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We analyze the Green function, the Casimir densities and forces associated with a massive scalar
quantum field confined between two parallel plates in a higher dimensional cosmic string spacetime. The
plates are placed orthogonal to the string, and the field obeys the Robin boundary conditions on them.
The boundary-induced contributions are explicitly extracted in the vacuum expectation values (VEVs) of
the field squared and of the energy-momentum tensor for both the single plate and two plates geometries.
The VEV of the energy-momentum tensor, in additional to the diagonal components, contains an off
diagonal component corresponding to the shear stress. The latter vanishes on the plates in special cases of
Dirichlet and Neumann boundary conditions. For points outside the string core the topological
contributions in the VEVs are finite on the plates. Near the string the VEVs are dominated by the
boundary-free part, whereas at large distances the boundary-induced contributions dominate. Due to the
nonzero off diagonal component of the vacuum energy-momentum tensor, in addition to the normal
component, the Casimir forces have nonzero component parallel to the boundary (shear force). Unlike the
problem on the Minkowski bulk, the normal forces acting on the separate plates, in general, do not coincide
if the corresponding Robin coefficients are different. Another difference is that in the presence of the
cosmic string the Casimir forces for Dirichlet and Neumann boundary conditions differ. For Dirichlet
boundary condition the normal Casimir force does not depend on the curvature coupling parameter. This is
not the case for other boundary conditions. A new qualitative feature induced by the cosmic string is the
appearance of the shear stress acting on the plates. The corresponding force is directed along the radial
coordinate and vanishes for Dirichlet and Neumann boundary conditions. Depending on the parameters of
the problem, the radial component of the shear force can be either positive or negative.
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I. INTRODUCTION

Among the most interesting consequences of phase
transitions in gauge theories is the formation of a variety
of topological defects [1]. The type of defect formed
depends on the nature of symmetry breaking. In particular,
due to their important role in cosmology, the cosmic strings
are most thoroughly studied in the literature. The early
interest to this class of topological defects was motivated by
the scenario of the large-scale structure formation in the
Universe where the strings seed the primordial density

perturbations. In the 1980s this was the most popular
alternative to the inflationary scenario based on quantum
fluctuations of fields during the inflation. Although the
further observations of the temperature anisotropies of the
cosmic microwave background radiation (CMB) excluded
the cosmic strings as the main source for the density
perturbations, this type of topological defects are still
candidates for the generation of a number of interesting
effects that include the generation of gamma ray bursts,
high-energy cosmic rays and gravitational waves. Among
the other observable consequences we can mention here
the gravitational lensing, the creation of small non-
Gaussianities in the CMB and some influence on the
corresponding tensor modes.
Depending on the underlying microscopic model, the

cosmic strings can be realized as nontrivial field configura-
tions or they can be fundamental quantum strings stretched to
cosmological scales (cosmic superstrings, first considered in
[2]). A mechanism for the generation of the latter type of
objects with low values of the string tensions has been
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recently proposedwithin the framework of brane inflationary
models (see, for instance, [3] and references therein). Defects
of the cosmic string-type appear also in a number of
condensed matter systems such as crystals, liquid crystals
and quantum liquids [4]. Although the specific properties of
cosmic strings are model-dependent, they produce similar
gravitational effects. In the simplified model of a straight
cosmic string and at large distances from the string, com-
paredwith the core radius, these effects generate planar angle
deficit in the plane perpendicular to the string.
The nontrivial topology of the cosmic string spacetime

provides a distortion of the spectrum for vacuum fluctua-
tions of quantized fields. As a consequence, the vacuum
expectation values (VEVs) of physical observables are
shifted. Explicit calculations have been done for the field
squared and energy-momentum tensor in the cases of
scalar, fermionic and electromagnetic fields (see, for
instance, references in [5]). For charged fields and for
cosmic strings carrying magnetic flux, other important
characteristics of the vacuum state, influenced by the
planar angle deficit, are the charge and current densities.
The vacuum polarization induced by a cosmic string in the
background of curved maximally symmetric spacetimes,
namely in de Sitter and anti–de Sitter spacetimes, has been
discussed in [6,7]. For the background Schwarzschild
spacetime threaded by an infinite straight cosmic string
this phenomenon is investigated in [8].
In a number of problems with cosmic strings additional

boundaries are present on which the operators of quantum
fields obey prescribed boundary conditions. Examples are
the branes in brane inflationary models with cosmic super-
strings. The imposition of boundary conditions on quantum
fields gives rise to additional shifts in the VEVs. This is the
well-known Casimir effect (for reviews see [9]). It has been
investigated for a large number of bulk and boundary
geometries and has been confirmed experimentally with
high accuracy. For a cylindrical shell coaxial with the string,
the combined quantum effects of the topology and bounda-
ries have been considered for scalar [10,11], fermionic
[12,13], and electromagnetic fields [11,14,15]. The
Casimir force for a massless scalar fields subject to
Dirichlet and Neumann boundary conditions in the setting
of the conical piston has been discussed in [16]. The Casimir
densities for scalar and electromagnetic fields induced by
boundaries perpendicular to the string were considered in
[17–20]. Another type of boundary conditions arise in
models with cosmic strings compactified along the axis.
The influence of this compactificationon theproperties of the
quantum vacuum has been discussed in [21].
In the present paper we are interested in the analysis of

the influence of a cosmic string on the vacuum properties
for a scalar field confined between two parallel plates. The
plates are perpendicular to the cosmic string and on them
the field operator obeys Robin boundary conditions, in
general, with different coefficients for separate plates.
Motivated by possible applications for cosmic superstrings,

the problem will be considered in an arbitrary number of
spatial dimensions. The paper is organized as follows. In
the next section we present the problem formulation and the
evaluation of the heat kernel for a scalar field in the region
between the plates. By using the heat kernel method, in
Sec. III, a representation of the Green function is provided
with explicitly extracted boundary-free topological contri-
bution. For points away from the plates, the renormaliza-
tion in the coincidence limit is required for that contribution
only. The VEVs of the field squared and of the energy-
momentum tensor in the presence of a single plate are
investigated in Sec. IV. This section generalizes the results
obtained in [17] for the special cases of Dirichlet and
Neumann boundary conditions. The VEVs of the field
squared and energy-momentum tensor in the region
between two parallel plates are discussed in Sec. V.
Various special cases are considered, and the behavior of
the VEVs in asymptotic regions of the parameters is
investigated. The Casimir forces acting on the plates are
studied in Sec. VI. Unlike to the case of the Minkowski
bulk, these forces are inhomogeneous and depend on the
distance from the string. Depending on the latter and on the
boundary conditions, the presence of the cosmic string can
either increase or decrease the Casimir pressure. The main
results of the paper are summarized in Sec. VII. In the
Appendix we present the evaluation of a more general two-
point object, the off diagonal zeta function and also the
local zeta function.

II. PROBLEM SETUP AND THE HEAT KERNEL

We consider a massive scalar quantum field propagating
in a D-dimensional generalized cosmic string spacetime.
By using the generalized cylindrical coordinates with
the cosmic string on the subspace defined by r ¼ 0, being
r ≥ 0 the radial polar coordinate, the corresponding metric
tensor is defined by the line element below,

ds2¼ gikdxidxk ¼−dt2þdr2þ r2dφ2þdz2þ
XD−1

l¼4

ðdxlÞ2:

ð2:1Þ

The coordinate system reads xi ¼ ðt; r;φ; z; xlÞ, with
φ ∈ ½0; 2π=q�, and t; z; xl ∈ ð−∞;∞Þ. The parameter q,
smaller than unity, codifies the presence of the string. In a
four-dimensional spacetime, this parameter is related to the
linear mass density of the string, μ, by q−1 ¼ 1–4Gμ, with
G being the Newton gravitational constant. In this analysis
we shall admit the presence of extra coordinates, xl, defined
in an Euclidean (D − 4)-dimensional subspace.
For a scalar field propagating in an arbitrary curved

spacetime the field equation reads

ð□ −m2 − ξRÞϕðxÞ ¼ 0; ð2:2Þ
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with □ denoting the covariant d’Alembertian operator and
R is the scalar curvature. In (2.2) we have introduced an
arbitrary curvature coupling ξ. The minimal coupling
corresponds to ξ ¼ 0 and for the conformal one
ξ ¼ ξc ¼ ðD − 2Þ=½4ðD − 1Þ�. We shall assume that the
field obeys Robin boundary conditions

ð1þ βjn
μ
j∂μÞϕðxÞ ¼ 0; z ¼ aj; ð2:3Þ

on the hypersurfaces orthogonal to the string and located at
z ¼ a1 ¼ 0 and z ¼ a2 ¼ a. In (2.3), βj, j ¼ 1, 2, are
constants and nμj is the inward pointing normal to the
boundary at z ¼ aj. In the region between the plates,
a1 ≤ z ≤ a2, one has nμj ¼ ð−1Þj−1δμ3.
The Green function associated with a massive scalar field

in a curved spacetime obeys the second order differential
equation

ð□ −m2 − ξRÞGðx; x0Þ ¼ −δDðx; x0Þ ¼ −
δDðx − x0Þffiffiffiffiffiffi−gp ;

ð2:4Þ

where δDðx; x0Þ represents the bidensity Dirac distribution.
This function can be obtained within the framework of the
Schwinger-DeWitt formalism as follows:

Gðx; x0Þ ¼
Z

∞

0

dsKðx; x0; sÞ; ð2:5Þ

where the heat kernel, Kðx; x0; sÞ, is expressed in terms of a
complete set of normalized eigenfunctions of the operator
defined in (2.2),

Kðx; x0; sÞ ¼
X
σ

ΦσðxÞΦ�
σðx0Þe−sσ2 ; ð2:6Þ

with σ2 being the corresponding positively defined
eigenvalue.
Writing

ð□ −m2 − ξRÞΦσðxÞ ¼ −σ2ΦσðxÞ; ð2:7Þ

in the spacetime defined by the line element (2.1), a
complete set of normalized solutions in the region a1 ≤
z ≤ a2 is given by

ΦσðxÞ ¼ Cσeiðnqφþk·x−ωtÞJqjnjðλrÞWðzÞ; ð2:8Þ

being JνðxÞ the Bessel function, x ¼ ðx4;…; xD−1Þ, and

WðzÞ ¼ cos ½kzðz − ajÞ þ γjðkzÞ�: ð2:9Þ

For the quantum numbers in (2.8) one has n ¼
0;�1;�2;…, k ¼ ðk4;…; kD−1Þ, −∞ < ω; ki < þ∞,

and λ ≥ 0. From the boundary condition (2.3) on the plate
at z ¼ aj, for the function γjðkzÞ one obtains

e2iγjðkzÞ ¼ ð−1Þjikzβj þ 1

ð−1Þjikzβj − 1
: ð2:10Þ

From the boundary condition on the second plate it follows
that the eigenvalues for kz are solutions of the equation,

ð1 − b1b2y2Þ sin y − ðb2 þ b1Þy cos y ¼ 0; ð2:11Þ

where

y ¼ kza; bj ¼ βj=a: ð2:12Þ

This equation coincides with the corresponding eigenvalue
equation for two parallel plates in Minkowski bulk [22] (for
the scalar Casimir densities for parallel plates with Robin
boundary conditions on anti–de Sitter, de Sitter and
Friedmann-Robertson-Walker backgrounds see [23]). The
Eq. (2.11) has an infinite number of positive roots which will
be denoted by y ¼ yp, p ¼ 1; 2;…, and for the correspond-
ing eigenvalues of kz one has kz ¼ yp=a. As a result, the
complete set of quantum numbers is specified by
ðω; λ; n; p;kÞ, and the corresponding positively defined
eigenvalue is given by

σ2 ¼ ω2 þ λ2 þ y2p=a2 þ k2 þm2: ð2:13Þ

Note that, in addition to the real roots, depending on the
values of b1 and b2, the Eq. (2.11) may have one or two
purely imaginary roots (see [22]). Here, for simplicity of the
further discussion we will assume the values of the coef-
ficients for which all the roots are real.
The coefficient Cσ in (2.8) is found by the normalization

condition

X
σ

ΦσðxÞΦ�
σðx0Þ ¼ δDðx; x0Þ: ð2:14Þ

This gives

jCσj2 ¼
2ð2πÞ2−Dqλ=a

1þ cos½yþ 2γ̃jðyÞ� sinðyÞ=y
; ð2:15Þ

with y ¼ yp and the function γ̃jðyÞ is defined by the
relation

e2iγ̃jðyÞ ¼ iybj − 1

iybj þ 1
; j ¼ 1; 2: ð2:16Þ

The next step is the evaluation of the heat kernel by using
(2.6). On the base of (2.8) we have
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Kðx; x0; sÞ ¼ 2q
ð2πÞD−2a

Z
∞

−∞
dω

Z
dk

×
Z

∞

0

dλλ
X∞
n¼−∞

X∞
p¼1

eiðqnΔφþk·Δx−ωΔtÞ

×
JqjnjðλrÞJqjnjðλr0ÞWðzÞWðz0Þ

1þ cos½yp þ 2γ̃jðypÞ� sinðypÞ=yp
× e−sðω2þλ2þy2p=a2þk2þm2Þ; ð2:17Þ

where Δφ ¼ φ − φ0, Δt ¼ t − t0, Δx ¼ x − x0. After per-
forming the integrals by using the results from [24,25], we
obtain

Kðx; x0; sÞ ¼ 2qe−
Δρ2
4s −sm

2

ð4πsÞðD−1Þ=2a

Xþ∞

n¼−∞
eiqnΔφIqjnj

�
rr0

2s

�

×
X∞
p¼1

WðzÞWðz0Þe−sy2p=a2
1þ cos½yp þ 2γ̃jðypÞ� sinðypÞ=yp

;

ð2:18Þ

where IνðxÞ is the modified Bessel function [26], and

Δρ2 ¼ r2 þ r02 þ ðΔxÞ2 − ðΔtÞ2: ð2:19Þ

Note that we can write

WðzÞWðz0Þ ¼ 1

2
gjðz; z0; kzÞ; ð2:20Þ

where

gjðz; z0; kzÞ ¼ cos ðkzΔzÞ þ
1

2

X
ϵ¼�1

eϵikzjzþz0−2ajj ikzβj − ϵ

ikzβj þ ϵ
:

ð2:21Þ

From here it follows that gjðz; z0;−kzÞ ¼ gjðz; z0; kzÞ.
The summation over the quantum number n has been

developed in [27]. The result is reproduced below,

X∞
n¼−∞

eiqnΔφIqjnjðvÞ

¼ 1

q

X
k

ev cosð2kπ=q−ΔφÞ

−
1

2π

X
l¼�1

Z
∞

0

dy
sinðqπ þ lqΔφÞe−v cosh y

coshðqyÞ − cosðqπ þ lqΔφÞ ;

ð2:22Þ

where the summation in the first term on the right-hand side
goes under the condition

−q=2þ qΔφ=ð2πÞ ≤ k ≤ q=2þ qΔφ=ð2πÞ: ð2:23Þ

If � q=2þ qΔφ=ð2πÞ is an integer, then the corresponding
term in the first sum on the right-hand side of (2.22) should
be taken with the coefficient 1=2. For integer values of q,
formula (2.22) reduces to the well-known result [25,28]

X∞
n¼−∞

eiqnΔφIqnðvÞ ¼
1

q

Xq−1
k¼0

ev cosð2kπ=q−ΔφÞ: ð2:24Þ

By taking into account (2.22), the heat kernel (2.18) is
presented as

Kðx;x0;sÞ¼ e−
Δρ2
4s −sm

2

ð4πsÞðD−1Þ=2a

×
X∞
p¼1

gjðz;z0;yp=aÞe−sy2p=a2
1þ cos½ypþ2γ̃jðypÞ�sinðypÞ=yp

×

�X
k

evcosð2kπ=q−ΔφÞ

−
q
2π

X
l¼�1

Z
∞

0

dy
sinðqπþ lqΔφÞe−vcoshy

coshðqyÞ− cosðqπþ lqΔφÞ
�
;

ð2:25Þ

with v ¼ rr0=ð2sÞ.

III. GREEN FUNCTION

The Green function is evaluated by using (2.5) and
(2.25). The integral over the variable s is expressed in terms
of the Macdonald function KνðzÞ, and the expression for
the Green function takes the form

Gðx; x0Þ ¼ 2ð2πÞ1−D2
�X

k

Sðwk; x; x0Þ

−
q
2π

Z
∞

0

dy
X
l¼�1

sinðqπ þ lqΔφÞSðwy; x; x0Þ
coshðqyÞ − cosðqπ þ lqΔφÞ

�
;

ð3:1Þ

with the notation

Sðw; x; x0Þ ¼ 1

2a

X∞
p¼1

ðm2 þ k2zÞD−3
2 fD−3

2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2z

p
Þ

1þ cos½yp þ 2γ̃jðypÞ� sinðypÞ=yp
× gjðz; z0; kzÞ; ð3:2Þ

with kz ¼ yp=a. Here we have introduced the function

fνðxÞ ¼
KνðxÞ
xν

; ð3:3Þ
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and the notation

σðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δt2 þ r2 þ r02 þ Δx2 þ 2rr0w

p
: ð3:4Þ

Additionally, in (3.1) we have defined

wk ¼ − cosð2kπ=q − ΔφÞ; wy ¼ cosh y: ð3:5Þ

In (3.2), yp is given implicitly, as solutions of the
transcendental equation (2.11), and that representation is
not convenient for the further evaluation of the VEVs in the
coincidence limit. An alternative representation is obtained
by using a variant of the generalized Abel-Plana formula
[22,29]

X∞
p¼1

πypfðypÞ
yp þ cos½yp þ 2γ̃jðypÞ� sin yp

¼ −
πfð0Þ=2

1 − b2 − b1
þ
Z

∞

0

dufðuÞ

þ i
Z

∞

0

du
fðiuÞ − fð−iuÞ

c1ðuÞc2ðuÞe2u − 1
; ð3:6Þ

where, for the further convenience, the notation

cjðuÞ ¼
bju − 1

bjuþ 1
ð3:7Þ

is introduced.
For the summation of the series in (3.2) we take

fðyÞ ¼ ðm2 þ y2=a2ÞD−3
2 fD−3

2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ y2=a2

q
Þ

× gjðz; z0; y=aÞ: ð3:8Þ

Note that one has fð0Þ ¼ 0. By taking into account that
gjðz; z0;−iu=aÞ ¼ gjðz; z0; iu=aÞ, we see that fðiuÞ −
fð−iuÞ ¼ 0 for u < ma and

fðiuÞ − fð−iuÞ ¼ −πigjðz; z0; iu=aÞðu2=a2 −m2ÞD−3
2

× ZD−3
2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2=a2 −m2

q
Þ; ð3:9Þ

for u > ma. Here

ZνðxÞ ¼
JνðxÞ
xν

; ð3:10Þ

and

gjðz; z0; iu=aÞ ¼ cosh ðuΔz=aÞ

þ 1

2

X
ϵ¼�1

e−ϵujzþz0−2ajj=a ubj þ ϵ

ubj − ϵ
: ð3:11Þ

Note that for the function ZνðxÞ one has the relation

x2Zνþ1ðxÞ ¼ 2νZνðxÞ − Zν−1ðxÞ: ð3:12Þ

Applying (3.6) with the function (3.8) to the series in
(3.2) and by taking into account (2.21), the function
Sðw; x; x0Þ is decomposed as

Sðw; x; x0Þ ¼ S0ðw; x; x0Þ þ Sjðw; x; x0Þ þ Sjj0 ðw; x; x0Þ;
ð3:13Þ

where j0 ¼ 1 for j ¼ 2 and j0 ¼ 2 for j ¼ 1. The separate
terms are given by the expressions

S0ðw; x; x0Þ ¼
1

2π

Z
∞

0

duðm2 þ u2ÞD−3
2 fD−3

2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ u2

p
Þ cos ðuΔzÞ;

Sjðw; x; x0Þ ¼
1

4π

Z
∞

0

duðm2 þ u2ÞD−3
2 fD−3

2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ u2

p
Þ
X
ϵ¼�1

eϵiujzþz0−2ajj iuβj − ϵ

iuβj þ ϵ
;

Sjj0 ðw; x; x0Þ ¼
1

2

Z
∞

m
du

ðu2 −m2ÞD−3
2 gjðz; z0; iuÞ

c1ðauÞc2ðauÞe2au − 1
ZD−3

2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þ: ð3:14Þ

The first two terms in the right-hand side of (3.13) come from the first integral in (3.6). The integral in the expression
S0ðw; x; x0Þ is further evaluated with the result

S0ðw; x; x0Þ ¼
mD−2

2
ffiffiffiffiffiffi
2π

p fD=2−1ðm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ðwÞ þ ðΔzÞ2

q
Þ: ð3:15Þ

In the part Sjðw; x; x0Þ we rotate the integration contour in the complex plane u by the angle π=2 for the term ϵ ¼ 1 and by
the angle −π=2 for ϵ ¼ −1. This gives
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Sjðw; x; x0Þ ¼
1

4

Z
∞

m
duðu2 −m2ÞD−3

2 ZD−3
2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þe−ujzþz0−2ajj uβj þ 1

uβj − 1
: ð3:16Þ

With the decomposition (3.13), the Green function (3.1) is presented as

Gðx; x0Þ ¼ G0ðx; x0Þ þ Gjðx; x0Þ þGjj0 ðx; x0Þ; ð3:17Þ
where

Gαðx; x0Þ ¼ 2ð2πÞ1−D2
�X

k

Sαðwk; x; x0Þ −
q
2π

X
l¼�1

Z
∞

0

dy
sinðqπ þ lqΔφÞSαðwy; x; x0Þ
coshðqyÞ − cosðqπ þ lqΔφÞ

�
; ð3:18Þ

with α ¼ 0; j; jj0. Here,G0ðx; x0Þ is the Green function in the geometry without boundaries, the termGjðx; x0Þ is induced by
the boundary at z ¼ aj when the second boundary is absent, and the term Gjj0 ðx; x0Þ is induced if we add the second
boundary at z ¼ aj0 . The boundary-induced contribution,

Sbðw; x; x0Þ ¼ Sjðw; x; x0Þ þ Sjj0 ðw; x; x0Þ; ð3:19Þ
can be combined in a single expression

Sbðw; x; x0Þ ¼
1

4

Z
∞

m
du

ðu2 −m2ÞðD−3Þ=2

c1ðauÞc2ðauÞe2au − 1
ZD−3

2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þ
�
2 cosh ðuΔzÞ þ

X
j¼1;2

eujzþz0−2ajjcjðauÞ
�
: ð3:20Þ

Now, for the Green function we get the decomposition

Gðx; x0Þ ¼ G0ðx; x0Þ þ Gbðx; x0Þ; ð3:21Þ

with the boundary-induced contribution

Gbðx; x0Þ ¼ 2ð2πÞ1−D2
�X

k

Sbðwk; x; x0Þ −
q
2π

X
j¼�1

Z
∞

0

dy
sinðqπ þ jqΔφÞSbðwy; x; x0Þ
coshðqyÞ − cosðqπ þ jqΔφÞ

�
: ð3:22Þ

Note that

σ2ðw0Þ þ ðΔzÞ2 ¼ r2 þ r02 þ Δx2 þ 2rr0 cosΔφþ ðΔzÞ2 − Δt2;

and the k ¼ 0 term in the expression (3.18) for G0ðx; x0Þ is the Green function in the boundary-free Minkowski spacetime.
Hence, we have obtained a representation for the Green function in which the Minkowskian part is explicitly exhibited. This
is important from the point of view of the renormalization in the VEVs of the field squared and the energy-momentum
tensor. For points away from the cosmic string and boundaries, the local geometry is the same as in the Minkowski
spacetime and, hence, the divergencies are the same as well. The renormalization in the VEVs in the coincidence limit is
reduced to the subtraction of the Minkowskian part.
In the regions z < a1 and z > a2 the Green function is presented as

Gðx; x0Þ ¼ G0ðx; x0Þ þ Gjðx; x0Þ; ð3:23Þ
where j ¼ 1 (j ¼ 2) for the region z < a1 (z > a2). For special cases of Dirichlet and Neumann boundary conditions, the
integral in the expression for (3.16) for Sjðw; x; x0Þ is expressed in terms of the Macdonald function [24], and we get

Sjðw; x; x0Þ ¼∓ mD−2

2
ffiffiffiffiffiffi
2π

p fD
2
−1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ðwÞ þ ðzþ z0 − 2ajÞ2

q �
; ð3:24Þ

where and in what follows the upper and lower signs correspond to Dirichlet and Neumann conditions, respectively. In the
case of Dirichlet boundary condition, the expression (3.23), with (3.18) and (3.24) coincides with the result of Ref. [17].
For Dirichlet and Neumann boundary conditions and in the region between the plates, an alternative representation of the

function Sbðw; x; x0Þ is obtained from (3.20) by using the expansion
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1

e2au − 1
¼

X∞
n¼1

e−2nau: ð3:25Þ

The integrals are evaluated by using the formula [25]

Z
∞

0

dyy2νþ1ZνðcyÞ
e−b

ffiffiffiffiffiffiffiffiffiffi
y2þm2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þm2

p ¼
ffiffiffi
2

π

r
m2νþ1fνþ1=2ðm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ c2

p
Þ: ð3:26Þ

This leads to the result

Sbðw; x; x0Þ ¼
mD−2

2
ffiffiffiffiffiffi
2π

p
X∞
n¼1

X
j¼1;2

�
fD

2
−1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ðwÞ þ ð2na − ð−1ÞjΔzÞ2

q �
∓ fD

2
−1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ðwÞ þ ð2na − jzþ z0 − 2ajjÞ2

q ��
:

ð3:27Þ
A similar representation can be obtained for the function Sjj0 ðw; x; x0Þ. Combining (3.27) with (3.15), the function
Sðw; x; x0Þ in the expression for the Green function is presented in the form

Sðw; x; x0Þ ¼ mD−2

2
ffiffiffiffiffiffi
2π

p
X∞
n¼−∞

h
fD

2
−1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ðwÞ þ ð2na − ΔzÞ2

q �
∓ fD

2
−1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ðwÞ þ ð2naþ zþ z0 − 2a1Þ2

q �i
: ð3:28Þ

With this formula, the Green functionGðx; x0Þ in the region
between the plates is presented as an image sum of the
Green functions in the boundary-free geometry.
In the Appendix we evaluate a more general two-point

function, namely, the off diagonal zeta function. The latter
is reduced to the Green function for special value of the
argument s ¼ 1. The local zeta function is obtained from
the off diagonal zeta function in the coincidence limit of the
arguments corresponding to separated spacetime points.

IV. VEVs IN THE PRESENCE OF A SINGLE PLATE

This and the following sections will be devoted to the
vacuum polarizations effects induced by the boundaries.
Two main calculations will be performed. The evaluation of
the VEVof the field squared, in the first place, followed by
the evaluation of the VEVof the energy-momentum tensor.

Here we will consider the VEVs in the presence of a single
plate at z ¼ aj. The corresponding Green function is
presented as (3.23). For points away from the boundary,
the divergences in the coincidence limit x0 → x are contained
in the k ¼ 0 term of the expression (3.18) for G0ðx; x0Þ. The
latter corresponds to the Green function in the boundary-free
Minkowski spacetime. The renormalization is reduced to the
subtraction of the Minkowskian part.

A. Field squared

Taking the coincidence limit in (3.23) and omitting the
Minkowskian contribution, the VEVof the field squared is
split as

hϕ2i ¼ hϕ2ics þ hϕ2ij; ð4:1Þ
where

hϕ2ics ¼
2mD−2

ð2πÞD2
�X0
½q=2�

k¼1

fD
2
−1ð2mrskÞ −

q sinðqπÞ
π

Z
∞

0

dy
fD

2
−1ð2mr cosh yÞ

coshð2qyÞ − cosðqπÞ
�
; ð4:2Þ

with sk ¼ sinðkπ=qÞ is the renormalized VEV in the boundary-free geometry. The prime on the summation sign in (4.2)
means that for even values of q the term with k ¼ ½q=2� should be taken with the coefficient 1=2. The part

hϕ2ij ¼ ð2πÞ1−D2
�X0
½q=2�

k¼0

Ujðsk; r; zÞ −
q sinðqπÞ

π

Z
∞

0

dy
Ujðcosh y; r; zÞ

coshð2qyÞ − cosðqπÞ
�

ð4:3Þ

is the boundary-induced contribution. In (4.3), the prime on the sign of the summation means that the terms k ¼ 0 and
k ¼ ½q=2� (for even values of q) should be taken with the coefficient 1=2, and we have defined the function

Ujðs; r; zÞ ¼
Z

∞

m
duðu2 −m2ÞD−3

2 ZD−3
2
ð2rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þe−2ujz−ajj uβj þ 1

uβj − 1
: ð4:4Þ
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The k ¼ 0 term in (4.3) coincides with the corresponding
VEV for a plate in the Minkowski bulk [22,29],

hϕ2iðMÞ
j ¼ ð4πÞ1−D2

ΓðD−1
2
Þ
Z

∞

m
duðu2 −m2ÞD−3

2 e−2ujz−ajj
uβj þ 1

uβj − 1
:

ð4:5Þ

For special cases of Dirichlet and Neuamnn boundary
conditions, by using the integral (3.26) we get

Ujðs; r; zÞ ¼∓
ffiffiffi
2

π

r
mD−2fD

2
−1ðχÞ; ð4:6Þ

where

χ ¼ 2m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz − ajÞ2 þ r2s2

q
; ð4:7Þ

and the upper/lower sign corresponds to Dirichlet/
Neaumann boundary condition. The VEV (4.3) with
(4.6) coincides with that considered in [17]. The same
expression is obtained by taking the coincidence limit of
Gjðx; x0Þ with (3.18) and (3.24).
Let us consider the asymptotic behavior of the VEV of

the field squared in limiting regions of the parameters. Near
the cosmic string, r ≪ m−1; jz − ajj, from (4.2) for the
boundary-free contribution to the leading order we get

hϕ2ics ≈
ΓðD=2 − 1ÞgD−2ðqÞ

2D−1π
D
2rD−2

; ð4:8Þ

with the notation

gnðqÞ¼
X0
½q=2�

k¼1

s−nk −
qsinðqπÞ

π

Z
∞

0

dy
cosh−ny

coshð2qyÞ− cosðqπÞ :

ð4:9Þ

For a massless field the result (4.8) is exact. For the
boundary-induced part in the limit r → 0 we find

hϕ2ijjr¼0 ¼ hϕ2iðMÞ
j ½1þ 2g0ðqÞ�: ð4:10Þ

Taking in (2.22) Δφ ¼ 0 and v ¼ 0, we can see that

g0ðqÞ ¼ ðq − 1Þ=2; ð4:11Þ

and, hence,

hϕ2ijjr¼0 ¼ qhϕ2iðMÞ
j : ð4:12Þ

At large distances from the string, r ≫ jz − ajj, the
topological part in the boundary-induced contribution,

hϕ2ij − hϕ2iðMÞ
j , is suppressed by the factor e−2mr sinðπ=qÞ.

The boundary-induced VEV (4.3) diverges on the
boundary. This divergence comes from the Minkowskian
part and to the leading order

hϕ2ij ≈ hϕ2iðMÞ
j ≈

ð1 − 2δ0βjÞΓðD=2 − 1Þ
ð4πÞD2 jz − ajjD−2

;

for jz − ajj ≪ r;m−1. For r ≠ 0, the topological part

hϕ2it ¼ hϕ2i − hϕ2iðMÞ
j is finite on the boundary, z ¼ aj.

For Dirichlet and Neuamnn boundary conditions this is
obvious from (4.6).

B. Energy-momentum tensor

Similar to the field squared, the VEV of the energy-
momentum tensor is presented as

hTμνi ¼ hTμνics þ hTμνij; ð4:13Þ

where hTμνics corresponds to the geometry of the cosmic
string without boundaries and hTμνij is induced by the
boundary. Having the Green function and the VEV of the
field squared, the VEV of the energy-momentum tensor is
evaluated by using the formula

hTμνi ¼ lim
x0→x

∂μ0∂νGðx; x0Þ
þ ½ðξ − 1=4Þgμν□ − ξ∇μ∇ν − ξRμν�hϕ2i; ð4:14Þ

where for the spacetime under consideration the Ricci
tensor, Rμν, vanishes.
First let us consider the boundary-free part. By taking

into account (3.18) with α ¼ 0 and (4.2), we can see that
the VEV hTμνics is diagonal with the components (no
summation over μ)

hTμ
μics ¼

2mD

ð2πÞD2
�X½q=2�
k¼1

FðμÞðsk; 2mrskÞ −
q sinðqπÞ

π

×
Z

∞

0

dy
FðμÞðcosh y; 2mr cosh yÞ
coshð2qyÞ − cosðqπÞ

�
; ð4:15Þ

where

FðlÞðs;yÞ¼ ð4ξ−1Þs2y2fD
2
þ1ðyÞþ ½1−2ð4ξ−1Þs2�fD

2
ðyÞ;

Fð1Þðs;yÞ¼ ð1−4ξs2ÞfD
2
ðyÞ;

Fð2Þðs;yÞ¼ ð1−4ξs2Þ½fD
2
ðyÞ−y2fD

2
þ1ðyÞ�; ð4:16Þ

with l ¼ 0; 3;…; D − 1. For integer values of q, (4.15) is
reduced to the result given in [10]. In the case of a massless
field, by taking into account that fνðxÞ ≈ 2ν−1ΓðνÞx−2ν for
small x, one gets (no summation over μ)
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hTμ
μics ¼

ΓðD=2Þ
ð4πÞD2rD ½að1Þμ gD−2ðqÞ þ að2Þμ gDðqÞ�; ð4:17Þ

with the coefficients

að1Þl ¼ ðD − 2Þð4ξ − 1Þ;
að2Þl ¼ 1;

að1Þ1 ¼ −4ξ;

að2Þ1 ¼ 1;

að1Þ2 ¼ 4ðD − 1Þξ;
að2Þ2 ¼ 1 −D; ð4:18Þ

where l ¼ 0; 3;…; D − 1.
Now we turn to the boundary-induced contribution in the

geometry of a single plate at z ¼ aj. By taking into account
the expression (3.18) with α ¼ j for the function Gjðx; x0Þ
and (4.3), it is presented in the form

hTμνij ¼ð2πÞ1−D2
�X0
½q=2�

k¼0

UðjÞ
μν ðsk;r;zÞ

−
qsinðqπÞ

π

Z
∞

0

dy
UðjÞ

μν ðcoshy;r;zÞ
coshð2qyÞ− cosðqπÞ

�
; ð4:19Þ

where the functions UðjÞ
μν ðs; r; zÞ are defined by the relation

UðjÞ
μν ðs; r; zÞ ¼ 4 lim

x0→x
∂μ0∂νSjðw; x; x0Þ

þ ½ðξ − 1=4Þgμν□ − ξ∇μ∇ν�Ujðs; r; zÞ;
ð4:20Þ

with w ¼ 2s2 − 1. By using (3.14) for Sjðw; x; x0Þ and (4.4)
we find the representation

UðjÞ
μν ðs; r; zÞ ¼

Z
∞

m
duðu2 −m2ÞD−1

2

uβj þ 1

uβj − 1

× e−2ujz−ajjVμνðu; s; rÞ; ð4:21Þ
where

e−2ujz−ajjVμνðu;s;rÞ

¼ lim
x0→x

∂μ0∂νZD−3
2
ðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2−m2

p
Þe

−ujzþz0−2ajj

u2−m2

þ½ðξ−1=4Þgμν□−ξ∇μ∇ν�ZD−3
2
ðγÞe

−2ujz−ajj

u2−m2
; ð4:22Þ

and

γ ¼ 2rs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
: ð4:23Þ

The k ¼ 0 term in (4.19) gives the corresponding VEV
induced by a plate in Minkowski bulk.
After long but straightforward calculations, for the

diagonal components hTμ
μij with μ ≠ 2 one finds (no

summation over l)

Vl
lðu;s;rÞ¼ ½1þð4ξ−1ÞðD−3Þs2�ZD−1

2
ðγÞ

þð4ξ−1Þ
�

u2

u2−m2
−s2

�
ZD−3

2
ðγÞ;

V1
1ðu;s;rÞ¼

ð4ξ−1Þu2
u2−m2

ZD−3
2
ðγÞþð1−4ξs2ÞZD−1

2
ðγÞ;

V3
3ðu;s;rÞ¼ ð4ξ−1Þs2½ðD−3ÞZD−1

2
ðγÞ−ZD−3

2
ðγÞ�; ð4:24Þ

where l ¼ 0; 4;…; D − 1. The only nonzero off diagonal
component is given by the expression

V1
3ðu;s;rÞ¼ 2ð1−4ξÞsgnðz−ajÞrus2ZðD−1Þ=2ðγÞ; ð4:25Þ

where sgnðxÞ ¼ �x=jxj. As expected, the diagonal com-
ponents are symmetric with respect to the plate whereas the
off diagonal component changes the sign. Note that for the
off diagonal component the term k ¼ 0 in (4.19) vanishes.
This corresponds to the fact that in the Minkowski bulk the
vacuum energy-momentum tensor is diagonal. All the off
diagonal components of hTμνij, except the components
hT13ij ¼ hT31ij, vanish. This property is a direct conse-
quence of the problem homogeneity with respect to the
coordinates xi with i ≠ 1, 3. Of course, that can also be seen
by a direct evaluation.
The remaining component V2

2ðu; s; rÞ is most easily
found by using the covariant continuity equation
∇νhTν

μij ¼ 0. For the geometry under consideration the
latter is reduced to two equations

∂rðrhT1
1ijÞ þ r∂zhT3

1ij − hT2
2ij ¼ 0;

∂rðrhT1
3ijÞ þ r∂zhT3

3ij ¼ 0; ð4:26Þ

where hT3
1ij ¼ hT1

3ij. By using (4.19) and (4.21), similar
relations are found for the functions Vν

μðu; s; rÞ,

∂r½rV1
1ðu; s; rÞ�

− 2sgnðz − ajÞurV3
1ðu; s; rÞ − V2

2ðu; s; rÞ ¼ 0;

∂r½rV1
3ðu; s; rÞ� þ 2ð−1ÞjurV3

3ðu; s; rÞ ¼ 0: ð4:27Þ

First of all, we can check that the second of the relations is
indeed obeyed by the functions (4.24) and (4.25). For the
evaluation of the component V2

2ðu; s; rÞ we use the first of
the Eq. (4.27),
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V2
2ðu; s; rÞ ¼

ð4ξ − 1Þu2
u2 −m2

ZD−3
2
ðγÞ

þ ð4ξs2 − 1Þ½ðD − 2ÞZD−1
2
ðγÞ − ZD−3

2
ðγÞ�:

ð4:28Þ

For the trace we find the relation

e−2ujz−ajjVμ
μðu; s; rÞ ¼ ½ðD − 1Þðξ − ξcÞ□ −m2�

× e−2ujz−ajjZD−3
2
ðγÞ; ð4:29Þ

where ξc ¼ ðD − 2Þ=½4ðD − 1Þ� is the curvature coupling
parameter for a conformally coupled field. From (4.29) it
follows that for the energy-momentum tensor one has the
standard trace relation

hTμ
μij ¼ ½ðD − 1Þðξ − ξcÞ□ −m2�hϕ2ij: ð4:30Þ

This is an additional check for the evaluation procedure
presented above. For Dirichlet and Neumann boundary
conditions, by using (3.26) and

Z
∞

m
duðu2 −m2Þνþ1ZνðγÞe−2ujz−ajj

¼
ffiffiffi
2

π

r
mD½ðD − 1Þfνþ3=2ðχÞ − 4m2r2s2fνþ5=2ðχÞ�;

ð4:31Þ

with γ and χ defined by (4.23) and (4.7), we can see that
from (4.19) the expressions derived in [17] are obtained.
The result (4.31) is obtained from (3.26) by using the
relations

f0νðxÞ ¼ −xfνþ1ðxÞ; fν−1ðxÞ ¼ x2fνþ1ðxÞ − 2νfνðxÞ:
ð4:32Þ

In particular, for the off diagonal component we get

UðjÞ1
3 ðs; r; zÞ ¼∓ 4

ffiffiffi
2

π

r
ð1 − 4ξÞmDþ2ðz − ajÞrs2fD

2
þ1ðχÞ;
ð4:33Þ

where χ is defined by (4.7). In particular, we see that the off
diagonal component hT1

3i ¼ hT1
3ij vanishes on the plate in

the cases of Dirichlet and Neumann boundary conditions.
Having in mind the application to the evaluation of the

Casimir force (see Sec. VI below), here we provide an

alternative representation for the function UðjÞ1
3 ðs; r; zÞ.

From (4.21), by taking into account (4.25), one gets

UðjÞ1
3 ðs;r;zÞ¼UðNjÞ1

3 ðs;r;zÞþ4ð1−4ξÞsgnðz−ajÞrs2

×
Z

∞

m
duuðu2−m2ÞD−1

2
e−2ujz−ajj

uβj−1
ZD−1

2
ðγÞ;

ð4:34Þ

where UðNjÞ1
3 ðs; r; zÞ is the corresponding function for

Neumann boundary condition and is given by (4.33) with
the lower sign. For the transformation of the remaining part
we use the integral representation

1

1 − uβj
¼

Z
∞

0

dxe−ð1−uβjÞx: ð4:35Þ

Substituting into (4.34) and changing the order of integra-
tions, the integral over u is evaluated in terms of the
Macdonald function, and we find

UðjÞ1
3 ðs; r; zÞ ¼ UðNjÞ1

3 ðs; r; zÞ þ 8

ffiffiffi
2

π

r
mDþ2ð1 − 4ξÞrs2

×
Z

∞

0

dxe−x½z − aj − sgnðz − ajÞβjx=2�

× fD
2
þ1ð2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjz − ajj − βjx=2Þ2 þ r2s2

q
Þ:

ð4:36Þ

In the special cases of Dirichlet and Neumann boundary
conditions this result is reduced to (4.33). The representa-
tion (4.36) explicitly shows that the hT1

3ij is finite on the
plate. Note that for the representation (4.34) we are not
allowed to put directly z ¼ aj in the integrand.
For points near the cosmic string, r ≪ m−1; jz − ajj, the

dominant contribution to the total VEV (4.13) comes from
the boundary-free part, and the leading terms in the
diagonal components coincide with the VEV hTμνics for
a massless field given by (4.17). These terms diverge as
r−D. For z ≠ aj the boundary-induced contribution is finite
on the string. Taking the limit r → 0 in the expressions
above we see that the VEVs are expressed in terms of g0ðqÞ
and g−2ðqÞ. The function g0ðqÞ has been evaluated above,
and the function g−2ðqÞ can be obtained from (2.22) with
Δφ ¼ 0, taking the derivative with respect to v and then the
limit v → 0. In this way, we can see that

g−2ðqÞ ¼ q=4: ð4:37Þ

For the diagonal components of the boundary-induced
energy-momentum tensor on the string one finds (no
summation over μ)
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hTμ
μijjr¼0¼qhTμ

μiðMÞ
j −

ð4πÞ1−D2 qdμ
2ΓðDþ1

2
Þ

×
Z

∞

m
duðu2−m2ÞD−1

2

uβjþ1

uβj−1
e−2ujz−ajj; ð4:38Þ

with the coefficients

dμ ¼ 4ξ − 1; μ ¼ 0; 3;…; D − 1;

dμ ¼ 2ξ; μ ¼ 1; 2: ð4:39Þ

The VEV for a plate in Minkowski spacetime is given by
[22,29]

hTν
μiðMÞ

j ¼ ð4πÞ1−D2 δνμ
2ΓðDþ1

2
Þ
Z

∞

m
duðu2 −m2ÞD−3

2

uβj þ 1

uβj − 1

× e−2ujz−ajj½4ðD − 1Þðξ − ξcÞu2 −m2�; ð4:40Þ

for μ ≠ 3 and hT3
3iðMÞ

j ¼ 0. The leading term in the
asymptotic expansion for the off diagonal component near
the string is given by

hT1
3ij≈ sgnðz−ajÞ

ð4πÞ1−D2 qr
2ΓðDþ1

2
Þ ð1−4ξÞ

×
Z

∞

m
duuðu2−m2ÞD−1

2

uβjþ1

uβj−1
e−2ujz−ajj; ð4:41Þ

and this component vanishes on the string.
The boundary-induced VEV hTμνij diverges on the

boundary. For points outside the string, r ≠ 0, the diver-
gences are the same as those for Minkowski bulk, and the

topological part induced by the string, hTμνi − hTμνiðMÞ
j is

finite on the boundary. Consequently, to the leading order
for μ ≠ 3 and jz − ajj ≪ m−1; r one has (no summation
over μ)

hTμ
μi ≈ hTμ

μiðMÞ
j ≈

2ðD − 1ÞΓðD
2
Þδνμ

ð4πÞD2 jz − ajjD
ðξ − ξcÞð1 − 2δ0βjÞ;

ð4:42Þ

for μ ≠ 3. At large distances from the string, r ≫
jz − ajj; m−1, the topological part in the boundary-induced

contribution hTμνij − hTμνiðMÞ
j is suppressed by the fac-

tor e−2mr sinðπ=qÞ.

V. VEVS IN THEREGION BETWEENTHE PLATES

Now we turn to the case of two plates and will consider
the region between them, a1 ≤ z ≤ a2. The VEVs in the
regions z ≤ a1 and z ≥ a2 are given by the expression from
the previous sections with j ¼ 1 and j ¼ 2 respectively.

A. Field squared

The VEV of the field squared is formally given by
evaluating the Green function at the coincidence limit. In
this analysis the complete Green function is given by the
sum (3.21). Omitting the part corresponding to the boun-
dary-free Minkowski spacetime, we obtain

hϕ2i ¼ hϕ2ics þ hϕ2ib; ð5:1Þ

where the boundary-free contribution is given by (4.2). For
the boundary-induced part one gets the expression

hϕ2ib ¼ ð2πÞ1−D2
�X0
½q=2�

k¼0

Uðsk; r; zÞ −
q sinðqπÞ

π

×
Z

∞

0

dy
Uðcosh y; r; zÞ

coshð2qyÞ − cosðqπÞ
�
; ð5:2Þ

with the function

Uðs; r; zÞ ¼
Z

∞

m
du

ðu2 −m2ÞD−3
2 gðu; zÞ

c1ðauÞc2ðauÞe2au − 1

× ZD−3
2
ð2rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þ: ð5:3Þ

In (5.3) we have defined

gðu; zÞ ¼ 2þ
X
j¼1;2

e2ujz−ajjcjðauÞ: ð5:4Þ

The k ¼ 0 term in (5.2) is the corresponding VEV in the
region between two plates on the Minkowski bulk,

hϕ2iðMÞ
b ¼ Uð0; r; zÞ

2ð2πÞD−1
2

¼ ð4πÞ−D−1
2

ΓðD−1
2
Þ
Z

∞

ma
du

ðu2 −m2ÞD−3
2 gðu; zÞ

c1ðauÞc2ðauÞe2u − 1
: ð5:5Þ

In the special cases of Dirichlet and Neumann boundary
conditions, equivalent expression for (5.3) is obtained from
(3.22) with the function (3.27),

Uðs; r; zÞ ¼
ffiffiffi
2

π

r
mD−2

X∞
n¼1

�
2fD

2
−1ðχnÞ ∓

X
j¼1;2

fD
2
−1ðχjnÞ

�
;

ð5:6Þ

where the upper and lower signs correspond to Dirichlet
and Neumann boundary conditions and

χn ¼ 2m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2a2 þ r2s2

p
;

χjn ¼ 2m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðna − jz − ajjÞ2 þ r2s2

q
: ð5:7Þ
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For a massless field, taking the limitm → 0 in (5.6), one gets

Uðs; r; zÞ ¼ ΓðD
2
− 1Þ

2
D−1
2

ffiffiffi
π

p
X∞
n¼1

�
2

ðn2a2 þ r2s2ÞD2−1

∓ X
j¼1;2

1

½ðna − jz − ajjÞ2 þ r2s2�D2−1
�
: ð5:8Þ

For z ≠ a1; a2, the boundary-induced part hϕ2ib is finite
on the string,

hϕ2ibjr¼0 ¼ qhϕ2iðMÞ
b : ð5:9Þ

Near the string, the boundary-free part behaves as (4.8), and
it dominates in the total VEV. At large distances from the
cosmic string the leading contribution to (5.2) comes from
the term k ¼ 0 that coincides with the corresponding VEV

for Minkowski bulk, hϕ2iðMÞ
b . For a massive field, under the

conditions r ≫ a;m−1, the topological contribution in the

boundary-induced part, hϕ2ib − hϕ2iðMÞ
b , is suppressed by

the factor e−2mr sinðπ=qÞ. Comparing with (4.2), we see that
this contribution is of the same order as the boundary-free
topological part hϕ2ics. For a massless field and for r ≫ a,

the topological contribution hϕ2ib − hϕ2iðMÞ
b in the case of

non-Dirichlet boundary conditions behaves as r3−D=a. By
taking into account that hϕ2ics ∝ 1=rD−2, we conclude that
for a massless field and at large distances the topological
part in the VEV of the field squared is dominated by the
boundary-induced contribution.
An alternative form for the VEV of the field squared is

obtained by using the representation (3.17),

hϕ2i ¼ hϕ2ics þ hϕ2ij þ hϕ2ijj0 ; ð5:10Þ
where the second boundary-induced part is given as

hϕ2ijj0 ¼ ð2πÞ1−D2
�X½q=2�
k¼0

Ujj0 ðsk;r;zÞ

−
qsinðqπÞ

π

Z
∞

0

dy
Ujj0 ðcoshy;r;zÞ

coshð2qyÞ−cosðqπÞ
�
; ð5:11Þ

with the function

Ujj0 ðs; r; zÞ ¼
Z

∞

m
du

ðu2 −m2ÞD−3
2 gjðu; zÞ

c1ðauÞc2ðauÞe2au − 1

× ZD−3
2
ð2rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þ; ð5:12Þ

where

gjðu; zÞ ¼ 2þ e2ujz−ajjcjðauÞ þ
e−2ujz−ajj

cjðauÞ
: ð5:13Þ

Note that the contribution hϕ2ijj0 is finite on the plate at
z ¼ aj. For a Dirichlet boundary condition it vanishes on

that plate. In the special cases of Dirichlet and Neumann
boundary conditions, alternative expressions for
Ujj0 ðs; r; zÞ, similar to (5.6), are obtained by using the
expansion (3.25).

B. Energy-momentum tensor

Following the same line of investigation, in this section
we are interested in the evaluation of the contribution
induced by the boundaries in the VEV of the energy-
momentum tensor. Similar to the case of the field squared,
in the region between the plates the energy-momentum
tensor is presented in the split form,

hTμνi ¼ hTμνics þ hTμνib; ð5:14Þ
where the boundary-free part hTμνics is given by (4.15).
In order to evaluate the boundary-induced contribution
we will use the analog of the formula (4.14) for that
contribution. By using the expression (3.22) for the
boundary-induced part in the Green functions, the VEV
of the energy-momentum tensor is presented as

hTμ
νib ¼ ð2πÞ1−D2

�X0
½q=2�

k¼0

Uμ
νðsk; r; zÞ −

q sinðqπÞ
π

×
Z

∞

0

dy
Uμ

νðcosh y; r; zÞ
coshð2qyÞ − cosðqπÞ

�
: ð5:15Þ

For the diagonal components one has the function (no
summation over μ)

Uμ
μðs; r; zÞ ¼

Z
∞

m
du

ðu2 −m2ÞD−1
2

c1ðauÞc2ðauÞe2au − 1

×

�
2Vμ

0μðu; s; rÞ þ Vμ
μðu; s; rÞ

×
X
j¼1;2

e2ujz−ajjcjðauÞ
�
; ð5:16Þ

where the functions Vμ
μðu; s; rÞ are defined by (4.24), (4.28)

and (no summation over l)

Vl
0lðu; s; rÞ ¼ ½s2ð4ξ − 1ÞðD − 3Þ þ 1�ZD−1

2
ðγÞ

þ s2ð1 − 4ξÞZD−3
2
ðγÞ;

V1
01ðu; s; rÞ ¼ ð1 − 4ξs2ÞZD−1

2
ðγÞ;

V2
02ðu; s; rÞ ¼ ð1 − 4ξs2Þ½ð2 −DÞZD−1

2
ðγÞ þ ZD−3

2
ðγÞ�;

V3
03ðu; s; rÞ ¼ ð4ξ − 1Þs2½ðD − 3ÞZD−1

2
ðγÞ − ZD−3

2
ðγÞ�

− u2
ZD−3

2
ðγÞ

u2 −m2
; ð5:17Þ

where l ¼ 0; 4;…; D − 1 and γ is defined by (4.23).
The azimuthal component of the energy-momentum

tensor is most easily found from the analog of the first
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equation in (4.26). For the only nonzero off diagonal
component one gets

U1
3ðs; r; zÞ ¼ 2ð1 − 4ξÞrs2

Z
∞

m
du

uðu2 −m2ÞD−1
2 ZD−1

2
ðγÞ

c1ðauÞc2ðauÞe2au − 1

×
X
j¼1;2

ð−1Þje2ujz−ajjcjðauÞ: ð5:18Þ

Now we can check that the boundary-induced VEV obeys
the second equation in (4.26) and the trace relation (4.30).
The k ¼ 0 term in (5.15) gives the VEV for parallel plates

in the Minkowski bulk: hTμ
νiðMÞ

b ¼ ð2πÞ1−D2 Uμ
νð0; 0; zÞ=2.

The latter does not depend on the radial coordinate, and the
off diagonal component vanishes.
For Dirichlet and Neumann boundary conditions, alter-

native expressions for the VEVs are obtained by using the
expansion (3.25). The integral over u in (5.16) is expressed
in terms of the Macdonald function. As a result, the
function appearing in the expression (5.15) for the diagonal
components is presented in the form (no summation over μ)

Uμ
μðs; r; zÞ ¼

ffiffiffi
2

π

r
mD

X∞
n¼1

�
2W0μðs; χnÞ ∓

X
j¼�1

Wμðs; χjnÞ
�
;

ð5:19Þ

where the upper and lower signs correspond to Dirichlet
and Neumann boundary conditions, respectively, and χn,
χjn are given by (5.7). The functions in (5.19) are defined
by the relations

W0lðs; xÞ ¼ ½2ð1 − 4ξÞs2 þ 1�fD
2
ðxÞ

− s2ð1 − 4ξÞð2mrsÞ2fD
2
þ1ðxÞ;

W01ðs; xÞ ¼ ð1 − 4ξs2ÞfD
2
ðxÞ;

W02ðs; xÞ ¼ ð1 − 4ξs2Þ½fD
2
ðxÞ − ð2mrsÞ2fD

2
þ1ðxÞ�;

W03ðs; xÞ ¼ W0
00ðs; xÞ þ ½ð2mrsÞ2 − x2�fD

2
þ1ðxÞ; ð5:20Þ

and

Wlðs; xÞ ¼ ½ð1 − 4ξÞð2s2 þ 1Þ þ 1�fD
2
ðxÞ

þ ð4ξ − 1Þ½x2 þ ðs2 − 1Þð2mrsÞ2�fD
2
þ1ðxÞ;

W1ðs; xÞ ¼ ½2 − 4ξðs2 þ 1Þ�fD
2
ðxÞ

þ ð4ξ − 1Þ½x2 − ð2mrsÞ2�fD
2
þ1ðxÞ;

W2ðs; xÞ ¼ W1
1ðs; xÞ þ ð4ξs2 − 1Þð2mrsÞ2fD

2
þ1ðxÞ;

W3ðs; xÞ ¼ ð1 − 4ξÞs2½2fD
2
ðxÞ − ð2mrsÞ2fD

2
þ1ðxÞ�; ð5:21Þ

with l ¼ 0; 4;…; D − 1. For the off diagonal component
one gets

U1
3ðs;r;zÞ¼∓ 4

ffiffiffi
2

π

r
mDþ2ð1−4ξÞrs2

×
X∞
n¼1

X
j¼1;2

ð−1Þjðna− jz−ajjÞfD
2
þ1ðχjnÞ:

ð5:22Þ

Note that the off diagonal components vanishes on the
plates for Dirichlet and Neumann boundary conditions.
For a massless field and for Dirichlet and Neumann

boundary conditions, the expressions for the VEVs are
obtained from (5.19)–(5.22) bymaking use of the asymptotic
expression fνðxÞ ≈ 2ν−1ΓðνÞx−2ν for x ≪ 1. The diagonal
components are presented as (no summation over μ)

Uμ
μðs; r; zÞ ¼ ΓðD=2Þa−D

2ðDþ1Þ=2 ffiffiffi
π

p
X∞
n¼1

�
2Wð0Þ

0μ ðs; na=ðrsÞÞ
½n2 þ ðsr=aÞ2�D=2

∓ X
j¼�1

Wð0Þ
μ ðs; ðna − jz − ajjÞ=ðrsÞÞ

½ðn − jz − ajj=aÞ2 þ ðsr=aÞ2�D=2

�
;

ð5:23Þ

with the functions

Wð0Þ
0l ðs; xÞ ¼ 1þ ð1 − 4ξÞs2

�
2 −

D
1þ x2

�
;

Wð0Þ
01 ðs; xÞ ¼ 1 − 4ξs2;

Wð0Þ
02 ðs; xÞ ¼ ð1 − 4ξs2Þ

�
1 −

D
1þ x2

�
;

Wð0Þ
03 ðs; xÞ ¼ Wð0Þ

00 ðs; xÞ −
Dx2

1þ x2
; ð5:24Þ

with l ¼ 0; 4;…; D − 1, and

Wð0Þ
l ðs; xÞ ¼ 1þ ð4ξ − 1Þ

�
D − 1 − 2s2 þD

s2 − 1

1þ x2

�
;

Wð0Þ
1 ðs; xÞ ¼ 2 − 4ξðs2 þ 1Þ þDx2

4ξ − 1

1þ x2
;

Wð0Þ
2 ðs; xÞ ¼ Wð0Þ

1 ðs; xÞ þD
4ξs2 − 1

1þ x2
;

Wð0Þ
3 ðs; xÞ ¼ ð1 − 4ξÞs2

�
2 −

D
1þ x2

�
: ð5:25Þ

For the off diagonal component one gets
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U1
3ðs;r;zÞ¼∓Dð1−4ξÞrs2

2
Dþ1
2

ffiffiffi
π

p
aDþ1

Γ
�
D
2

�

×
X∞
n¼1

X
j¼1;2

ð−1Þjðn− jz−ajj=aÞ
½ðn− jz−ajj=aÞ2þðsr=aÞ2�D=2þ1

:

ð5:26Þ

An alternative representation for general Robin boundary
conditions is obtained by using the decomposition (3.17)
for the Green function,

hTμνi ¼ hTμνics þ hTμνij þ hTμνijj0 ; ð5:27Þ

where the second boundary induced contribution is given
by the expression

hTμ
νijj0 ¼ ð2πÞ1−D2

�X0
½q=2�

k¼0

Uðjj0Þμ
ν ðsk;r;zÞ

−
qsinðqπÞ

π

Z
∞

0

dy
Uðjj0Þμ

ν ðcoshy;r;zÞ
coshð2qyÞ− cosðqπÞ

�
: ð5:28Þ

The diagonal components of the function in (5.28) are
defined as

Uðjj0Þμ
μ ðs; r; zÞ ¼

Z
∞

m
du

ðu2 −m2ÞD−1
2

c1ðauÞc2ðauÞe2au − 1

×

	
2Vμ

0μðu; s; rÞ þ Vμ
μðu; s; rÞ

×

�
e2ujz−ajjcjðauÞ þ

e−2ujz−ajj

cjðauÞ
�


: ð5:29Þ

For the off diagonal component one has

Uðjj0Þ1
3 ðs;r;zÞ¼ 2ð−1Þjð1−4ξÞrs2

×
Z

∞

m
du

uðu2−m2ÞðD−1Þ=2

c1ðauÞc2ðauÞe2au−1

×ZðD−1Þ=2ðγÞ
�
e2ujz−ajjcjðauÞ−

e−2ujz−ajj

cjðauÞ
�
:

ð5:30Þ

The second boundary induced contribution hTμνijj0 is finite
on the plate at z ¼ aj.
For Dirichlet and Neumann boundary conditions, an

equivalent expression for the function Uðjj0Þμ
μ ðs; r; zÞ is

obtained in a way similar to that we have used for
(5.19) (no summation over μ),

Uðjj0Þμ
μ ¼

ffiffiffi
2

π

r
mD

X∞
n¼1

�
2W0μðs; χnÞ ∓

X
l¼�1

Wμðs; χðlÞjn Þ
�
;

ð5:31Þ

with χðlÞjn ¼ 2m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðna − ljz − ajjÞ2 þ r2s2

q
and with the

functions (5.20) and (5.21). For the off diagonal component
one gets

Uðjj0Þ1
3 ðs; r; zÞ ¼∓ 4

ffiffiffi
2

π

r
mDþ2ð−1Þjð1 − 4ξÞrs2

×
X∞
n¼1

X
l¼�1

lðna − ljz − ajjÞfD
2
þ1ðχðlÞjn Þ:

ð5:32Þ

The latter vanishes on the plate z ¼ aj.
For points near the string, r ≪ m−1; jz − ajj, the boun-

dary-free part dominates in (5.14). For a massive field the
leading term in the corresponding asymptotic expansion is
given by (4.17). For points z ≠ aj, the boundary-induced
contribution is finite on the string and is expressed in terms
of g0ðqÞ and g−2ðqÞ. By using (4.11) and (4.37) for the
diagonal components we find (no summation over μ),

hTμ
μibjr¼0 ¼ qhTμ

μiðMÞ
b −

ð4πÞ1−D2 qdμ
2ΓðDþ1

2
Þ

×
Z

∞

m
du

ðu2 −m2ÞD−1
2

c1ðauÞc2ðauÞe2au − 1

×

�
1þ

X
j¼1;2

e2ujz−ajjcjðauÞ
�
; ð5:33Þ

where the coefficients dμ are given by (4.39). The off
diagonal component linearly vanishes on the string,

hT1
3ib ≈

ð4πÞ1−D2 qð1 − 4ξÞr
2ΓðDþ1

2
Þ

Z
∞

m
du

uðu2 −m2ÞD−1
2

c1ðauÞc2ðauÞe2au − 1

×
X
j¼1;2

ð−1Þje2ujz−ajjcjðauÞ; ð5:34Þ

for r → 0.
The leading term in the asymptotic expansion of hTμνi at

large distances from the string is given by the term k ¼ 0 in
(5.15), and it coincides with the corresponding VEV for

Minkowski bulk, hTμ
νiðMÞ

b . Assuming that r ≫ a;m−1, the
topological part for a massive field in the boundary-induced

contribution, hTμ
νib − hTμ

νiðMÞ
b , is suppressed by the factor

e−2mr sinðπ=qÞ. The same is the case for the boundary-free
topological term hTμ

νics. For a massless field in the region

r ≫ a, the contribution hTμ
νib − hTμ

νiðMÞ
b decays like
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r1−D=a. Under the same conditions for the boundary-free
part one has hTμ

νics ∝ 1=rD, and the dominant contribution
comes from the boundary-induced topological part.

VI. THE CASIMIR FORCES

The μth component of the force acting on the surface
element dS of the plate at z ¼ aj is given by
−hTμ

νiz¼ajþ0n
ν
ðþÞjdS in the region z ≥ aj þ 0 and

−hTμ
νiz¼aj−0n

ν
ð−ÞjdS in the region z ≤ aj − 0, where

nνð�Þj ¼ �δν3. For the resulting force we get

dFμ
ðjÞ ¼ hTμ

3ijz¼aj−0
z¼ajþ0dS: ð6:1Þ

Due to the nonzero off diagonal component hT1
3i, in

addition to the normal component dF3
ðjÞ, this force has

nonzero component parallel to the boundary (shear force),
dF1

ðjÞ. First we will consider the normal force.

A. Normal force

For the normal force acting on the plate at z ¼ aj one has

dF3
ðjÞ ¼ hT3

3ijz¼aj−0
z¼ajþ0dS. For hT3

3i we have the decomposi-

tion (5.27) in the region between the plates and (4.13) in the
remaining regions. The parts hT3

3ics and hT3
3ij are the same

on the left- and right-hand sides of the plate, and they do
not contribute to the net force. The nonzero contribution
comes from the term hT3

3ijj0 in the region between the
plates. Hence, for the vacuum effective pressure on the
plate z ¼ aj one gets

Pj ¼ hT3
3ijj0 jz¼aj

¼ ð2πÞ1−D2
�X0
½q=2�

k¼0

Fjðsk; rÞ −
q sinðqπÞ

π

×
Z

∞

0

dy
Fjðcosh y; rÞ

coshð2qyÞ − cosðqπÞ
�
; ð6:2Þ

where

Fjðs; rÞ ¼ −
Z

∞

m
du

ðu2 −m2ÞD−1
2

c1ðauÞc2ðauÞe2au − 1

	
2u2

ZD−3
2
ðγÞ

u2 −m2

þð1 − 4ξÞs2½ðD − 3ÞZD−1
2
ðγÞ − ZD−3

2
ðγÞ�hjðauÞ



;

ð6:3Þ

with γ given by (4.23), and

hjðauÞ ¼ 2þ cjðauÞ þ
1

cjðauÞ
: ð6:4Þ

The pressures (6.2) with j ¼ 1 and j ¼ 2 act on the sides
z ¼ a1 þ 0 and z ¼ a2 − 0 of the plates, respectively. The
corresponding forces are attractive for Pj < 0 and repulsive
for Pj > 0. Note that dF3

ðjÞ ¼ ð−1ÞjPjdS. The k ¼ 0 term

in (6.2) corresponds to the Casimir pressure for plates in the
Minkowski bulk [22,29],

PðMÞ
j ¼ −

2ð4πÞ1−D2
ΓðD−1

2
Þ
Z

∞

m
du

u2ðu2 −m2ÞD−3
2

c1ðauÞc2ðauÞe2au − 1
: ð6:5Þ

For special cases of Dirichlet and Neumann boundary
conditions the Casimir forces coincide on Minkowski bulk,
and they are attractive. In the presence of the cosmic string,
these forces, in general, are different.
Let us consider the behavior of the Casimir forces in the

asymptotic regions of the parameters. For points on the
string, r ¼ 0, by taking into account that Zνð0Þ ¼
2−ν=Γðνþ 1Þ and using (4.11), (4.37), one finds

Pjjr¼0 ¼ qPðMÞ
j −

ð4πÞ1−D2 ð4ξ − 1Þq
2ΓðDþ1

2
ÞaD

×
Z

∞

ma
dx

ðx2 −m2a2ÞD−1
2

c1ðxÞc2ðxÞe2x − 1
hjðxÞ; ð6:6Þ

where PðMÞ
j is given by (6.5). For the Dirichlet boundary

condition the second term in the right-hand side (6.6)

vanishes and Pjjr¼0 ¼ qPðMÞ
j . At large distances from the

string, r ≫ a;m−1, the leading term in the asymptotic
expansion of Pj coincides with the corresponding quantity
for the plates in Minkowski bulk, given by (6.5). The
topological contribution is suppressed by the factor
e−2mr sinðπ=qÞ for a massive field and decays as 1=rD−1

for a massless field.
In the case of the Dirichlet boundary condition, an

alternative expression for the Casimir pressure is obtained
by using the expansion (3.25). With this expansion, the
function Fjðs; rÞ is presented as

FðDÞ
j ðs; rÞ ¼ −

1

2

X∞
n¼1

∂2

∂ðnaÞ2
Z

∞

0

dyyD−2ZD−3
2
ð2rsyÞ

×
e−2na

ffiffiffiffiffiffiffiffiffiffi
y2þm2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þm2

p : ð6:7Þ

The integral is evaluated by using the formula (3.26). In
addition, by making use the relations (4.32), we get the
representation

FðDÞ
j ðs; rÞ ¼ 2

ffiffiffi
2

π

r
mD

X∞
n¼1

½fD
2
ðχnÞ − ð2mnaÞ2fD

2
þ1ðχnÞ�:

ð6:8Þ
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For a massless field this gives

FðDÞ
j ðs; rÞ ¼ ΓðD=2Þ

2
D−1
2

ffiffiffi
π

p
X∞
n¼1

r2s2 − ðD − 1Þn2a2
ðn2a2 þ r2s2ÞD2þ1

: ð6:9Þ

Note that for the Dirichlet boundary condition the Casimir
pressure does not depend on the curvature coupling
parameter.
In a similar way, for a Neumann boundary condition the

function (6.3) is presented as

FðNÞ
j ðs; rÞ ¼ FðDÞ

j ðs; rÞ þ 4ð4ξ − 1Þs2
ffiffiffi
2

π

r
mD

×
X∞
n¼1

½ð2mrsÞ2fD
2
þ1ðχnÞ − 2fD

2
ðχnÞ�: ð6:10Þ

For the Casimir pressure at the location of the string, by
using (4.11) and (4.37), we get

Pjjr¼0 ¼ qPðMÞ
j þ qmD 4ð1 − 4ξÞ

ð2πÞD2
X∞
n¼1

fD
2
ð2mnaÞ;

where

PðMÞ
j ¼ 2mD

ð2πÞD2
X∞
n¼1

½fD
2
ð2mnaÞ − ð2mnaÞ2fD

2
þ1ð2mnaÞ�

ð6:11Þ

is the Casimir pressure in Minkowski spacetime for
Dirichlet and Neuamann boundary conditions. As seen,
unlike the Dirichlet case, the Casimir pressure for the
Neuamnn boundary condition depends on the curvature
coupling parameter ξ.
For a massless scalar field and for the Neumann

boundary condition the expression (6.10) is simplified to

FðNÞ
j ðs; rÞ ¼ FðDÞ

j ðs; rÞ þ 4ΓðD=2Þð4ξ − 1Þ
2

D−1
2

ffiffiffi
π

p s2

×
X∞
n¼1

ðD=2 − 1Þr2s2 − n2a2

ðn2a2 þ r2s2ÞD2þ1
; ð6:12Þ

with FðDÞ
j ðs; rÞ from (6.9). For the Casimir pressure at the

location of the string this gives

Pjjr¼0 ¼ qPðMÞ
j

�
1þ 2

4ξ − 1

D − 1

�
; ð6:13Þ

with the Minkowskian Casimir pressure

PðMÞ
j ¼ −

ðD − 1ÞΓðD=2Þ
ð4πÞD2aD ζðDÞ; ð6:14Þ

where ζðxÞ is the Riemann zeta function. For even values of
D the series in (6.9) and (6.12) are expressed in terms of
elementary functions by using the relation

X∞
n¼1

1

π2n2 þ b2
¼ b coth b − 1

2b2
ð6:15Þ

and its derivatives with respect to b. For example, inD ¼ 4
one gets

FðDÞ
j ðs; rÞ ¼ b3 cosh bsinh−3b − 1

4
ffiffiffiffiffiffi
2π

p
r4s4

;

FðNÞ
j ðs; rÞ ¼ FðDÞ

j ðs; rÞ þ ξ − 1=4ffiffiffiffiffiffi
2π

p
r4s2

�
b2

sinh2b

þ b coth b

�
1þ 2b2

sinh2b

�
− 4

�
; ð6:16Þ

where b ¼ πrs=a. For plates in the Minkowski bulk the
Casimir forces for Dirichlet and Neumann boundary con-
ditions coincide, and for a massless field we have

PðMÞ
j ¼ FðDÞ

j ð0; rÞ
2ð2πÞðD−1Þ=2 ¼ −ðD − 1ÞΓðD=2ÞζðDÞ

ð4πÞD=2aD
: ð6:17Þ

In Fig. 1 we have plotted the ratio of the Casimir pressure
to the corresponding pressure in the Minkowski bulk, PðMÞ

j ,
as a function of the distance from the axis of the cosmic
string. The graphs are plotted for a massless field. The left/
right panel corresponds to the Dirichlet/Neumann boundary
condition, and the numbers near the curves correspond to
the values of the parameter q. In the right panel, the full/
dashed lines correspond to minimally/conformally coupled
scalar fields. For the Dirichlet boundary condition the
Casimir forces in the cases of minimal and conformal
couplings are the same. Note that for the considered

example from (6.17) one has PðMÞ
j ¼ −π2a−4=480.

Recall that, at the location of the string, r ¼ 0, one has

Pj=P
ðMÞ
j ¼ q for the Dirichlet boundary condition and the

relation (6.13) for Neumann boundary condition.
Another special case corresponds to the Dirichlet boun-

dary condition on the plate z ¼ a1 (β1 ¼ 0) and the
Neumann boundary condition on the second plate z ¼
a2 (β2 ¼ ∞). The corresponding expressions for the
function Fjðs; rÞ are obtained from (6.3) taking
cjðauÞ ¼ ð−1Þj, h1ðauÞ ¼ 0 and h2ðauÞ ¼ 4. We can
obtain equivalent representations by using the expansion
for the function ðe2au þ 1Þ−1 which is the analog of (3.25).
The expressions for F1ðs; rÞ are obtained from the formulas

(6.8) and (6.9) for the function FðDÞ
j ðs; rÞ adding the factor

ð−1Þn in the expression under the sign of the summation.
The expressions for F2ðs; rÞ are obtained from (6.10) and
(6.12) in a similar way. For even values of D and for a
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massless field the series over n is summed taking the
derivatives of the relation

X∞
n¼1

ð−1Þn
π2n2 þ b2

¼ b= sinh b − 1

2b2
: ð6:18Þ

In particular, for D ¼ 4 we can show that

FðDNÞ
1 ðs; rÞ ¼ 1

8
ffiffiffiffiffiffi
2π

p
r4s4

�
b3

2þ sinh2b
sinh3b

− 2

�
;

FðDNÞ
2 ðs; rÞ ¼ FðDNÞ

1 ðs; rÞ þ ξ − 1=4ffiffiffiffiffiffi
2π

p
r4s2

�
b

sinh b

�
2b2

sinh2b

þ b cothbþ b2 þ 1

�
− 4

�
; ð6:19Þ

with the same b as in (6.16).

For the model with D ¼ 4, Fig. 2 displays the ratio

Pj=P
ðMÞ
j versus r=a for the Dirichlet boundary condition on

the plate z ¼ a1 and the Neumann boundary condition on
the plate z ¼ a2. The graphs are plotted for a massless field
and for two values of the parameter q (numbers near the
curves). The left and right panels correspond to the plates
z ¼ a1 and z ¼ a2, respectively. For the right panel, the
full/dashed lines correspond to minimally/conformally
coupled scalar fields. For the considered example we have

PðMÞ
j ¼ 7π2a−4=3840, and the corresponding forces are

repulsive.

B. Shear force

As it has been emphasized above, in the problem at hand
in addition to the normal Casimir force one has a nonzero
shear force along the radial direction, dF1

ðjÞ ¼ fðjÞdS,

FIG. 1. The ratio of the Casimir pressure for a massless scalar field to the corresponding quantity in the Minkowski bulk versus the
distance from the string. The left and right panels are for Dirichlet and Neumann boundary conditions respectively. The numbers near the
curves are the values of the parameter q. On the right panel, the full and dashed curves correspond to minimally and conformally coupled
scalars, respectively.

FIG. 2. The ratio of the Casimir pressures for a massless scalar field inD ¼ 4 cosmic string and Minkowski backgrounds in the case of
a Dirichlet boundary condition at z ¼ a1 and a Neumann boundary condition at z ¼ a2. The left (right) panel presents the pressure on
the plate z ¼ a1 (z ¼ a2). On the right panel, the full and dashed curves correspond to minimally and conformally coupled scalars,
respectively. The numbers near the curves are the values of the parameter q.
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where fðjÞ is the shear force per unit surface of the plate at

z ¼ zj. The latter is given by fðjÞ ¼ hT1
3ijz¼aj−0

z¼ajþ0 (note that

the limiting transitions r → 0 and z → aj � 0 are not
commutative).
Let us start with the case of a single plate at z ¼ zj. The

corresponding shear forces acting on the sides z ¼ aj − 0

and z ¼ aj þ 0 coincide and by using (4.19) with the

function UðjÞ1
3 ðs; r; zÞ from (4.34) for r ≠ 0 one gets

fð1Þj ¼ 4βjð1 − 4ξÞ
ð2πÞD=2r

�X0
½q=2�

k¼1

UðjÞðrskÞ

−
q
π

Z
∞

0

dy
sinðqπÞUðjÞðr cosh yÞ
coshð2qyÞ − cosðqπÞ

�
; ð6:20Þ

where

UðjÞðyÞ ¼ 4mDþ2y2
Z

∞

0

dxxe−xfD=2þ1

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2jx

2 þ 4y2
q �

:

ð6:21Þ

The shear force vanishes for Dirichlet and Neumann
boundary conditions. At large distances from the string,
mr ≫ 1, the dominant contribution to (6.20) comes from
the k ¼ 1 term and to the leading order

fð1Þj ≈
2βjð1 − 4ξÞ
ð2πÞðD−1Þ=2r

mDe−2mr sinðπ=qÞ

½2mr sinðπ=qÞ�ðD−1Þ=2 : ð6:22Þ

Note that the dependence of the shear force on the curvature
coupling parameter ξ appears in the form of the coefficient
1 − 4ξ. Near the string, mr ≪ 1, the shear stress (6.20)
behaves as r1−D for r ≪ m−1; jβjj, and as r−D−1 for
jβjj ≪ r ≪ m−1. The divergence on the string of the
self-shear stress is a consequence of the idealized model
of the cosmic string with a zero thickness core. In more

realistic models, the behavior of the shear stress near the
string depends on the core structure.
For a massless field we have

UðjÞðyÞ ¼ 2D=2þ2y2
Z

∞

0

dx
ΓðD=2þ 1Þxe−x
ðβ2jx2 þ 4y2ÞD=2þ1

: ð6:23Þ

In this case the decay of the shear stress at large distances is
as a power law,

fð1Þj ≈
4βjð1 − 4ξÞ
ð4πÞD=2rDþ1

ΓðD=2þ 1ÞgDðqÞ; ð6:24Þ

with the function gDðqÞ defined in (4.9). In Fig. 3 we have

plotted the shear stress fð1Þj for a D ¼ 4 massless field as a
function of the radial coordinate (left panel, arbitrary units)
and of the coefficient in the Robin boundary condition
(right panel, arbitrary units). The left panel is plotted for
βj ¼ −1, and the right panel is plotted for r ¼ 0.5. The
numbers near the curves are the corresponding values of the
parameter q.
In the geometry of two plates the shear force per unit

surface of the plate at z ¼ aj is presented as

fj ¼ fð1Þj þ fjj0 ; ð6:25Þ

where fjj0 ¼ hT1
3ijj0 jz¼aj−0

z¼ajþ0 is the shear stress induced by

the plate at z ¼ zj0 . Note that fjj0 ¼ 0 in the regions z ≤ z1
and z ≥ z2 and the force acts on the sides z ¼ a1 þ 0 and
z ¼ a2 − 0 only. By taking into account (5.28) and (5.30),
for the shear stress induced by the second plate one obtains

FIG. 3. The shear stress on a single plate for a D ¼ 4 massless scalar field as a function of the radial coordinate and of the Robin
coefficient (arbitrary units). The numbers near the curves correspond to the values of q.
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fjj0 ¼
4βjð1 − 4ξÞ
ð2πÞD=2r

�X0
½q=2�

k¼1

Uðjj0ÞðrskÞ

−
q
π

Z
∞

0

dy
sinðqπÞUðjj0Þðr cosh yÞ
coshð2qyÞ − cosðqπÞ

�
; ð6:26Þ

with the function

Uðjj0ÞðyÞ ¼
ffiffiffiffiffiffi
2π

p
y2

Z
∞

m
du

u2ðu2 −m2ÞðD−1Þ=2

c1ðauÞc2ðauÞe2au − 1

×
ZðD−1Þ=2ð2y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þ

1 − β2ju
2

: ð6:27Þ

Note that, unlike the self-shear, the interaction part (6.26) is
finite everywhere, including on the string. Figure 4 presents
the interaction part of the shear stress as a function of the
ratios r=a (left panel) and βj=a (right panel) for a D ¼ 4

massless scalar field and for q ¼ 1.5, 3 (numbers near the
curves) in the model with β1 ¼ β2. The left panel is plotted
for βj=a ¼ −1, and the right panel is plotted for r=a ¼ 0.5.

VII. SUMMARY

We have investigated the effects of a nontrivial topology
due to a straight cosmic string on the local characteristics of
the scalar vacuum and on the Casimir forces in the
geometry of two parallel plates perpendicular to the axis
of the string. On the plates, the Robin boundary conditions
are imposed with coefficients that, in general, can differ for
separate plates. In the problem under consideration all the
properties of the quantum vacuum are encoded in two-point
functions. As the first step for the evaluation of these
functions we have constructed the heat-kernel as a mode-
sum over the complete set of scalar modes. The mode-sum
contains summation over the eigenvalues for the compo-
nent of the momentum perpendicular to the plates. Unlike
the two special cases of Dirichlet and Neumann boundary

conditions, in the region between the plates these eigen-
values are given implicitly, as solutions of the transcen-
dental equation (2.11). For the summation of the
corresponding series, we have employed a variant of the
generalized Abel-Plana formula that allowed us to extract
explicitly the boundary-free contribution in the Green
function [see (3.21)] and to present the boundary-induced
part, given by (3.22), in terms of integrals strongly
convergent for points away from the plates. The boun-
dary-induced contribution to the Green function can be
further decomposed into the single boundary and second
boundary-induced terms [see (3.17)], separately given by
(3.18). For points away from the plates, the local geometry
in the problem at hand is Minkwoskian and, as a conse-
quence, the renormalization of the VEVs in the coincidence
limit is reduced to the subtraction of the corresponding
VEVs in boundary-free Minkowski spacetime. In the
representations of the Green function we have provided,
the Minkowskian part is presented by the k ¼ 0 term in the
formula (3.18) for the boundary-free function G0ðx; x0Þ.
Hence, the renormalized VEVs are obtained omitting this
term and taking the coincidence limit of the arguments.
In our consideration of the VEVs of the field squared and

of the energy-momentum tensor we have started with the
presence of a single plate. The boundary-induced contri-
butions are given by (4.3) and (4.19). The k ¼ 0 terms in
these expressions correspond to the VEVs for a plate in
Minkowski bulk. The remaining parts are contributions
induced by the nontrivial topology of the cosmic string. In
the special cases of Dirichlet and Neumann boundary
conditions the results for the geometry of a single plate
reduce to those previously derived in [17]. For points
outside the plates and close to the string, the VEVs are
dominated by the boundary-free contributions. The latter
diverge on the string as 1=rD−2 for the field squared and
like 1=rD for the diagonal components of the energy-
momentum tensor. The boundary-induced parts in the
VEVs are finite on the string. For the field squared one

FIG. 4. The interaction part of the shear stress in the geometry of two plates for a D ¼ 4 massless scalar field as a function of r=a and
βj=a. The graphs are plotted for β1 ¼ β2.
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has a simple relation (4.12) with the corresponding VEV in
the Minkowski bulk. For the diagonal components of the
energy-momentum tensor in the case of a single plate the
corresponding relation is more complicated and is given by
(4.38). The off diagonal component linearly vanishes on the
string. For points outside from the string the divergences of
the VEVs on the boundary coincide with those for a plate in
the Minkowski bulk and the topological parts are finite on
the boundary.
The VEVs in the region between the plates are decom-

posed into the boundary-free and boundary-induced con-
tributions. The latter is given by (5.2), (5.3) for the VEVof
the field squared and by (5.15), (5.16) for the energy-
momentum tensor. The k ¼ 0 terms in these expressions
are the corresponding VEVs in the region between two
plates on the Minkowski bulk. For points away from the
boundaries, the off diagonal component of the energy-
momentum tensor vanishes on the string. The functions
(5.3) and (5.16) in the expressions for the VEVs are further
simplified to (5.6) and (5.19) in the special cases of the
Dirichlet and Neumann boundary conditions. For the off
diagonal component of the energy-momentum tensor the
corresponding function is presented as (5.22). The off
diagonal component vanishes on the plates for Dirichlet
and Neumann boundary conditions. Alternative decompo-
sitions with the extracted single plate and the second plate-
induced parts in the region between the plates are given by
(5.10) and (5.27).
In Sec. VI we have investigated the Casimir forces acting

on the plates. Due to the nonzero off diagonal component of
the vacuum energy-momentum tensor, in addition to the
normal component, these forces have a nonzero component
parallel to the boundary (shear force). The vacuum effective
pressure on the plates, corresponding to the normal
component of the Casimir force, is given by (6.2) with
the function (6.3). The corresponding forces are attractive
for Pj < 0 and repulsive for Pj > 0. Unlike the problem on
the Minkowski bulk, the forces acting on the separate
plates, in general, do not coincide if the corresponding
Robin coefficients are different. Another difference is that
in the presence of the cosmic string the Casimir forces for
Dirichlet and Neumann boundary conditions differ. In these
special cases the functions in the expression for the
pressures are simplified to (6.7) and (6.10). For a massless
field the corresponding formulas take the form (6.9) and
(6.12). For odd values of the spatial dimension the
corresponding series are expressed in terms of elementary
functions [see (6.16) for D ¼ 4]. For the Dirichlet boun-
dary condition the Casimir pressure does not depend on the
curvature coupling parameter. This is not the case for
Neumann boundary condition. A new qualitative feature
induced by the cosmic string is the appearance of the shear
stress acting on the plates. The corresponding force is
directed along the radial coordinate. The shear force
vanishes for Dirichlet and Neumann boundary conditions.

In the geometry of a single plate, the corresponding stress is
given by (6.20) with the function (6.21). At large distances
from the string the shear force decays as e−2mr sinðπ=qÞ for a
massive field and like 1=rDþ1 for a massless field. In the
geometry of two plates the shear stress is decomposed into
two contributions [see (6.25)]. The first one corresponds to
the self-stress, and the second one is induced by the
presence of the second plate. The latter is given by
(6.26) and (6.27). Depending on the parameters of the
problem, the radial component of the shear force can be
either positive or negative.
The regularization procedure we have used is based on

the point-splitting. An alternative regularization procedure,
widely discussed in the literature, uses the zeta function for
the evaluation of global quantities, like the total vacuum
energy, or the local zeta function for the investigation of the
local VEVs (for example, the energy density and stresses).
In the Appendix on the base of the heat kernel, we have
evaluated the off diagonal and local zeta functions in the
problem under consideration.
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APPENDIX: LOCAL ZETA FUNCTION

By using the heat kernel Kðx; x0; sÞ from (2.25), we can
evaluate a more general object, the off diagonal zeta
function (see, for example, [30])

ζðx; x0; sÞ ¼ μ2s

ΓðsÞ
Z

∞

0

duus−1Kðx; x0; uÞ; ðA1Þ

where μ is a mass parameter introduced by dimensional
reasons. By taking into account the expression (2.25) for
the heat kernel, one gets

ζðx;x0;sÞ¼ ð2πÞ1−D2 μ2s
2s−2ΓðsÞ

�X
k

Sðwk;x;x0;sÞ

−
q
2π

X
l¼�1

Z
∞

0

dy
sinðqπþ lqΔφÞSðwy;x;x0;sÞ
coshðqyÞ− cosðqπþ lqΔφÞ

�
;

ðA2Þ

with the function
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Sðw;x;x0;sÞ¼ 1

2a

X∞
p¼1

ðm2þk2zÞD−1
2
−sfD−1

2
−sðσðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þk2z

p
Þ

1þ cos½ypþ2γ̃jðypÞ�sinðypÞ=yp
×gjðz;z0;kzÞ; ðA3Þ

and kz ¼ yp=a. Note that Gðx; x0Þ ¼ ζðx; x0; 1Þ=μ2.
Further transformation of the function is similar to that

we have used for the function Sðw; x; x0Þ in (3.2). By using
the summation formula (3.6), the following decomposition
is obtained:

Sðw;x;x0;sÞ¼S0ðw;x;x0;sÞþSjðw;x;x0;sÞþSjj0 ðw;x;x0;sÞ;
ðA4Þ

where the expressions for the functions in the right-hand
side are obtained from the corresponding expressions in
(3.14) by the replacement ðD − 3Þ=2 → ðD − 1Þ=2 − s. As
a consequence, the off diagonal zeta function in the region
between the boundaries is presented as

ζðx; x0; sÞ ¼ ζ0ðx; x0; sÞ þ ζbðx; x0; sÞ; ðA5Þ

where ζ0ðx; x0; sÞ is the corresponding function for
the geometry in the absence of boundaries and the con-
tribution ζbðx; x0; sÞ is induced by the boundaries.
The expressions for the functions ζ0ðx; x0; sÞ and
ζbðx; x0; sÞ are obtained from (A2) by the replacements
Sðwk; x; x0; sÞ → S0ðwk; x; x0; sÞ and Sðwk; x; x0; sÞ →
Sbðwk; x; x0; sÞ, respectively, with

Sbðw; x; x0; sÞ ¼ Sjðw; x; x0; sÞ þ Sjj0 ðw; x; x0; sÞ: ðA6Þ

The integral representation for the latter is obtained from
(3.20) by the replacement ðD − 3Þ=2 → ðD − 1Þ=2 − s.
From (A5) for the local zeta function ζðx; sÞ ¼ ζðx; x; sÞ

one gets

ζðx; sÞ ¼ ζ0ðx; sÞ þ ζbðx; sÞ; ðA7Þ

where

ζ0ðx; sÞ ¼ ζMðx; sÞ þ
22−sμ2smD−2s

ð2πÞD=2ΓðsÞ
�X0
½q=2�

k¼1

fD=2−sð2mrskÞ

−
q
π

Z
∞

0

dy
sinðqπÞfD=2−sð2mr cosh yÞ

coshð2qyÞ − cosðqπÞ
�

ðA8Þ

is the local zeta function in the absence of boundaries and
ζMðx; sÞ is the corresponding function in Minkowski

spacetime. The second term in the right-hand side of
(A8) is induced by the nontrivial topology of the cosmic
string. In the region between the boundaries the boundary-
induced contribution in (A7) is given by

ζbðx; sÞ ¼
ð2πÞ1−D2 μ2s
2s−3ΓðsÞ

�X0
½q=2�

k¼0

Sbðsk; x; sÞ

−
q
π

Z
∞

0

dy
sinðqπÞSbðcosh y; x; sÞ
coshð2qyÞ − cosðqπÞ

�
; ðA9Þ

with the function

Sbðy; x; sÞ ¼
1

4

Z
∞

m
du

ðu2 −m2ÞðD−1Þ=2−s

c1ðauÞc2ðauÞe2au − 1

× ZD−1
2
−sð2ry

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −m2

p
Þ

×

�
2þ

X
j¼1;2

e2ujz−ajjcjðauÞ
�
: ðA10Þ

For points away from the boundaries this contribution is
finite at s ¼ 1 and the renormalization of the local VEVs is
reduced to the one in the boundary-free geometry. In
particular, for the VEV of the field squared one gets

hϕ2i ¼ lim
s→1

μ−2½ζðx; sÞ − ζMðx; sÞ�:

With the boundary-free zeta function (A8), this leads to the
result (4.2) for the boundary-free geometry and to the result
(5.2) in the region between two plates. For the evaluation of
the VEVof the energy-momentum tensor, in addition to the
local zeta function ζðx; sÞ, one needs the off diagonal zeta
function ζðx; x0; sÞ. The latter is required for the evaluation
of the first term in the right-hand side of (4.14). It is
presented as lims→1 limx0→x ∂μ0∂νζðx; x0; sÞ.
The renormalization procedure for the boundary-free

cosmic string geometry within the framework of the zeta
function approach and the comparison with the point-
splitting scheme have been discussed in [31]. Note that the
expression for the local zeta function in the boundary-free
cosmic string geometry, ζ0ðx; sÞ, given in the second paper
of Ref. [31], presents this function in the form of the series
over the product mr. The local zeta function in a related
geometry of a wedge with reflecting boundaries is consid-
ered in [32]. Note that, unlike the case of the cosmic string
geometry, the problem with the wedge is not homogeneous
along the azimuthal direction.
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