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Although large-scale perturbations beyond a finite-volume survey region are not direct observables,
these affect measurements of clustering statistics of small-scale (subsurvey) perturbations in large-scale
structure, compared with the ensemble average, via the mode-coupling effect. In this paper we show that a
large-scale tide induced by scalar perturbations causes apparent anisotropic distortions in the redshift-space
power spectrum of galaxies in a way depending on an alignment between the tide, wave vector of small-
scale modes and line-of-sight direction. Using the perturbation theory of structure formation, we derive a
response function of the redshift-space power spectrum to large-scale tide. We then investigate the impact
of large-scale tide on estimation of cosmological distances and the redshift-space distortion parameter via
the measured redshift-space power spectrum for a hypothetical large-volume survey, based on the Fisher
matrix formalism. To do this, we treat the large-scale tide as a signal, rather than an additional source of the
statistical errors, and show that a degradation in the parameter is restored if we can employ the prior on
the rms amplitude expected for the standard cold dark matter (CDM) model. We also discuss whether
the large-scale tide can be constrained at an accuracy better than the CDM prediction, if the effects up to a
larger wave number in the nonlinear regime can be included.
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I. INTRODUCTION

A number of wide-area and deep galaxy surveys are
ongoing and planned, aimed at revealing the nature of
primordial perturbations, the physics in the early universe,
the curvature of the universe, the origin of cosmic accel-
eration as well as weighing neutrino mass via a measurement
of large-scale structure probes such as weak gravitational
lensing, baryon acoustic oscillations (BAO), galaxy cluster-
ing and redshift-space distortions (e.g., [1–3]). In particular,
when combined with a high-precision measurement of
cosmic microwave background (CMB) anisotropies, large-
scale structure probes allow one to study the time evolution
of perturbations over cosmic time, which is sensitive to
the aforementioned physics and cosmological parameters
(e.g. [4]).
The linear perturbation theory can accurately describe

the time evolution of large-scale perturbations in structure
formation, based on the standard Λ and cold dark matter
dominated cosmology with Gaussian adiabatic initial
conditions (hereafter ΛCDM) [5], which successfully
reproduces the high-precision measurements of CMB
anisotropies, yielding stringent constraints on the cosmo-
logical parameters [6]. The linear theory, however, breaks
down in the late-time universe, which is relevant for galaxy

surveys, because the nonlinear structure formation induces
a mode coupling between different Fourier modes of the
perturbations owing to the nature of nonlinear, long-range
gravity ([7,8] for a thorough review). As a result, the power
spectrum of large-scale structure probes, measured from a
galaxy survey, no longer carries the full information unlike
CMB anisotropies, and the statistical properties display a
substantial non-Gaussianity that is described by higher-
order correlation functions [9]. A better understanding of
the nonlinear structure formation is thus required in order to
attain the full potential of wide-area galaxy surveys.
Even though a wide-area galaxy survey is to cover a huge

cosmological volume, there is an unavoidable uncertainty
in the statistical analysis of large-scale structure probes
arising due to finiteness of the survey volume as well as the
nonlinear mode coupling, as studied in Refs. [10–33]. A
finite-volume survey realization is generally embedded into
large-scale perturbations that are not directly observable—
which we hereafter call “super-survey modes” [10,26].
Although the super-survey modes have small amplitudes
and are well in the linear regime for a wide-area galaxy
survey, it causes a non-negligible effect on small-scale
perturbations due to the nonlinear mode coupling, com-
pared with the statistical accuracies in measurements of the
small-scale perturbations. Hence, it is necessary to include
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the effects in the cosmological analysis (e.g. [34]) in
order not to have any biased estimation in cosmological
parameters as well as not to have too optimistic cosmo-
logical constraints.
The physical effects of super-survey modes on struc-

ture formation at equal time arise from the second-
derivative tensor of the large-scale gravitational field
due to the equivalence principle [16,31]. The tensor is
decomposed into two modes: the trace part or large-scale
density contrast and the traceless tensor which we here-
after call the large-scale tide. While the effect of large-
scale density contrast is well studied in previous studies
(e.g. [10]), the effect of large-scale tide has not been fully
studied, except for some studies [19,27,30–32,35]. In our
previous study [31], we showed that a large-scale tide
causes an anisotropic clustering in the redshift-space
power spectrum. The effect mimics the redshift-space
distortion effect [36,37] arising from the peculiar veloc-
ities of large-scale structure tracers as well as the Alcock-
Paczynski (AP) distortion [38–40] arising from the use of
an incorrect cosmological model in the clustering analy-
sis. Yet we studied only the partial effect, the effect of the
large-scale tide on the real-space clustering; in other
words, we did not include the effect of large-scale tide
on redshift-space distortion as well as a modulation in the
mapping between real- and redshift-space distributions of
galaxies.
Hence, the purpose of this paper is to study the effects

of large-scale tide on the redshift-space power spectrum,
based on the perturbation theory [7]. To do this, we derive
response functions of the redshift-space power spectrum to
super-survey modes, which describe how the super-survey
modes in a given survey realization affect the redshift-space
power spectrum as a function of wave vector k and the
line-of-sight direction, say n̂, relative to the large-scale tide.
We then discuss the impact of the tide on estimation of
cosmological distances and the redshift-space distortion
parameter via a measurement of the redshift-space power
spectrum for a hypothetical large-volume galaxy survey,
using the Fisher matrix formalism.
The rest of this paper is organized as follows. In Sec. II,

we define the super-survey modes and introduce its iso-
tropic component and anisotropic components. In Sec. III,
we derive the response function of the redshift-space
power spectrum to super-survey modes by considering
the squeezed-limit bispectrum that is a cross-correlation
of the super-survey modes with the redshift-space power
spectrum estimator. In Sec. IV, we study the impact of the
super-survey modes on cosmological parameter estimation
from a measurement of the redshift-space power spectrum,
including the AP test, based on the Fisher information
matrix analysis. Section V is devoted to the discussion.
In the Appendix, we give expressions for the multipole
expansion of the redshift-space power spectrum in the
presence of the super-survey modes.

II. PRELIMINARIES

The redshift-space density field of galaxies observed in a
finite-volume survey region can be expressed, using the
survey window function WðxÞ, following the formulation
in Ref. [10]:

δsWðxÞ ¼ WðxÞδsðxÞ; ð1Þ

where δsWðxÞ is the observed density field, δsðxÞ is the
underlying true density field in redshift space, and the
survey window is defined in that WðxÞ ¼ 1 if x is inside
the survey geometry, and otherwiseWðxÞ ¼ 0. Throughout
this paper we assume that a survey window is given in the
background comoving coordinate. The survey volume is
defined in terms of the survey window as

VW ¼
Z

d3xWðxÞ: ð2Þ

In the following we assume a well-behaved survey window
for simplicity; we do not consider effects of masks that
might cause additional mode-coupling between high-k
modes in the observed power spectrum. The Fourier
transform of the density field is

δ̃sWðkÞ ¼
Z

d3q
ð2πÞ3 W̃ðqÞδ̃sðk − qÞ; ð3Þ

where quantities with tilde symbol such as δ̃sðkÞ are their
Fourier transforms. The survey window W̃ðkÞ is non-
vanishing for k ≪ 1=L, while W̃ðkÞ ≃ 0 for k ≫ 1=L,
where L is a typical scale of the survey volume. The
above equation explicitly shows that the Fourier transform
of the observed field has a contribution from long-
wavelength modes beyond a survey window, i.e. super-
survey modes, via a convolution with the survey window.
Redshift-space distortion (RSD) effect due to peculiar

velocities of galaxies causes a modulation in the observed
clustering pattern of galaxies along the line-of-sight direc-
tion. Thus the RSD effect violates statistical isotropy of the
galaxy distribution. For this reason the monopole power
spectrum, measured by the azimuthal-angle average of
power spectrum over dΩk, cannot carry the full informa-
tion. Instead a standard approach to quantify the redshift-
space clustering of galaxies is using the power spectrum,
given as a function of the three-dimensional wave vector k.
An estimator of the power spectrum for a given survey
window is defined as

P̂sðkÞ≡ 1

VW

Z
k0∈k

d3k0

Vk
δ̃sWðkÞδ̃sWð−kÞ; ð4Þ

where the integration is done over a volume element around
the mode k (a target wave vector for the power spectrum
measurement), and Vk is the volume: Vk ≡ R

k0∈k d
3k0. If a
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bin width around the bin k is given by Δk, Vk ≃ ðΔkÞ3.
This definition does not include an angle average of dΩk,
unlike a definition of the monopole power spectrum.
Hence, at this point, the redshift-space power spectrum
P̂sðkÞ is given as a function of the three-dimensional
vector, k. A standard method usually further assumes the
statistical isotropy in the two-dimensional plane (angular
direction) perpendicular to the line-of-sight direction, and
then uses the power spectrum given as a function of two-
dimensional vector ðkk; k⊥Þ, where kk is the line-of-sight
direction component of k, k⊥ is the vector in the two-
dimensional plane perpendicular to the line-of-sight direc-
tion, and k⊥ ¼ jk⊥j. Here we do not introduce the angle
average over dφk⊥ in the perpendicular plane, where φk⊥ is
defined via k⊥ ¼ k⊥ðcosφk; sinφkÞ, and keep the general
definition of P̂sðkÞ because the large-scale tide generally
causes anisotropic distortions in the redshift-space cluster-
ing pattern of galaxies in all three-dimensional directions
(also see Ref. [41], for the similar discussion).
Given the definition of the redshift-space power

spectrum,

hδ̃sðkÞδ̃sðk0Þi≡ ð2πÞ3PsðkÞδ3Dðkþ k0Þ; ð5Þ

where δ3DðkÞ is the Dirac delta function, the ensemble
average of the estimator [Eq. (4)] is found to be an unbiased
estimator of the underlying power spectrum for modes
with k ≫ 1=L:

hP̂sðkÞi ¼
1

VW

Z
k∈k0

d3k0

Vk

Z
d3q
ð2πÞ3 jW̃ðqÞj2Psðk − qÞ

≃
1

VW

Z
k∈k0

d3k0

Vk
PsðkÞ

Z
d3q
ð2πÞ3 jW̃ðqÞj2

≃
PsðkÞ
VW

Z
k∈k0

d3k0

Vk

Z
d3q
ð2πÞ3 jW̃ðqÞj2 ¼ PsðkÞ:

ð6Þ

Here we used Psðk − qÞ ≃ PsðkÞ over the integration rage
of d3q which the window function supports and assumed
that PsðkÞ is not a rapidly varying function within the
k-bin. In addition, we used the general identity for the
window function [10]:

VW ¼
Z

d3xWðxÞn

¼
Z �Yn

a¼1

d3qa

ð2πÞ3 W̃ðqaÞ
�
ð2πÞ3δ3Dðq1…nÞ; ð7Þ

where q1…n ≡ q1 þ q2 þ � � � þ qn.
Similarly to Takada and Hu [10] and Akitsu et al. [31],

we study effects of super-survey modes on the redshift-
space power spectrum. The super-survey modes we focus

on are the large-scale density contrast and the large-scale
tide, defined in terms of the linear matter density fluc-
tuation field as

δb ≡ 1

VW

Z
d3xWðxÞδ̃mLðxÞ

¼ 1

VW

Z
d3q
ð2πÞ3 δ̃mLðqÞW̃ð−qÞ;

τij ≡ 1

4πGρ̄ma2VW

Z
d3xWðxÞ

�
Φ;ijðxÞ −

δKij
3
∇2ΦðxÞ

�

¼ 1

VW

Z
d3q
ð2πÞ3

�
q̂iq̂j −

δKij
3

�
δ̃mLðqÞW̃ð−qÞ; ð8Þ

where q̂i ≡ qi=q, q̂iq̂i ¼ 1, δKij is the Kronecker delta, and
ΦðxÞ is the gravitational potential field. Here we assumed
that a survey volume is sufficiently large, and therefore the
matter density field contributing the super-survey modes
are in the linear regime, denoted as δmLðxÞ. Under this
setting, jδbj; jτijj ≪ 1. These super-survey modes are not
direct observables and vary with survey realizations. For a
particular survey realization, δb; τij have particular constant
values. The expectation values of the ensemble averages,
i.e. the averages over different, possible survey realizations
for a fixed volume, are computed if the linear matter
power spectrum at long wavelengths for super-survey
modes, PLðkÞ, is given for a given cosmological model:
hδbi ¼ hτiji ¼ 0, and the variances are

σ2b ≡ hδ2bi ¼
1

V2
W

Z
d3q
ð2πÞ3 P

LðqÞjWðqÞj2;

hδbτiji ¼
1

V2
W

Z
d3q
ð2πÞ3

�
q̂iq̂j −

1

3
δKij

�
PLðqÞjWðqÞj2;

hτijτlmi ¼
1

V2
W

Z
d3q
ð2πÞ3

�
q̂iq̂j −

1

3
δKij

��
q̂lq̂m −

1

3
δKlm

�

× PLðqÞjWðqÞj2; ð9Þ

where PLðqÞ is the linear matter power spectrum.
In this paper we consider an isotropic window for

simplicity; W̃ðqÞ ¼ W̃ðqÞ. In this case the variances of
large-scale tide are simplified as

hδbτiji ¼ 0;

σ2τ ≡ hðτ11Þ2i ¼ hðτ22Þ2i ¼ hðτ33Þ2i ¼
3

4
hðτijÞ2ii≠j

¼ 4

45V2
W

Z
q2dq
2π2

PLðqÞjW̃ðqÞj2 ¼ 4

45
σ2b: ð10Þ
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III. RESPONSES OF REDSHIFT-SPACE POWER
SPECTRUM TO SUPER-SURVEY MODES

A. Redshift-space distortion effects

In a redshift galaxy survey, the radial position of each
galaxy needs to be inferred from its observed redshift. Here
the observed redshift can be modified by a peculiar velocity
of galaxy through the Doppler effect, causing an apparent
displacement of the inferred galaxy position from the true
position:

s ¼ xþ vkðxÞ
HðzÞ n̂; ð11Þ

where s is the inferred position of galaxy in redshift
space, x is the true position in real space, vk is the radial
component of peculiar velocity, HðzÞ is the comoving
Hubble rate, and n̂ is the unit vector of the line-of-sight
direction. With this coordinate transformation, the density
field in redshift space can be expressed as

ρsðsÞ ¼
Z

d3xρðxÞδ3D
�
s − x −

vkðxÞ
HðzÞ n̂

�
; ð12Þ

where ρsðsÞ or ρðxÞ denotes the redshift- or real-space
density field of galaxies, respectively. In the following
quantities with subscript “s” denote their redshift-space
quantities. Fourier-transforming Eq. (12),

R
d3seik·s, yields

δ3DðkÞ þ δ̃sðkÞ ¼
Z

d3x½1þ δðxÞ�e−ik·x−iðk·n̂Þ
vk
H : ð13Þ

This transformation is exact even if multiple galaxies are
mapped to the same position in redshift space, which can
happen, e.g. in a nonlinear high-density region. Such multi-
streaming regions are beyond the scope of this paper, and
we ignore the effects in this paper for simplicity. In this
setting we can rewrite Eq. (13) as

δ̃sðkÞ ¼
Z

d3x

�
1þ δðxÞ−

���� ∂si∂xj
����
�
e−ik·x−iðk·n̂Þ

vk
H

≃
Z

d3x

�
δðxÞ − 1

HðzÞ
∂vk
∂n̂ · n̂

�
e−ik·x−iðk·n̂Þ

vk
H ; ð14Þ

where we kept the peculiar velocity up to the linear order
in an expansion of the Jacobian, j∂si=∂xjj, assuming
jvk=Hj ≪ 1.
Using the perturbation theory of structure formation [7],

we can express the redshift-space density field δ̃sðkÞ in
terms of the linear matter density field δ̃mLðkÞ as

δ̃sðk; tÞ≡
X∞
n¼1

Z �Y∞
a¼1

d3ka

ð2πÞ3
�
Ziðk1;…;kiÞδ̃mLðk1; tÞ � � �

× δ̃mLðki; tÞð2πÞ3δ3Dðk1…i − kÞ ð15Þ

where we have introduced the notation, k12…i ≡ k1þ
k2 þ � � � þ ki, and Ziðk1;…;kiÞ is the mode-coupling
kernel between different Fourier modes with k1;…;ki.
We throughout this paper employ a distant observer
approximation for simplicity. In the following discussion
we use the density fields up to the second-order, which are
given as

δ̃sðkÞ ≃ δ̃ð1Þs ðkÞ þ δ̃ð2Þs ðkÞ

¼ Z1ðkÞδ̃mLðkÞ þ
Z

d3k1

ð2πÞ3
d3k2

ð2πÞ3 Z2ðk1;k2Þ

× δ̃mLðk1; tÞδ̃mLðk2; tÞð2πÞ3δ3Dðk12 − kÞ: ð16Þ

Using the standard Eulerian perturbation theory [42–44],
where an irrotational, pressureless single-fluid matter field
is assumed, the kernels are given as

Z1ðkÞ≡bþfμ2;

Z2ðk1;k2Þ≡bF2ðk1;k2Þþfμ2G2ðk1;k2Þ

þfμk
2

�
μ1
k1
ðbþfμ22Þþ

μ2
k2
ðbþfμ21Þ

�
; ð17Þ

where k≡ k1 þ k2, μ is the cosine angle between the wave
vector k and the line-of-sight direction, μ≡ n̂ · k̂ ¼ kk=k
(kk is the component along the line-of-sight direction),
f ≡ d lnD=d ln a, D is the linear growth rate, and b is the
linear bias parameter of galaxies. The pioneer work for the
RSD effect is given in Ref. [36], and see Refs. [45–48] for
the extension to the higher-order terms. Throughout this
paper we assume the linear galaxy bias to model how the
real-space distribution of galaxies is related to that of
matter. Although the effect of the large-scale tide could
cause an additional biasing effect on the tracers [8,49–51],
the effect on the power spectrum is of the order of
OððδmLÞ2Þ, compared with the OðδmLÞ effect in b, so we
ignore the effect for simplicity. The kernels F2ðk1;k2Þ and
G2ðk1;k2Þ are the second-order kernels for the density
and velocity perturbations, given by Eqs. (45) and (46)
in Ref. [7]:

F2ðk1;k2Þ ¼
5

7
þ 1

2

�
1

k21
þ 1

k22

�
ðk1 · k2Þ þ

2

7

ðk1 · k2Þ2
k21k

2
2

;

G2ðk1;k2Þ ¼
3

7
þ 1

2

�
1

k21
þ 1

k22

�
ðk1 · k2Þ þ

4

7

ðk1 · k2Þ2
k21k

2
2

:

ð18Þ
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B. Derivation of the responses of redshift-space
power spectrum to super-survey modes

We now consider how super-survey modes affect the
redshift-space power spectrum observed in a finite-volume
survey. Following the discussion in Refs. [10,31], in the
presence of super-survey modes (δb; τij) for a given survey
realization, the “observed” redshift-space power spectrum
is formally expressed, up to the first order of super-survey
modes, as

PsWðk; δb; τijÞ ¼ PsðkÞ þ
∂PsðkÞ
∂δb δb þ

∂PsðkÞ
∂τij τij: ð19Þ

Here we omitted the dependence of PsWðkÞ on the line-of-
sight direction, n̂, for notational simplicity and we explic-
itly denote that the observed spectrum PsWðk; δb; τijÞ
depends on the super-survey modes of a given survey
realization, and PsðkÞ is the power spectrum without
the super-survey modes. The functions ∂PsðkÞ=∂δb and
∂PsðkÞ=∂τij are so-called “response” functions describing
a response of the redshift-space power spectrum to the
super-survey modes via mode couplings in the nonlinear
structure formation. We again stress that the super-survey

modes, δb and τij, are “constant” numbers for a particular
survey realization. Hence, the above equation assumes
that a shift in the redshift-space power spectrum due to all
long-modes with wavelengths longer than a size of survey
volume is described by the product of the response function
and δb or τij. Furthermore, the response function is given as
a function of sub-survey modes, even down to an arbitrary
large k in the deeply nonlinear regime, if it is not non-
vanishing. That is, we assume that, as long as the super-
survey modes are in the linear regime (a survey volume is
sufficiently large) and if the response function is obtained,
the effects on all the small-scale modes are described by
the above equation. Thus Eq. (19) rests on a nontrivial
assumption, but is quite useful if Eq. (19) holds a good
approximation, which is indeed the case for δb as shown by
many works (e.g. [22]).
Now we derive the response function using the pertur-

bation theory. The simplest way to do this is considering a
squeezed-limit bispectrum that arises from correlations
between two short modes and one long mode (correspond-
ing to super-survey modes) [52]. More specifically, let us
consider a correlation of P̂sWðkÞ [Eq. (4)] with the large-
scale matter density field, δ̃mLðqÞ (q is the long mode):

hP̂sWðkÞδ̃mLðqÞi ¼
1

VW

Z
k0∈k

d3k0

Vk

Z
d3q1

ð2πÞ3
d3q2

ð2πÞ3 hδ̃sðk
0 − q1Þδ̃sð−k0 − q2Þδ̃mLðqÞiW̃ðq1ÞW̃ðq2Þ

¼ 1

VW

Z
k0∈k

d3k0

Vk

Z
d3q1

ð2πÞ3
d3q2

ð2πÞ3 Bssmðk0 − q1;−k0 − q2;qÞð2πÞ3δ3Dðq12 − qÞW̃ðq1ÞW̃ðq2Þ; ð20Þ

where we have defined the bispectrum between the red-
shift-space density field and the real-space density field:

hδ̃sðk1Þδ̃sðk2Þδ̃mLðqÞi
≡ Bssmðk1;k2;qÞð2πÞ3δ3Dðk1 þ k2 þ qÞ: ð21Þ

For the case that k ≫ q1; q2; q, the bispectrum in the
above equation arises from so-called squeezed triangles
where two sides are nearly equal and in opposite direction.
To see this, we can make the variable changes k − q1 ↔ k
and q1 þ q2 ↔ q under the delta function condition
q12 þ q ¼ 0 and the approximation that k ≪ q. The
bispectrum we are interested in reads

lim
q→0

Bssmðk;−k − q;qÞ: ð22Þ

In this limit, the triangle configuration describes how the
redshift-space power spectrum PsðkÞ is modulated by the
super-survey mode δ̃mLðqÞ. For convenience of the follow-
ing discussion, with the help of Eq. (19) we assume that the
squeezed bispectrum can be described by the response of
PsðkÞ to the super-survey modes as

lim
q→0

Bssmðk;−k − q;qÞ

≡
�∂PsðkÞ

∂δb þ
�
q̂iq̂j −

δKij
3

� ∂PsðkÞ
∂τij

�
PLðqÞ: ð23Þ

From Eq. (23), we can derive the response function
∂PsðkÞ=∂δb from the angle average of the squeezed
bispectrum over d3q as

∂PsðkÞ
∂δb PLðqÞ ≃ lim

q→0

Z
dΩq

4π
Bssmðk;−k − q;qÞ; ð24Þ

With this derivation, the response to the large-scale tide,
∂PsðkÞ=∂τij can be found from

∂PsðkÞ
∂τij ← coefficients in

�
q̂iq̂j −

δKij
3

�

× PLðqÞ in lim
q→0

Bssmðk;−k − q;qÞ: ð25Þ

Using the perturbation theory ansatz for δ̃sðkÞ [Eq. (16)]
and assuming that the large-scale mode δ̃mLðqÞ is in the
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linear regime, the leading-order contribution of the squeezed bispectrum can be expressed in terms of the mode-coupling
kernels as

Bssmðk;−k − q;qÞ ≃ 2Z1ðkþ qÞZ2ðkþ q;−qÞPLðjkþ qjÞPLðqÞ þ 2Z1ðkÞZ2ðk;qÞPLðkÞPLðqÞ: ð26Þ

Inserting Eq. (17) into Eq. (26) and using the relations [Eqs. (24) and (25)], we can find that the response functions for the
redshift-space power spectrum are

∂PsðkÞ
∂δb ¼

�
47

21
−
1

3

d lnPLðkÞ
d ln k

�
b2PLðkÞ þ

�
b
3
þ μ2

�
26

7
þ 2b

�
−
μ2

3
ð2þ bÞ d lnP

LðkÞ
d ln k

�
bfPLðkÞ

þ
�
1

21
ð31þ 70bÞ − 1

3
ð1þ 2bÞ d lnP

LðkÞ
d ln k

�
f2μ4PLðkÞ þ

�
1

3
ð4μ2 − 1Þ − μ2

3

d lnPLðkÞ
d ln k

�
f3μ4PLðkÞ; ð27Þ

and

∂PsðkÞ
∂τij ¼

�
8

7
k̂ik̂j − k̂ik̂j

d lnPLðkÞ
d ln k

�
b2PLðkÞ þ

�
bn̂in̂j þ

24

7
μ2k̂ik̂j − μð2μk̂ik̂j þ bhijÞ

d lnPLðkÞ
d ln k

�
bfPLðkÞ

þ
�
16

7
μk̂ik̂j þ 4bhij − ðμk̂ik̂j þ 2bhijÞ

d lnPLðkÞ
d ln k

�
f2μ3PLðkÞ þ

�
ð4μhij − n̂in̂jÞ − μhij

d lnPLðkÞ
d ln k

�
f3μ4PLðkÞ;

ð28Þ

where

hij ≡ k̂ðin̂jÞ ¼
1

2
ðk̂in̂j þ k̂jn̂iÞ: ð29Þ

These are full expressions of the responses of redshift-
space power spectrum to the large-scale perturbations.
Compared with the results in Ref. [31], there are additional
effects of the super-survey modes on the redshift-space
power spectrum, that is, there are terms including the
couplings between the large-scale tide τij and the line-of-
sight direction n̂ as expected. The response function for δb,∂PsðkÞ=∂δb, agrees with Eq. (65) in Ref. [53] if we set
b ¼ 1 in the above equation. The response functions,
∂PsðkÞ=∂δb and ∂PsðkÞ=∂τij, show several effects caused
by the super-survey modes. First, the large-scale perturba-
tions could speed up or slow down the growth of short
modes: for example, if the large-scale tide along a particular
direction is positive, say τii > 0, the expansion of a local
volume along the direction is slower than that of the global
universe, so the growth of short modes with k along the
direction can be enhanced. Second, the super-survey modes
cause a dilation of the comoving wavelengths. Because the
large-scale perturbations can be realized as a modification
of the local expansion, the comoving wavelengths which an
observer infer are modulated by the super-survey modes,
which imprints a modulation in the power spectrum.
Thirdly, the super-survey modes alter the peculiar velocities
through the effects on the gravitational force, so alter the
redshift-space distortion effects along the line-of-sight
direction. Thus the large-scale tide causes modifications
in the clustering pattern along all the three directions.

In the following we focus on the response function for τij,
and we do not consider the response for δb. From Eq. (28) we
can find several types of anisotropies in the redshift-space
power spectrum: the standard RSD effect μ2 ¼ k̂ik̂jn̂in̂j
(Kaiser factor), and the effects due to τij that have depend-
ences of τijk̂ik̂j, τijk̂in̂j, and τijn̂in̂j, respectively. First, let
us remind of the physical origin of the Kaiser factor. It comes
from ∂ivjn̂in̂j [see Eq. (14)]. This means that the Kaiser
anisotropy reflects the projection of the velocity shear
(∂ðivjÞ, in Fourier space ∝ k̂ik̂j) onto the line-of-sight
direction. In other words, since the velocity shear corre-
sponds to the tidal field, the Kaiser factor can be interpreted
as the projection of the short-mode tidal field onto the line-
of-sight direction. The terms proportional to τijk̂ik̂j represent
a coupling between the large-scale tide τij and the small-
scale tide, where the latter has directional dependences given
by ∝ ðk̂ik̂j − 1

3
δKijÞ. The terms of τijn̂in̂j are like the Kaiser

factor, that is, the projection of the large-scale tide τij onto
the line-of-sight direction. Note that the terms proportional
to hij always appear with μ ¼ k̂ · n̂, because of the parity
invariance of the power spectrum, i.e. PsðkÞ ¼ Psð−kÞ.
Then, τijk̂in̂jμ ¼ τijk̂ik̂ln̂jn̂l is a consequence of the pro-
jection of the coupling between the large-scale tide τij and
the small-scale velocity ∝ k̂i onto the line-of-sight direction.

C. The large-scale mode effects on the two-dimensional
redshift-space power spectrum: P2D

s ðkk;k⊥Þ
The main purpose of this paper is to estimate the impact

of super-survey modes on the RSD measurements as well
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as Alcock-Paczynski (AP) test [38] through a measure-
ments of the redshift-space power spectrum. To do this,
we employ the standard approach used in an analysis of the
redshift-space power spectrum. Since the RSD effect is
only along the line-of-sight direction and does not affect
the clustering pattern in the two-dimensional plane
perpendicular to the line-of-sight direction, a usual way
to measure the redshift-space power spectrum is making the
angle average given as

P2D
sWðkk; k⊥; τijÞ≡

Z
2π

0

dφk⊥
2π

PsWðk; τijÞ; ð30Þ

where we have set the line-of-sight direction as z-axis,
n̂i ¼ δKiz and used the decomposition of wavevector, k ¼
ðk⊥ cosφk⊥ ; k⊥ sinφk⊥ ; kkÞ with the conditions ðk⊥; kkÞ ¼
kð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p
; μÞ.

By inserting Eqs. (19) and (28) into Eq. (30) we can find

P2D
sWðk⊥; kk; τijÞ ¼ ðbþ fμ2Þ2PLðkÞ þ

�
8

7
b2PLðkÞ − b2

dPLðkÞ
d ln k

�
3μ2 − 1

2
τ33

þ fb

��
bþ 12

7
μ2ð3μ2 − 1Þ

	
PLðkÞ − μ2fbþ ð3μ2 − 1Þg dP

LðkÞ
d ln k

�
τ33

þ f2μ4
��

4bþ 8

7
ð3μ2 − 1Þ

	
PLðkÞ −

�
2bþ 3μ2 − 1

2

�
dPLðkÞ
d ln k

�
τ33

þ f3μ4
�
ð4μ2 − 1ÞPLðkÞ − μ2

dPLðkÞ
d ln k

�
τ33; ð31Þ

where we have used the following identities under the
presence of the line-of-sight direction

Z
2π

0

dϕk⊥
2π

k̂ik̂j ¼
1 − μ2

2
δKij þ

3μ2 − 1

2
n̂in̂j;

Z
2π

0

dϕk⊥
2π

k̂i ¼ μn̂i; ð32Þ

with the traceless condition of τij, i.e. τijδKij ¼ 0. Equa-
tion (31) is one of the main results of this paper. The
equation shows that the large-scale tide causes an addi-
tional anisotropic clustering in the two-dimensional
redshift-space power spectrum in addition to the Kaiser
distortion. The amount of the distortion depends on the
line-of-sight component of the tide, τ33, in a given survey
realization. The tide causes anisotropic distortions up to the
order of μ6, while the standard Kaiser RSD effect causes
distortions up to μ4. Thus the large-scale tide in a given
survey realization causes a bias in the redshift-space power
spectrum. There are two ways to take into account the
effect. One way is to include the effect as an additional
noise in the error covariance matrix of the power spectrum
as studied in Ref. [31]. Alternative approach, which we take
in this paper, is to treat the effect as a signal rather than
noise. We can model this effect by treating the bias as a
purely systematic additive shift in the redshift-space power
spectrum, where an amount of the bias is given by the
power spectrum response multiplied by a free parameter
τ33. Then we can use the measured power spectrum to infer
the τ33 value in the survey realization. We will study how
a large-volume galaxy redshift survey can constrain the

large-scale tide and also how it could cause a degradation
in cosmological parameters.

IV. THE IMPACT OF LARGE-SCALE TIDAL
EFFECT ON REDSHIFT-SPACE

POWER SPECTRUM

A. Fisher information matrix

In this section, following Refs. [39,40], we study how the
large-scale tide affects the BAO and RSD measurements in
the redshift-space power spectrum [2], based on the Fisher
information matrix formalism.
The two-point correlation function of galaxies is mea-

sured as a function of the separation lengths between paired
galaxies. To measure this separation, the position of each
galaxy needs to be inferred from the measured redshift and
angular position. Then the separation lengths perpendicular
and parallel to the line-of-sight direction from the measured
quantities are given as r⊥ ∝ Δθ and rk ∝ Δz, with Δθ
and Δz being the differences between the angular positions
and the redshifts of the paired galaxies. To convert the
observables (Δθ, Δz) to the quantities ðr⊥; rkÞ, one has to
assume a reference cosmological model. Considering this
transformation, the wave numbers are given as

k⊥;ref ¼
DAðzÞ
DA;refðzÞ

k⊥; kk;ref ¼
HrefðzÞ
HðzÞ kk; ð33Þ

where DAðzÞ is the angular diameter distance and HðzÞ is
the Hubble expansion rate. The quantities with subscript
“ref” mean the quantities for an assumed “reference”
cosmological model, and the quantities without the
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subscript mean the underlying true values. Since the
reference cosmological model we assume generally differs
from the underlying true cosmology, an apparent geomet-
rical distortion is caused in the two-dimensional pattern
of galaxy clustering. In principle, this distortion could be
measured using only the isotropy of clustering statistics, the
so-called Alcock-Paczynski (AP) test [38], but a more
robust measurement of both DAðzÞ and HðzÞ can be
obtained by searching for the “common” BAO scales in
the pattern of galaxy clustering, as the standard ruler, in
combination with the CMB constraints [39,40].
We will use the currently standard ΛCDM model as a

guidance for the parameter dependence of our constraints and
as an effective realistic description of the galaxy clustering.
To be more quantitative, we assume that the redshift-space
galaxy power spectrummeasured from a hypothetical survey
realization is given in the linear regime as

P2D;obs
sW;ref ðkk;ref ; k⊥;ref ; τ33Þ ¼

D2
A;refH

D2
AHref

P2D
sWðkk; k⊥; τ33Þ þ Psn;

ð34Þ

where P2D;obs
sW is the “observed” or “estimated” power

spectrum from a given survey realization, P2D
sW on the

right-hand side is the true, underlying true power spectrum
[Eq. (31)], measured if an observer employs the true
cosmological model, and Psn is a parameter (constant
number) to model a possible contamination of a residual
shot noise to the power spectrum measurement.
To make the parameter forecast, we employ the method

developed in Refs. [2,3,54]. Assuming that the redshift-
space power spectrum is measured from a hypothetical
survey volume the Fisher information matrix of model
parameters can be computed as

Fgalaxy
αβ ¼

Z
1

−1
dμ

Z
kmax

kmin

2πk2dk
2ð2πÞ3

∂ lnP2D;obs
sW;ref ðk; μ; ziÞ
∂pα

×
∂ lnP2D;obs

sW;ref ðk; μ; ziÞ
∂pβ

Veffðk; ziÞ

× exp ½−k2Σ2⊥ − k2μ2ðΣ2
k − Σ2⊥Þ�; ð35Þ

where ∂P2D;obs
sW;ref =∂pα is the partial derivative of the galaxy

power spectrum [Eq. (34)] with respect to the α-th parameter
around the reference cosmological model. The effective
survey volume Veff and the Lagrangian displacement fields
Σk and Σ to model the smearing effect are given as

Veffðk;μ;ziÞ≡
�

n̄gðziÞP2D
sWðk;μ;ziÞ

n̄gðziÞP2D
sWðk;μ;ziÞþ1

�
2

VsurveyðziÞ; ð36Þ

Σ⊥ðzÞ≡ crecDðzÞΣ0; ð37Þ

ΣkðzÞ≡ crecDðzÞð1þ fgÞΣ0: ð38Þ

Here VsurveyðziÞ is the comoving volume of the redshift
slice centered at zi, Σ0 is the present-day Lagrangian
displacement field, given as Σ0 ¼ 11h−1 Mpc for σ8 ¼ 0.8
[55], and the parameter crec is a parameter to model the
reconstruction method of the BAO peaks (see below).
In Eq. (35), we take the exponential factor of the smearing
effect outside of the derivatives of P2D;obs

sW;ref . This is
equivalent to marginalizing over uncertainties in Σk and
Σ⊥. We include the parameter for the large-scale tide for
the survey volume, i.e. τ33 in addition to the cosmological
parameters, the distances in each redshift slice, and other
nuisance parameters:

pα ¼ fτ33;Ωm0; As; ns; αs;Ωm0h2;Ωb0h2; DAðziÞ;
HðziÞ; bgðziÞ; βðziÞ; PsnðziÞg; ð39Þ

where As, ns and αs are parameters of the primordial
power spectrum; As is the amplitude of the primordial
curvature perturbation, and ns and αs are the spectral tilt
and the running spectral index. The set of cosmological
parameters determines the shape of the linear power spec-
trum. For the k-integration, we set kmin¼10−4 h=Mpc and
kmax¼0.5 h=Mpc, but the exponential factor in Eq. (35)
suppresses the information from the nonlinear scales. The
Fisher parameter forecasts depend on the reference cosmo-
logical model for which we assumed the model consistent
with the WMAP 7-year data [56]. In this paper, we consider
a single redshift slice, and then consider 12 parameters in
total in the Fisher analysis.
Furthermore, we assume the BAO reconstruction method

in Ref. [55]. Because the large-scale peculiar velocity field
of galaxies in large-scale structure can be inferred from the
measured galaxy distribution, the inferred velocity field
allows for pulling back each galaxy to its position at
an earlier epoch and then reconstructing the galaxy dis-
tribution more in the linear regime. As a result, one can
correct to some extent the smearing effect in Eq. (35) and
sharpen the BAO peaks in the galaxy power spectrum.
Padmanabhan et al. [57] implemented this method to the
real data, SDSS DR7 LRG catalog, and showed that
the reconstruction method can improve the distance error
by a factor of 2. The improvement was equivalent to
reducing the nonlinear smoothing scale from 8.1 to
Σnl ¼ 4.4 h−1 Mpc, about a factor of 2 reduce in the
displacement field. In the Fisher matrix calculation, we
used crec ¼ 0.5 as a default choice [57].
In the following forecast, we assume the BAO experi-

ment combined with the CMB constraints expected from
the Planck satellite:

F ¼ FCMB þ Fgalaxy; ð40Þ
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where FCMB is the Fisher matrix for the CMB measure-
ments. We employ the method in Ref. [2] to compute the
CMB Fisher matrix, where we assumed the standard
ΛCDM model for the physics prior to recombination that
determines the sound horizon scale or the BAO scale.

B. Results

As a working example, we consider a hypothetical
survey that is characterized by the central redshift
z ¼ 0.5, the comoving volume V ¼ 1 ðGpc=hÞ3, the mean
number density of galaxies n̄g ¼ 10−3 ðh=MpcÞ3 and linear
bias parameter b ¼ 2, respectively. For simplicity we
consider a single redshift slice. In reality, when a galaxy
redshift survey probes galaxies over a wide range of
redshifts, one can use the clustering analysis in multiple
redshift slices and then combine their cosmological
information.
In Fig. 1 we show the marginalized 68% C.L. error

contours in each of two-dimensional sub-space that include
either two of the large-scale tidal parameter, τ33, the
distance parameters, DA or H, or the RSD parameter β,

where the contours include marginalization over other
parameters. Note that τ33 has little degeneracy with other
parameters. More quantitatively, the cross-correlation

coefficients defined as cij¼ðF−1Þij=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF−1ÞiiðF−1Þjj

q
with

i ¼ τ33, after the CMB Fisher matrix is added, is almost
unity for either one of these three parameters is taken for j,
while the cross-coefficients are smaller for other parame-
ters, less than Oð0.2Þ. The contours in each panel of Fig. 1
show how an uncertainty in τ33 causes a degeneracy with
estimation of other parameter. Since the large-scale tide
causes apparent anisotropies in the observed clustering of
galaxies as the radial AP anisotropy and the RSD effect do,
allowing τ33 to freely vary in the parameter estimation
causes significant degeneracies with β and H. The degen-
eracy between τ33 and DA arises from the trace-less nature
of τij; changing τ33 leads to a change in τ11 þ τ22ð¼ −τ33Þ
and therefore causes an apparent distortion in the k⊥-
direction, which mimics the cosmological distortion due to
a change in DA.
However, if adding the prior on τ33 assuming the

ΛCDM model, i.e. τ33 ¼ 0 for the expectation value and

FIG. 1. 68% C.L. error ellipse for the parameters, τ33, DA, H and β, including marginalization over other parameters in the Fisher
analysis (see Sec. IVA for details). The inner black contour in each panel shows the result when στ33 ¼ 1.04 × 10−3 is employed as the
τ33 prior, which is taken from the rms value expected for the ΛCDM model and the assumed galaxy survey that is characterized by
V ¼ 1 ðGpc=hÞ3, n̄g ¼ 10−3 ðh=MpcÞ3 and b ¼ 2.
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στ33 ¼ 1.04 × 10−3 for the rms value for V ¼ 1 ðGpc=hÞ3,
it lifts the degeneracies, recovering a high-precision meas-
urement for each cosmological parameter. Figure 2 shows
a zoomed-in version of the contours around the central
value (the input model in the Fisher analysis), and shows
that the prior of τ33 efficiently breaks the parameter
degeneracies. In particular, even if an actual value of τ33
in a given survey realization is off from zero by more than a
few στ33, it does not seem to cause a significant bias in the
parameters. It should be noted that the range of margin-
alized error of τ33 in Figs. 1 and 2 is sufficiently smaller
than unity, for a hypothetical measurement of the redshift-
space power spectrum for a volume of 1 ðGpc=hÞ3. Thus
our assumption that the super-survey modes are in the
linear regime is safely satisfied.
Nevertheless it is interesting to ask whether a measure-

ment of redshift-shift power spectrum of galaxies can be

used to constrain the large-scale tide, τ33, rather than
employing the prior, if one can include the information
up to the larger k beyond the weakly nonlinear regime.
To address this possibility, we need to know the response
of the redshift-space power spectrum to the tide,
∂PsðkÞ=∂τ33, in the nonlinear regime where the perturba-
tion theory breaks down. To estimate the response function
in the nonlinear regime requires to, e.g. use a separate
universe simulation where the large-scale tidal effect is
included in the background expansion, similarly to the
method used for estimating the response for the mean
density modulation, ∂Ps=∂δb, in Refs. [22,23,58,59]. This
is beyond the scope of this paper, so here we simply assume
that the response function derived using the perturbation
theory holds in the nonlinear regime. This would be
conservative, because the response is likely to be amplified
in the nonlinear regime as shown in Ref. [22]. Furthermore,

FIG. 3. The marginalized error on the estimation of τ33,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF−1Þττ

p
, as a function of the maximum wavenumber kmax up to which the

redshift-space power spectrum information is included in the Fisher analysis (see text for the details). The different solid curves show the
results when any prior on other parameters (DA, H and β) are not employed or when some or all the parameters are fixed to their values
for the ΛCDM model. The horizontal dashed curve is the rms value, στ33 , expected for the ΛCDM model and the survey volume. Note
that we did not impose any prior on other parameters [Eq. (39)], although the CMB information is added.

FIG. 2. A zoom-in version of Fig. 1, around the fiducial model for the Fisher analysis.
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to include the effect of the large-scale tide up to the
nonlinear regime, we set Σ ¼ 0 for the BAO smearing
factor in the Fisher analysis. In practice, the smearing factor
also depends on nonlinear structure formation, and there-
fore would depend on τ33. This is a simplified assumption,
but we believe that the following result gives a rough
estimation of the genuine effect. Figure 3 shows how an
accuracy of the τ33 estimation is improved when including
the redshift-space power spectrum information up to a
given maximum wave number kmax. Without any prior, τ33
is estimated to about 1% accuracy for a survey volume of
V ¼ 1 ðGpc=hÞ3. When fixing other parameters to their
values for ΛCDM model, the accuracy of τ33 is dramati-
cally improved. In particular, when all the distortion
parameters, DA, H and β, are fixed, the τ33 parameter
could be determined to an accuracy better than the rms for
ΛCDM model, if the redshift-space power spectrum infor-
mation is included up to kmax ≳ 0.25 h=Mpc. This result
implies that the anisotropic clustering information in such a
nonlinear regime could be used to infer the large-scale tide
for a given survey realization.

V. DISCUSSION

In this paper, using the standard perturbation theory, we
derived the response functions of the redshift-space power
spectrum to super-survey modes, both the isotropic com-
ponent, ∂PsðkÞ=∂δb, and the anisotropic components,
∂PsðkÞ=∂τij. Since a given survey realization is generally
embedded in the presence of super-survey modes, δb and
τij, that are not direct observables in a finite-volume survey,
it is important to take into account the response functions
which describe how the super-survey modes cause a
modulation in the redshift-space power spectrum measured
in the survey volume, compared with the ensemble average
expectation for an infinite volume. There are two effects.
First, the presence of the super-survey modes changes the
growth of small-scale fluctuations via the nonlinear mode
coupling. Secondly, it causes a dilation effect, the modu-
lation of a short distance scale due to the change of the local
expansion factor in the finite volume region. In particular
we showed that the large-scale tide, τij, cause an apparent
anisotropic clustering in the redshift-space power spectrum,
where the effect has directional dependence determined by
an alignment of the large-scale tide, the directions of small-
scale modes, and the line-of-sight direction. This effect
mimics an anisotropic clustering due to the redshift-space
distortion effect of the small-scale peculiar velocities of
galaxies as well as the apparent cosmological distortion
caused by the use of an incorrect cosmological model in the
clustering analysis.
To assess a possible impact of τij on parameter estima-

tion from a measurement of the redshift-space power
spectrum in a given survey realization, we used the
Fisher information matrix formalism. To do this, we treated

the effect of τij as a “signal” rather than an additional source
of statistical errors in the redshift-space power spectrum
measurement, because it causes a modulation in the mea-
sured power spectrum as do cosmological parameters around
the true model: Psðk; τijÞ ¼ PsðkÞ þ τij∂PsðkÞ=∂τij,
where the tensor τij takes particular values in a given survey
realization. Thus as long as an accurate model of the
response function is given as a function of cosmological
models, it would be straightforward to include the effect in
parameter estimation. In this paper, we considered the two-
dimensional redshift-space power spectrum, P2D

s ðk⊥;kk;τ33Þ
as an observable, which is obtained from the azimuthal angle
average of the redshift-space power spectrum estimator in
the two-dimensional plane perpendicular to the line-of-sight
direction under the distant observer approximation. In this
case, the effects of the large-scale tide are modeled by a
single quantity, τ33, the line-of-sight component of the tide.
We showed that, if allowing τ33 to freely vary, it causes a
significant degradation in the parameters, DA, H and β, due
to almost perfect degeneracies between τ33 and the param-
eters in the power spectrum. If one adopts a prior on τ33
assuming the rms expected for a ΛCDMmodel, it efficiently
lifts the parameter degeneracies and restores an accuracy of
the cosmological parameters that are expected for a galaxy
survey without the super-survey mode. Thus the impact of
the large-scale tide on the redshift-space power spectrum is
not as large as the impact of the large-scale density contrast,
δb, on a real-space power spectrum such as the weak lensing
power spectrum [10,22], as long as the large-scale tide obeys
the ΛCDM expectation. The reason for this less-significant
impact is partly because the statistical uncertainty in a
measurement of the quadrupole power spectrum, which is
the lowest-order observable to extract the redshift-space
distortion, is dominated by the statistical uncertainty in the
monopole power spectrum measurement [31].
We have also addressed whether a measurement of

redshift-space power spectrum can be used to constrain
τ33 in the survey realization, rather than treating τ33 as a
nuisance parameter. Because the presence of τ33 causes a
mode-coupling with all the small-scale fluctuations, we
showed that τ33 can be well constrained at an accuracy
better than the rms for a ΛCDM model, if we can use the
redshift-space power spectrum information up to small
scales, kmax ≳ 0.25 h=Mpc and if the cosmological param-
eters includingDA,H and β are sufficiently well constrained,
e.g. by other cosmological probes. This is an interesting
possibility, because the method gives an access to such a
large-scale tide from a measurement of the small-scale
fluctuations, and the large-scale tide would contain the
information on physics in the early universe, e.g. statistical
anisotropies arising from the inflation physics [60] or a large-
scale anisotropy due to the super-curvature fluctuation [61].
However, there are several limitations in the results

shown in this paper. First, we used the perturbation theory
prediction for the response function of redshift-space power
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spectrum in the Fisher analysis, which breaks down in the
deeply nonlinear regime. In order to realize the genuine
functional form of the response function in the nonlinear
regime, we need to use N-body simulations of large-scale
structure formation and then study a coupling of the large-
scale tidal modes with small-scale Fourier modes. For
doing this, a “separate universe simulation” method would
be powerful, where the large-scale modes are absorbed into
the background expansion. It was shown that this method
works very well to model the response function to the large-
scale density contrast, ∂PðkÞ=∂δb [22,23,29,58,59,62]. To
extend this method, one can adopt an anisotropic expansion
background to model the effect of the anisotropic super-
survey mode, τij, and then run an N-body simulation onto
the modified background (e.g., see Ref. [30] for the related
discussion). If this separate universe simulation for τij is
developed, one can study various effects of τij on nonlinear
structures; the nonlocal bias of halos [50,51], the correla-
tion between τij and shapes of halos [63–65], and so on.
This would be very interesting, and is our future work.
Another limitation of this paper is we used the redshift-

space power spectrum, Psðk⊥; kkÞ, which is given as a
function of two wave number variables such as k⊥ and kk.
Since the principle axes directions of τij have nothing
with the line-of-sight direction, the effect of τij generally
violates statistical isotropy in the two-dimensional plane
perpendicular to the line-of-sight direction. Hence, in order
to fully extract the three-dimensional information on
the tensor τij, one needs to use the redshift-space power
spectrum given as a function of the three-dimensional
vector, PsðkÞ, without employing the angle average in the
perpendicular plane as usually done in the standard method.
Alternatively one can use a more general expansion of the
redshift-space power spectrum, e.g. the bipolar spherical
harmonics (BipoSH) decomposition [41,66]. It would be

interesting to study how the full information on τij can be
extracted by using the BipSH decomposition.
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APPENDIX: MULTIPOLE POWER SPECTRUM
IN THE REDSHIFT-SPACE POWER SPECTRUM

Here, we show the multipole expansion of 2D power
spectrum in redshift space. The multipole power spectrum
are defined as

Pl
s ðk; δb; τ33Þ≡ ð2lþ 1Þ

Z
1

−1

dμ
2
P2D
sWðk; μ; δb; τ33ÞLlðμÞ;

ðA1Þ

where LlðμÞ is the Legendre polynomial. Making the use
of Eqs. (27) and (31), the multipole power spectra in
redshift space can be calculated as
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and the higher-multipole spectra with l ≥ 8 vanish.
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