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We study the generation of helical magnetic fields in a model of inflationary magnetogenesis which is
free from the strong coupling and backreaction problems. To generate helical magnetic fields, we add an
fAEmwE w term to the Lagrangian of the Ratra model. The strong coupling and backreaction problems are
avoided if we take a particular behavior of coupling function f, in which f increases during inflation and
decreases postinflation to reheating. The generated magnetic field is fully helical and has a blue spectrum,
dpg/dInk « k*. This spectrum is obtained when coupling function f « a? during inflation. The scale of
reheating in our model has to be lower than 4000 GeV to avoid backreaction postinflation. The generated
magnetic field spectrum satisfies the y-ray bound for all the possible scales of reheating. The comoving

magnetic field strength and its correlation length are ~4 x 10~'! G and 70 kpc respectively, if reheating
takes place at 100 GeV. For reheating at the QCD scales of 150 MeV, the field strength increases to ~ nano

gauss, with coherence scale of 0.6 Mpc.
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I. INTRODUCTION

Cosmic magnetic fields have been detected from plan-
etary scales [1] to galaxy cluster scales [2-4]. y-ray
observations of blazars suggest their presence in the voids
as well [5,6]. However, the origin of these fields does not
have a fully satisfactory explanation. Astrophysical scenar-
ios [7-11] for generating these fields involve battery effects
to create a seed field which is later amplified to the
observed strength by the dynamo action [12-15].
However, the presence of coherent magnetic fields in void
regions favors primordial scenarios of generation. Several
possible scenarios for this have been suggested in the
literature [16-37] (for reviews, see [38—42]).

Inflationary magnetogenesis is one of the possible
scenarios to generate fields that are coherent over large
scales. However, the generation of the magnetic field
during inflation in the standard physics is not possible
due to the conformal invariance of the electromagnetic field
[43]. A breaking of conformal invariance is necessary. This
has been done in many models by taking a time dependent
function coupled with the kinetic energy term of the
electromagnetic (EM) field. This time dependent coupling
term can arise through the coupling between inflaton field
and EM field in the form f?F*F 4w (Ratra model) [18] or by
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taking a nonminimal coupling of the EM field to the
gravitational field [16].

Although the Ratra model generates sufficient strength
of the magnetic field, it potentially suffers from strong
coupling and backreaction problems [44]. These problems
have been resolved by further modification of the Ratra
model [29,31,45]. In Ref. [45], to resolve these problems f
is assumed to increase during inflation and decrease back to
its initial value post inflation. First, this behavior of f
circumvents the strong coupling problem. Moreover, for a
small enough inflationary and reheating scales, the model
also does not suffer from the backreaction problem. Indeed
demanding no backreaction post inflation, bounds on the
inflationary scale and reheating scale have been obtained.
The generated magnetic field strength in this model can
also explain the magnetic field strength suggested by y-ray
observation, below a certain reheating scale.

In the model discussed above, the generated magnetic
field is of nonhelical nature. In this paper we look at the
possible generation of helical magnetic fields. The nonlinear
evolution of the magnetic field in the helical case differs
from the nonhelical one. Due to the helicity conservation,
the magnetic field strength decreases at a slower rate and the
correlation length increases at a higher rate compared to the
nonhelical case. Helicity conservation gives us a more
optimistic evolution of the magnetic field and this can relax
the bound on the reheating scale given in [45] further.

Moreover, it has been claimed in the literature that gamma
ray observations of the blazars indicate the presence of the
helical magnetic field in the intergalactic medium [46,47].

© 2018 American Physical Society
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A number of magnetogenesis scenarios have been suggested
to generate helical magnetic fields. For example, such fields
can be generated in models where a parity breaking term
F,, F* is coupled to an axion (y) [16,48] or pseudo-
Goldstone boson [49]. Here F** is the dual electromagnetic
field tensor. A hybrid of the Ratra and axion models has also
been considered by adding a term ¢*F WF”" to the
Lagrangian of the Ratra model [30,50]. In this work, we
also consider the effects of adding a similar parity breaking
term. Further, we compare our generated magnetic field
strength with the constraints from y-ray observation.

This paper is organized as follows. In Sec. II we discuss
the generation of the helical magnetic field during inflation.
Section III discusses the generation of the field postin-
flation to reheating and we obtain a relation between
inflationary scale and reheating scale by demanding no
backreaction postinflation. Section IV incorporates the
nonlinear evolution of the magnetic field and its correlation
length after generation. Results of our model are also given
there. In Sec. V, we compare our results with the y-ray
observation. Our conclusions are presented in Sec. VI.

II. GENERATION OF HELICAL MAGNETIC
FIELD DURING INFLATION

We start with the action for the electromagnetic field in
which the conformal invariance is explicitly broken by
introducing a time dependent function f? multiplying
F*F,, in the action. To generate the helical magnetic
field, we also add a f>F quW in the action. Thus we take
the action to be of the form

2

- [ s oo+ vie)| (1)

Here F,, = 0,A, — 0,A, and F* = (1/2)e"F .5, where
A, is the EM 4-potential and e** is the fully antisym-
metric tensor defined as e/ = 1/,/=gn*. y** is the
Levi-Civita symbol whose values are £1 only. The term
J'A, represents the interaction where j* is the four current
density. The remaining part of the action incorporates
the evolution of the inflaton field. In this paper we adopt
the following nomenclature. Greek indices y,v... are for
space-time coordinates and Roman indices i, j, k... are
for spatial coordinates. Our metric convention is
G = diag(—, +, +, +). For further analysis we assume
negligible free charge density during inflation. Hence, we
neglect the interaction term. To obtain the equation of
motion of 4-potential A, we vary the action with respect to
the A,

(P P, =0
{\/—_gf2 (#) (9”"9””Fap 3 1 ﬂ””“”Faﬁﬂ =0.
@

1 0
\V/—g0x"

Varying the action with respect to the scalar field we obtain
the equation governing the evolution of the scalar field as

1 0
/—g0x¥

av d -
(V0] = G = 5 (Pl + Fu ).

(3)

Here the EM field is assumed to be a test field. Hence, it
will not affect the geometry of spacetime. In the infla-
tionary era the universe is dominated by scalar field ¢
which is a time dependent homogeneous field. We assume
a homogeneous and isotropic universe, described by the
Friedmann-Robertson-Walker line element:

ds* = —di* + a*(t)[dx* + dy* + dz?]
= a*(n)[=dn* + dx* + dy* + d7?). (4)

In this new coordinate system (7, x,y,z), we can define
fundamental observers with 4-velocity (%0 0,0). It is
convenient to work in Coulomb gauge,

For u =i, Eq. (2) is
f ;
A;f + 27 (A: + nukajAk) - azajafAi =0. (5)

Here prime(’) denotes derivative with respect to 7 and & is
defined as & = ¢* 0, = a~26/*0y. n;; represents the three-
dimensional Levi-Civita symbol. To quantize the EM field,
we calculate the conjugate momentum (IT') of the A’ field,
promote these fields to operators and impose the canonical
quantization condition,

. 6L
=5 B
: [Pk e
[AL L] =i 2—”3ek<x Y Pi(k). (7)

Here P! =& —6;,(k'k"/k*) is used to ensure the
Coulomb gauge condition. We Fourier transform A; using
the momentum space operators (b, and b;):
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A =iz [ 555 kb, Bet
=12
+ A (k, )b} (k)e 7). (8)

Here ¢} represents the polarization vector which can be
written in terms of the three-dimensional orthonormal unit
vectors as

©)

Here éi are unit 3-vectors, orthogonal to k and each other. It

is useful to define a new variable A, as, A; = aA,(k,n).
Substituting Eq. (8) in Eq. (5),

_ 1 _ 2 _
> b {@m (Aﬁ' + 27% + szz) + ?fﬂijm@mzkj"‘ﬂ] =0.
A

(10)

To simplify this equation further let us choose a different
set of basis vectors defined as &, = (&, + ié,)/2 and
é_ = (&, —1ié&,)/2. In terms of these new basis vectors,
>, A8b, =A é,.b, + A_é_b_. This set of basis vectors
is known as the helicity basis. Then Eq. (10) reduces to

/
A;;+27(A;1+hkAh)+k2Ah =0. (11)

Here & = 41 represents the helicity sign. The equation of
motion in terms of A;, = fA,(k,n) turns out to be

All(k,n) + (k2 —f?ﬂ+ 2hk’%> Ay(k.n) =0, (12)

Before we solve the above equation for a particular f(¢), it
will be of interest to calculate the energy density of the EM
field. To do this we calculate the energy momentum tensor
of the EM field:

T = 2 6/—gL
o /—_g 59””
f2 el F(lﬁF p
= E g ﬁF;mFy[)’ ~— 9w 4 . . (13)

We define the electric and magnetic field 4-vectors
as B*=F*y, and E*= F"u, For the observer
w = (1/a,0,0,0), the time component of these vectors
is zero. The spatial components are given by B; =
(1/a)n;j6ms"o,,A, and E; = —(1/a)d,A;. Then the
EM energy densities of ground state measured by the
observer with 4-velocity u* = (1/a,0,0,0) are given by

ps = (OTEua(0) and  pe = (OTEwa(0),  (14)

where we have separated the total energy density into the
magnetic part and the electric part. We express these parts
in terms of A’ as

12 o o
— J_ . . l] 1 — 1 n] — v 1 .
p = (0| e [0:A,0;A,(g7g" — g"g"7)]|0) <0|8ﬂB B;|0)
(15)
and
2
— (0| Z—[A’A"¢7]|0
PE = |8ﬂ[ iA"g"71/0)
2
= (0|2- E'E,|0). 16
<|87r i[0) (16)

After substituting A; from Eq. (8) into Egs. (16) and (17),
and using the helicity basis, we reduce the energy densities
in terms of A, and A_:

_ dkdpg(k,n)_/dk 1 & ,
pB_/k dink k(27[)204(|"4+(k”7)|

AL G)P) {17
o= [0 - [ (T
s

In deriving the above expressions we have used the
following properties:
bul0) =0 (0by ()b}, (K)]0) = (27)°8,,8° (K — K').

In our analysis, we work with the spectral energy densities
of magnetic and electric fields given by (dpg(k,n)/dInk)
and (dpg(k,n)/dInk), respectively. These spectral den-
sities represent the energy contained in the logarithmic
interval in k-space.

We now turn to calculation of the magnetic and electric
spectral energy densities for a particular type of coupling

function. Let us assume the form of the coupling function to
be a simple power law as

fila) = f; (“) (19)

We assume that during inflation f(¢) has a form such that f
evolves with a as given in (19). Here a; represents the value
of the scale factor at the beginning of inflation and «a is a
real constant. By assuming the background to be purely de
Sitter during inflation (a « n7'), we get the following:
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%—%. (20)

For this form of coupling function Eq. (12) reduces to

ala+1)

Al(k.n) + <k2 - - 2hk%> Ay(k.p) =0. (21)

To solve Eq. (21), we rewrite it by defining some new
variables, u* = a(a + 1) + 1,k = iah, z = 2ikn. Then the
equation takes the form

P Ay(ky) | [1 (1 k_1
e [ (5 + Sl =0 @

The solutions of this equation are Whittaker functions [51],
Ay = Wi, (2) + e W_ u(=2). (23)

To determine the coefficients c¢; and c¢,, we have matched the
solution with the bunch Davies vacuum in the subhorizon
e—ikn

limit |—kn| > 1, A, = T After matching we get

inx —hza

ez

e
A, =—=W,,(2) = —=W,y, 01 (2ikn).

h m ,/4( ) m h, +2( 77)
At the end of the inflation, all the modes of cosmological
interest will be outside the horizon. To get the spectral
magnetic energy density of these modes, we need to write
the above expression in the superhorizon limit:

Cy
Ay = =2 [(=kn) = + h(~n) =+
D gy - 12

NGT: 1+a(—k'1)2+“ - (24)

Here

. — e (F20)7T(1 + 20)
b (1 4 a+ iha)
cize (—20)17T (=1 = 2a)

by=e> I'(—a— iha) ) (25)

Substituting Eq. (24) into Eq. (17) the spectral magnetic
energy density comes out to be

doy _ 1
dink  8x2
+ (ID4? + |D_[?)(=kn)>**°]. (26)

HY[(|C4[? +|C_ ) (k)2

Similarly the spectral electric energy density is given by

dpp _ 1
dink 82
+

H}"[(|C+|2 + |C_|2)(_k,1>—2a+4
D>+ |D_|?)(1 + 2a)?(=kn)2t4].  (27)

For the expressions in Egs. (26) and (27), we have only kept
the dominant terms.

The reason for two branches in the above expressions is
that o can be positive or negative. In the magnetic field
spectrum the first branch dominates when a > 1/2 and the
other branch dominates when a < 1/2. For the electric
field spectrum the first branch dominates when a > —1/2
and the other branch dominates when o < —1/2. There are
two possible values of a (namely, a = 2, —3) for which the
magnetic field spectrum is scale invariant.

For the case @ = —3, when the magnetic field is scale
invariant the electric field spectrum diverges as (—kn)=2.
This implies that the electric field energy density may
overshoot the inflaton energy density during inflation in
this case and our assumption of the EM field being a test
field would no longer be valid. This problem is known as
the backreaction problem [44].

However, for the case a = 2, both the magnetic and the
electric field spectrum are scale invariant, and this avoids
the backreaction problem. For this case the coupling
function f is proportional to a?, which means that f will
be very large at the end of inflation compared to its initial
value. If we assume that f becomes a constant at the end of
inflation, then the effective EM charge e, = 1/ £2. Suppose
we demand that at the end of inflation e, should have the
observed value, then it will be very large at the beginning of
inflation. Due to this large value of ef, our perturbative
analysis of field theory would no longer be valid. This
problem is known as the strong coupling problem [44]. On
the other hand, if e, has the observed value at the beginning
of inflation, it will have a very small value at the end of
inflation, avoiding the strong coupling problem. This case
is further explored in the next section.

The branch a = 2 is also preferred, as we discussed in
detail in Ref. [45], because it evades the constraints
imposed by the possibility of increased conductivity due
to the Schwinger effect [31]. The magnetic energy spec-
trum at the end of inflation for a = 2,

dpy 9et”
~ HA. 28
dink” 32073/ (28)

We note that this value is larger than the nonhelical case by
a factor of (¢*7/80x) ~ 10°.

III. EVOLUTION AFTER INFLATION

As discussed in the last section, there are two possible
scenarios for obtaining a scale invariant magnetic spectrum.
The case in which f is increasing during inflation avoids
the backreaction problem. Moreover, if we assume that f
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begins with a value of unity at the onset of inflation and
increases during the inflationary phase, there will be no
strong coupling problem. At the end of inflation, however,
the EM field will be very weakly coupled to the charged
particles as f is much larger than unity. We address this
issue in [45] by postulating that from the end of inflation
onwards f decreases and attains a value of unity at
reheating and remains unity thereafter. This ensures that
EM action is again in the standard conformally invariant
form after the reheating era. Thus the deviation from the
standard form is onset of inflation to the reheating.

We assume the universe to be matter dominated from the
end of inflation to reheating. We consider « > 1/2 for
further analysis. In this era the evolution of the scale factor

is as follows:
3172
apty (n L3 )2
4 afo

and the coupling function f is assumed to evolve as

a\ P
[ x <—> .
a f

Here ay is the value of the scale factor at the end of
inflation. We calculate the constant of proportionality by
demanding the continuity of f at the end of inflation:

a =

a -5
a; af
3n? < 2k

J C, (k)—a+2[i

7

To estimate the EM energy densities in this era, we need to
solve Eq. (21) for this new coupling function. The solution
is given by

Here { =n+3/(asHy) and My, _ 5,1 (2ik() represents
the second kind of Whittaker function [51]. To calculate d,

and d,, we need the above expression in the superhorizon
limit. In this limit Eq. (29) becomes

(29)

Ay = dy(20)[(k)™ = h(k) =]

+ dz(zi)2ﬂ+l |:(k€)2ﬂ+l + liflﬂzﬁ (ké')2/}+2:|
and
- Aoy B i —-2p B
=22 = () (- hie)
2hp

v+ 20 60#) ). (o
Here d; and d, are two new constants. They can be
expressed in terms of d; and d,. We demand that at the
end of the inflation both A, A,, and their derivatives have
to be matched. After matching we get

i) (o (om))
dy = (= 1+ 3h
’ Jﬁ(Hf) agHy

1+28

and

2hf 4 +2 [ 2k \\-!
_1+2/}4/H—1<afo)> '

In d; and d, expressions, we only take the contribution of dominant terms. Energy densities after inflation evolve as

dpg 2k

dpg 2k

Here C; = |C,|* +|C_|? and C, = |C,|* — |C_|*. At the
end of inflation, the first term inside the bracket in the
expressions of dpgp/dInk dominates for all the modes
outside the horizon and gives a scale invariant magnetic
field spectrum for @ = 2. As f decreases postinflation, this
term also decreases and becomes very small at reheating.
Although the second and third terms are very small
compared to the first term for the mode k; = a;H  at the
end of inflation, the contribution from these terms compared
to the first term increases as f decreases postinflation.

1 k4 ) kO 2« 9 —8p+2
dlnk—g,zzwtf2<“)<zaf> (CIUC‘(afo) (

c, k* 2 k\ 2 9 —8p+2 D\ 84+2 3h? 2k N\ HEL 2\ 45+

2k8/33
a) *

C, ).
leHf aH
[

Consequently, the second and third terms overshoot
the first term before reheating. The second term is
36/((4p 4 1)a}) x (a,/a;)*¥*! times larger than the first
term and 6/((4f + 1)a3) x (a,/ay)**'/* times larger than
the third term at reheating for the mode which exits the
horizon at the beginning of inflation (k; = a;H ). It is even
larger for all other modes of interest. After taking the
contribution of the dominant term at reheating in the above
expressions, we get the following expression for EM energy
densities at reheating:
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dp 9 K k|2 1 2k \ 842 2k \86+2
a0 K (E) e (2 o
n 71' a Hf (4ﬁ+1) afo a,H,
dpy 9 & k\=2a [ 2k 842 2k \ 8
C 32
dink|, ~ 224 2(a )(Hf> "\a,H, a,H, (32)

Here a, and H, are the scale factor and Hubble parameter at
reheating, respectively.

Figure 1 shows the evolution of EM and the inflaton
energy densities with the scale factor, both during and after
inflation. From Fig. 1 one can see that EM energy densities
are increasing after inflation. It is necessary that the EM

|
ke dpg(k,
e+l = [ dmg(EED )
H; -

dpp(k.n)
dink

dInk

r

[

energy density does not overshoot the energy density of the
universe before the coupling function f reaches its preinfla-
tionary value. Since EM energy density has a monotonically
increasing behavior, if pg + pp < py is satisfied at reheat-
ing, it will be valid throughout the postinflationary era prior
to reheating. The total EM energy density at reheating is

9 fila)

B 3222 af

For further analysis we have used two new variables
defined as

N = ln(ﬁ) and N, = ln<ﬂ>.
a; le

After substituting k, = a,H, = a;H e~/ in Eq. (33) and
using the definition of N and N,, we get

a(2N+N,)=TN

PE + Pl —CH4 (34)

Here

(1L 4
T 8rr \6-2a  (8-2a)(4f+ 1))

In the above expression, we also use f = aN /N, which is
obtained by demanding f(a,) = 1
In order that pg + pgl, < Pyl we require

H
— 4L,
T,

35
30C; (35)

g,
2a(N—|—N,)—(7+a)N,<ln< >
Here we use py|, = g,(7%/30)T}, where T, and g, represent
reheating temperature and relativistic degree of freedom,
respectively, at reheating. We have several variables in the
above expression but they are all not independent. To reduce

k, 9 k4 k O\ 2 —84+2 2k \ 8 1 2k \2
=Lz a) Gn) @) (e (Ga))]
a;H; f le f a,r, (4ﬂ + 1) Cerr
k —2a 2k —8p+2 8p 1 1 2k 2
alar) @) () (e (o) )
H; agHy aH, 6—-2a (8-2a)4p+1)"\q,H,

(33)

[
the expression in terms of the minimum number of variables
(independent variables), we use the following constraint.

From the isotropy of the cosmic microwave background
radiation, we find the following relation:

T 1
N+N,>66.9—1n(—’) —-m%. 36)
Hy 3 9
ol . . . . 3
<> 1013 E 4
8 A
é 1000 i,‘ 9
ﬁ o
g 107 i |
] &
@ ']
I.I=J 10-17, .’,ﬁ' 4
;F
1027F pmers r 1
1 16‘ 13“ 1612 161“
Scale Factor (a)
FIG. 1. In this figure we have taken @ = 2 and 7, = 100 GeV.

It shows the evolution of p,, py and py with scale factor. The first
vertical bold black line is for the value of a, and the second is for
the value of a,. This figure shows that the energy of the EM field
does not overshoot the energy of the scalar field ¢ which decides
the background geometry if the scale of inflation and reheating
satisfies the bound in Eq. (38).
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|Anl a2
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FIG.2. In this figure we have plotted the |.A,|/a? vs scale factor (a). Here we have assumed a = 2, T, = 100 GeV and k = 10°H,. In
the left panel, we have shown how vector potential evolves for positive helicity, negative helicity, zero helicity and for the case of
constant coupling (f = 1) during inflation. In the second plot, we have shown the evolution of the same modes postinflation to

reheating.

Here, g is the relativistic degree of freedom in the universe
at present. The above relation has been derived from the
fact that the present observable universe has to be inside the
Hubble radius at the beginning of inflation. In the above
expression, we also assume a radiation dominated era from
reheating until today.

By the assumption of matter dominance postinflation to
reheating, N, can be written in terms of H; and T',:

1 | 90H?
N, = Ll 1 [%} .
37 pyl, 3 [8aGrig,T;

(37)

Substituting Eqs. (36) and (37) into Eq. (35) and writing N,
in terms of H; and T, the bound in Eq. (35) reduces to

C3 (9 5 9,7 5 H;
In|— = 134 20+ 4)In—=
nLJr (gr> 30 t14a+ (et >nTr

47+ a)

4 3H? 1
In = —
3 872G T,

If reheating temperature and the scale of inflation satisfy the
above bound, there will not be any backreaction and strong
coupling problem in our prescribed model until reheating.

For further analysis, we assume a particular value of a and
calculate the possible inflationary scales (H ;) for different
reheating scales (7',) using the bound in Eq. (38). For these
T, and Hf, we calculate N and N,.. We have also calculated
correlation length of magnetic field and its strength at this
scale at reheating using the following expressions:

(38)

k. 27 dpp (k) dlnk

[ — g 20k dink
0 Lt dink
dpg(k,n)
B|[L.|=1\/8n1———-—+ 39
[ L] L dlnk k72mr ( )
“Le

¢

In Fig. 2, we plot the evolution of the |.A4,|/a* [which
appears in Eq. (17) for pg], with scale factor for different
helicity modes from the beginning of inflation to the epoch
of reheating. The black solid curve and the red dotted curve
show the evolution of the negative helicity and positive
helicity mode, respectively. The blue dot-dashed curve
shows the evolution of |4, |/a? if the parity breaking term
is not present in the action (nonhelical case) and for future
purpose we name this mode the zero helicity mode. If f had
been a constant equal to 1, the red solid curve would have
represented the evolution. The black dotted curve shows the
|A,,|/a? for the Bunch Davies vacuum. In the left panel, the
first vertical line is for the epoch of horizon crossing during
inflation and the second vertical line is for the end of
inflation. It is evident from the figure that negative helicity
mode has a larger value than the zero helicity mode and the
positive helicity mode. This means that in the helical case,
the magnetic energy density is larger compared to the
nonhelical case at the end of inflation and it is almost fully
helical because the strength of the positive helicity mode is
negligible compared to the negative helicity mode. It is also
evident from this panel that without the coupling between
inflaton and the EM field, the strength of the magnetic field
is very small for the modes which have crossed the horizon
much earlier than end of the inflation.

The right panel of Fig. 2 also follows the same color
coding and it shows the postinflationary evolution until
reheating. In this panel, the first vertical line is for epoch of
end of inflation and the second vertical line is for the epoch
of reheating. This panel shows that the strength of the mode
decreases postinflation. Subsequently there is a transition
and the mode starts to increase until reheating. The reason
for the transition is as follows. The branch which domi-
nated during inflation leads to both an initially dominant
decaying mode and a subdominant growing mode after the
transition to the matter dominated era postinflation. The
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TABLE I. Present day magnetic field strength and correlation length for different reheating scales (7',.).

Scale of inflation Reheating Correlation length Magnetic field strength Correlation length Magnetic field strength
(in GeV) temperature T, ¢ Lo (in Mpc) By[L] (in G) LNE (in Mpc) BYE[LNE] (in G)
1.14 x 10'0 5 MeV 2 2.59 x 1073 1.60 x 1077 1.62 6.41 x 10™°

2.84 x 108 150 MeV 2 6.46 x 1077 9.34 x 1077 0.58 9.90 x 10710

3.88 x 10° 100 GeV 2 8.84 x 10710 3.43 x 1077 0.068 3.92 x 107!

3.58 x 10* 1000 GeV 2 8.84 x 107! 1.35x 1077 0.032 7.12 x 10712

initially dominant mode decreases as f decreases, while the
initially subdominant one increases with time. In further
evolution, naturally there is a point where both branches
cross each other, this point is the transition point in the right
panel. Subsequent growth of the field continues until the
reheating epoch (indicated by the second vertical line).
Finally on reheating the electric field gets damped by the
increased plasma conductivity. The magnetic field evolves
further as discussed below.

IV. EVOLUTION OF MAGNETIC
FIELD AFTER REHEATING

To determine the magnetic field strength and its corre-
lation length at present, we need to evolve the magnetic
field from the epoch of reheating to today. As we have seen
in the last section, our generated magnetic field has a blue
k* spectra on superhorizon scales at the time of generation.
After reheating, the universe is dominated by radiation and
in radiation dominance the Hubble radius increases faster
than the wavelength of a mode. Due to this, modes start to
reenter the horizon. As the Alfvén crossing time for a mode
becomes smaller than the comoving Hubble time, nonlinear
effects due to the magnetic field coupling to the plasma
come into picture.

If we consider only the flux frozen evolution of the
magnetic field B  1/a?, then magnetic field strength and
its correlation length at present are given by the following

expressions:
do
LL‘O = Lc <_> ’
ar

L.l = Bl ()

ar

(40)

However, if we incorporate the nonlinear effects and the
consequent turbulent decay of the magnetic field, its strength
and correlation scale have different scaling behavior.
Because of magnetic helicity conservation, inverse cascade
takes place and magnetic energy transfers from smaller
length scales to larger scales. This phenomenon has been
discussed in [42,52,53] and also confirmed by the numerical
simulations [52-57]. After using the results discussed in
[42,52,53], we get the following scaling laws for the
correlation scale LN and the strength of the field at this
scale BYE[LNE]:

Ay 2/3
LIC%L = LCO <_> s

NL[J NL an ™3
By“[Ley] = Bo[Leo o .

r

(41)

Here a,, represents the scale factor at the matter radiation
equality. As discussed in [45] there is no significant change
in the comoving coherence length and field strength in the
matter dominated era after a,,. Thus Eq. (41) gives reason-
able estimates of the present day comoving field strength and
correlation length. To estimate the maximum possible value
of the magnetic field at different reheating scale, first we take
the lowest possible scale of reheating (5 MeV) allowed by
the big bang nucleosynthesis (BBN) bound [58]. We have
also considered reheating scales around QCD phase tran-
sition, electroweak phase transition and at 1000 GeV. For
each of these reheating temperatures we calculate the bound
on the scale of inflation using Eq. (35). Further we calculate
the magnetic field strength and its correlation length both
assuming frozen field evolution Eq. (40) and with turbulent
decay using Eq. (41). The results are given in Table I.
The bound obtained in Eq. (38) suggests that as we
increase the reheating scale (T',), inflationary scale (H)
decreases. Since reheating occurs after the end of inflation,
the above behavior suggests that the highest possible
reheating scale is ®4000 GeV fora = 2. We consider several
reheating scales below this highest possible reheating scale.
If we consider reheating at 1000 GeV, the maximum possible
magnetic field strength is 7.1 x 10712 G and its correlation
length is 0.03 Mpc. We also calculate magnetic field
strength and its correlation length for 7, = 100 GeV, T, =
150 MeV and T, = 5 MeV and the results are shown in
Table 1. It is evident from the table that as we decrease the
reheating temperature, the maximum possible magnetic field
strength as well as its correlation length increases.
Specifically, we have B):~3.9x107!''G, ~9.9x 107G,
6.4x107°G for respectively T, = 100 GeV, T, = 150 MeV
and T, =5MeV and LY =0.07 Mpc, 0.6 Mpc and
1.6 Mpc, respectively, for the same reheating temperatures.
In the above estimates, we have assumed that the
EM energy density reaches a value equal to the energy
density in the inflaton field at reheating. Suppose
(pe + pg)|, = €pyl,» then for a particular 7', the above
estimated magnetic field strength will be decreased by a
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FIG. 3. We have assumed @ = 2 in plotting these figures. The black curve and dot-dashed blue curve in both parts correspond to the

lower bound on observed magnetic field strength constrained by the gamma ray observations for two different mechanisms. These
bounds are estimated at the correlation length of the generated magnetic field. The red dashed curve in the left panel represents the
maximum magnetic field strength (By[L.]) that can be generated in our model by taking flux freezing evolution. The red dashed curve
in the right panel represents the maximum magnetic field strength (B)Z[LNL]) that can be generated by taking the nonlinear evolution of
helical magnetic fields. The shaded region in both parts represents all the allowed magnetic field strengths from y-ray constraints.

factor of /e but the correlation scale will remain the same. In
this case, the maximum allowed value of reheating temper-
ature is also decreased by a modest amount. For example
with € = 107*, the maximum 7', becomes ~1300 GeV.

V. 7-RAY CONSTRAINTS

We now consider the constraints from the y-ray obser-
vation. Nondetection of GeV photons in blazar observation
by the Fermi telescope puts a lower bound on the magnetic
field strength [5,6]. Emitted photons of TeV energy from
blazars interacts with the extragalactic background light
and gives rise to pair production. These produced particles
interact with the cosmic microwave background and gen-
erate the GeV energy photons by inverse Compton scatter-
ing. If a magnetic field is present in the intergalactic
medium, it can affect the trajectories of these charge
particle and observed surface brightness of GeV emission
due to inverse Compton scattering can be suppressed.
Further, if we consider that the size of the secondary emitting
region is larger than the point spread function of the
telescope then this gives a lower bound of B~ 107" G
strength at the coherence scale > 1 Mpc. If the flux
suppression mechanism is due to the time delay of secondary
emission then one gets a lower bound of B ~ 1077 G at the
same coherence scale. Below 1 Mpc as the coherence length
decreases the lower bound on the magnetic field strength

increases as Lz '/? in both cases. Here L. is the comoving
correlation length of the magnetic field.

In Fig. 3, we have plotted the maximum possible magnetic
field strength generated in our model for different reheating
scales as a dashed red curve and the two bounds on the
magnetic field strength obtained from the nondetection
of y-rays from blazars respectively as a solid black curve
and as a dot-dashed blue curve for the two different

mechanisms. In the left panel we have only considered
the flux frozen evolution of the magnetic field after gen-
eration and estimated magnetic field strength and its
correlation length. In the right panel we have estimated
the magnetic field strength and its correlation length by
incorporating the nonlinear evolution. It is evident from the
figure that the generated magnetic field strength satisfies the
y-ray observation for all possible reheating scales in our
model. The shaded region in the figure represents the
allowed values of magnetic fields from y-ray observation.

In Fig. 3, we have shown the constraints only for a
certain range of the reheating temperature. BBN gives us a
lower bound of 5 MeV for the scale of reheating. The
reason for the upper bound is discussed in the previous
section. For the ¢ = 2 case, it is at 4000 GeV. We see from
Fig. 3 that all our allowed models with 7, < 4000 GeV
lead to magnetic fields well above the lower bound required
by the y-ray observations.

VI. CONCLUSION

We have studied here the generation of the helical magnetic
field during inflation. The generation of the magnetic field
within standard physics during inflation is not possible
because of the conformal invariance of the EM field. To
generate magnetic field during inflation, we have adopted the
Ratra model in which a coupling between the EM field and
the inflaton field is assumed. We have added a parity violating
term with the same coupling in our action to generate a helical
magnetic field. However, this model has the well-known
strong coupling and backreaction problems during inflation.
We have described these problems and attempted to resolve
them by adopting a particular behavior of coupling function
f. In our model f starts with a value of unity and increases
during inflation so that there are no strong coupling and
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backreaction problems. After inflation and before reheating it
decreases such that it attains the preinflationary value at
reheating to match with the observed coupling constant
between the charged fields and the EM field. By demanding
that there is no backreaction of the generated fields post-
inflation, we get a bound on inflationary and reheating scales.
For this type of evolution, the magnetic field spectrum at
reheating is blue and cannot be shallower than dp,,/dIn k o
k* spectra. This spectra is obtained when f o @’ during
inflation. We have discussed this case in detail and estimate
the magnetic field energy density and its correlation length for
different reheating scales. If reheating happens at 100 GeV
then the comoving magnetic field strength is 3.4 x 1077 G
and its correlation length is 8.8 x 1071 Mpc if we only
consider the flux frozen evolution. Magnetic field strength
and correlation length change t0 3.9 x 10~!" G and 0.07 Mpc
if we incorporate the nonlinear evolution whereby the helical
field decays due to the generated magnetohydrodynamics
turbulence, conserving magnetic helicity. The generated
magnetic field is almost fully helical.

The generated magnetic field strength at the end of
inflation is larger compared to the nonhelical case consid-
ered in Ref. [45]. Moreover, the maximum possible
reheating scale in the helical case is ~4 x 10* GeV which
was ~10* GeV in the nonhelical case. We have also shown
that the generated magnetic field in our model satisfies the
y-ray constraints for all the allowed reheating scales.

The behavior of coupling function which we have
adopted could be obtained in hybrid inflationary scenarios
[59]. In hybrid inflation, one has two scalar fields with one
dominating during inflation and providing the necessary
condition for inflation and other field ends the inflation. We

can consider our coupling function as a function of both
fields such that when the first field rolls down the potential
during inflation, f increases and f decreases when the other
field evolves.

To summarize, we have suggested a viable scenario for
inflationary generation of helical magnetic fields, which
does not suffer from the backreaction or strong coupling
problems. In our model the generated field is almost fully
helical. As we increase the reheating scale both the magnetic
field strength and its correlation length decrease. However,
they satisfy the y-ray constraints for all the allowed values of
reheating scales. The generated magnetic field strength and
its correlation length are larger for the helical case compared
to the nonhelical case. For a reheating scale at 100 GeV the
magnetic field strength and its correlation length were 6.8 x
10713 G and 7.3 x 10~* Mpc for the nonhelical case [45]
but3.9 x 107" G and 0.07 Mpc for the helical case. Cosmic
microwave background and structure formation have mainly
focused on nearly scale invariant spectra [39,42,60-67]. It
would be of interest to revisit these effects for the blue
spectra (see for example [68]) predicted by our consistent
models of inflationary magnetogenesis.
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