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We investigate the charged lepton flavor violating processes μ → eγ, μ → eeē, and μ − e conversion in
nuclei for a class of three-loop radiative neutrino mass generation models with electroweak multiplets of
increasing order. We find that, because of certain cancellations among various one-loop diagrams which
give the dipole and nondipole contributions in an effective μeγ vertex and a Z-penguin contribution in an
effective μeZ vertex, the flavor violating processes μ → eγ and μ − e conversion in nuclei become highly
suppressed compared to μ → eeē process. Therefore, the observation of such a pattern in LFV processes
may reveal the radiative mechanism behind neutrino mass generation.
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I. INTRODUCTION

Although we have observed lepton flavor violation
(LFV) in the neutral fermion sector of the Standard
Model (SM) in neutrino oscillation, the charged LFV in
the SM has turned out to be highly suppressed. For
example, by allowing massive neutrinos, mν ∼ 1 eV and
the leptonic mixing matrix, Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix, UPMNS in the SM, the branching
ratio of the charged lepton violating process, μ → eγ, turns
out to be about 10−47 [1–5], which is beyond any
experimental reach in the foreseeable future. But many
physics beyond the standard model (BSM) scenario,
especially new physics related to the generation and
smallness of the neutrino mass, can lead to unsuppressed
charged LFV processes [2,6,7].1 which are within the reach
of currently operating and future experiments. For theo-
retical and experimental status of charged LFV, please see
[9–14].
A well motivated model of neutrino mass generation

which addresses the origin of the neutrino mass and the
particle nature of the dark matter (DM) in our Universe, is
the Krauss-Nasri-Trodden (KNT) model [15], where DM

particles radiatively generate the mass of the neutrino at
three loops and additional BSM particles having mass at the
O(TeV) range, can be accessible to the LHC or future
hadron colliders2 In [15], the additional BSM fields are two
charged singlets Sþ1 and Sþ2 and three fermion singlets
NR1;2;3

which are right-handed (rh) neutrinos. A Z2 sym-
metry with an action fSþ2 ; NRi

g → f−Sþ2 ;−NRi
g is also

imposed to prevent the tree-level Dirac mass of the neutrino
after electroweak symmetry breaking and ensures stability
of the lightest rh neutrino, NR1

, thereby giving a DM
candidate.
Consequently, the three-loop topology of a radiative

neutrino mass diagram remains invariant [17], if one
replaces Sþ2 with a larger scalar multiplet, Φ, which has
an integer isospin, jϕ and hypercharge,3 Yϕ ¼ 1 under
SUð2ÞL ×Uð1ÞY , and NRi

are replaced with a fermionic
multiplet Fi, i ¼ 1, 2, 3, with an integer isospin, jF and
hypercharge, YF ¼ 0. In this scenario, the DM candidate is
the lightest neutral component of F1, i.e., F0

1. Therefore, the
immediate generalization of the KNT model is [18], where
the particle content is taken as, Φ with ðjϕ; YϕÞ ¼ ð1; 1Þ
and Fi with ðjF; YFÞ ¼ ð1; 0Þ. Here, Z2 symmetry is still
needed to enforce the Dirac mass term of neutrinos to be
zero at tree level.
In addition, no Yukawa terms with a SM fermion that

give rise to the Dirac neutrino mass, are allowed in the
Lagrangian if the KNT particle content is extended with Φ
that has ðjϕ; YϕÞ ¼ ð2; 1Þ and Fi with ðjF; YFÞ ¼ ð2; 0Þ to
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1For a general condition of tree-level and one-loop lepton
flavor violating processes, please see [8].

2For a recent review on radiative generation of neutrino mass,
please see [16].

3Here, the electric charge is Q ¼ T3 þ Y.
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generate the neutrino mass at a three-loop level [19].
Therefore, there is no need to use Z2 symmetry for that
purpose. But the viable dark matter candidate in the model,
which is a F0

1 Majorana fermion, has a one-loop decay
process which depends on the λS−1Φ†:Φ:Φ term in the
scalar potential. From the bound on the dark matter mean
lifetime [20], which is of the order 1025–1027 sec, the λ
coupling has to be λ ∼ 10−26–10−27 for TeV mass-ranged
DM. Moreover, the neutrino sector of the model does not
depend on this coupling in any way. Therefore in the limit
λ → 0, the softly broken accidental Z2 symmetry becomes
exact and ensures the stability of the DM.
Consequently, one can go to the next higher scalar and

fermion representations in this class of generalized KNT
models. In the case ofΦ with ðjϕ; YϕÞ ¼ ð3; 1Þ and Fi with
ðjF; YFÞ ¼ ð3; 0Þ, the field content of the model not only
prevents the appearance of Dirac mass term for a neutrino
but also the λ term in the scalar potential which would have
prevented DM to be absolutely stable [21]. The direct
product of two SUð2Þ scalar representations, Φ ⊗ Φ
gives jϕ ⊗ jϕ ¼⊕J J ⊃ j0ϕ, where j

0
ϕ has the same isospin

value as jϕ and therefore forms an invariant in the term
λS−1Φ† ⊗ Φ ⊗ Φ but it is either symmetric or antisym-
metric representation depending on the even-integer or
odd-integer isospin value jϕ, respectively. As the antisym-
metrizedΦ ⊗ Φ representations are identically zero for an
odd-integer isospin, the λ term does not appear in the scalar
potential at a renormalizable level and the DM is stable.
The main motivation of this paper is to carry out a

comparative study of charged lepton flavor violating
processes in this class of generalized KNT models with
singlet, triplet, 5 plet, and 7 plet. The most studied charged
LFV processes are μ → eγ, μ → eeē, and μ − e conversion
in the nuclei. The MEG Collaboration has put a bound on
the μ → eγ process as Brðμ → eγÞ < 4.2 × 10−13 at
90% C.L. [22]. In addition, the process μ → eeē has a
current limit as, Brðμ → eeēÞ < 1.0 × 10−12 (90% C.L.)
set by the SINDRUM Collaboration [23]. Moreover, μ − e
conversion processes in nuclei, μAu;Ti → eAu;Ti have
limits on rates, CRðμ − e;AuÞ < 7 × 10−13 (90% C.L.)
[24] and CRðμ − e;TiÞ < 6.1 × 10−13 (90% C.L.) [25] set
by the SINDRUM II Collaboration. On the other hand, the
future reach on μ → eγ is, Brðμ → eγÞ < 5.4 × 10−14 by
the MEG II experiment, which will start taking data from
2018 [26]. The Mu3e experiment, which will begin its run
on 2019, will have a reach Brðμ → eeēÞ < 10−16 [27]. In
addition, the μ − e conversion experiment Mu2e, which is
scheduled to start on 2020, will have CRðμ − e;AlÞ <
6.7 × 10−17 [28]. For this reason, we have systematically
studied these three processes in each case of a generalized
KNT model with respect to the current bounds and future
sensitivity limits.
In this article, we present the generalized KNT model

with larger electroweak multiplets in Sec. II. In Sec. III, we

describe the relevant formulas of charged LFV processes
μ → eγ, μ → eeē, and μ − e conversion rate in nuclei in a
generalized KNT model. Section IV contains the result of
charged LFV processes in this model. We conclude in
Sec. V. Appendix contains the loop functions used in
calculations of charged LFV processes.

II. THE MODEL

A. The field content

The three-loop radiative neutrino mass generation model
contains a charged singlet Sþ1 ∼ ð0; 0; 1Þ, a complex scalar
multiplet, Φ ∼ ð0; jϕ; 1Þ, and three real fermion multiplets,
F1;2;3 ∼ ð0; jF; 0Þ under SUð3Þc × SUð2ÞL ×Uð1ÞY. The
multiplets are

Φ ¼ ðϕðjϕþ1Þ;ϕðjϕÞ;…;ϕ0;…;ϕð−jϕþ2Þ;ϕð−jϕþ1ÞÞT
F1;2;3 ¼ ðFðjFÞ; FðjF−1Þ;…; F0;…; Fð−jFþ1Þ; Fð−jFÞÞT1;2;3:

ð1Þ

In this comparative study, we focus on four set of models
in this class which we have referred as

Model Φ F1;2;3

Singlet (0,0,1) (0,0,0)
Triplet (0,1,1) (0,1,0)
5 plet (0,2,1) (0,2,0)
7 plet (0,3,1) (0,3,0)

The SM Lagrangian is extended in the following way:

L ⊃ LSM þ ffαβLc
α:LβS

þ
1 þ giαFi:Φ:eαR þ H:c:g

−
1

2
Fc
iMFij

Fj − VðH;Φ; S1Þ þ H:c:; ð2Þ

where, c denotes the charge conjugation and the dot sign, in
shorthand, refers to appropriate SUð2Þ contractions. Also
Lα and eRα

are the lh lepton doublet and rh charged leptons,
respectively, and the Greek alphabet α stands for the
generation index. Moreover, ½F�αβ ¼ fαβ and ½G�iα ¼ giα
are 3 × 3 complex antisymmetric and general complex
matrices, respectively. Finally, H denotes the SM Higgs
doublet.
The scalar potential is given by

VðH;Φ; S1Þ ¼ VðHÞ þ VðΦÞ þ VðS1Þ þ V1ðH;ΦÞ
þ V2ðH; S1Þ þ V3ðΦ; S1Þ: ð3Þ

The three-loop neutrino mass generation depends on the V3

term as follows:

V3 ⊃
λS
4
ðS−1 Þ2Φ:Φþ H:c: ð4Þ
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B. Mass splittings in the multiplets

At the tree level, the components of the fermion
multiplet, Fi are mass degenerate. Moreover, we work in
the generation basis, where MFij

¼ diagðMF1
;MF2

;MF3
Þ.

We have also considered the nondegenerate mass for the
three fermion multiplets, MF1

< MF2
< MF3

.
Consequently, after electroweak symmetry breaking

(EWSB), the radiative corrections, for example, loops
involving SM gauge bosons, lift the mass degeneracy in
the component fields of the fermion multiplets. In the limit,
MF ≫ MW , the mass splitting between the components of
charge Q and Q0 is, MQ −MQ0 ∼ ðQ2 −Q02ÞΔ, where,
Δ≡ αWsin2ðθw=2ÞMW ∼ 166 MeV [29].
On the other hand, the component fields of the scalar

multiplet, after EWSB, can have splittings at the tree level
due to the following term in V1ðH;ΦÞ:

V1ðH;ΦÞ ⊃ λHϕ2
ðΦ�:HÞ:ðH�:ΦÞ: ð5Þ

The maximum splitting among the masses of the
component fields in the electroweak multiplet is bounded
by the constraints on the electroweak precision observables
(EWPO) [30,31]. Here we consider the constraint on the
T parameter as it is the most sensitive EWPO on mass
splitting in a scalar multiplet or in other words, isospin
breaking in the multiplet. From Fig. 1, we see that the larger
value of the coupling, λHϕ2, leads to the larger splitting in
the scalar component fields in the multiplet. On the other
hand, if M0 ¼ 10 TeV and λHϕ2 ¼ 2π, the splitting
between any two components of the scalar multiplet,
allowed by the EWPO constraints, is very small as
Δm2

ij=M
2
0 ∼ 10−3. Again, withMFi

∼ 10 TeV, the radiative
mass splittings between two components of the fermionic
multiplet leads to Δm2

Fij
=M2

0 ∼ 10−4. Therefore, for the

scalar and fermion multiplets’ mass in the TeV range, the
mass splittings are numerically negligible; therefore, we
consider this scenario as the “near degenerate” case and
make proper approximations in our subsequent analysis.

C. Three-loop radiative neutrino mass

The neutrino mass is generated radiatively at three loops.
In the near degenerate case, we neglect the small mass
splittings and have [15,18,19,21]

ðMνÞαβ ¼
cλS

ð4π2Þ3
mγmδ

Mϕ
fαγfβδg�γig

�
δiF

�
M2

Fi

M2
ϕ

;
m2

S

M2
ϕ

�
; ð6Þ

where, c ¼ 1, c ¼ 3, c ¼ 5, and c ¼ 7 are for singlet,
triplet, 5-plet, and 7-plet cases, respectively. Equation (6)
can be written in compact form,

Mν ¼ X:Λ:XT; with X ¼ FMlG†: ð7Þ

Here, Ml is the diagonal charged lepton mass matrix and
Λ ¼ diagðΛ1;Λ2;Λ3Þ, where Λi is associated with Fi.
The loop function F with α ¼ M2

Fi
=M2

ϕ and β ¼ m2
S=M

2
ϕ

is given by

Fðα; βÞ ¼
ffiffiffi
α

p
8β2

Z
∞

0

dr
r

rþ α
Iðr; βÞ2; ð8Þ

and the function Iðr; βÞ is

Iðr; βÞ ¼ ln½rðηþ − 1Þð1 − η−Þ� − ηþ ln

�
ηþ − 1

ηþ

�

− η− ln
�
η− − 1

η−

�
−
1þ r
r

ln½1þ r�; ð9Þ
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FIG. 1. Correlation between λHϕ2 and T parameter. Here, we have used two values of M0 which is the invariant mass from the
Lagrangian, M0 ¼ 1 TeV and M0 ¼ 10 TeV, respectively. Also the black line represents the maximum bound on the T parameter,
T ¼ 0.07� 0.08 (68% C.L.) [32].
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where

η�ðr; βÞ ¼
1

2r

�
1þ r − β �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ r − βÞ2 þ 4rβ

q �
: ð10Þ

The behavior of function Fðα; βÞ with α and β is shown
in Fig. 2.
The neutrino mass matrix, Mν of Eq. (6), can be

diagonalized as

Mν ¼ UPMNS:m̂ν:UT
PMNS; ð11Þ

where m̂ν ¼ diagðmν1 ; mν2 ; mν3Þ, and it contains seven
independent parameters which are two masses mν2;3 that
can be determined assuming either normal or inverted
hierarchy by using experimentally measured [32] two mass
squared differencesΔm2

atm andΔm2
solar, three mixing angles

θ12, θ23, and θ13 and still to be determined, one Dirac phase
δCP, and one Majorana phase αM in UPMNS matrix. Here,
due to detF ¼ 0, the lowest neutrino mass is mν1 ¼ 0, and
it also implies one Majorana phase of UPMNS to be zero.
On the other hand, the matrices F contains six and G
contains 18 degrees of freedom. As there is no one-to-one
correspondence between low energy neutrino parameters in
Mν and the parameters of F, G, and Λ, we numerically
determine the set ffαβ; giα;MF1;2;3

;Mϕ; mS; λSg, which
satisfy the following relation:

TrðM†
νMνÞ ¼ TrðX�ΛX†XΛXTÞ: ð12Þ

We have used this relation because there are no unique
F and G which satisfy the low energy neutrino constraints,
UPMNS. Therefore, one can always find another set of F0

and G0 through orthogonal transformation, F0 → VFVT

and biunitary transformation, G0 → WGY† where, V,
W, and Y are unitary matrices, to satisfy the low energy
constraints.

As seen from Eq. (6), the generalized KNT model with a
larger multiplet does not qualitatively change the structure
of the neutrino mass matrix. For each multiplet, the
numerical change of the order unity in Mν comes from
slight shifts in F, G Yukawa couplings and the mass ratios
entering in the function F of Eq. (8) while satisfying the
low energy neutrino constraints. However, in the particular
case of the 5-plet and 7-plet representations, there are no
Yukawa term with SM leptons invariant under the SM
gauge group, which can lead to a Dirac neutrino mass at
tree level after electroweak symmetry breaking and that
would have spoiled the radiative neutrino mass generation
setup. Therefore, the ad hoc Z2 symmetry which is
assumed to prevent the Dirac mass term in the singlet case
is not required for the generalized KNT model with 5-plet
and 7-plet matter fields.

III. CHARGED LEPTON FLAVOR VIOLATING
PROCESSES

As the charged LFV processes, μ → eγ, μ → eeē, and
μ − e conversion in Au and Ti nuclei, have the most
stringent experimental constraints, we focus our study on
these three LFV processes in the generalized KNT model
with a singlet, triplet, 5 plet, and 7 plet, respectively.

A. μ → eγ

The branching ratio for μ → eγ, normalized by
Brðμ → eνeνμÞ, is

Brðμ → eγÞ ¼ 3ð4πÞ3αem
4G2

F
jADj2Brðμ → eνμνeÞ; ð13Þ

where

AD ¼ Að1Þ
D þ Að2Þ

D þ Að3Þ
D ; ð14Þ

where

10 6 0.001 1 1000 106 109

10 4

0.001

0.01

0.1

1

F
,

0.1

1

10

100

FIG. 2. The function Fðα; βÞ.
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Að1Þ
D ¼

X3
i¼1

X
ϕ

g�eigiμqϕ
32π2

1

m2
ϕ

F1ðxqiϕÞ ð15Þ

Að2Þ
D ¼ −

X3
i¼1

X
Fi

g�eigiμqFi

32π2
1

m2
ϕ

F2ðxqiϕÞ ð16Þ

Að3Þ
D ¼ f�eτfτμ

192π2
1

m2
S
; ð17Þ

where mϕ and qϕ (qF) are the corresponding mass and the
electric charge, respectively, of the scalar (fermion) com-

ponent ϕðqÞ (FðqÞ
i ), xqiϕ ¼ m2

Fðq−1Þ
i

=m2
ϕð−qÞ , and ϕ (Fi) runs

over all the charged components of the scalar (fermion)

multipletΦ (Fi). Note that A
ð1Þ
D and Að2Þ

D involve rh charged

leptons, whereas, Að3Þ
D involves lh charged leptons.

Figures 3(I) and 3(II), where an external γ line is attached
to charged scalars and charged fermions, respectively, and

give dipole contributions Að1Þ
D and Að2Þ

D that come from

pairs, ½ϕð−qÞ; Fðq−1Þ
i �, where, q ¼ −jϕ þ 1;…; jϕ þ 1.

Since the mass splittings among the component fields of
both the scalar and fermion multiplet are small as pointed
out in Sec. II B, we can consider the near degenerate limit,

and in this case, there are cancellations in Að2Þ
D because

degenerate fermion components of opposite electric charge
have a photon line attached to it and therefore, the sum over
all fermion components renders it to Að2Þ ∼ 0. Moreover,

the same cancellations take place in Að1Þ
D when scalar

components of an opposite electric charge have a photon
line attached to it. Therefore, in the case of a triplet, we
have non-negligible contributions from ðϕ−−; Fþ

i Þ and

ðϕ−; F0
i Þ pairs in Að1Þ

D . For the 5 plet, we have non-

negligible contributions in Að1Þ
D from ðϕ−−−; Fþþ

i Þ and
ðϕ−−; Fþ

i Þ pairs. Finally, for the 7 plet, the only non-

negligible contributions in Að1Þ
D come from ðϕ−−−−; Fþþþ

i Þ
and ðϕ−−−; Fþþ

i Þ pairs. On the other hand, the singlet case
only involves a ðϕ−; F0

i Þ pair as the nonzero contribution

to Að1Þ
D . On the other hand, Fig. 3(III) gives the dipole

contribution Að3Þ
D coming from ðS−1 ; ντÞ pair for all cases.

B. μ → eeē

In the generalized KNT model, the three-body lepton
flavor violating decay mode μ → eeē receives the contri-
butions from γ-penguin diagrams, Z-penguin diagrams, and
box diagrams. In this model, a Higgs penguin diagram does
not contribute to this process. Therefore, the branching
ratio of μ → eeē is given [33–36] as

Brðμ → eeēÞ

¼ 3ð4πÞ2α2em
8G2

F

�
jANDj2 þ jADj2

�
16

3
ln
mμ

me
−
22

3

�

þ 1

6
jBj2 þ 1

3
ð2jFL

Zj2 þ jFR
Zj2Þ

þ
�
−2ANDA�

D þ 1

3
ANDB� −

2

3
ADB� þ H:c:

��

× Brðμ → eν̄eνμÞ; ð18Þ

where AD and AND are the dipole and nondipole contri-
butions from the photonic penguin diagrams, respectively.
FL
Z and FR

Z are given as

FL
Z ¼ FZglL

g2m2
Zsin

2θW
; FR

Z ¼ FZglR
g2m2

Zsin
2θW

: ð19Þ

Here, FZ is the Z-penguin contribution and glL and glR are
the Z-boson coupling to the left-handed (lh) and right-
handed (rh) charged leptons, respectively. Also B repre-
sents the contribution from the box diagrams.

1. γ-penguin contribution

The γ penguin diagram can be obtained by attaching the
e − ē fermion line to γ line in Figs. 3(I), 3(II), and 3(III).
The dipole contribution of γ-penguin diagrams are same as
in Sec. III A. So we consider here the nondipole contribu-
tion, which is

AND ¼ Að1Þ
ND þ Að2Þ

ND þ Að3Þ
ND: ð20Þ

Here,

FIG. 3. One loop diagrams contributing to effective μeγ and μeZ vertices. For simplicity, we have not included self-energy diagrams,
where the γðZÞ line is attached to external fermions.
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Að1Þ
ND ¼

X3
i¼1

X
ϕ

g�eigiμqϕ
32π2

1

m2
ϕ

G1ðxqiϕÞ ð21Þ

Að2Þ
ND ¼ −

X3
i¼1

X
Fi

g�eigiμqFi

32π2
1

m2
ϕ

G2ðxqiϕÞ ð22Þ

Að3Þ
ND ¼ f�eτfτμ

288π2
1

m2
S
: ð23Þ

The nondipole contributions Að1Þ
ND, A

ð2Þ
ND, and Að3Þ

ND are
associated with Figs. 3(I), 3(II), and 3(III), respectively,
with the γ line having an e − ē fermion line attached to it.
The loop functions G1ðxÞ and G2ðxÞ are given in the
Appendix. As in the case of dipole contributions, in the
near degenerate mass limit, we again have cancellations
among the charged fermions with an opposite electric

charge in Að2Þ
ND; therefore, A

ð2Þ
ND ∼ 0. In addition, the con-

tributions from the charged scalar with an opposite electric

charge get canceled in Að1Þ
ND. Once more the non-negligible

contributions in Að1Þ
ND come from ðϕ−−; Fþ

i Þ and ðϕ−; F0
i Þ in

the case of triplet, ðϕ−−−; Fþþ
i Þ and ðϕ−−; Fþ

i Þ pairs for the
case of the 5 plet, and ðϕ−−−−; Fþþþ

i Þ and ðϕ−−−; Fþþ
i Þ

pairs for the case of the 7 plet, respectively.

2. Z-penguin contribution

The Z-penguin diagram can be obtained f.rom Figs. 3(I)–
3(IV) by attaching an e − ē fermion line attaching to a Z
boson line. Its contribution to μ → eeē can be arranged into
two parts,

FZ ¼ Fð1Þ
Z þ Fð2Þ

Z ; ð24Þ

where Fð1Þ
Z is the contribution associated with Figs. 3(I)

and 3(II) with the Z line. On the other hand, Fð2Þ
Z is the

contribution associated with Figs. 3(III) (with the Z line)
and 3(IV). They are given as,

Fð1Þ
Z ¼ −

1

16π2
X3
i¼1

X
ðϕ;FiÞ

�
g�eigiμgZFiF̄i

��
2C24ðmϕ; mFi

; mFi
Þ þ 1

2

�
þm2

Fi
C0ðmϕ; mFi

; mFi
Þ
�

þ 2g�eigiμgZϕC24ðmFi
; mϕ; mϕÞ þ g�eigiμg

l
RB1ðmFi

; mϕÞ
�

ð25Þ

Fð2Þ
Z ¼ −

1

16π2
f�eτfτμ

�
gZνν̄

�
2C24ðmS1 ; 0; 0Þ þ

1

2

�

þ 2gZS1C24ð0; mS1 ; mS1Þ þ glLB1ð0; mS1Þ
�
; ð26Þ

where the sum over pairs ðϕ; FiÞ implies the pairs of
component fields from the fermion and scalar multiplet
entering into the one-loop process. gZFiF̄i, gZϕ, gZνν̄, and
gZS1 are the Z coupling of charged fermion components of
Fi, scalar components of Φ, tau neutrino, and charged
scalar S1, respectively. Moreover, glL and glR are the Z
coupling of the left-handed and right-handed charged
leptons, respectively.
In the near degenerate limit, for the triplet, the contri-

butions from the following pairs in Eq. (25) are

Fð1Þ
Z ðϕ−−; Fþ

i Þ ¼ −Fð1Þ
Z ðϕ0; F−

i Þ: ð27Þ

For the 5 plet, the contribution in Eq. (25) from the
following pairs are

Fð1Þ
Z ðϕ−−−; Fþþ

i Þ ¼ −Fð1Þ
Z ðϕ0þ; F−−

i Þ and

Fð1Þ
Z ðϕ−−; Fþ

i Þ ¼ −Fð1Þ
Z ðϕ0; F−

i Þ; ð28Þ

whereas, for the 7 plet, the contribution from the following
pairs are

Fð1Þ
Z ðϕ−−−−; Fþþþ

i Þ ¼ −Fð1Þ
Z ðϕ00þþ; F−−−

i Þ;
Fð1Þ
Z ðϕ−−−; Fþþ

i Þ ¼ −Fð1Þ
Z ðϕ0þ; F−−

i Þ and

Fð1Þ
Z ðϕ−−; Fþ

i Þ ¼ −Fð1Þ
Z ðϕ0; F−

i Þ: ð29Þ

For the singlet, there is only one contribution in Fð1Þ
Z

which is coming from the ðϕ−; F0
i Þ pair. Therefore, in all

cases, the only nonzero contribution in Fð1Þ
Z comes from the

ðϕ−; F0
i Þ pair.

In addition, Fð2Þ
Z in Eq. (26) is zero because the loop

functions satisfy the relation,

2C24ðm2
S1
; 0; 0Þ þ 1

2
¼ 2C24ð0; m2

S1
; m2

S1
Þ ¼ B1ð0; m2

S1
Þ:
ð30Þ

And Z couplings are gZνν̄ ¼ g
2 cos θW

, gZS1 ¼ − gsin2θW
cos θW

, and

glL ¼ g
cos θW

ð− 1
2
þ sin2θWÞ. Therefore, the total sum turns

out to zero.
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3. Box contribution

The box contribution can be arranged into three parts,

B ¼ Bð1Þ þ Bð2Þ þ Bð3Þ: ð31Þ

Here, Bð1Þ is the contribution associated with a neutral
fermion in the loop and involves a combination of one-loop
box topologies Fig. 4 (left and center). It is given as

e2Bð1Þ ¼ 1

16π2
X3
i;j¼1

�
D̃0

2
g�eigiμg

�
ejgje

þD0mF0
i
mF0

j
g�eig

�
eigjμgje

�
; ð32Þ

where, D̃0 ¼ D̃0ðmF0
i
; mF0

j
; mϕþ ; mϕþÞ and D0 ¼ D0ðmF0

i
;

mF0
j
; mϕþ ; mϕþÞ.

On the contrary, the charged fermions running in the
loop give contribution to Bð2Þ and are associated to Fig. 4
(left). It is given as

e2Bð2Þ ¼ 1

32π2
X3
i;j¼1

X
F

X
ϕ1;ϕ2

× D̃0ðmFi
; mFj

; mϕ1
; mϕ2

Þg�eigiμg�ejgje: ð33Þ

The sum index F ranges over the charged components of
fermion multiplets, and ϕ1;2 indices range over the corre-
sponding scalar components set by the G Yukawa term in
Eq. (2).
For the singlet, the only contribution is Bð1Þ that comes

from a box diagram that involves ϕþ and the neutral
fermion F0

i . For larger scalar and fermion multiplets, apart
from the Bð1Þ contribution also Bð2Þ has contributions from
charged fermions as follows. For the triplet, the box
contribution Bð2Þ involves ϕ1;2 ∈ fϕþþ;ϕ0g for F ¼ Fþ

i .
For the 5 plet, ϕ1;2 ∈ fϕþþþ;ϕ0−g for F ¼ Fþþ

i and ϕ1;2 ∈
fϕþþ;ϕ0g for F ¼ Fþ

i . On the other hand, for the 7 plet,
ϕ1;2 ∈ fϕþþþþ;ϕ00−−g for F ¼ Fþþþ

i , ϕ1;2 ∈ fϕþþþ;ϕ0−g
for F ¼ Fþþ

i , and ϕ1;2 ∈ fϕþþ;ϕ0g for F ¼ Fþ
i .

There is also a box contribution coming from the charged
scalar Sþ1 [Fig. 4 (right)], which is given as

e2Bð3Þ ¼ −
1

32π2m2
S
f�eτfτμf�eτfτe: ð34Þ

C. μ to e conversion rate

The conversion rate, normalized by the muon capture
rate is [37–39]

CRðμ − e; nucleusÞ

¼ peEem3
μG2

Fα
3
emZ4

effF
2
p

8π2ZΓcapt

× fjðZ þ NÞðgð0ÞLV þ gð0ÞLSÞ þ ðZ − NÞðgð1ÞLV þ gð1ÞLSÞj2

þ jðZ þ NÞðgð0ÞRV þ gð0ÞRSÞ þ ðZ − NÞðgð1ÞRV þ gð1ÞRSÞj2g:
ð35Þ

Here, Z and N are the number of protons and neutrons in
the nucleus, Zeff is the effective atomic charge, Fp is the
nuclear matrix element, and Γcapt represents the total muon
capture rate. pe and Ee are the momentum and energy of

the electron, which is taken as∼mμ. g
ð0Þ
XK and gð1ÞXK (X ¼ L, R

and K ¼ V, S) in the above expression are given as

gð0ÞXK ¼ 1

2

X
q¼u;d;s

ðgXKðqÞGðq;pÞ
K þ gXKðqÞG

ðq;nÞ
K Þ

gð1ÞXK ¼ 1

2

X
q¼u;d;s

ðgXKðqÞGðq;pÞ
K − gXKðqÞG

ðq;nÞ
K Þ: ð36Þ

gXKðqÞ are the couplings in the effective Lagrangian
describing the μ − e conversion,

Leff ¼ −
GFffiffiffi
2

p
X
q

f½gLSðqÞēLμR þ gRSðqÞēRμL�q̄q

þ ½gLVðqÞēLγμμL þ gRVðqÞēRγμμR�q̄γμqg: ð37Þ

Gðq;pÞ; Gðq;nÞ are the numerical factors that arise when
quark matrix elements are replaced by the nucleon matrix
elements,

hpjq̄ΓKqjpi¼Gðq;pÞ
K p̄ΓKp; hnjq̄ΓKqjni¼Gðq;nÞ

K n̄ΓKn:

ð38Þ

For the generalized KNT model, the μ − e conversion rate
receives the γ and Z penguin contributions where the
quark line is attached to photon and Z-boson lines in the
respective penguin diagrams. It also does not receive any
box contribution because there is no coupling between Φ

FIG. 4. One-loop box topologies associated to Feynman diagrams contributing to the μ → eeē process.
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and quarks. The relevant effective coupling for the con-
version in this model is

gLVðqÞ ¼ gγLVðqÞ þ gZLVðqÞ

gRVðqÞ ¼ gLVðqÞjL↔R

gLSðqÞ ≈ 0; gRSðqÞ ≈ 0:

The relevant couplings are

gγRVðqÞ ¼
ffiffiffi
2

p

GF
e2Qq½ðAð1Þ

ND þ Að2Þ
NDÞ − ðAð1Þ

D þ Að2Þ
D Þ�;

gγLVðqÞ ¼
ffiffiffi
2

p

GF
e2QqðAð3Þ

ND − Að3Þ
D Þ

gZRVðqÞ ¼ −
ffiffiffi
2

p

GF

gqL þ gqR
2

Fð1Þ
Z

m2
Z
;

gZLVðqÞ ¼ −
ffiffiffi
2

p

GF

gqL þ gqR
2

Fð2Þ
Z

m2
Z
: ð39Þ

Here, Qq is the electric charge of the quarks and Z boson
couplings to the quarks are

gqL ¼ g
cos θW

ðTq
3 −Qqsin2θWÞ;

gqR ¼ −
g

cos θW
Qqsin2θW: ð40Þ

Also, the relevant numerical factors for nucleon matrix
elements are

Gðu;pÞ
V ¼ Gðd;nÞ

V ¼ 2; Gðd;pÞ
V ¼ Gðu;nÞ

V ¼ 1: ð41Þ

In the near degenerate limit, there will be a cancellation
in the AD, AND, and FZ contributions for triplet, 5-plet, and
7-plet cases as pointed out in Secs. III A, III B 1, and III B
2. Therefore, the μ − e conversion rate will be also sup-
pressed compared to the μ → eeē process in the KNT
model. In addition, one can also consider novel charged
LFV conversion rates suggested in [40,41].

IV. RESULT AND DISCUSSION

A. Viable parameter space

The parameter space of the generalized KNT model for a
singlet, triplet, 5 plet, and 7 plet in the near degenerate limit
is taken as ffαβ; giα;MF1;2;3

;Mϕ; mS; λSg which enter into
the neutrino mass generation in Eq. (6).
Here, we briefly present the collider constraints and

future reach on the masses of the fermion and scalar
multiplets in this model. The sensitivity study [42] on
the process eþe− → Sþ1 S

−
1 → lþα l−β þ Emiss in the KNT

model at the future International Linear Collider (ILC)
with

ffiffiffi
s

p ¼ 1 TeV showed that mS ≳ 240 GeV. On the

other hand, it was shown in [43] that for the trilepton final
states via pp → l�l�S−�1 → l�l�l� þ Emiss at LHC withffiffiffi
s

p ¼ 14 TeV and luminosity, L ¼ 300 fb−1, the discovery
reach for Sþ1 increases up to mS ≲ 4 TeV.
In addition, we have F0

1 to be a DM candidate and that
sets Mϕ > MF1

. Based on searches of disappearing track
signatures from long-lived charginos that are nearly mass
degenerate with a neutralino at LHC with

ffiffiffi
s

p ¼ 14 TeV
and L ¼ 36.1 fb−1 [44], we can reinterpret the exclusion
limits for fermion components as mF�

1
≳ 600 GeV for a

lifetime, τF�
1
¼ 1 ns. Moreover, for winolike minimal DM

models that resemble fermion multiplets of the KNT
model, a future collider with

ffiffiffi
s

p ¼ 100 TeV and L ¼
3 ab−1 [45] will improve this limit to mF0

1
≳ 3.2 TeV.

Besides, the multicharged component of the scalar multi-
plet, for example, ϕþþ, can be produced via qq0 →
Wþϕþþϕ− and consequently, will have the cascade decay,
ϕþþ → ϕþWþ� etc., that will lead to multilepton final
states and missing energy. The condition Mϕ > MF1

then
also sets Mϕ ≳ 3.2 TeV.
We scan over MF1

∈ ð1; 50Þ TeV, MF2;3
∈ MF1

þ
ð1; 10Þ TeV, Mϕ ∈ ð10; 100Þ TeV, mS ∈ ð500 GeV;
50 TeVÞ, and λS ∈ ð0.001; 0.1Þ. The Yukawa couplings,
fαβ and giα, are chosen so that they satisfy the low energy
neutrino constraints. Afterwards, the rate of charged LFV
processes are determined for all cases in this near degen-
erate limit. Although the generalized KNT model can
contain a viable DM candidate, here we have studied
charged LFVaspects of the model. In the companion paper
[46], we show that for a standard freeze-out scenario, the
DM relic density constraint leads to a very small window of
mass at the TeV range but if the DM content of the Universe
is set by a nonthermal process, the constraint on the mass
can be relaxed.

B. Charged LFV processes

We can see from Fig. 5 that the rate of μ → eeē is very
large compared to the μ → eγ rate and the μ − e conversion
rate in Au and Ti nuclei. The main reason behind this
suppressed rate in the μ → eγ and μ − e conversion rate is
the cancellations among several one-loop diagrams, as
mentioned in Secs. III A and III B 1, which have rendered

dipole Að2Þ
D and nondipole Að2Þ

ND contributions, associated
with a photon line attached to charged fermions, into zero
in the near degenerate limit. Moreover, there are also

cancellations in Að1Þ
D and Að1Þ

ND in this limit as shown in
Secs. III A and III B 1. We have further elaborated these
cancellation in subsequent paragraphs. Such a pattern of a
larger μ → eeē rate compared to μ → eγ and μ − e con-
version rates was also pointed out in the context of different
BSM models in [47–51], but, to the best of our knowledge,
in the context of the KNT model with singlet, triplet, 5-plet
and 7-plet cases, this pattern has not been previously noted.
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In addition, the contribution to the Z penguin, FZ also
receives several cancellations in one-loop diagrams, as
mentioned in Sec. III B 2. On the other hand, such
cancellations do not take place in the box contribution,
B, and in the near degenerate limit, all box diagrams
coherently add up for each of the singlet, triplet, 5-plet, and
7-plet cases. This can be seen from Fig. 6. Consequently,
AD, AND, and FZ enter into μ → eγ, μ → eeē, and μ − e
conversion rates, whereas B also contributes into the μ →
eeē rate. Finally, we can see from Fig. 5 that for MF1

¼
1–50 TeV range, part of the viable parameter space of the
generalized KNT model is already excluded by the μ →
eeē rate set by SINDRUM, and the future Mu3e experi-
ment will exclude almost all of the parameter space for all
cases within this mass range. This implies that the masses
of the BSM fermion and scalar particles of the KNT model
had to be pushed beyond 50 TeV.
In the limit where the mass differences among the

component fields in both scalar and fermion multiplets
are negligible, there are cancellations among one-loop
diagrams where the photon line is attached to the charged
fermion component fields which is the consequence ofP

iqFi
¼ 0 as the fermion multiplet is real. Therefore, the

sum over all one-loop diagrams with a photon line attached

with charged fermions, Að2Þ
D and Að2Þ

ND, will be almost zero in
triplet, 5-plet, and 7-plet cases. Note that, the singlet case
does not have such a contribution because there is no
charged fermion in its BSM particle content.
Likewise, there are cancellations among one-loop dia-

grams where the photon line is attached to charged scalars
in the near degenerate limit for the triplet, 5 plet, and 7 plet.

For singlet, the only contribution in Að1Þ
D and Að1Þ

ND comes
from a one-loop diagram with a ðϕ−; F0

i Þ pair. On the other
hand, apart from having this diagram common in all cases,
there are nonzero contributions coming from ðϕ−−; Fþ

i Þ
and ðϕ−; F0

i Þ pairs for the triplet, ðϕ−−−; Fþþ
i Þ and

ðϕ−−; Fþ
i Þ pairs for the 5 plet, and ðϕ−−−−; Fþþþ

i Þ and
ðϕ−−−; Fþþ

i Þ pairs for the 7 plet, respectively. So we can see
that Að1Þ

D and Að1Þ
ND numerically do not deviate too much

from each other in all cases.
As pointed out in Sec. III B 2, the total sum, Fð1Þ

Z , over
Z-penguin diagrams containing charged fermions, is zero
in the near degenerate limit. Therefore, in all cases, the

nonzero Z-penguin contributions, Fð2Þ
Z and Fð3Þ

Z , come from
one-loop diagrams involving neutral fermions.
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FIG. 5. LFV processes in singlet, triplet, 5-plet, and 7-plet cases for a normal hierarchy of neutrino masses. The graphs show the same
pattern for an inverted hierarchy so they are not included here.
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On the other hand, the box contribution, Bð1Þ involves
two diagrams containing neutral fermions in all cases. In
contrast, instead of cancellation among one-loop box
diagrams involving charged fermions, they all contribute
to Bð2Þ. In the case of a triplet, 5 plet, and 7 plet, there are 4,
8, and 12 diagrams, respectively, that contribute coherently
to Bð2Þ in the near degenerate limit. Therefore, due to the
cancellations among various one-loop diagrams, distin-
guishing different cases of a multiplet from a charged
lepton flavor violation requires better precision.
Also in Fig. 6 (right), for the 7-plet case, the box

contribution coming from diagrams with both neutral
and charged fermions associated with theG Yukawa sector,
jBð1Þ þ Bð2Þj, wins over jBð3Þj associated with the F
Yukawa because, due to larger scalar and fermion multip-
lets, more particles enter into the loop, and therefore,
jBð1Þ þ Bð2Þj becomes larger for MF1

than Bð3Þ for mS.
A similar pattern can be seen also in dipole contributions.
In Fig. 5, which is basically the two-dimensional

projection of a multidimensional parameter space, it can
be seen that the rates of LFV processes increases for larger
values ofMF1

, but this is due to the smaller value of mS for
thatMF1

value. Note that the decoupling behavior of a LFV
process is apparent in Fig. 6, where we can see that, for
example, the form factors for photonic dipole contribution
AD and the box contribution decreases with increasingMF1

and mS, which implies a decrease in the rate of the LFV
processes at the large masses.

V. CONCLUSION AND OUTLOOK

We have investigated charged lepton flavor violating
processes μ → eγ, μ → eeē, and μ − e conversion in Au
and Ti in the generalized KNT model with a singlet, triplet,
5 plet, and 7 plet. We have shown that due to the

cancellation among several one-loop contributions to the
photonic dipole term, photonic nondipole term, and
Z-penguin term AD, AND, and FZ, respectively, the rates
of μ → eγ and μ − e conversion in Au and Ti become
highly suppressed compared to μ → eeē. This is due to the
coherent addition of one-loop box diagrams where no
cancellations take place and leads to a box contribution B
which enters into a μ → eeē process. As a consequence, we
have seen that for the MF1

¼ 1–50 TeV mass range, the
region of viable parameter space set by the neutrino sector
is already excluded by the limit from SINDRUM, and the
future Mu3e will have enough sensitivity to exclude almost
all of the parameter space in this mass range and thus, push
the mass of the lightest fermionic component larger than
50 TeV in the generalized KNT model.

APPENDIX: LOOP FUNCTIONS

The loop functions relevant for the dipole and nondipole
form factors from μeγ vertex are

F1ðxÞ ¼
1 − 6xþ 3x2 þ 2x3 − 6x2 ln x

6ð1 − xÞ4 ðA1Þ

F2ðxÞ ¼
2þ 3x − 6x2 þ x3 þ 6x ln x

6ð1 − xÞ4 ðA2Þ

G1ðxÞ ¼
2 − 9xþ 18x2 − 11x3 þ 6x3 ln x

6ð1 − xÞ4 ðA3Þ

G2ðxÞ ¼
16 − 45xþ 36x2 − 7x3 þ 6ð2 − 3xÞ ln x

6ð1 − xÞ4 : ðA4Þ

In the following, we collect the Passarino-Veltman loop
functions,
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FIG. 6. (Left) Relative comparison among the dipole contributions, Að1Þ
D and Að3Þ

D and the box contributions, Bð1Þ and Bð3Þ in the G−1
F

unit for the singlet case. Here we can see that box contributions are larger than dipole contributions. (Right) Similar comparison is made
for the 7-plet case. As AND behaves similarly as AD and also FZ is comparatively smaller than AD and B, we have not included them in
the figure.
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B1ðm1; m2Þ ¼ −
1

2
−
m4

1 −m4
2 þ 2m4

1 ln
m2

2

m2
1

4ðm2
1 −m2

2Þ2
þ 1

2
ln
m2

2

μ2

ðA5Þ

C0ðm1; m2; m3Þ ¼
m2

2ðm2
1 −m2

3Þ ln m2
2

m2
1

− ðm2
1 −m2

2Þm2
3 ln

m2
3

m2
1

ðm2
1 −m2

2Þðm2
1 −m2

3Þðm2
2 −m2

3Þ
ðA6Þ

C24ðm1; m2; m3Þ ¼
1

8ðm2
1 −m2

2Þðm2
1 −m2

3Þðm2
2 −m2

3Þ

×

�
−2ðm2

1 þm2
2Þm4

3 ln
m2

3

m2
1

− ðm2
3 −m2

1Þ

×

�
2m4

2 ln
m2

2

m2
1

þ ðm2
1 −m2

2Þðm2
2 −m2

3Þ

×

�
2 ln

m2
1

μ2
− 3

���
ðA7Þ

D̃0ðm1; m2; m3; m4Þ ¼
m4

2 ln
m2

2

m2
1

ðm2
2 −m2

1Þðm2
2 −m2

3Þðm2
2 −m2

4Þ

−
m4

3 ln
m2

3

m2
1

ðm2
3 −m2

1Þðm2
3 −m2

2Þðm2
3 −m2

4Þ

−
m4

4 ln
m2

4

m2
1

ðm2
4 −m2

1Þðm2
4 −m2

2Þðm2
4 −m2

3Þ
ðA8Þ

D0ðm1; m2; m3; m4Þ ¼
m2

2 ln
m2

2

m2
1

ðm2
2 −m2

1Þðm2
2 −m2

3Þðm2
2 −m2

4Þ

−
m2

3 ln
m2

3

m2
1

ðm2
3 −m2

1Þðm2
3 −m2

2Þðm2
3 −m2

4Þ

−
m2

4 ln
m2

4

m2
1

ðm2
4 −m2

1Þðm2
4 −m2

2Þðm2
4 −m2

3Þ
:

ðA9Þ
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