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In this paper we investigate the innermost stable circular orbit (ISCO) (spin-aligned or anti-aligned orbit)
for a classical spinning test particle with the pole-dipole approximation in the background of Kerr-Newman
black hole in the equatorial plane. It is shown that the orbit of the spinning particle is related to the spin of
the test particle. The motion of the spinning test particle will be superluminal if its spin is too large. We give
an additional condition by considering the superluminal constraint for the ISCO in the black hole
backgrounds. We obtain numerically the relations between the ISCO and the properties of the black holes
and the test particle. It is found that the radius of the ISCO for a spinning test particle is smaller than that of
a nonspinning test particle in the black hole backgrounds.
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I. INTRODUCTION

In the Newtonian gravitational theory we know that a
massive particle can orbit around a central celestial body in
the gravitational field generated by the central celestial
body. Coincidentally, in general relativity a massless or
massive particle can also orbit around a central celestial
body and the properties of the central celestial body will
affect the motion of the particle orbiting it. In Ref. [1]
Kaplan first investigated a nonspinning massive test par-
ticle orbiting a Schwarzschild black hole and found that
there exists a stable circular orbit with a minimal radius 3rh,
where the rh is the radius of the horizon of the Schwarzschild
black hole. This orbit is the innermost stable circular orbit
(ISCO) [2].
It is well known that the gravitational waves have been

detected directly by LIGO and VIRGO [3–7] and the binary
black hole/neutron star systems are the most important
sources of gravitational waves. When the mass ratio of the
binary systems is extreme, a binary system can be approxi-
mated as a test body spiraling into a supermassive black
hole in galaxy, which is one of the most important sources
of gravitational waves and might be detected by the future
space-based detectors: Laser Interferometer Space Antenna
(LISA) [8], Taiji, and Tianqin [9]. Note that the circular

(timelike) orbits locate inner the ISCO are unstable under
perturbations away from circularity, and the ISCO can be
treated as the start of final merger of the binary system.
The ISCO of a black hole can also give the properties
about the spacetime geometry of the black hole back-
ground, since the motion of the test particle depends on
both the spin and charge of the black hole. The ISCOs in
different black hole backgrounds were investigated sys-
tematically in Refs. [10–35].
We know that the motion of a test particle should be

geodesic. When the reaction of the test particle is
considered, the corresponding motion will not be geodesic
any more [28,36,37]. In addition to the geodesic deviation
resulted by the reaction of the test particle, the spin of the
test particle can also lead to the motion of the test particle
is not geodesic due to an additional force (spin-curvature
force) resulted from the spin [38,39]. In this paper we only
consider the spin of the test particle and neglect the
reaction to the background and investigate the ISCO of
the spinning test particle in black hole backgrounds. The
ISCO of a spinning test particle in the Schwarzschild and
Kerr spacetimes was firstly investigated numerically in
Ref. [10]. In Ref. [40], Jefremov, Tsupko, and Bisnovatyi-
Kogan numerically investigated the ISCO of the spinning
test particle in the Schwarzschild and Kerr spacetimes
and gave the approximate analytic solutions of the ISCO
for the particle with a small spin.
The equations of motion for a spinning particle in curved

spacetime were obtained in the “pole-dipole” approxima-
tion in Refs. [41–48]. For the motion of a spinning test
particle in curved spacetime, the corresponding velocity
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vector uμ and the canonical momentum vector Pμ are
not parallel [45,49,50]. The canonical momentum vector
Pμ keeps timelike along the trajectory and satisfies
PμPμ ¼ −m2 (where the parameter m is the mass of the
test particle) while the velocity vector uμ might transform
to be spacelike from timelike [45,49,50] if the spin of
the test particle is too large. Note that the “pole-dipole”
approximation will be a serious problem in highly
nonhomogeneous fields due to the neglect of the multipole
effect. In Refs. [51–54] the authors suggested a way to avoid
the superluminal problem by considering the multipole
effect of the spinning test particle by introducing a non-
minimal interaction of spin with gravity through gravimag-
netic moment. For the description of self-gravitating compact
objects and the gravitational radiation emitted by the compact
objects, the effects of multipole for the spinning test particle
should be considered [55]. The chaos and the gravitational
radiation of the spinning test particle were investigated in
Refs. [56–58].
In this paper we only consider the “pole-dipole” approxi-

mation for simplicity and investigate the ISCO of a
spinning test particle with arbitrary spin s in black hole
background with the superluminal constraint. We numeri-
cally give the ISCO parameters of the spinning test particle
in Kerr-Newman (KN) black hole background with the
Tulczyjew spin-supplementary condition. We find that the
radius of the ISCO for a spinning test particle is smaller
than that of a nonspinning test particle in KN black hole
background, which is consistent with the results obtained
in Refs. [10,40]. We also investigate how the ISCO of a
spinning test particle is affected by the properties of the
black hole and the spin of the test particle with the
additional superluminal constraint.
Our paper is organized as follows. In Sec. II we review

the equations of motion for a spinning test particle in
curved spacetime and obtain the corresponding four-
momentum and four-velocity in KN black hole back-
ground. In Sec. III we give a new condition for solving
the ISCO of the spinning test particle with superluminal
constraint in black hole background, and we also inves-
tigate how the characters of the ISCO for the spinning test
particle are affected by the particle’s spin s and the black
hole charge and spin. Finally, a brief summary and
conclusion are given in Sec. IV.

II. MOTION OF A SPINNING TEST PARTICLE
IN KERR-NEWMAN BLACK HOLE

BACKGROUND

In this section, we review the equations of motion of
a spinning test particle in curved spacetime. The effect of
the spin of a test particle on its motion was first derived
by considering that the test particle’s spin is coupled
with curvature [42,43], and the equations of motion can
be derived with several methods [41,44,45,50,59]. Here,
we use the Lagrangian to derive the equations of motion

for a spinning test particle based on Refs. [45,50]. The
position and orientation of a spinning test particle can
be represented by the coordinate xμ and the orthonormal
tetrad eμðαÞ, respectively. The tetrad eμðαÞ satisfies the

relation gμν ¼ eμðαÞe
ν
ðβÞη

ðαβÞ. We define the four-velocity

of the spinning test particle as follows

uμ ≡ dxμ

dλ
; ð1Þ

where λ is the affine parameter. For the spinning test
particle the corresponding angular velocity tensor σμν is
defined as

σμν ≡ ηðαβÞeμðαÞ
DeνðβÞ
Dλ

¼ −σνμ; ð2Þ

where
DeνðβÞ
Dλ is the covariant derivative of the tetrad and has

the form

DeνðβÞ
Dλ

≡ deνðβÞ
dλ

þ Γν
ρτe

ρ
ðβÞu

τ: ð3Þ

The Lagrangian L that describes the spinning test
particle in curved spacetime can be constructed in terms
of invariant quantities. There are four independent invar-
iants [45,46]:

a1 ¼ uμuμ;

a2 ¼ σμνσμν ¼ −trðσ2Þ;
a3 ¼ uασαβσβγuγ;

a4 ¼ gμνgρτgαβgγδσδμσνρστασβγ: ð4Þ

Then the final equations of motion for the spinning particle
can be derived by using L ¼ Lða1; a2; a3; a4Þ [45] with the
“pole-dipole” approximation as follows

DPμ

Dλ
¼ −

1

2
Rμ
ναβu

νSαβ; ð5Þ

DSμν

Dλ
¼ Sμλσνλ − σμλSνλ ¼ Pμuν − uμPν: ð6Þ

Obviously, the motion of a spinning test particle does
not follow the geodesic due to the spin-curvature force
− 1

2
Rμ
ναβu

νSαβ.
Note that the choice of the spin-supplementary con-

dition is related to the center of mass of the a spinning
test particle with different observers, so the choice of
the spin-supplementary condition is not unique [60].
And the worldlines of the test particles with different spin-
supplementary conditions are not same, for example, the
worldline of the spinning test particle is a circular motion
or helical motion superposed on the averaged circular
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motion with different spin-supplementary conditions [61].
That is to say the different spin-supplementary condition
will give a different radius for the ISCO [62]. In this
paper we only choose the Tulczyjew spin-supplementary
condition

PμSμν ¼ 0; ð7Þ
where Pμ and Sμν are the conjugate momentum vector and
spin tensor, respectively, and they are defined by

Pμ ≡ ∂L
∂uμ ; Sμν ≡ ∂L

∂σμν ¼ −Sνμ: ð8Þ

Here, we should note that for the spinning test particle
the canonical momentum Pμ satisfies PμPμ ¼ −m2, which
means that the canonical momentum Pμ keeps timelike
along the trajectory. However, things will be different for
the velocity vector uμ, which may transform from timelike
to spacelike as it is not parallel to Pμ [45,49,50].
Next we will solve the equations of motion of the

spinning test particle in the KN black hole background.
The KN black hole background can be described by the
Boyer-Lindquist coordinates

ds2 ¼ −
Δ
ρ2

ðdt − a sin2 θdϕÞ2 þ ρ2

Δ
dr2 þ ρ2dθ2

þ sin2θ
ρ2

½ðr2 þ a2Þdϕ − adt�2; ð9Þ

where the metric functions Δ and ρ2 are

Δ ¼ r2 − 2Mrþ a2 þQ2; ρ2 ¼ r2 þ a2cos2θ: ð10Þ
Here Q, M, and a are the charge, mass, and spin of the
black hole, respectively. The KN black hole has outer and
inner horizons r� ¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ða2 þQ2Þ

p
and we have

chosen M ¼ 1 for simplicity. The charge and spin of the
KN black hole should satisfy the constraint

a2 þQ2 ≤ 1; ð11Þ
where “¼” corresponds to the extremal black hole with one
degenerate horizon.
In this paper, we only consider the equatorial motion of

the test particle with θ ¼ π
2
. So the nonvanishing compo-

nents of the conjugate momentum are [46,63]

Pt ¼ m3

ΘΞ
½r2aj̄ð2Mr −Q2Þ − ēr6 þ ð2aē − j̄ÞQ2r2s̄

− r2a2ēð2Mrþ r2 −Q2Þ þ ðj̄ − 3aēÞMr3s̄

þ a2ðaē − j̄ÞðQ2 −MrÞs̄�; ð12Þ

Pϕ ¼ m3

ΘΞ
½aēr2ðQ2 − 2MrÞ þ a2ēðQ2 −MrÞs̄þ r2Q2

þ aj̄ðMr −Q2Þs̄þ r2ðr2 − 2MrÞðē s̄−j̄Þ�; ð13Þ

and

ðPrÞ2 ¼ m6

r2Ξ2
½r6ð2Mr3 − r2ðj̄2 þ a2 − a2ē2 þQ2Þ

þ j2eð2Mr −Q2Þ þ ðē2 − 1Þr4Þ
− 2r4s̄ðaQrj2e − 2ējeQ2r2 þ 3ējeMr3 − ē j̄ r4Þ
−Q2

rΘs̄4 þ r2s̄2a2Qrē2ðQr þ 2r2Þ
þ r2s̄2ðj̄2Q2

r − 2aē j̄ QrðQr þ r2Þ − a2Qr2r2

− r2ðQ2 þ r2 − 2MrÞðē2r2 þ 2QrÞÞ�: ð14Þ

Here the parameters ē≡ e
m, s̄≡ s

m, and j̄≡ j
m ¼ l

m þ s
m are

the energy, spin angular momentum, and total angular
momentum per unit mass of the test particle, respectively.
The parameter l is the orbital angular momentum of the test
particle and Θ, Ξ, and Qr are defined as [63]

Θ≡ a2 þQ2 − 2Mrþ r2; ð15Þ
Ξ≡m2r4 þ ðQ2 −MrÞm2s̄2; ð16Þ
Qr ≡Q2 −Mr; je ≡ j̄ − aē: ð17Þ

The velocity uμ can be solved according to the equations of
motion (5) and (6) [50]

DStr

Dλ
¼ Pt _r − Pr ð18Þ

DStϕ

Dλ
¼ Pt _ϕ − Pϕ: ð19Þ

For simplicity, we only consider the spin-aligned or
antialigned orbits. The nonvanishing components of the
spin tensor Sμν in the KN black hole background are

Srϕ ¼ −Sϕr ¼ −
sPt

mr
;

Srt ¼ −Str ¼ −Srϕ
Pϕ

Pt
¼ s

Pϕ

mr
;

Sϕt ¼ −Stϕ ¼ Srϕ
Pr

Pt
¼ −s

Pr

mr
: ð20Þ

Equations (18) and (19) can be expressed in terms of
Eq. (26) as follows

DStr

Dλ
¼ Pt _r − Pr

¼ 1

2

s
mr

gϕμR
μ
ναβu

νSαβ þ s
Pϕ

mr2
_r ð21Þ

and

DStϕ

Dλ
¼ Pt _ϕ − Pϕ

¼ −
1

2

s
mr

grμR
μ
ναβu

νSαβ − s
Pr

mr2
_r: ð22Þ
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Substituting the nonvanishing components of the Riemman
curvature tensor of the KN black hole background into
Eqs. (21) and (22), the nonzero components of the four-
velocity are [63]

_r ¼ PrΔ½m2r6 þ r2ðq2 − rÞs2�½m2Ptr6Δ

þ ½ð−Pϕ þ aPtÞq2ð4a3 þ 3aq2Þ −msPϕr4Δ

þ að3Pϕ − 4aPtÞr3 þ aðPϕ − aPtÞð3a2 þ 8q2Þr
þ a½−4Pϕð1þ q2Þ þ aPtð4þ 5q2Þ�r2
þ Ptq2r4 − Ptr5�s2�−1 ð23Þ

and

_ϕ ¼ K−1
2

�
a3Pts2ð4q2 − 3rÞ þ ½a2 þ q2 þ rðr − 2Þ�

×

�
K1

K2

þm2Pϕr6 þ Pϕs2ð3r − 4q2Þ
�

þ a2½Pϕs2ð3r − 4q2Þ� þ ½q2 þ rðr − 2Þ�
× ½Pϕs2ð2r − 3q2Þ�

þ aPts2½3q4 þ 4q2ðr − 2Þrþ r2ð4 − 3rÞ�
�
; ð24Þ

where vr ¼ _r, vϕ ¼ _ϕ, and Ki (i ¼ 1; 2) is defined as
follows

K1 ¼ −mPrr4sΔ½Prs2ðq2 − rÞΔþm2Prr6�; ð25Þ

K2 ¼ m2Ptr6Δ −mPϕr4sΔ

þ s2½q2ð4a3 þ 3aq2ÞðaPt − PϕÞ
þ arð3a2 þ 8q2ÞðPϕ − aPtÞ
þ ar2ðaPtð5q2 þ 4Þ − 4Pϕðq2 þ 1ÞÞ
þ ar3ð3Pϕ − 4aPtÞ þ Ptq2r4 − Ptr5�: ð26Þ

The orbital frequency parameter Ω is defined as

Ω ¼ _ϕ: ð27Þ

Obviously, it can be seen from Eq. (23) that the radial
momentum Pr and radial velocity vr are parallel. So we can
use the radial component Pr of the four-momentum to
define the effective potential for the spinning test particle.

III. ISCO OF A SPINNING PARTICLE IN
KERR-NEWMAN BLACK HOLE

BACKGROUND

In this section, we will investigate the ISCO of the
spinning test particle in different black hole backgrounds.
As stated in the previous paper and book [1,64], the motion
of a test particle in a central field can be solved in terms of

the radial coordinate “effective potential” in the Newtonian
dynamics. And the so-called “effective potential”method is
also generalized to general relativity to solve the motion of
a test particle in black hole backgrounds. We know that if a
test particle satisfies the following two conditions [40]:
(a) the radial velocity of the test particle vanishes:

dr
dλ

¼ 0: ð28Þ

(b) the radial velocity should keep unchanged, which
means that the acceleration of the radial velocity
should be zero:

d2r
dλ2

¼ 0: ð29Þ

Then the corresponding trajectory of the test particle must
be a stable circular orbit. As stated in Ref. [40], we know
that there is an ISCO when radius of the stable circular orbit
is minimal. So the ISCO locates at the point that the
maximum and minimum of the effective potential merge. It
is obvious that for the ISCO the effective potential of the
test particle should also satisfy

d2Veff

dr2
¼ 0: ð30Þ

So we can use these three conditions (28), (29), and (30) to
get the ISCO of the test particle.
For the Schwarzschild black hole, the corresponding

effective potential of a nonspinning test particle is

VSchw
eff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

2M
r

��
1þ l̄2

r2

�s
; ð31Þ

and the parameters of the ISCO of the test particle are [1]

rISCO ¼ 6M; l̄ISCO ¼ 2
ffiffiffi
3

p
M; ēISCO ¼

ffiffiffi
8

9

r
; ð32Þ

where the parameters l̄ and ē are the orbital angular
momentum and energy per unit rest mass of the test
particle, respectively. If the test particle moves along a
circular orbit, its energy should be the minimum value of
the effective potential. For example, the corresponding
orbits of the nonspinning test particle with different
energies are shown in Fig. 1.
For the Kerr black hole, the ISCO was given in Ref. [65]

for the extremal case with a ¼ M. Due to the drag effect of
the Kerr black hole, the ISCOs with counterrotating orbit
and corotating orbit are different and the corresponding
results are respectively

rISCO ¼ 9M; l̄ISCO ¼ −
22

3
ffiffiffi
3

p M; ēISCO ¼ 5

3
ffiffiffi
3

p ;

ð33Þ
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and

rISCO ¼ M; l̄ISCO ¼ 2ffiffiffi
3

p M; ēISCO ¼ 1ffiffiffi
3

p : ð34Þ

Next, we will investigate the ISCO of the spinning test
particle in the KN black hole background. In Sec. II we
have solved the four-momentum and velocity of the
spinning test particle by using the equations of motion
(5) and (6). Since the radial velocity and radial component
Pr of the four-momentum are parallel, we can use Pr to
define the effective potential of the spinning test particle in
black hole background. The square of Pr reads

ðPrÞ2 ¼ m6

r2Ξ2
½r6ð2Mr3 − r2ðj̄2 þ a2 − a2ē2 þQ2Þ

þ j2eð2Mr −Q2Þ þ ðē2 − 1Þr4Þ
− 2r4s̄ðaQrj2e − 2ējeQ2r2 þ 3ējeMr3 − ē j̄ r4Þ
−Q2

rΘs̄4 þ r2s̄2a2Qrē2ðQr þ 2r2Þ
þ r2s̄2ðj̄2Q2

r − 2aē j̄ QrðQr þ r2Þ − a2Qr2r2

− r2ðQ2 þ r2 − 2MrÞðē2r2 þ 2QrÞÞ�; ð35Þ
which can be decomposed as follows

ðPrÞ2 ¼ m6

r2Ξ2
ðαe2 þ βeþ γÞ

¼ m6

r2Ξ2

�
e −

−β þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − 4αγ

p
2α

�

×

�
eþ β þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − 4αγ

p
2α

�
; ð36Þ

where the functions α, β, and γ are

α ¼ m2r6ða2ð2Mrþ r2 −Q2Þ þ r4Þ
þ 2amr4sða2ðMr −Q2Þ þ r2ð3Mr − 2Q2ÞÞ
þ r2s2½a2ðQ2 −MrÞðQ2 − rðM þ 2rÞÞ
− r4ðrðr − 2MÞ þQ2Þ�; ð37Þ

β ¼ 2jr2½2a2mr2sðQ2 −MrÞ þ am2r4ðQ2 − 2MrÞ
− as2ðQ2 −MrÞðQ2 − rðM þ rÞÞ
þmr4sðrðr − 3MÞ þ 2Q2Þ�; ð38Þ

and

γ ¼ j2r2½2amr2sðMr −Q2Þ
−m2r4ð−2MrþQ2 þ r2Þ þ s2ðQ2 −MrÞ2�
− Δðs2ðQ2 −MrÞ þm2r4Þ2: ð39Þ

The effective potential of the spinning test particle in the
KN black hole background is

Vspin
eff ¼ −β þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − 4αγ

p
2α

: ð40Þ

For the case of s ¼ 0, our result (40) can reduce to that of
the KN black hole. Plots of the effective Vspin

eff with different
spins are shown in Fig. 2.
Note that the effective potential of the spinning test

particle is dependent on the spin of the test particle. We
know that there are two extreme points in the effective
potential. The orbits of the test particle corresponding to the
two extreme points are circular, and one is unstable while
the other is stable. We give the relation of the circular orbit
radius r and the orbital angular momentum l with different
values of the spin s in Fig. 3. The point that the upper and
lower curves intersect defines the ISCO of the spinning test
particle. It is evident that the radius of the ISCO decreases
(increases) with the spin s when the direction of the angular
momentum of the test is the same as (the opposite of) that
of the black hole.
We can solve the ISCO of the spinning test particle in

terms of the three conditions (28), (29), and (30). Here we
note that the four-velocity and four-momentum are not
parallel [45,49,50,63] and the velocity may transform from
timelike to spacelike, which means that the ISCO of the
spinning test particle may be unphysical. So we should add
the superluminal constraint

FIG. 2. Plots of the effective potential (40) for the spinning test
particle with different spins, the parameters are set as a ¼ 0,
Q ¼ 0, and l ¼ 4.

FIG. 1. Plots of the orbits and effective potential for the
nonspinning test particle in the Schwarzschild black hole back-
ground. The blue dot means the particle locates at the minimum
value of the effective potential and the corresponding orbit is
circular orbit (blue solid line), while the red dot stands for the test
particle with energy ē ≈ 0.9461 and orbital angular momentum
l̄ ¼ 4.1 and the corresponding orbit (red dashed line) is not a
circular orbit.
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uμuμ
ðutÞ2 ¼

gtt
c2

þ grr

�
_r
c

�
2

þ gϕϕ

�
_ϕ

c

�
2

þ 2gϕt _ϕ < 0; ð41Þ

which ensures that the motion of the spinning test particle
in circular orbit is subluminal. In Refs. [40], the authors
obtained the analytical corrections to the ISCO for the
spinning test particle with small-spin linear approach for
the Schwarzschild and Kerr black holes, and numerically
investigated the effect of the spin on the ISCO without the
superluminal constraint (41).
In summary, if we want to solve the physical ISCO of the

spinning test particle, we should use the four conditions
(28), (29), (30), and (41). First, we numerically give the
region that whether the spinning test particle has a timelike
circular orbit in the ðs − lÞ parameter space. For simplicity,
we only give the result for the Schwarzschild black hole in
Fig. 4. Obviously, some circular orbits in the parameter
space are spacelike and unphysical. So it is necessary to
consider the constraint (41) for the ISCO of the spinning
test particle.

To proceed, we numerically investigate the effects of the
spin of the test particle on the ISCO in different black hole
backgrounds with the superluminal constraint (41) in detail.
First, we give the complete numerical results for the ISCO
of the spinning test particle in the Schwarzschild black hole
background. The corresponding numerical results are
shown in Fig. 5. It can be seen that the ISCO parameters
of the spinning test particle will decrease with the spin s.
The physical ISCO parameters of the spinning test particle
in the Schwarzschild black hole background with the
superluminal bound are calculated as follows

s̄SchISCO ≈ 1.6510M; rSchISCO ≈ 2.5308M;

ēSchISCO ≈ 0.7896; l̄SchISCO ≈ 1.3249M: ð42Þ

We find that the radius of the ISCO for the spinning test
particle is smaller than that of the nonspinning test particle
in the Schwarzschild black hole background.

FIG. 4. Plot of the region that the spinning test particle has a
circular orbit in the ðs − lÞ parameter space. Region II (yellow
region) stands for that the motion of the spinning test particle in
the circular orbit is superluminal and unphysical, region III (black
region) stands for that the spinning test particle does not have a
circular orbit, region I (gray region) stands for that the spinning
test particle can have a physical circular orbit.

(a)

(b)

FIG. 3. The relation between circular orbit radius r and orbital
angular momentum l for different values of the spin s, where the
upper curves stand for the stable circular orbits while the lower
curves stand for the unstable circular orbits. Here the subfigure
(a) describes the corotating orbits and subfigure (b) describes
counterrotating orbits. The parameters are set as a ¼ 0.5,
Q ¼ 0.5.

FIG. 5. Plot of the ISCO parameters of the spinning test particle
as functions of the spin s in the Schwarzschild black hole
background. The left side of the vertical line stands for that
the ISCO is timelike and physical, while the right side stands for
that the orbit is spacelike and unphysical.
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We know that the RN black hole is charged and its
charge Q will affect the effective potential (40) of the test
particle. The numerical results of the ISCO with different
values of the chargeQ and spin s are given in Fig. 6. For the
charged black hole, we can see that the radius of the ISCO
of the spinning test particle also decreases with the spin s,
and some orbits are also superluminal. Note that the radius
of the ISCO for the spinning test particle also decreases
with the charge Q, which is consistent with the results in
Ref. [34]. The corresponding physical ISCO parameters of
the spinning test particle in the extremal RN black hole
background with the superluminal bound are

s̄RNISCO ≈ 2.1490M; rRNISCO ≈ 1.6833M;

ēRNISCO ≈ 0.6474; l̄RNISCO ≈ −0.1658M: ð43Þ
Obviously, the radius of the ISCO of the spinning test
particle in the charged black hole background is smaller
than that in the background of the Schwarzschild black hole
with the same mass M. The radius of the ISCO for the
spinning test particle with different values of the black hole
charge Q and s are shown in Fig. 7.
It is easy to know that the motion of a spinning test

particle also depends on the spin of the black hole. The
ISCO of the spinning test particle with corotating orbit in
the Kerr black hole background has the same behavior with
the spin s changing in the Schwarzschild and RN black hole
cases, and the radius of the ISCO also decreases with the
black hole spin a. The radius of the ISCO for the spinning
test particle with different values of the spin a and s are
shown in Fig. 8 and our numerical results are the same as in
Ref. [40]. It should be noted that the limiting values of
the radius and frequency of the ISCO parameters for the
spinning test particle for a ¼ M do not depend on the
particles’s spin. The corresponding numerical results of
the ISCO with co-rotating orbits and counter-rotating orbits
in the Kerr black hole background are shown in Fig. 9.
The corresponding ISCO parameters for the counter-

rotating or corotating orbits of the nonspinning test particle

in the extremal Kerr black hole background are given in
Eqs. (33) and (34). Note that the radius of the ISCO with
co-rotating orbit is

rISCO ¼ M ¼ rh: ð44Þ
Obviously, the ISCO of the spinning test particle in
extremal Kerr black hole background is interesting and
needed to investigate in detail. In Ref. [40], the authors

FIG. 7. Plots of the radius of the ISCO of the spinning test
particle as functions of the spin s in the RN black hole back-
ground, the values ofQ approach toM and set asQ=M ¼ 0.2 (a),
Q=M ¼ 0.4 (b), Q=M ¼ 0.6 (c), Q=M ¼ 0.8 (d), Q=M ¼ 1 (e).

FIG. 6. Plots of the ISCO parameters of the spinning test
particle as functions of the spin s in the RN black hole back-
ground. The left side of the vertical line stands for that the orbit of
the ISCO is timelike and physical, while the right side stands for
that the orbit is spacelike and unphysical. The parameters are set
as a=M ¼ 0, Q=M ¼ 1.

FIG. 8. Plots of the radius of the ISCO of the spinning test
particle with corotating and counterrotating orbit as functions of
the spin s in the Kerr black hole background, the values of a
approach to M and set as a=M ¼ 0.9 (a), a=M ¼ 0.99 (b),
a=M ¼ 0.999 (c), a=M ¼ 0.9999 (d).
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investigated the behavior of the ISCO for the spinning test
particle in the limit of a ¼ M and showed that the limiting
values of the ISCO radius and frequency is independent of
the spin of test particle while the values of the energy and
total angular momentum do depend on it in the small spin s
approximation. By comparing our results in Tables I and II
and the results in Ref. [40], we find that our results have the

same behavior for the ISCO of the spinning test particle
with small spin s in the quasiextremal kerr black hole
background.
For the ISCO with counterrotating orbit the correspond-

ing radius can be smaller due to the existence of the spin s.
The physical ISCO parameters of the spinning test particle
with counterrotating orbit in the extremal Kerr black hole
background with the superluminal bound are given as
follows

s̄KerrISCO ≈ −1.3200M; rKerrISCO ≈ 3.5890M;

ēKerrISCO ≈ 0.9237; l̄KerrISCO ≈ −3.0712M: ð45Þ

We have shown that the spinning test particle can orbit
with more smaller radius in the RN and Kerr black hole
backgrounds than the case in Schwarzschild black hole
with the same mass M. The numerical results of the ISCO
in the KN black hole background are also given in Fig. 10
and listed in Tables III, IV, V, VI, VII, VIII, and IX.
Comparing the orbital frequency parameter in Tables VI
and IX with the data in Tables I and II in Ref. [33] with the
Tulczyew spin-supplementary condition, one can see that
our results are exactly the same as that in Ref. [33].
We can make a brief summary that the change of

parameters for the black hole and test particle can yield
the following results:
(1) For the physical ISCO of the spinning test particle in

the Schwarzschild black hole background, the cor-
responding radius and angular momentum decrease
with the spin s, which indicates that the spinning test
particle can orbit with more smaller radius than the
nonspinning test particle with stable circular orbit.

(2) For the physical ISCO of the spinning test particle
in the RN black hole background, the correspond-
ing radius and angular momentum also decrease
with the spin s, and this behavior is the same as the
Schwarzschild case. In addition to the effect re-
sulted from the spin s, the corresponding radius and

(a)

(b)

FIG. 9. Plots of the ISCO parameters of the spinning test
particle with (a) corotating orbit and (b) counterrotating orbit as
functions of the spin s in the Kerr black hole background. Only
the left (right) side of the vertical line in upper (lower) figure
stands for the timelike orbit. The parameters are set as
a=M ¼ 0.8, Q=M ¼ 0

TABLE I. The ISCO parameters of the spinning test particle
with corotating orbits in KN black hole background with charge
Q=M ¼ 0 and spin a=M ¼ 0.99999.

s rISCO lISCO eISCO Ω2
3

−0.1000 1.0456 1.4067 0.6529 0.6167
−0.0800 1.0426 1.3634 0.6412 0.6173
−0.0600 1.0403 1.3205 0.6298 0.6179
−0.0400 1.0383 1.2781 0.6186 0.6183
−0.0200 1.0367 1.2361 0.6075 0.6187
0.0000 1.0352 1.1944 0.5967 0.6190
0.0200 1.0340 1.1530 0.5860 0.6193
0.0400 1.0328 1.1118 0.5754 0.6196
0.0600 1.0318 1.0709 0.5649 0.6198
0.0800 1.0308 1.0301 0.5545 0.6201
0.1000 1.0300 0.9895 0.5442 0.6203

TABLE II. The ISCO parameters of the spinning test particle
with corotating orbits in KN black hole background with charge
Q=M ¼ 0 and spin a=M ¼ 0.999999.

s rISCO lISCO eISCO Ω2
3

−0.1000 1.0211 1.3912 0.6455 0.6238
−0.0800 1.0196 1.3463 0.6331 0.6241
−0.0600 1.0185 1.3022 0.6210 0.6244
−0.0400 1.0176 1.2587 0.6092 0.6246
−0.0200 1.0168 1.2156 0.5977 0.6248
0.0000 1.0161 1.1731 0.5864 0.6249
0.0200 1.0155 1.1309 0.5753 0.6251
0.0400 1.0150 1.0890 0.5644 0.6252
0.0600 1.0145 1.0474 0.5536 0.6253
0.0800 1.0141 1.0060 0.5429 0.6254
0.1000 1.0137 0.9648 0.5323 0.6255
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angular momentum of the ISCO also decrease with
the charge of the black hole Q, and the ISCO in the
charged black hole is smaller than the Schwarzschild
case with the same mass M.

(3) For the physical ISCO of the spinning test particle
with corotating orbit in the nonextremal Kerr black
hole background, the corresponding radius and
angular momentum also decrease with the spin s,

which is consistent with the Schwarzschild and RN
cases. The corresponding radius and angular mo-
mentum of the ISCO also decrease with the spin of
the black hole a. We should note that the radius of

(a)

(b)

FIG. 10. Plots of the ISCO parameters of the spinning test
particle with (a) corotating orbit and (b) counterrotating orbit as
functions of the spin s in the KN black hole background. Only the
left (right) side of the vertical line in upper (lower) figure stands
for the timelike orbit. The parameters are set as a=M ¼ 0.5,
Q=M ¼ 0.5.

TABLE III. The ISCO parameters of the spinning test particle
in KN black hole background with charge Q=M ¼ 0 and spin
a=M ¼ 0.

s rISCO lISCO eISCO Ω2
3

−0.9000 7.2135 3.8542 0.9528 0.1455
−0.7000 6.9807 3.7792 0.9512 0.1490
−0.5000 6.7294 3.6985 0.9492 0.1530
−0.3000 6.4568 3.6111 0.9470 0.1578
−0.1000 6.1594 3.5156 0.9443 0.1634
0.1000 5.8325 3.4097 0.9411 0.1702
0.3000 5.4700 3.2906 0.9371 0.1787
0.5000 5.0633 3.1533 0.9319 0.1894
0.7000 4.6028 2.9901 0.9248 0.2035
0.9000 4.0834 2.7871 0.9143 0.2224

TABLE IV. The ISCO parameters of the spinning test particle
with corotating orbits in KN black hole background with charge
Q=M ¼ 0.25 and spin a=M ¼ 0.25.

s rISCO lISCO eISCO Ω2
3

−0.9000 6.2035 3.5990 0.9454 0.1678
−0.7000 5.9854 3.5187 0.9432 0.1720
−0.5000 5.7480 3.4317 0.9406 0.1770
−0.3000 5.4888 3.3366 0.9376 0.1830
−0.1000 5.2049 3.2315 0.9340 0.1901
0.1000 4.8925 3.1136 0.9295 0.1989
0.3000 4.5478 2.9790 0.9237 0.2098
0.5000 4.1681 2.8214 0.9159 0.2237
0.7000 3.7575 2.6314 0.9051 0.2412
0.9000 3.3391 2.3954 0.8892 0.2627

TABLE V. The ISCO parameters of the spinning test particle
with corotating orbits in KN black hole background with charge
Q=M ¼ 0.5 and spin a=M ¼ 0.5.

s rISCO lISCO eISCO Ω2
3

−0.9000 4.7742 3.2074 0.9300 0.2133
−0.7000 4.5818 3.1169 0.9267 0.2189
−0.5000 4.3679 3.0173 0.9226 0.2257
−0.3000 4.1313 2.9062 0.9176 0.2342
−0.1000 3.8710 2.7809 0.9113 0.2446
0.1000 3.5877 2.6371 0.9032 0.2576
0.3000 3.2859 2.4691 0.8923 0.2734
0.5000 2.9790 2.2695 0.8775 0.2923
0.7000 2.6909 2.0308 0.8570 0.3132
0.9000 2.4462 1.7496 0.8296 0.3347

TABLE VI. The ISCO parameters of the spinning test particle
with corotating orbits in KN black hole background with charge
Q=M ¼ 0 and spin a=M ¼ 0.9.

s rISCO lISCO eISCO Ω2
3

−0.9000 3.1472 2.7401 0.8963 0.3138
−0.7000 3.0108 2.6334 0.8898 0.3197
−0.5000 2.8411 2.5102 0.8813 0.3294
−0.3000 2.6440 2.3665 0.8698 0.3430
−0.1000 2.4294 2.1965 0.8542 0.3605
0.1000 2.2155 1.9943 0.8327 0.3809
0.3000 2.0255 1.7559 0.8038 0.4023
0.5000 1.8727 1.4822 0.7666 0.4228
0.7000 1.7549 1.1762 0.7208 0.4420
0.9000 1.6634 0.8386 0.6653 0.4602
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the ISCO in the extremal Kerr black hole background
with co-rotating orbit approach to the horizon rh.
And the ISCO radius and frequency is independent

of the spin of test particle. For the ISCO with
counterrotating orbit in the nonextremal Kerr black
hole background, the radius of the ISCO decreases
with the black hole spin a.

(4) For the physical ISCO of the spinning test particle in
the KN hole background, the corresponding radius
and angular momentum also decrease with the spin
s. We have shown that the radius of the ISCO will
decrease with the spin a and charge Q of the black
hole. The most smallest radius of the ISCO in the
KN black always appears in the case of the extremal
KN black hole with spin a ¼ M (extremal Kerr
black hole).

IV. SUMMARY AND CONCLUSION

In this paper, we have numerically investigated the ISCO
of a spinning test particle in the Schwarzschild black hole,
RN black hole, Kerr black hole, and KN black hole
backgrounds. We used Eqs. (5) and (6) to describe the
motion of the spinning test particle in curved spacetime,
while the four-velocity of the spinning test particle can be
transformed from timelike into spacelike due to the four-
velocity vector uμ and the conjugate momentum Pμ are not
parallel. We gave the superluminal constraint (41) for the
physical ISCO of the spinning test particle in various black
hole backgrounds. We numerically gave the relations
between the ISCO parameters and the spin s and showed
that a spinning test particle can orbit in more smaller
circular orbit than a nonspinning test particle. The radius of
the ISCO for a spinning test particle was also affected by
the charge and spin of the black hole, and the radius of the
ISCO in the RN and Kerr black hole backgrounds are
smaller than the case in Schwarzschild black hole. Although
the radius of the ISCO decreases with the spin of the test
particle s, we should note that the radius of the ISCO with
corotating orbit in an extremal Kerr black can not decrease
any more because of the corresponding radius is the horizon
of the extremal Kerr black hole. We should note that the
ISCO parameters depend on the spin-supplementary con-
ditions and the pole-dipole approximation.
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TABLE VII. The ISCO parameters of the spinning test particle
with counterrotating orbits in KN black hole background with
charge Q=M ¼ 0.25 and spin a=M ¼ −0.25.

s rISCO lISCO eISCO Ω2
3

−0.9000 7.9608 4.0285 0.9573 0.1321
−0.7000 7.7183 3.9566 0.9559 0.1351
−0.5000 7.4576 3.8797 0.9543 0.1386
−0.3000 7.1759 3.7968 0.9524 0.1426
−0.1000 6.8696 3.7068 0.9503 0.1474
0.1000 6.5335 3.6078 0.9477 0.1531
0.3000 6.1606 3.4974 0.9446 0.1601
0.5000 5.7404 3.3716 0.9406 0.1689
0.7000 5.2567 3.2240 0.9352 0.1806
0.9000 4.6851 3.0423 0.9275 0.1970

TABLE VIII. The ISCO parameters of the spinning test particle
with counterrotating orbits in KN black hole background with
charge Q=M ¼ 0.5 and spin a=M ¼ −0.5.

s rISCO lISCO eISCO Ω2
3

−0.9000 8.4901 4.1412 0.9601 0.1235
−0.7000 8.2408 4.0712 0.9588 0.1262
−0.5000 7.9734 3.9965 0.9574 0.1293
−0.3000 7.6852 3.9163 0.9558 0.1329
−0.1000 7.3724 3.8295 0.9540 0.1371
0.1000 7.0296 3.7345 0.9518 0.1422
0.3000 6.6494 3.6292 0.9491 0.1483
0.5000 6.2201 3.5101 0.9457 0.1560
0.7000 5.7223 3.3714 0.9413 0.1662
0.9000 5.1201 3.2023 0.9350 0.1807

TABLE IX. The ISCO parameters of the spinning test particle
with counterrotating orbits in KN black hole background with
charge Q=M ¼ 0 and spin a=M ¼ −0.9.

s rISCO lISCO eISCO Ω2
3

−0.9000 10.0629 4.4944 0.9661 0.1052
−0.7000 9.7986 4.4296 0.9652 0.1073
−0.5000 9.5171 4.3610 0.9642 0.1098
−0.3000 9.2155 4.2879 0.9630 0.1125
−0.1000 8.8903 4.2095 0.9617 0.1157
0.1000 8.5365 4.1248 0.9602 0.1194
0.3000 8.1468 4.0322 0.9584 0.1238
0.5000 7.7104 3.9294 0.9562 0.1293
0.7000 7.2088 3.8128 0.9535 0.1363
0.9000 6.6062 3.6759 0.9498 0.1459
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