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We present here a novel method for computing spectral distances in the doubled Moyal plane in a
noncommutative geometrical framework using Dirac eigenspinors, while solving the Lipschitz ball
condition explicitly through matrices. The standard results of longitudinal, transverse, and hypotenuse
distances between different pairs of pure states have been computed and the Pythagorean equality between
them has been reproduced. The issue of the nonunital nature of the Moyal plane algebra is taken care of
through a sequence of projection operators constructed from Dirac eigenspinors, which plays a crucial role
throughout this paper. At the end, a toy model for a “Higgs field” has been constructed by fluctuating the
Dirac operator and the variation on the transverse distance has been demonstrated, through an explicit

computation.
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I. INTRODUCTION

Alain Connes, through his non commutative geometry,
provided a new insight into the structure of the standard
model of particle physics [1] (see [2] for a review). Here
one essentially captures the whole gauge symmetry of the
standard model (which is formulated using the “Almost
commutative spacetime” model) through the group of
inner-automorphism of the algebra

A=C®H® M(C). (1)

One of the most remarkable features of this formulation is
that the Higgs field arises naturally here, along with the other
gauge fields of Yang Mills theory, thus providing a unified
conceptual perspective regarding their geometrical origin.
This formulation, although quite successful in predicting or
postdicting almost all the phenomenological observations
made so far, including the computation of Higgs mass of
125 GeV [3], is not equipped yet to address the issues of
quantum gravity, which is expected to play a key role only in
the vicinity of the Plank energy scale ~10'> GeV. One rather
expects the differentiable manifold M, representing the
(Euclidianized) spacetime, to be replaced by a truly non-
commutative space as follows from some plausibility argu-
ments due to Doplicher, fredenhagen, and Roberts, 1995 [4].
The simplest of such model noncommutative spaces are

Moyal plane (R2): [%,%,] = i6;
Fuzzy sphere (S2): [%;.%;] = ide; ks (2)
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The computation of distances on a generic noncommu-
tative space has to be performed with the formalism of
noncommutative geometry as pioneered by Connes [5]. In
this context the computation of spectral distances for which
the algebra of the spectral triple is given by (1) can be
shown to be equivalent to a particular spectral triple where
the algebra in (1) is replaced by just C? [6,7]. This results
from the fact that the incorporation of the experimental data
on the Dirac operator causes the distance between any pair
of states in M;(C) to diverge and that the algebra of
quarternions H has only one state [6]. Besides, the algebra
A = C? was used by Dungen & Suijlekom, 2013 [8] to
discuss electrodynamics in a noncommutative geometric
setup. The internal space, described by the algebra A = C?
along with other data for spectral triple [see (Al) and for
other details regarding this spectral triple see the Appendix
A], when composed with that of the Moyal plane R? [see
(10)] describes the doubled Moyal plane R? U R? [see
(25)] for the corresponding spectral triple.

The question of the computability of spectral distances
between pair of states associated to the same or different
manifold arises naturally in this context. This is an
important question in its own right as it may reveal some
geometrical features of the Higgs field. This is so because
the presence or absence of the Higgs field can have a
nontrivial impact on these distances. These questions were
addressed already in the literature [6—8]. One is particularly
interested in computing the distance between states belong-
ing to one of the copies of algebra and its “clone” (the more
precise meaning of this terminology will be explained in
subsequent sections) belonging to the other algebra. We
refer to such a distance as “transverse.” On the other hand
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distance between a pair of states belonging to the same
algebra to be referred as “longitudinal.” Finally, distance
between any pair of pure states which are not clones of each
other but belong to different algebras will be referred to as
the “hypotenuse” distance. In [6] the authors have proved
various theorems and laid down the conditions for the
Pythagoras theorem to hold for commutative manifold M,
described by a commutative C*-algebra and also extended
them to noncommutative spaces like the doubled Moyal
plane [7], which is necessarily described by a noncommu-
tative C*-algebra. Eventually, these analyses were also
extended to study distances between the nonpure states
involving more general spectral triples to find that in the
generic cases the Pythagoras equalities are replaced by
corresponding inequalities [9] and analyzed their relation-
ships with Wasserstein distance W of order 1, which occurs
in the theory of optical transport [10].

Here we would like to revisit the problem by explicitly
constructing suitable Dirac eigenspinors for the doubled
Moyal plane, by making use of the corresponding eigens-
pinors for single Moyal plane, introduced in [11] through a
Hilbert-Schimdt operator formulation to describe non
relativistic noncommutative quantum mechanics [12].
This has the advantage that it involves a purely operator
formulation and is quite transparent in execution as one has
to deal with matrices only, albeit, big ones some times. We
were therefore forced to make use of the computer algebra
system Mathematica and with its help could reproduce all
the existing results of the distances and eventually verify
the Pythagoras theorem. At the end, we have explicitly
shown the variation of transverse distance in the presence of
a prototype “Higgs” field, which arises when the Dirac
operator is fluctuated using a general one-form.

The paper is organized as follows. In Sec. II we have set
up the framework of our calculation, namely the Hilbert-
Schmidt operatorial formulation using which the spectral
triple for the Moyal plane has been introduced. Moreover, a
review of the computation of the spectral distance on the
Moyal plane using Dirac eigenspinors [11] along with the
aspects of translational invariance on the Moyal plane has
been provided here. Then in Sec. III, the notion of doubling
the spectral triple for the Moyal plane by composing it with
that of the two-point space has been introduced. We then
introduce the concept of the restricted spectral triple using
suitable projection operator, using which the individual
spectral triples of Moyal plane and that of the two-point
space can be recovered. The construction of the eigenspi-
nors corresponding to the Dirac operator of the doubled
Moyal plane has been taken up in Sec. IV which has then
been used extensively in Sec. V to compute distances in all
the three cases viz. transverse, longitudinal, and hypotenuse
ones. In Sec. VI the Dirac operator has been fluctuated
using an one-form arising solely from a prototype “Higgs”
field and then the variation of the transverse distance has
been studied by restricting the spectral triple to that of the

two-point space again using a projection operator built out
of the Dirac eigenspinors. Finally we conclude in Sec. VIL

II. REVIEW OF THE HILBERT-SCHMIDT
OPERATOR FORMALISM AND THE SPECTRAL
DISTANCE ON THE MOYAL PLANE (R?)

The Hilbert space H,, furnishing a representation of the
entire noncommutative Heisenberg algebra
[XAYZ‘,X] 19611, [Xv ﬁ] 51], [ﬁl,ﬁ)]] = 0 (3)
for the Moyal plane is given by the space of Hilbert-
Schmidt (HS) operators y/(%;, %,) € H,, which consists of
composite algebra elements generated by the position

operators (%, %,), subject to the above coordinate sub-

algebra, i.e., the commutation relations [, %,] = i€ in (2),
on which the above operators X; and P ; act as:
Xil//(ffhfcz) = 2w (%1, %),
A 1 A
Py (%), %) = 5€i,;[x,;,1//(x1,x2)}- (4)

These operators X; and therefore y(%;, X, ), in turn, act on
an auxiliary Hilbert space H,., which furnishes a repre-
sentation of just this coordinate sub-algebra (2) and is
defined by

(b . A X+ 1x2}
H. =S 0);b|0) =0,b = :
pan{| = O L oy:bl0 =
[b,b"] = 1. (5)

Note that here H, is isomorphic to the Hilbert space of the
1-D harmonic oscillator where the role of momentum is
played by another spatial coordinate operator %, and that of
h by 6. The inner product on H, is defined through H, as

3, (W1 (G %) (31, 32))
Z |W1 21.%2) o (R, %) ().
n=0

(6)

This is clearly well-defined, as H, is necessarily, by
definition, a Hilbert space itself and consists of elements
which are necessarily compact and have finite Hilbert-
Schmidt norms associated with this inner product (6). In
fact, the space of trace-class operators forms a dense
subspace of this Hilbert space, i.e., the completion of
the space of trace-class operators with HS norm becomes
identical to the Hilbert space of HS operators H,. Further,
the product of two HS operators is a trace-class operator
and this fact is used to define the inner product (6) of H,,.

Also note that we make a distinction here between X ; and

(w1 (B, %), wa (%1, %)) =
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%;, depending upon their domains of action, i.e., on H, and
'H ., respectively. In a sense, the former can be regarded as a
representation of the latter. On the other hand, the momen-
tum operator P, has action on H, only, as is clear from (4),
where it is identified through the adjoint action of ¢;;%; and
therefore corresponds to the difference between left and
right actions on y/(%,, %, ). Finally, the vectors of , and H,
are distinguished by using round |.) and angular |.) kets,
respectively.

In view of the noncommutative (i.e., @ # 0) nature of the
coordinate algebra, the common eigenstates of %; and %,
simply cannot exist. One is therefore forced to introduce a
coherent state

|Z> — e—Zl;+zl;f|0> f— e_|Z‘2/2eZg+|0> = Hc; Z)|Z> — Z|Z>;
xl + iX2

pu— 7

% (7)

with maximal localization: Ax;Ax, = 8/2. As is well
known, this provides an overcomplete and nonorthonormal
basis in H,: (z/|z) = e~¥~=4/2, The above inner product (6)
can therefore be expressed alternatively as

(w1 (B, %), wa (%1, %2))

:/dﬂ (2w (&1, 32 wa (%1, 52)]2)

N /;l 9. (v (%1 %2)wa(B1. 2));
b= I}zl € H,. ®)

Here we have introduced the density matrix p, € H,, as
viewed from H, and can be associated with the pure state
w,_corresponding to the *-algebra H, = Ay and defined
as a linear functional on Ay, : @, (a) € C of the norm one.
As explained in detail in [13], here too we shall be working
with normal states, so that the states can be represented by
density matrices: ), (a) = Try (p.a). This, in fact, fol-
lows from the fact that the representation of the algebra A;,
on H, (5) is irreducible, as H, carries an irreducible
representation of the oscillator (b, b" algebra. This implies,
in turn, that the von Neumann algebra generated by A, in
B(H,) is the whole of B(H,.) itself. For brevity, therefore,
the states will be denoted just by density matrices them-
selves as p(a) = Tr(pa). Finite distance, a la Connes,
between the pair of pure states pg := [0)(0| and p, has
already been computed in [7] to be

d(po.p.) = V201z. (9)

This was also rederived via a somewhat different approach
in [11] by employing the following spectral triple

2(0 b
AM:Hq, ,DM:\/%(E O)a

Hy =H, ® C? = Span{ ( |‘q’;§) L ).

where the action of the algebra .4,, on the Hilbert space H,,
is given by the diagonal representation z:

#(a) = <g Z) (11)

whereas the Dirac operator D, acts on H ,—the module of
spinorial sections from the left. This spectral triple is even
as it admits grading or chirality operator y,; = o3 which
commutes with z(a) for all a € A, and anticommutes
with the Dirac operator D,,. The chirality operator splits the
Hilbert space into positive and negative sectors as

oo~ (1o (1)) o (no ("))

Let us recall, in this context, that the spectral distance
between a pair of states p; and p,, which by definition are a
pair of linear functionals over the algebra 4,,, is given by

>em} (10)

= suplp;(a) — p2(a)l;

a€B

d(py.p>)

B={acAy: |[Dy.a(@ll,, <1}. (12)

In [11], in particular, the computation of the operator norm
was carried out in the eigenspinor basis |m)), € H,, (10)

|0>>i=('?)>), mYs = f<i|""> >> with

me{1,2,3..} (13)

of the Dirac operator D), with eigenvalues Ai’”, given by

2
Dylm)s = Alm) s ﬂim) = i\/Fm with
me{0.1,2...}. (14)

They satisfy the following orthonormality and complete-
ness relations

i«m|n»i = 5]11}1; +<<m|n>>_ =

> mhslml = Ty, (15)

m=0

It was also necessary to introduce a projector Py of rank
(2N + 1) into the (2N + 1) dimensional subspace of H,,
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N PN
Py = go|m>>ﬂ«m| = ( 0

0
Py >;
Py=> mim (16)

with Py being the projector for the N + 1 dimensional
subspace of H... Following [7], the distance in (9) was first
shown to be an upper bound and subsequently an optimal
element

0 . . PO
a, — \/;(be’“ + biemin), (17)

saturating the right-hand side (RHS) of (9) as the
upper bound was identified (see Appendix B). Besides,
it was found to saturate the ball condition as well:
[Dy, w(as)] = 1. With this one can indeed recognize the
RHS of (9) as the true distance itself. We would like to
mention in this context that, although a, & H, = Ay, it
nevertheless belongs to the multiplier algebra and can be
shown [7] to correspond to the limit point of a sequence
whose elements are in H,. In an alternative approach,
proposed in [11], the projected element

Pya(a)Py € H, ® My(C);  N22  (18)

was shown to satisfy the ball condition

I[Py Py(as)Pylll,, =1 VN22, (19)

and shown to yield the correct infinitesimal distance
d(po. pa.) = V/26|dz| by taking appropriate inner product
in H, ® M,(C). Eventually this could be “integrated” to
get (9) as the finite distance. Although the conventional
notions of points and geodesics do not exist in the Moyal
plane in view of the uncertainty Ax;Ax, Zg stemming
from the noncommutative coordinate subalgebra (3), the
notion of geodesics in the form of a straight line can be
retrieved in some sense by explicitly constructing a
one-parameter family of pure states p., == |zf)(z#] with
t € [0, 1] interpolating the extremal pure states p, and p.,
where the triangle inequality is saturated to an equality:
d(po. i) +d(pzi.p.) = d(po. p;). This is of course an
exception; such a feature does not persist in generic
noncommutative spaces. Indeed, for fuzzy sphere S? the
interpolating states satisfying a similar “triangle-equality”
are necessarily mixed [11,14].

Note that in order to compute the spectral distance
between a pair of pure states on the Moyal plane,
we focus our attention on the coherent states |z) (7)
obtained by translating |0) € H, to |z) = U(z,Z)|0), where
U(z.7) = e~?? %" provides a projective unitary represen-
tation of the group of translation. Conversely, by the unitary
transformation U~! (z,7), it is always possible to translate

|z) back to |0) such that the density matrix will transform
adjointly as

p: = 12)(zl = U™(2.2)[2)(z|U (2. 2) = 0){0] = po;  (20)
furnishing a proper representation of the group of trans-

lation. This transformation acts on the Dirac operator (10)
of the single Moyal plane as

2/ 0 b'-z
Dy = U (2,2)DyU(z2,2) = —<A Z)
b-z 0

0
(1)
where (b —z)|z) = 0 can be rewritten as
b0y =0;  b=b-z  [0)=1]). (22)

so that
“vacuum” |0). Indeed, we can write (b' —z)|z) =

z) can be identified as the new and shifted

@%|(~)> = |1), and higher tower of states can be constructed

by repeated actions of the new creation operator b

5 1 2+ nIA
|71) Zﬁ(b )"10). (23)

This shows that the new Fock space can be defined by
translating the “vacuum” by a c-number, which would then
be annihilated by the “translated” lowering operator.
Finally note that the change in D;, under translation
(21) is again given by an element

) emes

which commutes with the diagonal representation of any
algebra element z(a) ¥V a € Ay,. This implies in turn that
[U~'(2,2)DyU(z,%), n(a)] = [Dy, n(a)] so that this uni-
tary transformation has no impact on the ball condition B
occurring in (12). The spectral distance, therefore, remains
invariant under the translation [11].

III. DOUBLING THE SPECTRAL TRIPLE
FOR THE MOYAL PLANE

In noncommutative geometry the notion of a usual
manifold is generalized by the spectral triple T =
(A, H,D) which obeys some axioms [5]. If we have
two such spectral triples T; and T, associated with given
two spaces, then the composite spectral triple denoted also
by the tensor product notation 7; ® T,' generalizes the

lAlthough T, and T, are not vector spaces by themselves, we
still use this convention of notation as in [6].
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notion of the fiber bundle over a manifold [6]. If one of the
spectral triples is taken to be that of a finite discrete space,
say, for example the simplest known finite discrete space of
the commutative two-point space for which the spectral
triple is given by (A brief review of this two-point space has
been provided in Appendix A, where the relevant notations
are also introduced):

0 A

A €C, (24)

then, one can take the product of any even spectral triple 7'
with that of two-point space so that the resulting composite
spectral triple can be written as,

T:=T,®@T,=(A=A ® C* H=H, ® C>,
D=D,®1,+7r ®Dy);
7, is the grading operator ofT. (25)

This corresponds to the space M U M where M is the
space associated with the spectral triple 7. In particular,
if the spectral triple 7', is that of the Moyal plane (10),
ie, M =R? with the grading operator y, =y, = 03,
then the product space T :=T; ® T,, is known as the
doubled Moyal plane and the spectral triple for which is
given by

Ar=H,® M3(C).  Hr=(H.®C*)®C
DT:DM®ﬂ2+G3®D2. (26)

Here the subscript T stands for total. Further, the total
grading operator here takes the form

Yr =7rmu @r2 =03 Q 03, (27)

as the grading operator for the two-point space is also the
same as that for the Moyal plane, i.e., y, = y); = 03. The
pure states in the doubled Moyal plane (see Fig. 1),
between which we shall be computing the distances, also
comes in a tensor product form

o =p,@w;  ie{l.2}, (28)
where @, and w, are the only two pure states of the two-
point space [see (A5) in Appendix]. The fact that the

“composite” pure states QEZ) also remains pure is because
of the fact that the algebra A, = C? is Abelian. In Fig. 1,
the two copies of the Moyal plane (R?) are denoted by %,
based on the pure states w;. It was shown in [7] for the
unital doubled Moyal plane that the transverse distance d,
between a state p, of the single Moyal plane and its “clone”
belonging to the other Moyal plane is the same as that of the

QSO) ng)
Py 21
dy
dy dp,
Y
0y
FIG. 1. R? U R?, Space associated with the doubled Moyal
plane.

distance between states @, and @, of the two-point space
(see Appendix A)

dl(Q(IZ)’ ng)) = dl(pz R wi,p, @ ®,)

= dp, (w1, ;) = (29)

Al
Analogously, the longitudinal distance d; computed
between the states p, and p, belonging to the same copy
of the Moyal plane %; is equal to the distance between p,
and p, on the same Moyal plane

4, Q) = dp, (po.p.) = V20lz).  (30)

Distance, d;,, between the pair of states like QEZ) and Qg)),
as shown in Fig. 1, is known as the hypotenuse distance. In
case of a commutative and unital spectral triple, these
distances obey the Pythagoras equality

{dj(Q =p Q@ w1, =p' @ wy)}?
={d(Q =p @0, =p @)}’
+{d)(Q =p @ w;.Q =p' @ w)}*. (31)

This Pythagoras theorem is shown to be valid even for
certain noncommutative but unital spectral triple [6]. In
fact, by unitizing the algebra associated with the Moyal
plane it was shown that the Pythagoras theorem is obeyed
on the doubled unitized Moyal plane [7]. Here, one of our
aims is to compute the above spectral distances on the
doubled Moyal plane, in the context of the Hilbert-Schmidt
operatorial formulation of the noncommutative quantum
mechanics [12], by making use of the Dirac eigenspinors,
and verify the Pythagoras equality without unitizing the
algebra H,.

This distance was used in [7] to reconcile the nonvanishing
nature of the “quantum length” between a state and itself [15]
with the spectral distance between a state and its clone, thereby
identifying |—/1\‘ ~VO~L » -the Planck length. This issue, how-
ever, is beyond the scope of this paper.
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Just as the algebra elements of the Moyal plane act on its
Hilbert space elements through diagonal representation
(11), a generic element of

A 0
aT:|w>®(0‘ l)eATszM;’(C)
2

(25), where M4(C) is the c-valued 2 x 2 diagonal matrix
[see (A2) in Appendix A], acts on a generic element

@), = (\¢1>> ® <”1> € Hr = (H. ® C?) ® C?
) Mo
(Wlth /119 /12, His U2 S C) as

sanien={( 0 )e (5 L))
o (o)} = (o) @ Cone)

(32)
Moreover, the total Dirac operator Dy (26) is obtained by
substituting the forms of D), from (10) and D, (Al) in
Appendix A to get,

o= ysls o)elo )
o o)elio) @

By writing A = |Ale?, we can carry out a unitary trans-
formation of  the above Dirac operator:
Dy — U(¢p)DyUT(¢), where U(¢p) is given by

Iy, O Tﬁ
o= (5 2)e(5 2) e

so that the Dirac operator becomes
» _\F(o B*>®<1 o>
T Ve\b o 0 I
N 1 0 ® 0 1 (35)
0 -1 1 0/

The first slot of U(¢) in (34), which is the representation of
]]H,, is, however, a bit troubling since the Moyal plane
algebra A); = H, is nonunital: 13, & H,. The way out is
provided by the sequence of projection operators Py (16),
all of which lie in B(H,,) (10) and can be considered to
reproduce the identity element in the N — oo limit:

A}lm I]:DN :ﬂ(ﬂHq). (36)

This identification relies on the fact that the composite
operators formed by multiplying any compact operators,
like a Hilbert-Schmidt operator € H,, by Py, is same as that
of multiplication with the identity operator in the limit
N — . Note that in order to arrive at a “unitary equiv-
alent” spectral triple, i.e., (Ar, Hr, U(¢)DrUT (¢)), with
U(¢) as in (34), one needs to make a simultaneous unitary
transformation of z(ay) using this U(¢). This simultaneous
transformation ensures that the ball condition (B) in (12)
remains invariant. It is, however, quite straightforward to
verify that z(a;) as given in (32) remains invariant under
such a unitary transformation and therefore we need not
worry about this issue any more. From this point onward,
unless mentioned otherwise, we will therefore take A € R
and positive, A > 0, without loss of generality in order to
avoid clutter in the notation. Moreover, such a unitary
equivalent spectral triple is a part of several other trans-
formations which preserves the metric properties of the
triple (see [6]).

Before concluding this section, we would like to
mention that it is also possible to retrieve individual spectral
triples 7'y or T, along with their respective distances from
the composite one 7' (25), provided certain conditions are
satisfied. For the spectral triple (26) these conditions are
indeed satisfied, as we shall exhibit now. To that end,
we begin with a brief review of the concept of the restricted
spectral triple as introduced in [6]. For a given spectral
triple (A, H, D), let us consider the action of a self-adjoint
element p € A, satisfying the property of a projector:
p>=p=p*, on an arbitrary algebra element a € A
through the following map

a,: A= A av a,(a) = pap. (37)
This transformation gives rise to the following “restricted”
spectral triple

— 2(p)Drl(p),
(38)

where 7(p) indicates that the domain of representation 7
has been restricted to 7|, . For a pair of pure states @; and
w, of A), the corresponding spectral distance remains
unaffected by projection (see, e.g., Lemma 1 in [6]), i.e.,

(@, w;) = d(woa,, w0a,) Y o, @, € PAY),
(39)

provided
[D. z(p)] = 0. (40)

This condition implies that z(p) should correspond to a
projection operator built out of the eigenspinors of the
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Dirac operator. In the case of the spectral triple (26)
for example, this should involve Py (16) and w; (AS).
Indeed, it can be verified in a straightforward manner that

the projection operators P(TT?;? and P%r;g> (N), defined as

(trans) |0><0| 0
PT(a) _|]3>0®1]2_< 0 0 ®1,€ Ay
P 0
(long) — o N .
Pra (N)'_IP)N®CUI(O PN1>®60“
i=1,2 (41)

can be used to construct the following two spectral triples
from (26). The first one yields

0)0| 0
P = (00 D) e mo)

(trans) o |0>
s - () o

(trans) (trans)
PT(?))g DTPT(?))g

= |]:DO ® DZ’ (42)
which is clearly identical to the one involving two-point
space (24). Note that in this case the role of representation 7
becomes redundant. Essentially following the same
approach one can also retrieve the unitized version of
the spectral triple for the single Moyal plane (10) by

making use of the projector P??SQ (N) in the limit N — oo.

Moreover, for any finite N(0 < N < oo0) this does not
belong to A7. This stems from the fact that the projector Py
(16) by itself can not be identified with the diagonal
representation 7 of Ay =H, (10). It is also easily
verifiable that either of the projectors (41) commute with
the total Dirac operator Dy (26):

P (N)] = 0. (43)

[Dr, Py = (D, P

T(0)
This is precisely the condition (40) so that the results (29),
(30), regarding the transverse and longitudinal distances,
follow trivially from (39). Further, the fact that the RHS of

(29) is independent of “z” can be seen easily by first

considering a slight variant of the projector P(t(a)g) viz.

(trans) |6><6|
Proy =Py ® 1, = ( 0

8) ®1, (44)

where the states |0) (0| can be thought to be anchored to the
“shifted” origin (in the spirit of Gelfand and Naimark) as
discussed earlier (22) and then invoking the translational
invariance of the spectral distance of the coherent states,
parametrized by the complex plane [see the discussion
below (22)].

IV. CONSTRUCTION OF EIGENSPINORS
OF THE TOTAL DIRAC OPERATOR Dy

Looking at the total Dirac operator (35), we realize that its
eigenspinors would belong to a space spanned by the tensor
product of the Moyal plane eigenspinors (13) on the left slot

and eigenspinors % () ofe; = (9 ) onthe right slot. One
is immediately tempted to work with the irreducible sub-
spaces of the eigenspinors viz. spin up (1) subspace
Span{VSrsz, V(_”_lg}, formed by tensoring with |1) := \/LEG)
where o¢[1) = +|1) and subspace
Span{V(l"_), viml, formed by tensoring with ||):=
% ('}) satisfying o]}) = —||) where the (unnormalized)

spinors Vg:;) are given by

S LI

To that end, we consider an arbitrary linear combination of

spinors from the spin up subspace, i.e., CL,V{") + c2,y"

and require it be an eigenspinor of the total Dlrac operator
(35). This yields the following eigenvalue equation

e A 1 1
’ @) = Alm) (22) (46)
A — % m m

whose eigenvalues are

= +Avkm + 1; K=

spin down ({)

2

o 47

and eigenspinors are (up to appropriate normalization)

@) = VO + (Viem + 1+ vem) V",
@) = v — (Vim + 1= em)V. (48)

Here the subscript + and — stands for the eigenvalue being

Aim) and 1), respectively. Repeating the same exercise for the
spin down subspace we obtain the same set of eigenvalues
(47), while the corresponding eigenspinors are as follows:

D)) = V) — (viom 1+ /am) V"
|<D(_"i)> =V 4 (Vim 41 - M)ngm—) (49)

However, these subspaces are not invariant under the
action of the algebra A; (26) as some of the algebra
elements (e.g., in the case of transverse distance) mixes the
eigenspinors of the two subspaces and one has to work with
all the four of them anyway. It turns out that working with
the following (symmetric) linear combination of the
eigenspinors, rather than the ones obtained earlier (48)—
(49), simplifies our calculations drastically:

086019-7



KAUSHLENDRA KUMAR and BISWAJIT CHAKRABORTY

PHYS. REV. D 97, 086019 (2018)

) = (Viem + 1= km)| @) + @),
[P0y = @)y — (Vim + 1= yem)|@!")),

) = @) — (vim + Viem + 1)),
) = @) 4 (viem + Viem + 1)), (50)

One can write a normalized version of these eigenspinors in the following compact form

Ea)

Ea)

= N VU v £ VI (Viem 1 F vim) F VI (Viem + 1+ /xm))
:N[Vi_)+v_+:|:V++(w<m+ L+ Vi) F VI (Viem + 1 F /xm)), Ny =

1
4v/km+ 1 (51)

where m € {1,2,3...} and N,, is the normalization constant. Moreover the case of m = 0 is 2 dimensional, unlike the
eigenspinors in (51), which are 4 dimensional for each m. The m = 0 case can be written after normalization as

1
0
|1P<i)> =

(0)

Here again the subscript £ represents the eigenvalues 4}’ =

orthonormal basis for the entire space:

Py = (P = g

(P ey = (e = ; )
m 0 m 0 m 0

ey = ) = (e

V. COMPUTING SPECTRAL DISTANCES IN THE
DOUBLED MOYAL PLANE

In this section we will compute the exact distances for all
the three cases and reproduce the results obtained by
Martinetti and Tomassini, 2013 [7] including the
Pythagoras equality for the doubled Moyal plane. We will
do so by making explicit use of the Dirac eigenspinors
(51)—(52) that we have just constructed. This will involve
making the right ansitze regarding the structure of the
optimal algebra elements belonging to Ay (26). Necessary
hints for the same can be obtained from the corresponding
structure of (17) for the single Moyal plane. In an
alternative approach, we show how the projection operators
built out of these same Dirac eigenspinors can be used to
compute the transverse distance, instead of unitizing the
algebra A as in [7].

A. Longitudinal distance

To start with, we consider a generic algebra element
ar € Ap =H, ® M4(C), which can be written in a
separable form as a; = a ® a, where a € H, and

c 0
ay = ( ! ) S Cz.
O Cy

Since the search for the optimal algebra element can be
restricted to the ones which are self-adjoint: aTT =ar [7],

al

0 0
O 1

e ()

+A. The whole set (51), (52) furnishes a complete and an

m,n € {1,2,3...}

) =0
y=o0. (53)

we can set a’ = a and restrict ¢, and c, to the real numbers:
c1, ¢, € R. To compute the longitudinal distance dpy =

dp/Q« as shown in Fig. 2, we substitute the states Ql(-z) and

QEO) from (28) in the Connes distance formula (12), along
with the algebra element a; to obtain

4,7, ") = sup |2 (ar) -2 (ar)|  (54)

i i
ar€Br

a0, = Q9 — ¥ (55)

1

= sup [Try,, (dQiar)|;

ar€Br

= sup |¢; - |TYH(.((PZ = po)a)l (56)

ar€Br

Pla)  e(e)
——————— —o0— — — — — — — 3
dy
Pr) o)
——————— o—/o— -—— - - =3
dy

FIG. 2. Different states belonging to the same Moyal plane.
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= sup |¢;| - |p.(a) = po(a)l. (57)

ar€Br

Moreover, the ball condition B is built from the total Dirac
operator Dy (35), i.e., ||[Dr, n(ar)]|l,, < 1 of the doubled

Moyal plane and upon simplification looks like

[Dr,z(ar)| = [Dy, #(a)] ® a; + alc; = ¢3)o3 @ D,.
(58)

Now, the symmetry of the doubled Moyal plane requires
the longitudinal distance be same on both the sheets. By
imposing this requirement on (57), we get |c{| = |c,| or
¢y = *c,. It is clear from (58) that the condition ¢; =
¢, = X (say) makes the total ball condition By identical to
the ball condition By, of the single Moyal plane, thus
yielding the Moyal plane distance (9). The other case: ¢; =
—c, gives a distance which is lower than v/26)|z| (9), as we
will demonstrate shortly using an algebra element a;, and
therefore will be rejected.

|

Let us now take as an ansatz the optimal element

al’ == (b+ b)) ® ar € Ay (59)
(superscript “I” stands for longitudinal) for the computation
of the longitudinal distance. This is motivated from (17)
where we have set the phase a of z = |z]e!* to a =0 by
invoking the rotational symmetry on the Moyal plane (see
Appendix B). This means that the longitudinal distance will
be computed along the real axis only. A simple calculation
then yields the following trace

Try,, (dQi(a))) = 2¢;z. (60)

The matrix representation of [DT,ﬂ(ay))] is, in general,
infinite dimensional and one needs to project it onto some
finite dimensional subspace (see, e.g., the case of single
Moyal plane in [I11]) in order to get hold of the ball
condition By. There is a natural way to achieve this by
using the projection operators

N
Py = [P (P] + 2O (PO + () (B + (9 (wien)|
m=1

[B7) (] 4 [90) (B ) € (H, @ Ma(C)) @ My(C), (61)
constructed from the Dirac eigenspinors (51), (52). These projection operators Py belong to the same space where
n(ar) ¥ ar € Ay belong, which is (H, ® M5(C)) ® M4(C). After explicit calculation the projection operator, quite
remarkably, split as

Pyv=Py®T, (62)

where the projection operator Py is given by (16). We can make use of (61) to obtain various finite dimensional matrix

()

representations of [Dy, z(as )] in the form of [Dy, PNn(agl))PN], by varying N. For P, and ¢; = ¢, = X (one of the two

cases of ¢; = +c, as discussed earlier), the matrix [Dy, Pzn(a§l>)732] =: M, (say) takes the following form

0 0 & oy 7 .5 0 0 0 0

0 0 —7+04 —y-03 —7+62 —7-0; 0 0 0 0
=763 7104 0 0 0 0 n(B-—ey) —n(By+e) —n(f-+e_) n(f,—ey)
—7104 703 0 0 0 0 n(Bi+e) —n(p_—e) —n(fy—ey) n(f-_+e_)

M= —r-01yi6 0 0 0 0 n(p-—e-) —n(pi+e.) —n(p_+e;) n(py—e-) ’

—7+62 76 0 0 0 0 n(By+ey) —n(p-—e_) —n(B—e) n(f_+ey)

0 0 —n(-—ey)—n(pite) —n(p-—e_) —n(p,+ey) 0 0 0 0

0 0 nBite) np-—er) n(Pi+ey) n(p-—e) 0 0 0 0

0 0 n(f-+e) n(Bi—ey) nf-+ey) n(By—e-) 0 0 0 0

0 0 —n(By—ey) —n(f-+e_) —n(pi—e_) —n(f_+e,) 0 0 0 0
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where the rows and columns are labeled by |‘PS?>>, [P, |‘I‘$)>, ey, \\if$>>, [Py, |‘PS-2>>, P2, |‘i‘f)>, and |$?)) of
(51)—(52), respectively. The coefficients ., y+, n, €+ and §; for i € {1,2,3,4} are given as follows:

ﬁi:%(\/2K+li\/K+l),

v =(1+Vk+1),

ei:%(\/z_m/xﬂi\/zx/zxﬂ), (64)

-2 XA ke vRTT XA e
(v oy W M ORI Vo AR
R e T MO (65)

Now the largest eigenvalue of the matrix corresponding to
MM, (Using Mathematica) comes out to be X?AZk.
Therefore, by using the C* algebra property ||MZTM I

[M,]|3,. the ball condition (Br) becomes

||0p -

|[Dr. Paa(alPo)ll,, = XAVE < 1. (66)

Now substituting this and (60) in (55), while noting that
K= ﬁ we obtain the Moyal plane distance (9) as expected.
Moreover, as we increase the rank of the projection
operators Py from N =2 to N =3 and so on, we find
that the ball condition (66) remains unaffected and so does
the distance (9) for all orders in N.

As for the case of ¢y =—-c, =X we find, after
following the same procedure, that the ball condition gets
modified to

|7, Par(@Y P, = XAY/8 £ 5+ 4vT Tr< 1.
(67)

This, together with (60) and (55), gives the following
estimate of the distance

L A8 Tkt A+

which is clearly less than (9) and is therefore rejected.

d(Q

B. Transverse distance

For the transverse case, we take aﬁt)

ansatz for the optimal algebra element (superscript “f”
stands for transverse) such that its representation looks like

w(al) = <“gq ﬂi)@(i)l 2) (69)

The transverse distance dpp: (see Fig. 3) between the states

= ﬂHq ® a, as an

ng) and ng), when computed using this a,, i.e.,

d,(Q7. Q) = sup [Try, (dQa,)];

a,EBy

dQW =p, @ (0, — w,) (70)

comes out to be same as the spectral distance on the two-
point space (29). However, the algebra of the Moyal plane
is nonunital and thus 15, & Ay =H,. In order to get

around this problem, we again make use of the projection

operator Py (16) as in (36) and instead of n(agt)) (69) we
work with

w= ("0 Yo (5 0)

With this choice of representation we get the trace
in (70), as

Tryg, (dQ()al") = 1 ey, (2(dA(e)m (@) = ¢, ~ ¢

(72)

where the extra factor of % takes care of the double counting
stemming from the diagonal representation (11).

Now the matrix representation of [Dy. zy(al”)]=:M,
(say) comes out to be a block-diagonal matrix

dy

FIG. 3.
planes.

Identical (cloned) states belonging to different Moyal
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QO 0Oy -+ Oy
O R v 04y

M, = . . . ) (73)
O4><2 04><4 R(N)

where 0,,,,,, are the m x n null rectangular matrices whereas
the square matrices Q and R are given by

0 AYY\
Q= (—AY 0 )
0 —ymk 0 1
jn __AY | k0 -1 0
Vmk+1| 0 1 0 /mk
-1 0 —\/mK 0
Y=c —c, (74)

where m is a positive integer in the range 1 < m < N. With
this the matrix M| M, becomes proportional to the identity
matrix

I]2><2 02><4 e O2><4

B O4><2 1]4><4 e O4><4
Mim, =AY (75)

O4><2 O4x4 ﬂ4x4

enabling us to just read off the operator norm as
|M{M,|,, = |Y|*)A%, which is independent of both m
and N. We, therefore, get the ball condition (B7) for
arbitrarily large N, as

1[Dr, an(@)]ll,p = [YIA < 1. (76)

By substituting this and (72) in (70), we obtain the
transverse distance (29). Finally, in the limit N — oo the
representation (71) becomes diagonal: nN(agt)) - n(ay)),
enabling us to recover the same result as in [7]. Note,
however, that we have achieved this result without explic-

itly unitizing the Moyal plane algebra.

C. Hypotenuse distance
To find the hypotenuse distance dpp, we consider the
states Q(IZ> and Qéo) as shown in Fig. 4. We then proceed by

making an ansatz about the optimal element a_(vh) of the
algebra A7 (superscript “h” stands for hypotenuse), as a
linear combination of the optimal elements of the longi-
tudinal (59) and the transverse (71) cases, so that its
representation takes the form:

b+ b* 0 X 0
(h)y _
m(as) ( 0 b+b*>®<o X>
PN 0 Cq O
. 77
+<0 PN—I>®(0 Cz) ( )

Note that we have only considered the case ¢; = ¢, = X, as

discussed in Sec. VA. With this ch(agm) we obtain, after a
bit of calculation, the following trace

Try, (i (al)2(Q — o))
|Z|2N

= 42X 4 2¢ el (1 +z2P 4+ W) —2¢;, (78)

which in the limit N — oo, takes the form
Try, (z(al”)2(@ - Q) = 222X +v)  (79)

where Y is same as in (74). Therefore, the spectral distance
(12), in this case, takes the following form

z 0 h
sup [Try,, (QF —@")al")|  (80)

aEh)EBT

dy (@7, Q) =

1
= sup 5 [Try, (2(27 = @ )a(@”)|  (81)

uih)EBT

= sup [2zX +7Y|. (82)

ag.meBT

Now the matrix representation of [DT,PNﬂN(agh)) X
Pyl=:M,, is just the sum of the matrices appearing
in the longitudinal (63) and transverse (73) cases. The
largest eigenvalue of the matrix M;Mh comes out to
be A%(kX? +Y?) thus, yielding the following ball
condition (By):

D7, Pya(a)Pulll,y = AVEKX2 + Y2 < 1. (83)

In order to solve the expression (82), subject to the ball
condition (83), let us consider the following lemma which
can easily be proven (see, e.g., Lemma 7 of [9]).

P Q(Q§Z>)
R AR H

P (af) P (af)

FIG. 4. Different states belonging to different Moyal planes.
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Lemma: For any «a, >0,

sup (ax + fy) = /o +* (84)
X2 4y2<1
Now, by appropriately identifying the symbols in the

above lemma as a := % =V20lz|, f =1, x :== Ay/kX and

y:= AY, we obtain the following hypotenuse distance:

1
0
(@, o) = | 20/ e (85)

Now, by making use of (30), (29), this can be recasted as

2 2
a,(@, Q) = \/ (@0, ") + (d,(@, &),
(86)

which is exactly the Pythagoras equality (see Fig. 4) that we
discussed earlier (31).

VI. HIGGS FIELD FROM THE INTERNAL
FLUCTUATION OF THE TOTAL
DIRAC OPERATOR

In this penultimate section, we first provide a brief
review of the fluctuated Dirac operator. We then discuss the
emergence of a “Higgs field” in the framework of non-
commutative geometry and its impact on the metric. For
this, we follow [2,6] in particular. The notion of the Higgs
field emerges automatically, along with the other gauge
fields, when the tensor product of the spectral triples like
the one which describes the doubled Moyal plane (25) are
considered. The concept of the charge conjugation operator
in the spectral triple (A, H, D), is brought about by the so-
called real structure J which is an antiunitary operator on H
satisfying J? = ¢, JD = ¢'DJ and Jy = €"yJ, where ¢, €
and ¢” are restricted to the values +1 only. The KO-
dimension® n € Zy is then determined by the values of ¢, ¢/
and ¢” according to a standard table (see [2]). To preserve
the operator J under a unitary transformation u € A,
satisfying u*u =uu*=1 of n(A), as in Sec. III, one has
to use U := uJuJ~!, which fluctuates the Dirac operator as

Dy =UDU" =D+ A+ €JATY,
A =7(a;)[D,n(b;)] with a;,b;e A (87)

Here A’s are nothing but the Clifford algebra valued one-
forms of the triple (A, H, D,). We suppress the summation

KO dimension is the shift in the grading on K-theory, which is
involved in a Poincaré duality for spectral triple [16]. It perhaps
owes this terminology from the fact that the Dirac operator
defines a class in K-homology and not in the ordinary homology.

[
l

index from now on for brevity. The last term JAJ™! in
(87) plays no role in the distance calculation, as it
commutes with z(a) YV a € A as can be shown easily
by employing the so-called first order axiom and the
axiom of reality (see, for instance, Lemma 5 in [6]).
This leaves the ball condition B (12) unchanged and we
therefore drop this term. Actually, the charge conjugation
operator J maps an algebra element a € A to the opposite
algebra element a°, satisfying (ab)’ = b°a°, so that
n(a®) =Jn(a)'J"' ¥V a€ A can act from the right on
the elements of the Hilbert space H.

This, however, is not allowed in the present construction
of the spectral triple (26) as here we have only a left
module, whereas we need a bi-module where both the left
and the right actions are defined. To this end, consider the
following spectral triple

vle =Ar=H, ® Mg(C);
Hy = (H, ® M5(C)) ® M§(C) > ¥;
DY = DY + ¥Dy, (88)

instead of (26). Note that we have just replaced Hy in (26)
by H; here, by replacing the two factors of C2 in Hy by
M,(C) and M4(C) respectively. Here the representation
7 is as before (32) and the grading operator 7,;% =
y7¥ + Pyy, with the y7 as in (27). Note that there is no
difference in the structures of Dy and Dy; the difference
arises from their action on ¥ € ;. More precisely, the
action on the latter is given by the sum of the left and the
right actions of the former. Likewise for y; and 77. On this
spectral triple we can define the charge conjugation
operator Jy, as J;¥ =¥' (i.e., Hermitian conjugate of
¥), which implies that J7' = J; as J}. = J7'. With this real
structure J; the right action Dy can be represented by
JrDrJ7' = J;(D;P7) = ¥D; by using the fact that the
Dirac operator is Hermitian. One can now check easily
that e = ¢ = ¢ = 1 and the KO-dimension of this triple
comes out to be O modulo 8 We therefore have
Dy =Dy + JyDrJ7!, which again enables us to easily
verify that [f)T,ﬂ(aT)] = [Dy,z(ay)] for all ar € A;.
In light of this we see that the ball condition B (12)
remains unaffected with the new spectral triple (88) thus
producing the same distance as in previous triple
(A7, Hy, D7) making the two triples equivalent. We can
therefore revert back to the previous definition of the
spectral triple of the doubled Moyal plane (26) except
that the Dirac operator is now augmented by a “Higgs”
term:

To understand the splitting of the one-form A (87) in case
of the doubled Moyal plane, we consider the algebra
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elements to be of separable form like ar :=a ® a, and
br:=b ® b, € Ay as in Sec. VA so that we get

n(ar)[Dr, 7n(br)| = n(a)[Dy, z(b)] @ arb,
+ oyx(ab) ® ay[Dy.by].  (90)

Note that we have used the fact that the chirality operator
commutes with the representation of the algebra elements
in the above calculation. The first term on the right-hand
side of (90) contains a generic one-form of the Moyal
plane, i.e., #(a)[Dyy, z(b)], which gives rise to gauge fields
in the noncommutative geometry. On the other hand, the
additional second term on the RHS of (90) has the one-form
of the two-point space, i.e., a,[D,, b,], which gives rise to a
prototype of the scalar Higgs field. For our discussion here
we only focus on the implications of this “Higgs field” on
the metric aspects particularly on the transverse distance.
We thus retain only this term so that the one-form A
becomes

A = co3 ® ay[D,, by]; c=abeH, (91)
It is noteworthy that we can write this as A = 03 @ H,
where H = ca,|D,, b,] is referred to as the “Higgs field”
in the literature. This is, however, in our case just a
prototype scalar Higgs field as we are dealing only with
the 2 dimensional Moyal plane. We now want to compute
the transverse distance d,(p, ® w;,p, ® w,) between a
generic state p, = |z)(z| in one of the Moyal planes and its
clone on the other one, i.e., the counterpart of (29) in the
presence of the “Higgs” field. To do so we construct the
restricted spectral triple using the prescription (38), with
(trans)
T(z)
(44). But to ensure that this transverse distance can again be
computed through this restricted triplet itself, we have to

ensure that the condition (40) is satisfied here too, i.e.,

the projection operator P _g (62), which is same as P

(s, Py = 0. 92)

By making use of (44), (91) this essentially boils down to
[¢. [0){0]) = e [2){z]] = 0, (93)

which can easily be shown to satisfy, for example, if ¢
belongs to the subspace MY := Span{|m)(ii|: m,n €
{1,2,3...}}. We shall, for simplicity, assume in the
following that this condition holds. Otherwise, one has
to clearly make use of complete spectral triple. Clearly,
even if (93) holds for a particular state p, = |z)(z], it does
not imply that it holds for the other states p, = |Z/)(z/| as
well. Now, any arbitrary algebra element a; € Ay (26)
gets projected (for a € Ay, and ¢, ¢, € C) with this
projector as

nlag) = (g Z) ® (COI Z) = Py_on(ar)Py_g
:<|6><()| 0>®(fc1 0 >;
0 0 0 fc
/= (0lal0) = (z]alz). 2 (94)

Likewise, using the algebra element

(™ 0 . A O d
“2_<0 az)’ b2_<0 m)ewc)

with ay, oy, f1, fr € Cin (91) for the two-point space, the
fluctuated Dirac operator (89), gets projected as

Dy Py—ogDaPy_s = <|6>()<6| 8)
0 A1+ gay (B, = B1))
® (A(l T gor(By - ) 0 >

(95)

Here g = g(x;,x;) = (0|c(%),%,)[0) = (z[c(%1.%2)|z) is
some function of the dimensionful coordinates x; and x,
(7) and A € C (Note that the unitary transformation using
U(¢p) (34) to render A real, as in Sec. III, has not been
performed here). Further, the demand that the projected

Dirac operator be Hermitian yields g (f, —f;) =
g (fy — B»). Moreover, any arbitrary element of the

Hilbert space
W <|W1>) ® <C1> e,
v2) Ly}

(26), gets projected as

|()>) (hcl 0 > .
v ¥ = ; h=(0 .
~rer= (1) e (% O

(96)

Finally, the projected spectral triple as a whole takes the
following form:
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where  A(xp,x3) = A(1 +a; (B2 — Bi)g(x1.x2)) s just
another complex number. This has the same form as in
(42); therefore, it essentially has the same structure as that
of the two-point space. The transverse spectral distance,
i.e., the distance between the pure states p, and its clone is
identical to the spectral distance between the pair of states
w; and w, of the restricted spectral triple and is given, in
this case, by

o
[A(xy.x0)]
(98)

dy(p. ® w1, p. ® ) = d* (@), w,) =

This clearly fluctuates along the Moyal plane and repro-
duces (29) in the absence of the “Higgs” field. Thus this
variation of the transverse distance in the presence/absence
of the all pervading “Higgs” field provides an alternative
geometrical perspective about the “Higgs” field itself.

VII. CONCLUSION

Finite matrix spaces play a crucial role in the formulation
of the “standard model” in the framework of the non-
commutative geometry [1,2]. On the other hand, the Moyal
plane is one of the promising candidate for modeling the
geometry near the Planck scale. The merger of these two
spaces with the matrix space given, specifically by (Al),
yields the doubled Moyal plane which presents itself as a
very interesting toy model. We have explored its metric
structure using the Connes prescription of spectral dis-
tances in a Hilbert-Schmidt operatorial framework, which
facilitates the construction of the Dirac eigenspinors and
provides a natural basis to work with. Working with this
basis also helps us in economizing our calculations and
reproducing several results existing in the literature [6,7].

The actual calculations of various distances are done
using specific “optimal” algebra elements, which are par-
tially motivated from our previous work [11]. The distances
comes out very neatly and satisty the Pythagorean equality
exactly as expected. We did encounter the need to introduce
the identity element of the Moyal algebra to render it unital,
but, as an alternative approach to [7], we worked with a
sequence of projection operators constructed from the
Dirac eigenspinors, which in the limiting case (N — o0)
represents the identity element.

Finally, we fluctuate the Dirac operator and focus on the
“Higgs” field part and analyze its impact on the variation of
the transverse distance in the doubled Moyal plane. In order
to fluctuate the Dirac operator we had to modify the
spectral triple at an intermediate stage to arrive at an
equivalent triple (in the sense that the ball condition and
hence the metric is not altered), so as to be able to
incorporate the real structure. At the end, however, we
reverted back to our earlier triple, except that the Dirac
operator is now augmented with a “Higgs” term. As a

consequence, we found how the transverse distance,
obtained by constructing a suitable projection operator to
restrict the spectral triple to the two-point space, depends
on the coordinates of the Moyal plane. This projection
operator, in turn, had to be necessarily constructed with
these eigenspinors, thus illustrating the important role
played by the eigenspinors, which, we feel, were not
emphasized adequately in the literature.
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APPENDIX A: THE SPECTRAL DISTANCE ON
TWO-POINT SPACE

Two-point space is an abstract mathematical space of
two complex numbers, for which the spectral triple is given
by (see [2])

0 A
(./42 = Cz,Hz = Cz,Dz = (/_\ 0 )) (Al)

where A is a constant complex parameter of length-inverse
dimension. Let us consider

() (o) +4 (V) e
a = /12 = A1 0 2 1 2 — .

One can replace the canonical bases (;) and ({) of C* =
Span{(;). ()} by the matrices (; ) and (§ !) respectively,
such that C? = Span{(} J). () 9)}. In this new basis, an

arbitrary element a € C? can be written as

oo )
a= e M5(C),
0 4

(A2)
where M4(C) is the c-valued 2 x 2 diagonal matrix. In this
construction, we see that .4, has a manifest structure of an
algebra through usual matrix multiplication.

The action of a € A, on

(”‘)eH2:C2
H2
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is now given in a straightforward manner as follows:

(i) =) = (5 2) ()= (o)
(A3)

Note that the role of representation z becomes redundant
here as before (A3). Moreover, the pure states w;(a) € C;
i ={1,2} of A, > a are given by

i(a) = Tr(wa(a) = Tr(wa),  (A4)
so that they correspond to the evaluation maps @, (a) = 4,
and @, (a) = A, of the two points of this space. Clearly, the

choice
1 0 0 0
wl pr— R a)z pr—
0 0 0 1

does the job, as can be seen easily by using (A4). Any other
generic state are given by a convex sum of these two pure
states and therefore are necessarily mixed in nature. These
are clearly the density matrices associated to (;) and ({) and
corresponds precisely to the 2 x 2 matrix basis, chosen for
A, = C?. Now, in order to compute the distance between
these two pure states w;, let us consider a generic algebra
element

(AS)

a 0
a:< ' >GCZEM§(C)
0 ar
and insert it in the distance formula (12) to obtain

d(w;, ;) = sup|w,(a) — ws(a)| = sup|a; — ay|. (A6)

a€EB a€EB
Moreover, the commutator [D,, z(a)| takes the form

(D, ()] = (@) — @) ( 0 —A)

Ao (A7)

where we have used z(a) =a in w;, w, basis as
before. Now invoking the C* property of the algebra A,

here, i.e., [[Dy. 7(a)lll3, = [I[D2. 2(a)]'[D>. z(a)lll,, and
noting that
. sl 1 0
[Dz.7(a)]"[Dy. z(a)] = |ay — a|*|A 0 1) (A8)
we obtain ||[D,,z(a)]ll,, = |a; — ay||A]. With this the
Lipschitz ball condition yields
o= ol < (49)
Ay — )| =7
Al

Substituting this in (A6), we obtain the known result of
spectral distance between the pure states w;, ®, of the two-
point space [2], which is

1

e (A10)

d(w, ) =

APPENDIX B: ON THE OPTIMAL ELEMENT
FOR THE MOYAL PLANE

We provide here a brief review about how an upper
bound of the spectral distance is obtained in the case of
Moyal plane and the subsequent role of the optimal algebra
element a, € Ay, (10) (multiplier algebra), which, by
definition, saturates this bound as well as the one occurring
in the ball condition: [Dy,, #(ay)] = 1. This was explained
in detail in our previous work [11]. As explained already in
Sec. II, the action of the pure state p_, on a generic algebra
element a € H, is given by

pa) = Try (p.a) = Try, (U(2.2)|0){0|U" (2. 2)a)

= (0[(U"(2,2)al(z,2))|0) (B1)
where U(z.2) == ¢35 and |z) is the coherent state (7).
We, therefore, get the following form of the spectral
distance (12)

d(Pz,,Oo) = d<a)z7a)0)
= sup|(0[(U*(z.2)al(z,2))|0) = (0]al0)|. (B2)

aeB

Now let us consider a one-parameter family of density
matrices p,, = |zt)(z#|, with a real affine parameter
t € [0, 1], interpolating p. and p,. We can then introduce
the following function:

W(t) = py(a) = Try (p,a). (B3)
Consequently, we have the inequality,
LdW (¢ L dW(t
@) o) | [P an < [P (o
0 0

Asin Sec. VA, here also we work with a Hermitian element

(a = a' € Ay;) and obtain an upper bound for \dvgt(t) | by

making use of the Cauchy-Schwarz inequality as

= [2p([b. ) + 2p.([b. a])]

‘ dw(z)
dr

<Vl I a) P + lpa( b))
< V2l lb. i, + bl 3,

(BS)

The “ball” condition [Dy,z(a)] <1 [with the Dirac
operator D, (10)] reduces to a simpler form:
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0
6. a]ll,, = I[b". alll,, < \/; fora € B. (B6)

From (B5) and (B6), one can therefore write

<V20)7).

‘ dw(z) (B7)

dt

Hence from Egs. (B2), (B4), and (B7) we have the
following upper bound for the Connes’ distance:

d(w,, ) < V20)z). (B8)

It is now quite easy to verify the identity that
w,(a;) = Tr(p.a,) = |z| cosy, for some angle y, with the
optimal element being a, (17), so that wy(a,) = 0 holds
trivially. It then clearly follows from (B4), (BS) that the
supremum is indeed reached by an optimal element a, of
the form (17), so that the inequality (B8) is saturated.
Besides, it saturates the ball condition also, as mentioned
earlier. This optimal element, however, fails to be a Hilbert-
Schmidt operator. In fact it is not even a compact operator.
Consequently a, ¢ H, = A, but can be thought of as
belonging to the multiplier algebra (see [7] for a resolution
of this issue and also [11] for a variant).
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