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The D ¼ 11 pure spinor formulation of the superparticle allows a simple realization of covariant
quantization, unlike the D ¼ 11 Brink-Schwarz-like superparticle. We explicitly show the equivalence
between the cohomologies of these two models in the context of two different group decompositions:
SOð10; 1Þ → SOð1; 1Þ × SOð9Þ and SOð10; 1Þ → SOð3; 1Þ × SOð7Þ. We also carry out a light-cone
analysis of the pure spinor cohomology and show that it correctly reproduces the SOð9Þ equations of
motion for D ¼ 11 linearized supergravity.
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I. INTRODUCTION

It is well known that the D ¼ 10 Brink-Schwarz for-
mulation of the superparticle possesses first- and second-
class constraints which cannot be separated out in a
manifestly covariant way. If the physical spectrum is our
main concern, we can always go to the light-cone gauge
and follow Dirac’s prescription to show that the physical
spectrum consists of an SOð8Þ vector and spinor, which
satisfy the D ¼ 10 linearized super-Yang-Mills (SYM)
equations of motion [1]. However, cone gauge breaks
the manifest covariance of the theory.
It is interesting and useful to look for covariant

descriptions which manifestly preserve as many sym-
metries as possible. One candidate that addresses this
point is the pure spinor version of the D ¼ 10 Brink-
Schwarz superparticle, known as the D ¼ 10 pure spinor
superparticle [2,3]. This description preserves supersym-
metry and Lorentz symmetry in a manifestly covariant
way. The spectrum is defined as the cohomology of the
Becchi-Rouet-Stora-Tyutin (BRST) operator defined by
Q ¼ λμdμ, where λμ is a D ¼ 10 pure spinor and the dμ
are the fermionic constraints of the D ¼ 10 Brink-
Schwarz superparticle. There are two ways to see that
the pure spinor formulation indeed describes D ¼ 10
linearized super-Yang-Mills. The first one is by looking
at the Q-cohomology of the D ¼ 10 pure spinor super-
particle and realizing that the elements in this cohomology

describe the Batalin-Vilkovisky (BV) version of D ¼ 10
(Abelian) super-Yang-Mills [2]. The second one is by
showing that the cohomologies corresponding to the
D ¼ 10 Brink-Schwarz superparticle and the D ¼ 10
pure spinor superparticle are identical [4].
As explained in Refs. [2–5], the D ¼ 10 SYM

physical fields are found in the ghost-number 1 vertex
operator V ¼ λμAμ, after imposing on it the pure spinor
physical state condition. The light-cone analysis of
this cohomology reproduces the SOð8Þ superfield Aa

satisfying the SYM equations of motion in D ¼ 8

superspace [6].
In D ¼ 11, the story is similar. The D ¼ 11 Brink-

Schwarz-like superparticle [7] possesses first-class and
second-class constraints which do not allow a manifestly
covariant quantization of the theory. However, it is possible
to quantize the theory in the light-cone gauge, and it can be
shown that the spectrum is described by an SOð9Þ traceless
symmetric tensor, an SOð9Þ Γ-traceless vector-spinor, and
an SOð9Þ 3-form which describe D ¼ 11 linearized super-
gravity. As before, this theory is no longer manifestly
Lorentz covariant.
As in the D ¼ 10 case, Berkovits formulated the

so-called D ¼ 11 pure spinor superparticle [5]. The
physical states of this pure spinor version are defined
as elements in the cohomology of the BRST operator
Q ¼ ΛαDα, where Λα is a D ¼ 11 pure spinor and Dα

are the fermionic constraints of the D ¼ 11 Brink-
Schwarz-like superparticle. The elements of this
Q-cohomology describe the BV version of D ¼ 11

linearized supergravity [5]. Unlike the D ¼ 10

case, there is not explicit proof of the equivalence
between the cohomologies of the D ¼ 11 Brink-
Schwarz-like superparticle and the D ¼ 11 pure spinor
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superparticle.1 In this work, we will demonstrate the
equivalence of these two cohomologies by using two
different group decompositions.2

As explained in Ref. [5], the D ¼ 11 supergravity
physical fields are found in the ghost-number 3 vertex
operator V ¼ ΛαΛβΛδCαβδ, after imposing the pure spinor
physical state condition. The light-cone analysis of this
cohomology will be described by the SOð9Þ superfields gjk,
ψ̃ j
A, and Cjkl, which satisfy a set of equations of motion in

D ¼ 9 superspace that match the linearized supergravity
light-cone equations of motion [7].
The paper is organized as follows. In Sec. II, we review

the D ¼ 11 Brink-Schwarz-like superparticle. In Sec. III,
we present the D ¼ 11 pure spinor superparticle and show
the equivalence between the cohomologies of this theory
and the previous one by decomposing D ¼ 11 objects into
their SOð1; 1Þ × SOð9Þ and SOð3; 1Þ × SOð7Þ compo-
nents. In Sec. IV, we study the light-cone pure spinor
cohomology and show that it is described by the usual
SOð9Þ irreducible representations that describe D ¼ 11
supergravity and satisfy linearized equations of motion in
D ¼ 9 superspace.

II. REVIEW OF THE D= 11
BRINK-SCHWARZ-LIKE SUPERPARTICLE

The D ¼ 11 Brink-Schwarz-like superparticle is defined
by the action [5,7]

S ¼
Z

dτðPmΠm þ ePmPmÞ; ð1Þ

where Πm ¼ Ẋm − Θ̇αðΓmÞαβΘβ and Θα is a Majorana
spinor. Let us now fix conventions. We will denote
SOð10; 1Þ vector indices by m; n; p;…, and spinor indices
by α; β;… (m ¼ 0;…; 10 and α ¼ 1;…; 32). The D ¼ 11
gamma matrices Γm are 32 × 32 symmetric matrices which
satisfy Γm

αβΓnβγ þ Γn
αβΓmβγ ¼ 2ηmnδγα and ηmnΓm

ðαβΓ
np
γδÞ ¼ 0.

In contrast to the D ¼ 10 case, in D ¼ 11, there exists an
antisymmetric metric tensor Cαβ [and its inverse ðC−1Þαβ],
which will allow us to lower (and raise) indices (for
instance Γmαβ ¼ CαδΓmβ

δ , etc). We also note that any D ¼
11 antisymmetric bispinor can be decomposed into a scalar,
3-form, and 4-form as f½αβ� ¼ Cαβf þ ðΓmnpÞαβfmnp þ
ðΓmnpqÞαβfmnpq and that any D ¼ 11 symmetric bispinor

can be written in terms of a 1-form, 2-form, and 5-form
as gðαβÞ ¼ Γαβ

m gm þ ðΓmnÞαβgmn þ ðΓmnpqrÞαβgmnpqr.
The action (1) is invariant under reparametrizations,

supersymmetry (SUSY) transformations, and κ transfor-
mations, which are defined by the following equations:

reparametrizations → dτ0 ¼ dτ0

dτ
dτ;

e0ðτ0Þ ¼ dτ
dτ0

eðτÞ
SUSY transformations → δΘα ¼ ϵα; δXm ¼ ΘΓmϵ;

δPm ¼ δe ¼ 0

κ transformations → δΘα ¼ iPmðΓmκÞα;
δPm ¼ 0;

δXm ¼ −ΘΓmδΘβ;

δe ¼ 2iΘ̇βκβ:

The conjugate momentum to Θα is

Pα ¼
∂L
∂Θ̇α

¼ −Γm
αβΘβPm: ð2Þ

Therefore, this system possesses constraints,

Dα ¼ Pα þ Γm
αβΘβPm; ð3Þ

and considering that fΘα; PβgP:B ¼ iδαβ , we get the con-
straint algebra

fDα; Dβg ¼ 2iðΓmÞαβPm; ð4Þ

where f·; ·g denotes a Poisson bracket. One can show that
Kα ¼ PmΓαβ

m Dβ are the first-class constraints that generate
the κ-symmetry. From (4), we realize that we have 16 first-
class constraints and 16 second-class constraints, and there
is no simple way to covariantly separate them out.
However, the physical spectrum can be easily found by
using the semi-light-cone gauge, which is defined by

Xþ ¼ 1ffiffiffi
2

p ðX0 þ X9Þ; Γþ ¼ 1ffiffiffi
2

p ðΓ0 þ Γ9Þ ð5Þ

X− ¼ 1ffiffiffi
2

p ðX0 − X9Þ; Γ− ¼ 1ffiffiffi
2

p ðΓ0 − Γ9Þ: ð6Þ

In these light-cone coordinates, one can use the κ trans-
formation to choose a gauge where ðΓþΘÞα ¼ 0

3 With this
choice, we can rewrite the action as follows,

1There is a brief discussion of this point in Ref. [8], which
suggests following the same ideas developed in the D ¼ 10
case. We will elaborate on the ideas mentioned there and give
another way to parametrize D ¼ 11 pure spinors.

2In Refs. [9,10], I. Bandos relates these two models by using
the Lorentz harmonics approach. We will address the problem in
a different way, by focusing on the D ¼ 11 light-cone Brink-
Schwarz-like superparticle.

3An easy way to see this is to choose a frame where
Pm ¼ ðP; 0;…; P; 0Þ. The κ transformation takes the form
δΘα ¼ −iPþΓ−αβκβ, and thus it follows immediately that
ðΓþΘÞα ¼ 0.
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S ¼
Z

dτ

�
PmẊm −

i
2
SASA þ ePmPm

�
; ð7Þ

where SA is an SOð9Þ Majorana spinor, which can be
written in terms of SOð9Þ component of Θα. The conjugate
momentum to SA is

pA ¼ ∂L
∂ṠA ¼ −

i
2
SA: ð8Þ

So, the constraints for this gauge-fixed system are

D̃A ¼ pA þ i
2
SA: ð9Þ

Considering that fSA; pBg ¼ −iδAB, we obtain

fD̃A; D̃Bg ¼ δAB: ð10Þ
Hence, the constraint matrix is CAB ¼ δAB, and its corre-
sponding inverse is ðC−1ÞAB ¼ δAB. This allows us to
compute the following Dirac bracket:

fSA;SBgD¼fSA;SBgP−
X
E;F

fSA;D̃EgPðC−1ÞEFfD̃F;SBgP

¼ 0−
X
E;F

ð−iδAEÞðδEFÞð−iδFBÞ

¼ δAB: ð11Þ

As is well known, the representation of the algebra (11)
defines the space of physical states. These states will be
denoted jIJi, jBIi, and jLMNi, where we represent SOð9Þ
vector indices by I; J; K; L;…, and spinor indices by
A;B;C;D;…. These states correspond to an SOð9Þ trace-
less symmetric tensor, an SOð9Þ Γ-traceless vector-spinor,
and an SOð9Þ 3-form, which, together, form the field

content of D ¼ 11 Supergravity. The action of the oper-
ators SA on the physical states is defined by

SAjIJi ¼ ΓI
ABjBJi þ ΓJjBIi ð12Þ

SAjBIi¼
1

4
ΓJ
ABjIJiþ

1

72
ðΓILMN

AB þ6δILΓMN
AB ÞjLMNi ð13Þ

SAjLMNi ¼ ΓLM
AB jBNi þ ΓMN

AB jBLi þ ΓNL
AB jBMi: ð14Þ

We can check that these definitions indeed reproduce the
desired algebra. Let us check the statement explicitly for
the graviton jIJi:

SASBjIJi¼ΓI
BCSAjCJiþΓJ

BCSAjCIi

¼ΓI
BC

�
1

4
ΓK
ACjJKiþ 1

72
ðΓJLMN

AC

þ6δJLΓMN
AC ÞjLMNi

�
þΓJ

BC

�
1

4
ΓK
ACjIKi

þ 1

72
ðΓILMN

AC þ6δJLΓMN
AC ÞjLMNi

�
:

Analogously,

SBSAjIJi¼ΓI
ACSBjCJiþΓJ

ACSBjCIi

¼ΓI
AC

�
1

4
ΓK
BCjJKiþ 1

72
ðΓJLMN

BC

þ6δJLΓMN
BC ÞjLMNi

�
þΓJ

AC

�
1

4
ΓK
BCjIKi

þ 1

72
ðΓILMN

BC þ6δJLΓMN
BC ÞjLMNi

�
:

Thus, the anticommutator is

fSA; SBgjIJi ¼
1

4
½ΓI

BCΓK
AC þ ΓI

ACΓK
BC�jJKi þ 1

4
½ΓJ

BCΓK
AC þ ΓJ

ACΓK
BC�jIKi þ 1

72
½ðΓI

BCΓJLMN
AC þ ΓJ

BCΓILMN
AC þ ΓI

ACΓJLMN
BC

þ ΓJ
ACΓILMN

BC Þ þ 6ðδJLΓI
BCΓMN

AC þ δILΓJ
BCΓMN

AC þ δJLΓI
ACΓMN

BC þ δILΓJ
ACΓMN

BC Þ�jLMNi

¼ 1

4
ð2δIKδABjJKi þ 2δJKδABjIKiÞ þ 1

72
½4!ðδI½JΓLMN�

BA þ δJ½IΓLMN�
BA þ δI½JΓLMN�

AB þ δJ½IΓLMN�
AB Þ

þ 6ðδJLΓI
BCΓMN

AC þ δILΓJ
BCΓMN

AC þ δJLΓI
ACΓMN

BC þ δILΓJ
ACΓMN

BC Þ�jLMNi:
Now, let us consider the symmetry properties of the SOð9Þ Γ-matrices. The 1-form and 4-form are symmetric in their

spinor indices, and the 2-form and 3-form are antisymmetric in their spinor indices. Therefore,

fSA; SBgjIJi ¼ δABjIJi þ
1

12
ðδJLΓI

BCΓMN
AC þ δILΓJ

BCΓMN
AC þ δJLΓI

ACΓMN
BC þ δILΓJ

ACΓMN
BC ÞjLMNi

¼ δABjIJi þ
1

12
½δJLðΓIMN

BA þ δI½MΓN� þ ΓIMN
AB þ δI½MΓN�

ABÞ þ δILðΓJMN
BA þ δJ½MΓN� þ ΓJMN

AB þ δJ½MΓN
ABÞ�jLMNi

¼ δABjIJi þ
1

12
½δJLδIMΓN − δJLδINΓM þ δJLδIMΓN − δINδJLΓM ð15Þ

þ δILδJMΓN − δILδJNΓM þ δILδJMΓN − δILδJNΓM�jLMNi

¼ δABjIJi þ
1

12
½2ΓN jJINi − 2ΓMjJMIi þ 2ΓN jIJNi − 2ΓMjIMJi�

¼ δABjIJi ð16Þ
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as expected. One can similarly show that this algebra is
satisfied for the action of SA on the other two fields.
Therefore, theD ¼ 11 superparticle spectrum describes the
physical degrees of freedom of D ¼ 11 supergravity.

III. D= 11 PURE SPINOR SUPERPARTICLE

As for the D ¼ 10 case [4], we will obtain the D ¼ 11
pure spinor superparticle from the gauge-fixed Brink-
Schwarz-like superparticle (7) by introducing a new set
of variables ðΘα; PαÞ and a new symmetry coming from the
following first-class constraints,

D̂α ¼ Dα þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
Pþ

p ðΓmΓþSÞαPm; ð17Þ

where fSA; SBg ¼ δAB and Dα ¼ Pα þ Γm
αβΘβPm. Using

the relation fΘα; Pβg ¼ iδαβ , one can show that
fDα; Dβg ¼ 2iðΓmÞαβPm. Let us check that these ones
are indeed first-class constraints:

fD̂α; D̂βg ¼ fDα; Dβg þ
1ffiffiffi
2

p
Pþ ðΓmΓþÞαAðΓnΓþÞβAPmPn

¼ 2iðΓmÞαβPm −
ffiffiffi
2

p
iffiffiffi

2
p

Pþ Γm
αλΓn

βδΓþλδPmPn

¼ 2iðΓmÞαβPm −
i
Pþ ðΓmΓþΓnÞαβPmPn: ð18Þ

Since ΓmΓþ ¼ −ΓþΓm þ 2ηmþ, we obtain

fD̂α; D̂βg ¼ 2iðΓmÞαβPm −
i
Pþ ð2ηþmΓn

αβÞPmPn

þ i
Pþ Γþ

αβP
2

¼ i
Pþ Γþ

αβP
2: ð19Þ

Thus, the modified Brink-Schwarz-like action will be

S ¼
Z

dτ

�
ẊmPm −

i
2
ṠASA þ ePmPm þ Θ̇αPα þ fαD̂α

�
;

ð20Þ

where we have added the usual kinetic term for the
variables ðΘα; PαÞ and the last term takes into account
the new constraint through the fermionic Lagrange multi-
plier fα. The standard BRST method gives us the following
gauge-fixed action,

S¼
Z

dτ

�
ẊmPm−

i
2
ṠASA−

1

2
PmPmþΘ̇αPαþċbþ ˙̂Λα

Ŵα

�
;

ð21Þ

and the BRST operator

Q̂ ¼ Λ̂αD̂α þ cPmPm −
i

2Pþ ðΛ̂ΓþΛ̂Þb; ð22Þ

once we choose the gauge e ¼ − 1
2
and fα ¼ 0. The ghosts

c and Λ̂α come from gauge fixing the reparametrization
symmetry and the new fermionic symmetry, respectively.
Now, we will show that the cohomology of the BRST

operator Q̂ is equivalent to the cohomology of a BRST
operator Q ¼ ΛαDα, where Λα is a pure spinor. We will
show this claim in two steps. First, we show that the
Q̂-cohomology is equivalent to Q0-cohomology, where
Q0 ¼ Λ0αD̂α and Λ0ΓþΛ0 ¼ 0. Finally, we will prove that
the Q0-cohomology is equivalent to the Q-cohomology.
Let us start by defining the operator Q0 ¼ Λα

0D̂α. Notice
that when Λα

0 is equal to Λ̂α or Λ0α, Q0 becomes the first
term of Q̂ orQ0, respectively. Now, let V be a state such that
Q0V ¼ ðΛ0ΓþΛ0ÞW, for some W. Because of the property
that Λ0α satisfies, V is annihilated by Q0. Also, using (19),
we find that ðQ0Þ2 ¼ i

2Pþ PmPmðΛ0ΓþΛ0Þ. So, we con-
clude that Q0W ¼ i

2Pþ PmPmV. We can then show that the

state V̂ ¼ V − 2iPþcW is annihilated by Q̂,

Q̂ V̂ ¼ Q̂ðV − 2iPþcWÞ
¼ Q̂V − 2iPþðQ̂cÞW þ 2iPþcðQ̂WÞ

¼ ðΛ̂ΓþΛ̂ÞW þ cPmPmV − 2iPþ
�
−

i
2Pþ

�
ðΛ̂ΓþΛ̂ÞW

þ 2iPþc
�

i
2Pþ

�
PmPmV

¼ ðΛ̂ΓþΛ̂ÞW þ cPmPmV − ðΛ̂ΓþΛ̂ÞW − cPmPmV

¼ 0; ð23Þ

where we have assumed that b annihilates physical states.
Now, let us show that if a state V is BRST trivial (in theQ0-
cohomology) we can find a state V̂ ¼ V − 2iPþcW which
is also BRST trivial (in the Q̂-cohomology). Let V be a
state which satisfies V ¼ Q0Ωþ ðΛ0ΓþΛ0ÞY, for some Y.
It is clear that if Λα

0 ¼ Λ0α we have that V is Q0 exact and if
Λα
0 ¼ Λ̂α we have that the first term of Q̂ is equal to

V − ðΛ̂ΓþΛ̂ÞY. So, we see that

Q̂ðΩþ 2iPþcYÞ ¼ Q̂Ωþ 2iPþðQ̂cÞY − 2iPþcðQ̂YÞ
¼ V − ðΛ̂ΓþΛ̂ÞY þ cPmPm

þ 2iPþ
�
−

i
2Pþ

�
ðΛ̂ΓþΛ̂ÞY

− 2iPþc
�
W −

i
2Pþ PmPmΩ

�
; ð24Þ
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where we used the fact that b annihilates Ω as well as the
result Q̂0Y ¼ W − i

2Pþ PmPm, which follows from the
definition of V. Hence, we obtain

Q̂ðΩþ 2iPþcYÞ ¼ V − ðΛ̂ΓþΛ̂ÞY þ cPmPmΩ

þ ðΛ̂ΓþΛ̂ÞY − 2iPþcW − cPmPmΩ

¼ V − 2iPþcW

¼ V̂: ð25Þ
Therefore, we have proven that for each state V in the
Q0-cohomology we can find a state V̂ in the Q̂-cohomol-
ogy. If we reverse the arguments given above, we can show
that any state in the Q̂-cohomology corresponds to a state in
the Q0-cohomology.
The last step is to show that the Q0-cohomology is

equivalent to the Q-cohomology. We will do this by using
two different approaches.

A. Group decomposition SOð9Þ → SUð2Þ × SUð4Þ
The SOð10; 1Þ spinors Λα and Dα can be expressed in

terms of their SOð8Þ components in the following way,

Λ0α ¼

0
BBB@

λ0a

λ0ȧ

λ̃0a

λ̃0ȧ

1
CCCA; Dα ¼

0
BBB@

d̃a

d̃ȧ

−da

−dȧ

1
CCCA; ð26Þ

where a; ȧ ¼ 1;…; 8. The constraint Λ0ΓþΛ0 ¼ 0 can be
written in terms of these SOð8Þ components as follows:

λ0ȧλ0ȧ þ λ̃0aλ̃0a ¼ 0: ð27Þ

The particular representation for SOð10; 1Þ Γ-matrices used
in this section is studied in detail in Appendix A. Now, we
find it useful to break SOð9Þ into SUð2Þ × SUð4Þ. The
branching rule for the spinor representation is
16 → ð2; 4Þ þ ð2; 4̄Þ. Explicit expressions for the SUð2Þ ×
SUð4Þ components corresponding to Sa, S̄ȧ, dȧ, d̃a, λ0a, and
λ̃0ȧ are given below, Eq. (28). There, the SOð9Þ spinor SA
has been expressed in terms of its SOð8Þ components Sa,

S̄ȧ; and Â; ¯̂A ¼ 1;…; 4. It should be clear in (28) that fields
in the same representation of SUð4Þ (4 or 4̄) form SUð2Þ
doublets. So, for instance,

�
dÂ
d̃Â

�
transforms under

(2,4),

�
λ0¯̂A
λ̃0̄
Â

�
transforms under ð2; 4̄Þ, etc. Notice that the

representations 4 and 4̄ are defined by the null spinor
ðΓþΛ0ÞA by using the fact that one can always choose an
SUð4Þ subgroup under which this spinor is invariant.
Therefore, we define the antifundamental representation
(4̄) in such a way that ðΓJÞðϒ ¯̂AÞAðΓþΛ0ÞA ¼ 0, where

J ¼ 1;…; 9, ϒ is an SUð2Þ vector index and A is an
SOð9Þ spinor index,

SÂ ¼ 1ffiffiffi
2

p ðS2a þ iS2a−1Þ dÂ ¼ 1ffiffiffi
2

p ðd2ȧ þ id2ȧ−1Þ λ0
Â
¼ 1ffiffiffi

2
p ðλ02a þ iλ02a−1Þ

S ¯̂A
¼ 1ffiffiffi

2
p ðS2a − iS2a−1Þ d ¯̂A

¼ 1ffiffiffi
2

p ðd2ȧ − id2ȧ−1Þ λ0̄
Â
¼ 1ffiffiffi

2
p ðλ02a − iλ02a−1Þ

S̃Â ¼ 1ffiffiffi
2

p ðS̄2ȧ þ iS̄2ȧ−1Þ d̃Â ¼ 1ffiffiffi
2

p ðd̃2a þ id̃2a−1Þ λ̃0
Â
¼ 1ffiffiffi

2
p ðλ̃02ȧ þ iλ̃02ȧ−1Þ

S̃ ¯̂A
¼ 1ffiffiffi

2
p ðS̄2ȧ − iS̄2ȧ−1Þ d̃ ¯̂A

¼ 1ffiffiffi
2

p ðd̃2a − id̃2a−1Þ λ̃0̄
Â
¼ 1ffiffiffi

2
p ðλ̃02ȧ − iλ̃02ȧ−1Þ: ð28Þ

After performing the following shifts,

SÂ → SÂ −
� ffiffiffiffiffiffiffiffiffiffi

2
pp

2
ffiffiffiffiffiffi
Pþp

�
d̃Â ð29Þ

S̃Â → S̃Â þ
� ffiffiffiffiffiffiffiffiffiffi

2
pp

2
ffiffiffiffiffiffi
Pþp

�
dÂ; ð30Þ

the operatorQ0 will change by the similarity transformation

Q0 → e−½KðS ¯̂A
d̃Â−S̃ ¯̂A

dÂÞ�Q0e½KðS ¯̂A
d̃Â−S̃ ¯̂A

dÂÞ�; ð31Þ

where K ¼ −
ffiffiffiffiffiffiffi
2

pp
2
ffiffiffiffiffi
Pþp . This result can be expanded by using

the Baker-Campbell-Hausdorff (BCH) formula

e−ZXeZ ¼ X þ ½X; Z� þ 1

2
½½X; Z�; Z� þ…; ð32Þ

where X ¼ Q0 ¼ Λ0αD̂α and Z ¼ KðS ¯̂A
d̃Â − S̃ ¯̂A

dÂÞ. The
first term is just Q0, which can be cast as
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Q0 ¼ Λ0αDα þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
Pþ

p ðΛ0ΓmΓþSÞPm

¼ λ0̇ad̃ȧ þ λ0̄
Â
d̃Â þ λ0

Â
d̃ ¯̂A

− λ̃0ada − λ̃0̄
Â
dÂ − λ̃0

Â
d ¯̂A

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ0̄
Â
SÂ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ0
Â
S ¯̂A

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ̃0̄
Â
S̃Â þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ̃0
Â
S̃ ¯̂A

þ
ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
½λ0ȧðσ îÞȧ ÂS ¯̂A

Pî − λ̃0aðσ îÞÂaS̃ ¯̂A
Pî�

þ
ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
½λ̃0

Â
S ¯̂A

þ λ0
Â
S̃ ¯̂A

�P11: ð33Þ

To find the second term in (32), it is necessary to compute the SUð4Þ (anti)commutation relations, which can be obtained
from the SOð8Þ relations:

fd̃a; d̃bg ¼ −2
ffiffiffi
2

p
δabPþ; fda; d̃bg ¼ 2δabP11

fdȧ; dḃg ¼ −2
ffiffiffi
2

p
δȧ ḃPþ; fd̃ȧ; dḃg ¼ 2δȧ ḃP11

fda; dbg ¼ −2
ffiffiffi
2

p
δabP−; fda; dḃg ¼ 2ðσ îÞaḃPî

fd̃ȧ; d̃ḃg ¼ −2
ffiffiffi
2

p
δȧ ḃP−; fd̃ȧ; dbg ¼ −2ðσ îÞȧbPî: ð34Þ

Using these, together with (28), leads us to the SUð4Þ relations displayed below, Eq. (35):

fSÂ; S ¯̂A
g ¼ η

Â ¯̂A
; fd̃ȧ; dÂg ¼ 2δȧAP11; fda; dÂg ¼ 2ðσ îÞaÂPî

fS̃Â; S̃ ¯̂A
g ¼ η

Â ¯̂A
; fd̃ȧ; d ¯̂A

g ¼ 2δȧ ĀP
11; fda; d ¯̂A

g ¼ 2ðσ îÞ
a ¯̂A
Pî

fdÂ; d ¯̂A
g ¼ −2

ffiffiffi
2

p
η
Â ¯̂A

Pþ; fda; d̃ ¯̂A
g ¼ 2δaĀP

11; fd̃ȧ; d̃ ¯̂A
g ¼ −2ðσ îÞ

ȧ ¯̂A
Pî:

fd̃Â; d̃ ¯̂A
g ¼ −2

ffiffiffi
2

p
η
Â ¯̂A

Pþ; fda; d̃Âg ¼ 2δaAP11; fd̃ȧ; d̃Âg ¼ −2ðσ îÞȧ ÂPî ð35Þ
Hence, we get

K½Q0; S ¯̂A
d̃Â − S̃ ¯̂A

dÂ� ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ0
Â
S ¯̂A

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ̃0
Â
S̃ ¯̂A

− λ0̄
Â
d̃Â þ λ̃0̄

Â
dÂ −

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
λ̃0
Â
S ¯̂A

P11

−

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
λ0
Â
S̃ ¯̂A

P11 −

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
λ0ȧðσ îÞȧ ÂS ¯̂A

Pî þ
ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
λ̃0aðσ îÞÂaS̃ĀPî: ð36Þ

From this expression, it is easy to see that

½½Q0; Z�; Z� ¼ 0; ð37Þ
and so the third term and all of the other ones in (32) (which were represented by …) vanish.
Therefore, we have arrived at the following result,

Q0 → λ0̇ad̃ȧ þ λ0
Â
d̃ ¯̂A

− λ̃0ada − λ̃0
Â
d ¯̂A

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ0̄
Â
SÂ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ̃0̄
Â
S̃Â; ð38Þ

where λ0ȧ and λ̃0a satisfy the relation λȧλȧ þ λ̃0aλ̃0a ¼ 0. If we define a spinor, Λα ¼ ½λÂ; λ ¯̂A; λȧ; λ̃a; λ̃Â; λ̃ ¯̂A� ¼
½λ0

Â
; 0; λ0̇a; λ̃

0
a; λ̃

0
Â
; 0�, the previous expression can be written as

Q0 → ΛαDα þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ0̄
Â
SÂ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
λ̃0̄
Â
S̃Â: ð39Þ

Furthermore, after using the quartet argument [11], it is clear that the Q0-cohomology is equivalent to the Q-cohomology,4

Q0 → Q ¼ ΛαDα; ð40Þ

where Λα is a pure spinor.

4That is, the states in theHilbert spacewill be independent of λ0̄
Â
,SÂ, λ̃

0̄
Â
, and S̃Â and their respective conjugatemomentaw0

Â
,S ¯̂A

, w̃0
Â
, and S̃ ¯̂A

.
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B. Group decomposition SOð9Þ → Uð1Þ × SOð7Þ
We will express SOð10; 1Þ spinors in terms of their SOð3; 1Þ × SOð7Þ components,

χα ¼
�
χ��0

χ��i

�
; ð41Þ

where i ¼ 1;…; 7. The notation� and the representation of the SOð10; 1Þ gamma matrices used here are explained in detail
in Appendix B. Using this notation, we can express the (anti)commutation relations studied above in the SOð3; 1Þ × SOð7Þ
language

fD−−0; D−þ0g ¼ 2
ffiffiffi
2

p
Pþ; fD−−0; Dþ−0g ¼ 2

ffiffiffi
2

p
P2þ3i; fD−−i; Dþþ0g ¼ −2Pi

fD−−i; D−þjg ¼ −2
ffiffiffi
2

p
Pþδij; fD−−i; Dþ−jg ¼ −2

ffiffiffi
2

p
P2þ3iδij; fDþþi; D−−0g ¼ 2Pi

fDþþ0; Dþ−0g ¼ 2
ffiffiffi
2

p
P−; fDþþ0; D−þ0g ¼ 2

ffiffiffi
2

p
P2−3i; fD−þi; Dþ−0g ¼ 2Pi

fDþþi; Dþ−jg ¼ −2
ffiffiffi
2

p
P−δij; fDþþi; D−þjg ¼ −2

ffiffiffi
2

p
P2−3iδij; fDþ−i; D−þ0g ¼ −2Pi ð42Þ

and also

fS−−0; S−þ0g ¼ −1

fS−−i; S−þjg ¼ δij; ð43Þ

and any other anticommutator vanishes. Under a certain subgroup Uð1Þ × SOð7Þ ⊂ SOð9Þ, the null spinor ðΓþΛ0ÞA will be
invariant up to rescaling. This subgroup is chosen in such a way that ðΓ2þ3iÞð−0ÞAðΓþΛ0ÞA ¼ ðΓjÞð−0ÞAðΓþΛ0ÞA ¼ 0, where
we have dropped out the minus sign associated to the first Uð1Þ charge, and j ¼ 1;…; 7.
The BRST operator Q0 can be expressed in terms of SOð3; 1Þ × SOð7Þ variables:

Q0 ¼ Λ0αDα þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
Pþ

p ½−ðΛ0Γ−ΓþSÞPþ þ ðΛ0Γ2−3iΓþSÞP2þ3i þ ðΛ0Γ2þ3iΓþSÞP2−3i þ ðΛ0ΓjΓþSÞPj�

¼ Λ0αDα −
2

ffiffiffiffiffiffi
Pþp
ffiffiffiffiffiffiffiffiffiffi
2

pp ðΛ0þ−0S−þ0 − Λ0þ−iS−þi þ Λ0þþ0S−−0 − Λ0þþiS−−iÞ

þ
ffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p

Pþ

s
ðΛ−þ0S−þ0ÞP2þ3i −

ffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p

Pþ

s
ðΛ−−jS−−jÞP2−3i −

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
ðΛ−−jS−þ0ÞPj

−

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
ðΛ−þ0S−−jÞPj: ð44Þ

After performing the following shifts,

S−−0 → S−−0 −

ffiffiffiffiffiffiffiffiffiffi
2

pp
2

ffiffiffiffiffiffi
Pþp D−−0 ð45Þ

S−þi → S−þi −

ffiffiffiffiffiffiffiffiffiffi
2

pp
2

ffiffiffiffiffiffi
Pþp D−þi; ð46Þ

the BRST operator will change by

Q0 → e−ZQ0eZ; ð47Þ

where Z ¼
ffiffiffiffiffiffiffi
2

pp
2
ffiffiffiffiffi
Pþp ðS−þ0D−−0 − S−−iD−þiÞ. The BCH formula (32) gives us the result

EQUIVALENCE OF THE 11D PURE SPINOR AND BRINK- … PHYS. REV. D 97, 066002 (2018)

066002-7



Q0 → Q0 þ ½Q0; Z� þ 1

2
½½Q0; Z�; Z� þ � � �

→ −Λ0þþ0D−−0 þ Λ0þþiD−−i þ Λ0−−0Dþþ0 − Λ0−−iDþþi − Λ0þ−0D−þ0 þ Λ0þ−iD−þi

þ Λ0−þ0Dþ−0 − Λ0−þiDþ−i −
2

ffiffiffiffiffiffi
Pþp
ffiffiffiffiffiffiffiffiffiffi
2

pp ðΛ0þ−0S−þ0 − Λ0þþiS−−i þ Λ0þþ0S−−0 − Λ0þ−iS−þiÞ

þ
ffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p

Pþ

s
ðΛ−þ0S−þ0ÞP2þ3i −

ffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p

Pþ

s
ðΛ−−jS−−jÞP2−3i

−

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
ðΛ−−jS−þ0ÞPj −

ffiffiffiffiffiffiffiffiffiffi
2

p

Pþ

s
ðΛ−þ0S−−jÞPj þ

ffiffiffiffiffiffiffiffiffiffi
2

pp
2

ffiffiffiffiffiffi
Pþp ½2

ffiffiffi
2

p
Λ0þ−0S−þ0Pþ

þ 2Λ0−−iS−þ0Pi − 2
ffiffiffi
2

p
Λ0−þ0S−þ0P2þ3i − 2

ffiffiffi
2

p
PþΛ0þþiS−−i þ 2

ffiffiffi
2

p
P2−3iΛ0−−iS−−i

þ 2Λ0−þ0S−−iPi� þ Λ0þþ0D−−0 − Λ0þ−iD−þi þ � � � ; ð48Þ

where the ellipsis represents 1
2!
½½Q0; Z�; Z� þ 1

3!
½½½Q0; Z�; Z�; Z� þ � � �. However, these terms vanish because ½½Q0; Z�; Z� ¼ 0,

as can be seen from Eq. (42). Thus, we are left with

Q0 →Λ0þþiD−−iþΛ0−−0Dþþ0−Λ0−−iDþþi−Λ0þ−0D−þ0þΛ0−þ0Dþ−0−Λ0−þiDþ−i−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
ðΛ0þþ0S−−0−Λ0þ−iS−þiÞ:

ð49Þ

If we define a spinor Λα¼½Λþþ0;Λþþi;Λ−−0;Λ−−i;Λþ−0;Λþ−i;Λ−þ0;Λ−þi�¼½0;Λ0þþi;Λ0−−0;Λ0−−i;Λ0þ−0;0;Λ0−þ0;Λ0−þi�
where Λ0ΓþΛ0 ¼ 0, the resulting BRST operator can be written as

Q0 → ΛαDα −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
Pþ

q
ðΛ0þþ0S−þ0 − Λ0þ−iS−−iÞ: ð50Þ

From this last expression, we can conclude that the space of
physical states will not depend on the canonical variables
S−þ0, S−−i, Λ0þþ0, and Λ0þ−i and their respective conjugate
momenta S−−0, S−þi, W0−−0, and W0−þi. Therefore, the
BRST operator takes the simple form

Q0 → Q ¼ ΛαDα; ð51Þ

where Λα is a D ¼ 11 pure spinor. In this way, we have
shown that the modified Brink-Schwarz-like superparticle
action (21) is equivalent to the theory described by the
manifestly Lorentz covariant action

S ¼
Z

dτ
�
ẊmPm −

1

2
PmPm þ Θ̇αPα þ Λ̇αWα

�
ð52Þ

and the BRST operator Q ¼ ΛαDα, where ΛΓmΛ ¼ 0. This
theory is the D ¼ 11 pure spinor superparticle.

IV. LIGHT-CONE ANALYSIS OF THE PURE
SPINOR COHOMOLOGY

In this section, it will be shown that the pure spinor
physical condition implies light-cone equations of motion
for D ¼ 11 linearized supergravity in D ¼ 9 superspace,

which coincide with those found in Ref. [7]. To see this, let
us write Q in SOð9Þ notation (see Appendix A),

Q ¼ ΛADA þ Λ̄AD̄A; ð53Þ

and define the operator

R ¼ PIN̄Iffiffiffi
2

p
Pþ ; ð54Þ

where I ¼ 1;…; 8; 11 and N̄I ¼ ΛAΓI
ABW̄

B. The corre-
sponding similarity transformation generated by this oper-
ator is

Q̃ ¼ e−RQeR

¼ Qþ ½Q;R� þ 1

2
½½Q;R�; R� þ � � �

¼ ΛADA þ Λ̄AD̄A þ iffiffiffi
2

p
Pþ PIðΛAΓI

ABD̄
BÞ

¼ ΛA

�
DA þ iffiffiffi

2
p

Pþ PIðΓID̄ÞA
�
þ Λ̄AD̄A

¼ ΛAGA þ Λ̄AD̄A; ð55Þ

where GA is defined by the relation
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GA ¼ DA þ iffiffiffi
2

p
Pþ PIðΓID̄ÞA

¼ DA þ 1ffiffiffi
2

p
Pþ Pîðγ9γ îD̄ÞA −

1ffiffiffi
2

p
Pþ P11D̄A; ð56Þ

where î is an SOð8Þ vector index. This object can be written
in the compact form

GA ¼ 1

2Pþ PmðΓþΓmDÞA: ð57Þ

It will be useful to keep in mind the following SOð9Þ
relations which can be deduced from (3) and (4),

fDA;DBg ¼ −2
ffiffiffi
2

p
δABP−

fD̄A; D̄Bg ¼ −2
ffiffiffi
2

p
δABPþ

fDA; D̄Bg ¼ 2½ðγ9γ îÞABPî − δABP11�
fD̄A; DBg ¼ 2½−ðγ9γ îÞABPî − δABP11�; ð58Þ

where DA and D̄A are given by

DA ¼ PA þ
ffiffiffi
2

p
iΘAP− − iðγ9γ îΘ̄ÞAPî þ iΘ̄AP11 ð59Þ

D̄A ¼ P̄A þ
ffiffiffi
2

p
iΘ̄APþ þ iðγ9γ îΘÞAPî þ iΘAP11 ð60Þ

or in a more compact form

DA ¼ PA þ
ffiffiffi
2

p
iΘAP− þ ΓI

ABΘ̄BPI ð61Þ
D̄A ¼ P̄A þ

ffiffiffi
2

p
iΘ̄APþ þ ΓI

ABΘBPI; ð62Þ

where ΓI
AB̄ ¼ ð−iðγ9γ îÞAB; iδABÞ, ΓI

ĀB ¼ ðiðγ9γ îÞAB; iδABÞ.
Using Eqs. (57) and (58), one can show that

fGA; D̄Bg ¼ 0 ð63Þ

fGA;GBg ¼
ffiffiffi
2

p

Pþ ðPmPmÞδAB: ð64Þ

Notice that the nilpotency of Q̃ no longer requires the
validity of the SOð9Þ pure spinor constraint ΛAΓI

ABΛ̄B ¼ 0

as can be seen from (63). A further similarity trans-
formation induced by the operator,

R̂ ¼ −
1ffiffiffi
2

p
Pþ ðΘAΓI

ABP̄
BÞPI; ð65Þ

will transform the operators D̄A, GA into

ˆ̄DA ¼ P̄A þ
ffiffiffi
2

p
iΘ̄APþ ð66Þ

ĜA ¼ PA −
iffiffiffi
2

p
Pþ ðPmPmÞΘA: ð67Þ

Hence, the pure spinor BRST operator will take the form

˜̃Q ¼ ΛAĜA þ Λ̄A ˆ̄DA: ð68Þ

The supersymmetry invariance of this operator follows

from the supersymmetry invariance of ĜA and
ˆ̄DA under the

operators

ˆ̄QA ¼ P̄A −
ffiffiffi
2

p
iΘ̄APþ ð69Þ

Q̂A ¼ PA þ iffiffiffi
2

p
Pþ ðPmPmÞΘA −

iffiffiffi
2

p
Pþ PIΓI

AD
ˆ̄QD; ð70Þ

which are the R̃-transformed versions of the supersym-
metry generators

QA ¼ PA −
ffiffiffi
2

p
iP−ΘA þ iðγ9γ îΘ̄ÞAPî − iΘ̄AP11 ð71Þ

Q̄A ¼ P̄A −
ffiffiffi
2

p
iPþΘ̄A − ðγ9γ îΘÞAPî − iΘAP11: ð72Þ

A. Light-cone equations of motion

The physical fields are contained in the ghost-number 3
superfield V ¼ ΛαΛβΛσCαβσ [5]. This superfield can be
written in SOð9Þ notation as

V ¼ ΛAΛBΛCCðþAÞðþBÞðþCÞ þ 3Λ̄AΛBΛCCð−AÞðþBÞðþCÞ

þ 3Λ̄AΛ̄BΛCCð−AÞð−BÞðþCÞ þ Λ̄AΛ̄BΛ̄CCð−AÞð−BÞð−CÞ;

ð73Þ

where the signs � come from the splitting
SOð10; 1Þ → SOð1; 1Þ × SOð9Þ. The use of the gauge

transformation δV ¼ ˜̃QΩ, with Ω being an arbitrary
ghost-number 2 superfield, allows us to cancel out the last
three terms in (73),

˜̃QΩ ¼ ΛAΛBΛCĜAΩðþBÞðþCÞ þ 2ΛAΛ̄BΛCĜAΩð−BÞðþCÞ

þ ΛAΛ̄BΛ̄CĜAΩð−BÞð−CÞ þ Λ̄AΛBΛC ˆ̄DAΩðþBÞðþCÞ

þ 2Λ̄AΛ̄BΛC ˆ̄DAΩð−BÞðþCÞ þ Λ̄AΛ̄BΛ̄C ˆ̄DAΩð−BÞð−CÞ;

after conveniently choosing Ωð−BÞð−CÞ, ΩðþBÞð−CÞ,
ΩðþBÞðþCÞ. Therefore, we are left with

V ¼ ΛAΛBΛCCABC; ð74Þ

where we have dropped the SOð1; 1Þ index for conven-

ience. The ˜̃Q-closedness condition for V implies the
following equations for CBCD,

ˆ̄DACBCD ¼ ðΓJÞAðBCjJjCDÞ þ δðBCχDÞA ð75Þ

ĜACBCD ¼ δðABξCDÞ þ ðΓJKÞAðBCjJKjCDÞ

þ ðΓJKLÞAðBCjJKLjCDÞ; ð76Þ
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where χDA, ξCD, CJCD, CJKCD, and CJKLCD are SOð9Þ
p-form bispinors. Each of these possesses a certain
symmetry determined by (75) and (76). To find the physical
spectrum and the corresponding equations of motion, we
should solve these equations subject to the constraints

f ˆ̄DA;
ˆ̄DBg ¼ −2

ffiffiffi
2

p
PþδAB ð77Þ

fĜA; ĜBg ¼
ffiffiffi
2

p

Pþ ðPmPmÞδAB: ð78Þ

Away to solve this constrained system of equations is the
following. Let us choose the only nonzero component of
the spinor ΛA to be Λþ0. This choice will imply
Λ̄−i ¼ Λ̄þ0 ¼ 0, where i is the usual SOð7Þ vector index.
With these constraints, the only ˆ̄DA that act nontrivially on

Cðþ0Þðþ0Þðþ0Þ are ˆ̄D−i and
ˆ̄Dþ0. Therefore, we will have 28

states in Cðþ0Þðþ0Þðþ0Þ: 128 bosonic and 128 fermionic
states. The other components of CABC can be shown to be
related to Cðþ0Þðþ0Þðþ0Þ by SOð9Þ rotations (see
Appendix C) given by the operator

RIJ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8

ffiffiffi
2

p
Pþ

p ð ˆ̄DΓIJ ˆ̄DÞ ð79Þ

which satisfies the algebra

½RIJ; RKL� ¼ ηIKRJL − ηJKRIL − ηILRJK þ ηJLRIK: ð80Þ
The 128 fermionic states can be adequately represented by
the lowest order term in f̃JD,

CBCD ¼ ðΓJÞðBCf̃jJjDÞ; ð81Þ

where f̃JD is Γ traceless. The 128 bosonic states can be
accommodated in the SOð9Þ traceless symmetric tensor gJK
and the 3-form HLMN . Therefore, we can write

CJCD ¼ aðΓKÞCDgJK þ bðΓJKLMÞCDHKLM: ð82Þ
After replacing (81) and (82) in (75), one obtains

ΓJ
ðBCD̄jAf̃JjDÞ ¼ aðΓKÞAðBðΓJÞCDÞgJK

þ bðΓJÞAðBðΓJKLMÞCDÞHKLM

þ 2b
3
δðBCðΓKLMÞDÞAHKLM: ð83Þ

Next, we use the SOð9Þ Fierz identities

δðBCðΓKLMÞDÞA ¼ 3ðΓ½KÞðBCðΓLM�ÞDÞA
þ ðΓJÞðBCðΓJKLMÞDÞA ð84Þ

ðΓJKLMÞðBCðΓJÞDÞA ¼ −ðΓJÞðBCðΓJKLMÞDÞA; ð85Þ
which can be found by using the Mathematica package
GAMMA [12], to obtain

ΓJ
ðBCD̄jAf̃JjDÞ ¼ aðΓJÞðBCðΓKÞDÞAgJK

þ 2bðΓJÞðBCðΓLMÞDÞAHJLM

−
b
3
ðΓJÞðBCðΓJKLMÞDÞAHKLM; ð86Þ

which implies

ˆ̄DAf̃JD ¼ aðΓKÞADgJK − 2bðΓLMÞADHJLM

−
b
3
ðΓJKLMÞADHKLM; ð87Þ

where the constants a and b will be determined from

supersymmetry. To do this, we should know how ˆ̄DA acts
on gJK and HKLM. An educated guess based on linearity
and symmetry properties is

ˆ̄DAgJK ¼ −2
ffiffiffi
2

p
Pþ½ðΓJÞAEf̃KE þ ðΓKÞAEf̃JE� ð88Þ

ˆ̄DAHKLM ¼ −2
ffiffiffi
2

p
Pþ½ðΓKLÞAEf̃ME − ðΓKMÞAEf̃LE

þ ðΓLMÞAEf̃KE �; ð89Þ

where the factor −2
ffiffiffi
2

p
Pþ was chosen for convenience.

These equations of motion should satisfy the supersym-
metry algebra (77). This requirement fixes the values of a
and b to be a ¼ 1

4
and b ¼ 1

72
. Therefore, the whole set of

light-cone equations of motion is

ˆ̄DAgJK ¼ −2
ffiffiffi
2

p
Pþ½ðΓJÞAEf̃KE þ ðΓKÞAEf̃JE� ð90Þ

ˆ̄DAf̃JD ¼ 1

4
ðΓKÞADgJK þ 1

72
½ðΓJKLMÞAD

þ 6ηJKðΓLMÞAD�HKLM ð91Þ
ˆ̄DAHKLM ¼ −2

ffiffiffi
2

p
Pþ½ðΓKLÞAEf̃ME − ðΓKMÞAEf̃LE

þ ðΓLMÞAEf̃KE �: ð92Þ

These expressions are the same equations of motion
obtained for D ¼ 11 linearized supergravity from the
light-cone D ¼ 11 Brink-Schwarz-like superparticle [7].
The mass-shell condition can be obtained from (78) after

using the tracelessness condition for CBCD, which is
necessary to have a nontrivial vertex operator V. This
condition gives rise to the equation

ĜACBCD þ ĜBCACD þ ĜCCABD þ ĜDCABC ¼ 0; ð93Þ

which has a solution only if ĜACBCD ¼ 0. This result,
together with (78), implies that kmkm ¼ 0, where km is the
momentum. Consequently, CBCD depends only on Θ̄,
CBCD ¼ CBCDðΘ̄Þ. To obtain the pure spinor vertex oper-
ator in the Q-cohomology, one just performs the similarity
transformation generated by −ðRþ R̂Þ. The result is

MAX GUILLEN PHYS. REV. D 97, 066002 (2018)

066002-10



V ¼ Vð ˆ̄ΘÞeik:X; ð94Þ

where ˆ̄ΘA ¼ Θ̄A − iffiffi
2

p
Pþ ΘBðΓIÞABkI .

V. REMARKS

The equivalence of cohomologies for the D ¼ 11 Brink-
Schwarz-like superparticle and the D ¼ 11 pure spinor
superparticle is strong evidence that the two models
describe the same physical theory. Our method to demon-
strate the equivalence uses ideas that were applied pre-
viously to the D ¼ 10 case [e.g., the group decomposition
SOð10; 1Þ → SOð1; 1Þ × SOð9Þ] and introduces a para-
metrization of D ¼ 11 objects [the group decomposition
SOð10; 1Þ → SOð3; 1Þ × SOð7Þ], which was useful for
analyzing the light-cone pure spinor cohomology.
The equations of motion in D ¼ 9 superspace found in

this paper, by studying the light-cone pure spinor coho-
mology, match the light-cone equations of motion pre-
sented in Ref. [7]. We conclude that theD ¼ 11 pure spinor
superparticle is a good model to study D ¼ 11 linearized
supergravity in a manifestly covariant way.
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APPENDIX A: Γ-MATRICES OF SOð10;1Þ
We will denote SOð10; 1Þ vector indices by m; n;… and

SOð9; 1Þ vector indices by m̂; n̂;…. In addition, we will
denote SOð10; 1Þ spinor indices by α; β;… and SOð9; 1Þ
spinor indices byμ; ν;…. As usual, we add a newmatrix,Γ10,
to the set of SOð9; 1Þ gamma matrices fΓm̂g, which is
numerically equal to the chirality matrixΓð9;1Þ inD ¼ ð9; 1Þ:

Γ10 ¼ Γð9;1Þ ¼
�
I16×16 0

0 −I16×16

�
: ðA1Þ

This matrix satisfies the properties fΓm;Γ10g ¼ 0, for
m ¼ 0;…; 9, and ðΓ10Þ2 ¼ 1. The chirality matrix Γ inD ¼
ð10; 1Þ is given by

Γ ¼ Γ0Γ1…Γ9Γ10 ¼ Γð9;1ÞΓ10 ¼ ðΓ10Þ2 ¼ 1; ðA2Þ
which reflects the fact that we do not have Weyl (anti-Weyl)
spinors in this case.However, we can haveMajorana spinors.
It is easy to see that C ¼ Γ0 satisfies the definition of the
charge conjugation matrix5 CΓm ¼ −ðΓmÞTC. For two
Majorana spinors Θ and Ψ, we have Θ̄ΓmΨ ¼ ΘTCΓmΨ.
This result can be viewed in terms of SOð9; 1Þ components,

ΘTCΓmΨ ¼ ðΘμ Θμ Þ
�
γm̂μν 0

0 −ðγm̂Þμν
�
ðΨν Ψν Þ;

ðA3Þ

ΘTCΓ10Ψ ¼ ðΘμ Θμ Þ
�

0 −1
−1 0

�
ðΨν Ψν Þ; ðA4Þ

where m ¼ 0;…; 9 and γm̂μν, and ðγm̂Þμν are the SOð9; 1Þ
γ-matrices. It is useful to mention that the index structure of
the charge conjugationmatrix isCαβ. So, theΓ-matrices have
index structure ðΓmÞαβ, and when they are multiplied by the
charge conjugation matrix (or its inverse), we obtain the
corresponding matrices ðΓmÞαβ and ðΓmÞαβ.
Next, we will show explicitly the form of the gamma

matrices. For D ¼ ð9; 1Þ, we have

ðγ0Þαβ¼
�
18×8 0

0 18×8

�
; ðγ0Þαβ¼

�−18×8 0

0 −18×8

�

ðγ9Þαβ¼
�
18×8 0

0 −18×8

�
; ðγ9Þαβ¼

�
18×8 0

0 −18×8

�

ðγ îÞαβ¼
�

0 σ îaȧ

σ î
ḃb

0

�
; ðγ îÞαβ¼

�
0 σ îaȧ

σ î
ḃb

0

�

ðγþÞαβ¼
� ffiffiffi

2
p

8×8 0

0 0

�
; ðγþÞαβ¼

�
0 0

0 −
ffiffiffi
2

p
8×8

�

ðγ−Þαβ¼
�
0 0

0
ffiffiffi
2

p
8×8

�
; ðγ−Þαβ¼

�
−

ffiffiffi
2

p
8×8 0

0 0

�
; ðA5Þ

where each entry is an 8 × 8 matrix and î is a SOð8Þ vector
index. The matrices γ� are defined by

γ� ¼ 1ffiffiffi
2

p ðγ0 � γ9Þ:

The σ î-matrices are defined by

σ1aȧ ¼ ϵ ⊗ ϵ ⊗ ϵ σ5aȧ ¼ τ3 ⊗ ϵ ⊗ 1

σ2aȧ ¼ 1 ⊗ τ1 ⊗ ϵ σ6aȧ ¼ ϵ ⊗ 1 ⊗ τ1

σ3aȧ ¼ 1 ⊗ τ3 ⊗ ϵ σ7aȧ ¼ ϵ ⊗ 1 ⊗ τ3

σ4aȧ ¼ τ1 ⊗ ϵ ⊗ 1 σ8aȧ ¼ 1 ⊗ 1 ⊗ 1;

where ϵ ¼ iτ2 and τ1, τ2, and τ3 are the usual Pauli
matrices. The σ îȧa are symmetric (σ îȧa ¼ ðσ îaȧÞT) and satisfy
the following relations:

5We know that for D ¼ ð9; 1Þ, Cð9;1Þ ¼ Γ0 is the charge
conjugation matrix, so we just need to show that C ¼ Γ0 obeys
CΓ10 ¼ −ðΓ10ÞTC, which is trivial since Γ10 is symmetric and
fΓ10;Γ0g ¼ 0.
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σ îaȧσ
ĵ
ȧb þ σĵaȧσ

î
ȧb ¼ 2δî ĵδab σ îȧaσ

ĵ
aḃ

þ σ ĵȧaσ
î
aḃ

¼ 2δî ĵδȧ ḃ σ îȧbσ
î
aċ þ σ îȧaσ

î
bċ ¼ 2δabδȧ ċ:

Similarly, for D ¼ ð10; 1Þ, we have

ðΓîÞαβ ¼
�
−iγ îAB O

O iγ îAB

�
; ðΓîÞαβ ¼

�
iγ îAB O

O −iγ îAB

�

ðΓ11Þαβ ¼
�
O −i
−i O

�
; ðΓ11Þαβ ¼

�
O i

i O

�

ðΓþÞαβ ¼

0
BBB@
�
−

ffiffiffi
2

p
i 0

0 0

�
O

O

�
0 0

0 −
ffiffiffi
2

p
i

�
1
CCCA; ðΓþÞαβ ¼

0
BBB@
�
0 0

0 −
ffiffiffi
2

p
i

�
O

O

�
−

ffiffiffi
2

p
i 0

0 0

�
1
CCCA

ðΓ−Þαβ ¼

0
BBB@
�
0 0

0 −
ffiffiffi
2

p
i

�
O

O

�
−

ffiffiffi
2

p
i 0

0 0

�
1
CCCA; ðΓ−Þαβ ¼

0
BBB@
�
−

ffiffiffi
2

p
i 0

0 0

�
O

O

�
0 0

0 −
ffiffiffi
2

p
i

�
1
CCCA; ðA6Þ

where A and B are SOð9Þ spinor indices. Notice that each Γ-matrix is 32 × 32.

To construct the above representation of the Γ-matrices,
we used a basis convenient for dealing with SOð8Þ objects.
Hence, an arbitraryD ¼ 11 spinor χα is written in this basis
as

χα ¼

0
BBB@

χa

χȧ

χ̄a

χ̄ȧ

1
CCCA: ðA7Þ

This was the convention used in (26). This is useful when
SOð8Þ objects are needed, as in Sec. III. However, when
analyzing the light-cone structure of the pure spinor
cohomology and vertex operators, we need to deal with
SOð9Þ objects. So, we define the following change of basis
matrix,

Mcbm ¼

0
BBB@

0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

1
CCCA; ðA8Þ

where each entry represents an 8 × 8 matrix. Using this
matrix, we find the corresponding Γ-matrices in this new
basis,

ðΓîÞαβ ¼ i

�
O ðγ9γ îÞAB

−ðγ9γ îÞAB O

�
;

ðΓîÞαβ ¼ i

�
O −ðγ9γ îÞAB

ðγ9γ îÞAB O

�

ðΓ11Þαβ ¼ −i
�

O IAB

IAB O

�
; ðΓ11Þαβ ¼ i

�
O IAB
IAB O

�

ðΓþÞαβ ¼
�
O O

O −
ffiffiffi
2

p
i

�
; ðΓþÞαβ ¼

�
−

ffiffiffi
2

p
i O

O O

�

ðΓ−Þαβ ¼
�
−

ffiffiffi
2

p
i O

O O

�
; ðΓ−Þαβ ¼

�
O O

O −
ffiffiffi
2

p
i

�
;

ðA9Þ
where IAB is the SOð9Þ identity matrix, A and B are SOð9Þ
spinor indices, and î ¼ 1;…; 8. Each entry in the above
matrices is 16 × 16.

APPENDIX B: SOð10;1Þ → SOð3;1Þ × SOð7Þ
Here, we will explain the � notation and construct

explicitly a different representation for theSOð10; 1Þ gamma
matrices. Let us define the raising and lowering Γ-matrices:

Γ�0þ1 ¼ 1

2
ð�Γ0 þ Γ1Þ ðB1Þ

Γ2�3i ¼ 1

2
ðΓ2 � iΓ3Þ: ðB2Þ
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These Γ�-matrices act on an arbitrary spinor χ as follows:

Γ0þ1j −þai ¼ j þ þai; Γ3þ4ij − −ai ¼ −j −þai; Γjj þ þ0i ¼ j þ þji
Γ0þ1j − −ai ¼ j þ −ai; Γ3þ4ij þ −ai ¼ j þ þai; Γjj þ þji ¼ j þ þ0i

Γ−0þ1j þ þai ¼ j −þai; Γ3−4ij −þai ¼ −j −þai; Γjj −þ0i ¼ −j −þji
Γ−0þ1j þ −ai ¼ j − −ai; Γ3−4ij þ þai ¼ j þ −ai; Γjj −þji ¼ −j −þ0i

Γjj − −0i ¼ j − −ji; Γjj − −ji ¼ j − −0i; Γjj þ −0i ¼ −j þ −ji
Γjj þ −ji ¼ −j þ −0i; ðB3Þ

and anyother relationvanishes. In these formulas,wehavemade the identification j � �ai ¼ χ��awitha ¼ 0; i. It is clear that
these relations are consistent with the SOð10; 1Þ Clifford algebra. With these rules, one can construct the respective
representation

ðΓ0þ1Þαβ ¼

0
BBB@

0 0 0 1

0 0 0 0

0 1 0 0

0 0 0 0

1
CCCA; ðΓ−0þ1Þαβ ¼

0
BBB@

0 0 0 0

0 0 1 0

0 0 0 0

1 0 0 0

1
CCCA: ðB4Þ

Here and throughout this Appendix, each entry will represent an 8 × 8 matrix unless otherwise stated. Now, it is easy to
calculate the explicit form of the matrices ðΓ0Þαβ and ðΓ1Þαβ:

ðΓ0Þαβ ¼

0
BBB@

0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0

1
CCCA; ðΓ1Þαβ ¼

0
BBB@

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

1
CCCA: ðB5Þ

Similarly, we find

ðΓ2þ3iÞαβ ¼

0
BBB@
0 0 1 0

0 0 0 0

0 0 0 0

0 −1 0 0

1
CCCA ðΓ2−3iÞαβ ¼

0
BBB@
0 0 0 0

0 0 0 −1
1 0 0 0

0 0 0 0

1
CCCA ðΓ2Þαβ ¼

0
BBB@
0 0 1 0

0 0 0 −1
1 0 0 0

0 −1 0 0

1
CCCA ðΓ3Þαβ ¼

0
BBB@
0 0 −i 0

0 0 0 −i
i 0 0 0

0 i 0 0

1
CCCA: ðB6Þ

However, as alreadymentioned, there exists an antisymmetricmetric tensorCαβ inD ¼ 11dimensionswhich raises and lowers
indices. Let us define it as follows,

Cαβ ¼

0
BBB@

0 −B 0 0

B 0 0 0

0 0 0 −B
0 0 B 0

1
CCCA; ðC−1Þαβ ¼

0
BBB@

0 B 0 0

−B 0 0 0

0 0 0 B

0 0 −B 0

1
CCCA; ðB7Þ

whereB is a diagonal matrix with elements B00 ¼ 1,Bjj ¼ −1. To preserve the original Clifford algebra, we need to multiply
the matrices ðΓaÞαβ by i. Now, we can find the matrices ðΓmÞαβ, ðΓmÞαβ:

Γ−0þ1
αβ ¼

0
BBB@

0 0 −iB 0

0 0 0 0

−iB 0 0 0

0 0 0 0

1
CCCA; Γ0þ1

αβ ¼

0
BBB@

0 0 0 0

0 0 0 iB

0 0 0 0

0 iB 0 0

1
CCCA: ðB8Þ
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and so

Γ0
αβ ¼

0
BBB@

0 0 iB 0

0 0 0 iB

iB 0 0 0

0 iB 0 0

1
CCCA; Γ1

αβ ¼

0
BBB@

0 0 −iB 0

0 0 0 iB

−iB 0 0 ; 0

0 iB 0 0

1
CCCA: ðB9Þ

By using ðΓmÞαβ ¼ CαδCβλðΓmÞδλ, we find the matrices Γ0αβ and Γ1αβ:

Γ0αβ ¼

0
BBB@

0 B 0 0

−B 0 0 0

0 0 0 B

0 0 −B 0

1
CCCA
0
BBB@

0 0 iB 0

0 0 0 iB

iB 0 0 0

0 iB 0 0

1
CCCA
0
BBB@

0 −B 0 0

B 0 0 0

0 0 0 −B
0 0 B 0

1
CCCA ¼

0
BBB@

0 0 iB 0

0 0 0 iB

iB 0 0 0

0 iB 0 0

1
CCCA ðB10Þ

and

Γ1αβ ¼

0
BBB@

0 0 iB 0

0 0 0 −iB
iB 0 0 0

0 −iB 0 0

1
CCCA: ðB11Þ

Analogously, we can find the remaining matrices

ðΓ2þ3iÞαβ ¼

0
BBB@
0 0 0 0

0 0 iB 0

0 iB 0 0

0 0 0 0

1
CCCA; ðΓ2−3iÞαβ ¼

0
BBB@

0 0 0 iB

0 0 0 0

0 0 0 0

iB 0 0 0

1
CCCA

ðΓ2Þαβ ¼

0
BBB@

0 0 0 iB

0 0 iB 0

0 iB 0 0

iB 0 0 0

1
CCCA; ðΓ3Þαβ ¼

0
BBB@

0 0 0 −B
0 0 B 0

0 B 0 0

−B 0 0 0

1
CCCA

ðΓ2Þαβ ¼

0
BBB@

0 0 0 −iB
0 0 −iB 0

0 −iB 0 0

−iB 0 0 0

1
CCCA; ðΓ3Þαβ ¼

0
BBB@

0 0 0 −B
0 0 B 0

0 B 0 0

−B 0 0 0

1
CCCA

ðΓiÞαβ ¼

0
BBB@

0 −iBA 0 0

iBA 0 0 0

0 0 0 iBA

0 0 −iBA 0

1
CCCA; ðΓiÞαβ ¼

0
BBB@

0 iBA 0 0

−iBA 0 0 0

0 0 0 −iBA
0 0 iBA 0

1
CCCA; ðB12Þ

whereA is an8 × 8matrixwith nonvanishing elementsA0j ¼ Aj0 ¼ 1. All thesematrices are symmetric and satisfy the desired
property: Γm

αβΓn βλ þ Γn
αβΓm βλ ¼ 2ηmnδλα.
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Finally, the product of two spinors χαρα will be defined
as follows:

χαCαβρ
β ¼ −χþþ0ρ−−0 þ χþþiρ−−i þ χ−−0ρþþ0

− χ−−iρþþi − χþ−0ρ−þ0 þ χþ−iρ−þi

þ χ−þ0ρþ−0 − χ−þiρþ−i:

APPENDIX C: OCTONIONS AND
SOð7Þ ROTATIONS

In this Appendix, we will show that any component of
CBCD can be obtained from Cðþ0Þðþ0Þðþ0Þ by SOð9Þ rota-
tions. These rotations are defined by the operator

RIJ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8

ffiffiffi
2

p
Pþ

p ˆ̄DΓIJ ˆ̄D; ðC1Þ

which satisfy the algebra

½RIJ; RKL� ¼ ηIKRJL − ηJKRIL − ηILRJK þ ηJLRIK: ðC2Þ

Therefore, we can use this operator to rotate the ground
state Cðþ0Þðþ0Þðþ0Þ. To do this, let us first write the trans-
formation rule for a general CBCD being acted on by RIJ:

RIJCBCD ¼ 1ffiffiffi
2

p ðΓIJÞBECECD þ 1ffiffiffi
2

p ðΓIJÞCECBED

þ 1ffiffiffi
2

p ðΓIJÞDECBCE: ðC3Þ

As explained above, only ˆ̄D−i and
ˆ̄Dþ0 will act nontrivially

on Cðþ0Þðþ0Þðþ0Þ. Thus, we have

ðΓijÞðþkÞð−0Þ
ˆ̄D−k

ˆ̄Dþ0Cðþ0Þðþ0Þðþ0Þ ∝ ðΓijÞðþ0ÞECEðþ0Þðþ0Þ:

ðC4Þ

To solve this equation, we recall the notion of octon-
ions [13].
The octonion mutiplication table can be written in the

form

eiej ¼ −δij þ ϵijkek; ðC5Þ

which is equivalent to

eiej ¼ δij − iϵijkek; ðC6Þ

where ϵijk is a totally antisymmetric tensor with value þ1
when ðijkÞ ¼ ð123Þ, (145), (176), (246), (257), (347),

(365). Now, we can identify these octonions as the gamma
matrices of the SOð7Þ Clifford algebra:

ΓiΓj ¼ δij − iϵijkΓk: ðC7Þ

This equation can be thought of as the seven-dimensional
generalization of the three-dimensional case

τiτj ¼ δij þ ieijkτk; ðC8Þ

where τi are the ordinary Pauli matrices.
Coming back to Eq. (C4) and applying the octonion

identity, we obtain

ðΓijÞðþkÞð−0Þ
ˆ̄D−k

ˆ̄Dþ0Cðþ0Þðþ0Þðþ0Þ ∝ ðΓijÞðþ0ÞECEðþ0Þðþ0Þ

ϵijk ˆ̄D−k
ˆ̄Dþ0Cðþ0Þðþ0Þðþ0Þ ∝ ϵijkCðþkÞðþ0Þðþ0Þ:

ðC9Þ

Therefore, we have obtained the state CðþiÞðþ0Þðþ0Þ. By
acting with R−k on Cðþ0Þðþ0Þðþ0Þ, we obtain the state
Cð−iÞðþ0Þðþ0Þ:

ðΓ−kÞðþiÞðþjÞ
ˆ̄D−i

ˆ̄D−jCðþ0Þðþ0Þðþ0Þ ∝ ðΓ−kÞðþ0ÞECEðþ0Þðþ0Þ

ϵkij ˆ̄D−i
ˆ̄D−jCðþ0Þðþ0Þðþ0Þ ∝ δklCð−lÞðþ0Þðþ0Þ:

ðC10Þ

In this way, one can obtain all states contained in CABC.
The Table I shows explicitly how this is done. For brevity,
we include only one way to obtain each state. The centered
points (� � �) means that all states corresponding to an initial
state have been already obtained from other initial states.
Finally, since CABC is completely symmetric, states related
by symmetry to states on the table need not be included.

TABLE I. States produced by the rotation operator RIJ.

Initial state
States produced

by Rij
States produced

by R−k

Cðþ0Þðþ0Þðþ0Þ CðþkÞðþ0Þðþ0Þ Cð−kÞðþ0Þðþ0Þ
CðþkÞðþ0Þðþ0Þ CðþkÞðþlÞðþ0Þ Cð−0Þðþ0Þðþ0Þ, CðþlÞð−jÞðþ0Þ
CðþkÞðþlÞðþ0Þ CðþkÞðþlÞðþrÞ CðþkÞð−0Þðþ0Þ, CðþkÞðþlÞð−rÞ
Cð−0Þðþ0Þðþ0Þ � � � Cð−0Þð−kÞðþ0Þ
CðþlÞð−kÞðþ0Þ Cð−jÞð−rÞðþ0Þ CðþlÞð−rÞð−kÞ
CðþlÞðþkÞðþrÞ � � � Cð−0ÞðþlÞðþrÞ
CðþkÞð−0Þðþ0Þ � � � Cð−0Þð−0Þðþ0Þ, CðþkÞð−0Þð−rÞ
Cð−0Þð−kÞðþ0Þ � � � Cð−0Þð−kÞð−rÞ
Cð−kÞð−rÞðþ0Þ � � � Cð−kÞð−rÞð−tÞ
Cð−0ÞðþlÞðþrÞ � � � Cð−0Þð−0ÞðþrÞ
Cð−0Þð−0Þðþ0Þ � � � Cð−0Þð−0Þð−rÞ
Cð−0Þð−0ÞðþrÞ � � � Cð−0Þð−0Þð−0Þ
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