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Decay of the de Sitter vacuum

Paul R. Anderson,"” Emil Mottola,”" and Dillon H. Sanders'
1Department of Physics, Wake Forest University, Winston-Salem, North Carolina 27109, USA
*Theoretical Division, T-2, MS B285 Los Alamos National Laboratory,
Los Alamos, New Mexico 87545, USA

® (Received 12 December 2017; published 27 March 2018)

The decay rate of the Bunch-Davies state of a massive scalar field in the expanding flat spatial sections of
de Sitter space is determined by an analysis of the particle pair creation process in real time. The Feynman
definition of particle and antiparticle Fourier mode solutions of the scalar wave equation and their adiabatic
phase analytically continued to the complexified time domain show conclusively that the Bunch-Davies
state is not the vacuum state at late times. The closely analogous creation of charged particle pairs in a
uniform electric field is reviewed and Schwinger’s result for the vacuum decay rate is recovered by this
same real time analysis. The vacuum decay rate in each case is also calculated by switching the background
field on adiabatically, allowing it to act for a very long time, and then adiabatically switching it off again.
In both the uniform electric field and de Sitter cases, the particles created while the field is switched on are
verified to be real, in the sense that they persist in the final asymptotic flat zero-field region. In the de Sitter
case, there is an interesting residual dependence of the rate on how the de Sitter phase is ended, indicating a
greater sensitivity to spatial boundary conditions. The electric current of the created particles in the E-field
case and their energy density and pressure in the de Sitter case are also computed, and the magnitude of
their backreaction effects on the background field estimated. Possible consequences of the Hubble scale
instability of the de Sitter vacuum for cosmology, vacuum dark energy, and the cosmological “constant”

problem are discussed.
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I. INTRODUCTION

The vacuum state of quantum field theory (QFT) in flat
Minkowski space, with no external fields, is defined as the
eigenstate of the Hamiltonian with the lowest eigenvalue.
The existence of a Hamiltonian generator of time transla-
tional symmetry, with a non-negative spectrum, bounded
from below is crucial to the existence and determination of
the vacuum ground state, containing no particle excitations.
Particle states are defined then by solutions of relativistic
wave equations forming irreducible representations of the
Poincaré group. The vacuum state is invariant under
translations, rotations, and Lorentz boosts, and the corre-
lation functions built upon this vacuum state enjoy com-
plete invariance under Poincaré symmetry.

As is well known, these properties do not hold in a
general curved spacetime, in time-dependent external
background fields, nor even for a free QFT in flat spacetime
under general coordinate transformations that are not
Poincaré symmetries. In these cases the Hamiltonian
becomes time dependent or no Hamiltonian bounded from
below exists at all, and the concepts of “vacuum” or
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“particles” become much more subtle. In situations when
the background has a high degree of symmetry, such as de
Sitter spacetime, it has been customary to avoid the particle
concept altogether, and focus attention instead on the state
possessing the maximal symmetry of the background. In de
Sitter space, this maximal O(4,1) symmetric state for
massive fields is commonly known as the Bunch-Davies
state." The question of whether the Bunch-Davies state is
actually a “vacuum” state, or a stable state at all, has been
the subject of a number of investigations [3—6], although
with implications that appear to differ somewhat from each
other, even for free fields [7,8]. When self-interactions are
considered, additional differences between the various
approaches arise [9-19]. At yet another level are the
potential effects of graviton loops, when higher order
gravitational interactions are considered [20].

In view of the central role the Bunch-Davies state plays
in cosmological models of inflation and the origin of
fluctuations that give rise to anisotropies in the Universe
[21], as well as the importance of de Sitter vacuum
instability to the fundamental issue of vacuum energy in

'"The state was first investigated by several authors [1,2] and
might also be called the Chernikov-Tagirov-Bunch-Davies
(CTBD) state.
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cosmology and the cosmological constant problem [22-24],
it is essential that the physical basis of the QFT vacuum in
de Sitter space be clearly established. Reconciling the
various approaches to vacuum energy in cosmology when
the technical issues which arise in the cases that interactions,
light fields, or graviton loops are considered, is bound to be
more difficult if de Sitter vacuum decay in the simplest and
best controlled case of a massive scalar free field is not first
fully clarified.

To this end, in this paper we discuss in detail the close
correspondence between QFT in de Sitter spacetime and in
the nongravitational background of a constant, uniform
electric field [5], which provides important guidance for the
de Sitter case. Both backgrounds have a high degree of
symmetry, which permit exact solutions and natural gen-
eralizations of concepts and QFT methods from the case of
a flat, zero-field background. Yet neither admit a conserved
Hamiltonian bounded from below and, in both cases,
particle creation occurs and vacuum decay is expected.

In the case of a constant, uniform electric field, the QFT
of charged matter, neglecting self-interactions, was con-
sidered by Schwinger in the covariant proper time repre-
sentation [25]. By this covariant heat kernel method, the
vacuum decay probability and decay rate in terms of the
imaginary part of the one-loop effective action is obtained,
defined by analytic continuation in the proper time variable.
Since the E-field spontaneously decays into particle/anti-
particle pairs, the vacuum is not the state of maximal
symmetry of the background (which is time reversal
symmetric), but instead the E-field initiates a nontrivial
time-dependent process, which almost certainly leads to a
state populated with particle/antiparticle excitations in
which the coherent mean electric field vanishes asymp-
totically at late times. The correspondence with the de Sitter
case suggests that cosmological vacuum energy should
similarly decay into particle/antiparticle pairs, eventually
leading to a state with small but nonzero slowly decaying
vacuum energy [3,24].

Schwinger’s proper time method makes no explicit
reference to particles, and its very elegance disguises
somewhat the physical definition of vacuum it entails.
Later studies of QFT in a constant E-field by canonical
quantization methods [26-30] revealed that the essential
ingredient is the m?> — m? — ie prescription where ¢ — 0%,
This is of course the same ie prescription defining the
causal propagator function in flat space QFT, which
Feynman obtained by identifying positive frequency sol-
utions of the wave equation as particles propagating
forward in time, and negative frequency solutions as the
corresponding antiparticles propagating backward in time
[31]. It is this physical condition that provides the math-
ematically precise definition of particle/antiparticle excita-
tions and fixes the vacuum state of relativistic QFT in real
time, which by continuity and the adiabatic theorem applies
also to background fields or weakly curved spacetimes.

The m? — ie rule in the Schwinger proper time approach
is specified by a single exponential describing a relativistic
particle worldline. Causality is enforced by the particle
always moving forward in its own proper time, whether the
external coordinate time ¢ does so or not. This observation,
first made by Stueckelberg [32], carries over unaltered
to curved spacetimes. The extension of the covariant
Schwinger heat kernel method to gravitational backgrounds
was developed extensively by DeWitt [33]. The causality
condition and m? analyticity it implies in the covariant
Schwinger-DeWitt formulation is mathematically equiva-
lent to the requirement that ingoing particle modes as
t — —oo are analytic in the upper half complex m? plane,
while the corresponding outgoing modes as ¢ — +oo are
analytic in the lower half complex m” plane [34,35].
Antiparticle modes are the complex conjugate solutions
of the wave equation in which the analyticity requirements
in the upper/lower m? plane are reversed. It is not difficult
to see that the definition of the corresponding |0,in) and
0, out) vacuum states, and the in-out effective action they
imply, leads to a nontrivial Bogoliubov transformation
between the |0, in) and |0, out) states, particle pair creation,
and a vacuum decay rate for de Sitter space analogous to
that of the uniform E-field [3,5].

In the canonical description in terms of Fock space
creation and destruction operators, pair creation manifests
as a nontrivial Bogoliubov transformation between the
positive/negative frequency operators as ¢ — —oco, which
define the |0,in) vacuum, relative to the corresponding
positive/negative frequency operators as t — +oco which
define the |0, out) vacuum. The overlap probability

(0, out

0,in)[} 7 = exp{=VTT} = exp{—2VTImL s}
(L1)

behaves exponentially in the spatial volume V and time T
that the background field is applied, with I = 2ImL
twice the imaginary part of the effective Lagrangian density
L found by the Schwinger proper time approach. To be
meaningful, the four-volume factor V4, = VT must be
removed from (1.1). For persistent symmetric backgrounds
L is independent of the spacetime coordinates x and .
Then T is the constant decay rate of the |0, in) vacuum per
unit volume per unit time due to steady spontaneous
creation of particle/antiparticle pairs by the fixed classical
(E or de Sitter) background field, under the assumption that
the space and time dependence of the background and any
backreaction may be neglected at lowest order. Notice that
the effective action and the vacuum decay rate given by its
imaginary part in (1.1) are coordinate invariant quantities,
even though the space + time splitting, definition of positive/
negative frequency modes, Bogoliubov transformation, and
definition of particles are not. General coordinate invariance
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is manifest throughout only in the Schwinger-DeWitt world-
line proper time representation.

It is important also to realize that the imaginary part of
the one-loop effective Lagrangian ImL., and vacuum
decay rate I' cannot be obtained by reliance upon a
calculation in Euclidean time z = it, but instead requires
a definition of the vacuum consistent with causality in real
time. Indeed, since the electric field is the F'j, component of
the field strength tensor, a Euclidean calculation with E; =

Fjy — iFj, in this case would be tantamount to treating it

as a constant magnetic field background B; = %ei kF jk for
which the quantum Hamiltonian is bounded from below,
particle trajectories are circular rather than hyperbolic, no
particle creation at all occurs, and the vacuum is stable, all
of which is completely different physics than the E-field
background in real time. Including particle self-interactions
does not change these fundamental differences between
backgrounds for which the Lorentz invariant quantity
B? — E? has opposite signs. An interacting QFT built
upon the B-field vacuum with Euclidean time correlation
functions is therefore necessarily physically inequivalent to
the E-field in real time, completely missing the particle pair
creation and vacuum decay rate contained in (1.1), even at
lowest zeroth order in the self-interactions.

At the particle worldline level, the vacuum decay is
typified by hyperbolic trajectories of the constant accel-
eration of particles in a constant electric field, in contrast to
the closed circular orbits in the corresponding Euclidean
constant magnetic field, which does possess a stable QFT
vacuum. The hyperbolic trajectories of freely falling test
particles in de Sitter space, drawn away from each other by
the de Sitter expansion, are similarly clearly different
qualitatively from the closed circular trajectories of test
particles on the compact Euclidean S* manifold. Since
analytic continuation of propagators to the Euclidean S$*
manifold enforces boundary conditions whose semiclass-
ical limit is precisely these closed circular trajectories, it
defines a theory inequivalent to that on the Lorentzian de
Sitter manifold which requires quite different boundary
conditions at asymptotic early and late times ¢ —F oo.
These different boundary conditions lead to the instability
of the Bunch-Davies state to particle creation in real time.

This essential difference between specification of the
vacuum in real time and the postulate of Euclidean
analyticity is one of the root causes of the different results
and claims in the literature. The difference between the
m? — ie prescription vs Euclidean continuation is not
simply a difference of formalisms, but rather of enforcing
completely different physical requirements on the QFT
vacuum by different initial/final conditions in real time than
those imposed by regularity in the Euclidean time domain.
Although equivalent in flat Minkowski space, it turns out
that the m? — ie prescription required by causality is
mathematically inconsistent with Euclidean continuation

in background fields such as the E-field or de Sitter space,
and leads to physically different results.

Another way of seeing why the equivalence of Euclidean
continuation to the causal QFT vacuum in flat space fails to
hold in de Sitter space is in the qualitatively different
properties of representations of the Poincaré and de Sitter
symmetry groups. It is an important special property of
Minkowski spacetime that the subspaces of positive and
negative frequency solutions of the wave equation are
separately invariant under proper orthochronous Lorentz
transformations, so that the Stueckelberg-Feynman defi-
nition of vacuum is consistent with maximal Poincaré
symmetry. In contrast, there is no SO(4,1) invariant
decomposition of positive and negative frequency solutions
in de Sitter spacetime. Any such decomposition into
positive and negative frequency subspaces mixes under
SO(4,1) symmetry transformations, and transforms with
equivalent representations of the de Sitter group [36]. As a
result, there is no de Sitter invariant way to distinguish
particles from antiparticles, and no reason for the physical
Stueckelberg-Feynman definition of particle excitations or
vacuum to lead to a de Sitter invariant state. Indeed, on any
finite time slice, it does not.

Closely related to and following from analyticity require-
ments in m?, rather than a Euclidean postulate, is the fact
that the de Sitter/Feynman propagator G (x,x’) calculated
with in-out boundary conditions obeys the composition rule

/'2 dZﬁGF(xl,x)V”Gp(x,xz) = GF()C],X2) (12)

consistent with causality, where Z, is an arbitrary spacelike
Cauchy surface intermediate between x; and x,. This
composition rule again expresses the Stueckelberg-
Feynman prescription of particles moving forward in time,
antiparticles backward in time, and results from the
representation of Gy in terms of a single exponential in
worldline proper time in Schwinger’s method, rather than a
sum of exponentials of opposite sign. These single expo-
nentials combine simply and lead to the composition (1.2),
which is violated by the Euclidean Bunch-Davies propa-
gator [4]. In physical terms the Bunch-Davies state is best
understood not as a vacuum state at all, but as a particular
finely tuned phase coherent superposition of particle and
antiparticle modes [5].

In this paper we study the process of particle creation in
greater detail in real time, using the flat Poincaré spatial
slicing of de Sitter space most commonly considered in
cosmology. The m? analyticity properties of the complex
Fourier mode function solutions of the scalar wave equa-
tion (2.2) defining particle and antiparticle waves according
to the Feynman description lead directly to consideration of
the adiabatic phase integral (2.9), and the concept of
adiabatic particle creation [37—40]. The analytic extension
of the adiabatic phase to the complex time domain allows
for a determination of the time f.., (k) at which each
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Fourier mode labeled by k most probably experiences a
particle creation event. Determination of 7., (K) relates
the interval of time during which the external (E-field or de
Sitter) field is applied to the range of Fourier modes
contributing to the decay rate (2.23), allowing for the
infinite four-volume factor V, to be removed, thereby
determining the finite rate I" and prefactor in (2.24)
unambiguously for persistent background fields.

We also consider the vacuum decay rate I obtained by
adiabatically turning the electric or expanding de Sitter
background field on and then off again, after the lapse of a
long but finite time 7. In this approach there can be no
ambiguity of initial and final vacuum states, since the
geometry at both early (+ » —o0) and late (# - +o0) times
is Minkowski flat space with zero background field. Both
approaches remove the somewhat unsatisfactory feature of
previous constant E-field or de Sitter background calcu-
lations, in which a formal divergence in the integral over
modes must be cut off by an appeal to the finite “window”
of modes undergoing particle creation in a finite time 7 in
the constant background [5,26-28]. When the two
approaches are applicable they would be expected to yield
the same result, and they do for the E-field background.
However, in the de Sitter case the second method reveals a
possibly unexpected sensitivity to the details of how the de
Sitter expansion is ended, which suggests sensitivity to
infrared spatial boundary conditions and correlations over
superhorizon scales that may have important implications
for cosmology.

The outline of the paper is as follows. The next section
reviews the general framework of particle creation and
vacuum decay by means of the adiabatic phase and
nonuniformity of the adiabatic condition in persistent
background fields. Section III shows how the adiabatic
phase integral and its Stokes lines of constant real part in
the complex plane can be used to determine the time .,
of a particle creation event, which, when applied to the
case of a constant, uniform electric field, reproduces
Schwinger’s result for the vacuum decay of the E-field.
In Sec. IV two time profiles of the uniform electric field for
which it is adiabatically turned on and off with a long
duration 7 in between where it is effectively constant are
used to compute the particle creation and decay rate in the
limit T — oo, again reproducing the Schwinger result. The
electric current is also computed for one profile and
shown to grow linearly with 7', so that the secular effects
of backreaction clearly must be taken into account for
persistent fields. In Sec. V, the same adiabatic phase
method is applied to a persistent de Sitter background in
the spatially flat Poincaré coordinates, and the particle
creation and finite decay rate of the Bunch-Davies state
determined. In Sec. VI we consider two time profiles for
which the de Sitter background is adiabatically turned on
and off with a long time duration in between, similar to the
E-field case. For one profile we evaluate the particle

creation and decay rate numerically in the limit of long
time duration. In Sec. VII an analytic estimate is made of
the energy density and pressure of the particles created in
the de Sitter phase along with an estimate of the strength of
their backreaction effect. Section VIII contains a discussion
of our conclusions, including the possible implications
for inflation, vacuum dark energy, and the cosmological
“constant” problem.

II. PARTICLE CREATION AND THE
ADIABATIC PHASE

We consider a quantum field interacting only with a
classically prescribed (i.e., nondynamical) external back-
ground field. For simplicity we specialize to a non-self-
interacting scalar field ® and a spatially homogeneous but
time-dependent classical background. Making use of spa-
tial homogeneity, the quantum scalar field operator may be
expanded in a Fourier series

®(1.x) = %Z{ake*m(z) R () (2
k

whose time-dependent mode functions obey second order
differential equations in time of the form

a0t =0,

(2.2)
Here k labels the spatial momentum which takes on
discrete values for periodic boundary conditions in the
finite volume V. For the cases of interest in this paper,
wi (1) is a real time-dependent frequency function that for
massive fields is strictly positive, nowhere vanishing on the
real time axis —oo < t < 00.

Considering the case of a charged complex scalar field
®(t,x) in a pure electric field background E, the Klein-
Gordon wave equation (9, — ieA,)*® = m*® gives

i (t) = (k — eA(1))* + m? (2.3)
in the Ay = 0 gauge in which E = —A. The case of an
uncharged Hermitian scalar field (obeying ®' = & and
ayx = by) in a spatially homogeneous and isotropic cos-
mological spacetime may also be reduced to a mode
equation of the form (2.2) with a different g (¢), cf. (5.2).

The complex valued solutions of (2.2) are required to
satisfy the Wronskian condition

ffi = s = in (2.4)
constant in time, and the Fock space operators are required
to obey the commutation relations

lag,a’y] = [b, b'y] = Sk i (2.5)
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in order for the Heisenberg field operator @ to satisfy the
canonical equal time commutation relation

[¢(r,x),%(r, x’)} — i (x—-x)  (26)

in a finite volume V. In the absence of any external field,
A and wy are constants, and

- —iwyt

2a)ke (2.7)
defines the positive energy particle mode function that is
analytic in the upper half complex m? plane in both limits
t =>F oo. The corresponding Minkowski no-particle state
|0) defined by

is both the vacuum |0, in) state and the vacuum |0, out) state
for all times, and there is no spontaneous particle creation
or vacuum instability in flat Minkowski spacetime.

The physical basis for extending the definition of
no-particle vacuum states to the case of slowly varying
weak external fields is the adiabatic theorem, which
guarantees that the state of a quantum system does not
change if subjected to an external perturbation that is
arbitrarily slowly varying in time [41]. Hence, in weak or
slowly varying external fields the QFT vacuum must be
“close” to that of (2.7) and (2.8) and well determined up to
small terms in an asymptotic expansion of the solution of
(2.2) in terms of the time derivatives of ). The adiabatic
phase integral

O (1) = / "dt o (7) (2.9)

then takes on fundamental importance, since the zeroth
order adiabatic mode function

L (-0 (1)}

= (2.10)

is an approximate positive frequency (particle) solution to
(2.2) satisfying (2.4) (with 2 = 1 hereafter) in the limit that

w} (1) is an arbitrarily slowly varying function of ¢. Higher

order approximate adiabatic mode functions ff(") may be
found by substituting the exponential ansatz

Fult) = \/ﬁexp {—i/'dﬂwk(ﬂ)} (2.11)

into the mode equation (2.2), resulting in the exact non-
linear equation for Wy ()

(2.12)

which then may be expanded in an asymptotic series in
time derivatives:

3k 1ay

Wi =mp 1 +5—K X
) “{ 8wf 4w}

- } (2.13)

Clearly the lowest (zeroth) order adiabatic mode function

(2.10) with WE(O) (1) = wy (1) is a good approximation to the
solution of (2.2), and the adiabatic theorem is applicable
only to the extent that the relative size of the corrections in
(2.13) parametrized by

—| <1 (2.14)

remains uniformly small for all 7.

For k such that (2.14) holds, fl(?)(t) remains an approxi-
mate positive frequency particle solution with the required
analyticity in m? for all time, and particle creation in these
Fourier modes is negligibly small. Since 5| — 0 as
|k| — oo, the adiabatic condition (2.14) does hold arbitrarily
accurately in this limit for smoothly varying background
fields with bounded time derivatives. Thus, there is no
particle creation in arbitrarily high momentum modes, and
the vacuum remains the vacuum at large momenta or short
distances. It is just this property that makes the adiabatic
expansion useful for the renormalization of composite
operators such as the electric current or energy-momentum
tensor in smoothly time-varying backgrounds, requiring only
the standard counterterms expected on the basis of the usual
power counting arguments [40,42].

If on the other hand the condition (2.14) fails to hold at
some times, and particularly at small to moderate |k|,
on the scale of the time variation of the background field,
these Fourier modes will then receive some admixture of
the complex conjugate approximate solution to (2.10).
Because of the association of the complex conjugate
solution to negative energy or antiparticle modes in (2.1)
by the m? — ie prescription, the violation of the adiabatic
approximation near the maxima of |8y (#)| corresponds to
particle/antiparticle pairs being created spontaneously from
the vacuum [37-39].

The adiabatic mode functions (2.10), perhaps extended
by use of a frequency function of higher order in the
asymptotic expansion (2.13), also provide useful templates
against which the exact mode function solutions of (2.2)
may be compared. The transformation between the two
bases of fj and ff:” defines a time-dependent Bogoliubov
transformation which may be used to define a semiclassical
time-dependent particle number [5,43-45]
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2
NP() = ——

1
(2.15)
2w

(n)
. o)V
Si + (ZW](()_%)fk

with respect to the nth order adiabatic basis functions,
defined by the pair of real time-dependent functions
{Wi(”)(t), Vl((")(t)} chosen to match the asymptotic expan-
sion (2.13) for W and —Wk/ Wy, respectively, to nth order
in time derivatives. This definition is local in time, and has
some necessary arbitrariness in that a choice of adiabatic
order n must be made. Generally, the lowest order n =
0,1,2, ... approximations are the most useful for applica-
tions, such as defining an approximate particle number
density for transition to a semiclassical Boltzmann-Vlasov
transport description of nonequilibrium relativistic quan-
tum systems [43] and, in particular, allowing dissipative
particle interactions to be taken into account.

In this paper we focus on the application of the adiabatic
method to background fields that are persistent for long
periods of time, such as constant uniform electric fields, or
de Sitter space. In both cases the adiabatic condition (2.14)
holds arbitrarily accurately asymptotically as t —=F oo, for
any finite k, and asymptotic |0,in) and |0, out) vacuum
states can be defined, accompanied by well-defined particle
number Fock basis operators. However, since the condition
(2.14) is not satisfied at all intermediate times for some k,
the approximate solution (2.10) is not a solution to the exact
equation (2.2) uniformly valid for all 7, |0, out) # |0, in),
and particle creation occurs in such nontrivial persistent
background fields. This specification of vacuum states in
the asymptotic past or future is necessarily a global in time
definition, that describes secular or long time effects.

In this case the task is to determine the admixture of the
negative frequency complex conjugate solution at late
times, r — +oo0, given that the exact solution f () is a
pure positive frequency solution of the form (2.10) at early
times, ¢ = —oo, or in other words, to determine the time-
independent Bogoliubov coefficients (Ay, By ) for the exact
solutions of (2.2) satisfying the asymptotic conditions

7(0)
hl) = {fk ~((i>)> #(0)+
Anfi () + By fy (1), t— oo

t—> —

(2.16)

which has the form of a one-dimensional scattering
problem. It is over-the-barrier scattering if g (1) is strictly
positive for all real ¢, so that there are no classical turning
points on the real ¢ axis.
Because of the Wronskian condition (2.4), the
Bogoliubov coefficients necessarily satisfy
Ak? = By ] = 1 (2.17)
characteristic of a time-independent canonical transforma-
tion. Because of this condition, the Bogoliubov coefficients
may be characterized by a hyperbolic angle parameter yy.

In the second quantized description (2.1) the quantity
|B|> = sinh? g is the well-defined mean number density
of particles at asymptotically late times created in the mode
k by the background electric or gravitational field, assum-
ing the initial vacuum state |0,in). The coefficient |By|*
may be calculated in special cases such as the constant E-
field and de Sitter space by knowledge of the exact
scattering solutions of (2.2) satisfying (2.16), or approx-
imately by the complex WKB adiabatic phase methods to
be discussed in the next section, or finally, by direct
numerical solution of the mode equation (2.2).

Since the vacuum state for a non-self-interacting field
theory is a product of Gaussian harmonic oscillator wave
functions, one for each k, it is a straightforward exercise to
represent the initial Gaussian state and Fock space oper-
ators in the final state basis, in terms of |By|* or yy. For a
single real Hermitian scalar field beginning in the |0, in)
vacuum, the diagonal elements of the Gaussian density
matrix ¢ for the nth excited state of the oscillator labeled by
Kk in the final |n, out) state basis are [46,47]

@n(k)|Real ® — |<n’ quo’ il‘l>|2
|

2
) sechyy (tanhy, )>*  (2.18)

= 5n,2f
which, in the second quantized Fock space description
(2.1), is the probability of finding n = 2¢ particles in the
Fourier mode k in the final state, if none were present in the
initial state. In (2.18)
|Bi|?
Ak[?”

tanh?y, = sechy, = =[1+ |Bk|2]‘%

1
|Ak|
(2.19)

with the vanishing of ¢, for n odd, the result of the fact
that the particles can only be created in pairs. Thus, the
probability that no particle pairs at all are produced in any
mode

(0, out|0, in)|*|req & = H@o(k) = HSﬁCh)(k
K K

= exp{—%gln(l + |Bk|2)}
(2.20)

is the vacuum persistence probability, or the probability that
the |0, in) vacuum at early times will be found in the |0, out)
vacuum at late times. Equation (2.20) relates the probability
of vacuum decay directly to particle creation via the
number density of created particles |By|* in the final state
defined by the one-dimensional scattering problem (2.16)
for spatially homogeneous background fields, in the in-out
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formalism of QFT, enforcing the Feynman-Schwinger
m? — ie prescription.

For a complex charged scalar field the corresponding
diagonal elements of the density matrix are more simply
given by [43]

@n (k)|Complex ® — |<I’l, OUt|0’ 1n> |2

= 8,0¢(sechyy )?(tanh yy )*  (2.21)

with (2.19) as before, so that the corresponding vacuum
persistence probability is
= HsechZ;(k
K

(0, :1;[@0<k>
:exp{ Zln + | By ]2 }

(2.22)

’ i >|2|C0mplex D

for a charged scalar field decaying into pairs [26-29].
The relative factor of 2 between the exponents of (2.20) and
(2.22) may be understood as a result of the doubling of
degrees of freedom and the one-loop effective action for a
complex field relative to a real one. In each case, one may
check from (2.18) and (2.21) that Trg = > % 0., = 1 s0
that probability (unitarity) is conserved.

If the external field producing the particles persists over an
infinitely long time, homogeneously over an infinite volume,
| B |> becomes independent of some components of k, and
the sum over k in (2.20) or (2.22) diverges. This divergence
is not a pathology, as is sometimes claimed [40], but simply a
consequence of a persistent spatially homogeneous external
field producing particles at a finite rate everywhere in space
for an infinite time, requiring careful extraction of the
volume and time factors. The spatial volume factor is easily
extracted by the usual method of replacing the sum ", over
discrete Fourier modes by the continuous Fourier integral

\% f ) and dividing the exponent in (2.20) and (2.22) by V

in the 1nﬁn1te volume continuum limit V — oo. The vacuum
decay rate I' per unit volume might be defined then by an
expression of the form (2.20) or (2.22), with

0= vz 2 0+ 1B

N . 1 4’k
=—1Ilm— [ ——=1In
2 To0T (27‘[)3

where N = 1, 2 refers to the number of independent scalar
fields undergoing particle creation, one for a single real field
and two for a complex charged scalar. For application to
curved spaces the factor VT should be replaced by the
invariant four-volume integral V, = [ d*x,/=g over which
the background field acts.

As has been remarked previously [5,26-28], the integral
in (2.23) still diverges for background external fields that
persist for an infinite interval of time, and the expression is

(1+[B[?) (2.23)

indeterminate. In order to extract the time factor 7, it is
necessary either to determine the finite subset or “window”
of Fourier k modes that experience particle pair creation
during specific intervals of time, or alternatively, to apply
the external background field only for a finite time,
compute the Fourier integral, and only at the end take
the limit in (2.23).

The first method for defining the decay rate, to be called
the Differential Method, is suggested by the fact that
the integrand I" = 2ImL.; should be independent of
both space and time for persistent external fields of high
symmetry. Then one can extract the spacetime volume by
identifying the increment of Fourier modes between k
and k + Ak that undergo their creation events in each
small increment of time between ¢ and ¢ + At, in each slice
of four-volume between V, and V4 4+ AV,. The determi-
nation of which Fourier mode(s) undergo a particle creation
“event” at each time ¢ effectively establishes a functional
relation # = foyen (k) orits inverse k = k(). Then division
by the corresponding four-volume increment gives

N 1 k+Ak
— h - 2
2 All}?—1>0|AV | Z (1 + |B)

o)

for the decay rate in the presence of the persistent back-
ground field, due to the increment of Fourier modes going
through their pair creation events in an incremental slice of
four-volume dV, at ¢, in the limit that both these increments
are infinitesimal. There is then no infinite 7" to be considered
and the k integration in (2.24) is to be performed, restricted to
only those Fourier modes experiencing a particle creation
event at the time 7 = #.,.n(K), while the values of | By |* to be
used are determined by the asymptotic scattering problem
(2.16) for the persistent external field.

The characterization of the particle creation event needed
in the Differential Method is the semiclassical event time
fevent(K) and thence its inverse k = k(¢), which are based
upon the behavior of the adiabatic phase integral (2.9) in the
complex time domain, and in particular by the pattern of
Stokes and anti-Stokes lines of constant real and imaginary
parts of ®, emanating from the complex critical points in 7 at
which w? vanishes. The particle creation event is then
associated with the time .., (k) at which the Stokes line
for a given k crosses the real time axis. At this time the
amplitude of the antiparticle complex conjugate mode

I =

(2.24)

(1+ [Bi?) =k

function f ]((0>* rises rapidly [5]. Determining the finite subset
of Fourier modes that experience a particle creation event in
the finite time interval in this way determines a finite range in
the Fourier integral in (2.23) proportional to d¢, which allows
the finite rate I" to be determined by (2.24), by computing the
indicated (positive) Jacobian |d*k/dV,)|.

In the second method for defining the decay rate, to be
called the Integral Method, one replaces the persistent
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background field of interest, such as de Sitter space which
extends infinitely far into the past and future, and which is
responsible for the divergent k integral, by a substitute
external background field which is turned on slowly around
some initial time 7, persists for a very long but finite time
T, and then is turned off again slowly at a later time ¢;.
Since for any fixed finite 7" only a finite range of Fourier
modes will undergo particle creation events, |Bi| will
vanish rapidly outside of a finite window in Fourier space
and the integral over k in (2.23) will be finite, but
proportional to 7. Then one can divide by 7 and explicitly
take the T — oo limit indicated in (2.23) to obtain a finite
result for the vacuum decay rate.

This Integral Method has the advantage of defining zero-
field regions in the infinite past (f < t;) and infinite future
(t > t;) where particles and vacuum states are unambig-
uously defined by the standard flat Minkowski space
prescription, (2.7) and (2.8). However, for this method to
work, it is essential that a suitable substitute time-
dependent external field be found for which the turning
on and off of the background of interest around 7, and #; be
gentle enough not itself to create significant numbers of
particles by violation of the adiabatic condition (2.14), and
for which any “edge effects” of particle creation around ¢,
and t; become negligible in the long time limit 7 — oo.

When these criteria are satisfied, the Integral Method
should give the same result as the Differential Method for
defining the decay rate of the vacuum in a (nearly) constant
external field, since the long-time time average of a constant
integrand is the constant integrand itself. An example of an
external field time profile satisfying these criteria and
application of the Integral Method to the uniform E-field
case is provided by (4.7), shown in Fig. 4, with the result of
Sec. IV for the vacuum decay rate agreeing with Schwinger’s
result in the limit 7 — oo. In this flat space example, VT is
simply the total four-volume [ d*x =V, over which the
external E-field acts, and I' = 2ImL 4 at one-loop order in
Schwinger’s approach.

These general considerations and both methods of
defining the vacuum decay rate are best illustrated with
specific examples. In this paper, we apply both methods to
the cases of particle creation in a constant, uniform electric
field and in the gravitational de Sitter background. After
first reviewing the persistent field calculation of the vacuum
decay and particle creation, and the complex adiabatic
phase for analyzing particle creation in real time, we
present numerical results for the adiabatic switching on
and off again of each background after a long time 7, and
comparison of the vacuum decay rate I' computed by both
the Differential and Integral Methods in each case.

III. PERSISTENT UNIFORM ELECTRIC
FIELD BACKGROUND

The constant, uniform electric field has been studied by
numerous authors by a variety of methods [3,5,6,25-29],

and may be considered the prototype of the class of
problems involving particle creation and quantum vacuum
decay of classically persistent fields. Choosing the time-
dependent gauge

A, = —Et,

Z

=0 (3.1)

the Klein-Gordon equation for a charged scalar field may
be separated into Fourier modes as in (2.1), with

i (1) = (k, + eEt)> + k3 +m?. (3.2)
We then obtain the mode equation
d2 Lt2

in the dimensionless time and transverse momentum
variables

2 k% + m?
=, |—(k, + eEt === —— >0
U=\ Teg ke eED: 2eE]

with f (7) relabeled as f,(u). One immediately observes
that the frequency function (3.2) is strictly positive every-
where on the real time axis, for m? > 0.

The function 8y entering the adiabatic condition (2.14) in
this case is

(3.4)

(3u? - 82)

6;(u) —%—(uz a) (3.5)

from which some properties of particle creation in an
electric field background can already be deduced. First, one
notices that

S,(u) > =—5—-0 asu->F o (3.6)

2ut

for any A or K. Thus the adiabatic condition (2.14) is
asymptotically satisfied for the persistent, strictly constant
and uniform electric field, in both the ¢t —F oo limits, and
asymptotic |0, in) and |0, out) vacuum states exist in which
the solutions of (3.3) approach (2.10) and its complex
conjugate arbitrarily accurately. This implies in turn that the
scattering problem (2.16) is well posed, and the Bogoliubov
coefficients By are finite and well defined for each k.

In fact the exact solutions of (3.3) are parabolic cylinder
functions, whose asymptotic behaviors and analytic proper-
ties are well known. From these solutions and their
properties one finds [5,26-28]

k2 2
By = —ie™™ = —iexp {_%%} (3.7)
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exactly, for any 1> 0. As anticipated by our general
discussion in the last section, if this value is substituted
into (2.23) we obtain an indeterminate result, since |B|? is
independent of k, and the integral over k, in (2.23) is
linearly divergent. This is clearly associated with the fact
that the parallel component of the conserved (canonical)
momentum k, enters the mode equation (3.3) together with
the time 7 only through the gauge invariant combination
k., + eEt = p_(t), which is the physical kinetic momen-
tum, so that a linear divergence in k, is associated with
the infinite time in which the E-field is applied in
obtaining (3.7).

Now from (3.5) the maximum violation of the adiaba-
ticity condition (2.14) is

max{[6, ()]} =+

p.(t) =k, +eEt=0

at u = 0,

(3.8)

so that the time at which this maximum violation occurs is
the time

k-
tevent(k;) = ——= = k() = —eEt

= (3.9)

when a mode of a given k, has zero kinetic momentum
along the field. By symmetry of (3.3) under u — —u we
may expect that (3.9) is the time that may be identified with
a creation event in the mode with longitudinal canonical
momentum k,, and k() denotes the value of k. of the
Fourier mode experiencing its creation event at time ¢.
Equation (3.9) is the relation between k, and the time of
particle creation that allows the Jacobian factor

d’k

k.
av, B

K=k (1) 4

dk.
dt

E
:|e—‘/‘d2kl

(3.10)

appearing in (2.24) to be computed, eliminating any
integral over k,, while the value of k, is unrestricted
and must still be integrated over to give a well-defined
result for the vacuum decay rate by the Differential Method
(2.24). The absolute value must be taken for the Jacobian in
order for a positive increment in dk, to correspond to a
positive increment in time dt for eE > 0, which we may
assume henceforth with no loss of generality.

The maximal violation of adiabaticity at u = 0 in (3.8)
goes to zero as A — oo, so that, as expected, heavier
particles with larger transverse momenta are more difficult
to create, however falling only as a power A~ for large 4,
whereas the actual asymptotic value of the created particles
in the mode specified by A falls exponentially with 4,
cf. (3.7). The contrast between the A2 power of the
maximum of |8;(u)| vs the exponential 1 dependence of
By illustrates the distinction between local or transient

Re u

FIG. 1. The solid (blue) lines are the three anti-Stokes lines of
constant Im®; emerging from the two complex zeroes, (3.12) of
(3.2). The dashed (red) line is the Stokes line of constant Re®,
connecting the two critical points, which crosses the real axis at
u = 0, defining the time (3.9) of the particle creation event.

violations of (2.14) vs global or secular particle creation
effects which persist at late times.

The asymptotic value of the Bogoliubov coefficients in
(2.16) can be obtained by consideration of the global
analyticity properties of the solutions of (3.3), or in the
WKB approximation by the behavior of the adiabatic phase
(2.9) in the complex time domain [48-50]. The adiabatic
phase (2.9) expressed in dimensionless u, A variables is

1 u
@A(M)ZEA du\/u2+4/1:%\/u2+4/1

u+vVu®r+ 42
+Aln(——
2V
in this case, when measured from the symmetric point at

u = 0. Since w? = eE(u — u;)(u + u,)/2 has two isolated
zeroes in the complex domain, at

(3.11)

u=+u, = +2ivVa (3.12)

where i vanishes linearly, linear turning point WKB
methods may be applied in the complex domain. From each
linear turning point, three Stokes lines (of constant real ©,)
and three anti-Stokes lines (of constant imaginary ®;)
emerge at 60° to each other. The solution of the mode
equation (3.3) that has the asymptotic limits (2.16) may be
found by analytic continuation in the upper half complex u
plane along the solid anti-Stokes lines of constant Im®, (i)
illustrated in Fig. 1.

The square root and logarithm in (3.11) are defined as the
analytic continuation from the real axis of their principal
value everywhere in the complex u plane, with the branch
cut taken to be along the positive and negative imaginary
axes for |u| > 2y The constant Im®, of the phase
function along its anti-Stokes lines in the upper half plane
is given by its value at the critical point +u;,,
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FIG. 2. The mean number of particles created from the vacuum
by a constant, uniform electric field as a function of rescaled time
u, for A =1. The first two curves (blue and green) are the
adiabatic particle numbers N E("), defined by (2.15) forn =1, 2
with fi = f)4)(u) the in-state solution of (3.3), given by
Egs. (4.9a) and (5.11)—(5.13) of Ref. [5]. The third curve (orange)
with no intermediate maxima and minima is the superadiabatic
particle number (3.16) [51,52]. Apart from transient effects
dependent on the adiabatic order, all three curves rise rapidly
from zero in the vicinity of # = 0 and tend to the same asymptotic
value ¢ = 1.86744 x 1073 of (3.15) as u — .

ImO®,;(u;) = Im[A1n(i)] = %/1 (3.13)

and the adiabatic mode function (2.10) is a good approxi-
mation to the exact solution everywhere along the u contour
defined by the solid blue anti-Stokes line in the upper half-
plane, except in the vicinity of the complex turning point
u = u,. There a standard WKB linear turning point analysis
and matching of the asymptotic solutions on the two halves
of the anti-Stokes contour determines

B, = —iexp[-2Im®,(u;)] = —ie™™  (3.14)

which coincides with the exact value (3.7) in this simple
example of only one linear complex critical point in the
upper half u plane.

The number density of particles in momentum k as
t — oo, if started in the initial state vacuum at t - —oo, is
therefore

eE
(3.15)

k2 2
B, = expl-4tm; 1) = e = exp |- L]

and the solutions of the mode equation (3.3) exhibit a fairly
sharp transition, illustrated in Fig. 2, from the early to late
time asymptotic forms (2.16) at u = 0 where the Stokes
line of constant Re®, crosses the real time axis at u =0
in Fig. 1.

The particle creation event is defined by the rapid rise in
adiabatic particle number defined by (2.15), together with
Egs. (4.9a) and (5.11)—(5.13) of Ref. [5], and illustrated in
Fig. 2.2 For comparison the universal, optimally adiabatic,
or superadiabatic particle number N, [51,52], given in
terms of the adiabatic phase integral by

Ny(u) = %eXp[—4Im®z(W)] {erfc [%] }2

_ e_:ﬂ {erfc [—\/%@)ﬂ(u)} }2,

is also shown as the orange curve in Fig. 2 for the E-field.
The time of the event at u = 0 coincides in this case with
the maximum value of |5;(u)|, (3.8). Apart from nonuni-
versal transients illustrating the quantum uncertainty in
defining particle number at the transition, which depend
upon the adiabatic order of particle number definition, the
particle creation event is characterized by a permanent
secular rise (3.15). This asymptotic particle number is
unambiguously defined and independent of adiabatic order,
but exponentially small in 4 for large 4, and is determined
by the global analysis of the adiabatic phase (3.11), and its
critical point u,; (3.12) in the complex time domain.

This detailed description of the Stokes lines of the
adiabatic phase and time (3.9) when each k, mode goes
through its creation event determines the Jacobian factor
(3.10) in the Differential Rate formula (2.24) for the
constant E-field background. Equivalently, it also informs
us how to regulate the k, integral in a finite time 7 in the
integral formula (2.23). For if one starts in the adiabatic
vacuum with mode function (2.10) for all modes at some
finite initial time f,, one sees from (3.8) and (3.9) that only
those modes for which

(3.16)

pz(tO) <0 tcvent(kz) > 1y but

Pz(tl) > 0: tevent(kz) <1 (3'17)

experience their particle creation event between 7, and ¢;.
Thus, we may approximate

27
|By|* ~ { <
0 otherwise

for —eEt; < k, < —eEfy (3.18)

and in the finite elapsed time 7" = #; — #; only modes in the
k, interval of the window linearly growing in time in (3.18)
give a nonvanishing contribution to the vacuum decay rate.
With the step function approximation of (3.18), Eq. (2.23)
then yields

*The first line of Eq. (5.13) of Ref. [5] contains a typographical
error in its last term which should read 3@i/8ws.
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d’k |

(27)?
_g/%ln{l Fexp [_W} }

EP (_ ﬂ:;nZ)

1 [—cEty dk
r=tim= [ %
T-o T —eEt 2n

In(1 + e727)

(3.19)

which agrees with Schwinger’s proper time method for the
calculation of the decay rate of a uniform electric field into
scalar particle/antiparticle pairs [25]. Clearly the identical
expression is obtained from the Differential Method (2.24)
upon making use of (3.10) which eliminates the k, integral,
T dependence and limit entirely, giving directly the second
line of (3.19). We next verify (3.19) by turning the E-field
on and off adiabatically, letting it last for a very long time T
and extrapolating to the limit indicated in the Integral
Method (2.23) numerically.

IV. ADIABATIC SWITCHING ON/OFF
OF A UNIFORM ELECTRIC FIELD

Before discussing the E-field profile needed to compute
the vacuum decay rate by the Integral Method, we mention
first the modified E-field time profile

E(t) = Ezsech?(#/T) (4.1)
that has been considered in the literature [30,53], for
which the electric field vanishes asymptotically in both

the ¢t —F oo limits. This corresponds to the spatially
uniform gauge potential

A,(t) = —ET tanh(¢/T) (4.2)
for which the mode equation (2.2) with
wi (1) = [k, + eET tanh(¢/T))* + k3 + m*  (4.3)

may be solved exactly in terms of hypergeometric functions
[30,53]. The frequency has the asymptotic limits

lim oy (1) = of = \/(k, + eET)? + 4 +m?  (4.4)

t—>+oo

which are constants. Thus the positive frequency particle and
negative frequency antiparticle modes are the unique zero-
field modes in each asymptotic limit. From the analytic
properties of the exact hypergeometric function solutions
of the mode equation (2.2) with (4.3), the Bogoliubov
coefficients of the scattering problem (2.16) may also be
computed analytically, with the result [28,30,53]

cosh? [g (2eET?)2 = 1} +sinh?[£ (] + )T

A (T)]* =
A1)l sinh(zwy; T) sinh(zw T)

(4.5a)

cosh? [g (2¢ET?)? - 1] +sinh? £ (o) —ap)T)

sinh(zw;. T) sinh(zwy T)

By (T)|* =
(4.5b)

satisfying (2.17) for all k and 7.

The Bogoliubov coefficient |By (T)|?> is well behaved
for large |k,|> eET (with T fixed), falling off like
exp(—2x|k,|T) and vanishing exponentially in that limit.
Hence, for any finite 7' the integral over k, and the total
number of particles created is finite. In the opposite limit,
with k, fixed

n(k3 + m?)

: 2 _ _ — 27
Jim |8, (T) —exp[ - ] e (46)

the value in the constant electric field (3.15) independent of
k. isrecovered. Thus, the large k, and large 7 limits of (4.5b)
do not commute. The behavior of | By (T)|? as a function of k.
and of T'is shown in Fig. 3, with the flattening for small |k_| as
T — oo according to (4.6) illustrated.

The time profile (4.1) cannot be used to compute the
decay rate of a constant E-field by the Integral Method
(2.23), because the E-field (4.1) is not constant over times
of order 7. Although the turning on and off of the E-field in
(4.1) is adiabatic, the time for the transition also grows with
T and hence as Fig. 3 shows, the particle production (4.5b)
falls off smoothly in |k, |, rather than sharply outside a well-
defined window in k_, as required to match the flat plateau

FIG. 3. Particle density |By (T)|? of (4.5b) for the E-field (4.1),
as a function of kZ/\/E for A = 1. The curve that falls off the
most rapidly in |k,| (blue) is for \VeET = 20, the middle one
(green) is for VeET = 40, and the outer one (orange) is for

VeET = 60, showing the approach to e~>* (dashed line) near
k, =0.
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FIG. 4. The electric field for the profile (4.7) in units of its maximum as a function of time with #; = —¢#. The curves in the left panel

show fixed b/v/eE = 1, with v/eEt; = 20 (blue), 40 (green), 60 (orange). The curves in the right panel show fixed v/ eEt; = 60 with

blv/eE = 0.1 (blue), 0.25 (green), 1 (orange).

behavior (3.18) for a constant E-field. However, we may
extract the constant E-field Schwinger rate from (4.1)—(4.6)
through the Differential Rate formula (2.24), provided we
compute the Jacobian (3.10), restricted to finite values of k,
in the limit 7 — oo, where (4.6) holds, corresponding to
finite times |f| < T when the E-field (4.1) is constant.
In that limit because of (4.6) and making use of the
Jacobian (3.10) based on the constant E limit, the second
line of (3.19), and finally Schwinger’s vacuum decay rate
for a constant E-field, is recovered.

In order to use the Integral Method (2.23), one needs
instead at least a two-parameter family of time profiles in
which the parameter controlling the duration of the field is
separate and distinct from the parameter controlling the
time during which the field is switched on and off again.
An analytical function with these properties is

E(r) = %i{tanh[b(t —ty)] —tanh[b(t — 1;)]}  (4.7)

some examples of which are shown in Fig. 4. This profile has
the property that £(¢) vanishes well before some initial time
to and well after some final time #; where t; —t, =7 > 0.
Now T can be taken arbitrarily large, while E(#) has
approximately the constant value EZ between 7, and ¢,
and is adiabatically switched on and off on an arbitrary time
scale of order b~ !, cf. Fig. 4. Thus, if b is small enough, the
particle creation during the adiabatic switching on and off of
the E-field may be kept small, and rendered negligible
compared to the particle creation during the arbitrarily long
interval of time 7 when the field is constant.

The gauge potential corresponding to (4.7) may be taken
to be

A(f) = E1 {cosh [b(t— to)}} _E(fo 1)

“2b "\ cosh [b(t—1)] 2 (48)

which behaves as

ty <<ty
A(t)=—EQt 1<t <1y (4.9)
oL <<t

for b(t; —ty) = bT > 1. For this potential no analytic
solution for the mode equation (2.2) is known and we must
rely on a numerical solution. The Bogoliubov coefficients
|By |* are finite as is the integral over all modes, and the
decay rate is now computed by the Integral Method (2.23),
taking the T — oo limit numerically. The numerical results
for the integrand In(1+ |By|*) shown in Fig. 5 (unlike
Fig. 3) now show the expected linear opening of the
approximately constant window function in k, as T =
| — ty 1s increased.

For a uniform E-field in two spacetime dimensions,
dropping the transverse d°k | /(27)? integral, the integral
rate (2.23) is

oL Lo ) L \\ e
-30 -20 -10 0 10 20 30
(eB) ™ k,

FIG. 5. The numerically computed integrand In(1 + |By|?) for
the rate as a function of k, for four different values of #; when
A =b/\/eE =1 and t, = —t,. Going out from k, = 0 in either
direction the curves correspond to \/ﬁtl = 10 (blue), 20 (green)
30 (orange), and 40 (red).
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FIG. 6. The two-dimensional rate (4.10) as a function of T~" for
the case A = b/v/eE = 1. The crosses are our numerical data. The
solid line going through them is a least squares fit to the data
which is extrapolated to 7~! — 0. The horizontal line segment
gives the value of the rate for this value of 4 when the electric field
is static, according to the Schwinger Rate (3.19), modified for
d = 2 dimensions, which gives I',p/eE = 2.96936 x 10~*, and
to which the numerical results extrapolate.

.1 [eodk
T :T@;’T/ Tim(L+ B, (410)

which is shown as a function of 7 in Fig. 6, with the limit
extrapolated to the Schwinger result in d = 2 for 7! = 0.
The linear fit to the 1/T extrapolation shows that the finite
edge effects and particle creation due to the switching on
and off of the E-field around ¢ = #; and ¢t = ¢; remain finite
while the constant E-field contribution to (4.10) increases
linearly as the time interval T increases.

The electric current from the created charged particle
pairs at the end of the process, i.e. at late times after the
electric field has been turned off, is easily evaluated. In this
case, the vacuum-subtracted z component of the electric

Uillaes =26 [~ 5 (ke - en) @ FOF i]

o dk, (k, — eA 4
= 2e [T g o re(a e
o dk, (k, — eA
—>2€/ ;wwkp (4.11)
—c0 27 Wk

which contains a nonoscillating constant |By |* term from
the created particles, as well as a rapidly oscillating
quantum interference Ay By, term. The latter gives rise to
arapidly oscillating transient contribution that decays away
with time due to phase cancellations (left panel of Fig. 7).
In contrast the contribution from the created particles gives
a constant contribution to the current at late times, whose
value depends linearly upon the total time 7" during which
the electric field was applied (right panel of Fig. 7), as
expected from the linearly opening window in k, from
(3.18). This linear growth with 7 shows that the back-
reaction of the current of the particles created by a
persistent electric field must eventually be taken into
account, no matter how small the coupling e [54].

V. VACUUM DECAY OF DE SITTER SPACE:
FLAT SPATIAL SECTIONS

The globally complete closed S° spatial sections and
contracting part of de Sitter space have been considered in
detail in [5,6], showing that global de Sitter space is unstable
to particle creation, with exponentially growing energy
density. Here we specialize to the flat spatial sections of
spatially homogeneous and isotropic Friedman-Lemaitre-
Robertson-Walker (FLRW) spacetimes with the metric line
element

. . . . 2 _ g2 2 2
current for the two-dimensional case at late times, is [43] ds® = —dt* + a*(1)dx (5.1)
4><WO’57 0.012[
I 0.010F n
2x107°
I 0.008 .
0 0.006 r ]
L 0.004 - .
—-2x107° i
I 0.002 .
—4x1075[ 00000 v v v
0 20 40 60 80 100
(eE)'/2 T
FIG.7. Left panel: The oscillating Ay By, part of the current (4.11) with 4 = 1 as a function of time for the case t; = —fy = 30(eE)™

corresponding to T = 60(eE)~"2, showing that it averages to zero and that its oscillations are damped at late times after the E-field is
turned off. Right panel: The constant nonoscillating |By|? particle contribution to the current (4.11) with A = 1 at late times, as a function
of the time 7 for which the E-field was turned on. The solid line is a linear T fit to the numerical data.

065016-13



ANDERSON, MOTTOLA, and SANDERS

PHYS. REV. D 97, 065016 (2018)

presumed most relevant for cosmology. In the FLRW
background geometry (5.1) the scalar wave equation
(=0 + m? + ER)® = 0 (with R the scalar curvature) sep-
arates. Hence, the scalar field may be represented as a Fourier
sum analogous to (2.1), with mode solutions of the form
® ~ ¢ (t)e™*. Removing the scale factor by defining the
complex mode function f(f) = a(t)2¢,(¢) gives a mode
equation for f(¢) which is again of the form (2.2) with a
time-dependent frequency

R h :
wi (1) :?+m2—z—§+(6§—1)(2h2+h)

(5.2)
where h = d/a for general a(t). We consider here the case of
conformal coupling & = % to simplify the algebra, although
the same methods may be applied for any & For de Sitter
space a(tr) = ays(t) = exp(Ht), with h = H a constant
and h = 0. Then defining the dimensionless time variable
u = Ht and dimensionless momentum k = |k|/H, the oscil-
lator equation (2.2) becomes

{d_z N wgy(m] Fo () =0 (53)

du?

with the time-dependent dimensionless frequency function
given by

wp,(u) = ke +y* and with y=4/—5-— (54)

We restrict ourselves here to the massive case m? > H?/4,
in the principal series spin-0 representation of the SO(4, 1)
de Sitter isometry group [55], so that y is real and positive,
as is wp, (u).

The adiabatic parameter appearing in (2.14) in this
case is

k2e—2u
Sy (1) =
v 80)27

1 r’ 5¢?
=ca (- |{l-—%
8wy, Wi, Wi,

which reveals that as in the E-field case (3.6), so also in de
Sitter space

(k2€—2u _ 4},2)

lim &y, (u) =0 forevery k,y>0.

Uu—Foo (56)
Hence, there is a well-defined adiabatic |0, in) and |0, out)
vacuum state asymptotic in each infinite time limit of de
Sitter space, the scattering problem (2.16) is again well
posed, and the Bogoliubov coefficients By finite and well

defined for every k. In between the asymptotic limiting
times (5.6), at a finite u of order In(k/y) the absolute value
of |dy,| attains the maximum

0.0656423

max |6y, | =~ 7 (5.7)

which may be compared to (3.8) in the E-field case.

Determining the correct magnitude of the secular particle
creation effect and its detail in real time again requires a
global analysis of the adiabatic phase integral in the
complex time domain. Changing variables to the physical
momentum (in units of H)

(5.8)

so that wy, = \/z% + 7%, one finds the adiabatic phase
integral

u(z) 2dz
0,(z) = / duwy, (u) = — = 2+
Upy yK
V)
Ayt
_ Z2+72+yln{ ZY 7}

7=

R { < (5.9)
—ylnz z-0"

for the flat Poincaré sections of de Sitter space. The lower

limit of integration has been set so that G)y =0 at z =«y,

with the corresponding uy, the time at which the Stokes line

crosses the real axis, cf. (5.19) below. Thus, we define «k as

the solution of the transcendental equation

Vi +1+1
Vi +1 :h{w} = k~0.662743.  (5.10)
K

As in the constant E-field case, the solutions of the mode
equation (5.3) in persistent or “eternal” de Sitter space are
known analytically. The change of variable to z defined in
(5.8) converts (5.3) to Bessel’s equation with imaginary
index =+iy, so that the solutions may be expressed in terms
of J;,(z). The particular linear combination in terms of a
Hankel function

I |7 om0
) =5 [e et 2

Ty im
T ezxe+
= B )~ (2]

which has been normalized according to (2.4), has the
asymptotic behavior

(5.11)
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eiz
u)— <>
fk7(+) ( ) \/2HZ \/2H(0k7

exp{_i®y(z)}

as 7 — o0 (5.12)

matching the positive frequency adiabatic mode }1({0) in this
limit. Thus, the solution (5.11) defines the |0, in) vacuum
state as u — —oco according to the m? — ie prescription,
in the flat spatial sections of de Sitter space (5.1). The
particular solution (5.11) is also that of the Bunch-Davies
state which is O(4, 1) de Sitter invariant [2].

On the other hand, the particular solution to (5.3)

), Tl +iy) 7
= /oirj. -
To 0=y 2D =

as z—0 (5.13)

o ﬁexp{—i®y<z>}

is the properly normalized |0,out) adiabatic vacuum
positive frequency solution which agrees with the adiabatic
form at late times, u — —+oo0, in accordance with (5.9).

Since f,(;) (u) differs from f, ;) (u), the in and out vacuum
states defined by these positive frequency solutions differ
according the Feynman definition. Comparison of (5.13)
with (5.11) allows us to read off the exact Bogoliubov
coefficients of the scattering problem (2.16)

iz 3ay
V2myes e

_ 5.14
P (1 4 i) 2 — 1 (5.14a)
o frd
B, =—_Yre < (5.14b)
2"T(1 + iy) e*™ — 1

which are independent of k and satisfy |A,|* — |B,[> = L.
The square of the latter coefficient

B> = (5.15)

(s
62”71_ 1 — o2m Z e—2any #0
n=0
is the average number of particles created in any k mode at
late times in the CTBD |0,in) state as reckoned by the
adiabatic |0, out) vacuum. These exact results tell us that
the de Sitter invariant CTBD |0, in) state is not the vacuum
state at late times, and is unstable to pair creation, with the
average number of particles created at late times given
by (5.15).

Moreover from (5.9) the particle creation event takes
place at z ~ y, at which the adiabatic phase (5.9) transitions
from its large z (early time) to its small z (late time)
behavior. Applying the complex adiabatic phase method,
first using the z variable, reveals again just two complex

critical points where the frequency function wﬁy vanishes,

namely, at

Re z

FIG. 8. The solid (blue) lines denote the anti-Stokes lines of
constant Im®; emerging from the two complex turning points of
(5.16) with y = 1. The dashed (red) lines are the Stokes lines
of constant Re®, connecting the two critical points, the rightmost
of which crosses the real axis at z = ky = k given by (5.10).

z =iy (5.16)

analogous to (3.12) in the E-field case. Evaluating (5.9) at
the complex critical point —iy gives

. z
ImO®, (—iy) = > (5.17)

defining the anti-Stokes lines, and
Re®,(z) = Re®,(—iy) =0 (5.18)

defining the Stokes lines shown in Fig. 8.
We see from (5.9), (5.18) and Fig. 8 that the Stokes line
crosses the real z axis at z = ky or

k
Uy = Htevent(k) =In <K—]/> (519)

with « given by (5.10). This time at which the given k£ mode
experiences its creation event, determined by the global
analysis of the Stokes line of the complex adiabatic phase
integral crossing the real axis, differs slightly from the time
when the local adiabatic condition is maximally violated.
The WKB adiabatic phase also determines the approxi-
mate magnitude of particle creation through
|B,|> ~ exp[-4Im®, (—iy)] = e (5.20)
which agrees with (5.15) calculated from the exact Bessel
function solutions of (5.3) only to leading order in e=2*"
when y > 1. The reason for this discrepancy (and differ-
ence with the exact E-field result) is that the z variable only
spans the domain (0, ), unlike the infinite range (—oo, o)
of the u time variable in the E-field case, so that the
complex turning point method utilized previously is not
strictly valid in the z variable. On the other hand, if one uses
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B[ T T

Im u
o

Re u

FIG.9. The Stokes and anti-Stokes lines of Fig. 8 mapped to the
complex u plane, for k = y = 1, resulting in an infinite number of
complex critical points at u = iz(n + %) along the imaginary axis,
four of which are shown. The solid (blue) lines are the anti-Stokes
lines, and the dashed (red) lines are the Stokes lines, one of which
crosses the real axis at uy, = In(1/k) = 0.411368, from (5.19)
with k =y = 1.

the original u = Ht variable of (5.1), which does run over the
infinite time domain, then there is an infinite number of
complex turning points, at u = In(k/y) + in(n +1%),n € Z,
four of which are shown in Fig. 9. The leading order WKB
value (5.20) is the contribution from the complex turning
point in the upper half u plane nearest to the real axis, which
dominates if y > 1. The infinite series of complex turning
points further from the real axis implies that there is a sum
of exponentially smaller contributions in y from these addi-
tional complex turning points, and this is manifest in the
exact result (5.15).

The time-dependent adiabatic particle number is defined
by Eq. (2.15) [5,43-45,47] with f; = f,) of (5.11) for
the initial CTBD vacuum, and where to lowest nonvanish-
ing adiabatic order

W\ = Hay, = H\/IPe™ + 42 (5.21a)
(1) Wy 7

v =2 _pg1-L (5.21b)
a)k}’ wk}/

while to second order in the adiabatic expansion

307, 1@
W]<(2) = H(a)k}, +—ﬂ—_ﬁ> = Ha)k},(l +6k}/)

H 2 2
o (T (12
8wy, W, Wy,

with V, = V,(Cl) still given by (5.21b). A comparison of

/\/,((")(u) defined by (2.15) for both choices n = 1, 2, along
with the superadiabatic particle number defined in this case
by [51,52]

(5.22)

3.5 T T T T T T T

FIG. 10. The mean number of particles created from the
vacuum as a function of time in de Sitter space for y = 1 and
k = 1. The three curves are for adiabatic particle numbers A ,({")
defined by different orders of the asymptotic expansion (2.13),
(5.21), and (5.22) [5], for n = 1, 2, and the superadiabatic particle
number defined by (5.23) [52]. Note that the zeroth order
adiabatic curve (blue) has the highest peak while the super-
adiabatic curve (orange) has no peak. Although differing some-
what in transient details around u = u;, = 0.411368 of (5.19),
all three curves rise rapidly from zero near there and tend to the
same asymptotic value |B,|? = (e** —1)~! = 1.87094 x 103
(dashed line) of (5.15) as u — oo.
0, (u)

N (u) = |Bi|2 {erfC[ I;G)y(_iy)] }2
2

:m{erfc [— ﬂ%@y(u)]} (5.23)

normalized to the correct value of |B,|* in (5.15) is shown
in Fig. 10. This confirms that the particle number rises
rapidly as the Stokes line is crossed, the global analysis of
the adiabatic phase in the complex plane determining most
accurately the time of the particle creation event (5.19)
[5,52].

The vacuum decay rate for the expanding half of de Sitter
space covered by the Poincaré flat spatial coordinates (5.1)
starting in the |0,in) CTBD vacuum can be determined
by the Differential Method (2.24). In this case only the
magnitude |k| = Hk is fixed by the Stokes line crossing, so
that inverting (5.19)

k(t) = xye™" = kyaqs(t) (5.24)

gives the value of k of the mode experiencing its creation
even at time ¢. Since the integration measure in (2.24) is
d*k = H3k*dkdQy; and the four-volume factor is dV, =
Va3 (t)dt, we have from (5.24) the Jacobian

&’k

&’k _ H3dQp K*dk  «*yH*
dV, B

Vayg dt v

dQ;  (5.25)

k=k(t) B
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which is independent of 7, the factors of alg(z) having
canceled. Thus, only the integral over the directions of k
remains in (2.24), which since f dQp =4rand N = 1 fora
single real scalar, gives

3 3H4— 3 3H4
B (1 + |B,2) = -1
A 47

FdS = In (1 - 6_2”7)

(5.26)

for the decay rate of the CTBD vacuum state of de Sitter
space into scalar particle pairs of mass m = H,/y? —l—%,

with « given by (5.10). This result, with the prefactor
determined by the real time Stokes line crossing is a
principal result of our analysis. Interestingly, I'ys tends
to zero in the limit y — 0 as —y> Iny, while

Km’H
472

2
Tys — exp <— Zm> form>H  (5.27)

in the large mass or flat space limit, similarly to (3.19) for
the electric field case. We note from (5.24) that the physical
wavelength (aqs/Hk) = (xyH)~" of the Fourier mode at the
time of its particle creation event is of the order of the de
Sitter Hubble horizon if y ~ 1, but can be much smaller
than the horizon if m > H,y > 1.

Note also that although there is no integral over k to
perform in (5.26), this value of I'yg obtained from the
Differential Rate definition (2.24) is identical to what
would be obtained by an Integral Rate formula in pure
de Sitter space if the de Sitter window step function value of

B> = { IB,[%, k(1y) <k < k()
¢ 0, otherwise

(5.28)

were used. Because of the kinematic factor of k*dk in
(2.23) the integral is clearly dominated by the largest value
of k contributing at the largest value of the FLRW scale
factor for an expanding universe, and one may replace the
lower limit of k(ty) = kyags(ty) in (5.28) by zero, in the
limit of large ags(#;) = e"1. Thus, (2.23) with (5.28) leads
again to (5.26), if divided by the integrated four-volume
V [il dta3g(t) - 5= Ve in the same limit.

The result (5.26) is half of what would be obtained in
global de Sitter space in leading exponential order for the
closed S3 spatial sections in the same limit, the reason
being there are two creation events in each k mode in the
closed spatial sections, one in the contracting phase and one
in the expanding phase. Thus, except for one creation event
in each mode as opposed to two, the same phenomenon of
vacuum decay takes place in the Poincaré patch of a de
Sitter universe that is only expanding, usually considered in
FLRW cosmological models, as in the globally complete
closed S* spatial sections. The vacuum decay rate (5.26)

also differs from the result of [3,5] by a finite prefactor
because of the difference of N =1 vs N =2, and the
differing estimate of the constant prefactor in the K cutoff
of the mode sum in (2.23), which is determined to be k(t,)
in the present work by the detailed analysis of the particle
creation event in real time by the Stokes line crossing.

VI. ADIABATIC SWITCHING DE SITTER
ON AND OFF

As in the E-field case, we investigate two different time
profiles for switching the de Sitter background on and off,
the first with a single adiabatic parameter

h(t) = g = Hsech?(#/T) (6.1)

suggested by analogy to (4.1), and the second
1 H H
nin =2 = S tanh[b(r = )] = Stanh[b(r = 1,)]  (6.2)
a

suggested by the (b,T) E-field profile (4.7) illustrated
in Fig. 4.

In the first case (6.1) the FLRW scale factor may be taken
to be

a(t|T) = exp[HT tanh(¢/T)] (6.3)

with an arbitrary multiplicative constant of integration set
equal to unity. As t >F oo, a(#|T) goes to a constant and
the flat space vacua are uniquely defined. Since the solution
of the mode equation (2.2) with (5.2) is not known
analytically for this scale factor, we present the numerical
results for particle creation |B;|? in Fig. 11, which may be
compared to Fig. 3. As in the electric field profile (4.1),
|B,(T)|? falls off at large momenta for any finite 7, the
falloff becoming more and more gradual as 7 becomes
larger, in which limit a flat plateau at small k that is
characteristic of the constant 7 — H de Sitter value (5.15)
is attained. Again the k — oo (fixed 7) and T — oo (fixed
k) limits of |By(T)|> do not commute, and the gradual
falloff of |B,(T)|? for those k going through their creation
events when A(¢) is not constant makes the FLRW time
profile (6.3) inappropriate for the Integral Method of
determining the decay rate for pure de Sitter space.
However, again as in the case of the one parameter time
profile (4.1), the Differential Method for determining the
vacuum decay rate of de Sitter space may be applied to the
FLRW time profile (6.3) and its |B,(T)|? in the adiabatic
limit 7' — oo, provided the differential Jacobian (5.25) is
computed for the modes in the central plateau of Fig. 11
where h(r) - H is constant. Then, the result for pure de
Sitter space (5.26) is reobtained.

In the second case of the time profile (6.2), the FLRW
scale factor may be taken to be
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10% 1B, (T)I?

107" 1072 10° 102 10*

FIG. 11. Particle creation number density |B;(7')|* for the one
parameter quasi—de Sitter profile (6.1), as a function of k for
m = H,y = +/3/2. The curve that falls off the most rapidly in k
(blue) is for HT = 20, the middle one (green) is for HT = 40,
and the outer one (orange) is for HT = 60, showing the approach
to |B,* = (e"?—1)"1 =435228 x 107 (dashed line) of
Eq. (5.15) for small k/a. Compare to Fig. 3.

| 2

H [cosh[b(t - to)]}

tlty, ty,b) = —1
a(tlto. 11,5) eXp{2bncosh[b(t—tl)]

in which the multiplicative constant of integration has been
chosen so that the scale factor has the simple behaviors

el 1<t
a(tlty, t,,b) = < e 1y <t <ty (6.5)
el 1 <t

in each region for b(t; — ty) > 1. Thus, as in (6.3), the
scale factor is a constant in both the very early and very late
time limits, the spacetime becomes flat in those limits and
again both the |0,in) and |0, out) vacuum states and the
particle number are unambiguously well defined for
t >F oo. The k integral in the probability overlap (2.20)
again is finite. The de Sitter-like region for 7y < f < t; in
between can be made arbitrarily long, while the adiabatic
turning on and off of the de Sitter background takes a finite
time of order ™!, which needs to be large enough so that
the transition is gentle and adiabatic, and does not in itself
lead to significant particle creation. This condition requires
that b < H.

Figure 12 shows numerical results for the particle
number |B;|> in the final static region, as u — +oo.
Note that the pure de Sitter value of |B|?, (5.15) is
obtained for small k < ye"' = ye’'. However, the falloff
from this constant de Sitter “plateau” value is very gradual
unlike the integrand in Fig. 5. The value of |B;|? also begins
to fall off markedly at k values much smaller than the value
kye"t expected from (5.24) and (5.15). In the integral rate

10° 10° 10" 10" 10%° 107

FIG. 12. The mean number density of created particles |B|?
in the final state after the de Sitter background is switched off
according to the time profile (6.4), for u; = Ht = 50,
to = —t;,b = 0.1H, and m = H. The dashed line is the constant
(5.15), here 4.352 28 x 1073 expected for pure de Sitter space and
y = V/3/2, and the solid hash marker is the value of k = Kye'"' =
2.97577 x 10*' expected from (5.24).

formula (2.23), the integral over dk is weighted by kZ.
This integrand is shown in Fig. 13, which because of the
falloff of |B,|* at large k achieves a maximum value still
considerably less than would be expected from the pure de
Sitter result (5.15), and at a considerably lower value of k
than xye*.

In the Integral Method the u#; volume dependence in the
integrated four-volume

1
Y, = V/ " dtad (1)1, 1. b)
fo

”'__";°Ke3ulp E ﬂ))z_vef%ule—%hﬂ (66)
H b 3H

should be canceled by the range of k integration in the
integral [ k*dkIn(1 + |By|?) for large u; = Hr,. In (6.6)

10% T T T T T
10%
10% 1

10% -

k2 In(1+18,1%)

102+

10%

wo“> A S S S
;‘OWO ;‘O‘\Z WOM WO“S WO“B 1020 1022
k

FIG. 13. The decay rate integrand k*In(1 + |B;|?) of (2.23)
for the scale factor (6.4) on a log-log plot for the case
u; =50,b=0.1H, and m = H.
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k exp(-u,)

FIG. 14. The mean particle number | B, |* as function of rescaled
ke™ for u; =50 (stars) and u; = 70 (crosses) in the case
b = 0.1H, m = H, showing its universal scaling behavior at large
uy, and de Sitter plateau for ke™! < 1, in agreement with (5.15),

expected for pure de Sitter space with y = v/3/2 (dashed line).

F is a function of H/b which has the small b behavior
shown in the second limit. Figure 14 shows the independ-
ence of the value of the plateau level of |B|* for small
argument ke™" — 0, hence large u;. This shows that the
plateau value of |B;|? exists for small enough ke™!, and
hence from (6.6), the ¢* scaling expected and needed for
the dependence on the final time #; to drop out of the rate
does indeed hold.

However, if we try to apply the Integral Method (2.23) to
define the vacuum decay rate by means of the profile (6.4),
the long gradual tail in |By|? as a function of k for larger &,
yields a rate that depends on b no matter how large u; is.
In Fig. 15 we show the dependence of |B;|? as a function

10° T T T

107°

1B, I?

10710’

10718 L L L L
1072 107"° 107'° 107° 10°
k exp(-u,)

FIG. 15. Mean particle number |By|? vs rescaled momentum
ke~ for the profile (6.4) for the cases lower to upper of b =
0.05H (blue), b = 0.1H (green), and b = 0.2H (orange). The
dashed line is the pure de Sitter value (5.15). For the range of
values shown the data for the curves was computed for values of
u; that are in the scaling range where, to a good approximation,
the value of |B,|* depends only on the product ke™*'. However,
the falloff of the tail still depends on b.

107*E T

1077 L
0.01 0.10 1.00
b/H

FIG. 16. Numerical results for the decay rate calculated by the
Integral Method (2.23) for the scale factor profile (6.4), with VT
replaced by the integrated FLRW four-volume V), of (6.6). The
resulting Integral Rate is shown as a function of b on a log-log
scale form = H, y = \/3/2. The horizontal line is the predicted
pure de Sitter rate (5.26) of 2.079 895 x 10~ for this value of 7.

of rescaled ke ™' for various values of b, showing that
the falloff from its de Sitter plateau value depends on b,
and occurs at a smaller value of ke™ for smaller values
of b. This implies a smaller contribution to the integral
[ K*dkIn(1 + |B,|?) for smaller b.

Indeed, Fig. 16 shows the numerical results for the decay
rate (2.23) turning de Sitter space on and off according to
the profile (6.4). As expected, the decay rate rises for large
b due to the breakdown of the adiabatic condition (2.14)
and the creation of particles during the switching on and off
of de Sitter space in the short time b1, coming to dominate
over the particle creation in the de Sitter background itself,
so we should exclude these large values of b. As b is
decreased the rate decreases due to the more rapid falloff of
the integrand shown in Fig. 15, reaching a minimum value
of (2.23) at b ~0.1H, with a rise again for smaller b. This
rise for smaller b is the result of the multiplicative
exponential dependence of V, upon b for small b < H
in the last limit of (6.6), rather than additive dependence in
the E-field case.

The minimum in b shows that there is de Sitter vacuum
decay, no matter how slowly or rapidly the de Sitter phase is
ended, but that the probability of decay in the profile (6.4)
depends upon the time and manner spent exiting the de
Sitter phase around ¢ ~ t;, since the b dependence never
drops out. This makes the profile (6.4) finally inappropriate
for attempting to determine the pure de Sitter vacuum decay
rate by the Integral Method (2.23), since the edge effects
cannot be eliminated, no matter how large u; is. Indeed, the
form of |By|? for large k in Figs. 12-14 with its gradual
falloff from the de Sitter plateau value for the FLRW
profile, (6.4) and (6.5), actually is more similar to that
obtained in the single parameter profiles (4.1) or (6.3),
in which the deviation from the constant plateau
value characteristic of the persistent E-field or de Sitter
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background cannot be eliminated no matter how large T or
u; is made.

The failure of the FLRW trial profile (6.4) to reproduce
the de Sitter rate (5.26) by the Integral Rate formula (2.23)
for arbitrarily large u; is nevertheless interesting, and
stands in marked contrast to the corresponding calculation
with the E-field profile, (4.7) and (4.8), in flat space, where
the Schwinger rate is recovered in the extrapolation to the
limit of large 7' in Fig. 6. It shows that there is greater
sensitivity to the switching off of the de Sitter background
simultaneously over an exponentially large volume at late
times in the expansion, arising from both the dependence
upon b of the tail of the particle distribution going through
their creation events as the de Sitter phase ends shown in
Fig. 15, and the multiplicative exponential dependence on b
of the four-volume V, in (6.6). Perhaps this greater
sensitivity than anything encountered in flat spacetime to
how the de Sitter phase is ended over all space uniformly at
distances much greater than the de Sitter future event
horizon should not be surprising. It suggests that not only is
the Bunch-Davies vacuum unstable to particle creation, and
de Sitter invariance is necessarily broken, no matter how
long the de Sitter phase lasts, but also that it may be
necessary to restrict any spatiotemporal variation of H to
within a single causal Hubble horizon, and study the
breaking of spatial homogeneity on the horizon scale
H™', as well as time reversal symmetry in de Sitter space.

VII. ENERGY AND PRESSURE OF CREATED
PARTICLES: BACKREACTION

The results of the previous sections indicate that so long as
the exit from the de Sitter phase is gentle enough, any
particles created during that phase end up as particles in the
asymptotically static region where the definition of a particle
is unambiguous. This shows that the definition of adiabatic
particle number (2.15) is robust, in the sense that for either
n=1,2 with (521) or (5.22), the time-dependent N'\"
defined during the de Sitter phase, becomes as u — oo
exactly the final time-independent particle number |By|? in
the flat space region, after the de Sitter background has been
turned off. There is no doubt that these are the real particles
observed in the final state. This may be verified also by
evaluating the energy density and pressure of the created
particles. After subtracting the vacuum value of the stress
tensor components obtained by setting Ay = 1, By = 0, we
obtain for the renormalized flat space energy density simply

[44.,45]
1 4’k
p=A(Tu)r = ;/WG’HBHZ

where @y, and a — e"' are the constant values of the
frequency (5.2) and scale factor in the asymptotic late time
limit for the profile, (6.4) and (6.5), after the expansion has
been turned off and spacetime is again flat. The correspond-
ing expression for the renormalized isotropic pressure is

(7.1)

1 &’k m?
=— [ — —— ) IBy|?
P 3a3/ (27)} (a"‘ wk>| «

1 4k m?
30t s 268 Do

x Re(Ay By e~ 2ioxt) (7.2)
in flat space, where 6 — 1 = 0 in the present study. Note that
because of the scaling behavior of | B;|? illustrated in Fig. 14,
the change of variable from k to k/a shows that both the
energy density and the pressure are constants, independent of
u, and therefore independent of the time spent in the de Sitter
phase. In other words p and p do not redshift to zero with the
exponential de Sitter expansion. The reason for this is that
although each k& mode certainly does redshift with the
expansion, particles are continually being created at the latest
time u; to replenish them at the largest k ~ k(t,) = kye", so
that the integrals (7.1) and (7.2) are independent of u.

If these integrals are evaluated for the pure de Sitter
window value (5.28) and large u;, then making the change
of variable (5.8) we obtain

H*B,|* [xr m?\ 3
pP = 2|ﬂ27| / dZZ2 (Z2 + I’IZ>
0
H*B,? m? m*\ 3
= 167[2 {Z(222 + ﬁ) (Zz + ﬁ)
m* (H m2\
—Fln (E {z—i— <22 +?>2}>} (7.3a)
=Ky
H*B,|> [xr m2\ 2
p= 67:2/ /) dzz* <z2 + ?>
— M z EZZ _ m_2 Z2 + m_z 1
1672 3 H? H?
m* (H [ ( m%\ 1
+—In{—|z+ zz—l——)D} (7.3b)
H*  \m H? iy

where |B, |* is given by (5.15), k is given by (5.10), we have

taken & = % and also neglected the last interference term in
(7.2). This is justified because as shown in Fig. 17, this term
oscillates rapidly in the static out region and vanishes in the
late time limit, just as the oscillating AyB) quantum
interference term in the electric current does at late times
illustrated in the left panel of Fig. 7.

Because of the rapid oscillations and their damping, as
evidenced in Fig. 17, there is very effective phase
decoherence or dephasing in these terms, and the contri-
bution of the interference term in the mean pressure washes
out. This behavior is related to the fact that |By|> and the
diagonal elements of the density matrix in the particle
basis (2.18) or (2.21) are adiabatic invariants, whereas the
Ay By, interference terms and off-diagonal elements of the
density matrix depend upon the phase exp(—2i®y ), which
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FIG. 17. The phase coherent oscillating part of the pressure,
given by the last term in (7.2), for & = %,m = H,u; = 10, and
b= H. The envelope of the rapid oscillations falls as
1/u? at late times.

oscillates rapidly as a function of either ¢ or k in flat space.
Thus, the rapidly oscillating off-diagonal element of the
density matrix in the final state basis may be neglected, and
the initial pure vacuum state |0,in) may be treated as a
mixed state with positive entropy in the late time out basis.
In this approximation, well justified by the behavior of the
pressure term illustrated in Fig. 17, the particle creation, in
principle, unitary and reversible if all exact phase corre-
lations are preserved, becomes effectively Markovian and
irreversible [47].

The values of the energy and pressure in the asymptotic
final state are independent of the duration of the de Sitter
phase because of the scaling illustrated in Fig. 14, and both
are positive, as might have been expected for real particles.
Thus, the stress tensor of the created particles is completely
unlike that in the “eternal” expanding de Sitter background,
where the stress tensor tends to the de Sitter invariant
Bunch-Davies attractor value with p+ p =0, all initial
state deviations from this value falling exponentially with
time [8]. This occurs because the oscillatory phase coherent
terms do not wash out at late times in fixed de Sitter space, as
they do in Fig. 17, but instead give a contribution of the same
order as that of the created particles, combining with them to
give the de Sitter invariant value at late times. This phase
coherence is due to the fact that all the Fourier modes in the
broad range of values y < k <ya(t) remain in phase,
because of the exponential suppression of both the ¢ and k
dependence of (5.9), through k/a = ke~"" in de Sitter space.
Thus, as these modes pass outside the de Sitter Hubble
horizon, they have nearly the same time dependence and
add coherently in the integral over k, remaining of the same
order as the particle creation terms. Our results show that this
phase coherence of superhorizon modes in pure de Sitter space
is destroyed by the transition out of de Sitter, however gentle,
while the particle number term | By |? is robust, surviving the
transition due to its adiabatic invariance.

In order to estimate the backreaction of the created
particles, we note that the Einstein equation

dH
— =—42G(p+p) <0

= (7.4)

for p+ p > 0 in the final state tends to decrease the
curvature, assuming that the phase coherence of the super-
horizon modes is not preserved and the particle contribu-
tions dominate the stress tensor. From Egs. (7.3) we have

_ H4|B},|2}/3

+
pTp 612

2\ 1
m-\2

IS (K2y2 + ﬁ) >0 (7.5)

so that (7.4) leads to a fractional decrease in the expansion

rate of order

AH 2 Yl 1\:
oo S (14—
H 3z e —1 el 4y?

(7.6)
for a Hubble expansion time HA¢ ~ 1. The backreaction is
small if GH? < 1 and contains the additional exponential
suppression from |B,|* as in (5.27) if m> H. It is
nevertheless nonzero and appears at one-loop order even
for a massive free field, in contrast to quantized graviton
contributions reported at two-loop order in [20].

Note that although the energy density and pressure (7.3)
are not exponentially redshifted away due to the constant
rate of particle creation in de Sitter space, neither do they
grow in the time 7 that the de Sitter phase persists, as the
electric current does in the E-field case, cf. Fig. 7. In the
E-field case the created particles are accelerated to rela-
tivistic velocities after their creation and contribute a
current which grows linearly with the window of modes
that go through their creation events, and hence that grows
secularly with time, producing a backreaction effect on the
electric field that clearly must eventually be taken into
account in a consistent dynamical system. This acceleration
of created particles to relativistic velocities appears more
similar to the contracting part of the time slicing of the full
de Sitter hyperboloid, in which the created particles are
blueshifted rather than redshifted and exponentially grow-
ing stress-energy perturbations occur [5,6].

VIII. DISCUSSION

In this paper we have presented a detailed analysis of
particle creation and vacuum decay in persistent back-
ground fields that are homogeneous in space, such as the
constant uniform electric field and de Sitter space. The
vacuum state of QFT in the presence of such background
external fields is specified not by analytic continuation to
Euclidean time, but by the Feynman-Schwinger m? — ie
causal prescription which defines particle and antiparticle
excitations in real time. This defines a scattering problem
(2.16) for massive scalar fields which determines the mean
particle number created in pairs in each Fourier mode, and
relates the vacuum persistence probability (2.20) directly to
the number of created particles. The zero overlap between
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the |0,in) and |0, out) states in (1.1) in the strict limit of
infinite four-volume is no pathology, but simply a conse-
quence of a constant vacuum decay rate I" per unit time per
unit volume in a persistent background field. The four-
volume V, = fli)‘ d4x\/—_g factor must be removed in order
to obtain a well-defined vacuum decay rate.

By analyzing the particle creation process in real time,
we have given an invariant Differential Rate formula (2.24)
for the vacuum decay rate in such persistent fields in which
no divergent integrals over momenta are encountered. The
evaluation of this Differential Rate relies upon an analysis
of the critical points of the adiabatic phase integral (2.9) in
the complex time domain, and the semiclassical definition
of the time at which this particle creation can be said to
occur. This time 7y (k) is defined by the point at which
the Stokes line of the constant real part of the adiabatic
phase for the given Fourier mode k crosses the real time
axis, and thereby gives a relation between k and ¢ that
determines the Jacobian in (2.24). In the case of the
constant, uniform electric field, Schwinger’s result for
the decay of the vacuum into charged particle/antiparticle
pairs is recovered in this way. In the case of de Sitter space,
the prefactor of the Bunch-Davies vacuum decay rate,
somewhat ill defined in earlier treatments, is also fixed,
with the principal result being (5.26).

We have also discussed an Integral Method (2.23) for
calculating the vacuum decay rate in persistent background
fields. This method relies upon replacing the external field
extending infinitely to the past and future in time, by one
which is adiabatically switched on from zero around some
finite time ¢,, allowed to persist for a long but finite time
until ¢, and then adiabatically switched off again. This
defines the total number of particles in the asymptotic final
state unambiguously, and verifies that the adiabatic particle

number definition (2.15) N/ ,((") for either n = 1, 2 is robust,
giving the correct average number of asymptotic particles
in a given Fourier mode after the background electric or
gravitational field is turned off. For this Integral Method of
defining the vacuum decay rate of a persistent field to work,
it is necessary to find a time-dependent background for
which any effects associated with switching the back-
ground field on and off can be made negligibly small in the
limit T = #; — t; — o0. We found a suitable two-parameter
family of external gauge potentials (4.7) for which this
condition is satisfied, and once again found the same
Schwinger decay rate for a long-persistent uniform electric
field by this Integral Method.

In the case of de Sitter space, the apparently natural
generalization of this two-parameter FLRW background
spacetime (6.4) does not yield the de Sitter decay rate,
because the asymptotic particle number at large k depends
upon the time scale b~' with which the de Sitter back-
ground is turned off at late times, no matter how long the de
Sitter phase lasts. Since the two-parameter FLRW back-
ground (6.4) requires the switching off of de Sitter

background curvature everywhere in space in cosmic time,
far outside the de Sitter-Hubble horizon, one might suspect
that this spatially homogeneous background is particularly
artificial, and perhaps should be replaced with one that is
regulated also in its spatial extent at the horizon scale. The
failure of the Integral Method for strictly spatial homo-
geneous switching on/off of de Sitter space is indicative of a
greater sensitivity of de Sitter space to the long wavelength
modes lying outside their causal Hubble horizon, and hence
to spatial boundary conditions.

The main conclusion to be drawn from the existence of
particle creation and a nonzero decay rate (5.26) starting
from the de Sitter invariant Bunch-Davies state is that this
CTBD state is not a stable ground state of QFT in de Sitter
space, and that SO(4, 1) de Sitter symmetry is necessarily
broken, both in time, and possibly also in space, even by a
free massive quantum field without self-interactions. Stated
differently, the Feynman-Schwinger m? — ie definition of
the vacuum of QFT and particle excitations is incompatible
with the requirements of de Sitter invariance, at least for
conformally coupled massive scalar fields with any finite
m > H/2, for which the particle concept is well defined.
In de Sitter space, analogously to the constant electric field
background, for which a time-independent Hamiltonian
bounded from below also does not exist, the m? — ie
definition of particle excitations implies spontaneous vac-
uum decay and the spontaneous breaking of the time
reversal symmetry of the background [56].

Since the Feynman-Schwinger m? — ie condition goes
smoothly over to that of the standard Minkowski vacuum
for any slowly time-varying adiabatic background, whether
electromagnetic or gravitational, independent of any sym-
metry of the background, analyticity in the mass parameter
is a more general principle of determination of the vacuum
of QFT, more firmly based on physical considerations of
causality than the Euclidean postulate. The compatibility of
Wick rotation in time to the m? — ie prescription is a special
property of zero-field Minkowski space where Poincaré
invariance dictates that correlation functions at x and x’
can only be a function of m?(x — x')? = —m?(t = ¢')* +
m?(x —x')?, with the result that analyticity in m? and
Euclidean continuation are necessarily related. This equiv-
alence cannot be assumed in general, and in particular it
ceases to hold when additional parameters of the back-
ground field enter the time dependence of correlation
functions, when there is no invariant decomposition into
positive and negative frequency subspaces, or when a
Hamiltonian bounded from below does not exist in real
time, as in de Sitter space, in which cases continuation to
Euclidean time has no evident physical justification.

On any given FLRW time slice of constant ¢ in the
spatially flat coordinates (5.1), the physical adiabatic
vacuum is Bunch-Davies only for Fourier modes with
wave numbers k > k(t) = kye™’, while for modes with
k < k(t) the vacuum state is described by the positive
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frequency out mode functions (5.13), with a smooth but
fairly rapid switch over at k ~ k(t), illustrated in Fig. 10.
Since modes continue to redshift with the de Sitter
expansion, the dividing line k(¢) between the modes in
the Bunch-Davies vacuum and those whose vacuum state
is defined by (5.13) continues to grow in comoving wave
number k. This implies that particles are continuously
created at k ~ k(t), and both the vacuum decay rate and the
total energy density and pressure (7.3) of the created
particles are independent of the duration of the de Sitter
expansion.

These particles surviving after the de Sitter background
has been switched off contribute a constant positive energy
density and pressure in the final state, which does not
redshift away, no matter how long the de Sitter phase
persists. Since the created particles have p -+ p > 0,
cf. (7.5), this suggests that their stress-energy will create
a backreaction that will decrease the curvature, and hence
decrease the effective cosmological “constant” A, = 3H?
over time, in accordance with (7.5). We have estimated the
magnitude of the backreaction effect by (7.4)—(7.6) in the
case that exact spatial homogeneity is preserved, assuming
the quantum phase oscillation Ay B}, interference terms can
be neglected. This estimate of the backreaction (7.6) is
small for massive fields if GH? < 1. Nevertheless any
instability of de Sitter space due to particle creation effects
indicates that the Bunch-Davies state is not the stable
ground state of QFT coupled to Einstein gravity with a
cosmological constant, and that quantum particle creation
effects should be taken into account in a fully consistent
backreaction calculation. We have not considered light or
massless fields in this paper, but one may suspect that their
backreaction effects could be significantly larger.

In contrast to these results stands the fact that in fixed
eternal de Sitter space the O(4, 1) de Sitter invariant Bunch-
Davies state for a conformally coupled massive scalar field
possesses a renormalized mean field stress-energy tensor
(T,,) proportional to g,,. Hence, it induces only a constant
vacuum energy with p = —p, that can be absorbed into a
finite renormalization of the cosmological constant, result-
ing in a self-consistent semiclassical solution with full de
Sitter symmetry [57]. Since the propagator in the Bunch-
Davies state possesses the short distance Hadamard behav-
ior matching to that of flat space, making it normalizable
and UV allowed, and since it is the only de Sitter invariant
state with this property [3,45], it is often considered a
preferred vacuum state, apart from any appeal to continu-
ation to Euclidean time. Despite the particle creation, if all
terms in the renormalized (7',,) are taken into account in a
fixed de Sitter background, the stress-energy remains de
Sitter invariant and fixed at its Bunch-Davies value.
Moreover, in this fixed expanding de Sitter background
the expansion even drives initial state perturbations in (7',
back to its Bunch-Davies value at late times [8]. Thus, the
late time pure de Sitter limit is quite different and not equal

to the late time limit of a FLRW time profile such as (6.4),
no matter how large the finite time ¢#; is taken, and no matter
how gently the de Sitter phase ends.

These facts are in no way inconsistent with each other,
since the interference terms of the superhorizon modes act to
cancel the particle creation terms in the CTBD state in exact
de Sitter space, but go to zero if the de Sitter background is
switched off, as Fig. 17 shows. The mere existence of a de
Sitter invariant state, however “natural” it might appear to be,
is also not sufficient to insure its stability. The adiabatic
vacuum, agreeing with the Bunch-Davies state for large
k> k(1) = kye’, is also UV allowed, and physically
preferred according to the Feynman-Schwinger m? — ie
definition. We have shown in this paper that by this
definition, the completely de Sitter symmetric Bunch-
Davies state is not the vacuum state of de Sitter space at
late times, but instead contains a definite mean number of
particle excitations above the physical |0, out) vacuum. We
emphasize that although the particles are clearly seen to be
real in the flat spacetime region after the de Sitter background
is turned off according to the profile (6.4), the particles in the
plateau for k << ¢! in Figs. 14 and 15 are created in de Sitter
space itself, not in the transition out of de Sitter space. The
Differential decay rate (5.26) is explicitly due to this de Sitter
particle creation, not to any effect of the transition.

Nevertheless, the cancellation of the particle creation
terms and reversion to the Bunch-Davies value in de Sitter
space does present us with the question of what actually
happens in a fully self-consistent evolution, rather than one in
which the de Sitter background is either artificially eternally
fixed or artificially turned off. What are the implications of
the particle creation and decay rate (5.26) of the initial
Bunch-Davies vacuum state in the true physical situation of
fully dynamical gravitational plus matter fields?

At this point we can attempt an answer to this important
question only in the form of a speculation based on known
infrared effects in gravitational systems and analogies
with better studied many-body systems. The semiclassical
Einstein equations with source (7,,) amount to a large N
mean field approximation, in which the N matter fields
interact with the classical gravitational field, but not directly
with each other [47,54]. The gravitational interaction
between the created particles of the matter appears at first
order in 1/N [58]. Since these created particles are redshifted
to very small physical momenta at late times by the
expansion, and the gravitational interaction is long range,
these 1/N interaction terms, completely ignored in the
leading order, can lead to contributions to the next order
stress-energy tensor which grow secularly in time. This
behavior is generic to 1/N corrections to mean field evolution
in nonequilibrium systems [59], and has been seen both in
electric field backgrounds [60], and inflationary models
[10,17,19,20,61]. Clearly the investigation of such secular
effects requires a causal in-in formulation in real time.

Thus, the behavior of the long wavelength Fourier
modes may well be quite different than in the leading
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order semiclassical mean field description. Although the
full solution of infrared problems in dynamical cosmolo-
gies, or even full QED, is still lacking, experience with
other systems suggests that sophisticated resummation
methods are required to capture the leading order secular
terms, leading to decoherence, entropy generation and
irreversible behavior [59,62], for which a coarse grained
stress-energy tensor may be appropriate [63]. If interactions
are taken into account through Boltzmann transport equa-
tions, the adiabatic particle definition also provides the link
between QFT and a fully classical (completely phase
incoherent) particle limit. Clarifying these issues and the
behavior of the long wavelength modes in a fully dynami-
cal cosmology certainly will require the specification of the
QFT vacuum both in and out of the de Sitter phase. The full
solution could have important consequences for the reheat-
ing of the Universe at the end of inflation, and predictions
for the cosmic microwave background observed today.
Finally the sensitivity of the rate shown in Fig. 16 on
how the de Sitter phase ends, simultaneously over all space
at late times in the time profile (6.4), and the possibility of
significant backreaction effects and departure from the
mean field evolution on the horizon scale, may be related.
If the persistent de Sitter background were to be regulated
differently, in a way consistent with a finite causal Hubble
horizon, by modifying it with a spatial regulator rather than
switching it on and off in FLRW time everywhere in space,
the superhorizon modes would be treated quite differently,
or cut off entirely. Hence, it appears likely that sensitivity
to spatial boundary conditions through a regulator or other
physics on the horizon scale will survive in a more

complete treatment. If so, or if infrared interaction effects
are significant at this scale, this would imply spatial
homogeneity is broken on the horizon scale H~!, leading
to a spatially inhomogeneous rather than global FLRW
cosmology. Evidence for the additional breaking of spatial
homogeneity, as well as time reversal inherent in vacuum
decay of de Sitter space, due to the conformal anomaly was
presented previously in Refs. [6,64]. If spatial homogeneity
is broken, then the backreaction of the created particles in
a spatially inhomogeneous universe should be considered,
and vacuum dark energy, rather than being a spacetime
constant, will acquire spatial as well as time dependence
on the scale of the Hubble horizon, with potentially far-
reaching consequences for observational cosmology, con-
tinuing to the present quasi—de Sitter epoch.
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