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Holographic Lifshitz superconductors: Analytic solution
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We construct an analytic solution for a one-parameter family of holographic superconductors in
asymptotically Lifshitz spacetimes. We utilize this solution to explore various properties of the systems
such as (1) the superfluid phase background and the grand canonical potential, (2) the order parameter
response function or the susceptibility, (3) the London equation, and (4) the background with a superfluid
flow or a magnetic field. From these results, we identify the dual Ginzburg-Landau theory including
numerical coefficients. Also, the dynamic critical exponent zp, associated with the critical point is given by
zp = 2 irrespective of the value of the Lifshitz exponent z.

DOI: 10.1103/PhysRevD.97.066016

I. INTRODUCTION AND SUMMARY

The AdS/CFT duality [1-4] has been a useful tool to
study realistic strongly coupled systems (see., e.g.,
Refs. [5-9] for textbooks). In condensed-matter applica-
tions, holographic superconductors provide particularly
useful “theoretical laboratories” [10-12]. They are useful
to explore not only standard aspects of a superconducting
transition but also various related phenomena such as
critical dynamics [13], defect formations [14-16], and
superfluid turbulences [17].

The holographic superconductors arise in a broad range
of gravitational theories with matter fields. From field
theory point of view, this is natural since a superconductor
is a robust phenomenon at low temperature. For example, it
arises not only in asymptotically AdS spacetimes but also
in asymptotically Lifshitz spacetimes [18,19], which is our
main focus in this paper.

A holographic superconductor is typically an Einstein-
Maxwell-complex scalar system. Such a system is hard to
solve, in general. One often needs either a numerical
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computation or an approximation method, and there are
only a few analytic solutions [20-22]. In this paper, we
present an analytic solution for a one-parameter family of
holographic Lifshitz superconductors.

A holographic Lifshitz superconductor has three param-
eters (p,z,A), where p is the number of boundary spatial
dimensions, z is the Lifshitz exponent,l and A is the scaling
dimension of the order parameter. In this paper, we consider
the case where

(1) p =3z, and

(2) A= (p+z)/2, or the scalar mass m? saturates the

Lifshitz Breitenlohner-Freedman (BF) bound [23].
These conditions still admit a one-parameter family of
theories, and these parameters are related by

A =2z (1.1)

In this case, there is a simple analytic solution for the order
parameter at the critical point,

p:3Z,

u*

:7’ 1.2
1 + u* (12)

where u is the inverse of the radial coordinate. The z = 1
case, namely the AdS case, has been discussed in Ref. [22].
Below we utilize this solution to explore various properties
of these systems, e.g.,
(1) The background solution in the superfluid phase
(Sec. VA).

"The parameter z is known as “dynamic critical exponent,” but
we call it “Lifshitz exponent” to avoid confusion with zp below.
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(2) The grand canonical potential, and the phase tran-
sition is second order (Sec. V B).

(3) The order parameter response function or the sus-
ceptibility. The dynamic response is obtained in
the normal phase (Sec. IV), and the thermodynamic
response is obtained in the superfluid phase
(Sec. VO).

(4) The London equation. From the equation, one gets
the London penetration depth and the imaginary part
of the conductivity has the 1/w-pole which implies
the diverging DC conductivity (Sec. V D).

(5) The background solution with a vector potential.
This gives the critical superfluid velocity and the
critical magnetic field (Sec. VI).

(6) From these results, all static critical exponents
(a,pB,y,6,v,1m), the dynamic critical exponent zp,
and the ratio of critical amplitudes. These results are
consistent with the standard Ginzburg-Landau (GL)
theory or the ¢* mean-field theory. We identify the
dual GL theory including numerical coefficients
(Sec. VII A).

The holographic Lifshitz superconductors have been
studied previously, but it is still nice to analyze these
properties all at once analytically for an infinite number of
theories. First, in previous works, the system was studied
mostly using numerical methods. Second, the system was
studied only for some specific values of (p, z, A).2 Third,
some of the above properties were studied but not all were
studied.

In particular, previous works typically have shown that
(1) there exists a ¥ # 0 solution at low temperatures, (ii) the
solution is favorable from the free energy or from the grand
canonical potential, (iii) the spontaneous condensate has
the standard ¢* mean-field exponent 8 = 1/2, and (iv) the
diverging DC conductivity.

On the other hand, the other properties are newly
investigated, e.g., the other critical exponents as well
as exact expressions for various numerical coefficients
including critical amplitudes. Also, the critical dynamics of
a holographic Lifshitz superconductor has never been
investigated.” At a finite-temperature critical point, the
correlation length £ and the relaxation time 7 of the order
parameter obey a scaling law,

“For example, Ref. [18] considers the (p.z) = (2,3/2) case
and obtains a charged Lifshitz black hole with scalar hair. The
other works typically take the probe limit to study the system.
Reference [19] considers the (p,z,A) =(2,2,3) case in a
Lifshitz black hole background [24]. Reference [25] considers
the (p,z, A) = (2,2,3),(2,2,4) cases in the same Lifshitz black
hole background as ours. Reference [26] considers (p,z,A) =
(2,2,2), (2,2,3), (3,2,3), (3,3,3) cases in the same Lifshitz black
hole background as ours. As far as we are aware, our (p, z,A) =
(3z,7,27) case was not studied before.

“Dynamics in Lifshitz geometry has been studied, e.g., in
Refs. [27,28]. Critical dynamics has been studied in holography,
e.g., in Refs. [13,29-31].

T o £, (1.3)
We obtain zp = 2 irrespective of the value of the Lifshitz
exponent z. We discuss the relation between z and zp in
Sec. VIIB.

II. PRELIMINARIES

A. Lifshitz black hole
The Lifshitz geometry [32] is given by

% N, ,dr?
dsp+2— (L) dt + <L> dxl- +L 7 (21)

(see, e.g., Ref. [33] for a review). The geometry is invariant
under an anisotropic scaling
t — a°t, x> axt,

r—r/a. (2.2)

There are various Lifshitz black hole solutions known in the
literature, both analytically and numerically, depending on
bulk theories. We use the solution in Refs. [34,35]. The
metric is given by

ds? N pae + (1) av + 24 - (2.3a)
sc=—|— X; .
L L 2h
r\% h 2 dx? du?®
= ()" g 2.3b
(L) 22 + <L) ]’l ( )
p+tz
h=1- (ﬁ> =1 —urte, (2.3¢)
r

where u = r;,/r, and ry, is the horizon radius. The metric is
invariant under the Lifshitz scaling (2.2) with the scaled
horizon radius r, — r,/a. The Hawking temperature is

given by
_ptz )¢
4zl \L) "~

The metric can be obtained as a solution of an Einstein-
Maxwell-dilaton system,4

(2.4)

1
=——— [ d’P"2x/~gJ R—-2A

——(3M¢) ——eﬂ"’f } (2.5)

where G, is the (p + 2)-dimensional Newton’s constant
and

*We use capital Latin indices M, N,... for the (p + 2)-
dimensional bulk spacetime coordinates and use Greek indices
u,v, ... for the (p + 1)-dimensional boundary coordinates. The
boundary coordinates are written as x* = (£,x) = (t,x,y, ).
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(p+z-1D(p+2) 2 2p
A=- , A=, 2.6
212 -1 (26
The matter field solutions are given by
M = y2p, (2.7a)
2z—-1) 1
Al = — W uerz . (2.7b)

But for our purpose, the point using this solution is that (i) it
provides an analytic Lifshitz black hole solution, and (ii) a
class of holographic superconductors in this background
admits an analytic solution.

B. Holographic Lifshitz superconductors

We couple an additional matter system, a Maxwell-
complex scalar system, in addition to the above system
[18,19],

1 1
5= [ @ 2xymg{ g DatP VD). @3
where

FMN:28[MAN]’ DM :=VM—iAM, V:m2|‘P|2

(2.9)

The U(1)-field A,, is different from Ay, in Eq. (2.5).

We take the probe limit e > 1, where the backreaction of
these matter fields onto the geometry is ignored. Namely,
we solve the system (2.8) in the background (2.3). The
equations of motion are given by

(D> — m2)¥ =0, (2.10a)
VFMN — M (2.10b)
= ig"N[(DyP) "W — W (DyW)).  (2.10¢)

In the A, = 0 gauge, the asymptotic behaviors of the matter
fields are given by

A ~AY + AV (p>2), (2.11a)
A~ A 4 AW gpta2, (2.11b)
Y~ pOgA- L pgh (2.11c)
L
7= 2.11d
= (2.11d)

2
Ai::p+zi\/(p+z) +L2m?,

211
2 4 (2.11¢)

(1)

where A; ' represents the charge density p, and AEO) =puis

the chemical potential. Similarly, Al(l)

density J/, and AEO) is the vector potential. For ¥, ¥(!)
represents the order parameter O, and ¥ is the external
source for O. (See Appendix A for the precise dictionary.)
Then, the BF bound in the asymptotically Lifshitz geom-
etry is given by

represents the current

, _ (p+2)f

When the BF bound is saturated, the asymptotic behavior is
replaced by

p+z

Y~PO7AIng+Pgs, A= 5 (2.13)
The equations of motion (2.10) admit a solution

A, = u(l —ur), (p>2), (2.14a)

A;=A,=0, (2.14b)

¥ =0, (2.14c¢)

where boldface letters indicate background values. But,
at the critical point, the ¥ = 0 solution becomes unstable
and is replaced by a W # 0 solution. We see this in
detail below.

III. CRITICAL POINT

Below we consider the case p = 3z. It is convenient to

introduce a new coordinate s := u?. The metric then
becomes’
ds? ), ZZhdt2+ r de%—i- L\ 2ds? (3.1)
sc=—(—] = - — | = Jla
L) s L) sV \2z) $?W’
h=1-s% (3.1b)

We consider the scalar which saturates the Lifshitz BF
bound m? = —(2z/L)?. The scaling dimension A is given
by A = 2z First, consider the static homogeneous solution
W = ¥(s), and approach the critical point from high
temperature. Near the critical point, the scalar field ¥
remains small, and one can ignore the backreaction of ¥
onto the Maxwell field. In this region, one can use

’It is well known that the z = oo limit of the Lifshitz geometry
is AdS, x IR? asymptotically. But this is the case for a finite p. In
our case, p = 3z, and the z = oo limit does not reduce to AdS,.
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Eq. (2.14) for the Maxwell field, and it is enough to solve
the W-equation.® The W-equation becomes

as(gas\ll) + {(zfr‘—Ty(l};f)z +sl3}\11:0, (3.2)

Z
T=" (")
nL \ L
Thus, the solution is parametrized by a dimensionless
parameter u/T. The equation admits a solution

s H
b 4 , at (=] =2,
0<1+s a<T>c g

or K _ 2z.

(B

(3.3)

(3.4)

-

This is the solution at the critical point.

The z-dependence disappears in Eq. (3.2), and it only
appears implicitly in the definition of 7. One can under-
stand this as follows. For the static homogeneous solution,
the Laplacian becomes

1
VW = ) (/=350 W).
N (V=99"0,'¥)

The z-dependence appears in the boundary spatial metric
gij» and it appears only through detg. But in our case,

(3.5)

—detg o s737P/7 = 576, (3.6)

so p and z disappear. The metric ¢g** is also proportional to
Z2, but it is factored out in the W-equation since m? o —z?
and 1/7? « 1/z%. It then follows that the W-equation
formally reduces to the same equation for all z.

Note that Eq. (3.4) is the solution directly at the critical
point. As one lowers temperature further, the solution is
modified, and we construct the background solution W, A,
in Sec. V. The z-dependence can also be eliminated from
the A,-equation [by redefining W and A, as in Eq. (3.9).]
Thus, the static homogeneous solution is essentially the
same as the z = 1 case apart from various factors of (2z).
Then, from the analysis of Ref. [22], Eq. (3.4) is the
solution at the critical point, and the solution has a lower
grand canonical potential than the ¥ = 0 solution at low
temperature.

However, the full equations of motion do not reduce to
the same equations as the z =1 case. In general, more
nontrivial z-dependence appears. For example, they appear
when one considers

®We later use a perturbative expansion for a systematic analysis
(Sec. VA).

(i) inhomogeneous perturbations in the boundary spa-
tial directions, e.g., 8¢ €' (Sec. IV), or
(ii) perturbations or solutions with a vector potential A;
(Secs. VD and VI).
Below we construct the background solution ¥, A,,. We
also consider the linear perturbations from the background,

Y=Y, (3.72)

We take the gauge A; = §A; = 0. We consider the pertur-
bations of the form

5(]’)(1() ~ e—imt+iqx’ (38)

where k" = (w, ¢,0, ...). Then, the Maxwell perturbations
are decomposed as
(i) vector modes, e.g., 5A),, and
(i1) scalar modes 6A,, 6A, which can couple to 6V, in
general.
For simplicity, we set ¢ = L = r;, = 1 below. In this unit,
H. = 2z, and we vary the chemical potential u. Also, we

often use quantities with “ ~”. All quantities with “ = are
defined by
- _ ¢
= 5 39
b= (39)

when r, = 1. For example, ji. = 1. We restore units for
some of our main results in Appendix C.

IV. HIGH-TEMPERATURE PHASE

At high temperature, the background solution is given by

A, =u(l—5s). (4.1a)
A, =0, (4.1b)
¥ = 0. (4.1¢)

The interesting quantity in the high-temperature phase is
the “order parameter response function,” the susceptibility,
or the correlation function of the order parameter. We show
that the response function takes the form

_ 50(k)
e = w0 ()
1
X 55—, (4.2a)
& xle,|™, (4.2b)

for a small (»., g, €,), where €, :== yt — p., and cx and I" are
parameters we use to compare with GL theory (Sec. VII A).
The function gives the following information:
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(i) The ® = g = 0 limit is the thermodynamic response
function

XT = A/|€;4|’ (43&)

where the coefficient A is known as the critical
amplitude. Then, the exponent y defined by y;
le,| 7 is y = L.

(ii) The w = 0 limit is the static response

)(w:O,q S (q2 + 5_2)_1' (43b)

Then, ¢ is the correlation length, and the exponent v
defined by & o [e,|™ is v = 1/2 from Eq. (4.2b).
Also, the anomalous exponent # defined by
Xars0.gl,. & g~ is n = 0.

(iii) The w # 0 case is the dynamic response. Then, the
relaxation time behaves as

Ty % &2, (4.3¢)
and the dynamic critical exponent zp defined by
Ty X &P is zp = 2.
Thus, the computation determines the exponents
(y,v.n,zp) as well as the critical amplitude A. An explicit
solution is not really necessary to compute critical expo-
nents, and analytic arguments are possible [13,16]. On the
other hand, an explicit solution is useful to obtain various
numerical coefficients such as A.

The response function can be obtained from the bulk
scalar field W. Consider the linear perturbation from the
background ¥ = ¥ + 8. From the bulk point of view, the
response function pole corresponds to a quasinormal pole
of 6¥. When ¥ = 0, Maxwell scalar modes A, and JA,
decouple from the §¥-equation.” Thus, to determine the
order parameter response, it is enough to consider the
oW-equation,

A+ad)? F# 1
o, (ﬁasatp>+{( D) _ 7 /,+—3}5l11—o. (4.4)
S M S

hs? s

Asymptotically, we impose the boundary condition
S¥(s = 0) = 6%"s1ns/(2z). At the horizon, we impose
the incoming-wave boundary condition.

The 6¥ perturbation cannot be solved for a generic y, so
we set€, = ji — 1 < 0 and employ the €,-expansion as well
as the (w, ¢)-expansion:

"The Maxwell scalar modes give a diffusion pole, and one can
determine the diffusion constant. But at high temperature, the
computation is not unique to holographic superconductors. It is
just a Maxwell field problem in the Lifshitz background. The
Maxwell vector mode can determine the conductivity. Again, at
high temperature, the computation is not unique to holographic
superconductors. But we compute the vector mode in the low-
temperature phase. The O(w)-coefficient is common both to the
high-temperature and the low-temperature phases.

W (s, k) = (1 —s)7i@/2

X ((l//c+éﬂl//e+)+5)l//w+q21//q+)
(4.5)
This form is taken to implement the incoming-wave
boundary condition. Then, the boundary condition reduces

to the regularity condition for .. and so on. The equation of
motion reduces to

L,y =0, (4.6a)

Ly =1i(y.). (4.6b)

where

o (h (1-s5)2 1
o (b (1= 1)

and the index i collectively represents ¢, @, and g. The
homogeneous equation £,y = 0 can be solved as

s s s
= 1 . 4.7
Ve cll+s+czl+sn[(1—s)2} (4.7)

From the regularity at the horizon, ¢, = 0.
The source terms of inhomogeneous equations then
become

, 2(1 =)
=—-———230, 4.8
IS S(] +S)ZC] ( a)
. —4—i(1+5s)
=——-"cC1, 4.8b
Iw 25(1 + S)2 Cl ( )
S S 4.8
Iq_sz_l/z(1+s)cl' ( . C)
The v, and v, solutions are
s 1
Ye = —C; 1——’_S —Elns + ln(l + S) (493.)
1
~cl§slns (s = 0), (4.9b)
1//0,:clﬁ{(3+i)lns—2ln(l+s)} (4.9¢)
34
me 2 lins (s —0). (4.9d)

For y,, we discuss the z =1 and z # 1 cases separately.
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A.z=1

The w, solution is given by

slns (4.10)

1
Va= TN 1y

~—c1§slns (s = 0). (4.11)
The asymptotic behavior then becomes
W ~c (1 —s)7®/2
L/, 3+i_
S el Ul @+ €+ )sIns+s+--- 0.

(4.12)

The asymptotic boundary condition determines c;. Then,
the order parameter response function becomes

80 2
sPO 1gr -3+ e,

Xog . (4.13)

where we use the dictionary in Appendix A. The response
function indeed takes the form of Egs. (4.2), and

1
2 = 4.14
§> 2|€”| ( a)
A, =2. (4.14b)
The dispersion relation is given by
3—1 1
The relaxation time 7 then becomes
1 1
= =_ &2, 4.1
T €, 105> (4.16)
B.z>1

In this case, we are not able to obtain the generic
expression for y,. Besides, even when the analytic expres-
sion is available, it is too cumbersome to write here.
However, the slow falloff has a simple expression,

) = —c 1), (4.17a)

1(z) ==/01S1_1/Zgl]s+s)2 (4.17b)
LY

() nfd)) e

where w((x) is the digamma function:

d

wo(x) = Elnl“(x). (4.18)

A few examples of /(z) are

1
I(1) =—,
(=5

1 =
1(2) = -+ -~ 1.285,
) 2+4

1 2 V3
I3)==+—=(In24+—) ~2.171.
(3) 2+3<n +\/§>

The combination /(z)/z monotonically increases with z
and reaches 1 for z — oo. In order to obtain the falloff, we
essentially used the standard method to solve an inhomo-
geneous differential equation (Appendix B).

Then, the order parameter response function becomes

2
Xog = : : (4.19)
@qz - %w + |€ﬂ|
which gives
1
PGS (4.200)
€l
A, =2 (4.20b)
The dispersion relation is given by
3—-i I
w=""" <|e,,| FELCIRE > (4.21)
5 Z
The relaxation time is given by
o1 1(z)
Tl = 5 A _5—Z§>2. (4.22)
C.z>1
For large z,
I(z) ~ z, (4.23)
SO
2
Xoa ™ - , (4.24a)
g - %w + |e,|
-1
R (le | +q* + ), (4.24b)
2 n ) = le ot 4040
T e’ 57K 57
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V. LOW-TEMPERATURE PHASE

In the low-temperature phase, our task is

(1) to construct the background,

(2) to show that the W # O solution has a lower grand
canonical potential, and

(3) to derive the London equation. (This establishes that
the W # 0 phase is a superconducting phase.)

A. Background solution

The solution (1.2) is the solution only at the critical
point, and we first construct the background solution in the
low-temperature phase. As mentioned in Sec. III, the
construction is essentially the same as the z = 1 case [22].

Consider the solution of the form

Y ="Y(s), A, =As), A, =A,=0. (5.1)
The equations of motion are given by
8ha\i'+;‘%+l\i' 0 (5.2a)
— —+—= = 2a
A\s ? hs?> 3 '
24, = 24 5.2b
A, = WA, (5.20)
Y — iy =, (5.2¢)

One can set W to be real. We construct the background
perturbatively,

\ilzel/Z(\lll +€\I’2+"'), (533)

A, :(I)0+€<I)1 +€2(I)2+"', (53b)

where € is a small parameter whose meaning will be clear in
a moment. From Sec. IIl, we already know

q)o =1- S, (543)

N

‘I‘]Z .
1+s

(5.4b)

To proceed to higher orders in ¢, we impose the
boundary conditions following Ref. [22]:
(i) W,: Asymptotically, no slow falloff and no fast

falloff, or ‘I’,(qm = ‘PELI) = 0 (for n > 2). The former
means the condition for a spontaneous condensate.
The latter means that O comes only from W¥;. At the
horizon, we impose the regularity condition.
(i) ®@,: ®,(s =1) =0 at the horizon.
Namely, we fix the fast falloff O, but the chemical potential
is corrected as

ji=14ediiy + €6y + - - -. (5.5)

Under these boundary conditions,

W~ el/2s, (5.6)

so €'/ represents the order parameter ). We impose
four boundary conditions in total, which completely
fixes the solution. For example, ®; and ¥, have four
integration constants, and they are determined by the
four conditions.

At O(e),
@, = 5 (1 - 5) —38 ;“3 (5.7)
~ Oy A+ (=1/2 = 6py)s + -+, (5.8)

where we imposed the boundary condition @, (s = 1) =0,
and 6ji; is the remaining integration constant. It is fixed at

0(e3/?) from the condition that ¥ = 0.
At O(€*/?), there are two more integration constants and
Oji;. After imposing the boundary condition at the horizon

and the ‘I’gl) = 0 condition, one obtains

52

T T 3(1+ )
1 slns 1 sIn(1 + s)
o —— |t (- —op, )
+(”1 12)2(1+s)+<4 ’“) 1+s
1/ 1
~5<5u1—ﬁ>slns,
(0)

so the remaining no slow falloff condition ¥,” = 0 gives
6p; = 1/12. Then, at Ofe), the chemical potential
becomes

(5.9)

(5.10)

p:At|s:0:1+%e+m, (5.11)
so € is determined as
e =126, = 12¢,/(22). (5.12)
Thus,
O = —(22)€'/? = —(24z¢,)'/?, (5.13)

and the critical exponent f = 1/2. More generally,

AEO) gives the GL equation of motion (Secs. VC and
VII A).
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At O(€?),
(1-y3)
=———~ "7 (253 4 8425 + 253s2
2= T8 (1 5 )2 (B3 H 842 42535

1 In(1 + )

—(7-135)In2 +———~~ 5.14
+36( s)In +3(1+s) (5.14)
—253 +336In2 493 —6241n2

+336In2 49 n (5.15)
1728 1728
. 373 5 _
—253 +3361n2
Sy = > 226002 (5.17)

1728

Again, we determine an integration constant i, at O(e>/?)

from the condition ‘I‘g()) = 0. The expression for W5 is too
cumbersome to write here.

B. Grand canonical potential

We use the Lorentzian formalism to evaluate the grand
canonical potential Q. (Note Sg = Q = —S; .) The matter
on-shell action is given by

Sos = /d”“x{—pz_ZASO)ASI)

1
—l—/ duw/—gg”A?|\I’|2}. (5.18)
0

We are interested in the grand canonical potential of the
spontaneous condensate, or the solution with pO) =0, so
the boundary term from ¥ vanishes.

We evaluate the difference of the grand canonical
potential between the W =0 solution and the W #0
solution. We fix the chemical potential as g = 14
€dji; + €25ji, + - - -, where &fi; and &ji, are obtained in
the previous subsection. It turns out that 5Sog = 0 at O(e),
so we evaluate the difference at O(e?). This implies that one
has to take into account up to O(e?) of A, in order to
evaluate the above boundary action.

For the ¥ = 0 solution,

A, ~ (1 + edfiy + €6, +--)(1=5).  (5.19)
In this case, only the boundary action contributes since
¥ = 0. The on-shell action becomes

1 1
Sw—o =ﬂVp(2z)3{5+ Se + 5 (9T + 20 )€ + - }

(5.20)

1 €

— ﬁVp(21)3{§ + ﬁ

247 7
- L In2 e+
+< 1728+36n)6+ },

where f3 is the inverse temperature, and V, is the boundary
spatial volume. For the W # 0 solution,

(5.21)

L
Swzo = BV, (22)° {5 + o€ (5.22)

181 1 1 7
+ (——5;‘41 + =it +1n2>e2 +}

1728 4 2 36
1 €
= 2730 - —
ﬂvp( z) {2+ P
211 7
—— —+—In2 )&+ p. 5.23
+< 1728+36n>€+ } (523)
Thus, the difference is
3
0Sos = S%eo —Sy_o = ﬂVp Eez = —f0Q, (5.24)
oQ
= — = —6z¢. (5.25)
Vp

0Q < 0, so the W # 0 solution is favorable. The difference
is proportional to e} = (u—p.)* « (T, —T)* which
implies the second-order phase transition. (The difference
and its first derivative are continuous, but the second

derivative is discontinuous.) The specific heat C,, behaves
as C, = —T0*Q/OT? < T, which determines the critical
exponent @ = 0, where a is defined by C, « (T, —T)™

C. Background with source

We construct the background without the source of the
order parameter, but it is straightforward to extend the
construction to the background with the source. Going back
to Eq. (5.27), we obtained

Y, =——— (5.26)

+ (s i slns N l s sIn(1 + s)
M) 200 +s) T \a M) T

1 _ 1

Nz(&ﬁ“-a)&’lns,

so the asymptotic behavior becomes

(5.27)

-1 1
W~ 8y —— |€e¥%s1 1/2s. 2
2(6/,51 12)6 slns + €'/ (5.28)
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Previously, we imposed the source-free condition w0 =0,
which gives 81, = 1/12. We now allow ¥(© # 0. The
chemical potential is given by ji = 1 + edji;. At the critical
point, i = 1, so oji; = 0. From the asymptotic behavior
(5.28), O x €!/? and WO « /2. Then, the exponent &
defined by O o (P©)/% (at y = p,) is 6 = 3.

One can evaluate the thermodynamic response function
at low temperature. By imposing our boundary conditions,

- 1
§O) _ <5p1 _ _) . (5.29)
12
The chemical potential is then determined as
B ) 1 p(0)
:1+65ﬂ1:1+126+ v (5.30)
which is rewritten as
1 g(0)
€, =—€+——>. (5.31)

M 12 Z€1/2

This is essentially the GL equation of motion (Sec. VII A).
For a fixed pu, this gives

de = d\P O 4 0(FOde).  (5.32)
Thus,
. 00
AT = 8‘11«)) w0 —0

12 1
_ d0/de_ e (5.33)

O /delgo—y 226 €,
A =1. (5.34)

(Recall O = —2z¢!/2)

We obtained y; from the background solution, but it
should also be possible to obtain it from the scalar
perturbation as in Sec. IV. One would also obtain the full
response function y; , using the (e, w, g)-expansion. But,
in the low-temperature phase, 0¥ couple with A, and /A ,,
and the computation is more involved, so we leave it to a
future work.

D. Vector modes

From the vector mode, one can show the London
equation and compute the conductivity. The §A,-equation
is given by

a(”/a&x)

@? 7 2%
hs2-1/z - §32/7 - 317z

}5Ay =0, (5.35)

where ¥ was constructed in Eq. (5.3). We impose the
incoming-wave boundary condition at the horizon and
0A, |50 :A§,0) asymptotically. We again employ the
(e, w)-expansion,

SA, = (1 —s)7@/2
x ((a, +eac+---) + wa, + ). (5.36)
The equation of motion reduces to
Lya. =0, (5.37a)
Lya; = ii(ac)7 (5-37b)

where

h
o)

The homogeneous equation £,a. = 0 can be solved as

2z 2z—1 4z—-1
F(1, 222000 (538
en (1255 s

From the regularity at the horizon, ¢, = 0.
The source terms of inhomogeneous equations then
become

a.=Cy

+221/Z

) 2
Je —mcl,

) i 145\
I(u:_i Y Cr.

Again, we discuss the z =1 and z # 1 cases separately.

(5.39a)

(5.39b)

1. z=1
The solution is
aezcl—1+s~cl(1—s), (5.40a)
I, .
a, =3ic, In(1+s) ~icys/2. (5.40Db)

The asymptotic behavior then becomes
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(0)
A L
5Av _ Y (k) (1 _ S)—zw/2
’ 14+e+---
€ I._
X {1+1—+S+§zwln(1 ~|—s)+~~'} (5.41)

~ AL+ (et i@ + - )s) (5.42)

We determine the constant ¢; from the asymptotic boun-
dary condition 6A,|;_y = A)@). So,

= (47 -2)Al) (5.43)
=2(—e+ i@+ --)AY. (5.44)

The @ — 0 limit gives the London equation,
7 =—(1/22)AY, (5.45)

with the London penetration depth 1= = 2¢. The conduc-
tivity is then given by

JY 2ie

o(w) = ———
iwAl)) o

(5.46)

Im(c) has the 1/w-pole which implies the diverging DC
conductivity.

A superconductor has singular behaviors in the current,
but its essence is not in the diverging DC conductivity but
in the London equation. A diverging DC conductivity also
appears in a perfect conductor, but the London equation is
unique to superconductors.

When one combines the London equation with the
Maxwell equation, one obtains the Meissner effect.
However, for usual holographic superconductors, the
boundary Maxwell field is added just as an external source
and is not dynamical in the boundary theory, so the
Meissner effect does not arise; the magnetic field can
always penetrate into the material. In this sense, a holo-
graphic superconductor may be regarded as a superfluid.
(In low spatial dimensions p <2, one can obtain a
boundary theory with a dynamical Maxwell field. See,
e.g., Ref. [36].)

However, the London equation must hold even in this
case if the system is really a superconductor or a superfluid.
The London equation is the response of the current under
the external source, and whether the source is dynamical or
not is irrelevant to the issue.

2.z2>1

. . 8
For a,, one can get the generic expression

2 2z—1 4z-1
< 2Fl 17 ‘ ) ¢ ;SZ
2z —1 27 2z

1
a, = Eicl {sz_l/Z
+In(1 - s)} (5.47)

S2—1/z.

~0(s) +icy (5.48)

2z—1

For a,, the generic expression is either difficult to obtain or
too cumbersome, but again the fast falloff has a simple
expression,

2
aV = - 1) (5.49)
27—1
The asymptotic behavior then becomes
s, ~ A 1 azi(g)e
o 4z-24 T
R A T (5.50)
Thus,
P = {-4z(z)e + iw + - - JAV. (5.51)

Again, the @ — 0 limit gives the London equation J> =

—(1 /22)A§,0 ) with the London penetration depth 472 =
4z1(z)e. The conductivity is then given by

J i1(z)

c=—=—"202+1+---. (5.52)
iwAlY o z
For large z,
P o P (5.53)
)

The GL parameter « is defined by

A\? z
K2 = <_> = . 5.54
£, 241(z)? (3-54)

In conventional superconductors, k> < 1/2 for type I and
k? > 1/2 for type II superconductors. For z = 1, x> = 1/6,
so one may conclude that our system is type I (in the sense
of k), but whether our system is type I or II is more subtle.
Physically, 1/4 represents the Maxwell field mass, so we

*We set p = 3z, but the O(w, ¢*)-equations can actually be
solved for a generic (p, z).
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should determine the normalization of A by comparing with
normalization of the boundary Maxwell action. However,
as mentioned above, the boundary Maxwell field is added
as an external source here and is not dynamical in the
boundary theory, so the normalization cannot be deter-
mined.’ (Holographic superconductors are type II super-
conductors in the sense that there is no Meissner effect.)

VI. BACKGROUND WITH VECTOR POTENTIAL

In this section, we add a vector potential A; as a
background. We again consider the perturbative expansion:

V=2 + ), (6.1a)
[1,:(1)6+---, (6.1b)
Ay = Ay_() + (:‘Ay_l + - (61C)

Note that we take into account (1) A, as a background
and (2) the backreaction of A, onto the other fields. (That is
why we use variables with primes.) The former is the
difference from the perturbative expansion in Sec. VA, and
the latter is difference from the vector mode computation in
Sec. VD.
At O(e°), the Maxwell equation becomes
VyFiN =0, (6.2)
where Fy 0 = OyAyn o — OnAyo- The equation has sim-
ple solutions. Namely, @f, = ji(1 — s) and two interesting
solutions for A :

>
<
[=)

I

Ql

y = (constant), (6.3a)

(6.3b)

The former corresponds to adding a constant superfluid
flow a,, and the latter corresponds to adding a constant
magnetic field B.

A. Superfluid flow

For the superfluid flow, it is enough to consider
homogeneous perturbations. The equations of motion are
given by

_ A2 A2 _
) Gas\l') + {A’ : +%}\P =0, (6.4a)
S

hs?  §3-1/z

The value of x for holographic superconductors has been
discussed in Refs. [37,38]. In Ref. [38], k depends on the scalar
charge e. On the contrary, if we restore dimensionful parameters,
our k does not depend on e (Appendix C).

_ 2 -
a%At — W\P2A[, (64b)
h - 292 _
8S W@Ay — WA), =0. (64C)

We impose the same boundary conditions as Sec. VA.

Our main interest is the phase diagram, i.e., the deviation
of the critical point by the vector potential. Then, we
evaluate how A, at O(e”) affects W," at O(e'/?). This in
turn affects the value of 4. We employ the a,-expansion as
well as the e-expansion [22]. Namely,

¥ =Y +a¥,+. (6.5a)

D) = (1+acy+---)(1-ys), (6.5b)
where ¢ is a constant. This expansion is consistent with the
above equations of motion.

At O(e'/?), ¥, = s/(1 + s). The ¥,-equation becomes

L%, =i (6.6a)
i = —2cg— 5 4 (6.6b)
= —4C . .
Ja Os(+s2 Vi1 1)

The equation is hard to solve, in general. However, to
determine the a,-dependence on the chemical potential, it is
enough to obtain the slow falloff of ¥,. The slow falloff has
a simple expression:

1
ngO) = _/ dsia :
0

l1+s (6.7)

(6.8)

We impose the boundary condition ‘I’Elo) =0, which
gives ¢y = 21(z).

At the critical point, the order parameter vanishes, so
€ = 0. Then, to determine the critical point, set ¢ = 0, and

ASO) gives the critical chemical potential,

1(z)

e (6.9)

He = Heo + a%

~ oo + d? (z>1), (6.10)
where u. o = 2z is the critical point without superfluid flow.
To obtain J¥#, one needs to obtain A " This is necessary to

derive the second sound ¢, [22,39]:

oJ’ /da,
oI Ou |4 o

2
5 =

(6.11)
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To derive c,, it is enough to use the results obtained in the
previous section. The A, j-equation is the same as the
vector mode perturbation a.. So, J¥ is given by

_ _ 1 _
Ay ~ay|l e _24z1(z)es2 Vag .|,
= ] = (47 -2)A) = ~4z1(2)ea,. (6.12)
J' is given by
A~ (1=s) +efop + (=1/2 = 8y)s} + -+
=R+ (6=Tn)s+-,
= J' = =224 = 2(7u - 122). (6.13)
Thus,
1(z)
2= TZZOZ (6.14)
1 2
~—O (z>1). (6.15)
14z

B. Magnetic field

We follow Ref. [40] to obtain the critical magnetic field.
The W-equation is given by

h, < A? | . Nea
85 (;as\ll> + {W +W(6i - lA,-)2 +S—%}\P =0.

(6.16)

Here, 0; = 0,/(2z) = 0/0x', where x':= (27)x'. The
vector potential is given by fly = Bx = 1:95, where B :=
B/(2z2)%.

This problem can be solved as a Landau-level problem
after separation of variables. First, set'’

W(x,y,s) = e Vp(x,s; ky).

The equation then takes the form

h A2 1]
3—-1/z _ el S
s [3s <s 3S> + sl + S3](p

= [-02 + (k, = Bx)’]g, (6.17)
so setting

n(x.5:ky) = p,(s)y,(x:ky),

For simplicity, we set the other momenta as k; =
ky=--=0.

one obtains

(_a%( +X2)yn = /Inyn’ (6183)
o (20} + AL L 1, g, L 6.18b
s ; s +W+s_’; Pn = ns3_—1/z’ ( : )

where X := \/E (x—k,/ 123), and /,, is a separation constant.
The y,-equation is solved by the Hermite function H, as

7a(X) = e/ H,(X), (6.19)
with eigenvalue 4, as
Ay=2n+1 (n>0). (6.20)

The solution is parametrized by BA,, so one has the largest
magnetic field B,, when 4, takes the minimal value,
namely the n = 0 solution.

The py-equation is given by

h A2 B, 1
as( axﬂO) + {hSZ - S3—]/z +S3}p0 =0. (621)

s
Then, the problem formally reduces to the same problem as

the superfluid flow one with the replacement Ez_\z, by B.,.
Thus, the critical point is given by

I(z
He = Hep + BCZ % ’ (622)

Using the result of &2 in Sec. 1V, we get

VII. THE DUAL GL THEORY
A. Identifying the dual GL theory

We thus obtained all critical exponents and critical
amplitudes

1 1
(a,ﬁ,%&l/,ﬂ,zD): (O,§,1,3,§,0,2>, (71&)

A, =2A_. (7.1b)
The results are consistent with the standard GL theory or
the ¢* mean-field theory. In fact, the following GL theory
reproduces all our results'":

""As always, presumably the dual theory is some large-N..
gauge theory. This is the effective GL theory at low energy and
momentum.
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C C C
Ho = [ ars{F 1D = ZaloP + gt +

—cy(¢TT + ) } (7.2a)

D; =0, —ic,AY. (7.2b)

In the dynamic case, consider the time-dependent GL
equation (for Model A dynamic universality class):

0Hg,

F—18,¢ == 5

(7.3)

C C C
- —TKD%(j; - fe,gp +34¢|¢!2 —cyt.  (74)

We determine the GL parameters (¢, 4, Cy. Ck,Ca.T") to
reproduce our holographic results.
In the static homogeneous case, the ¢-equation becomes
26, — cap|p)* + 2¢4J = 0. (7.5)
Substituting the J = 0 solution |¢[> = cz€,/c4 into Hgy,
one obtains the grand canonical potential:

Q 3 5
—=——"¢. 7.6
\% 4C4 6” ( )
The current is given by
i 5HGL 0
J= =2 = —cxc3|p)2Al. (7.7)

In the high-temperature phase, the response function is
given by

> C,/,F (7 8)
Xy = s .
O —iw+ Cekq® + coleyl)
which implies
F Ckg
®==izc (|e#| + C—2q2>, (7.9)
c
& =L, | (7.10)
2

Add a background vector potential. When a constant A, =
a, is added, the critical point is shifted as

C
He :/’lc.0+c_lz<czla}2" (711)

When a magnetic field is added, the critical magnetic field
is given by

CH 1
B, = €y =—
CkCxp CA

&2, (7.12)
by solving the Landau-level problem.

Returning to our holographic results, Eq. (5.31) is
rewritten as

1
— O3 4290 = 1
€0 =50 0. (7.13)

which takes the form of the GL theory equation of motion
(7.5). The grand canonical potential, the current, and the
response function are obtained in Egs. (5.24), (5.51), and
(4.19), respectively. These determine the GL parameters as

_1(2) O AP S Sy
M= 10— iA)BP — L IBF + g Il +
—(pJT + '), (7.14a)
r 143
=5 (7.14b)

In the presence of a background vector potential, Egs. (6.9)
and (6.23) agree with Eqs. (7.11) and (7.12), respectively.
One would be tempted to ask how various results change
as we vary z. But to make such a comparison, one must
keep in mind that (1) we consider a special class of Lifshitz
theories and (2) we must specify what quantities to fix as
we vary z.
We consider a special class of theories where p = 3z and
m? = —4z. Even the spatial dimensionality p is different
for a different z, and it is unclear if the comparison with a
different z is physically meaningful. Also, some results
may be generic for Lifshitz theories in general but some are
not. As a simple example, in our case, (u/T), is indepen-
dent of z. This is so by construction of our theories as
discussed in Sec. III and is certainly not a generic behavior.
It simply means that holographic Lifshitz superconductors
have enough parameters to fix (u/T),. as we vary z.
We also have to specify what quantities to fix.
One natural candidate is u. (or T.) since (u/T), is z-
independent, but it is unclear if this is really appropriate.
We do not have the answer to this question. So far we set
rp = 1 just for simplicity, so here we simply fix r;, (and €,)
and how various results change as we vary z. Again, we do
not mean that fixing r;, is natural from the boundary point
of view. Rather, the following comparison should be
regarded as a handy way to understand the z-dependence
of our holographic results or the dual GL theory.
(1) In the dual GL theory, the coefficient of the ¢*-term
becomes smaller as we increase z. So, the conden-
sate increases as |¢|* « z.

(2) The z-dependence appears only in the kinetic term
and the ¢*-term. Thus, the relaxation time Ty—0 of
the order parameter does not depend on z.
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(3) The correlation length ¢ depends on the kinetic term
so does depend on z. It monotonically increases as
I(z)/z but increases slowly and reaches a constant
value for z > 1.

(4) On the other hand, the London penetration depth 1

decreases. This is because J' = —(1/42)A"

—|¢|2A,('O) and because ¢ increases. (4 also depends
on the kinetic term so has the factor 1(z)/z, but it is
not a dominant factor.) Then, the GL parameter x
decreases.
(5) As usual, the presence of a background vector
potential AEO) increases the critical chemical poten-
tial u.. From the gravity point of view, this is
because A; increases the effective mass of W. u,
monotonically increases as 1(z)/z since Al@ comes
from the covariant derivative in the kinetic term.

B. Lifshitz exponent and dynamic critical exponent

We already mentioned that some results are not generic
to Lifshitz theories, in general. Then, what results are
expected to be generic? An obvious answer is critical
exponents and the ratio of critical amplitudes. The ¢*
mean-field critical exponents are likely to hold for theories
of Eq. (2.8). The dynamic critical exponent zp, = 2 is also
likely to hold.

For a Lifshitz geometry, one would expect a dispersion
relation of the form

® x g°. (7.15)
This form is expected from the Lifshitz scaling (2.2). But
from the analysis of the high-temperature phase, the order
parameter obeys the dispersion relation

o x q°, (7.16)
i.e, the dynamic critical exponent zp, = 2 irrespective of the
value of the Lifshitz exponent z. This does not contradict
with the Lifshitz scaling. If we restore the horizon radius r,

w x5 gP. (7.17)
Namely, at finite temperature, there are two length scales r;,
and 1/¢q. They combine to give the scaling dimension z. In
other words, the Lifshitz scaling alone does not determine
the dynamic critical exponent.

Then, what determines zp? We obtain zp = 2 because
the order parameter is not a conserved charge. According to
the classification of Hohenberg and Halperin [41], all our
models belong to Model A universality class.

The dynamic universality class is classified based on

(1) whether the order parameter is conserved or not,

(2) whether there are the other hydrodynamic modes
which couple to the order parameter (none for Model
A and B).
Conservation laws play important roles to determine the
dynamic universality class since a conservation law forces
the relaxation to proceed more slowly. When only the order
parameter matters in critical dynamics, a nonconserved
order parameter gives Model A, and a conserved order
parameter gives Model B.

The Lifshitz geometry is conjectured to describe a
quantum critical point. Using holographic Lifshitz super-
conductors, one prepares a new finite-temperature critical
point in addition to the Lifshitz critical point. What we have
shown is that the dynamic critical exponent zp, associated
with the new critical point can differ from z. Instead, the
value of zp is determined by the critical dynamics of the
new critical point.

VIII. DISCUSSION

A. Lifshitz geometry and holographic
superconductors

The Lifshitz geometry appears even in the context of the
standard z =1 holographic superconductor [42,43].
Consider the backreaction of matter fields onto the geom-
etry. In the high-temperature phase, ¥ = 0, so the geometry
is the Reissner-Nordstrom AdS black hole. In the low-
temperature phase, W # 0, but one may expect that the
geometry is somewhat similar to the Reissner-Nordstrom
AdS black hole. However, the T = 0 geometry is conjec-
tured to be a Lifshitz geometry in the IR and the AdS
geometry in the UV. The solution in IR has been con-
structed, but the full geometry remains an open question.

It is unclear what happens at low temperature, but it is
natural to expect that a Lifshitz-like black hole appears at
low enough temperature. (Unfortunately, the Lifshitz black
hole used in this paper is not a solution of the Einstein-
Maxwell-complex scalar system.) Then, one should con-
sider the FEinstein-Maxwell-complex scalar system in a
Lifshitz (IR)-AdS (UV) black hole. This is not an easy task
however. First, the full geometry is not constructed even in
the 7 = 0 limit. Second, the stability of the geometry is an
different issue. Finally, one has to solve perturbations in the
full geometry to explore various properties.

What we have done in this paper is one small step
towards this program; we solved matter fields in a simple
Lifshitz black hole background. As we have seen in this
paper, qualitative behaviors of holographic Lifshitz super-
conductors are the same as the ones of the standard
holographic superconductors. In particular, static and
dynamic critical exponents are the same. One would expect
those behaviors are common even in the full problem.
Critical dynamics is governed by dynamics of the critical
point itself (such as criteria 1 and 2 in previous subsection)
and is not governed by the Lifshitz exponent z in the
underlying geometry.
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B. Implications to quantum criticality

We briefly discuss the implications of our result on
quantum criticality. The Lifshitz geometry is conjectured to
describe a quantum critical point. In this sense, our system
has two critical points:

(i) Oneisthe T = 0 quantum critical point. Its dynamic

scaling is determined by z.

(i) The other is the 7" # 0 superconducting critical point
explored in this paper. Its dynamic scaling is
determined by zp as we have shown in this paper.

It has been proposed that quantum criticality explains
strange metallic behaviors of high-T,. superconductors.
According to the proposal, a quantum critical point is
“hidden” inside the superconducting dome, and the quan-
tum criticality explains scaling behaviors of various trans-
port coefficients even in the normal phase.

Our model is far from real materials, but roughly
speaking, the quantum critical point could correspond to
the 7 =0 Lifshitz geometry, and the superconducting
dome could correspond to the holographic Lifshitz super-
conductor. The Lifshitz scaling may determine the scaling
behaviors in the normal phase. But our result implies that
the Lifshitz scaling does not determine the scaling behavior
of the order parameter near 7'.. Rather, the T # O critical
point has its own scaling. Whatever the value of z a
quantum critical point has, the 7" # O critical point is likely
to have zp = 2 at the mean-field level.
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APPENDIX A: FIELD/OPERATOR
CORRESPONDENCE AND HOLOGRAPHIC
RENORMALIZATION

The asymptotic behaviors of matter fields are given by

A, ~ A" 4 AW r—

= A 4+ A5, (Al)
A; ~Al(.0) +A§l)ﬁp+z—2
N Algo) +A§1)§2‘1/Z, (Alb)
P o PO 1y 4+ PDjA
= q;—(j)Elns+\P(1)§, (Alc)

(In expressions after “=", we set p =3z =3A/2 and
used § := i1%%.)

The field/operator correspondence is derived by evalu-
ating the on-shell action. The bulk on-shell action, in
general, diverges, and one needs to add counterterm
actions. We take the probe limit, so we discuss counterterm
actions for matter fields only. We use the Lorentzian
formalism.

In the static homogeneous case, or at the leading order in
the (w, ¢)-expansion, the scalar action diverges, and the
counterterm action is

1
SCT:_Q/ d"“x le (A2a)
e” Jom
1 1\ o
le—zx/—}’ A+]n—5 ¥
2z 1
—— /7|1 |2 A2
Sl (hers LR

where y,, is the (p + 1)-dimensional boundary metric and
u=25 (or s =6, :=0%) is the UV cutoff. As usual, the
second term is necessary for the scalar which saturates the
BF bound.

Using the standard holographic technique, one then gets

_ Pz, 2z )
p = ezL A[ = _ez—LAl , (A3a)
, ptz=2 )  4z-2 q
J=—5—A" = ——A4A", A3b
e’L ! e’L ! (A30)
0= _Llp(l) = _qu(U (A3c)
e’L e’L .

(More precisely, left-hand sides represent expectation
values such as (O).)

The Lifshitz scaling (2.2) is just a coordinate trans-
formation from the bulk point of view. The Maxwell field is
a one-form, and ¥ is a scalar, so they transform as

A, = A,/as, Y-y,

under the scaling. Then, the scaling dimensions are

Wy=z  lli=p (AS5a)
A% =1, [, =p+z-1,  (A5DH)
WO =[0], = A. (A5c)
On the other hand, the mass dimensions are
W = [A") = [¥O) =M. (A6a)
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lp] = [7'] = [O] = M”. (A6b)
(We choose mass dimensions as [e?] = M?>? and [A,] =
¥ = M.)

Continuing higher orders in the derivative expansion,
one has additional counterterms:

1
L2 = ZMF<T> Vv _yyﬂyypaF;wFua7 (A7a)

Ly = My(¥),/=yy*(D,¥)'D,¥. (A7b)
M and My are power series in ¥ whose explicit forms are
not necessary in the discussion below. In the text, we take
into account O(w, qz) terms in the scalar perturbation and
O(w) term in the vector perturbation, so it is enough to
consider L, and L3, but they make no contribution. For the
scalar perturbation in the high-temperature phase, F,, = 0,
so L, =0, and

2z\? | (@+A) &
_ /2) _ 1 2
Ly = <L> Myh { Py (0]

~O0(s(Ins)?) + O(s'/*(In 5)?),

(A8)

so L; makes no contribution as s — 0 (for a finite z). For
the vector perturbation, L, ~ O(®?, ¢*), so L, makes no
contribution,12 and

2z\2 2o
L= <L> My 372 [ P3A, (<3, ()

~e0(s'%), (A9)
where we consider the case of the spontaneous condensate
for WP.

APPENDIX B: EXTRACTING FALLOFFS

We solve the following differential equation:

Lo =1, (Bla)

L= 0,(p(s)0y). (B1b)
Denote two independent solutions of the homogeneous
equation Lo = 0 as ¢, and ¢,. We assume that ¢ satisfies
the boundary condition at the horizon s = 1. The solution
of the inhomogeneous equation (Bla) which is regular at
the horizon is given by

2Since L, is a relevant operator for z > 1 in our theories, it
should be taken into account at O(w?, g%).

where W is the Wronskian W(s) = @19, — ¢ ¢».
For example, for 6% and 5A,,

o1 = l+s’
P2 =1 j—sln[(l _Ss } ~slns,
h
P(S):;-
64 g1 = 5.
0y = SV, <1’2z2;1 4z2;1; 2)
~ g2 1z,
pls) = it

For both cases, pW = 1.

Even if the integral (B2) is difficult to evaluate or has a
cumbersome expression, one can extract a falloff. Suppose
that ¢, has the appropriate falloff. Then, near the AdS
boundary s — 4,

0(5,) ~ —(5,) / @it (B3)

This integral essentially gives the falloff coefficient
we want.

The J,-dependence in the integral essentially has no
contribution from the following reason. First, the integral
may or may not converge:

(1) When it converges, one can take the 6, — O limit
since the J,-dependence in the integral does not
produce an appropriate falloff when it is combined
with ¢,(8,); it gives a subleading falloff.

(2) When it diverges, simply discard the §;-dependence
in the integral since again it does not produce an
appropriate falloff."”> Even if it diverges as o, = 0,
the expression (B2) itself does not.

For example, the slow falloff of y, becomes

(0) /ld s /1 ds
= — S —_— = —C _—
Vq A g Vo 57751+ s)2

=—c1(2). (B4)

PThere may be an exception. The J;-dependence in the
integral may produce an appropriate falloff when it is combined
with the subleading term of ¢,(5;).

066016-16



HOLOGRAPHIC LIFSHITZ SUPERCONDUCTORS: ...

PHYS. REV. D 97, 066016 (2018)

Similarly, the fast falloff of a. becomes

(0) /]d .z 2z /‘ ds
ae’ = — s = - c
€ 0 ISZz—l 27 —1""! o sVl 4 5)?

(BS)

APPENDIX C: RESTORING UNITS

We set e = L = r;, = 1, but here we present some of our
main results by restoring units.
(i) The scalar mode (high-temperature phase): the
dispersion relation, the relaxation time, and the
correlation length are given by

w—¥{|eﬂ| +@L <%>2_2q2+~~}, (Cla)

= l €,,| = %L <%> 1_2552, (Clb)
£ :I(ZZ)L(DZ_Q;. (Cle)

(i) The order parameter:
o=-1 (f) T (C2a)

4 2
e Ty R T e N ()
e

(iii) The current (low-temperature phase):

1 (r\*2( I(z2) ioL (0)
regp ()P

L
(C3a)
L(1/r, 3z-2 (0)
= _e—z{z <Z> 24I(z)€ﬂ}Ay (w=0)
(C3b)
I(z) e’L? 0
== oy 02A” (0 =0). (C3c)
In our conventions, it is natural to define 4 as
J} = —?pAy . (C4)
Then, 4 and « are given by
—3z+2 1
2 Q —
4 (L 241(2)e,’ (C5a)
2\ 2 z rp | —4etd
2= ) = — . C5b
‘ (5) 241(z)? (L) (C30)
(iv) The dual GL theory:
I(z) , (eL)® . (0)
=2 A 2
= L 0= i)
€, (eL)? ) 1 (eL)® 4
2 @ " e
— (" + '), (Coa)
I 143 (B)F°
—= . C6b
2 5 (eL)? (C6b)
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