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We construct analytical Lifshitz massive black brane solutions in massive Einstein-Maxwell-dilaton
gravity theory. We also study the thermodynamics of these black brane solutions and obtain the
thermodynamical stability conditions. On the dual nonrelativistic boundary field theory with Lifshitz
symmetry, we analytically compute the DC transport coefficients, including the electric conductivity,
thermoelectric conductivity, and thermal conductivity. The novel property of our model is that the massive
term supports the Lifshitz black brane solutions with z # 1 in such a way that the DC transport coefficients
in the dual field theory are finite. We also find that the Wiedemann-Franz law in this dual boundary field
theory is violated, which indicates that it may involve strong interactions.
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I. INTRODUCTION

In the study of the application of gauge-gravity duality
[1-3] to condensed matter physics, the introduction of
momentum relaxation plays an important role in the
development of this research field because systems with
momentum dissipation are more realistic. Many proposals
have been put forward in order to describe a dual field
theory with momentum relaxation contributing to finite
conductivities. They can be classified into two categories.

The first category introduces a spatial-dependent source,
so that the Ward identity is broken, which means that
momentum is not conserved in the boundary theory. An
obvious way to do this is to introduce a periodic scalar
source or chemical potential [4—6], called the scalar lattice
or ionic lattice structure. This involves solving partial
differential equations (PDEs) in the bulk. Another impor-
tant way is to break the translation invariance but hold the
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homogeneity of the system, which involves solving
only ordinary differential equations (ODEs) in the bulk.
Outstanding examples of this include holographic
Q-lattices breaking the translational invariance via the
global phase of the complex scalar field [7-10], holo-
graphic helical lattices, where the translational invariance is
broken in one space direction but holds in the other two
space directions, possessing the non-Abelian Bianchi VII
symmetry [11], and holographic axion models, for which a
pair of spatial-dependent scalar fields are introduced to
source the breaking of Ward identity [12—17]. In addition,
by turning on a higher-derivative interaction term between
the U(1) gauge field and the scalar field, a spatially
dependent profile of the scalar field is generated sponta-
neously which leads to the breaking of the Ward identity
[18,19]. In a more general setup, gravitational models were
discussed in which, on the boundary, spontaneous modu-
lation of the electronic charge and spin density is generated
by charge and spin density waves [20-22].

The second category is to break the diffeomorphism
invariance, without additional fields, which leads to the
breaking of the conservation of the stress-energy tensor.
Modified gravity theory which breaks diffeomorphism invari-
ance is called massive gravity. Vegh first proposed to study the
holographic momentum dissipation in this kind of theory [23],
which inspired remarkable progress in holographic studies
with momentum relaxation in massive gravity [24—36].

On the other hand, in order to holographically study the
nonperturbative dynamics of nonrelativistic systems with
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anisotropic scale invariance t - A*t, x — Ax with z # 1, the
AdS/CFT duality was first generated in [37] to describe a
boundary theory with dynamical critical exponents which
shows the dynamical scaling. The background spacetime to
study the nonrelativistic quantum field theory with dynami-
cal (Lifshitz) scaling is given by the Lifshitz metric,

d 2
ds? = —r %4 + —}; + r‘2dxlz, (1)
r

where the spacial index i runs from 1 to D —2. The
geometry (1) recovers anti—de Sitter(AdS) spacetime when
z =1 and the boundary is at r — 0.

In holographic fashion, it would be interesting to find the
bulk sector to dually describe the momentum relaxation of
a nonrelativistic boundary theory, which means we need to
add ingredients into the bulk theory to introduce Lifshitz
scaling and momentum dissipation. To this end, we will
construct Lifshitz black brane solutions in the massive
Einstein-Maxwell-dilaton (EMD) gravity theory proposed
in [28]. It is notable that in [28], the authors have studied
the dyonic Reissner-Nordstrom AdS(RN-AdS) black brane
as well as the hyperscaling violation AdS black brane and
then the DC electric and Hall effect in the dual field theory.

In this paper, we are interested in the analytical Lifshitz
black brane solutions in the massive EMD gravity theory.
We will focus on two different models distinguished by
different couplings in the action. In both cases, we find the
analytical black brane solutions by solving the equations of
motion, and briefly analyze their thermodynamics. We also
analytically compute the DC transport coefficients, includ-
ing electric, thermoelectric and thermal conductivities in the
dual boundary theory. We note that the gravitational
description of nonrelativistic theory with momentum relax-
ation has also been studied in [16,38—41], where the authors
introduced additional linear axion fields in the bulk to break
the translation symmetry on the boundary, belonging to the
first category involving momentum relaxation.

The structure of this paper is as follows. We review the
holographic massive EMD theory in Sec. II. Then we
construct the Lifshitz black brane solutions in this frame-
work and study their thermodynamics. We continue to
explore the DC transport coefficients in the dual theories of
two black branes in Sec. IIl. The last section is our
conclusion and discussion.

II. HOLOGRAPHIC MASSIVE
EINSTEIN-MAXWELL-DILATON THEORY

We start with a holographic massive EMD action [28],
V4 1
S = /d“x,/—g(R —%Fz —5(84))2 + V(o)

AR - [/@D), @)

where ¢ is the dilaton field with potential V(¢). Z(¢) and
B(¢), where all are a function of ¢, are the coupling
functions of the gauge field and massive term, respectively.
In the absence of the massive term, this action results from an
effective low-energy heterotic string theory after a con-
formal transformation of the metric. This transformation
introduces a coupling of the dilaton field with the gauge
field, and the dilaton electrically or magnetically charged
black holes are known [42]. In this work, we consider the
two massive terms [K]* = (K#,)? and [K?] := (K?)*, with
KC satisfying KoY = ¢**f o, and (K?),, = K,eK%,. f 18
the reference metric, and we are interested in the special case
with f,, = diag(0,0, 1, 1), which breaks the symmetries
associated with reparametrizations of the spatial x, y
coordinates in the bulk. Correspondingly, it leads to the
dissipation of momentum in the dual boundary field
theory [23].

Applying the variational approach to the action (2), one
can derive the Einstein equation, Maxwell equation, and
scalar equation as follows:

Vu(Z(g)F) =0, (3)
102 ., oV op B
00~ 3557 55+ g (P - D =0. (4
1 1
R;w _Eg/w <R _§F2 _§(a¢)2 + V)
- %aﬂqﬁayg{) - %ZFW,FU/’ + X, =0, (5)
where

X ==P0) ()~ UK+ 50, (P =D ). (6

For some specific forms of V(¢), Z(¢), and f(¢), we
can obtain the analytical black brane solutions. In this
work, we are interested in the Lifshitz black brane solution.
So we shall take the following ansatz to solve the above
equations of motion,

A=A(rdt,  ¢=¢(r), (8)

where z is the Lifshitz dynamical exponent.
In this paper, we shall focus on two kinds of models:
(1) Model I: The potential and the coupling functions
have the exponential forms as

Z(g)=Zor'.  P(#)=Por". V(#)=Vor'. (9)
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where (4,Zy,0,0y,7,Vy) are the parameters in
this model.

(i) Model II: The forms of the potential and the
coupling functions are

Z(¢) — ZO€<_22+2)¢/0’,

B() =Poe™* + py.
(10)

where (Zy, a, fy, 1, Vo, V1) are the parameters of
the model.

Before proceeding, we would like to present some
comments. First, when we take f; =0, the model II
reduces to model I as will be shown later. From this point
of view, the potential and coupling functions of model II are
more general than those of model I, and so we will mainly
present how to obtain the black hole solution and its
thermodynamics in model II. Then we briefly discuss the
results in model I. However, there are two important
differences between these two models. One is that z = 2
is forbidden in the black brane solution of model II, but it
can be obtained in model I. The other comment is that when
z = 1, the black brane solution of model I reduces to the
RN-AdS one, while model II reduces to that of standard
massive gravity proposed in [23] with a = 0, f = f;, and
F = m? = 1. These two different points can be clearly seen
in what follows. Finally, we emphasize that the models we
propose here are different from those for the dyonic
hyperscaling violation AdS black brane in [28]. We believe
that more interesting models in EMD gravity theory can be
analytically solved by adding higher-curvature terms and
various couplings of Maxwell fields; see, for example,
[43-46] and therein for the holographic applications.

A. The black brane solution

In model II with (10), the Einstein equation reduction
E! — E” gives

¢ =a/r, with a=2vz-1, (11)

with which the potential and coupling functions (10) can be
rewritten as

Z(¢) — Z()V_2Z+2,
V(g) = Vo + Vi

B(@) = Bor™ + Bi.
(12)

Meanwhile, we solve the Maxwell equation and obtain

0
Al(r) :ﬂ—%ﬂ,

(13)
where the constants y and Q are identified as the chemical
potential and the charge of the dual boundary theory,
respectively.

With the determined fields (11) and (13), we solve f(r)
from the reduced Einstein equations as

Vo426 V1426
2(z+2) 2z

Q2 r21+2

= -M Z+2

(14)

where M is an integration constant. Then, the equation of
motion for the dilaton (4) becomes

Vo(l=2) =22y + (2 =)V, =2(z= 1)) =0.  (15)
Similarly, in order to obtain an asymptotic Lifshitz solution,
we find that the parameters should satisfy the following
relations:

po=—(z—1)(z+2), Vo =2z(z +2),
v =22l (16)

Consequently, our model here admits the Lifshitz black
brane solution as follows:

Q2r21+2 ﬁer
=1-Mrt+ + :
fr) " 4Zyz  z(2-2)
0
A(r) = p——=r,
(r) =mu z
¢ =a/r, with a=2vz-1. (17)

Since f(r;,)=0, M can be determined as M =5+
h

i _ B
427y 2(z=2)ry"
calculated as

The temperature of the black brane is

T =

2 242z 2
: <z+2—th +—ﬂ1rh> (18)

Arnr; 47, 2—-z)°

Note that the Lifshitz exponent z = 2 is not allowed in
the solution (17) of model II because the blackness function
f(r), the mass, and the temperature of the black brane are
divergent in this case. We can, however, require f; = 0 for
z = 2 in model II. Immediately, we note that model II with
f1 = 0 recovers model I (9) with

A==2z42,
ﬂ() = —(Z - 1)(Z + 2),

c=-2, y =0,

When z =1, model II is just the standard massive
gravity proposed in [23] and Eq. (17) goes back to the
one with a =0, f =, and F = m?> = 1. For model I,
z=1 gives py = 0. It means that when z = 1, model I
reduces to Einstein-Hilbert gravity and the solution is
nothing but the RN-AdS black brane.
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B. The black brane thermodynamics

Furthermore, we analyze the thermodynamics of the
black brane solution of mode II. For simplification, we can
set Zo = 1 without loss of generalization because in both
models (9) and (10), the constant Z, in action (2) can be
absorbed into the gauge field, as does the charge Q or the
chemical potential . To study the thermodynamical quan-
tities, we write down the Euclidian on-shell action’

Qi 2z(z+2)  2(z=-1)B
Sonshell = /d4x< 2 - p2t3 + (Z _ 2) petl
W 0*rr 2z 2(1=2)B\|™ (20)
ST\ 2z 2 z(z=2)r7 )]

where V, = [ dxdy. In order to cancel the divergence in the
on-shell action, we should add the boundary term [47-50]

Seay = St + Ser = - / AP (2K +4). (21)

r—0

where Sgy and Sct are Gibbs-Hawking term and counter
term, respectively, and y is the determinant of the boundary
induced metric y,,. Then, we deduce the renormalized on-
shell action:

RN _ -
Sonshell = Sonshell T dey -

(@0, < n)

T 47 rfl*z zr

(22)

So far, we are ready to calculate the thermodynamical
quantities. The free energy of the system is

z 42 2
4zr;, ry zry,

22—z P
F=-TSRN —_v, <¥ + L) (23)

where we have used Q = uz/rj because of the regular
condition A,(r,) = 0. Then, we have the pressure

E_(8F> :W_i_ < P (24)
HsTh

27 .z
oV, 4zrj, iz,

and the entropy

oT B (0T /ory,) ry (25)

/A%

. <3F> (OF 0r,),y, 42V
B u.Va .

According to the first law of thermodynamics, i.e.,
€V, + PV, = ST + uQ, we can deduce the energy density:

'"The Euclidian on-shell action is obtained via an imaginary
time replacement 7 — it and its period is the inverse of the
temperature 1/7.

2
Zp 2 26
€=—+ +. 26
2r, 5t z2(2-2)r (26)
Then, the specific heat is
2,2 _ 2,
ICANIPNE S S ee (27)
V= or) ~ T 202-pr 5"
u 2(z+2) + =L+ pir;,

Thus, the condition of the thermodynamical stability of the
black brane is

22—

72(z+2)+ ( 1 +ﬁ1)rﬁ >0, (28)

which implies positive specific heat.

We note that all the thermodynamic properties for the
black brane in model I can be reduced by putting #; = 0 in
all the thermodynamic quantities above.

III. THE DC TRANSPORT COEFFICIENTS

We will explore the DC transport coefficients, including
the DC electric o, thermoelectric «, and thermal conduc-
tivities k, of the boundary field theory dual to the black
brane solution of model II, while the DC transport
coefficients of model I can be extracted by taking
p1 = 0. The method we adopted here is the one developed
in [51] which is a powerful tool to calculate the DC
transport coefficients. To this end, we turn on the following
consistent perturbations at the linearized level, which
source the electric and heat currents,

Ay=aig+a,, 6gy=h,t+H,, 5grx:=er/r2’ (29)

where a,, a,, h,,, H,., and H,, are all functions of r. Then,
the Maxwell equation for the perturbation are

fri(ai+ait) + [P f = 3fr(z = D](a; + ait)
= Qr¥[r(Hy + hict) + 2(Hy + )] = 0. (30)

The nonvanishing linear Einstein equations for perturba-
tions are the rx component,

r(Qrta, — r(rh + 2h,,))
2f(2+z-2-pi1?)

H, + =0, (31

and the 7x one
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Frim(HY, + hiet) + froe(z + 1) (Hy, + hit)
- er2—2z(ax + att)

+ <21+4—2(z2+z+2)f+3r(z+l)f’—rzf”

Q?r2th B 2ﬂ172> Hy 4 hit 0. (32)
2 z—2 ritl
The key point of the method in [51] is to find the
conserved electric current J(r) and the conserved heat
current Q(r) such that we can evaluate them at the horizon.
In our present model, we find that Egs. (30) and (32) can be

written as the integral forms dg ) =0 and %ﬁr) = 0 with

Qr3z(Htx + htxt) _fr(a;c + a;‘t)

J(r)= 32 . (33)

1-z ! / / 2z
Q(r):r ) f(Htx+htxt)_ f _Tf (Htx+htxt> _AtJ'
(34)
We then further assume h,,=—&r—2°f(r) and a,=—E +

£A,(r), where the constants E and ¢ parametrize the sources
for the electric current and heat current, respectively [51].
Subsequently, we obtain the time-independent terms of the
conserved currents:

Qr¥H,, — frd.
32 2 ’

!
||

(35)

Q= [fH;x — (f’ — 2—ff> H,x] —AJ. (36)

According to the AdS/CFT dictionary, the DC con-
ductivities are determined by the conserved currents in
the asymptotical boundary accompanying the regularity
conditions at the horizon for the perturbations. As men-
tioned above, since J and Q are conserved quantities
in the bulk and are r independent, we shall evaluate them
at the horizon. In addition, to impose the regularity
conditions at the horizon for perturbations, it is convenient
to transfer to Eddington Finklestein coordinates (v, r) with
v—t+f
field denotes that, at the future horizon A, x v, and
recalling A, in (29) and a, = —E + £A,(r), we obtain

a, = —E/ rzf—l dr (37)

near the horizon. Besides, in order to avoid the singularity
in the metric,

" dr. Thus, the regular condition for the gauge

z—1
f

we have to impose the following relation between the
perturbations near the horizon,

f

rz+l

2
2H, . dvdx — ——H,drdx + —~drdx,  (38)

HZX = HrX’ (39)
where H,, satisfies Eq. (31). Recalling that, near the
horizon, we have f|,_, ~4xTri '(r—r;,) and consider-

ing (37) and (39), we obtain the currents evaluated at the
horizon:

E(Q*ry " +2(2 +2-2-rp1)) —4xTQéry;

J=
25 (P k=2 1)

. (40)

27rTEQr% — 82°T%&
?4z-2-rp

0= (41)
Subsequently, we are ready to compute the DC transport

coefficients as addressed in [51]. The DC electric conduc-
tivity is

8‘7 2-27 Q2 }”2
=—= — . (42
°CToE T T 4222 + 2128 (42)
The two thermoelectric conductivities are
1 8] ZHQV%
a , 43
pC = T@f rhﬁl—(Z2+Z—2) (43)
1 8Q 271'Qr%l
a = . 44
apc = TOE rhﬂ1—(z2+z—2) apc ( )
And the thermal conductivity is
1 8Q 82T
K . 45
PCTToE T (@ tz-2)-np #3)

Note that the DC electric conductivity (42) with z =1
recovers the result obtained in [25] for massive Einstein
gravity. All the DC transport coefficients are affected by the
Lifshitz exponent and the massive parameters. Explicitly,
larger z suppresses both opc and kpc/T while large f,
enhances them; however, their affects on apc(@pc) behave
in an opposite way.

It is easy to check that the conductivities for model I can
be obtained when we let f; = 0 for model II. Here, we
would like to point out the properties of the DC transport
coefficients in these two models:

(1) All the conductivities become divergent when the

condition 2—z—z>+ r;f; =0 is satisfied. The
effective mass of the graviton f(¢) = Bor=2 + B
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with iy = —(z—1)(z+2) in (16) vanishes at the
horizon when 2 — z — z2 + r7; = 0, which means
that the translational symmetry is recovered in the
IR limit.

(i) When z = 1, the DC conductivities are divergent for
p1 = 0, while they are finite for #; # 0. In this case,
Py vanishes [see Eq. (16)], and so the massive term,
which is responsible for the momentum dissipation,
only depends on the parameter f3;.

(iii) When the system has the Lifshitz symmetry,
i.e., z# 1, the DC conductivities are finite even
though #; = 0. This is because z # 1 implies f; # 0
in (16), so that the massive term still survives.” This
property in our models is novel because our solution
with z # 1 presents holographic momentum relax-
ation; in usual Lifshitz gravity, it cannot be fulfilled.

Furthermore, we will briefly check the Wiedemann-
Franz (WF) law. It states in [52] that the ratio of the
electronic contribution of the thermal conductivity to the
electrical conductivity in a conventional metal is propor-

tional to the temperature,3 ie,L=2= ’gzki where «k is the
B

thermal conductivity at vanishing electric current. In our

model, we have

aT 162°T
K=k— = 2 2:42 2ﬂ - (46)
o th +2(Z +Z—2)—2ﬂ1rh
Then, the Lorenz ratios are
. K 167%r; 2
L — L — ) " rh ’ (47)
ol  QriF"? +2(2+2-2) =213,
I — K _ 32ﬂ2riz—2((z2 +z- 2) —ﬂlr%l) ’ (48)

ol  [Q*rF™ =212 +2(22 + 2 - 2)]?

which are not constant and explicitly depend on the Lifshitz
exponent and the massive parameters. Therefore, in our
models, the WF law is violated, which indicates that our
dual systems may involve strong interactions as discussed
in [51].

IV. CONCLUSION AND DISCUSSION

In this paper, we constructed analytical Lifshitz black
brane solutions in the massive EMD gravity and obtained
their thermodynamical stability condition by studying
black brane thermodynamics. We then analytically calcu-
lated the DC transport coefficients, including electric,

The case for z = 2 in model I is an exception, in which both
Po and f; vanish.

3The law reflects that, for Fermi liquids, the ability of the
quasiparticles to transport heat is determined by their ability to
transport charge, so that the Lorenz ratio is a constant.

thermoelectric, and thermal conductivities in the dual
boundary field theory.

Our results are summarized as follows:

(1) In model I, when the Lifshitz exponent z = 1, the

model recovers Einstein-Hilbert gravity and the
DC transport coefficients are divergent as ex-
pected. While when z# 1, model 1 admits a
Lifshitz massive black brane solution. The DC
conductivities in the dual boundary field theory
are finite because z # 1 causes the massive term
in the action to survive. This observation in our
model is novel because the usual Lifshitz black
brane with z # 1, which has no mechanism for
momentum relaxation, cannot produce finite con-
ductivities.

(i1) In model II, when the Lifshitz exponent is z = 1, the

model reproduces the massive gravity proposed in
[23] with the parameters a =0, f =/, and
F = m? = 1. The DC transport coefficients are all
finite in both cases with z = 1 and z # 1 because
p1 #0 corresponds to the nonvanished massive
term. Moreover, from the expressions (42)—(45), it
is obvious that when 2—z—2z2+ 2B =0, the
conductivities are divergent because 2 —z — 7% +
r,%ﬁ 1 = 0 implies that the massive term in the action
vanishes at the horizon and the translational sym-
metry is not broken in the dual IR theory.

(iii) Our model II with ; = 0 goes back to model I. This
happens because putting the value z = 2 in model II,
the finite blackness function, mass, and temperature
of the solution forces f; =0 and V; =0, which
leads to model L.

(iv) Finally, we found the Wiedemann-Franz (WF) law is
violated in our models by studying the Lorenz ratios.
This implies that the dual systems of the models may
involve strong interactions.

It shall be very interesting to compare the features we
found in the boundary field theory with momentum relax-
ation dual to our gravitational models with the experimental
observables in the real materials, such as the condensed
matter systems governed by nonrelativistic conformal field
theories [53]. In the future, we shall further explore this and
mimic the possible materials that possess the properties in
our nonrelativistic studies.

The Lifshitz massive black branes we found are new, and
it is natural to extend them to wider holographic applica-
tions. We believe that more interesting analytical black
brane solutions can be found in the EMD gravity.
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