mg, (LG + R})]
+ Pu[(@TLF — ROT) (LD — DR (11)

The first term, ~m?, is invariant under the full flavor group
of Gy; note that parity requires the masses of the left- and
right-handed fields to be equal. The second term involves a
diagonal matrix proportional to the current quark masses,
mg = diag(my, mq, mg), and breaks the SU(3)y symmetry
for unequal quark masses. The third term generates the
(standard) mass difference between chiral partners. For
@ ~ ¢y, it reduces to Pjtr(A2), and hence a mass term
(proportional to ¢) is acquired by the axial-vector mesons
only. Thus, the mass splitting among e.g. p(770) and
a,(1260) is generated by a nonvanishing condensate (just
as for the splitting between the pion and fy); see e.g.
Refs. [43-45] for a detailed discussion.

Since these are homochiral fields, there is no term
analogous to the Z(3), invariant terms for heterochiral
fields, as in Eq. (6). Consequently, the mass eigenstates are
naturally those of flavor and not of SU(3)y. p(770) and
@(782) are dominantly composed of up and down quarks,
and the ¢(1020), mainly strange; the associated mixing
angle between the pure strange and nonstrange states is
very small, 6y ~ —3.2° [8]. The same seems to hold for
axial-vector mesons. Although the nature of these states is
still subject to ongoing debate [35-37,46], the states
f1(1285) and f(1420) appear to be predominantly non-
strange and strange, respectively [47]. Beyond these
complications, which should be carefully addressed both
theoretically and experimentally in the future, a small
strange-nonstrange mixing of the underlying gg in the
axial-vector channel is expected.

We now generalize this analysis to multiplets with higher
spin. Assuming that we can classify states according to the
unbroken chiral symmetry, we find that heterochiral states
are mainly eigenstates of SU(3)y,, and homochiral states, of
flavor.

(In order to make the following argumentation as clear as
possible, we provide Table I, where we list all chiral
multiplets, their quark-antiquark currents, their transforma-
tion under Gy x U(1),, and their assignments to physical
fields).

V. HETEROCHIRAL VECTORS

Instead of inserting a Dirac matrix between a quark
and antiquark, we can use a gauge-covariant derivative,
D, = 8# —1igG,,,
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) = G(D, + ). (12)

where G, is the SU(3) gauge vector field (the gluon). As it
is necessary to pair a left-handed quark with a right-handed
antiquark, ®, is a heterochiral field, which transforms
exactly like @ in Eq. (5),

®, — e UL O,Uf. (13)

Similarly, it is natural to form anomalous terms which are
invariant under Gy and Z(3), but not under U(1),. Three
terms analogous to Eq. (6) are

Eanomaly _b( )[ r(q) X (DM . CI)/‘) + C.C.]

- bA [tr(® x 0,® - D) +c.c]
D@ x P D) —ce 4o (14)

plus other terms at sixth order, which we do not list here,
and with the notation

I

(Ax B)" = gel/ke’f’{A” B, (15)

The vector multiplet decomposes into ®, = S, +iP,
[48]. The P*’s have JPC = 17~ and may be the b, (1235),
K\, hi(1170), and h;(1380); in the quark model, they
have S*1L, = 1P,. The $*’s, with JPC¢ = 17—, may be the

p(1700), K*(1680), (1650), and an excited ¢(?) [49]; in
the quark model, they have >5*!L; = 3D,. Many of these
states are controversial, e.g., the 4,(1380) is not listed
in Ref. [8].

Our predictions for these states are clear: if the first term
in Eq. (14) dominates, both heterochiral vectors should be
close to eigenstates of SU(3)y, and not diagonal in flavor.
The second term contributes to decay channels for one ®,
to two @’s. The third term only contributes to the P, states,
~ = DY gAY )2 WY s the singlet, a mixture of h, (1170)
and h;(1380)]. The complete form of the effective
Lagrangian will allow one to make detailed predictions
for the mixing angles driven by the anomaly. As for the
heterochiral scalars and tensors [see Eq. (23) below], we
expect a non-negligible negative mixing angle for the
heterochiral vectors.

VI. HOMOCHIRAL TENSORS

Multiplets with spin 2 are formed by combining Dirac
matrices and covariant derivatives. If we use one of each,
we obtain left- and right-handed fields,

L/ljz/ = Q£(yﬂDD + yl/Dﬂ + - )qi’

These homochiral fields are invariant under U(1), and
transform under Gy as the homochiral vectors in Eq. (9),

L, — U.L,Uj, R, — UgR,UL.  (17)

As for the homochiral vector multiplet, the anomalous
terms involve at least two derivatives.

The states V,,, = (L,, +R,,)/2 with J*¢ = 2"+ include
the a,(1320), K3(1430), f,(1270), and f5(1525), with
1L, =3P, in the quark model. There is also A,, with
JPC =27, with 2*1L; = 3D, in the quark model. These
states are not well measured, except for the K,(1820). For
an overview of tensor mesons, see Refs. [17,50-54].

Our analysis predicts that the effects of the anomaly are
small and that these states are eigenstates of flavor. This
agrees with experiment [8] and recent lattice studies [55],
where the f,(1270) and f,(1525) correspond, to a very
good approximation, to unmixed nonstrange and strange
states, with a small mixing angle 07 ~ 3.2° [8]. In general,
masses and decays fit very nicely into the quark-nonet
paradigm without any effect of the anomaly [56-58].

VII. HETEROCHIRAL TENSORS

We cannot use two Dirac matrices to form spin-2
mesons, since the product of two Dirac matrices is
YuYv = Y — 164, The first term is a scalar and equivalent
to previous fields. As o, is antisymmetric, this reduces to a
vector field (for details, see Refs. [59,60]). We can also use
two covariant derivatives,

q>,’jy = qR(Dﬂ D,+D,D,+--)qi. (18)

To have spin 2, we must take the traceless part of ®,, [61].
This field is heterochiral and transforms like ®, with

®,, — e U D, Uf. (19)

Terms which are invariant under Gy x Z(3), but not under
U(1), begin with

Eanomaly o

—c\[tr(® x D, - D) +c.c]

@,

- cl(f) [tr(0,® x 0,® - D) +c.c.]
- cf) tr(Px®-®,)—cc]>+---  (20)

in analogy with Egs. (6) and (14).

The parity eigenstates are given by ®,, =S, +iP,,.
The odd parity states, P,,, have J°¢ = 27" and 7L, =
D, in the quark model. Candidates are the 7,(1670),
K>(1770), 1,(1645), and 1,(1870) [62-64]. The even
parity states, S,,, have J*¢ =2"% and »*'L; =°F, in
the quark model. These are not well known experimentally
and should be some sort of a,, K3, f;, and f’2 states.
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As before, the first term contributes to masses for @,
and will lead to the multiplet being close to eigenstates of
SU(3)y. The second term contributes to decays of one @,
to two @’s. The third term affects only pseudotensor
mesons and delivers a contribution to the mass of the
singlet state proportional to

VA
—J/A(’Yz,o.ﬂy)z =73 (\/5772,N,;w + ’72,5,#1/)2’ (21)
with y, ~ cf)qbé. Indeed, a phenomenological study of

known experimental widths and ratios [61] finds
Opr ~ —42°, and hence a surprisingly large mixing,

<112(1645) > < COS ePT sin HPT ) (7’]2’1\/ > (22)
1,(1870) -\ =sin@p; cosOpr s )

where i, y = (@iu + dd)//2 and 17, g = 5s. This result can
be nicely explained by the presence of the axial anomaly in
that sector. Moreover, considering only the third term in
Eq. (20), the corresponding mixing angle @p; turns out to

be negative (for realistic values of y,) just as for hetero-
chiral scalars,

2\/§7A

2 2
(mk2(1770) — M, a670) T 7a)

This result is approximate, since we neglect cx) and other
mixing effects which are suppressed for a large number of
colors. A more precise determination is possible with more

experimental input.

] . (23)

1
Opr ~ ——arct
PT 2arcan[

VIII. HOMOCHIRAL MESONS WITH J =3

It is possible to extend our considerations to higher spin.
As a further example, upon introducing the J = 3 homo-
chiral objects,

L;lljyp = q;_,(yuDqu + - )Qig
R/lljup = E]{{(nypr + - ')Q{Q’ (24)

the nonet V,,,, = (L,,, + R,,,)/2 corresponds to the rather

well-known mesons with J¥ = 3~ (>*IL; = 3D;) includ-
ing p5(1690), K3(1780), ws(1670), and ¢b5(1850). Similar

to the pseudotensor mesons, the chiral partners of the 37~
are not yet known. The strange-nonstrange mixing angle
leading to w3(1670) and ¢;3(1850) is listed by the PDG as
~3° [8], hence very small, in agreement with our expect-
ations for homochiral multiplets.

IX. CONCLUSIONS

Assuming that higher-spin states can be categorized
according to the unbroken chiral symmetry, they can be
classified according to whether they are homo- or heterochiral
states. The principal prediction is whether the flavor mixing of
strangeness follows SU(3)y symmetry, for heterochiral
multiplets, or just flavor, for homochiral multiplets.

Higher-spin states are usually classified using models of
constituent quarks. Such a framework will automatically
yield multiplets classified according to flavor. Thus homo-
chiral multiplets should agree with the predictions of quark
models.

In contrast, our analysis yields qualitatively new pre-
dictions for the heterochiral multiplets. There is evidence
for this in the heterochiral tensor multiplet [61].

Besides masses and mixing, in the future, one can study
also various decay channels by using Egs. (14) and (20).
Similar studies can be performed with other approaches,
such as lattice gauge theory [55], chiral perturbation theory
[17,53,54], Schwinger-Dyson equations, and so on. Our
predictions can be tested experimentally at the ongoing
effort at BESIII [65,66], as well as GlueX [67-69] and
CLASI12 [70], both of which will start measurements soon,
and later with PANDA at FAIR [71].
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