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Hybrid Higgs inflation: The use of disformal transformation
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We propose a hybrid type of the conventional Higgs inflation and new Higgs inflation models. We
perform a disformal transformation into the Einstein frame and analyze the background dynamics and the
cosmological perturbations in the truncated model, in which we ignore the higher-derivative terms of
the Higgs field. From the observed power spectrum of the density perturbations, we obtain the constraint on
the nonminimal coupling constant £ and the mass parameter M in the derivative coupling. Although the
primordial tilt n; in the hybrid model barely changes, the tensor-to-scalar ratio » moves from the value in
the new Higgs inflationary model to that in the conventional Higgs inflationary model as |£| increases.
We confirm our results by numerical analysis by ADM formalism of the full theory in the Jordan frame.
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I. INTRODUCTION

Inflation was first proposed to solve the flatness and the
horizon problem as well as the monopole problem in the
early Universe [1-3]. It also predicts the origin of cosmo-
logical perturbations [4—7], which turns out to be the most
important outcome for the observational confirmation of
the idea. Since the generic predictions of the inflationary
scenario have matched observations, inflation has now
become a standard model of the early Universe.

Many inflation models have been proposed so far [8], but
the constraints from the recent CMB observations are very
severe. The density perturbations are almost scale invariant,
while the tensor-to-scalar ratio should be very small. As a
result, some inflation models already have been excluded.

In most inflationary scenarios, we assume the existence
of a scalar field, called an inflaton, that is responsible for
inflation. However we still do not know what the inflaton
is. Since we know only one scalar field in the standard
model, which is the Higgs particle, many models have
looked for an inflaton beyond the standard model of
particle physics because the Higgs field cannot be an
inflaton to explain the observed density perturbations.

However, there is one loophole, which is the introduction
of gravitational couplings to the Higgs field. When we
quantize matter fields in a curved spacetime, we may find
nonminimal coupling of the fields with a curvature.
Including such a coupling term £@*R, where £ is a non-
minimal coupling constant and R is a scalar curvature,
some inflationary scenarios have been discussed [9—-11].
Assuming this scalar field is the Higgs particle, which is
only one scalar field in the standard model, the so-called
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Higgs inflation has been proposed [12—-16]. We call it the
conventional Higgs inflation model. If £ is large negative,
e.g., £ ~ —10%, this model provides a consistent inflationary
scenario with observations.

New Higgs inflation was also proposed in 2010, which
has a derivative coupling of the Higgs field with the
Einstein curvature as ﬁcﬂvvﬂfpqus [17,18]. When
M ~ 10~"Mp, where Mp is the reduced Planck mass, this
model is still consistent with observations. Although this
model produces a rather large amount of the gravitational
waves, the predicted tensor-to-scalar ratio is still just on the
border of the observational constraints.

The common feature of both Higgs inflation models is
no introduction of any additional degrees of freedom.
Although we still do not know the physics at the very
high-energy scale around the Planck scale (~10'® GeV),
the above coupling terms may appear at the high-energy
scale [19]. Hence, it may be natural to consider a hybrid
type of the above two inflation models.

Since the typical energy scale of inflation is very high, we
have to take into account the quantum loop effects, which
may destabilize the Higgs field [20-30]. Whether it is really
unstable or stable may depend highly on the top quark mass.
Even if it is stable, since the running coupling constants via
renormalization depend on the energy scale, the effective
potential will be modified much [14,15,31-36].

Moreover, the loss of unitarity in the tree-level scattering at
the high-energy scale is also a serious problem. It is believed
that it means the theory is nonrenormalizable and some new
physics is required at such a scale. In general relativity, the
scale is around the Planck scale. However, nonrenormaliz-
able terms such as the nonminimal gravitational coupling
terms in the conventional and new Higgs inflation would
lower this scale. See for example the conventional Higgs
inflation [37-43] and new Higgs inflation [44—46].

© 2018 American Physical Society
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Although we may have to analyze our model with the
loop corrections and find the solution of the unitarity
problem, since the discussion on the quantum corrections
is still in a fog, we will analyze the original tree model in
this paper to show how the tensor-to-scalar ratio depends on
the coupling parameters.

This paper is organized as follows. After introduction of
the hybrid type Higgs inflation, we present our truncated
model based on a disformal transformation into the Einstein
frame and analyze the background cosmological dynamics
in Sec. II. We confirm the validity of our truncation by the
results calculated in the original full theory. In Sec. III,
we analyze the cosmological perturbations and give the
primordial tilt n; and the tensor-to-scalar ratio r. We then
show the accuracies of our results obtained in the truncated
model, which confirm our approach. Summary and dis-
cussion follow in Sec. IV. In Appendix A, we present the
explicit forms of the disformal transformation and the
higher-derivative terms of the Higgs field. We then give
the basic equations for the background universe in the
original Jordan frame in Appendix B. We also describe how
to calculate the cosmological perturbations in the full
theory by use of ADM formalism.

In this paper we use the reduced Planck units of Mp :=
(82G)™"2 =1 as well as h = ¢ = 1.

II. HYBRID HIGGS INFLATION

First we summarize the original two Higgs inflation
models and then extend them to a hybrid type.

A. Two original Higgs inflation models

The action of the conventional Higgs inflation based
on nonminimal coupling of the Higgs field with a scalar
curvature [12] is given by

o ol

1
R(9) =5 (V4P = V(#)|.
where the potential of the Higgs field ¢ is given by

(8- 0).

IS

Vig) =

A is the Higgs self-coupling and v(~246 GeV) is the Higgs
vacuum expectation value (VEV) [12]. When we discuss
inflation, which energy scale may be much higher than
100 GeV, we can approximate the potential as

V(g) == ¢*.

(#) =3¢

For the successful Higgs inflation, we assume & < 0. Note
that the sign of the nonminimal coupling £ is different from
that in [12].

Performing a conformal transformation
Guw = (1 - §¢2)_1§’yw
we find the Einstein frame action
4 =11 1 eey
Se= | dxv/=3|5R(9) =5 (V)" - U(D)|.

where the variables with a bar denote those in the Einstein
frame. ® is the canonically normalized Higgs field,
defined by

do  \/T=¢(1-68)¢’
dp — (1-&p*)
and
__ M
U((D) - 4(1 _£¢2>2

is the potential in the Einstein frame.
When |&| > 1, we find

3
dr \/;ln(l — &),

U(®) z%(l — ViR,

which gives

This model is almost equivalent to the Starobinsky inflation
with the curvature squared term [1]. When we perform the
conformal transformation [47,48], the model is described
by the Einstein gravity plus a scalar field with the same
potential.

This potential approaches a constant exponentially as
® — oo, which guarantees de Sitter expansion. Assuming
A=0.1, if £~ —10* we obtain the cosmological pertur-
bations consistent with observations as the primordial
tilt n, ~0.96 and the tensor-to-scalar ratio r ~ 1073 as
well as the power spectrum of the density perturbations
Py ~107 [12].

An alternative approach, called new Higgs inflation,
adds a coupling between derivatives of the Higgs field with
the Einstein curvature, which action is given by

= [ axv=al 3R

-5 (o~ 3p )TV -via).

where G is the Einstein tensor and M is a coupling
constant described by a characteristic mass scale [16—18].
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Like the conventional Higgs inflation, this does not introduce
extra degrees of freedom. The new coupling constant takes
on a value M ~ 5 x 10784~/ when normalized with CMB
data. We find n, ~ 0.97 and r ~ 0.1 [44].

B. Hybrid Model

Here we propose a hybrid type of the previous two Higgs
inflation models [49]. The action we assume is

5= [ dﬁcr[ iy

-5 (- )T -val. e

which we call a hybrid Higgs inflation model.

This type of model is classified into more general model
proposed in [19], which they called generalized Higgs
inflation. They discussed the model in the original Jordan
frame. Since the basic equations are complicated, some
limiting case was discussed to present a simple formula for
the cosmological perturbations. However it turns out that
their approximation cannot be applied to the conventional
Higgs inflation model (see later).

Hence in this paper we shall perform a disformal
transformation to the FEinstein frame and ignore the
higher-derivative terms[50], which may be justified during
the slow-rolling inflationary period as we will show the
detail later. We show how to get the Einstein frame via a
disformal transformation in Appendix A.

The action (2.1) in the Einstein frame is described as

SE:/d‘*x\/_[ R——(Vcb)2 U(®)

+ higher derivative terms} , (2.2)

where the variables with a bar denote those in the Einstein
frame. New canonically normalized scalar field @ is
defined by

d®
di

The effective potential in the Einstein frame U(®) is
given by

= (1-¢&)" \/ —&(1 - 68)p* +—

V(g)
(1-¢¢%)*

in the form of the parametric representation by the original
Higgs field ¢. Fig. 1 shows the schematic shape of U(®).

In the transformed action (2.2), there are many higher
derivative terms such as (V¢)* and Cl¢p. In Appendix A, we
present the higher-derivative terms explicitly. However,

U(®) =

U(®)/M,,*
2.x10710¢
1.5x 10710}
1.x 1070}
5_x10_11'
TS s 6 7 M

FIG. 1. The effective potential U(®) in the Einstein frame for
the coupling parameters M = 1077, & = —10* and 1 = 0.1.

since we discuss the inflationary period, in which the
inflaton changes slowly, we may be able to ignore those
terms. The resultant truncated action is now

st = / d*x\/=g BR ——(VO) —U(®)|. (2.3)
If this action approximates the original one well, we can
easily analyze the inflationary stage just by the potential
U(®). This is the great advantage of the use of a disformal
transformation. This potential is expanded in the large field
limit as

v(@) = 2 Al }

AR |

This inflation potential shape is favored by the CMB
observation because it is concave. This potential asymptoti-
cally converges to be a flat plateau in the large field region
as @2 unlike the conventional Higgs inflation, which

; 2
approaches a constant exponentially as exp (—2 %@)

In what follows, we analyze this truncated model and
then justify this approach by comparing with the results
obtained without truncation in the original Jordan frame.

C. Background Dynamics

In this subsection, we first analyze an isotropic and
homogeneous universe model. We assume that the metric
form is given by the flat FLRW (Friedmann-Lemaitre-
Robertson-Walker) spacetime as

ds?* = —dr* + a*dx>.

When we ignore the higher-derivative terms, the basic
equations in the Einstein frame are given by

= % B <§>2 + U(@)} (24)

(2.5)
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d*® _d® dU

—+4+3H—+—=0 2.6
dr * dt +d(1) ' (26)
where the Hubble expansion parameter is defined by
_ lda
H=-——.
adt

Since the potential U(®) in the Einstein frame has a very
flat plateau at the large field range, we will have a slow-roll
inflation. Once the scalar field starts to roll the potential
very slowly, the higher-derivative terms can be ignored.
As a result, we expect the truncated model (2.3) may
approximate an inflationary period very well.

In order to justify this expectation, we solve both cosmo-
logical dynamics in the original model and in the truncated
model, and compare those results. Since the full equations in
the Einstein frame are too complicated, we solve them in the
original Jordan frame, which basic equations are given in
Appendix B 1. Equations (B1), (B2), and (B3) in the original
Jordan frame correspond to Egs (2.4), (2.5), and (2.6),
respectively.

Note that the cosmic time 7 in the Einstein frame is
different from the cosmic time ¢ in the Jordan frame. Since
two metrics are related as

ds? = g”,,dx”dx” = —df* + adx?

=(1-&p*)! {d&z + L‘jj)‘;ﬁ dxﬂdx"}

. o P
= (1 — €¢2) 1 |:—d?2 + azdxz +Wdt2:| s

where a dot denotes the derivative with respect to the
cosmic time ¢ in the Jordan frame, we find the relations
between two cosmic times (7 and 7) and two scale factors
(a and a) as

2 2 ¢2 2

@ = (1-&p)a.
respectively.
We numerically solve the basic equations, and compare
both dynamics. Fig. 2 shows the time evolution of the
Hubble expansion parameter H in the Jordan frame. In

stead of the cosmic time to describe the evolution, we use
the e-folding number N to the end of inflation, which is

defined by
N=1In <@) ,
a

where a.,q 1s the scale factor at the end of inflation. In order
to compare the numerical solutions, the solution of the
truncated model in the Einstein frame is transformed to the
Jordan-frame variables.

Although there exists some small deviation at the end of
inflation (N = 0), when the scalar field starts to move

HIM,
4x107% ¢
3x1075
2x1075}

107°

e-folding N

n n 1 n
20 40 ' 60 80 100

FIG. 2. The background dynamics for the coupling parameters
M =107, = —-10*. We show the evolution of the Hubble
expansion parameter H with respect to the e-folding number N in
the Jordan frame. The orange curve denotes the evolution of the
full theory in the Jordan frame, while the blue dotted curve shows
the results obtained by the truncated model in the Einstein frame.
We transform its solution into the Jordan frame variables. We also
show the reference e-folding number of N = 50-60 by the dotted
light-gray lines.

dIM,

e-folding N

20 40 60 80 100

FIG. 3. The evolution of the Higgs field ¢ with respect to the
e-folding number N. The coupling parameters, the colored
curves, and the dotted light-gray lines are the same setting as
those in Fig. 2.

1d¢
p dt N=50 N=60
. . . \‘ ] . M
0.01 0.02 0.03 0.04 0.05 PM
—2x10-8
-4x1078 | L
7 [
/ 1
4 1
II 1
—6x1078 F 1

FIG. 4. The phase-space evolution of the Higgs field (¢ — d)).
The coupling parameters, the colored curves, and the dotted light-
gray lines are the same setting as those in Fig. 2.

rapidly, the truncated model approximates the original one
very well until N =~ 20. Especially around N = 50-60,
when the observed density perturbations are produced, the
agreement is quite good.
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We also depict the evolution of the Higgs field ¢ and
its phase diagram (the ¢ — ¢ diagram) in Figs. 3 and 4,
respectively. These also support the validity of our
truncation. In the early stage of inflation, both back-
ground solutions are almost the same. At the end of
inflation, the deviation appears since the higher-derivative
terms seem no longer negligible.

In the next section, we will discuss the cosmological
perturbations and the validity of the truncated model.

III. COSMOLOGICAL PERTURBATIONS

A. Perturbations in the truncated model

In order to confirm our inflationary model, we have to
evaluate the cosmological perturbations and compare them
with the observed data. As shown in [51-56], a disformal
transformation as well as a conformal transformation will
not change the cosmological perturbations. There exists the
invariance of the cosmological perturbations under such
transformations. Hence, we can evaluate the perturbations
either in the Einstein frame or in the Jordan frame. Since the
full equations in the Einstein frame are very complicated, we
usually analyze the dynamics in the original Jordan frame. In
fact, in generalized Higgs inflation model, which includes
ours, they have analyzed the perturbations in the Jordan
frame [19]. Since the full analysis of perturbations is tedious,
they have also provided one simple formula under some
approximation [19].

However, as shown in the subsection II C, during the
inflationary stage when the scalar field changes very
slowly, the background dynamics in the truncated model
well approximates that in the original full model. Hence we
expect that the cosmological perturbations in the truncated
model may also provide a good approximation to the
original ones.

Here we first evaluate the cosmological perturbations in
the truncated model in the Einstein frame, in which the
perturbations can be obtained easily just by the effective
potential U(®). This is a great advantage of the present
method.

The potential slow-roll parameters are defined by

1 /1dU\?
“5(5?@)’
14U

T Uaer

The power spectrum of the density perturbations P, its
spectral index n, and the tensor-scalar ratio r are given by
the slow-roll parameters as

1 U
‘24 e’
ng~1—6e+2n,

r~ 16e.

or :
_2t
EO
o —4 ®
S
—6t
©
® ® ®//
-8t , L
0 1 2 3 4 5

Logol¢l

FIG.5. The constraint on the coupling parameters M and &. The
color dots with numbers or letters correspond to the coupling
parameters given in Table. I.

Applying them to the present model, the power spectrum
of the density perturbations is written by

Do~ AP0 (4M> + 4EM?(6£ — 1)¢p + Ag*)
£ 30722 M2(1 — £¢2)?

(3.1)

Since U(®) is not explicitly given by @ but by some
parametric representation of ¢, we have also used the
original Higgs field ¢ as a “parameter” when we solve the
dynamics.

T T T T .
0.15 | Planck TT+lowP |
N G Planck TT+lowP+BKP
Ty +lensing+ext
0.10 | _
0.05 | |
0.00 ol |

| 9 | |
0.95 0.96 0.97 0.98 0.99 1.00

Ns

FIG. 6. The colored lines show the numerical results of the
hybrid Higgs inflation with N = 50-60. The numbers or letters of
lines correspond to the colored dots in Fig. 5 and the coupling
parameters in Table I. ® and © correspond to new Higgs inflation
model with M = 1.41 x 10~® and the conventional Higgs in-
flation with & = —10%, respectively. ® shows the case with
positive nonminimal coupling (£ = 1/6), which line is over-
lapping with the line ®. © and @ are almost the same. The
observational constraints on n,; and r by Planck 2015 [57] are
also shown.
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The e-folding number N is given by

_ PREBMPE(6E = 1) + A2+ PO} +2(2 + 24M*E) In [1 — &4}

N " U e
“A dU/do"

end

where @y and ¢ are the values of @ and ¢ at the e-folding
number N, and @4 and ¢4 are those values at the end of
inflation (¢ = 1).

From the Planck CMB observation [57], we have the
constraint on the power spectrum P, ~ 2.2 x 10~°. Here
we assume that @4, Peng are much smaller than Dy, ¢y,
and then we set @4, Pong = 0. From Eq. (3.2), we obtain
the value of the inflaton at N = 50-60. Substituting these
values into Eq. (3.1), we obtain the constraint on £ and M,
which is shown by the black curve in Fig. 5.

We then calculate n, and r, which results are plotted by
the colored lines with numbers or letters in Fig. 6. We
choose 7 sets of the coupling parameters:

® (orange), ® (blue), ® (yellow), @ (pink),

® (green), @ (purple), © (red),
which parameter values are given in Table I. The numbers
or letters also correspond to the colored dots in Fig. 5. ©, ®,
and ® give the models of the conventional Higgs inflation,
of new Higgs inflation, and with a positive nonminimal
coupling (¢ = 1/6), respectively.

We find that the predicted point (ng, r) in the hybrid
Higgs inflation model moves from the values in new
Higgs inflation model to those in the conventional Higgs
inflationary model as |£| increases. The tensor-to-scalar
ratio r changes drastically, while the primordial tilt n;
barely changes. Hence once we know the tensor-scalar

TABLE L

64M>E ’ 3-2)

I
ratio r by the future observations, we can fix the coupling
parameters M and &.

As found in Fig. 6, when we have the derivative
coupling, even if there exists a positive nonminimal
coupling constant (£ > 0), e.g., a conformal coupling
(¢ = 1/6), an inflationary scenario consistent with obser-
vations becomes possible[10,11]. The results are almost
the same as new Higgs inflation model because non-
minimal coupling does not play any important role except
for the constraint on the initial value of the Higgs field
(¢ < E7'/%). The large positive coupling may not give a
successful inflation.

B. Comparison with the ‘“‘exact” results

In order to justify our results calculated in the trun-
cated model, we have to evaluate the perturbations in
the original full theory. Since the basic equations in
the Einstein frame is too complicated, we perform the
calculation of perturbations in the original Jordan
frame by use of the ADM formalism, which is summa-
rized in Appendix B 2. We suppose that this numerical
result gives the correct values. We then compare our
results with those “exact” ones. In Table I, we show the
“accuracies” of our results, which are evaluated by the
following deviations;

The coupling parameters for which we evaluate the cosmological perturbations in the hybrid Higgs inflation model.

We also show the accuracies of our results in our truncated model in the Einstein frame (THD) and those in the large friction limit (LFL)
in Jordan frame. The accuracies in THD are always fairly good, while the accuracy in LFL becomes much worse as the
coupling parameters approach the “conventional” Higgs inflation model, e.g. the model ®, because the approximation is no longer
valid.

Coupling parameters Approximation Ang/ng Ar/r
M £ methods N =60 N =50 N =60 N =50
® 1.41 x 1078 1/6 THD 7.1%x10™* 1.0 x 1073 3.5%x 1072 45x%x1072
LFL 55x 10 75%x 1074 3.1 x 1072 3.1 x 1072
® 1.41 x 1078 0 THD 5.8 x 1072 93 x 10 3.4 %1072 42 x 1072
LFL 5.0x 1072 7.6x 107 3.1x 1072 3.8x 1072
® 1.41 x 1078 —-10? THD 7.5 %1072 1.1x1073 3.6 x 1072 4.5x% 1072
LFL 6.0 x 1072 7.9 % 10~ 3.1 x 1072 3.8 x 1072
® 1.70 x 1078 -103 THD 7.6 x 1072 1.1x1073 3.6 x 1072 4.6 x 1072
LFL 6.5x 10 8.6 x 10~ 3.2 x 1072 3.9 x 102
® 3.98 x 1078 —-10* THD 1.2x 1073 1.8x 1073 5.1 x 1072 6.5 x 1072
LFL 2.8x 1073 3.8x 1073 9.0 x 1072 1.0 x 107!
@ 10~ —4.27 x 10° THD 3.6 x 1073 93 x 1074 3.5x 1072 4.4 x 1072
LFL 4.1 x 10° 5.1 % 10° 1.1x10° 1.1x10°

083512-6



HYBRID HIGGS INFLATION: THE USE OF DISFORMAL ...

PHYS. REV. D 97, 083512 (2018)

Ang Ins = ny.apm|

ng ng ADM

’

ﬂ,_ |7 = rapwm|
= k)

r 'ADM

where ng apy and rapy are the values obtained in the full
theory by use of the ADM formalism.

Our model is included in the class of generalized Higgs
inflation models[19]. In their model, they provide one
simplified formula under some approximation. Using it, we
also calculate n, and r in our model, which are given in
Appendix B 3. The accuracies of the perturbations are
summarized in Table I. As the coupling parameters
approach the region near the “conventional” Higgs infla-
tion, the deviations from the “correct” values increase. The
approximation used in [19] is broken near the “conven-
tional” Higgs inflation model. On the other hand, our
approximation method is still valid even in such parameter
regions.

IV. SUMMARY AND DISCUSSION

In this paper we propose a hybrid type of the conven-
tional Higgs inflation and new Higgs inflation models.
Performing a disformal transformation into the Einstein
frame and truncating the higher-derivative terms of the
Higgs field, we analyze the inflationary background
dynamics and the cosmological perturbations. From the
observed power spectrum of the density perturbations, we
show the constraint on the nonminimal coupling constant &
and the mass parameter M in the derivative coupling.
Although the primordial tilt n, in the hybrid model barely
changes, the tensor-to-scalar ratio r moves from the value
in new Higgs inflationary model to that in the conventional
Higgs inflationary model as || increases. r varies in the
range of the observationally arrowed region. Hence once
we know the tensor-scalar ratio r by the future observa-
tions, we can fix the coupling parameters M and £. We
confirm our results by numerical analysis by ADM for-
malism of the full theory in the Jordan frame. The higher-
derivative terms of the Higgs field appeared in the Einstein
fame can become negligible because of the slow-rolling
evolution during inflation.

As we mentioned in Introduction, our studied model is
no more than the tree level. At the high-energy scale, such
as an inflationary stage, we should take into account the
quantum loop effects to obtain the effective potential. Since
the loop corrections significantly change the effective
Higgs potential via the running of the coupling constants,
the conventional Higgs inflation model has been analyzed
including in the loop corrections [14,29,58]. The frame
dependence of the effective potential has also been dis-
cussed [15,58]. This problem is caused by which frame
(either in the Jordan frame or in the Einstein frame) we use
to quantize the Higgs field and calculate the effective

potential. They found that » would be enhanced so much
that some parameter regions can be excluded by the
observations. However, as we expect, the result should
not depend on the frame choice [41,59]. Since we also have
the stability problem of the Higgs field, we have to consider
the loop corrections more carefully. We expect not only the
Higgs coupling 4 but also the nonminimal coupling & as
well as the derivative coupling M are running via renorm-
alization. Such a calculation could be performed by the
asymptotic safety approach [60-63]. These problems are
under investigation.
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APPENDIX A: TOWARDS THE EINSTEIN
FRAME VIA DISFORMAL TRANSFORMATION

1. Disformal transformation

We first consider the following disformal transformation,

9 = 92(.@#1/ + ﬁyﬁw) (Al)

from the original metric g, with a vector field &, which is
either timelike or spacelike, i.e.,

i, = ei’,
where ¢ = £1. This transformation leads to
V=g = QP(1 4 e?)2\/—5
r-a ()

1+ e
F’zfp = f’zfp + 77/;/)5

where D is the spacetime dimension, and the deviation of
the connection 7, is given by

Vop = flp + @hp, (A2)

with

083512-7



SEIGA SATO and KEI-ICHI MAEDA

PHYS. REV. D 97, 083512 (2018)

X [vp(ﬁyﬁa) + va(ﬁlzﬁp) - vb(ﬁpﬁa)]

= 1
@ po = %vg InQ + 5’;Vp InQ — (g”” — gy ﬁ”ﬁ”)
X (g/’ff + ﬁ/)ﬁﬁ)vu In 97

where V# denotes the covariant derivative with respect to
the metric g,,.
The Riemann, Ricci, and scalar curvatures are given by
Rﬂl//’” = Rﬂl’/”’ + v,077#l/0' - vo‘}_’ﬂl/ﬂ + 7ﬂ(lﬂ 70:]4) - }_/ﬂﬂll}_/ava
- - - o 8
R/)n' = R/)o’ =+ vyyzﬁ - vﬂyﬂﬂp + yﬂllay;fo' - ylapyap’g
2+eil® - 1
—~R— — G, it
2(1 + enn?) 1 +en

- vpi_’ﬂﬂp + é_?'o 67_’207”;4(1 - go 677ﬂa/177aﬂg -

_ 02

+ VY, (7Tho)
1
1+ ein?

wn°
X (VT = VoPup + PuaTis = P ar?0) | -
Hence, we obtain the Einstein tensor as

G/w = Gﬂu + (g/u/ + uﬂﬁv)ﬁauﬁéaﬁ

2(1+en?)

eir’ N B
T o) O )R =5, 0K

vy vy by 50 70 1 = 27 17
+ v/)Yﬁl/ - vyypp/t + ypﬂo‘y#u -7 /)yypdl/ - E (g,uy + uuuu)

X Vo @78) = VT + X T7 g0 = F TV a7

1 —p=0(\] Q& /0 =P sa =P =0
- 1+ 6'17[2 ' (vay/)o' - vo'y l{l/} + yﬂ/)’ay po yﬁaﬂy%g) .

2. Towards the Einstein frame

Now we consider the following action,

s— / P x =G (@R + F5(#)G*(9)V,4Y, 4.
(A3)

where F,(¢) and F5(¢) are arbitrary functions of a scalar
field ¢. This gives a gravity sector of some simple scalar-
tensor gravity theory.

Performing the disformal transformation (A1) with

ii, = V¢, we find

2+ e - 1 &
2(1 4 eir?) 1 +ew>

R:Q_Q wu’ + .-

_ 1 _ o
Gﬂv = Gﬂu + 2(1 n 6122) (gﬂv + uﬂu'/)u #’G 7
i’ _ S R
41+ ei?) (G + Bty )R = 5 0,1, R -

where - - - describes some functions of ¢ and its derivatives.
Since V,¢p = 0, =V ,¢, we find the action (A3) as

5= / P xyFAS. B)R(G) + B, P)
X Gog(@)V PVl + -,
where

A QD—4(1 4 eﬁz)_3/2
= 4ﬂ2
x Fy — (ci?)2Fs]
QD—4(1 _|_€ﬁ2)—3/2
- 2
+ (2 + €il®)Fs).

2A2Q% (1 + €ii?)(2 + eir?)

B 221 + i)y

In order to find only the Einstein-Hilbert action in the g
frame, we have to impose A = % and B = 0. We then find
the equations for Q and S as

2ﬂ2Q2(1+€ﬁ2)(2+€ﬁ2)F4—(€ﬁ2>2F5i2ﬁ2Q4_D(1+€ﬁz)3/2
=220 (1€t ) Fy+ (2+e€i®) F5=0.

These equations fix Q and S as

- 2+ eir?)
gr-a . (2der) A4
4(1 + e®)VV2F, (a4)
=2
po BEE)Fs 6 (A3)

2(1 + 617!2)F4

Since eir? = *(V¢h)?, we have to solve the coupled
equations (A4) and (A5) to describe Q and f explicitly
in terms of ¢ and V.

As a result, the disformal transformation (A1) with (A4)
and (A5) gives the Einstein gravity in the g frame, which we
call the Einstein frame.

3. Hybrid Higgs inflation

Next we apply the above result to the hybrid Higgs
inflation model in four dimensions (D = 4), which is
given by
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S= /d“x\/—_g{l _2‘5"5213

1 v
- E (g/w - ﬁz) vu¢vu¢ - V(¢):| .

Since we are interested in a cosmological dynamics, for
the disformal transformation,

Guw = QZ (f_}/w + ﬁzquﬁvugb),

we choose a timelike vector i1, = fV, ¢ with %, =
—i? (e = —1).

To find the Einstein gravity in the transformed g frame,
we choose

o (2 —u?)
21 - @) (1 - &%)
1

2 _

r= (1 — @2)M>
2
Ldisformal Zéf v (ngY/m') -
ﬂZ

gﬂl1 Dkvﬂ¢vk¢[
2M2 P

yﬂﬂ/) + g/my pa}_/ Hao

- vvﬂ_/pﬂﬂ + ?pﬂff 7Zv

Introducing the canonical kinetic term of the Higgs field,

- 1 - _
X = =353V,09.9,

since > = —ii%ii, = 2/3*X, we find the relation between i
and X as

) u 2X

M2(1 —M2>2 :W (A6)

The gravity action is now given by the Einstein-Hilbert
term. How about the action of the Higgs field? Apart from
the standard action in the original frame, we have the
additional contribution L gisforma from the disformal trans-
formation as

1
SHiggs = /d4x\/ -9 [—zg"”vﬂd)quﬁ - V(¢) + Ldisformal 5

where

gp()’ 7ﬂ ap J_/aﬂa

VPV, e =V P+ P = o)

- 76/)/4 7_’/)(”

1 - - _ _
=5 G + PV Vol #T50) = VT 0y + P Tol pa = T o

/2
1-

In order to obtain the action in the Einstein frame, we
have to rewrite the variables in the g frame to those in the g
frame. Since Lgisorma 1S already given by the variables in
the g frame, we easily find the action of the Higgs field in
the Einstein frame as

Skiggs = / d*x/—gQ4 (1 — #2):
1. -
X |:—§Q_2§””V”¢VD¢) - V(¢) + Ldisformal .

Since the above additional term L g;sforma 1S VEry com-
plicated, it seems not to be useful for a practical purpose.
However, since we are interested in an inflationary era, at
which the scalar field changes very slowly, the kinetic term
X is small in the slow-rolling phase and then we may be
able to ignore the higher-derivative terms such as [J¢ and
X?. The resultant action becomes much simpler. We shall
show below what we find as the lowest order.

vp¢va¢(va7pg - v6770lotp + 77/3[{117/07[6 - 7ﬂ(l/)7a/jo-)]'

Expanding Eq. (A6) in terms of X, we find

o/ X

The kinetic term and the potential term in the standard
Higgs action are rewritten by the similar expansion as

Ty
[1-GF ]

N NN

&7
Vi) [, (7 _(Tp)
=T |+ et

The additional term Lgigormal> in Which both f%, and @,
are the functionals of ¢ and its derivatives, is very
complicated. However, f%, consists only of the derivatives
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of @ = pV¥¢, which are the higher-derivative terms of ¢.
We may neglect such terms. On the other hand, @}, contains
the derivative of the conformal factor Q. Hence, its con-
tribution provides the square of the first derivative term of the
scalar field ¢, which gives the lowest order in the expansion.
Hence, we have to pick up the relevant contributions from the
terms with @),. Since the derivatives of @j, are the higher
derivatives of ¢, only algebraic terms remain.
We then find

4 1= &P
AV Ldlsformal — V™ Q ( ) ZQZ

X [F°D% @ ya — G° wﬁap&) o ]

VA .

As a result, the effective lowest-order action for the
Higgs field in the Einstein frame is given by

1 (1= &(1—-68)¢7 + YN
SHiggs = —/d4X\/—_g |:§ ( ((1 — 64)52)2 )<v¢)2
V(¢)
e }

—/d4x\/:§ L (VD)2 + U (D) +}

where

d(IJ 1-e-ege +
=&

V(g)
(1-¢¢%)*

U(®) =

APPENDIX B: ANALYSIS IN JORDAN FRAME

1. The basic equations for a Friedmann universe
in the Jordan frame

We shall derive the basic equations for a background
universe in the Jordan frame. We adopt the flat FLRW
metric, as

52 = —N2df* + a(t)?dx?,

where A is a lapse function and a is a scale factor of the
Universe. The action (2.1) is written as

2 ¢2
5= [ @[55 -a+ (14 gy 2
H¢¢

where H := a/a is the Hubble expansion parameter and
adot denotes the derivative with respect to the cosmic time ¢.

Taking the variation with respect to the lapse function AV,
we find

1 9H?\ ¢* .
H =— |1+ | =+ 6EppH + V ,
g (! ) T o v
(B1)
where we have set N’ = 1. This is just the Friedmann

equation in the Jordan frame. The variation with respect to
the scale factor a gives

2 72
<3H2+2H><1—§¢2>+( 3 45)"#—v<¢>
1 d . .
L i) — 229 - azpi = . (B2)

The equation of motion of the Higgs field is given by
variation with respect to ¢ as

3H 3H? +2H
<1+MZ)¢+3H<1 7 )¢+6§(H+2H2)¢
dv
il (B3)

Equations (B1), (B2), and (B3) are the basic equations for a
Friedmann universe in the Jordan frame.

2. Cosmological perturbations in the Jordan frame
by use of the ADM formalism

In order to check the accuracy of the perturbations
calculated in the truncated model in the Einstein frame, we
have to analyze the perturbations in the full theory. Although
the disformal transformation provides the equivalent cosmo-
logical perturbations [51-56], the full action in the Einstein
frame is too complicated to be analyzed. Hence, we perform
the perturbations in the original Jordan frame by use of the
ADM formalism [64]. We expect that this approach gives the
correct perturbations. We then compare those with our results
evaluated by the truncated model in the Einstein frame.

We use the unitary gauge, in which the Higgs field is
uniform ¢ = ¢(¢). The perturbed metric is written as

52 = —=N2di* + y;;(dx’ + N'dr)(dx! + Ndt),
where
N=1+a, N; = 0,8,
vij = a*(1)e* (5,~j + hy; —l—%hikhkj).

a, p, {, and h;; are the scalar modes and the tensor mode of
perturbations, respectively. h;; satisfies the transverse-

traceless conditions h; = h;; ; =0,
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First we consider the scalar perturbations. Varying the
action with respect to the lapse a and the shift 3, we find
two constraint equations,

1 - & - 2;;2
H( - & =30) —cpp
__ - o
@ H( - -2 —epp @

2
+{3+ L=< R
[H(1 = &¢* - 3L) - Epgp]?

2M?
72 72
x {%+6H.§¢¢—3H2( . 3¢ >]}c

Replacing a and f with { by these constraints, we obtain the
quadratic action for the scalar perturbations as

¢ = [ aexe |y -3 007,

where
" _ 5 2 2
PO (RPN BN
2M2)(H(1 - eg? - 38 - e’
92 72
x{—3H2( — &7 — ¢>+(’;+6H§¢¢}
Fszlz[ all =&~ 3 }
adt [ f(1 - > =20 — e

72
—<1—§¢2+%>.

The sound speed cg is given by

We assume the following conditions during inflation:

€= — ﬁ ~ const

F
fg = — =~ const
HF

Gy "
= ———~Cons
N HGy

which are confirmed by numerical analysis. The power
spectrum of the scalar perturbations is given by

|Gs H
P = 2 F3 a2 , (B4)
horizon
where
3—e+g, 2
I | e PVEETTVE

Ys= D225 /2tgs/2

(1_€_fs+95)2
rQ) 2 )

I' is the Gamma function. The subscript “horizon” means
that the perturbations are evaluated at the crossing of the
sound horizon. The spectrum index is obtained by

2(3-€+gy)
2-2e—fs/2+gs/2"
The tensor perturbations are also calculated in the same

manner as the scalar perturbations. The quadratic action for
the tensor perturbations is

ng—1=3-

, 1 . F
S<T) = g/dz‘d3xa3 [Gr(hij)z - a_2T (Oxhiy)?|.

where
(2)2
Gr=1—¢Ep* -2
T & 2M?>
¢2
Fr=1-¢&p> + .
T & tour

We also assume the following conditions:

T
= ~ const
fr HE,
gr = L~ const
T HG; ’

which are also confirmed numerically.
The power spectrum for tensor perturbations is given by

|G H?
P =8 Jr
T I F3T 47

3—e+g 2
F(2—2e—f7/2:—gf/2)

@)

: (B3)

horizon

l_e_fT+gT :
5 .

As a result, we obtain the tensor-to-scalar ratio r by

where

2(3—etgr) -3
Yri= 22—2€—fT/2+.'IT/2

Pr
== B6
=5 (B6)

We expect that those values give the correct ones,
although we have to perform numerical calculation. We
compare the results obtained by some approximations with

083512-11



SEIGA SATO and KEI-ICHI MAEDA

PHYS. REV. D 97, 083512 (2018)

the above “correct” values and then judge the validity of the
approximations.

3. Large friction limit

Equations (B4) and (B5) are still complicated to evaluate.
Hence, in [19], taking the large friction limit, they have given
a simplified formula. Since our model is one of the
generalized Higgs inflation models, we may apply their
formula to our analysis.

Here we show the results for the hybrid Higgs inflation
model by use of their formula. The power spectra of the
scalar and tensor perturbations are given by

N prs gt
P e (=g (1 T - 5¢2>> ’

while the primordial tilt n, and the tensor-to-scalar
ratio r are

8(3-26) M\
e T ) (l e —5¢2>)
MR-

ﬂ¢4 -2
2 2\2 <1 + 2 2 >
w1 e\ T — g
N 128 Ag* -1
" E ) (1 o —5¢2>) |

The e-folding N is given by solving Eqgs. (B1), (B2),
and (B3). Based on these formulas, we show the accuracies
of the cosmological perturbations in Table I.
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