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Type Ia supernovae (SNe Ia) are generally accepted to act as standardizable candles, and their use in
cosmology led to the first confirmation of the as yet unexplained accelerated cosmic expansion. Many of the
theoretical models to explain the cosmic acceleration assume modifications to Einsteinian general relativity
which accelerate the expansion, but the question of whether such modifications also affect the ability of SNe Ia
to be standardizable candles has rarely been addressed. This paper is an attempt to answer this question. For
this we adopt a semianalytical model to calculate SNe Ia light curves in non-standard gravity. We use this
model to show that the average rescaled intrinsic peak luminosity—a quantity that is assumed to be constant
with redshift in standard analyses of Type la supernova (SN Ia) cosmology data—depends on the strength of
gravity in the supernova’s local environment because the latter determines the Chandrasekhar mass—the mass
of the SN Ia’s white dwarf progenitor right before the explosion. This means that SNe Ia are no longer
standardizable candles in scenarios where the strength of gravity evolves over time, and therefore the
cosmology implied by the existing SN Ia data will be different when analysed in the context of such models. As
an example, we show that the observational SN Ia cosmology data can be fitted with both a model where
(Qu, Q) = (0.62,0.38) and Newton’s constant G varies as G(z) = Go(1 + z)~"/* and the standard model

where (Qy, Q4) = (0.3,0.7) and G is constant, when the Universe is assumed to be flat.
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I. INTRODUCTION

Cosmology observations from Type Ia supernovae
(SNe Ia) gave the first evidence for a late-time acceleration
in the expansion of the Universe [1,2]. A Type la supernova
(SN Ia) is the cataclysmic explosion of a white dwarf star
that occurs when the white dwarf accretes enough mass
from a binary partner for the material in its core to undergo
runaway thermonuclear fusion. SNe Ia are thought to act as
standardizable candles because of an observed relationship
between a SN Ia’s peak brightness and how rapidly this
peak brightness is achieved and subsequently left behind
[3] (the so-called width-luminosity relation, or WLR).
After standardization procedures, which are often at least
partially based on the WLR, are applied, any remaining
difference in the peak brightnesses of the two SNe la should
be due to a difference in distance to the observer. Thus the
relative distances between SNe Ia can be measured, and
along with measurements of their redshifts can be used to
infer the details of the expansion of the Universe through
the construction of the distance-redshift relation.

After the late-time acceleration of the expansion of the
Universe was discovered, Einstein’s idea of a small, positive
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cosmological constant A was revived and established as the
leading candidate for the acceleration’s origin. However, the
idea of A as the cause of cosmic acceleration is not without
theoretical difficulties, such as the cosmological constant
fine-tuning and coincidence problems [4,5]. These problems
have motivated a wide array of theories of dynamical dark
energy [6] or modified gravity [7,8] which aim to explain the
smallness of A (or its substitute) using dynamical or more
natural mechanisms. The latter class of models has received
growing interest in recent years, partly because current and
next-generation cosmological surveys (such as eBOss [9],
DES [10],Hsc [11], pEsI[12],LssT[13], EUCLID [14], 4MOST
[15], wrIRST [16] and SKA [17]) will allow their theoretical
predictions to be confronted with precision data. The use of
Einstein’s general relativity (GR) as the foundation of
modern cosmology is a vast extrapolation of its validity
beyond the length and energy scales at which it has been
rigorously tested [18], and thus testing the validity of GR
with unprecedented precision in this new regime of cosmo-
logical scales is a vital task.

An unintended and less well recognized consequence of
introducing theories of modified gravity is their potential
impact on the astrophysics of SNe Ia themselves—in
particular, their ability to act as standardizable candles
could be affected. A fairly common feature of these theories
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is that the strength of gravity varies over cosmic time and/or
across space, as a result of which some key properties of the
white dwarf progenitors of the SNe Ia, such as their mass,
can become redshift dependent. The redshift dependence of
these key properties may in turn affect the intrinsic peak
luminosities of the SNe Ia. If this is the case, then the
measurement of the acceleration such theories are intro-
duced to explain might need to be reinterpreted as the very
result of their introduction. In the extreme case, modified
gravity theories may produce an acceleration that is no
longer supported by the SN la data once the data is
reinterpreted in the context of the new theory. Evidently,
this is an interesting question that is not just important for
consistency in the study and testing of modified gravity
theories, but also relevant to the general cosmological
community. It has long been recognized that any evolution
of the SNe la intrinsic luminosity L with redshift would
affect the distances measured and therefore the values of the
cosmological parameters deduced from SN Ia cosmology
observations [19]. There have also been some earlier efforts
to relate this evolution of intrinsic luminosity to an
evolution of the strength of gravity through the value of
Newton’s gravitational constant G [20-22]. However, these
initial studies assumed a straightforward proportionality
between L and G, and either did not attempt to produce
light curves [20,21], or if they did produce light curves [22]
did not attempt to reproduce the WLR or quantitatively
verify that the standardization procedures still work when
G # G, where Gy is the value of G at the present day. This
method has also been utilized to place constraints on the
variation of G using the observational dispersion in SNe Ia
absolute magnitudes [23-25].

In this paper we further develop these early works and
introduce an alternative method to treat SNe Ia in modified
gravity theories that allows us to produce SNe Ia light
curves in order to verify whether the WLR is reproduced in
non-standard gravity, and then use this information to
tackle the issue of whether the ability of SNe Ia to act
as standardizable candles is affected.

Modeling the impact of modified gravity on SN Ia
astrophysics is a highly nontrivial task. The pre and
post-collapse phases of the evolution of SNe Ia are both
typical astrophysical laboratories where all four types of
fundamental interactions play a role and the many physical
processes going on are not yet fully understood. Even with
the current best knowledge of these physical processes, the
SN Ia evolution cannot be accurately followed without
expensive hydrodynamical simulations. This is further
complicated by the strong variations displayed in the
physical properties of the SN la population, such as their
burning conditions and the *Ni mass produced in the
thermonuclear reactions, the latter being a critical quantity
determining the intrinsic SN Ia luminosity. If we add
modifications to gravity on top of all these, the situation
only becomes worse. Clearly, a simplified approach is

needed for initial proof-of-concept studies before embark-
ing on a full numerical investigation.

Our approach makes significant simplification of the
study in three ways: firstly the use of a semianalytical
model for SNe Ia light curves that has been demonstrated to
work quite well in explaining the observed behaviors of the
light curves; secondly the treatment of modified gravity as a
time variation of Newton’s constant G, which affects SN Ia
astrophysics mainly by modifying the mass of the white
dwarf progenitor—the Chandrasekhar mass; and thirdly the
use of a simplified standardization procedure (in compari-
son to those used for observational work [26,27]) that
involves rescaling light curves so that their shape around
the peak matches that of a template. We will show that,
using this simplified procedure, the semianalytical light
curve model can successfully reproduce the WLR and the
standardizability of SNe Ia light curves in the case of a
redshift-independent value for Newton’s gravitational con-
stant G(z) = Gy, which corresponds to the well-known
result of the Chandrasekhar mass Mc, = 1.44 M.
However, if M, takes different values at different redshifts
due to G(z) # Gy, we will show that although the WLR is
reproduced for G # G, our procedure for the standardi-
zation of SNe Ia light curves based on this WLR gives rise
to different rescaled intrinsic peak luminosities than pre-
dicted by G = G, suggesting that SNe Ia are no longer
conventional standardizable candles with the same rescaled
intrinsic peak luminosities at all redshifts.

We will present a simple numerical example that utilizes
this result and demonstrates that the same SN Ia data can be
fitted by two cosmological models: one with (Qy, Q,) =
(0.3,0.7) and G = Gy, and the other with (Qy,Q,) =
(0.62,0.38) and G(z) = Gy(1 +z)~!/4, where z is the
redshift, and Qy and Q, are respectively the present-
day density parameters for nonrelativistic matter and the
cosmological constant A.

This paper is organized as follows. We start in Sec. I A by
describing a model capable of producing the light curves of
SNe Ia for a given set of input parameters, show in Sec. I B
how varying each of these input parameters affects the light
curve, discuss the relationship between two of these input
parameters, nickel-56 mass My; and ejecta opacity k, that is
essential to the rescaling of SNe Ia light curves in Sec. I C, and
then in Sec. II D deduce how modifications to gravity would
affect the values of the input parameters and therefore the light
curves. Once we have this gravity-dependent light curve
model, we use it to investigate how the results of the light
curve rescaling process change under modified gravity in
Sec. Il A, before presenting the numerical example men-
tioned above in Sec. III B. Finally, we conclude in Sec. IV.

II. SN Ia ASTROPHYSICS

To construct a model capable of capturing the effect of a
time-dependent local strength of gravity on a SN Ia light
curve, we first identify a model that can reproduce a light
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curve for a given set of input parameters in Sec. Il A,
investigate how the light curve depends on each parameter
in Sec. II B, discuss a key component of the model that
allows SNe Ia light curves to be standardizable in Sec. I1 C,
and then determine how the values of those parameters
depend on the value of G in Sec. I D.

A. Light curve model

1. Physics of the light curve

A SN Ia is triggered when a carbon/oxygen white dwarf
accretes enough mass from a binary partner to increase the
temperature and density in its core past the level required to
restart nuclear fusion. This initial fusion begins a runaway
thermonuclear process known as carbon detonation that
releases enough energy to destroy the white dwarf. During
this process, large quantities of the radioactive isotope
nickel-56 (**Ni) are produced. The *Ni undergoes positron
decay to cobalt-56 (°°Co) which in turn decays via positron
emission to the stable isotope iron-56 (°°Fe) [28]. The
decay chain is simplified as follows:

3¥Ni > 39Co+ 9 e" +y - ¥Fe+2% et +y. (1)
The radiation produced in these decays is in the form of
short-wavelength gamma rays. Throughout this paper we
will treat such gamma rays as unobservable and only
consider the SN Ia’s ultraviolet+optical+infrared
(UVOIR) light curve. Therefore to contribute to the light
curve, the radiation produced in these decays must first
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increase its wavelength through one of many possible
interactions with the supernova ejecta material thrown
out in the initial explosion of the white dwarf progenitor.
This longer wavelength radiation can then diffuse through
the supernova ejecta and be observed. Gamma rays that
diffuse through the ejecta without interacting will not
contribute to the UVOIR light curve—this is known as
gamma ray leakage.

A qualitative description of each phase of the diffusion
process for the post-interaction, longer wavelength radia-
tion is given below and is accompanied by a sketch of
the corresponding UVOIR light curve in the left panel of
Fig. 1:

(I) Atearly times, the outer layers of the supernova ejecta
are still hot and densely packed, with high opacity to
radiation of all wavelengths. Thus at this stage the
instantaneous luminosity observed from the super-
nova is only a small fraction of the instantaneous
power from radioactive decay in the center of the
ejecta, and this can be seen in the small initial
brightness of the supernova’s light curve.

(IT) Gradually, as the ejecta expands and disperses, its
opacity to longer wavelength radiation falls and the
amount of UVOIR radiation that can escape in-
creases, until the ejecta becomes essentially trans-
Iucent and UVOIR radiation can escape unimpeded.
This can be seen as the light curve steadily rises to its
peak after the initial explosion.

(IIT) Once the ejecta has become essentially fully trans-
Iucent to UVOIR wavelengths, the trapped UVOIR
radiation that had been produced at earlier times
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Left panel: Sketch of a typical UVOIR light curve for a SN Ia, along with the power produced by the radioactive decay chain of

36Ni. The Roman numerals correspond to the phases described in the text. Right panel: Rescaling of light curves from a SN Ia population
with varying My; in standard gravity (G = G). A template curve, whose shape around the peak the other curves have been rescaled to

match with, is also shown.
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before the ejecta became translucent can escape.
This results in the instantaneous observed luminos-
ity temporarily rising above the instantaneous power
from radioactive decay until the excess trapped
UVOIR radiation energy has escaped. This can be
seen in the light curve shortly after the time of peak
brightness.

(IV) After this point, the observed UVOIR luminosity
falls below the instantaneous power from radioactive
decay. This is because the opacity of the ejecta at
short wavelengths is now small enough that a
significant fraction of the radiation produced leaks
out as unobserved gamma rays without interacting to
become longer wavelength UVOIR radiation, and so
does not contribute to the UVOIR light curve.

In order to calculate the light curve produced by the
supernova in this complex situation, the radiative transport
equations for the decay radiation propagating through the
ejecta must be solved. This problem has been tackled by
many groups using large numerical simulations, for exam-
ple see Refs. [29,30]. However, such calculations are
computationally intensive and are beyond the scope of
this research. Instead, a semianalytical treatment of an
approximated version of the full problem is used, a method
which has shown success in reproducing the standard
observed behavior of SNe Ia and the results of more
complex numerical simulations [31,32]. The method that
follows is based on the treatments in Refs. [33,34,35]
(henceforth known as A80, A82, and C12 respectively). A
condensed derivation of the equation for the light curve is
presented here, but a fully detailed version can be seen in
Appendix A. The following assumptions and approxima-
tions are made:

(1) Spherically symmetric system;

(2) Homologous expansion of ejecta—see Eq. (6);

(3) Ejecta gas that is dominated by radiation pressure;

(4) Diffusion approximation—optically thick ejecta

(optical depth > 1);

(5) Constant effective opacity of ejecta;

(6) Radioactive decay as the only source of energy;

(7) Concentrated distribution of “°Ni in the center of the

system.

We start by applying the first law of thermodynamics to
the expanding supernova ejecta:

. AL
E+PV=—o"te. (2)

where E = aT*V is the specific energy, P = aT*/3 is the
pressure, T is the temperature of the ejecta, V = 1/p is the
specific volume, p is the density of the ejecta, a = 40/c is
the radiation constant, ¢ is the Stefan-Boltzmann constant,
the ¥ notation represents the partial derivative with respect
to time Jy/dt, L is the luminosity output of the system, m
is the mass, and ¢ is the rate of energy per unit mass added
to the system. The first term, E, is the rate of change in

energy density, and PV represents the specific work
involved in expanding the ejecta, so the equation shows
that the sum of the rate of change in energy density and the
specific work are equal to the sum of the energy per unit
mass added to the system (positive) and the luminosity
output of the system per unit mass (negative).

The source of energy in this system, e, is the radioactive
decay of *°Ni to *Co and the subsequent decay of *°Co to
stable °Fe, and is given by

e(r.1) = &(r)l(eni — eco)e™/™ +ecoe™™],  (3)

where £(r) is the radial distribution of ®Ni in the ejecta,
eni = 3.9 x 10" erg/s/g and ec, = 3.9 x 10'° erg/s/g
are the energy generation rates from *Ni and °Co decays
respectively, and 7y; = 8.8 days and 7, = 111.3 days are
the lifetimes of Ni and *°Co respectively [36].

In the diffusion approximation, the luminosity of a shell
of the ejecta at radius r is related to the temperature of that
shell by

Tca OT*
L =4z 0% (4)

where I = 1/pk is the mean free path in the ejecta, « is the
effective opacity of the ejecta, and c is the speed of light.
The temperature can be expressed as a separation of
variables:

4 4 Ry 4

00 =0Ty gl )
where the temperature’s radial dependence is contained in
w(r), and its time dependence in ¢(t). T is the initial
temperature at zero radius. Shortly after the initial super-
nova explosion, the expansion of the ejecta should become
homologous such that the radial extent of the surface of the
ejecta at time 7, R(t), is given by

R<t) = RO + Vgels (6)

where R(t) has advanced constantly at a scale velocity vy,
from its initial position at shock breakout R,. For a SN Ia, this
can be taken as the radius of the white dwarf progenitor [37].

Solving Eq. (2) using Eqgs. (4)—(6) (see Appendix A for
details) gives the surface luminosity as a function of time,
which is an equation for the light curve, as

DMy —(BRoi 2y t( Ry ¢
Lgus(1) = fe e (€Ni_€C0>A +—

Tl’l’l USC Tl'[l Tl’l’l

£+2R01’ ,
X e 2 ver2, e’ /fNidt/

t R f (£+2R01') )
+ €co / ( ’ +> e e redr
0 VseTm Tm

(7)
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where My; is the initial mass of *’Ni in the ejecta, 7,, =
(2xM.i/ v.fc)'/? is the light curve timescale which deter-
mines how quickly the brightness rises to a peak and falls
away again, M; is the total ejecta mass, and f is a constant
that depends on the ejecta’s density profile. A80 calculates
that a good approximation for a variety of density profiles
is f=13.8, and this value is adopted here as well.
Equation (7) will be completed by an overall time-
dependent factor to account for gamma ray leakage—see
Appendix A for more details.

2. Model parameters

It would appear the variables that need to be known in
order to calculate the light curve using Eq. (7) are the initial
radius of shock breakout R, scale velocity v, initial *°Ni
mass My;, effective opacity «, and total ejecta mass M.;.
However, v, can be calculated from the energetics of the
supernova explosion. The kinetic energy Ey is calculated
as the difference between the energy produced by nuclear
fusion Ey and the gravitational binding energy Eg of the
white dwarf progenitor [38,39]. The equation for Ey given
in Ref. [39] is

En = [1.74f e + 1.56f; + 1.24f -]<M°j> x 105! er
N . Fe . Ni . Si M 2,
0]
(8)

where fr. nisic/o are the initial fractions of the ejecta mass
in the form of stable *°Fe; radioactive “°Ni; intermediate
mass elements such as Si, Mg, and S; and unburned carbon/
oxygen respectively, and the fractions are governed by the
relationship fc/0 = 1 — fre — fni — fsi- /i can be rewrit-
ten in terms of the initial mass of *’Ni in the ejecta using
My; = fniM.j. An empirical formula for Eg is prescribed
in Ref. [40]:

Eg(pe) = —[32.759747 + 6.7179802l0g,0p.
—0.28717609(log o )?] x 10°° erg, (9)

where p. is the central density of the white dwarf
progenitor. This allows the scale velocity v, to be
calculated using: Ex = 6M,; vi. = |Eg — Ex| [41]. Thus
the free parameter v, has been removed, but only at the
expense of adding the mass fractions fr.sic/o and the
central density of the white dwarf progenitor p. as free
parameters instead.

At this stage the free parameters required are Ry, M, k,
Pe» My, and two out of three of fr. s; c/0 since the fractions
must sum to unity. However, this number can be reduced
further by investigating the effects of varying the central
density of the white dwarf progenitor on the ratio of yields
of ®Ni and °Fe produced in the initial supernova explo-
sion, which leads to the following relationship [42]:

fNi Pc
———=0.95-0.05 x
Sni + fre 1

0° g/cm®’

such that fr. can be calculated provided fy; = Myi/M,;
and p, are known, which removes f, as a free parameter in
our model. Thus only one of the three element fractions
now need to be specified. There are strong limits on f¢ /o in
that it is well know that the amount of the unburned carbon
and oxygen is very small, between 0 —5% of the total
white dwarf mass [43]. For this reason, we choose f¢/q as
the free parameter instead of fg;.

Finally, there is a relationship between the initial mass of
Ni in the ejecta My; and the mean effective opacity of
the ejecta k which allows us to eliminate x as an input
parameter in our light curve model. Because knowledge
of this relationship is vital to understanding the WLR
observed in SNe Ia populations, the specifics of the My; —«
relationship are discussed in greater detail in its own,
dedicated section; Sec. II C.

Thus a semi-analytical model to calculate the light curve
at all times can be created, based on Eq. (7), as long as
values for the following five parameters are specified: M.;,
My, fcjos Pe> and Ry. Although the total number of input
parameters has not decreased from our initial set, this new
set of input parameters can be estimated with much better
justification, or previous work has established constraints
on them as well.

(10)

B. Dependence of model on parameters

Before moving on, we would like to test the model’s
dependency on each of the input parameters in order to gain
an intuitive sense of how the model works, and to verify
that the model behaves sensibly given our knowledge of
the underlying supernova astrophysics.

In order to test the effect of model parameters on the light
curve, each parameter was varied over an observationally
motivated (or allowed) range in turn, while the other
parameters were held constant. For now we assume My;
and « are independent input parameters, although we will
show in Sec. II C that there is a relationship between the
two. Further, we neglect the minor effect of varying white
dwarf mass on the binding energy, though this will be
included later. The results are shown in Fig. 2.

Given that the value of the radius of initial shock
breakout can be taken to be the radius of the white dwarf
progenitor [37], the values of R, would be expected to be
in the range Ry, = 10’-10° cm. In the upper left panel of
Fig. 2 we can see that varying R, within this range yields
essentially identical light curves. This corresponds to the
limit Ry — 0 in Eq. (7) which, as discussed in Ref. [34],
means that the light curve model essentially no longer
depends on R.

There are strong constraints on the central density of the
white dwarf progenitor, p.. The lower bound is due to there
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FIG. 2. Effect of varying each model parameter on the SN Ia light curve while the other parameters remain fixed. When not being
varied, the parameters are fixed with values Ry = 10° cm, My;= 1.0 Mg, fcj0 = 0.0, p. = 1.0 x 10? g/cm?, M= 1.44 M, and

k=02 cm?/g

being a minimum density, for a given central temperature,
at which the fusion of carbon can occur and trigger the
thermonuclear explosion required for a SN Ia. For example,
Fig. 1 of Ref. [44] calculates that even a high central
temperature of T, = 4.0 x 108 K requires a minimum
central density around p, = 1.0 x 10° g/cm?. The upper
limit is provided by the point at which electron capture on
nuclei to produce neutrons becomes a dominant process
such that the white dwarf will collapse to a neutron star
instead of becoming a SN Ia, which Refs. [40,45] calculate
to occur around p, = 1.0 x 10'" g/cm?. Figure 3 shows
that, over this constrained range, the kinetic energy of the
system varies little with changes in p.. Therefore, it is not
surprising that the light curves are only very weakly
affected by changes in p. as shown in the middle left panel
of Fig. 2.

The fraction of unburned carbon/oxygen in the ejecta of
SNe Ia is constrained observationally to be very low [43],
and therefore fractions above 5% will not be considered
here. The lower left panel of Fig. 2 shows that over this

range, variation in f¢ /o has little effect on the light curve of
the SN Ia.

As varying the values of f¢/o, pc, and R, within the
physically motivated ranges mentioned above does not
significantly affect the light curves, we will fix their values
from here onwards at fc,0 = 0.0, p. = 1.0 x 10? g/cm?,
and Ry = 1.0 x 10° cm.

The upper right panel of Fig. 2 shows that, in general,
increasing the total ejecta mass M. (while the mass of SNi
is kept constant) decreases the brightness of the supernova
and increases the light curve width. Specifically, when
M, is doubled from My = 1.5 My to 3.0 M the peak
luminosity of the SN Ia drops to about ~70% of its former
value, and the width of its light curve increases by ~60%.
This behavior is logical as a more massive ejecta would
be more difficult for the radiation emitted in the decays of
Ni and *°Co to pass through, so the same amount of
energy escapes over a longer timescale, mathematically
represented in the equation for the light curve timescale:
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FIG. 3. Effect of varying p,. on the nuclear, gravitational, and kinetic energies of a SN Ia. The other model parameters are held constant

with values of: M= 1.0 Mg, fc/0 = 0.0, Ry = 10° cm, M= 1.44 My, and k = 0.27 cm?/g.

2kMj/fcvg.. This results in a fainter, wider light
curve. Note that the above expression treats the effect of
M, and k on 7, distinctly, so this physical interpretation is
valid even though we held the effective opacity constant
through the fixed value of x. Variations in M.; also affect
the energetics of the supernova explosion, but the resulting
effect on the light curve is negligible.

The middle right panel of Fig. 2 shows that decreasing
the mass of *Ni from My;= 1.0 M to My;= 0.5 M, in an
M = 1.4 M, supernova causes the peak luminosity of the
SN Ia to decrease to around half of its former value, while
the timescale over which the SN Ia brightens and fades
remains essentially unaffected. This is simply because the
reduced amount of unstable *°Ni decreases the instanta-
neous power output from radioactive decay, making the
SN Ia fainter at each point on the light curve. Variations in
My; also affect the energetics of the supernova explosion
which determine the scale velocity v,; however the
resulting variation of v is very small and has a negligible
effect on the SN Ia light curve.

The lower right panel of Fig. 2 shows that reducing the
effective opacity of the SN Ia from x = 0.30 cm?/g to k =
0.10 cm?/g causes the width of the light curve to halve,
while the peak luminosity nearly doubles. This reduction in
x allows the radiation produced by the decay of Ni to
escape more easily, which leads to the light curve peaking
at an earlier time when a higher fraction of the initial Ni
remains undecayed such that the instantaneous power from

radioactive decay at the peak is higher and the SN Ia is
therefore brighter. However, this also means that there is
less trapped radiation still remaining at late times, such that
the brightness of the SN Ia falls sharply soon after the peak.

C. My; —x and width-luminosity relationships

As mentioned at the end of Sec, IT A, there is a
relationship between the initial mass of Ni in the ejecta
My; and the mean effective opacity of the ejecta k which
allows us to eliminate x as an input parameter in our light
curve model. To understand why this is the case, it is
necessary to consider how the radioactive decay energy
from the decay of *Ni through to °Fe escapes the ejecta.

The radiation is initially produced as short-wavelength,
high-energy gamma rays. The ejecta has a high opacity at
these wavelengths, but a much lower opacity at longer
wavelengths in the optical and infrared regions. Thus in
order to escape, the radiation must somehow increase its
wavelength. One process through which this increase in
wavelength can happen is fluorescence, whereby an atom
absorbs a single high energy, short wavelength photon and
emits several lower energy, longer wavelength photons.
This fluorescence process becomes less effective the more
ionized a material becomes [46].

An increased *Ni content increases the instantaneous
power deposited into the ejecta by the radioactive decay of
the ®Ni. This increased power deposition results in the ejecta
being heated more, and the higher temperature means the
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FIG. 4. Effect of varying both My; and x simultaneously on the shape of the SN Ia light curve. The other model parameters are held
constant with values of: fc/o = 0.0, Ry = 10° cm, p. = 1.0 x 10° g/cm’, and M= 1.44 M.

ejecta material will be more ionized, which in turn reduces
the efficacy of the fluorescence process, so a larger fraction of
the radiation remains trapped at short wavelengths.

In the light curve model, a larger fraction of the radiation
remaining trapped can be expressed as an increased
effective opacity «. Thus there is a positive relationship
between My; and k where an increased M\y; corresponds to
an increased .

As has been shown in Sec. II B in the middle right and
lower right panels of Fig. 2, increasing My; in the light
curve model increases the peak luminosity (i.e., height) of
the light curve, and increasing x increases the timescale
over which the SN Ia brightens and fades (i.e., the width of
the light curve). Thus the above relationship between My;
and « means that an increase of these two parameters
simultaneously increases both the height and width of the
light curve, as can be seen in Fig. 4.

The above relationship between My; and k can explain the
WLR observed in SNe Ia [46]. Since our model must be able
to reproduce the WLR in order to be valid, this allows the
specific relationship between My; and x to be quantified.

The exact My; —« relationship that is required to
produce the observed WLR can be found by calculating,
for a given increase in My;, how much of an increase in « is
required to produce a new curve whose peak luminosity
and width are both scaled from the peak luminosity and
width of the old curve by the same factor. This can then be
repeated, such that the required x values can be calculated
for many My; values, therefore establishing a relationship

between My; and k. In practice this is done as follows:
consider a light curve A that is produced with parameters
My; A and k,, and a set of light curves B; produced with
fixed My;p but different xp ;. The accepted kg ; is the one
that produces the light curve B; whose shape about the peak
most closely matches that of light curve A (computed by
minimizing y?) once light curve B; has been stretched in
both height and width by a factor s ;. This process yields
the new pair of values (Myig, KB acceped) and can be
repeated for other values My;c and so on in order to build
a relationship between My; and . It does require a single
point in the My; — k parameter space, (My;a,Ka), through
which the relationship passes, to be specified. Following
Refs. [37,47], we specify the point (My;, k) = (0.79 M,
0.20 cm?/g). The resulting relationship between My; and k
is displayed in the left panel of Fig. 5.

Using this calculated My; — k relationship, we can
reproduce a set of light curves for a population of
SNe Ia in a standard gravity environment with varying
My; values. We can then verify that this set of light curves
does obey the WLR by rescaling them. The rescaling is
done by stretching the light curve’s height and width by a
factor s such that the shape of the stretched light curve
about the peak most closely matches that of a template light
curve (again computed by minimizing y?). As confirmed by
the tight distribution of peak luminosities in the rescaled
light curves seen in the right panel of Fig. 1, which shows
the unscaled and rescaled light curves for a population of
SNe Ia in standard gravity, the WLR is obeyed for G = G,
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Left panel: Relationship between My; and « that is required to produce the observed WLR. Right panel: Relationship between

Chandrasekhar mass M, of a SN Ta expressed in units of solar mass Mg = 2.0 x 10% kg and the local value of Newton’s gravitational
constant G, expressed in units of the standard value G, = 6.67 x 10~!" Nm? kg~2. The standard Chandrasekhar mass value is given by

MCh(GO): 1.44 MO.

when the My; —« relationship calculated as described
above is used. This is expected, given the way in which
the My; —k relationship was calculated. Nonetheless,
checking that the population does obey the WLR confirms
the My; — k relationship has been calculated correctly and
gives a clear demonstration of what the My; — « relation-
ship achieves. If the value of G is constant (i.e. G(z) = Gy)
then the SNe Ia will have the same average rescaled
intrinsic peak luminosity at all redshifts, and therefore
act as conventional standardizable candles.

D. Gravitational dependence of light curve

Now that a model for producing the light curve of a
SN Ia for a given set of input parameters has been
established, the next step is to understand how the values
of these input parameters depend on the local strength of
gravity. As an initial investigation, this paper focuses
mainly on the dependence of the total ejecta mass M.
on the strength of gravity. This is the most obvious and
important effect the strength of gravity should have on any
of the input parameters. A simple measure of the strength of
gravity is through the value of Newton’s gravitational
constant, G, with a smaller value of G corresponding to
a weaker gravity and vice versa.

As mentioned previously, the SN Ia occurs when the
white dwarf progenitor accretes enough mass from a binary
partner to increase the core temperature and density above
the level at which carbon fusion can occur. The underlying
physics results from the white dwarf being made of
degenerate matter that obeys an inverse mass-radius rela-
tionship such that the additional mass has the effect of
decreasing the white dwarf’s radius, thereby increasing the

density and temperature in its core. The consensus model
for SNe Ia is that the critical mass at which the carbon
detonation is triggered, and therefore M., is approximately
equal to the mass at which the internal electron degeneracy
pressure that prevents the white dwarf from collapsing
under its own weight can no longer withstand the inwards
force of gravity, a mass known as the Chandrasekhar mass,
My, [48]. Making the assumption M, ; ~ My, it becomes
necessary to understand how M, depends on G.

My, can be calculated by equating the inwards force of
gravity against the outwards force due to the white dwarf’s
internal electron degeneracy pressure [49]. The electron
degeneracy pressure arises from the Pauli exclusion prin-
ciple that states no two fermions can occupy the same
quantum mechanical state. Therefore, when several elec-
trons are confined to a small volume they must each occupy
different energy levels, and adding further electrons to this
small volume by compressing the material raises the energy
of the highest occupied level. This means that energy is
required to compress the electrons, which is the definition
of a pressure, in this case known as electron degeneracy
pressure. A condensed derivation of the equation for the
Chandrasekhar mass is presented here, but a fully detailed
version can be seen in Appendix B. The derivation of the
equation for the Chandrasekhar mass is very well known,
for example see [50].

The equation of hydrostatic equilibrium for a spherically
symmetrical stellar fluid in Newtonian gravity can be
written as

2
1d <r_ dpP (11)

—-— = —47Gp,
r2dr > 7P

p dr
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where r is the radial coordinate, P is the pressure of the
fluid, p is the density of the fluid. For the degenerate
material under high amounts of compression inside a white
dwarf, the electrons will have a large energy due to the
electron degeneracy pressure, and so will have a velocity
approaching that of the speed of light. Thus, the white
dwarf material is best described as a relativistic Fermi gas
with an equation of state given by

) 3720\ 4/3
o (B L
1272~ \ mnp

where 7 is the reduced Planck constant, my is the nucleon
mass, and y = (A/Z) is the average mass number per
nuclear aazcharge with u ~ 2 for the '*C and '°0 that make
up the majority of the white dwarf. This equation of state
is of the form of a polytrope P = Kp” with y =4/3.
By defining p = 10", y = ”nil, and introducing a radial

variable y=r/a where a= \/(n + )K=/ 147G,

Eq. (11) becomes the Lane-Emden equation for polytropes
in hydrostatic equilibrium [51]:

1d 2d®>
—— (=) = -0 13
yzdy( dy (13)

The white dwarf mass is given by

do
M = 4zia’ {—yz d_] , (14)
Y 1

where y; corresponds to the outer radius of the star R where
p(R) =0(y;) =0, and can be found by numerically
solving Eq. (13), which gives y,(n = 3) = 6.89685 and
—yzd®/dy|y1 = 2.01824 for a white dwarf. Substituting the
definitions for 4 and « into Eq. (14) leads to

3/2 1
Mcy = @ (E) VY {_yz %} . (15)
2 G (umy) dy "

which defines the Chandrasekhar mass M¢,. It can be seen
that there is a clear proportionality for the Chandrasekhar
mass, and therefore in our model, the white dwarf mass at
supernova: My = My, « G2, as was shown in earlier
works [20-22]. This result is displayed graphically in the
right panel of Fig. 5. The fact that the Chandrasekhar mass
My, increases with a decreasing G can be understood as
follows: when G decreases, gravity per unit mass becomes
weaker, and therefore the electron degeneracy pressure can
counteract against the gravity produced by more mass
before the collapse occurs.

In addition, we note that the relationship y =r/a =

const where a = \/ (n 4 1)K2'="/" /472G tells us that the
radius of the white dwarf R also depends on G as

R «x G~'/2. However, since changes to the white dwarf
radius, and therefore the model parameter R,, have a
negligible effect on the light curve, this effect can be
neglected.

Moreover, the binding energy E; used in calculating the
energetics of the SN Ia explosion is also affected by
changes in the strength of gravity. We use a simplified
model that assumes constant density of the white dwarf, but
a more complicated model is not necessary as the effect is at
the 1%-2% level. The binding energy is related to the
strength of gravity, the mass of the progenitor, and the
radius of the progenitor by

GM?

Eg x (16)
The above results give M « G=3/? and R «« G~'/2, and they
lead to E; & G~3/2. This dependence of binding energy on
the strength of gravity affects the light curve in nonstandard
G through the kinematics of the explosion, but as men-
tioned above this effect is minor in comparison to the
dominant effect of the gravitational-dependence of the
Chandrasekhar mass.

It should be noted that a varying G(z) would normally
affect the background cosmological evolution through the
scale factor a, and this would change the best fit cosmo-
logical parameters computed with the theoretical distance-
redshift relation, potentially having a strong effect on
structure formation as well. However, in this work we
shall not consider the effect of varying G on the back-
ground expansion rate, as there are theories in which the
variation of G mainly affects interactions of matter par-
ticles, for example in the form of a Yukawa-type fifth force
which decays at large distance, such as viable f(R) gravity
models [52-54] that feature a working chameleon screen-
ing mechanism [55,56]. Also, when considering the time
variation of G, we assume that G(z) only varies noticeably
on cosmological time scales—the supernova timescale is
much shorter, over which we take G as constant. Note that
in more general modified gravity models the internal
structure of the star can be affected as well, see for example
[57], but this possibility is beyond the scope of this initial
study.

Previous works [21,22] made the assumption My; xM ¢y,
and therefore My; « G~3/2. However, here we do not
assume any systematic dependence of My; on M, or G.
Hence when we compare populations of SNe Ia in different
strengths of gravity, as in the subsequent section, we do not
change the set of My; values used to generate the varied
members of the population for each new value of G.
A proper investigation into how the amount of Ni
produced would differ when G # G, would require a
detailed study of star formation and full hydrodynamical
modeling of the SN Ia explosion in such scenarios, and
if the evolution of G over the relevant time scales is
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non-negligible then the situation is even more complicated—
such an investigation is far beyond the scope of this work.

As we mainly want to consider the effect of the
gravitational dependence of M on the WLR, we make
the assumption that the My; — « relationship that underlies
the observed WLR is a consequence of nuclear and atomic
physics, and does not depend on the local strength of
gravity around the SN Ia. Considering the astrophysics
discussed in Sec. IIC, this assumption is equivalent to
assuming that changes in the strength of gravity around the
SN Ia do not significantly affect the transport of radiation
through the ejecta, which we believe is a reasonable
assumption to make for this initial investigation.

Thus with the dominant Chandrasekhar mass effect and
the minor binding energy effect we have defined a gravity-
dependent light curve model that we can use to investigate
the effects of gravity on the interpretation of SN Ia
cosmology data. We will do this in the next section.

III. REINTERPRETING SN Ia COSMOLOGY

SN Ia cosmology relies heavily on the rescaling proce-
dures that allow SNe Ia to act as standardizable candles.
Now that we have a gravity-dependent light curve model,
we are able to investigate whether the WLR and our
standardization procedure are affected in nonstandard
gravity where G # Gy.

A. Gravitational effect on WLR and standardizability

Rescaling a population of SNe Ia in a nonstandard
gravity environment generated using the same set of My;
values and the same calculated My; — « relationship as used

for the standard gravity SNe Ia still produces a set of
approximately uniform rescaled curves, as can be seen in
Fig. 6 for two different values of G: a weaker gravity
(G = 0.8Gy; left panel) and a stronger one (G = 1.1G;
right panel). Therefore, the WLR is reproduced even
for G # G,.

Interestingly, Fig. 6 shows that the average rescaled
intrinsic peak luminosity of the nonstandard gravity SN Ia
population is different from that of the standard gravity
population as seen in the right panel of Fig. 1. The black
dotted lines in Fig. 6 are the same template curves as used
in the right panel of Fig. 1, thus we see that a weaker
(stronger) gravity leads to intrinsically less (more) lumi-
nous SNe Ia after applying the same shape matching
rescaling procedure.

Therefore, our gravity-dependent light curve model
allows us to obtain a relationship between the average
rescaled intrinsic peak luminosity and the strength of gravity,
which is displayed in the left panel of Fig. 7. This means that
in a model where the local strength of gravity varies as a
function of redshift (i.e. G(z) # G,) the average rescaled
intrinsic peak luminosity will be different at different red-
shifts, and thus the SNe Ia will no longer be conventional
standardizable candles. Following the arguments made in
Sec. I, interpreting the SN Ia cosmology observations in the
context of such a model will lead to different SN Ia
luminosity distances from the values obtained by assuming
G isindependent of redshift (i.e. G(z) = G), and therefore a
different best-fitting cosmology.

This is the key result of this work, and in the next
subsection, as an example of its use, we will apply it to a toy
model where the value of G changes over time to see what

G=08G, [u Template
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FIG. 6. Rescaling of light curves from a SN Ia population with varying M\y; in nonstandard gravity (G # G). A template curve, whose
shape around the peak the other curves have been rescaled to match with, is also shown. Left panel: G = 0.8G,. Right panel:

G = 1.1G,.
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the consequences would be on the distance-redshift relation
that is calculated from the existing SN Ia data.

Previous studies of the effects of varying G on SN la
luminosity assumed either that there was some unknown
positive relationship between the peak luminosity of any
individual SN Ia L., and the Chandrasekhar mass such
that Lpeq = M’ & G=/2 where y > 0 [20] or, as men-
tioned in Sec. IID, assumed that the amount of °Ni
produced in any individual SN Ia (which determines the
peak Iluminosity) is directly proportional to the
Chandrasekhar mass such that £ oMy xMc,x G/
[21,22] with the result that both methods suggest Lq, will
increase as G decreases. Refs. [21,22] also derived a simple
proportionality between G and the width of the light curves
(r in their work), although this was largely irrelevant to
their analysis as the works are simplified phenomenological
studies where the impact of varying G on SN Ia stand-
ardization procedures (which typically involve the width of
the light curve) was not taken into account.

In contrast, we do not derive a simple proportionality
between the intrinsic peak luminosity and G, but instead
aim to bring the analysis of SN Ia cosmology in modified
gravity closer to observational work by using a simplified
standardization procedure on a set of SNe Ia light curves in
environments with different values of G to investigate
empirically how the average of the intrinsic peak luminos-
ities of the standardized light curves (the quantity that is
essentially used in SN Ia cosmology) is affected by varying
G. Note that because our simplified standardization pro-
cedure is based on the WLR, the underlying physics behind
which is the My; — « relationship discussed in Sec. IIC,
any change in My; due to varying G will not significantly
affect the standardized peak luminosity as a light curve
produced with a different My; will always closely match
the G = G, template after rescaling due to the My; —«
relationship. Instead the dominant effect varying G has on
the rescaled peak luminosities is through M. In Sec. II D
we showed that decreasing G will increase M cy,, and the top
right panel in Fig. 2 shows that this increases the width of
the light curve but decreases the luminosity compared to
the G = G, template. Therefore during standardization
when the width of the G < G, curve is decreased to match
the shape of the G = G, template around its peak, the
equal decrease in the luminosity pushes the rescaled
peak luminosity even further below that of the template.
This intuitively explains why our analysis concludes that
decreasing G leads to a decrease in the average rescaled
intrinsic peak luminosity L and vice versa.

As previously mentioned, the standardization procedures
used in observational SN Ia cosmology are more complex
than our rescaling method. Typically such studies describe
the variability of SNe Ia as being captured by two parameters:
the time-stretching of the light curve and the color of the
SN Ia at peak brightness [26,27]. Note that we cannot
consider SN Ia color in our simplified procedure because

the semi-analytical model we use can only produce UVOIR
light curves. The dependence of the absolute magnitude on
the two parameters can be estimated using an entire sample of
SNe Ia simultaneously, not just low-redshift SNe Ia whose
distances can be computed from other methods. Any remain-
ing dispersion in the absolute magnitudes of a sample after
this stretch-color standardization could be used in combina-
tion with our model to constrain the variation of G more
accurately than has been done in previous works [23-25].

B. Numerical example

For our numerical example we specify a G(z) relation-
ship as displayed in the center panel of Fig. 7 where the
value of G changes as

G(z) = Go(1 +2)7'/7, (17)
with n = 4. Note that this is a toy model intended to
describe the late-time variation of G and we do not assume
that it works for z > 2 —3. We then use our gravity-
dependent light curve model to compute the corresponding
variation in the average rescaled intrinsic peak luminosity L
with redshift that occurs as a consequence of our non-
constant G, and this is shown in the right panel of Fig. 7.

Once we have this L(z) relationship we can convert the

intrinsic luminosity values to values of absolute magnitude
M with

L
M:MQ—Z.SIOglo(LO), (18)

and use these absolute magnitude values to (re)interpret the
existing SN Ia apparent magnitude-redshift data m(z) and
produce the distance-redshift relation using

d;, = 10m=M=25/5, (19)

The distance-redshift relationship that results from (re)
interpreting the existing SN Ia data in a model where
gravity varies with redshift as G(z) = Go(1 +z)7"/* is
shown in Fig. 8. This reinterpreted d;(z) can then be
compared to theoretical distance-redshift relationships
produced using.

d (Z; QM9 QA’ HO)

1 + z
HO\/__ \/_/ 14+ 2)*(1 4+ Qu7)
=22+ )0 e, (20)

where the function S(x) is given by

sin(x)  if Qu+ Q) > 1,
S(x) = { sinh(x) if Qu+Q, < 1. (1)
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FIG. 7. Left panel: The L(G) relationship showing the effect of the local strength of gravity on the average rescaled intrinsic peak
luminosity of a SN Ia population. Center panel: The G(z) relationship for our numerical example specified by Eq. (17) with n = 4. Right
panel: The L(z) relationship that results from using our gravity-dependent light curve model to investigate how the average rescaled
intrinsic peak luminosity L varies with redshift in a model of gravity that varies as specified by Eq. (17) with n = 4.

and the curvature « is

1 if Qy+Q) =1,
K:{ M (22)

1 —Qy — Q) otherwise,

where Q); and Q, are the matter and dark energy density
parameters, and H, is the current day (i.e. at z = 0) Hubble
parameter value.

In Fig. 8 we start by producing a distance-redshift relation
for a standard ACDM cosmology with (Qy,Q,) =
(0.31,0.69) (green line) produced using Eq. (20) and
construct a mock apparent magnitude-redshift relation
using Eq. (19) assuming G(z) = G, and therefore a red-
shift-independent M. Once we have this mock data we can
compute the d; (z) relation required to match it if we assume
that G(z) = Gy(1 + z)~'/* which means that intrinsic peak
luminosity L, and therefore the absolute magnitude at peak M

16000
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14000 | — G =Gy(1+2)~ 4
(a1, Qa)
12000 | — (0.3, 0.7)
— (0.62, 0.38)
10000 ¢
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z
FIG. 8. The d, (z) relationship showing that when the SN Ia apparent magnitude-redshift data is (re)interpreted for a universe where

G(z) = Go(1 + z)~"/* the new best fitting cosmology is (Qy, Q) = (0.62,0.38) when the Universe is assumed to be flat. The line
labelled as “G = G,” is computed assuming a standard cosmology of (Qy, Q4) = (0.31,0.69) to distinguish from the purple line and to

compare the effect of slightly varying Qy; with that of reinterpreting the data assuming G(z) = Gy(1 + z)

-1/4
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through Eq. (18), depends on redshift (blue line). This
gravitational effect means that the supernovae at higher
redshift are intrinsically fainter, which means that less cosmic
acceleration is required to explain the dimming of distant
SNe Ia. We then use a curve fitting approach to identify the
values of the cosmological parameters (Qy, Q, ) in Eq. (20)
that give the best fit to the reinterpreted mock data. We find
that the new best fitting cosmology is (Qy. Q,) = (0.62,
0.38) when the Universe is assumed to be flat (red line). We
also display the distance-redshift relation produced using
Eq. (20) with (Qy, Q4) = (0.3,0.7) (purple line) to com-
pare the effect of slightly varying Q,; with that of reinter-
preting the data for a redshift-dependent G.

This is just a numerical example to demonstrate the
importance of properly considering the effects of modified
gravity on supernova cosmology in models with a specified
variation of the strength of gravity with redshift G(z).

The process could also be reversed to identify what G(z)
relationship would be required for the existing SN Ia data to
infer a given cosmology, for example one with (Qy;, Q) =
(1.0,0.0) where there would be no sign of an accelerating
Universe and the dimming of distant supernova is purely
intrinsic. We will investigate this possibility in a separate
work.

IV. CONCLUSION

Modified gravity theories have been studied as interest-
ing alternatives to the standard ACDM paradigm to explain
the late-time cosmic acceleration, the first evidence for
which resulted from analyses of the dimming of distant
Type Ia supernovae (SNe Ia). In most such studies, the
modification to Einsteinian gravity is assumed to provide a
mechanism to accelerate the expansion rate of the Universe,
without affecting the interpretation of the Type Ia super-
nova (SN Ia) data itself. However, given the diversity of
modified gravity theories being studied in the literature, it is
not unnatural to envisage that at least some of these models
may affect the properties of the progenitors of SNe la—
Chandrasekhar-mass white dwarfs, where gravity plays an
important role—and therefore the properties of the SNe Ia
themselves. That being the case, the interpretation of SN Ia
data would be affected, which can have nontrivial conse-
quences in cosmology.

In this paper, we make an updated attempt to understand
the effect of a nonstandard gravity on SNe la. Because
modern supernova cosmology depends on the ability of
SNe Ia to behave as standardizable candles, we are
primarily interested in the standardizability of SNe Ia light
curves in both standard and nonstandard scenarios of gravity.
Previous work [20-22] suggested a straightforward propor-
tionality between the intrinsic luminosity of SNe Ia and the
value of Newton’s constant G. We advance this method by
investigating how the full SNe Ia light curves are affected by
modified gravity, an approach that allows us to test whether
the width-luminosity relation (WLR) is reproduced, and

verify that the standardization procedure, vital for the use of
SNe Ia as measures of distance, still works when G # G,. As
afirst step toward a more comprehensive study, this work has
made three simplifications that ideally should be revisited in
more detail in future investigations. First, we use a semi-
analytical model to predict the SNe Ia light curves, although a
more detailed analysis may involve running full 3D hydro-
dynamical simulations for the SN Ia explosion. The physics
and astrophysics of SNe la is not yet fully understood, but the
simple light curve model used here works reasonably well
empirically. Second, we model the effect of modified gravity
as a time variation of the gravitational constant G, which
affects properties of the white dwarf progenitors such as their
mass, radius and gravitational binding energy. In principle, a
proper treatment of a given modified gravity model requires
us to solve the equation for hydrostatic equilibrium, which
may lead to changes of internal structures of the white dwarf.
In our treatment, however, the main effect is a change of the
Chandrasekhar mass as M, & G~>/2. We note that a time
variation of G is a prediction of many modified gravity
theories and indeed a key feature of early theoretical models
such as the Brans-Dicke theory. Lastly, we use a light curve
standardization procedure that is simplified in comparison to
those that are used in observational SN Ia cosmology. Our
procedure involves rescaling light curves so that the shape
about their peaks matches that of a template light curve. This
simplification is only used for this proof-of-concept study,
and for a more rigorous analysis it is necessary to closely
follow the procedure used in real observations. We leave this
possibility for future work.

The semianalytical light curve model described in Eq. (7)
depends on a few physical parameters, including the ejecta
mass M, the nickel-56 mass M y;, the effective opacity of the
ejecta k, the progenitor radius R, the central density of the
ejecta p. and the mass fraction of unburned carbon-oxygen
fcjo. Fortunately, the last three have little impact on the light
curve in their constrained range of values and, in the case of
Ry, in the range of variations of its value as caused by varying
G. In addition, in this model « is both physically expected to
strongly correlate with My; and is required to do so in order to
explain the width-luminosity relation of SNe Ia, which is
fundamental to the standardizability of their light curves.
We have derived such a My; — « relation and verified that it
allows us to standardize the SNe Ia light curves (i.e. match
both the shape and amplitude of the light curves) for a range
of My; values when the Chandrasekhar mass is fixed to its
standard value of 1.44 M.

However, if G deviates from its present-day value G,
then the Chandrasekhar mass differs from 1.44 M as well
so that the supernova ejecta will have a different M. To
first order, we assume that the My; — « relation established
above (or observationally from nearby SNe Ia, for which
G ~ Gy) is still valid because it is defined by physics
involving interactions other than gravity. In this case, we
find that rescaling the SNe Ia light curves by matching their
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shapes about the peak when G # G still leads to good
match of their heights (with a slightly larger spread than for
G = G, in the latter), thus verifying that the WLR holds
for G # G,. However, these rescaled peak luminosities are
different from the “template” value (which is obtained by
using nearby SNe Ia and therefore for G = G). In other
words, a time variation of G results in a time dependence of
the average rescaled intrinsic peak luminosity of SNe Ia, so
that they are no longer standardizable candles in such a
scenario.

Because of this, in a theory where G is time-dependent,
the observed dimming of distant SNe Ia will at least partly
be due to the variation of the local strength of gravity, and is
not entirely the consequence of the cosmic acceleration.
We have demonstrated this by using two models, one of
standard ACDM with (Qy, Q4) = (0.3,0.7) and no time
variation of G, and a “modified” ACDM with (Qy;, Q,) =
(0.62,0.38) and G(z) = Gy(1 +z)~'/4. Both scenarios
predict the same apparent magnitude-redshift relation for
SNe Ia, and therefore cannot be distinguished using super-
nova cosmology. This means that for accurate cosmological
tests of gravity we must carefully consider gravity’s impact
on SN Ia astrophysics, and how this consequently loops
back to affect the interpretations of the cosmological data
being used. This may have an impact on potential reso-
lutions of the recent observational tensions in the concord-
ance ACDM model, a possibility that we will study in
future works.

This also brings us to another interesting question: can a
cosmological model with a time-varying G but no A fit
SN Ia data? As computed in this paper, since a weak gravity
leads to an intrinsically fainter SN la population, if G
continuously decreases with redshift (at least in the recent
past of the Universe) in a not too unnatural way, then the
dimming of distant SNe Ia can be purely due to modified
gravity. Of course, such a scenario may be in conflict with
various other local experiments and cosmological obser-
vations. However, given the complexity of modified gravity
models it is useful to understand in more detail whether
those observational constraints can be evaded or whether
they need to be reinterpreted in the context of such models
if they are to apply to them, as we have shown is the case
for SNe Ia.

Finally, let us mention once more the diversity of
modified gravity models. In such scenarios, the internal
structure of white dwarfs can be affected and the full
modified Einstein equations need to be solved to under-
stand this accurately. This will possibly cause ‘“‘second-
order” effects on the astrophysics of SNe Ia, for example
through the different density profile of the white dwarf
progenitors. This, coupled to the complicated thermonu-
clear reactions and radiation transfer inside the ejecta, poses
a great challenge for modeling the explosion and aftermath
of SNe Ia numerically, let alone analytically. Therefore,
much work remains to be done to refine the understanding

of the effect of gravity—both standard and nonstandard—
in supernova cosmology.
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APPENDIX A: FULL DERIATION OF
SEMIANALYTIC LIGHT
CURVE MODEL

In this Appendix we give a detailed derivation and
explanation of the light curve model used in this paper.
This appendix is largely a self-contained summary of the
works described in Refs. [33-35].

1. Main equation

We will begin with the main equation for the thermo-
dynamics of the supernova, which will allow us to derive
an equation for the supernova’s luminosity over time—
its light curve. For this the following assumptions and
approximations1 are made:

[A1] The system is spherically symmetric.

[A2] The expansion of the supernova ejecta is homolo-
gous—see Eq. (A14) below—and the shells of the
expanding ejecta do not cross each other.

[A3] The supernova ejecta gas is dominated by radiation
pressure.

[A4] The supernova ejecta is optically thick with an
optical depth > 1. This is known as the diffusion
approximation.

[AS] The effective opacity of the ejecta is constant.

[A6] Radioactive decay is the only source of energy in
the system.

[A7] The distribution of °Ni is concentrated in the center
of the system.

Applying the first law of thermodynamics to the system of
expanding supernova ejecta yields:

.. AL
E+PV=—2"te. (A1)

'We number these as [A1]-[A7], and will mention the numbers
where the corresponding assumptions or approximations are
actually used in the text below.
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where E = aT*V is the specific energy density, P = aT*/3
is the pressure [A3], T is the temperature, V = 1/p the
specific volume and p the density of the ejecta, a = 4¢/c is
the radiation constant, ¢ is the Stefan-Boltzmann constant,
the y notation represents the partial derivative with respect
to time Jy/dt, L is the luminosity output of the system, m
the mass and ¢ is the rate of energy per unit mass added to
the system, which is discussed below.

The first term of Eq. (Al), E, represents the rate of
change in specific energy density, and the second term PV
represents the specific work involved in expanding the
ejecta, so that the sum of the rate of change in energy
density and the specific work is equal to the sum of the
energy per unit mass added to the system (positive) and the
luminosity output of the system per unit mass (negative).

The source of energy in this system e is the radioactive
decay of *°Ni to ®Co and the subsequent decay of *°Co to
stable °Fe [A6]:

3Ni = 39Co+ 9 eT+y - 3%Fe + 2% et +y.  (A2)

The rate of change in the number of Ni nuclei during

decay is given by

Nyi(t) = —AiNe™/m, (A3)
in which N9 is the initial number of Ni nuclei in the
system, and Ay; and 7y; = 1/y; are the decay constant and
lifetime of ®Ni respectively. The negative sign shows that
the number of N ONi nuclei is decreasing as the decays occur.
Thus the actual rate of *Ni to Co decays is

NNi,decay (t) = /lNi]\]O]\]ie_t/TNi . (A4)

The rate of change in the number of 3°Co nuclei is given by

NCo(t) - ﬂNi]VONie_t/TNi - j'Co]\ICO’ (AS)
where the first, positive term on the right-hand side (RHS)
represents the production of *Co nuclei by the decay of
N1, and the second, negative term represents the decay of
%Co nuclei. Solving this equation for N, yields

Ani
Ne = — M NO (e=t/Tco _ o=t/ A6
o = TN e e, (A6
The rate of %Co to Fe decays is given by
Y )*Ni 0 (A —t/Tni
NCo decay(t) = /1C0 7NNi(e 1/7co — € I/TN'), (A7)
' ANi — 4co

where N Co.decay () is the number of %Co decays per second
at time ¢. The total rate of energy produced, W, is then

W<t) = WNiNNi,decay(t) =+ WCONCO,dCC3y<t>’ (AS)
where Wy; and W, are the energies released in a single
Ni decay and *°Co decay respectively. The total rate of
energy produced per unit mass of ®Ni, e, is given by

W) W()
‘T My mgNY (A

where My; is the initial mass of 3*Ni and my; the mass per
%%Ni nuclei. Substituting Eqs. (A4) and (A7) into Egs. (A8),
(A9) becomes

WNiﬂNi WCOA‘COA‘Ni

— e—l/‘L'Ni + (e_I/TCO — e_[/TNi)'
myj LN (’1Ni - /ICO)
(A10)
Defining
_ WNi}“Nl
€N1 == mN‘ ’
1
and
€co = WCO/IColNi
° my; (’1Ni - /1C0) '
Eq. (A10) becomes
€ = (enj — €co )€™ 4 e e/ 70, (A11)

2. Terms in main equation

Because we assume spherical symmetry [Al] the quan-
tities in the main equation depend only on radial coordinate
r. In the diffusion approximation [A4], the luminosity of a
shell of the ejecta at radius r is related to the temperature of
that shell by:

228aT4
3 or’

L = —4nr (A12)

where r is the radial coordinate, I' = 1/pk is the mean free
path in the ejecta, and k = k(r) is the opacity of the ejecta.
Shortly after the initial supernova explosion, the expan-
sion of the ejecta should become homologous [A2] such
that the radius depends only on time t:
R(t) = Ry + v t, (A13)

where the radial extent of the surface of the ejecta at time ¢,

R(1), has advanced constantly at a scale velocity vy from its
initial position Ry. We assume that the shells of expanding
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ejecta do not cross each other [A2], which we model by
writing the velocity of subsurface layers of the ejecta as
v(x) = X0, (A14)
where a change of coordinate to dimensionless radius x =
r(t)/R(t) has been carried out such that x = [0, 1].

We separate the time and spatial dependence of the ejecta
density profile:

R(1)

o) = o) | 52|

AlS
2 (A15)
where 7(x) is the dimensionless, time independent run of
density, and pg, is the initial central density. Using the
expression V = 1/p we can write

AL

V(x,1) " [ Ry (A16)

where Vo, = 1/pg is the initial specific volume at r = 0.
Given that V o R we can then write

V3R 3u,

V. R R’

(A17)

where the final equality comes from differentiating
Eq. (A13). Applying a similar separation of variables into
space and time to the ejecta temperature yields

Ry

4
T(r,t)* = y(x)p(1)T¢, [W} )

(A18)
where the spatial dependence is given by y/(x), and the time
dependence is not purely due to expansion effects through
R(t) but also an additional term ¢ () which encapsulates
the temperature changing over time due to energy gain/loss.
T, again gives the initial central temperature.
Substituting Eq. (A12) into Eq. (A1) yields

T Vv 19[c 0T €
AT (o ) =8| R
<T+3V> r? Or |:3Kpr (9}"} v

We get

(A19)

Ry ¢(1) 1 b
R(t)¢(1)  aTgVoo #(t)
___alx)e

a 3Rk (0)poo”

[(eni — €co)e™™ + €coe 'e0]
(A20)
where we have assumed x(x) = «(0) [AS] and defined

(A21)

(A22)

Note that to identify which radial layer different amounts of
energy are produced in a radial dependence is added to e
based on the distribution of Ni given by &(x):

e(x, 1) = &(x)|(eni = €co)e™/™ + ecoe™/7]. (A23)
Here, b is approximately constant for any x under the
assumption that the °Ni is concentrated in the center of the
ejecta [A7]. Through the definition of « in Eq. (A21), a
depends only on x. Meanwhile, with b as a constant the left-
hand side (LHS) of Eq. (A20) implies « is a function of ¢
only, therefore @ must be a constant. Because a is a
constant, we can define a constant 7,:

3R2pook(0
70 = —OPO?EK( ). (A24)

and then rewrite Eq. (A20) as

¢ Ry dg [ b

— — L — —t/Tni ~t/7co
w0 R()di aTéOVOJ [(eni —€co)e +€co® ],

which more neatly can be written as

. R(t ER(t
5 OR0) _ER() 29
Roy7o Ry
with
e= L [(eni = €co)e™/™ + ecoe™/70].  (A26)
aT3 Vo

Eq. (A25) is the key equation we need to solve to compute
the light curve of the SN Ia. In the next subsection we will
do this explicitly.

3. Light curve solutions
Let i = R(t)/Roy7y, and substitute in Eq. (A13) to get

. 1 Vgl
=—4+—, A27
! 7o - Ry (A27)
and therefore u is given by
t £t I t P
w="tgp el T =20 (A

70 2Ryt To 2110 Ty 1o

where 7, = Ry/ v, is the expansion time scale and 72, =
27yt is the light curve time scale. Substituting Eq. (A27)
into Eq. (A25) yields
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ER(1)

Ry

=gz (ge)  (A29)

the solution to which, ¢(¢), is directly related to the light
curve of the SN Ia. Equation (A29) depends on &, which
itself depends on constants such as b, Vo and Tyq. It is
useful to express these constants in terms of more physical
quantities. For this, we first define

1
IME/ n(x)x>dx
0

where M is the total ejecta mass, and substitute into
Eq. (A24) to get

VoM
N 471R(3) ’

3xkM kM
Tn = = N
O 4nacl uRo  PcRy

(A30)

in which g is defined as f = 4nal,,/3. Reference [33]
discuses solutions to Eq. (A21) and the corresponding
boundary conditions at length, and finds $ to be approx-
imately a constant f &~ 13.7 for a variety of different density
distributions. This value shall be used hereafter. On the
other hand, the mass of ®Ni initially present in the ejecta is
given by

AzR} (1
M =00 [Tetonpedr, (a3
00 Jo
and the total thermal energy content is given by
4 3 74 Ro
ETh(t) = aT*dVv = 4ﬂRbaTOO¢(t) m]Th, (A32)
where we have used Eq. (A18) and defined
1
I, = / w(x)x%dx. (A33)
0

Inserting Eqgs. (A30), (A31) and (A33) into Eq. (A22)
yields a new expression for b:

_ Myily

b= .
My,

(A34)

Similarly, we can use Eq. (30) to rewrite Vy, as

and use Eq. (A32) to rewrite aTg:

s _ RQ)Eq(1)
O AR (1)

Substituting these, and Eq. (A34), into Eq. (A26), we
get

_ MyiRy9(1)

_ o —t/TNi ~t/7e0] (A35
ETh<[>R(t) [<€N1 €C0)e + €co® ] ( )

é(r)

which at 7 =0 becomes &(0) = %em, in which we
have used R(0) = R, and ¢(0) = 1. Therefore, Eq. (A29)
can be rewritten in terms of more physically meaningful

quantities as
d(itay) = Muito (1, vt
dr ETh (O) 70 R()TO

(A36)

t R { (£+2R01/)
0 T2
X |:(€Ni —GCO)/ ( +—> W e e /midy
0 \UscTm T

1 R ? £+2R0t’
+ €co / ( ° +_>e("2" et et reod |
0 \UscTm Tm

(A37)

Finally, ¢(t) can be related to the luminosity output of
the SN Ia by inserting Eq. (A18) into Eq. (A12), which

gives
0~

in which we have used I = 1 /kp, p = 1/V, and Eq. (A16)
to write

167%acTy, Ry
3kM

x2 dy

L) = 70 dx

>, (A38)

- VooR (1) 4xR*(1)Iy
xkn(x)R} kMn(x)

(A39)

where in the last step we have used Eq. (A35).
The surface luminosity is given by x = 1 (or r = R), as

1672 acTg, Ry
3xkM

x> dy

L. =- n(x) dx

#(1) {— LI . (A40)

To remove the spatial derivative in the brackets, we
rearrange Eq. (A21), which leads to

cvtom= & (-2 00)

Integrating both sides of this equation between x = 0 and
x =1, and comparing to Eq. (A33), we find
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< dw] [
- =a x“y (x)dx = aly,.
{ M dx),y O fy TY=atm

Substituting this into Eq. (A40) yields

1672 acT, R4 yaly,
3kM

L(1,1) = — b(1).  (AdD)

Finally, using Egs. (A30), (A32), (A37) and the definition
of 3, Eq. (A41) becomes

My (R
_2Mi et

Tm

¢ R t/ £+2R0r’
) |:(€Ni_€co) / < ° +_) e<’3" ”“"51)6"// widy
0 \UscTm Tm

t/ R Y\ (G2
+€co / ( 0 +—>e e el /Toody!
0 UseTim T

As we want to produce ultraviolet+optical+infrared
(UVOIR) light curves, a factor accounting for the possibil-
ity of gamma ray leakage, where gamma ray photons
escape directly through the ejecta without interaction,
should be included such that

L(1,1)

(A42)

C2My (%45

e Uscm Tm

L(1,1)

Tﬂ’l

t R t/ £+2R01’
X |:(€Ni - €Co) / ( 0 + —> 6(1%1 ”Scfzzn)e_t//TNidt/
0 \UscTm T

t R / ﬁ ZR()I/
0 UseTim T

x (1—elto/0%),

(A43)

where 1y = (9x,/2nEx)"/? is the timescale for gamma ray
leakage, «, is the ejecta’s gamma ray opacity, and Ey is the
kinetic energy in the supernova explosion. Equation (A43)
is the equation to compute UVOIR light curves used
throughout the paper.

APPENDIX B: DERIVATION OF THE
CHANRASEKHAR MASS

The calculation of the Chandrasekhar mass My, is now
standard textbook material (see for example [S0]). Here we
include a derivation to make the paper self-contained, and
to highlight some physics that is relevant for the discussion
of this paper.

We start from the equation of hydrostatic equilibrium
for a spherically symmetrical stellar fluid in Newtonian
gravity:

dp GM(r)

E: —p(r) 2

(B1)

where r is the radial coordinate, P is the pressure of the
fluid, p is the density, and M(r) is the mass within a sphere
of radius r, given by dM = 4xr’p(r)dr or

M(r)= Ar4ﬂr2p(r)dr. (B2)

Rearranging Eq. (B1) for M(r) and differentiating with
respect to radius r yields

M 1.d (r*dP
dr~ Gdr\pdr)’

Comparing this with Eq. (B2), we get the familiar equation

1 d /rrdP
—— | —— ) = —47Gp.
r2dr <p dr> wop

To solve this equation, an equation of state relating P and
p is required. For the degenerate material under high
amounts of compression inside a white dwarf, the elec-
trons have a large energy due to the electron degeneracy
pressure, and so have a velocity approaching that of the
speed of light. Therefore, the white dwarf material is best
described as a relativistic Fermi gas with an equation of
state given by

(B3)

2 N\ 4/3
p hc <3ﬂ' p) ’ (B4)

1222 \nnpt

in which 7 is the reduced Planck constant, my is the
nucleon mass, and p = (A/Z) is the average mass number
per nuclear charge with y ~ 2 for the '*C and '°0 that make
up the majority of the white dwarf. This equation of state
is of the form of a polytrope

P=Kp,

with K = fic/122% x (37%/myu)*? and y = 4/3. Using
this equation of state, Eq. (B3) can be rewritten as

|:n + 1K/1(1—n)/11:| ii <r2 d®> — _e"

— B5
472G r2dr dr (BS)

where we have defined p = 10" and y = "T“ This equa-
tion can be made dimensionless by introducing a radial

variable y=r/a where a= \/(n + 1)K/ /457G,
yielding

(B6)
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This is the Lane-Emden equation for polytropes in
hydrostatic equilibrium. As a second-order ordinary
differential equation it requires two boundary conditions
to complete it. First, we can define the central density as
p(r=0) = p. = 4, which gives

Pe=10"(y=0)=1=>0(y=0)=1. (B7)

Then, since M(r = 0) = 0 physically, we have

dP
dr

L 0

For the polytropic equation of state introduced above, this
is equivalent to

dpP

_1dp
_ K}’l
dr

= c
r=0 dr

r=0

’

and can be re-expressed in terms of the dimensionless
quantities ® and y as

doe
o).
dy y=0

The outer radius of the star, R, corresponds to the point
y =y, at which the density drops to zero, i.e., p(R) =
O(y;) = 0. Using p = 10" and y = r/a, the equation for
the total mass of the star, Eq. (B2), becomes

(B8)

M = 4nid® / " y2endy, (BY)
0
and then using Eq. (B6) this becomes
nwod de de
M = 4z)a® /‘l - (yz > dy = 4nia’ [—yz } ;
o dy\" dy dy],,
(B10)

Therefore, calculating the total mass requires the value
of y; to be computed by solving the Lane-Emden

equation. Recall now that the specific case of a white
dwarf yields a polytrope with y =4/3, which corre-
sponds to a polytropic index n = 3. The corresponding
Lane-Emden equation is

1d 2d@) 5
—— |y —)+06>=0, B11
y2dy ( dy (B11)

which can be solved numerically to find y; at which
O(y,) = 0. Doing so yields a value y, = 6.89685 and
—y?@'(y;) = 2.01824. Using the definition of «:

IKA(I_n)/n 3/2
dria® = 4z <%> . (B12)

and plugging in n = 3 gives

4K/1_2/3 3/2 K\ 3/2
Ao ﬂﬂ( e ) ﬂ(ﬂ_G) (B13)

In the specific case of a white dwarf, K = hic/127° x
(372 /umy)*3, so Eq. (B13) becomes

2

) e

dmia’® = 4x| — .
e ﬂ(”G G (umy)?

Inserting Eq. (B14) into Eq. (B10) yields

Mcy =

3% (hc) 321
G

(&) Gmr S, @9

dy

Plugging y,(n = 3) = 6.89685 and —y*@’(y,) = 2.01824
into Eq. (B15) results in Mg, =144 Mg. In our
case, note that, in addition to the numerical value, Mcy,
has a specific dependence on G: M, « G~3/2. Physically,
a smaller value of G means that gravity is weaker,
so that the electron degeneracy pressure can support a
larger mass.
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